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Abstract

This paper presents a study on the set of the digitizations generated by all the
translations of a planar body on a square grid. First the translation vector set
is reduced to a bounded subset, then the dual introduced in [BM16] linking the
translation vector to the corresponding digitization is proved to be piecewise
constant. Finally, a new algorithm is proposed to compute the digitization set
using the dual.
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1. Introduction

For a given planar body digitization method, the result depends on the
object relative position with respect to the digitization grid. As a result, distinct
digital sets can be obtained. This variability may influence the reconstruction
of the geometrical and topological attributes of the planar body. For instance,
conditions have been given to preserve the topology during the digitization
step [TR02, SKO05].

This paper focuses on the effect of the grid translations on the digitized
object. This issue has been studied on some geometrical primitives, i.e. the
straight segments and the discs. Straight segment digitizations have been dis-
cussed in function of the straight segment slope and its vertical position. The
function giving the digital straight segment from these two inputs is known as
the preimage. Several properties have been proved on the preimage and it is
widely used, e.g. for digital straight segment recognition [DS84]. The number
of oval and disc digitizations in function of their radius up to a translation was
studied in [Ken48, Nag05, HZ06]. The number of digital discs including exactly
N points was treated in [HZ07] and an asymptotic bound on this number was
given in [HZ16]. Our study follows a previous work [BM16] which focused on
function graphs digitizations.

After introducing the dual definition in Section 2, its structure is investi-
gated in Section 3 and it is proved to be piecewise constant. Two algorithms
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taking the dual as input are presented in Section 4. The first one computes
the digitization of a planar body for a particular position of the grid while the
second one propagates the output of the former to obtain the whole family of
the digitizations.

2. Definition of the digitization dual

Let us consider a connected set S in R? whose boundary is a simple closed
(Jordan) curve I'. Thanks to the Jordan curve theorem, we may assume a
continuous map f: R? — R such that I, resp. S, is implicitly defined by
I ={xeR?| f(x) =0}, resp. S ={z € R?| f(z) <0}.

The common methods to model the digitization of the set S are closely
related to each other. In this paper, we assume a Gauss digitization. This
method associates to the set S the grid points that lie inside S or, equivalently,
the binary image defined on Z? whose 1’s are the points inside S. The aim of
this paper is to represent and describe the set of the Gauss digitizations of I'
obtained using the grids generated by the action of the translation group on
the standard grid. Equivalently, we can consider a unique grid, the standard
one, and let the group of translations acts on S. These two points of view are
used in the article. Figure 1 exhibits these Gauss digitizations for the set Sastro
bounded by the “stretched” astroid

2\ 2/3
(3) +vP=1.

‘We will use this shape to illustrate the notions and properties discussed through-
out the article.

The Gauss digitization is a finite subset of Z? and we are only interested
in the relative positions of its elements. In other words, Z? is viewed as a
geometrical subset of the Euclidean plane without any preferential origin. Thus,
rather than defining a mapping from the translation vectors to the digitizations
of the translated body, we define a mapping ¢g from the torus R?/Z? to the
equivalence classes under integral translations of the digitizations (the tilde sign
is used throughout the article when the function domain is the torus). This
mapping @g is called the dual®of the digitizations.

For any vector u € R?, we write (u) for the fractional part of u, that is for
the vector of R? whose coordinates are in [0, 1) and such that (u) € u — Z?2. By
extension, for any equivalence class t € T, we write (t) for the common vector
(u), u € t. We use the vector (t) as the canonical representative of the class
t. We also set S, = —u + S: S, is the translation with vector —u of the set S
and is defined by f(z +u) < 0. This latter equation is also the new equation of
the body S when the grid is translated with the vector u. Then, the dual ¢g is

1We call it “dual” for the translations act on the digitizations while the dual of the digiti-
zations maps the translations to the digitizations.
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Figure 1: The thirteen Gauss digitizations of the sets defined by ((z+u,)/2)%/3+
(y +uy)?? <1, (ug,u,) € R? (the first one is the empty set). The goal of the
article is to give a representation of the mapping between the translation vector
(ug,uy) and the digitization.

such that, for any t € T,
@s(t) = {SuNZ? |u et} = [SeNZ] , 1)

where [ . ] denotes the equivalent class under the integer translations.

