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Multisymplectic variational integrators are structure-preserving numerical schemes espe-
cially designed for PDEs derived from covariant spacetime Hamilton principles. The goal
of this paper is to study the properties of the temporal and spatial discrete evolution
maps obtained from a multisymplectic numerical scheme. Our study focuses on a (1+1)-
dimensional spacetime discretized by triangles, but our approach carries over naturally
to more general cases. In the case of Lie group symmetries, we explore the links between
the discrete Noether theorems associated to the multisymplectic spacetime discretiza-
tion and to the temporal and spatial discrete evolution maps, and emphasize the role of
boundary conditions. We also consider in detail the case of multisymplectic integrators
on Lie groups. Our results are illustrated with the numerical example of a geometrically
exact beam model.

Keywords: Multisymplectic structure; discrete mechanics; variational integrator; Lie
group symmetry; discrete momentum map; discrete global Noether theorem.

1. Introduction

Multisymplectic variational integrators are structure-preserving numerical schemes
designed for solving PDEs arising from covariant Euler—Lagrange equations. These
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schemes are derived from a discrete version of the covariant Hamilton principle
of field theory and preserve, at the discrete level, the associated multisymplectic
geometry.

Multisymplectic variational integrators can be seen as the spacetime general-
ization of the well-known variational integrators for classical mechanics (see [22]).
Recall that the discrete Lagrangian flow, obtained through a classical variational
integrator, preserves a symplectic form. From this property, it follows, by backward
error analysis, that the energy is approximately preserved. For multisymplectic
integrators, however, the situation is much more involved, the analogue of the sym-
plectic property being given by a discrete version of the multisymplectic formula
derived in [19], that will be recalled in the paper. This formula is the spacetime
analogue of the symplectic property of the discrete flow associated to variational
integrators in time. The continuous multisymplectic form formula is a property of
the solution of the covariant Euler-Lagrange equations in field theory, see [11] to
which we refer for the multisymplectic geometry of classical field theory. In partic-
ular, several important concepts, such as covariant momentum maps associated to
symmetries and the covariant Noether theorem, are naturally formulated in terms
of multisymplectic forms.

In the continuous case, the articles [21, 20, 8, 26, 6] are examples of papers
in which multisymplectic geometry has been further developed and applied in the
context of continuum mechanics. We refer to [3, 2, 7, 9] for the development and
the use of the techniques of reduction by symmetries for covariant field theory.

The discrete multisymplectic geometry of field theory was first developed in [19].
In that paper, the discrete Cartan forms, the discrete covariant momentum map,
and the discrete covariant Noether theorems are introduced and the discrete mul-
tisymplectic form formula is established. This work was further developed in [16]
to treat more general spacetime discretizations. This allowed the development of
asynchronous variational integrators which permit the selection of independent time
steps in each element, while exactly preserving the discrete Noether conservation
and the multisymplectic structure, and offering the possibility of imposing discrete
energy conservation.

This paper is the first in a series devoted to the formulation of multisymplectic
algorithms for the displacement in spacetime of a continuous medium. Many out-
standing problems are not treated here and are the subject of future work. The main
goal of the present paper is to study and exploit the symplectic properties satisfied
by the solutions of a multisymplectic variational integrator. Note, however, that
the solution of a discrete multisymplectic scheme is a discrete spacetime section
and not a discrete curve. Assuming that the spacetime is (1 + 1)-dimensional, the
discrete spacetime section can be organized either as a discrete time-evolutionary
flow or a discrete space-evolutionary flow. More precisely, given a discrete field that
is a solution of the multisymplectic scheme, we can first construct from it a vec-
tor of discrete positions of all spacetime nodes at a given time, and then consider
the sequence of these vectors indexed by the discrete time. Conversely, the discrete



field can be organized in a space-evolutionary fashion, by first forming a vector
of the discrete positions of all spacetime nodes at a given space index, and then
considering the sequence of these vectors.

In order to study the symplectic character of these time-evolutionary and space-
evolutionary discrete flows, we construct, from the discrete covariant Lagrangian,
two discrete Lagrangians (Lg and Ng) associated to the temporal and spatial evo-
lution, respectively. From this point of view, it follows naturally that a multisym-
plectic integrator gives rise to a variational integrator in time and a variational
integrator in space. This also allows us to relate the discrete multisymplectic forms
with the discrete symplectic forms associated to the time and space evolutionary
descriptions. The type of boundary conditions imposed on the discrete spacetime
domain plays a crucial role and we shall consider several types of boundary con-
ditions. In the unrealistic situation of a spacetime without boundary, such a study
would be essentially trivial.

Let us recall that, in the continuous setting, when the configuration field is
not prescribed at the boundary, the variational principle yields natural boundary
conditions, such as zero-traction boundary conditions. These conditions will be dis-
cretized in a structure-preserving way, by means of the discrete covariant variational
principle.

A main property of variational integrators (in both the multisymplectic and the
symplectic cases) is that they permit a consistent definition of discrete momentum
maps and a discrete version of Noether’s conservation theorem in the presence of
Lie group symmetries. Our goal in this direction is to study and relate the discrete
covariant Noether theorem associated to the discrete multisymplectic formulation
with the discrete Noether theorems associated to the time-evolutionary and space-
evolutionary discrete flows built from the discrete field. Here again, this study highly
depends on the type of boundary conditions involved.

Another important goal of the paper is the derivation of multisymplectic vari-
ational integrators on Lie groups. These schemes adapt to the covariant spacetime
situation the variational integrators on Lie groups developed in [1, 15] which are
based on the Lie group methods of [14]. This approach involves the choice of a
retraction map to consistently encode, in the Lie algebra, the discrete displacement
made on the Lie group.

The theory developed here, especially the space-evolutionary point of view, is
illustrated with the case of a geometrically exact beam. Geometrically exact models,
developed in [24, 25], are formulated as SE(3)-valued covariant field theories in [6,
86, §7]. Using this covariant formulation, we derive a multisymplectic variational
integrator for geometrically exact models. As explained later, this approach further
develops the variational Lie group integrators presented in [5] for geometrically
exact beams. The numerical tests presented in this paper serve only as a simple
illustration of our methods. Considerably more realistic situations are presented
in [4], a paper dedicated to the implementation of several simulations using the
theory developed in this paper.



Plan of the paper. We begin by reviewing below some basic facts on discrete
Lagrangian mechanics, following [22]. In Sec. 2, we give a quick account of the
geometry of the covariant Euler-Lagrange (CEL) equations and the multisymplec-
tic form formula. We also consider the special case when the fields are Lie group
valued and present the trivialized CEL equations. In Sec. 3, we first present the main
facts about multisymplectic variational integrators with spacetime discretized using
triangles. In particular, we write the discrete multisymplectic form formula, the dis-
crete covariant momentum maps, and the discrete covariant Noether theorem. We
also derive the discrete zero traction and zero momentum boundary conditions
via the discrete covariant variational principle. Then we describe systematically
the symplectic properties of the time-evolutionary and space-evolutionary discrete
flows built from the discrete field solution of the discrete covariant Euler—-Lagrange
(DCEL) equations. Several cases of boundary conditions are considered. We also
study the link between the covariant discrete Noether theorem and the discrete
Noether theorems associated to the time-evolutionary and space-evolutionary dis-
crete flows. We will see that, while the covariant discrete Noether theorem holds
independently of the imposed boundary conditions, this is not the case for the
discrete Noether theorems associated to the time or space discrete evolutions. Sec-
tion 4 is devoted to the particular situation when the configuration field takes values
in a Lie group. In this case, it is possible to trivialize the DCEL. This is a seri-
ous advantage in the discrete setting, since it allows us to make use of the vector
space structure of the Lie algebra via the use of a time difference map. Finally,
in Sec. 5, we illustrate the properties of the multisymplectic variational integrator
with the example of the geometrically exact beam model. The symplectic property
of the space-evolutionary discrete flow is exploited to reconstruct the trajectory
of the beam, knowing the evolution of the position and of the strain of one of its
extremities.

Review of discrete Lagrangian dynamics. Let () be the configuration manifold
of a mechanical system. Suppose that the dynamics of this system is described by the
Euler-Lagrange (EL) equations associated to a Lagrangian L: TQ — R defined on
the tangent bundle T'Q) of the configuration manifold ). Recall that these equations
characterize the critical curves of the action functional associated to L, namely

Aok ok o@(s/OTL(t,qu),q(t))dt 0,

for variations dq(t) € T,(;)@Q of the curve ¢(t) vanishing at the endpoints, i.e. d¢(0) =
0q(T) = 0. The Legendre transform associated to L is the locally trivial fiber (not
vector) bundle morphism FL: TQ) — T*@Q covering the identity that associates to a
velocity its corresponding conjugate momentum, where T%(Q denotes the cotangent
bundle of @. In canonical tangent and cotangent bundle charts induced by an atlas
on @, it has the expression (g, q) — (g, ‘g—;).



We recall the discrete version of this approach, following [22]. Suppose that a
time step h has been fixed, denote by {#/ = jh|j =0,..., N} the sequence of times
discretizing [0, T, and by gq: {t/ ;-V:() — @, ¢ = qq(t’) the corresponding discrete
curve. Let Lg:Q x Q — R, Ly = La(¢?,¢°t1), be a discrete Lagrangian which we
think of as approximating the action integral of L along the curve segment between
¢’ and ¢!, that is, we have

gt

Lu(¢’, g+) ~ / L(g(t), d(t) dt = 0,

tJ
where q(t7) = ¢/ and q(t/T1) = ¢/*1. The discrete Euler—Lagrange (DEL) equations
are obtained by applying the discrete Hamilton principle to the discrete action

N—-1
Salga) == Y Lale’,d’*")
=0

for variations §¢7 vanishing at the endpoints. We have the formula

N—-1
064(qa) = (D1La(¢’, @) + DaLa(d’™ ", ¢7))é¢’
j=1
+07 ("1 g™ (0", 6¢™) — O, (¢% ¢")(5¢°, 64Y),

where
O,(¢%¢") == —=DiLa(¢",¢")d¢’ and ©Of (¢°,¢") := DsLa(¢’,¢")dg"

are the discrete Lagrangian one-forms and D1, Dy denote the first and second partial
derivatives of a function on the manifold @) x Q. The DEL equations are thus given
by

DiLa(¢’,¢’*') + Dola(¢’~ ', ¢7) =0, forallj=1,...,N—1.

The discrete Legendre transforms associated to Lg are the two maps FtLg, F~L,:
Q x Q — T*(Q defined by
FrLa(¢’, ¢*") == Dola(¢’, ¢’*') € T511Q,

o o (1.1)
FLa(¢’,¢*") == =DiLa(¢’, ¢ ™) € T;5Q.