The dual can be represented as a label image over the torus T. An example
of dual is shown in Fig. 2 (deployed torus) and Fig. 3. It is the dual of the set
Sastro- Bach point u € [0,1)? in Fig. 2 corresponds to a translation and the color
of this point corresponds to the digitization class [Su N ZQ]: points having the
same color in the dual correspond to translations giving the same digitization
up to integer translations.



Figure 2: A deployed representation of the dual of Syg4,0. Note that the 7-points
digitization region contains only one point, so it is not perceptible.

Figure 3: The dual of Sagtro-



Remark 2.1. B. Nagy represents in [Nag05] regions of the translation vector
set [0,1)2 corresponding to distinct digitizations for the special case of the disc
with radius 2. The dual of the disc with radius 2 is shown on Figure 4(a)
(actually, rather a gradient image than the dual itself). One can see that Nagy’s
representation (Figure /(b)) is a sketch (using straight lines) of the dual first
octant.

® O
(a) (b)

Figure 4: (a) Dual gradient image of a disc with radius 2. (b) Figure 4 in
[Nag05].

3. Properties

The main property of the dual is that the plot of the curve I" on the torus
T delineates regions on which the dual function ¢g is constant. Before proving
this property, we give some complementary definitions and notations related to
the digitizations and the dual.

Firstly, we split the Gauss digitization in two parts with respect to the action
of the translations. Thus, we define the grid boundary B as the set of grid points
that lie in the (morphological) dilation of the boundary I" of S by the unit square
(—1,0]%

B= (& (-1,0°)Nnz*,

where @ denotes the Minkowski sum (see Figure 5). It is plain that B contains all
the points of Z2 whose value can change when we shift the set S by a translation
with a vector u € (—1,0]? and that (S N Z2)\ B, that we call the digitization
core, contains the points that are in any digitization. In our set instance Sysiyo,
the core is empty, which results in an empty digitization (see Fig 1).

Secondly, we describe the plot of I" on T and its relation with the dual. Let
u € R?. We write |u] for the vector whose coordinates are the floor of the
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Figure 5: The grid boundary of S.stro at two resolutions (x1 and X5).
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Figure 6: Left: a point p in the grid boundary and the square {p} @ [0, 1)%.
Right: the curve I', (in red) and the indicator function 1, (white: the region
ip =0, blue: the region ip =1). The curve I, is included in the blue region.

coordinates of u. Thus u = (u) + |u]. For describing the dual, it is useful to
identify each restriction of the curve I' and the set S to the unit squares with
integer coordinates. Then, for any p € Z2, we define the functions

fp:[0,1) =R fo: T—=R
u f(p+u), t = fp((6) = flp+(t) .

When the origin of the coordinate system is set to p, the function f, makes it
possible to describe the arc I', of I" that is included in the grid square p&[0,1)?
by the equation f, = 0. Alike, f, < 0 is the equation of SN (p& [0,1)?) in this
coordinate system. We denote by ip the indicator function of the set fp <0on
the torus T. We also define T' and f’p as the projections of I' and I',, on the T.
Hence, f;, = 0 is an implicit equation of I';,. These definitions are illustrated by
Figure 6.

Then, we show that the plot of I' on the torus is the superposition of the
plots of the implicit functions fp = 0, that is, the superposition of the arcs of
' delimited by the squares {p} ® [0,1)2, p € B. Alike, the digitizations can be
computed by means of the indicator functions ip, that is, by the superposition



of the parts of S delimited by the squares {p} @ [0,1)?, p € B.

Proposition 3.1. The plot T' of T on T, defined by T = {t € T | tNT # 0},
and the dual of the digitizations ¢g satisfy the following properties:

f:Uf,,:Uf,, (2)

peEB peZ?
¢s(t) = [{peZ? | f,(t) <0} = [{p € 2% | 1,(t) = 1}] (3)
card(@s(t) = 3 1,(t) = > 1,(t) + card ((s nz2)\ B) . (4)
pEZ? peEB

Proof. (2) Let t € T. By definition of T', there exists u € t s.t. « € I'. Then,
|u] € B. Moreover,
uel < f(u)=0
= flu((w) =
— flu(t)=0
= tel|, .

Thereby, we have I = | J
whenever p ¢ B.

beB T, and by definition of B, the set T, is empty

(3) Let t € T. According to (1),

@s(t) =[Sy NZ*] = {p € Z* | f(p+ (t)) < 0]

Hence,
Gs(t) = [{peZ?| f(t) <0}| = [{p e 22 | L,(6) = 1}]

(4) Let t € T. From (3), we derive that card (¢s(—t)) = > peze 1,(t).

Moreover, it is plain that p + (t) € S implies p € BU S.
O

We illustrate Prop. 3.1 by computing the region boundaries of the dual of
the set Sastro (Figure 3) with the following SAGE program. The result is shown
in Figure 7.

£(x,y) = ((x/2)7°2+y"2 - 1)73 + 27*(x/2) ~2%y~2
torus = polygon([(0,0), (1,0), (1,1), (0,1)], fill=false)
for i in range(-2, 2):
for j in range(-1, 2):
f_p(x,y)= f(i+x, j+y)
torus += implicit_plot(f_p,(x,0,1),(y,0,1))
torus.show()
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Figure 7: Region boundaries for the dual of the set instance Sagtro-

Eventually, we state and prove a technical lemma which is a key point in the
proof of the subsequent theorem and propositions. In this lemma and in the
sequel of the article, we denote by B(z,r) the ball of center z € R? and radius
r > 0 relative to the infinite norm of R2.

Lemma 3.1. Let t € U where U is an open subset of T \ L. Then, there exists
£ €(0,1/2), such that [B((t),e)] C U and, for any vector v € [B((t),¢)], the
integer vector ¢ = [(v) — (t) + (1/2,1/2)]| satisfies

Vp € 72, sign (fp(v)) = sign (fp+q(t)) .
Note that ||¢||cc < 1 by definition.

Proof. We set ST =S5 @ B(0,1/2).

Let t € T\ [. Then, for any u € t, f(u) # 0. Since f is continuous, the
sets f > 0 and f < 0 are open. Thereby, for any v € t N ST, there exists
ey € (0,1/2) such that the open ball B(u,¢e,) does not intersect the curve T.
We assume without loss of generality that [B (u, su)} C U. As S is bounded,
we can set

€= min g, .
uetNS+
From the definition of S*, we derive that no ball B(u,¢), u € t, intersects T.
Hence, since f is continuous, the sign of f is constant on any ball B(u,¢), u € t.

We now consider a vector v in [B((t) ,£)]. Then, for any p € Z?, there exists

g € Z? such that
p+(v)€B+aq+(t),e) .
In particular,

1

{v) = (t) € Blg, 5) - ()



In other words, ¢ = [(v) — (t) + (1/2,1/2)|. Then, using the fact that the sign
of f is constant on any ball B(u,¢), u € t, we can state

(V) <0 = flp+(v)) <0
= fp+q+ () <0 < frg(t) <0 .

(6)

O
We now establish the main property of the dual.

Theorem 1. Let S be a compact subset of R? whose boundary T is a Jordan
curve. The dual pg is constant on the connected components of T\ T.

Proof. Let t € T\ I. From Lemma 3.1, there exists a neighborhood N of t
such that, for any v € N, Vp € Z? sign(f,(v)) = sign(fp44(t)) where ¢ does
not depend on p. Therefore, for any v € N, the sets {p € Z? | f,(v) < 0}
and {p € Z? | f,(t) < 0} are congruent modulo integer translations. We derive
that pg is locally constant on T\ I'. Thereby, g is constant on any connected

component of T\ T. O

Let us now study the converse situation of the one dealt with in Theorem 1:
what happens when a boundary of the dual is crossed? To answer this question,
we need to introduce two new curves on the torus T, the outer equator X which
is the quotient space of the z axis of R?, and the prime meridian Y which is
the quotient space of the y axis of R2. Moreover, we also need to complete
Theorem 1 by the following Lemma.