Note that the DEL equations can be equivalently written as
Frla(¢’ ', ¢) = F La(¢?, "), forj=1,...,.N—1 (1.2)

and that we have @Lid = (F*Lg)*Ocan, where O,y is the canonical one-form on T*Q,
defined by Ocan(ay)(Ua,) = g(Ta,p(Ua,)), where oy € T/Q,Us, € To, (T*Q),
and p: T*Q — @ is the cotangent bundle projection.

Approximate energy conservation. The main feature of the numerical scheme
(@1 ¢) — (¢/,¢’T!), obtained by solving the DEL equations, is that the



associated scheme (¢7,p’) — (¢/T1, p?*1) induced on the phase space T*Q through
the discrete Legendre transform, defines a symplectic integrator. Here we assumed
that the discrete Lagrangian L4 is regular, that is, both discrete Legendre trans-
forms FLg,F7Ly:Q x Q — T*Q are local diffeomorphisms (for nearby ¢ and
¢’t1). The symplectic character of the integrator is obtained by showing that
the scheme (¢7~1,¢7) — (q¢’,¢’"!) preserves the discrete symplectic two-forms
QLid = (F*Lg)*Qcan, so that (¢7,p7) — (¢!, p/*1) preserves Qean and is there-
fore symplectic; see [22, 17]. Here Qcan := —dOcay is the canonical symplectic
two-form on T*(Q); in standard cotangent bundle coordinates it has the expression
Qean = dg A dp.

It is known (see [12]) that, given a Hamiltonian H, a symplectic integrator for H
corresponds to solving a modified Hamiltonian system for a Hamiltonian H which
is close to H. This explains why energy is approximately conserved for variational
integrators and typically oscillates about the true energy value. We refer to [12] for
a detailed account and a full treatment of backward error analysis for symplectic
integrators.

2. Covariant Lagrangian Formulation

In this section, we recall basic facts about the geometry of covariant field theory
such as the covariant Euler-Lagrange (CEL) equations, the Cartan forms, covariant
momentum maps, and the multisymplectic form formula, following [11, 19]. We also
consider the case when the fields are Lie group valued and present the trivialized
CEL equations. Although the corresponding discrete multisymplectic integrators
will be considered only on trivial fiber bundles Y := X x M — X, we often start
with the general theory written on arbitrary fiber bundles, because it yields the
correct guide to write geometrically consistent formulas, both at the continuous
and discrete levels.

2.1. Preliminaries on covariant Lagrangian formulation

In continuum mechanics, the configuration space ) is usually a space of maps
¢:B — M (such as embeddings) defined on a manifold B, the reference con-
figuration space, with values in the space M of allowed deformations. There-
fore, @@ is an infinite-dimensional manifold whose tangent space at a point ¢ is
{¢:B — TM|¢(s) € Tys)M}. For example, for the geometrically exact beam,
treated in Sec. 5, we have ¢: B = [0,L] — M = SE(3), where SE(3) is the spe-
cial Euclidean group consisting of orientation-preserving rotations and translations;
thus, @ = F([0, L], SE(3)) is the space of all such maps.

In many situations, the Lagrangian L: T'(Q) — R of the system can be written in
terms of a Lagrangian density L as follows

Lg, $) = /B £(s,0(5), $(5), Vo(s)), (21)



where V(s) denotes the derivative of ¢ with respect to the variable s. In other
words, Lagrangians of the form (2.1) depend not only on the configuration ¢ but
also on their first spatial derivatives.

If the Lagrangian L is defined in terms of a Lagrangian density £ as in (2.1),
one can alternatively formulate the dynamics and all its properties in terms of
the Lagrangian density L instead of the Lagrangian L. This is the covariant, or
field theoretic, point of view. In this description, instead of studying the motion
R >t~ o) €Q:=F(B,M), one investigates the spacetime-dependent map
R x B3> (t,8) — ¢(t,s) € M.

Abstractly, the maps ¢ have to be interpreted as sections of the trivial fiber
bundle 7:Y := X x M — X, w(t,s,m) = (t,s), where X := R x B is the base and
M is the fiber. The Lagrangian density is defined on the first jet bundle J'Y =
JHX x M) — X x M of the fiber bundle Y = X x M — X and takes values in
the space A" X of (n + 1)-forms on X = R x B, where n = dim B. The fiber of
the first jet bundle at y € Y, := {z} x M is

JyY ={yy € L(T.X,T,Y)|Tym oy, =idr, x}, (2.2)

where T, X is the tangent space of X at x € X,T,Y is the tangent space of ¥
at y € V. T,n:T,Y — T,X is the tangent map (derivative) at y of the bundle
projection 7:Y 3 (z,m) — z € X, and L(T,X,T,Y) denotes the vector space of
linear maps from T, X to T,Y. We note that dim(J'Y) = (n+1) +m+ (n+1)m,
with dim M = m. The first jet extension of a section ¢ is jl¢ = Tpp € J;(I)Y,
so that the action functional on the interval [0, 7] associated to L can be simply
written as fOT S5 L0t e).

Note that a Lagrangian density defined on J'Y may depend explicitly on time.
In (2.1), however, we assumed that there is no such dependence, since this is the
situation encountered in most examples in continuum mechanics. An explicit time
dependence in L, as given in (2.1), would induce an explicit time dependence in the
Lagrangian L.

Since the fiber bundle 7: X x M — X is trivial, the first jet bundle can be iden-
tified with the bundle L(TX, TM) — X x M over X x M, whose fiber at (z,m) €
X x M is given by linear maps L(T,X,T,,M). The first jet extension jlp(x) at
x = (t, s) is identified with the linear map (¢, s, o(t, s), ¢(t,5), Vo(t, 8)) : T(1 o) (R %
B) — Ty, M in the following manner: if A\ € R,us € TsB, so that (X us) €
T(t“g)X = T(t“g) (R X B), then

(tv S, @(tv S), Qb(tv S), V@(tv 3)) : ()‘v ué‘) = )‘Qb(tv 5) + V(p(t, s)(ué’) € TLP(t,S)M'

Notation. We denote by s’,i = 1,...,n = dim B, the coordinates on B, by
(2%, 2%, ... 2") == (t,s',...,5") the coordinates on X = R x B, and by y*, A =
1,...,m = dim M, the coordinates on M. We use the notation d" ™'z := dt Ad"s =
dtAdst A+ Ads™. We write locally the Lagrangian density as L(¢, s*, y4, vg!, vit) =
L(t, s', y4, vgt, vt) dt A d"s.

i



Covariant Euler—Lagrange equations. In this context, Hamilton’s principle
states that

5/0 /BL(jlgo(t,s)):(S/O /BL(t,s,gp(t,s),¢(t,s),Vgp(t,s))dt/\d"s:0,

for variations d¢ with dp|s(j0,1)x By = 0, where 9([0,7] x B) = ({0} x B)U ({T'} x
B)U([0,T] x 9B).
This principle yields the CEL equations, locally given by
0 0L oL oL
5 90A T A~ oA
ot 0 opfi O

For completeness, we present the derivation of these equations for B C R™ an open

= 0. (2.3)

subset with compact closure and smooth boundary. We have

oL oL .
/ / o(t, s)) / /< &p -6 —I—W 5V<p>dt/\ds
aL 0L . 0L .

T
+/ PL (590] d”er/ / n'dp? d"ta Adt,
8@ 0 OB 8901

(2.4)

where n is the outward pointing unit normal to the boundary 0B and d" 'a is
the volume form induced on dB. Since d¢|y(jo,r1x5) = 0 and I([0,T] x B) =
([0, 7] x 0B)U ({0} x B)U({T'} x B), the boundary terms vanish, thus yielding the
CEL equations.

Remark 2.1 (Boundary conditions). In the above situation, it is assumed that
the configuration ¢ is known at ¢ = 0,7 and is prescribed at the boundary for
all times, which corresponds to pure displacement boundary conditions. If the con-
figuration at the boundary is not prescribed, then Hamilton’s principle yields the
boundary condition

oL

——n'=0, forallA=1,...,m, 2.5
known as zero-traction boundary condition. Note that the treatment of nonzero trac-
tion ;—LAnl = T4 requires the addition of a term in the Lagrangian; see, e.g., [18].

Other conditions could be used in the variational principle, such as the assump-
tion of pure displacement boundary conditions but without the assumption that
the configuration is known at ¢ = 0,7". In this case, the variational principle would
yield the conditions

oL oL
R A(O s)—O—(9 —

known as zero momentum boundary conditions.

(T,s), forallseB. (2.6)



Covariant Euler—Lagrange operator. For future use, we recall here an intrinsic
way of writing the CEL equations. Let VY be the vertical vector subbundle of TV
whose fibers are defined by

V,Y = {v, € T,Y | T,n(v,) = 0}. (2.7)

Let V*Y be its dual vector bundle. In the case of a trivial bundle Y = X x M, the
fiber V,)Y,y = (z,m), is identified with the tangent space T, M.

There is a unique bundle morphism &2 (L):J'Y — V*Y @ A" X covering
the identity on Y, called the covariant Euler—Lagrange operator, such that

de _ 0/ L(j pe(e /53 (z)) - dp(x), (2.8)

for all variations ¢. of ¢, among sections of 7: X x M — X satisfying dp|sx = 0,
where dp = (?—E|€:0gog.
The CEL operator recovers locally the expression of the CEL equations (2.3).

2.2. Multisymplectic forms and covariant momentum maps

The goal of this subsection is to provide a quick review of the multisymplectic form
formula. This formula is of central importance, since it generalizes to the covariant
case the symplectic property of the flow of the EL equations in classical mechanics.
This formula has a discrete analogue that characterizes multisymplectic integrators
(see [19]). The formula is more easily formulated by staying on an arbitrary fiber
bundle and using the geometry of jet bundles rather than focusing on the case of
trivial bundles.

Dual jet bundles. On the Hamiltonian side, the covariant analogue of the phase
space of classical mechanics is given by the dual jet bundle J'Y* — Y. Abstractly,
the fiber of the dual jet bundle at y € Y, consists of affine maps from J'Y, to
ATHLX e,

JUY) =AY, APTX).

The momentum bundle is, by definition, the vector bundle IT — Y, whose fiber at
y is I, := L(L(T X, V,Y),A"T1X). There is a line bundle p: J'Y* — 1II locally
given by p(a*, y*,ply, p) = (=, y*, py).

In our case, since the bundle Y — X is trivial, the dual jet bundle can be
identified with the vector bundle T7*M @ TX @ A"T1X X x i AT X over X x M.
Coordinates on the dual jet bundle are denoted (¢, s*, y*, %, pY4,p) and correspond
to the affine map

(v, vf) =

vgh, o) = (p 4 Povg + piyvt) dt Ad"s.