Lemma 3.2. For any p € 7Z?, the function ip is constant on the connected
components of T\ (I', UXUY).

Proof. Let p € Z> and t € U = T\ ([, UXUY). We set u = p + (t). From
Lemma 3.1, there exists ¢ € (0,1/2) such that [B((t),e)] C U and, for any
v € [B({t),¢)], sign(f,(v) = sign(fpiq, (t) where gy = [(v) — (t) + (1/2,1/2)].
Since [B((t),¢)] does not intersect X nor Y, (v) — (t) € (—1/2,1/2)?. Thus,
gv = (0,0). We derive that 1, is constant on [B((t),e)]. Thereafter, 1, is
locally constant, which achieves the proof. O

We now establish that crossing the curve I on the torus T generally amounts
to remove, or to add, a particular point in the digitization of the set. Moreover,
crossing the prime meridian, resp. the outer equator, on the torus results in a
unit horizontal, resp. vertical shift, on the parameter of the indicator functions
(provided the crossing does not occur on a boundary point).

Proposition 3.2. Leti= (1,0), j=(0,1) and p € B.
a) ForanytcT,\ ((U#p fq) UXUY), there exists a neighborhood N of t on

which the functions 14, ¢ # p, are constant and ip 18 not constant.



b) Foranyt e Y\ (T, U X)), there exists a neighborhood N of t on which

1,(v) = 1,(t) if the abscissa of (v) is less than 1/2 |
1,-i(v) = 1,(t) otherwise .

c) For anyte X\ (f‘p UY), there exists a neighborhood N of t on which
1,(v) = 1,(t) if the ordinate of (v) is less than 1/2 ,
1, j(v) = 1,(t) otherwise .

Proof. Let p € B.

a) We assume t € T, and t ¢ ((U#p f‘q) UXu Y). Since B is finite, we

derive from Lemma 3.2 that there exists a neighborhood N of t on which
the functions iq, q # p, are constant and NN X = NNY = 0. Let U be
the neighborhood of p + (t) whose projection on T is N. Since I is a Jordan
curve, the set U intersects both the interior and the exterior of the set S.
Then, 1, is not constant on N.

b) Figure 8 illustrates this part of the proof. Let t € Y \ (I, U X). From
Lemma 3.1, there exists & € (0,1/2) such that N = [B((t),e)] € T\(T,UX)
and, for any v € N, 1,(v) = 1,4,(t) with ¢ = [(v) — (t) + (1/2,1/2)]. Let
v E N. If the abscissa of (v) is less than 1/2, and taking into account that
N does not intersect X, we have (v) — (t) € [0,1/2) x (=1/2,1/2). Hence,
g = 0. Otherwise, (v) — (t) € [1/2,1) x (=1/2,1/2). Then ¢ = i.

¢) The proof is similar to the proof of Item b.

p—i P

H L
-2 -1 0 1 2

Figure 8: A point on the torus prime meridian link two successive indicator
functions (Prop. 3.2-c).

In the next section, we use the previous results to propose two algorithms
for the generation of the digitization classes.
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4. Algorithms

4.1. Pointwise determination of the dual

Starting from a set S and a point t € T, it is obviously possible to translate
the set S of t and to compute the corresponding Gauss digitization with one of
the existing algorithms. The following algorithms show that it is possible to find
any digitization by overlapping the grid squares p @ [0,1)2, p € Z?, containing
the plot of the boundary of S provided each square is labeled by its reference
point p.

Algorithm 1: Computing a digitization class

Input: The family of curves T, p € Z? and a point t € T.

Output: The digitization class ¢g(t).

C+{peZ?|tel,};

if C' # () then

Replace t by some point of a connected component of T\ I whose

L boundary contains t;

Plot a loop A with base-point t on T crossing once Y but not X and
avoiding the extremities of the curves f‘p. The loop is oriented as X;

A<+ {p € Z?| A crosses an odd number of times T, after crossing Y};

B <+ {p € Z* | A crosses an odd number of times f‘p before crossing Y};

for j = —0o to +00 do
b« 0;
for i = —oco to 400 do

if (i,7) € A then 1(; j)(t) < 1 —b;
else 1; ;(t) « b;
if (4,7) € B then b« 1 —1(; j(t);
else b <+ 1(; ;)(t);

return gg(t) = [CU{p € Z? | 1,(t) = 1}];

Proposition 4.1. Let T be a contractile loop over the torus T and S be a com-
pact of R? whose boundary projects on T as I'. Then, for any translation t over
R2, Algorithm 1 provides the digitization of t(S), up to an integer translation.

Proof. Recall that, for any t € T, ¢s(t) is a subset of Z?, that is a function
from Z2 to {0,1} whose value in p € Z? is 1,(t). Let to be the intersection
point of A with the prime meridian. Let j € Z (j is the common ordinate of
the considered integer points). The proof is made by induction on the abscissa
i of the current integer point, p = (4,5). We set ¢ = (i — 1, 5): ¢ is the previous
point in the induction. From Lemma 3.2-b, the value of ip in t( is equal to the
value of 1, close to to and to the left of Y. We note this value of 1, by 1,(t;).

To initialize the induction, we observe that when i is small enough, we clearly
have iq(ta ) = b= 0. As induction hypothesis, we now assume that for some i,

11



=1,(ty). If p € A, from Lemma 3.2-a we derive that 1,(t) = 1—b. Otherwise,
»(t) = b. This is the value of 1,(t) calculated by the algorithm. Alike, if p € B,
Lemma 3.2-b implies 1,(¢;) = 1 — 1,(¢). Otherwise, 1,(t5) = 1,(¢). Then, in
any case, the next value of b computed by the algorithm is equal to ip(ta ) which
achieves the induction. O

b
i

In this algorithm, the value of b propagates until a point in AU B is encoun-
tered and this value codes for the membership of the points to the set. Then,
when a point in AU B is reached, depending whether the point is in A\ B, B\ A
or AN B, the value of b is changed and the membership is revised. Figure 9 and
Tab. 1 exemplifies Algorithm 1 on the set instance Systro-

12
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Figure 9: (Color online) (a) A loop (in red) whose base-point is the black
point in the region 1, runs through the connected components of T \ [. The
black Arabic numbers on the figure label these components according to the
traveling order. The blue roman numbers label the arcs T, according to the
numbering of the grid boundary points in (b). The ordered list of the curves
f‘p crossed by the red loop before, resp. after, crossing the prime meridian is
8,3,5,8,[2,5],[2,7,7,6,7,3,2,7,4,7,[1,4],[1,6], [3,6],6], resp. [6]. Then, in
Algorithm 1, A = {6} and B = {2,3,7}. Table 1 is the trace of the execution
of Algorithm 1. (c) The grid has been translated with the vector associated to
the base point. The digitization now contains three points, numbered 3, 6, 7.
This is consistent with the output of Algorithm 1 shown in Table 1.
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Table 1: Values 0f~the variables used in Algorithm 1 during the iteration process
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4.2. Global determination of the dual

Thanks to Lemma 3.2, we easily derive from Algorithm 1 a propagation
algorithm that provides any digitization encountered when performing the torus
loop.