Similarly, the momentum bundle can be identified with the vector bundle T*M ®
TX @ A" X over X x M.



The Legendre transforms. Given a Lagrangian density £:J'Y — A"T1X | the
associated covariant Legendre transform is the fiber-preserving map FL:J'Y —
J1Y™*, given locally by
oL : oL oL oL
0 i A A
= — =—, =L— —v5 — =5 .
Pa v Pa oA P v 0 oA

In the case of a trivial bundle Y = X x M, X = R x B, and in terms of a given
field p: X — M, we can write

. oL 0L oL . oL
FL(p, Vo) = ( VW)

o Ve T 8_gb.(p Ve

where - and : denote contractions (on one, respectively, two indices). Note that since
dim(J'Y*) = (n+ 1)+ m+ (n+ 1)m + 1 # dim(J'Y) = dim(II), the Legendre
transform can never be a diffeomorphism. Therefore, the Legendre transform is
sometimes defined as the map FL := poFL: J'Y — II.

Cartan forms. The dual jet bundle J'Y™* is naturally endowed with a canonical
(n+ 1)-form O. By pulling back this (n + 1)-form with the Legendre transform, we
obtain the Cartan (n + 1)-form O := FL*O on J'Y, locally given by

oL " oL
aAdy Ad xo“raA

oL , 0L .,
+<L%’UO aAz)d+1

Op = dy ANd"x;

L L
—8—dy /\d"s+a—dy AdtAd" s
gt ovt

oL , 0L ,
+<L%UOaAz)dt/\dn
where, as usual, d"t1az = dt A d"s, and

d"ls; =10 d"s, d"zy:= is d"le = d"s,
dat t

d"z; =10 d"lz =dt A d" 7 Ls,.
ot

The Cartan form allows to write the Lagrangian density evaluated on a first jet
extension jlp as

L) = (') Or.

The Cartan form naturally appears in the covariant Hamilton principle when the
variations are not necessarily vanishing at the boundary. Writing dp(z) = V(¢(z)),
where V is a vertical vector field on m:Y — X, we have djlp(x) = i1V (jlp(x)),
where the vertical vector field j'V on J'Y — X is the first jet extension of V.



With these abstract notations, (2.4) can be written as

E [ ettt = [ a2 et Vipte)

+ /a ) vee). (2.9)

Finally, the CEL operator can be rewritten in terms of the (n42)-form Qy = —d©,
as

ELL)jp) Vop=—(¢) (ive). (2.10)

Multisymplectic form formula. It is well known in classical Lagrangian
mechanics that the flow F} of the EL equations is symplectic relative to the sym-
plectic form ©Q = FL*Qcan on T'Q), that is, we have

FrQy =Q,

where we supposed that L is regular. In order to generalize this fact to the case
of field theory, this property has to be reformulated We follow [19]. Consider the

action functional S(gq fo (t))dt. We have the formula
TroL  doL !
dS(q(-)) - oq(- :/ <————,)§ dt +0O.(4(t)) - 04(t)| 2.11
@) = [ (55 = 7 ) dude+ Outaty-da0) o 2

where O := FL*O,,.
Consider now the function S; defined on the space of solutions C_ of the EL
equations, which can be identified with initial conditions v, € T'Q), defined by

Sitv) 1= [ Llals).d(s)) ds.
where (¢(s),¢(s)) = Fs(vq). In this case, (2.11) becomes
dSi(vg) - 6vg = OL(Fi(vq)) - 6(Fi(vg)) — OL(vg) - dvg = (F;OL — OL)(vg) - dvg.

From the formula dS; = F/©_ — O, we can deduce the symplecticity of the flow
since 0 = ddS; = —FyQ + Q. This identity also shows that the symplecticity of
the flow is equivalent to dd.S; = 0.

Going back to (2.11), we observe that on the space € of curves defined on [0, T7,
the formula can be rewritten as

dS(q(-) -V = aulq()) - V +aa(q() -V,

where V' is an arbitrary variation of the curve ¢(-), and the one-forms a; and aq
on C are defined by

an(a() () = | (g—; - %‘3—;) 5a(t) dt.

az(q(-)) - 6q(-) = OL(4(1)) - 6d(1)]5 -



From the above formula, one deduces 0 = ddS = da; + das. Given a solution
q(t) of the EL equations, a first variation at ¢(t) is a vector field V' on @ such
that t — (FY o q)(#) is also a solution curve, where FY is the flow of V. One can
associate the vectors V) := Vo q(-) at ¢(-) € €, also called first variations, and
deduce the formula

daa(Vy(y, Wy(y) = 0. (2.12)
It is this formulation of symplecticity that is generalized to the case of field theories.

In the case of field theories, (2.9) can be written as

dS(p) - dp = ai(p) - 6p + az(p) - o, (2.13)

where a; and s are the one-forms on sections defined by

ar(p) - 6 = /X (o) (i Qo) and  an(p) - dp = /8 G i)

respectively. A first variation at a given solution ¢ of the CEL equations, is a vertical
vector field W € X(Y') whose flow FV is such that F.og is still a solution of the CEL
equations, that is, by (2.10), j1(FYV o ©)*ijyQe = 0, for all vertical vector fields
VeXxV(Y)={UeXx(Y)|U(y) € {0}xT,,M,Yy = (z,m) € XxM = Y}. Taking
the e-derivative, we conclude that W satisfies the equation (jlgo)*fjl wijpyQe =0,
for all V € XV(Y). From this and (2.9) and (2.10), it can be shown that if ¢ is a
solution of the CEL equations, then, for all first variations V, W at ¢, we have

das(p)(V o, Woyp)=0 or, equivalently, / (Gle)ipvipwe =0,
0X
(2.14)

as shown (in a slightly more general situation) in [19]. This formula is the analogue
of (2.12) for the case of field theories and is referred to as the multisymplectic form
formula.

Covariant momentum map and Noether theorem. Let G be a Lie group
acting on Y by m-bundle automorphisms ny : Y — Y i.e. 7(ny (y)) = nx (z), where
nx : X — X denotes the diffeomorphism on X induced by ny. A Lagrangian density
L is said to be G-equivariant if

L'y (7)) = (") L(y), forallye J'Y, ny €G,

where jlny : J'Y — J'Y is the lifted diffeomorphism to J'Y. The Lagrangian
momentum map J*:J'Y — g* ® A"J'Y associated to this action and to L is
defined by

JL(&) = i§J1y957 (215)

where £ € g and {1y is the infinitesimal generator associated to the lifted action
of G on J'Y. The Noether theorem, recalled below (see [11]), is proved by using
formula (2.9) together with the G-equivariance of L.



Theorem 2.2. Let L:J'Y — A" X be a G-equivariant Lagrangian density and
let J*:J'Y — g* @ A"J'Y be the associated Lagrangian momentum map. If the
section p: X — Y is a solution of the CEL equations, then, for any subset U C X
with smooth boundary, we have

| Grort© =0 praces
ouU
The associated local conservation law is

d[(j'e) T (€)] =0, forall¢ € g.

2.3. Covariant FEuler—Lagrange equations on Lie groups

In this section we suppose that the fiber is a Lie group M = G and use the notation
o(t,s) = g(t,s) € G. We rewrite the CEL in a trivialized formulation, since it is
this form of the CEL equations that will be discretized on Lie groups.

Trivialization on Lie groups. We can rewrite the CEL equations in a trivialized
form by using the vector bundle isomorphism

JNX xG)=L(TX, TG) = L(TX,g) x G = (T*X @ g) x G, (2.16)

over X x G, induced by the (left) trivialization TG > wv,«— (9,97 v,) €
G x g of the tangent bundle TG of G. Coordinates on the trivialized jet bun-
dle are denoted (t,s°, g%, &84, n#') and the above vector bundle isomorphism reads
(t, s, g2, v8, vf) — (t,s%, 9%, g7 g, g7 w). The induced trivialized Lagrangian

density £ on L(TX,g) x G satisfies
L(t5,9(t,5),9(L, 5), Va(t,8)) = L(t,s,9(L,5), 9(t, )7 g (L, 5), 9(L, )7 Vg(t, 5))
=: L(t, 5, g(t,5),&(t, 5),n(t, 5)),

where £(t,5) := g(t,5)7'g(t, s),n(t, s) := g(t,5) " Vyg(t, 5).
The trivialized CEL equations are obtained by applying Hamilton’s principle to
L and using the variations induced on & = g~'¢ and n = g~ Vg, given by

5§ =C+16¢ and on=VC+n,d,

where ¢ := g7 16g: X — g is an arbitrary map with (|sx = 0. We get the trivialized
CEL equations

a(”Zer' 6£—ad M+ad*@+ 19k
t o¢ oy e TSy I By

Other boundary conditions can be used in the variational principle. The analogues
of (2.5) and (2.6) are, respectively,

a—Ln‘—O forall A=1,...,m and
on#
oL oL
—(0
agA( ’ ) aEA

(2.17)

(T,s) =0, forallsceB.



Remark 2.3 (G-invariance). The Lagrangian L is G-invariant if and only if
L(g,&n) = L(e,&m) for any g € G. In this case, instead of working with
L:L(TX,g) x G — A" X, it suffices to consider the reduced Lagrangian £(£, )
associated to £ by G-invariance, i.e. £(¢,n) := L(e, &, 7). Since % = 0, the trivial-
ized CEL equations consistently recover the covariant Euler—Poincaré equations

0 6L Y4 Y4 66
—— +di =ad;— d*

a1 0¢ + div — 5n = adg (5 ¢ +a

obtained by reduction, see [3]. Note that the covariant Euler—Poincaré equations
can also be derived via a classical dynamic (as opposed to covariant) Lagrangian

reduction approach, see [10].

Legendre transforms. Analogously to (2.16), the dual jet bundle can be trivial-
ized by using the vector bundle isomorphism

JHUX xG)* = TX QTG A" X xxxa A" X
S TX0g @A TX xxg AMTX,
induced by the (left) trivialization T*G > «a, «—— (g T*Lgag) ~ G x g~
Local coordinates on the trivialized dual jet bundle are denoted (¢, s', g, u%, 'y, p)

and the above vector bundle isomorphism reads (t,s’,g,p%,p%,p)
(t,s', 9,97 'p%, g7 'pY, p). Locally, the trivialized Legendre transform

FL:(TX ®g) x G — (TX ® g* @ A" X) xxxg A" X
is the fiber bundle map over X x G given by

o oL ., oL

_ oL i YA
MA—§£A’ Ha = 57’

A
A0 p= 5§A£ Anz .
Given a field g: X — G, and defining ¢ := ¢g71g,n := g~ 'Vg € g, we can write
. 6L 6L - oL, 6L
FL = —, —, - —=£—-—
(9:€,m) <g, AT AT >

Similarly, the trivialized version of FL is FL (9:¢,m) = (9, %@ , ‘;ﬁ)

The trivialized Cartan form Oz :=FL*© is found to be

S — n 6Z/ - n—
@EZ(%_AQ ldg4 A d s+5—Ag Ydgh AdtAd™ s
_ 4L oL 4 n
+<L—6—§ifi 5A7)Z>dt/\d s.