Algorithm 2: Digitization propagation
Input: ¢s(t), Lr, Lcc,
where ¢g(t) is the digitization class return by Algorithm 1 (under the
form of a boolean function over B),
Lr is the ordered list of the curves crossed by the loop in Algorithm 1,
before crossing the prime meridian for the indices less than N and after
crossing the prime meridian for the indices greater than, or equal to N,
L¢c is the list of the connected components of T \ I crossed by the loop
such that Lr[i] contains the curve(s) T, crossed to go from Lccli] to
Legli + 1)
Output: The list Lp of the Lo element digitization classes.
Lp[0] + @s(t);
fori=1to N do
LD[Z] — LD[i — 1];
foreach p € Lp[i — 1] do Lp[i](p) < —Lpl[i](p);

Lollength(Lr)] « 3s(t);

for i = length(Lr) — 1 to N do

LD[i] — LD[i + 1];

| foreach p € Lrli] do Lpli|(p) + —Lpli](p);

Table 2 shows the execution of Algorithm 2 on Sygro. One of the interest of
Algorithm 2 is that there is no need to perform new scannings of the set S once
the first digitization have been computed. Only the points whose value changes
from the current digitization to the next one are modified.

14



grid boundary

i | Lecli] Lrli—1 |1 2 3 4 5 6 7 8 9 10
0 1 0o 06 1.0 0 1.1 0 0 O
1 2 8 o 6 1. 0 0 1. 1.1 0 O
2 3 3 0o 0 0o 001 1 1 0 O
3 4 5 O 0 o 061 1.1 1 0 O
4 ) 8 o 0 o 061 110 0 O0
5 6 2,5 0 1.0 0 0 1.1 0 0 O
6 7 2,7 0O 0 0o 0o 01 0 0 0 O
7 8 7 0O 0 0o o0 1.1 0 0 O
8 9 6 o 0o 0o 00 01 0 0 O
9 10 7 o 0 0o 00 0 0 0 0 O
10 11 3 o 06 1.0 0 0 0 0 0 O
11 12 2 0o 1.1 0 0 O O O O O
12 13 7 0o 11 0 0 O 1 O O O
13 14 4 o0 1 1 1 0 0 1 O O O
14 15 7 o 111 0 0 O O O O
15 16 1,4 1 1 1.0 0 0 O 0 O O
16 17 1,6 0 11 0 0 1 0 O 0 O
17 18 3,6 0o 1.0 0 0 O O O 0 O
18 19 6 0 1.0 0 0 1 O O O O
7 Lcc[i] LF[Z]

19 1 o 010 01 1 0 0 O
18 19 6 o 06 1.0 0 061 0 0 O

Table 2: Execution of Algorithm 2 on the output of Algorithm 1: the digi-
tizations associated to the 19 visible regions of the dual of the set S,stro are
computed by propagation. The numbers in Columns 2 (regions) and 3 (points
in B) refer to the labeling of regions and points in Figure 9. Observe that we
obtain two distinct digitizations for the region 19 (Lcc[18]) but they are in
the same class of digitizations composed by two points vertically aligned (see
Figure 2).
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5. Conclusion

We present in this paper a theoretical study on the digitizations obtained
from a planar set under translation. The dual linking a translation vector class
to a digitization class is defined. The dual is a piecewise constant function and
the link between the dual constant region boundaries and the set frontier is
established. The properties of the boundaries allow us to give a first algorithm
generating a digitization from the labeled rigid body border and a second one
generating all the digitizations from the labeled border and an initial digitiza-
tion.

Future works on the digitization dual include the implementation of the
proposed algorithms and the study of the dual under the (non-trivial) action of
the rotation group and its combinatorial properties.

newpage

Appendix A. Example

Three dual examples are given in Figure A.10 for a complex object.
N\ . - “ v e

g . :
J . . Sevesie.
L] (XXX
)

B 3 0 o 1 2z 3 4 5 & won 0 2z 4 6 8 w0 1z 14 18 18 2

(d) (e)

YYyra

~

o

-
Yoees

oses

c)
®)
Figure A.10: Top: The frontier of a complex form digitized at 3 resolutions
giving 3 grid boundaries with (a) 16, (b) 47 and (c) 93 points. Bottom: A
representation of the corresponding piecewise constant dual functions where a
each colored constant piece corresponds to a digitization. There are (d) 74, (e)

456 and (f) 1776 digitizations. The bigger the piece area, the whiter the gray
shade.
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