Remark 2.4 (G-invariance). Recall that if the Lagrangian is G-invariant, we

have L(g,&,m) = £(¢,m). Therefore, the maps FL and FL yield the reduced
Legendre transforms F¢ : T*X ® g — (TX ® g* @ A" X) xx A" X and



Fl:T*X ®g— TX ®g* ® A" X given by

ol ol Y4 Y4 — ol ol
Fe(&,m) = (E» %75— Ef - %77> and FU(&,n) = (E» %)

3. Multisymplectic Variational Integrators and
Space/Time Splitting

In this section we study the symplectic properties and the conservation laws of a
multisymplectic integrator on a (1 + 1)-dimensional spacetime discretized by tri-
angles. This study uses a covariant point of view as well as time-evolutionary and
space-evolutionary approaches.

In Sec. 3.1, we review from [19], some basic facts on multisymplectic integrators,
such as the discrete covariant Euler-Lagrange (DCEL) equations, the discrete Car-
tan forms, the notion of multisymplecticity, the discrete covariant Legendre trans-
form, the discrete covariant momentum map, and the discrete covariant Noether
theorem. We also consider the case with external forces and write the explicit
expression of the discrete Noether quantity on arbitrary rectangular subdomains.

We consider three different classes of boundary conditions: the case where the
configuration is prescribed at the space and time extremities, the case when the con-
figuration is only prescribed at the temporal extremities, and the case where the
configuration is only prescribed at the spatial extremity. In the last two cases, the
associated discrete zero-traction boundary conditions are derived from the discrete
covariant variational principle (Proposition 3.1).

The solution of the discrete problem can be organized in a time-evolutionary
fashion, by first forming a vector of the discrete positions of all nodes at a given time,
and then considering the sequence of these vectors indexed by the discrete time.

Conversely, the solution of the discrete problem can be organized in a space-
evolutionary fashion, by first forming a vector of the discrete positions of all nodes
at a given space index, and then considering the sequence of these vectors.

In Sec. 3.2, we study the symplectic character of these time-evolutionary and
space-evolutionary discrete flows. This is done by constructing, from the discrete
covariant Lagrangian, two discrete Lagrangians (Ly and Ng) associated to the tem-
poral and spatial evolution, respectively. For this construction, it is assumed that
the discrete covariant Lagrangian does not depend explicitly on the discrete time,
respectively, on the discrete space. We will carry out this study for each of the
three boundary conditions mentioned before. The corresponding results are given
in Propositions 3.5-3.11.

In Sec. 3.3, we study the various Noether conservation theorems available when
the discrete covariant Lagrangian density is invariant under the action of a Lie group
G. Indeed, G-invariance of the Lagrangian density induces G-invariance of the dis-
crete Lagrangians Ly and Ny so, besides the discrete covariant Noether theorem for
L4, one can ask if the discrete Noether theorems associated to the time-evolutionary



and space-evolutionary discrete flows are also satisfied. This depends on the bound-
ary conditions considered, as stated Theorem 3.13.

3.1. Preliminaries on multisymplectic integrators

We present below some basic facts about multisymplectic integrators, following [19].
In view of the applications we have in mind, we assume from now on that B = [0, L]
and hence X = [0,T] x [0, L].

3.1.1. Discrete covariant Euler—Lagrange equations and boundary
conditions

We consider the discretization of spacetime X given by
Xe={(j,a)€ZxZ|j=0,....N—1,a=0,...,A—1},

where N and A are the number of temporal and spatial grid points, respectively.
This defines the triangles AJ by specifying their vertices as the ordered triples

AL =((j.a),(j +1,a),(j,a+1)).

Denote by At and As the temporal and spatial step sizes, respectively. The
discrete analogue of the bundle Y = X x M is Y; = X4 x M and the discrete
sections g are defined to be maps X4 3 (j,a) — @4(j,a) =: ¢l € M. Recall
that M is the space of allowed deformations; M = SE(3) for the example of the
beam that will considered in Sec. 5. The discrete analogue of the first jet bundle
is J'Yy = XUlA XM xMxM — XdA, where XUlA denotes the set of all triangles
A} defined above. Elements of J'Y; are of the form (A, ¢, pi™, ) ). The first
jet extension of a discrete section ¢4 is the map jlpg: XUlA — XUlA X M x M x M
defined by

jlsad(Aé) = (Aév¢2»¢i+1»¢i+l)' (31)

Discrete covariant Euler—Lagrange equations. A discrete Lagrangian density
is a map Lg:J'Yy — R defined such that the value Lq(AZ, @I @it ! 1) is an
approximation of the integral

/ L(t, s, (), Oup(t, 5), Dup(t, ) e A ds,
07

where (0], is the rectangle with vertices ((j,a), (j+1,a), (j,a+1),(j+1,a+41)) and
¢:X — M is a smooth map interpolating the field values (7, pi*! <pfl+1).
The discrete action functional associated to a discrete section g is

N—-1A-1

6d(¢d) = Z Z Ld(Aia%Oia%OiHa@iH)'

7=0 a=0



To simplify notations, we will write L7 = L4(A, @, @it @Z+1). Computing
the derivative of the discrete action map (relative to ¢q) gives

N—-1A-1

08a(pa) = Y > [DiL - 00) + Dokl - 6pi™ + D3l - ¢ ]
7j=0 a=0

N—-1A-1
=3 > (DL + Dok + Dskd ) - 60},

j=1 a=1

=2

-1

+ D [(D1LG + Do) - b + Dsly_y - 4]

M

+ ) [(D1LY 4+ D3L8 ) -60° + DN 5]
1

+D1Lg - 0 + Dol ™ - 0 + DaLl 1 - 59 (3:2)

bS

)
Il

(A) Discrete spacetime boundary conditions. We shall first consider the
case when the discrete configuration is known at the boundary of the spacetime
domain. In this case, from the discrete covariant Hamilton principle, it follows that
§G4(pa) = 0, for all variations §pJ vanishing at the boundary, that is, such that
§pl =0, ifac{0,A}orifjec {0,N}. (3.3)
We thus get from (3.2) the discrete covariant Euler-Lagrange (DCEL) equations
DL} + Doli 4+ D3l =0, j=1,...,N—1, a=1,...,A—1, (34)

where we recall that £f := La(AL, ¢l @it o) ) and the values of ¢/ at the
boundary are prescribed. Note that three triangles contribute to each DCEL equa-
tion in (3.4), namely, the triangles AJ, AJ=1 and A’ . The intersection of the
three triangles is (j, a), as shown in Fig. 1.

(j+1,a-1) (j+1,a)

(.a-1) (j,a) (,a+1)

(-1,2) (-1,a+1)

Fig. 1. The triangles AL, A7 AJ

a—1"



(B) Discrete boundary conditions in time. If we assume that the discrete
configuration is prescribed at j = 0 and 7 = N, for all @ = 0,..., A, then, instead
of the equalities in (3.3), only the following variations vanish:

50 :(5<in =0, foralla=0,...,A.

In this case, from (3.2), the discrete Hamilton principle yields the boundary condi-
tion

DiLh+ Dol =0 and D3’ =0, forallj=1,...,.N—1,  (3.5)

referred to as the discrete zero-traction boundary condition.

(C) Discrete boundary conditions in space. Conversely, if we assume that
the discrete configuration is prescribed at the boundary ¢ = 0 and a = A, for all
j=0,...,N, then the following variations vanish:

(5906 :&pi‘:O, forall j=0,...,N.
In this case, using (3.2), the discrete Hamilton principle yields the boundary con-
dition
DiLY + D3L% =0 and DoLY"1=0, foralla=1,...,A—1, (3.6
referred to as the discrete zero momentum boundary condition.

We summarize these facts in the following proposition.

Proposition 3.1. Let L;:J'Y; — R be a discrete Lagrangian density. The dis-
crete zero-traction boundary conditions and zero momentum boundary conditions
obtained via the covariant discrete Hamilton principle are, respectively, given by

DLy 4+ Do) =0 and D3L’ =0, forall j=1,....N—1
and
DiLY + D3 =0 and DLY"'=0, forall a=1,...,A—1.

Remark 3.2. It is important to note that the discrete boundary conditions above
are obtained exactly in the same way as their continuous counterparts, namely, they
arise as boundary terms in the variational principles. These boundary terms do not
contribute when the configuration is prescribed at the boundary, since the corre-
sponding variations vanish on the boundary. However, when the configuration is
not prescribed at the boundary, the variational principles yield “natural” boundary
conditions, given here by (3.5) and/or (3.6).

3.1.2. Discrete Cartan forms and multisymplecticity

The discrete Cartan forms, denoted @id,G%d,@%d, are the one-forms on J'Yj,
defined by

01t ea(A])) == D1L]dy],



2,0 (D)) = DaLfdel ™,

2,0 ea(00)) = Dslhdey i,
(3.7)

for all jLoa(A]) = (AL, @b, @it @l ) € JWa = X5 x M x M x M (see (3.1)
or [19]). Note that one can also interpret the Cartan forms as XdA—dependent one-
forms on M x M x M. Viewed this way, they satisfy the relation

dly =0}, + 6%, + 6%, (3.8)
The discrete Cartan 2-forms are defined as Q’Ed = fdGIEd and thus satisfy
Qp, +9%,+9¢,=0.

The definition of the discrete Cartan forms @’Ed is motivated by the following
observation.

Given a vector field V on Yy, we denote by VJ its restriction to the fiber at
(j,a). Its first jet extension is the vector field 'V on J'Y; defined by

V(AL el ei i) = (VIeh), Vel ™), View))-
Using this notation, we can now rewrite the variations of the discrete action (3.2)
in a way analogous to (2.9). Namely, given a discrete field ¢, with variations d¢q,

defining the vector field V on Yy such that d¢J = V(?), and rewriting (3.7) in the
form

D1L36el = (5 pa)* (ij1vOL, (L),
Dol 50t = [(1a)* (v OF (A,
D3Li5pl 1 = [(a)" (ijpv 01 )](AD),

equality (3.2) becomes

N—-1A-1
08a(pa) = Y > (DiLh + DoLd™' + Dl ) - 6]

7j=1 a=1

+ > > (M ea)* (v OF (D)
{LeX|anaXa£0} \kE{1,2,31AM0€dX,
=: a1(pd) - 0pa + a2(pa) - 0pa. (3.9)

The one-forms a; and as on the space of discrete sections are defined analo-
gously with (2.13); see [19] for details. When evaluated on first variations V, W at
a solution g, the formula 0 = dd6,; = da; + das yields das(pq)(V,W) = 0, or
equivalently

> > (G ea) (jrvipwQE )I(A) | =0. (3.10)

{AeXP|andXa#0) \kE{1,2,31AMe€dXy



This formula is referred to as the discrete multisymplectic form formula. It is the
discrete version of (2.14) and generalizes the notion of symplecticity for integrators
in mechanics to the case of integrators in field theory.

Discrete covariant Legendre transform. The discrete covariant Legendre
transforms are the maps F¥Lg:J'Y; — T*M given by

F'La(j'pa(D))) = (¢, D1Ly),
F2La(5 (D)) = (it DaL)), (3.11)
F3La(5 0a(2)) = (#h 11, Dsld).
We note that the DCEL equations can be thus written in the form
F'La(5'0a(2)) + F2La(G 0a(D]H)) + FPLa(G pa(D] 1)) =0,

which can be regarded as a matching of momenta in T;‘j M.

3.1.3. Discrete covariant momentum maps
We consider only vertical symmetries, that is, group actions that act trivially on
the base X. Let ®:G x M — M be a left action of a Lie group G on M. This
action naturally induces an action on the discrete jet bundle, given by
1 X . . . . .
(I)g Yd(jlwd(Agz)) = (Agp(I)g(@gz)’(I)g(@zz+1)7¢)9(<p31+1))’ g€ G)

whose infinitesimal generator is

Eny, (Fra(DD)) = (Aé,fM(SOi),fM(SO£+1)a§M(<Pi+1))~
We say that the discrete Lagrangian is invariant with respect to this action if
Ldofbg Yo = Ly, for all g € G. As a consequence, we have the infinitesimal invariance
dLg &y, =0.
The discrete momentum maps are defined by
JE T Ya— gt (JE,. 8 =le,, OF, (€,

so we have the formulas

(T (7' a(D))),€) = Dily - Em (),

(JZ (' 0a(D])), €) = Dol - Enr(@l™), (3.12)

(TR (G pa(D})),€) = DsL, - En (Php1)-
We note that the infinitesimal invariance of L4 can be rewritten as

(e, +JE, +72,)0 ea(D])) =0, (3.13)

forall j =0,...,N—1and a=0,...,A— 1. This is the statement of the local dis-
crete Noether theorem. To obtain the global discrete Noether theorem, one applies
the formula (3.9) for variations induced by the group action. More generally, given



a restriction
L C .
S (pa) ==Y > La(Ad, 0k, 0™ 90 10)
j=K a=B

of the action functional to a subdomain U of X4 induced by U := {(a,j) | K < j <
L,B < a < C}, that is, U is union of triangles whose lower left vertex belongs to a
given rectangular subdomain, and by applying formula (3.9), we get the following
result.

Theorem 3.3 (Discrete global Noether theorem). Suppose that the discrete
Lagrangian Lq:J'Yy — R is invariant under the action of a Lie group G on M.
Suppose that pg is a solution of the DCEL equations for Lgq. Then, for all0 < B <
C<A-1,0<K<L<N —1, we have the conservation law

g () =0, (3.14)
where,
L
Ihdea) = Y [IE, G ealt]) + T2, (5 ea(AF ) + TR, (1 ea(AL))]
j=K+1

+ Y [, ea( D) + T2, G ea(AD) + TR (G ea(DE )]
a=B+1

+ 2, ea(DF) + 2, (1 ea(AR)0 + J2 (1 a(AE)). (3.15)

Of course, the expression for _# 5 c]% can be written in a condensed form like the
one appearing in (3.9) by using the discrete Cartan forms @’Ed.

3.2. Symplectic properties of the time and space discrete
evolutions

In this subsection we study the symplectic character of the time-evolutionary and
space-evolutionary discrete flows built from a discrete solution section ¢4 of the
DCEL equations associated to Lg4. From Sec. 3.1.2, we already know that ¢4
satisfies the discrete multisymplectic form formula (3.10), which is the multisym-
plectic generalization of symplecticity. However, this does not guarantee that the
time-evolutionary and space-evolutionary discrete flows are symplectic. As we shall
explain in detail, the conclusion depends on the type of boundary conditions con-
sidered.

We will study symplecticity in time and space by constructing, from the discrete
covariant Lagrangian, two discrete Lagrangians Lq(¢’, /™) and Ng(@a, Par1)
associated to the temporal and spatial evolutions, respectively. For this construc-
tion, it is assumed that the discrete covariant Lagrangian does not depend explic-
itly on the discrete time, respectively, on the discrete space. Knowing that the DEL



equations associated to Ly and Ny yield symplectic schemes, we will study in detail
the relation between these two DEL equations and the CDEL for L£,. The answer
depends on the class of boundary conditions considered.

Of course, when L4 depends explicitly on discrete time, the discrete Lagrangian
Ly can be defined in the same way, but it will be time dependent. The same remark
applies to Ny and the dependence on discrete space.

3.2.1. Discrete time evolution: The discrete Lagrangian Ly

The configuration space for the discrete Lagrangian Ly is M4+, Using the notation
@ = (@), ..., %) € MATL the discrete Lagrangian Ly: MAT! x MATL — R is
defined by

A-1
Ld(‘)ojv "PjJrl) = Z Lg,v
a=0

so that the associated discrete action is

N—-1 . . N—-1A-1 ]
Galpa) = > Lale’, @) =>" > &i. (3.16)
j=0 j=0 a=0

In order to analyze the relation between the discrete Hamilton principles associated
to Lg and L4, we shall first assume that there are no boundary conditions, so that
the discrete Hamilton principle for Ly yields the stationarity conditions

DL+ Dl =0, j=1,...,N—1, and
(3.17)
DilY=0, Doy '=0,

since the variations do not vanish at the boundary. Computing these expressions in
terms of L4, we get

A-1
(DiLa(@?, "), 097) = ) (DiL] + Daly_y) - 69,
a=1
+ D1LY - 8h + D3k, - 6, (3.18)
A-1 . .
(DaLa(p?, @ 1), 00741 = Y~ Dol - i+t + Dok - 50

1

)
Il

So the DEL equations for Ly in (3.17) yield the equations
DiLI 4+ Dol + Dsl? =0, j=1,....N—1, a=1,...,A—1,
DL+ Dol =0, j=1,...,N—1, (3.19)

D3l =0, j=1,...,N -1,



and the boundary conditions in (3.17) imply the equations
DiLY + DL 1 =0, a=1,...,A-1

3.20
DLy =0, D3LY =0, DLY"'=0, a=0,...,4-1 (3:20)

Of course, (3.19) and (3.20) agree with the stationarity condition (3.2) obtained
from the discrete covariant Hamilton’s principle when no boundary condition is
imposed. Moreover, this computation shows that the DEL equations for L, (i.e. the
first equation in (3.17)) is equivalent to the DCEL equations for L4 together with
the discrete zero-traction boundary conditions (3.5) (the second and third lines
n (3.19)).

Remark 3.4 (Discrete Cartan forms). We now describe the relation between
the two discrete Cartan forms @fd associated to Ly and the three discrete Cartan
forms @’Ed, k=1,2,3, associated to L4. On MA+! x M4+ we have

O, (@, @) = =DiLa(¢’, @’ )dg’
A—1 ] . . ] ] ] )
= — > (D1L] + DsLl_)dg) + D1 L{del + Dsly_ de?,

a=1

- Z OL, (7 ea(29)) + OL, (71 pa( L)),

A—1
Of (7, ™) = DaLa(@’, ') = > DoLidip)t!
a=0
= Z 0%, a(A])).
We abbreviate these relations as
A-1
Or, =— > _[0F,( a(2)) + 0% ,(j'¢a(A)))]  and
a=0

o, = Z 0%, (7" ¢a(2)))-
Applying identity (3.8) to @’Ed, we consistently recover the relation dO, =
doe; :
d

A-1
doy, = —-d > 0 (jlea(A))) dZG (7' pa(29))

a=0

= dz 0%, va(A))) = aef . (3.21)



The discrete Cartan 2-form €, is thus related to the 2-forms )¢, in the following
manner:

A-1 A
=Y 0%, (7 ea(D))) Z 0L, ea(A)) + Q2,51 ea(A))]. (3.22)

a=0

Notation. Note that we maintained the index j in the expressions above, for consis-
tency with all the notations used in the paper. The index is, however, not needed
here since all the triangles are identical. One can, for example, write the expression
of @L_d as
A-1
efd (907 ¢) = Z [eid(wa» l/fa, QOaJrl) + @%d(@aa 'l/)a» ¢a+1)]7

a=0

for ¢ = (¢o,...,04), ¥ = (Yo,...,04) € MATL Similarly for @ﬁ'd and Q.

(A) Boundary conditions in time. Let us first consider the case when the con-
figuration is prescribed at j = 0 and j = N, for all a = 0,..., A. This means
that ¢ and ¢ are prescribed, therefore Hamilton’s principle only yields the first
equation in (3.17), namely the DEL equations associated to Lg4. So, we only get the
equations in (3.19). This is in complete agreement with the results obtained above
in (3.4) and (3.5) via the discrete covariant variational principle when only bound-
ary conditions in time have been assumed. This is also in complete analogy with
the continuous case, where the EL equations imply the (zero-traction) boundary
conditions (2.5), given here in the discrete case by (3.5). From this discussion, we
conclude that the discrete flow map

F,: MAT s MATE — MAT s MAYL D R (@770 @) = (@7, 971

is symplectic relative to the symplectic form Q, € Q*(MA+ < MATY) ie. Ff Qu, =
QL. In particular, we have proven the following result.

Proposition 3.5. When boundary conditions are only imposed in time, the DEL
equations for Ly are equivalent to the DCEL equations for Ly together with the
discrete zero-traction spatial boundary conditions.

Thus, the solution ¢),j =0,...,N,a = 0,..., A, of the DCEL equations with
discrete zero-traction boundary conditions (3.5) provides a symplectic-in-time dis-
crete flow (P71, p7) — (@7, @I+ relative to the discrete symplectic form on
MATL x MATL e

A-1
Z 02, (1 pa(B0)) = — 310, (R pa(B0)) + 9, (el L)
a=0

The equations are solved by assuming that ¢° and ¢! are known, i.e. ¢0 and
Lfor all a = 0,..., A. This corresponds to the knowledge of initial configuration
and velocity.



(B) Boundary conditions in space. We now consider (for completeness and
symmetry relative to the preceding case) the situation when the discrete configu-
ration is prescribed at the boundary a = 0 and a = A, for all j = 0,..., N, and
is time independent. No boundary conditions are assumed in time. In this case,
one has to incorporate these conditions in the configuration space of the discrete
(dynamic) Lagrangian. Namely, we define the configuration space M54+1 ={p <
MAT | oo = @o, a4 = @a} with prescribed boundary values. This is possible since
the boundary conditions at a = 0, a = A are assumed to be time independent.
The discrete Lagrangian Ly is now defined as Lg: M x M — R. The discrete
Hamilton principle yields Eq. (3.17) (both equations) but written on Mé““ instead
of MA+1 In this case, this leads to the following slight changes in the computations
of the derivatives of Ly, namely, we have

A-1 A

(DiLa(e?, @), 007) = Y (D13 + D3k ) - b,
a=1

A—-1
(DaLa(p?, @), 607%1) = > Dokl - 6™

a=1

instead of (3.18). In this case, Eq. (3.17) yield
D1l + Do 4+ D3L? =0, j=1,...,N—1, a=1,...
DL+ D3 1 =0, DY '=0, a=1,...,A-1.

This is in agreement with Eqgs. (3.4) and (3.6) obtained earlier via the covariant
discrete variational principle with boundary conditions in space only.

On MG x Mg the discrete one-forms @i are

A-1
O (97, @) = = Y 0L, pa(2%)) + O, (7 wa(AD))],

a=1

of, (¢ ") Z@Ld Lpa(D9))-

Note the slight change in the range of summation. Relations (3.21) and (3.22) hold
in the same way, with the same change in the summation.

Proposition 3.6. Boundary conditions in space can be incorporated in the config-
uration space of the discrete Lagrangian Ly. This yields the modified configuration
space M({Hl C MA*Y. In this case, the DEL equations for Ly on M({Hl are equiv-
alent to the DCEL for Ly4. The discrete covariant variational principle yields, in
addition, the discrete zero momentum boundary condition in time.

Thus, the solution ¢J,5 =0,...,N,a=0,..., A, of the DCEL equations (3.4)
with zero momentum boundary conditions (3.6) provides a symplectic-in-time
discrete flow (@’ 1, 7)) — (@7, @ 1) relative to the discrete symplectic form on
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0%, (' ea(A)))
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= [Q%, (M ea(A)) + Q2 (51 wa(A)))].

a=1

Note that the discrete symplectic form is on Mé““ X M64+1, not on MA+1 x
MA+L,

(C) Boundary conditions in space and time. Of course, one has a similar
relation between the DEL equations for Ly and the DCEL equations for £, in the
case when both spatial and temporal boundary conditions are given. In this case,
one has to choose, as before, the discrete configuration space M54+1 and to con-
sider the DEL equations for Ly in (3.17), without the second boundary conditions.
Therefore, the DEL equations for L4 read

DiLI+ Do 4+ D3l =0, j=1,....N—1, a=1,...,A—1,

and coincide with the DCEL equations (3.4). As before, we have the following result.

Proposition 3.7. When boundary conditions are imposed in space and time, the
DEL equations for Ly on M64+1 are equivalent to the DCEL equations for L.

Therefore, the solution @, = 0,...,N,a = 0,...,A, of the DCEL equa-
tions (3.4) provides a symplectic-in-time discrete flow (p'=1, p7) — (7, )
relative to the discrete symplectic form on Mé““ X M64+1, i.e.

, = Z 0%, ea(D)))

A-1
== > 0%, (D)) + O, (51 pa(AD))-
a=1
In applications, it is usually assumed that ¢ and @' (i.e. ¢2 and ¢! for all
a = 0,...,A) are prescribed, corresponding to initial configuration and velocity
(as opposed to ¢° and ™). Our discussion of the prior situations carries over to
this case.
Note that the values at the extremities are prescribed and time independent:
gpo = Go,¢’y = Pa for all j = 0,...,N (or, equivalently, ¢/ € M = {p €
M oo = @o, 04 = Pa}).

3.2.2. Discrete spatial evolution: The discrete Lagrangian Ng

We consider now the converse situation to the one before, that is, we regard the spa-
tial coordinate as the dynamic variable, whereas time is considered as a parameter.
Mathematically speaking, this is simply a switching between the s- and ¢-variables.



The configuration space for the discrete “spatial-evolution” Lagrangian Ny
is thus MN*1. Using the notation ¢, = (¢2,...,¢N) € MY the discrete
Lagrangian Ng: MY x MN*! - R is defined by

N-1
Nd(‘ioaasoa-i-l) = Z sz
j=0

so that the discrete action reads

A-1 N—1A-1 A
Galpa) = > Nal(@u@art) = Y > L. (3.23)
a=0 7=0 a=0

In order to analyze the relation between the discrete Hamilton principles associated
to Ly and Ng, we shall first assume that there are no boundary conditions, so that
the discrete Hamilton principle for Ny yields the stationarity conditions

D1N3+D2N371:0, a=1,...,A—1, and

(3.24)
DNy =0, DoNi~'=o.
We compute
N—1 4 . 4
(DiNa(@as Pas1): 0pa) = D (D1 + Dok - 6,
j=1
+ D1LG - 0% + DL 1 sl (3.25)
(DaNa(pa: Pat1): 0Pasr1) = D3, - 5<sz+1 + D3L2 ’ 5<P2+1-
j=1
So, the DEL equations for N4 in (3.24), yield
DiLI+Doi P 4+ D3kl =0, j=1,....N—1, a=1,...,A—1,
D LS+ D3 =0, a=1,...,A—1, (3.26)
DLN"1 =0, a=1,...,A—1.
The boundary conditions in (3.24) imply the equations
DLy +Dod b =0, j=1,...,N—1,
(3.27)

DL =0, DLy '=0, and D3’ , =0, j=0,...,N—1.

So we recover exactly the stationarity conditions obtained from the discrete covari-
ant Hamilton principle (3.2) when no boundary condition is imposed.

Of course, (3.26) and (3.27) agree with the stationarity condition (3.2) obtained
from the discrete covariant Hamilton principle when no boundary condition is
imposed. Moreover, this computation shows that the DEL equations for N4 (i.e.
the first equation in (3.24)) is equivalent to the DCEL equations for L, together



with the discrete zero momentum boundary conditions in time (3.6) (the second
and third lines in (3.26)).

Remark 3.8 (Discrete Cartan forms). The discrete Cartan one-forms @jN[d on
MM+ MN*1 are computed to be

@Igd(soa’ Soa—i-l) = _DlNd(Saa’ ‘Pa—&-l)dsoa
N—-1

= = Y (D1L] + DoLJ71)de) + Di1LYdgl + Do LY " el
Jj=1

N—-1
= (01,0 va(A)) + 0%, (51 wa(AD))],
j=0
@Rl_d(goav "Pa—i—l) = DQNd(QDav Qoa—i-l)d(pa—i-l
N—-1
= DgL nga+1
7=0
N—-1 )
=) 0L, pa(L))).
7=0

The discrete Cartan 2-forms Qy, are related to the 2-forms Qg , by

N—1 N—1
=D 0,0 ea(8%) = = D10k, (T ea(AD)) + Q2 (5 ea(AD)))-
§=0 j=0

These formulas should be compared with those obtained in Remark 3.4.

(A) Boundary conditions in space. When ¢, and ¢, are prescribed, we
only get the first equation in (3.24). These equations are equivalent to the results
obtained in (3.4) and (3.6) via the discrete covariant variational principle when
only boundary conditions in space have been assumed. The discrete flow map is
now given by

Fyy : MVFE s MVHE — M e N

Fng(@a-1:Pa) = (P, Pat1)

and is symplectic relative to the discrete symplectic form Qy,. In complete analogy
with Proposition 3.5, we get the following result.

Proposition 3.9. When boundary conditions are imposed in space, the DEL equa-
tions for Ng are equivalent to the DCEL equations for Lg together with the discrete
zero momentum boundary condition in time.

Thus, the solution ¢),j =0,...,N,a = 0,..., A, of the DCEL equations with
discrete zero momentum boundary conditions (3.6) provides a symplectic-in-space



discrete flow (q_1,Pa) — (Par Pas1) for the discrete symplectic form on MNT1 x
MN+L je.

N—

Z O, (Gl ea(0)) = = Y [k, (D)) + QF, (T pa(A))].
=0

H

<.

(B) Boundary conditions in time. When the discrete configuration is pre-
scribed at temporal boundaries (i.e. at j = 0 and j = N, for all @ = 0,..., A),
since we are working with the discrete spatial evolution, one has to include them in
the discrete configuration space M N T, that is, we define the discrete configuration
space MY = {p € MN*1 | := @ N = gV}, where @° and gV are given.

This is possible, if these boundary conditions at ¢t = 0 and ¢ = T do
not depend on the spatial index. The discrete Lagrangian is now defined as
Ng: Mévﬂ X Mévﬂ — R. The discrete Hamilton principle yields both equations
in (3.24) on M{¥*!. Using (3.25), with the obvious modifications due to the fact
that we work on MN+1 MM+ we get the equations

D1Li+D2Léil+D3LZ_1:0a j=1,...,.N—-1, a=1,...,A-1

* )

DL+ Do =0, Dsfd_ =0, j=1,...,N-1

This is in agreement with the results obtained in (3.4) and (3.5) via the discrete
covariant variational principle when only boundary conditions in time have been
assumed.

The discrete one-forms @ﬁd on MM x MM are

N-1
ON, (s Par1) = — > _[O%, (i 0a(A2)) + O2, (' 0a(L))],
7j=1
N—-1 )
6;\12 (Qoa?(ioa—i-l) = Z eid(‘ylwd(Agz))v
j=1

where we note the slight change in the range of summation. We get the following
result.

Proposition 3.10. Boundary conditions in time can be incorporated in the config-
uration space of the discrete Lagrangian Ng. This yields the modified configuration
space Mévﬂ C MN*L In this case, the DEL equations for Ng on MéVH are equiv-
alent to the DCEL equations for L4. The discrete variational principles yield, in
addition, the discrete zero-traction boundary conditions.

Therefore, the solution @), j = 0,...,N, a = 0,..., A, of the DCEL equa-
tions (3.4) with discrete zero-traction boundary condition (3.5) provides a
symplectic-in-space discrete flow (@, 1,%,) = (Pa»Par1) relative to the discrete



symplectic form on Mévﬂ X Mévﬂ, i.e.

N-1
Z 0F, G ea(B) = = D[4, (M ea(AD) + Q2 (1 va(AD))):

7j=1
Note that the discrete symplectic form is on MéV'H X MéV'H, not on MNF1 x
MN+L

(C) Boundary conditions in time and space. Of course, one has a similar
relation between the DEL equations for Ny and the DCEL equations for £, in the
case when both spatial and temporal boundary conditions are assumed. In this case,
one has to choose, as before, the discrete configuration space Mév *1 and to consider
the DEL equations for Ny in (3.24), without the second boundary conditions. In
this case, the DEL equations for Ny read

D1l + Dol P 4 D3Ld =0, j=1,....N—1,a=1,...,A—1,
and coincide with the DCEL equations (3.4). As before, we have the following result.

Proposition 3.11. When boundary conditions are imposed in space and time, the
DEL equations for Ng on Mévﬂ are equivalent to the DCEL equations for L.

Therefore, the solution ¢, j = 0,...,N, a = 0,..., A, of the DCEL equa-
tions (3.4) provides a symplectic-in-space discrete flow (¢, _1,9,) — (Pu>Par1)
relative to the discrete symplectic form on MéVH X MéVH, i.e.

N—-1
Z OF, (7 ea(82)) = = D[, (1 pa(B2)) + QF, (51 pa(29)].
7j=1

3.3. Discrete momentum maps

Suppose that the discrete covariant Lagrangian density Lg4:J'Y; — R is invari-
ant under the action of a Lie group G on M. The associated discrete classical
Lagrangians Lg: M4 x MA+! — R and Ng: MV x MN*T1 — R associated
to the “temporal evolution” and “spatial evolution”, respectively, inherit this G-
invariance. Indeed, both L; and Ny are G-invariant under the diagonal action of G
on MA+! and MN*1, respectively.

The associated discrete momentum maps are Jii cMATL x MATY - g* and
Jﬁd s MNFL s MNTL g% given by

@ @), O = (DaLal?, @), Qs (¢711)),
JL (@7, 97, —DiLa(e?, 7 *), Cuasi (¢7)),
(I8, (Pas Pat1)s DoNa(®4s Pas1)s Qe (1))
(In, (Pas Pat1)s —D1Na(Pas Pat1)s Curv+1(@a)),
for all ¢ € g.

(3.28)

/\/\/\/\

()=
Q)=
()=



From the definition of Ly and Ng in terms of L4, we have the relations

A1
W@ ™) =" T2 (M ealL))),
a=0
I (") = [T, Gl ea(A))) + 2, (G ea(A)))],
a=0
N-1

Jﬁd(soaasoa—i-l) J (Jl%l(Afz)),

' M

o
I
Z o
|
-

(P Payi) = — (T2, (7 ea(A0) + I, (51 a(AL)],

I
<)

between the various discrete momentum maps. The G-invariance of L, yields (3.13),
which consistently implies Jﬁ'd =J_, and JE =JN,-

Covariant versus evolutionary Noether theorem. In the next lemma, we
relate the expression j B C in (3.14) with the discrete momentum maps Jﬂ[ and
Ji This follows from a direct computation.

Lemma 3.12. When B=0and C =A—1, or K =0 and L = N — 1, we have,
respectively

L
oati(ea) = > [T, G ea(A]) + J2 G ea(ATH) + I, (M ea(2) )]
j=K+1
+I5 (" ") — L0, ) (3.29)
C
IBe Hea) = D E,G 0a(A)) + T2, ea(AY ) + TR, pa(A)-1))]
a=B+1
+ 30, (e o) — I, (PBs PBI1)- (3.30)

Recall from Theorem 3.3, that if L4 is G-invariant and if ¢, satisfies the DCEL
equations D1LJ + DLt + D3L2_1 =0,7=1,...,.N—1l,a=1,...,A—1, then
é(g(gpd) =0foral 0 <K B<(C<A-1,0< K <L < N-1.Asis apparent from
Lemma 3.12, at this point, the discrete covariant Noether theorem /é(é“ (pa) =0
does not imply the discrete Noether theorem for Ji, and Jy,. This is due to the
fact that the DEL equations for Ly (or for Ng) imply (but are not equivalent to)
the DCEL equations for L,4. To analyze this situation further, we have to take into
account the boundary conditions involved.

(A) Boundary condition in time. In this case, the discrete equations are given
by the DEL equations DL, + DgLZl_1 =0,7=1,...,N — 1. They are equivalent



to the DCEL equations together with the zero-traction boundary conditions
DL} + Doli b+ Dy =0, j=1,...,N—1, a=1,...,A—1,
DL+ Do =0, D3l =0, j=1,...,N—1.

The first of these equations implies /OKAL_l(cpd) = 0, while the second and third
equations imply that the first term of the right-hand side of (3.29) vanishes. So, we
get

I (pa) = I (0" oY) — I (5, o5 H) =0,

where we used J'L"d = J[d because Ly is G-invariant. This shows that the covariant
discrete Noether theorem implies the discrete Noether theorem by choosing the
special case B=0,C = A — 1.

Recall that, when using the discrete Lagrangian N4, we have to restrict to the
space MéV'H. The equations above are equivalent to DiN§ + DgN;_1 = 0,a =
1,...,A— 1,D1N3 = 0, and DQNZ?_l = 0. Note that in this case, the Noether
theorem for the Lagrangian Ny does not apply, since G does not act on Mév 1 We
can, nevertheless, consider the expressions Jﬁd. Using Lemma 3.12 and the discrete
covariant Noether theorem _¢Z gigfl(god) = 0, we see explicitly how the Noether
theorem fails for Jﬁd, namely,

N, (o poit) = I, (5, PB41)

C

== > UL,U'a(80) + 2, ea(Bd ™) + IE (1 pa(D0-1))]. (3:31)
a=B+1

(B) Boundary condition in space. The same discussion holds when the config-
uration is prescribed at the spatial boundary and when zero momentum boundary
conditions in time are used, by exchanging the role of L; and Ng. In this case, we
have

0,N— _
B,C 1(8011) = foL(‘PCa‘Pc-H) - JNd(‘PBaCPB-H) =0,

and /05;&1—11(‘;0(1) = 0 implies

JL&-d(QDL7 (.pLJrl) _ Jljd("PKv ¢K+1)
== > [0 a(A) + J2 (i ea(AFTH) + IR (T ea(D% )] (3.32)
j=K+1

(C) Boundary condition in both space and time. In this case, the equa-
tions are given by the DEL equations Dlel + Dsz;1 =0,5=1,...,N —1, or,
equivalently, DiN§ + D2N371 =0,a=1,...,A—1, defined on M64+1 and Mév+1,
respectively. They are both equivalent to D;LJ + DoLJ~1 + Dgﬁi_l =0, =
1,...,N—1,a=1,...,A— 1. In this case, Noether’s theorem for the Lagrangians



Ls and Ny does not apply, since G does not act on M64+1 and MéVH. However,

the covariant Noether theorem does apply, so that ¢# g é (¢pa) = 0. We can also see
directly how the Noether’s theorems fail for Ly and Ny, namely

JE (", ") — I0 (5, ™)
L

=— > LG ead) + R, (M ea( D7) + IR, (7 ea(Dh 1)),
j=K+1

B (e eort) = In, (@B, PBi1)

c

== > L,GaA) + T2, (M ea(AY ) + IE (M pa( A1),
a=B+1

The situation can be summarized as follows.

Theorem 3.13. Let L4:J'Y; — R be a discrete covariant Lagrangian density
and consider the associated discrete Lagrangians Lg: MATY x MATT — R and
Ng: MN+tLx MN+1 S R. Consider a Lie group action of G on M and the associated
discrete covariant momentum maps de, k =1,2,3, and discrete momentum maps
JLid,JjN[d. Suppose that the discrete covariant Lagrangian density Lq:J'Yy — R is
invariant under the Lie group G. While the discrete covariant Noether theorem
jéf’é(gpd) = 0 (Theorem 3.3) is always satisfied, independently of the imposed
boundary conditions, the validity of the discrete Noether theorems for J., and Jn,
depends on the boundary conditions.

If the configuration is prescribed at the temporal extremities and zero-traction
boundary conditions are used, then the discrete momentum map Ji, is conserved.
Conservation ofJﬁd does not hold in this case, as illustrated by formula (3.31).

If the configuration is prescribed at the spatial extremities and zero momentum
boundary conditions are used, then the discrete momentum map Jn, is conserved.
Conservation ofJLid does not hold in this case, as illustrated by formula (3.32).

4. Multisymplectic Variational Integrators on Lie Groups

In this section, we consider the particular case when the configuration field ¢ takes
values in a Lie group G. Completely analogous to the continuous case treated in
Sec. 2.3, the discrete equations also admit a formulation that uses the trivialization
of the tangent bundle of the Lie group. The resulting equations present clear advan-
tages in the discrete setting, since one can make use of the vector space structure
of the Lie algebra via the use of a time difference map.

We are thus in the particular case when the fiber M = G is a Lie group and
we use the notation ¢! = gZ. Recall that the discrete version of the first jet bundle
JUX x Q) is J'(Xg x G) = X5 x G3, where G? := G x G x G. Note also that we



have the isomorphism
A o A
Xy x G5 (090,95, 9h)
o o A
= (00,90, (90) 790 (9) T gag) € X x G2
In order to discretize the relations ¢ = g~'¢ and n = g~ !¢/, we shall fix a local
diffeomorphism 7:g — G in a neighborhood of the identity, such that 7(0)=e.

Examples for 7 are provided by the exponential map or the Cayley transform (see [1,
14]). The approach will involve the right trivialized derivative d®7 of 7 defined by

dfreig— g, dre(n) == (Ter(n)7 (), (4.1)

where T¢7:9 — TG is the tangent map (derivative) of 7. The right trivialized
derivative of 771 is defined by

drotig— g, A () o= Tym (ng),

where g := 7(£). It is readily checked that dRTgl = (dBre)~ L.
Using the local diffeomorphism 7, the relations ¢ = g='g and n = g~ !¢’ are

discretized as
& =1'(g))""git) /At € g, 42)
g =7"(g2)'gh1)/As € g.

From these definitions, we can define the discrete Lagrangian g : XdA XxGEXgxg—
R by

La(A0, 90, €0m) = La(L, 93, 907 ga).

Note that XdA X G x g x g is thought of as the discretization of the trivialized
first jet bundle (T*X ® g) x G, see (2.16), and the discrete Lagrangian L, is the
discretization of the trivialized Lagrangian L = L(g,¢,n) defined in Sec. 2.3.

We have the following relations between the partial derivatives of L4 and Lg:

o . o _ 1 . 1 .
(92) 7" Dakg = (92) 7' Dol — R0 — 1Mo
TRR . .
(921) 7 Dokl = <7 AT 51 08 (4.3)
TN S _
(022) 7" Dok = 17 A () Vo

Discrete covariant Euler—Lagrange equations on Lie groups. The discrete
covariant Hamilton principle reads

N—-1A-1

(séd(gd) =9 Z Z f’d(Aivggv EZ» 7)2) =0. (44)

=0 a=0



Using the definitions (4.2), we obtain the variations

0gh = AT, (=G4 Ad, a4 G /A, (4.5)
ong, = dRTAS% (¢ + AdT(Asng)Ci-i-ﬂ/AS,
where we defined (7 := (gJ)~16gJ and we used (4. )
For simplicity, we will use the notation L7 := Lq(AJ, g7, &2 n?). Defining the

discrete momenta

pi = (@R L) DeRd, M= (7L ) DR

and applying the covariant discrete Hamilton principle we get

N—-1A-1
68a(ga) = D> > (DLl - 6g) + Dk, - 68) + DyLl - on))
7=0 a=0
N—-1A-1
1 1
— DG LI — —p) — — J
>y (- AR
1 .
* +1 *
+A_tAd‘r(At§£)/”Lgl CJ Jr_Ad (Asnl) a Ca+1
N—-1A-1
= . 2 ((gi)_lD Ll + At(Ad*(Ath 1)Uj_ — u3,)
Jj=1 a=
L adr N N J
+ E( T(Asni—l) a—1 " a) 'Ca
e 1 1
N . AP N
3 (7D + (A g™ = )~ ) -
iz
1 * J J
s A g M1 G
A—-1 B 1
v [(<gg>1ngzzmz A5 (a0 = A))
a=1

Adi(Ath 1):“51\[71 ’ Cév}
4 (90)—1D fjoii Oii)\o CO+ Ad* CN
0 9~0 Atﬂo As 0 0 N 1)u0 0

(A Ad‘r(AsnA ))‘?41) : C.% (46)

This can be also obtained directly from (3.2) by using (4.3).



For later use, we now list the stationarity conditions obtained if there are no
boundary conditions imposed on the variations

1 N 1 1 . N 1
g He — A e a )+ e — AL )Ai 1) = (92) 7 Dk,
forallj=1,....N—1, a=1,...,A—1, (4.7)
1 ) . . 1 . o _.
A_t('u% — Adr(Atggfl)/”L% 1) + A_s)\% = (gg)) 1D9L€)v and
1 .
s Adi(ASni_l)Aifl =0, forallj=1,...,N—1, (4.8)
1 1 0\—171 7O
Atlua + A_( AdT(Asn 71))‘(1 1) ( a) Dgﬁ“av and
A‘NFAwwwugl—O,iMaHa:L“WA—l, (4.9)
1 0 0\—171y 7O 1 * N-1
At,uo + — As )\ = ( 0) DQLO, A_tAdT(AtE(Ijvil)uo =0 and
A Ad} (A )Mot = 0. (4.10)

Equations (4.7) will be referred to as the Lie group DCEL equations.

Remark 4.1 (Discrete Cartan forms). In terms of the trivialized discrete
Lagrangian L4, the discrete Cartan forms (3.7) are computed to be

L 1 _ ;
08 (B €lonl) = ((6d) DL gk~ 3N ).

1
0% (A ,gi,EaJ)a < At T(At&J)“a»(gZJrl) ldgj+1>

<

E?|*4 Ef|*‘

giud, dga> + (Deki del), (1.11)

0% (D90, 60,110)

. . 1 .
ASU )‘av(gzjz+1) dgtjz+1>

1 _ . )
( gt dga> (Do dnl).
‘We note the relation
0% = (6,).0%,, k=123, (4.12)

where Or .XA XxXGxGXxG — XA x G x g x g is the local diffeomorphism defined by
é- (AL gt g}jl,gflﬂ) (AL, gk, €L, ¢L) and ©F are the discrete one-forms defined

n (3.7). From the relations (4.12), L4 0 ¢, = L4, and the formula (3.8), we get
dlq =0 +0% +6% . (4.13)



Given a vector field V' on XdA x G and its first jet extension j'V on the discrete
jet bundle XdA x G'x G x G, we define the vector field 51V induced on XdA xGxgxg
by ¢,. Similarly, given a discrete section g4 and its first jet extension jlgg: XdA —
XdA X G x G x G we define jlgg := ¢, o jlgq. With these notations, we can write
the formulas

<( I)ID, LI Ait - A—AJ (gf;)15gf;> = (7" 9a) i J(A0),

1 1 T\ ke .
<Kt AdT(Atéj)/iaa (g7th)~ 1§g$+1> =[(1gq) ljlve%d](Azl)v
1 * j ] - j . T\ ke < .
<A_3AdT<Asna;>Afv(gi+1) 1592+1> = [(779a) 157 62 )(20),

from which we deduce, as in (3.9), that (4.6) can be written as

N—1A-1
66a(ga) = Z Z < )TI DL, + At(Ad*(At§7 1):“&_1 — 113)

j=1 a=1

ATy M~ N (o))

{AexX2|AnaU£s} \FE{1,2,3};A0cdU
(4.14)

(A) Spacetime boundary conditions. When the values of the discrete config-
uration gJ are prescribed at the spacetime boundary, then the covariant Hamilton
principle only yields the Lie group DCEL equations (4.7).

(B) Boundary conditions in time. When the values of the discrete configuration
gJ are prescribed for j = 0 and j = N, then the covariant Hamilton principle
yields the Lie group DCEL equations (4.7) together with the discrete zero-traction
boundary conditions (4.8).

(C) Boundary conditions in space. When the values of the discrete configura-
tion g7 are prescribed for a = 0 and a = A, then the covariant Hamilton principle
yields the Lie group DCEL equations (4.7) together with the discrete zero momen-
tum boundary conditions (4.9).

Discrete Legendre transforms. The discrete covariant Legendre transforms have
been defined in (3.11). Their expressions, FFL : XdA xGxgxg— Gxg* k=1,2,3,



in terms of the discrete trivialized Lagrangian L4, are given by

o : 1 I
FLLq(AS N =g "D L) — —pd — —N
d( 7gav aﬂ?a) <ga7(ga) a ft As a)»

FLal0h o o) = (7 57 AT ). (4.15)

Fng(Ajvgav m??i) = <gtjz+17 E AdT(Asng))\gl>'

Note that the formulas (4.15) are related to the discrete Legendre transforms
FFLy, k= 1,2,3, via the identity

pr o F* Ly =F"Lgo ¢y,

where pr, : T*G — G x g*, pr(ay) = (9,9 ). Also, as before, the DCEL equa-
tions (4.7) can be written as

F'La(AL, g, & ,md) + F2La(AL, i1 6070 i)
+F3£d(AJ7ga 1750, 17770, 1)_0

Discrete momentum maps. We now consider symmetries given by a subgroup
H of the Lie group fiber G. We assume that H acts on the left by translation,
ie. ®: H x G — G,Py(g) = hg. The infinitesimal generator associated to ¢ € b
is (c(g) = Cg. Using the formulas (3.12), adapted to this special case and written
in terms of the trivialized discrete Lagrangian L4, we get the discrete momentum
maps JE X7 xGxgxg—b k=123

o L
Te, (B2 €)= A (( 2) DRy — g - E%),

JE (D, gh &l =i Ad* Syl (4.16)
Jgd(Agngtjzi’ a’na) - A Ad?g ) 1/\0,’

where i*: g* — h* denotes the dual map to the Lie algebra inclusion i:h — g. We
have the formula

(JE &) = 0t ., €€b and JE od.=Jf, (4.17)

£J1(X xG) La>

where §1(x,xq) is the infinitesimal generator of the H-action induced on J ly, =
XdA x G x G x G and EJl(Xng) is the corresponding vector field induced on XdA X
G xgxag.

Let us assume that L4 is H-invariant, i.e. L4(AZ, hgl, &, nd) = La(DD, g2, &3,
nJ), for all h € H. This implies the infinitesimal H-invariance (D,L7 Cga> =0, for
all ¢ € b, ie. i*DyLI(g2)~! = 0. Using formulas (4.16), this can be equivalently



written as
(Jp, +J2,+JE )AL, 93, €0,m) =0,

which is the statement of the local discrete Noether theorem. We now state its
global version.

Theorem 4.2. Suppose that the discrete Lagrangian f/d:XdA XGxgxg—NRis
invariant under the left action of the Lie group H on G. Suppose that gq is a solution
of the DCEL equations for L4. Then, for all0 < B < C < A-1,0< K < L < N—1,
we have the conservation law

7 (9a) = 0, (4.18)

where /gé is given by (3.15), with Ji (j'pa(AL)) replaced by Jgd(jlgd(Af)).

Proof. From the H-invariance of L; we have G4(h-gq) = &4(ga), 50, the derivative
of this expression with respect to h vanishes. Using this in (4.14), together with the
fact that g4 is a solution of the DCEL equations, we get

0= ) S ) e 050D |

{AeX]|1anaX Ao} \kE{1,23}A00€dXy

for all £ € h. More generally, this can be done for a rectangular subdomain U as in
Theorem 3.3. The global Noether theorem follows from the first formula in (4.17).
O

The G-invariant case and discrete covariant Euler—Poincaré equations.
If the given Lagrangian density £:J'(X x G) — R is G-invariant, it induces the
function £ = 4(&§,n) : L(TX, g) — R, as recalled in Sec. 2.3. The CEL equations for
L are equivalent to the covariant Euler—Poincaré equations for £.

In the case of a G-invariant Lagrangian, we shall choose a discrete Lagrangian
L4 that inherits the same invariance. Consider the left action of G on itself by left
translation. This action naturally lifts to J'Y; = XdA X G x G x G. Then the discrete
covariant Lagrangian Lg:J'Yy; — R is G-invariant if and only if its trivialized
expression Lq(A7, g2 &1 nJ), defined through a local diffeomorphism 7:¢9 — G,
does not depend on gZ. We thus obtain a discrete reduced Lagrangian

Ca(D, €M) X3 x g x g — R,

that approximates the reduced Lagrangian ¢, namely,
Gt = [ U €69 n(t,9) dsdt
0

The stationarity conditions are computed exactly as in (4.6) and are obtained by
setting DL = 0 in (4.7)-(4.10).



For example, if there are only temporal boundary conditions, we get the equa-
tions

1 \ . 1, . ,
E(Mﬁ - AdT(Atfi—l)Ui 1) + E(/\gz - AdT(Asnf‘Hl))\;—l) =0, (4'19)

forall j =1,...,N —1,a = 1,..., A — 1, with the natural (zero-traction-like)
boundary conditions

1 ; 1 .
* Jj—1 il W
At( — Ad T(atel~HHo )+A8)\ =0, and
(4.20)
A Ad* (A ))\3471 =0,
for all j = 1,..., N — 1. Equations (4.19) are called the discrete covariant Euler—
Poincaré equations.

Time and space discrete evolutions. Asin Sec. 3.2, given the discrete covariant
Lagrangian L4(A7, g7, Jﬂ,ggﬂ), we can define the discrete Lagrangians Ly, =
La(g?,g’t):GAT x GA*T1 — R and Ny = Ng(ga,8ar1): GV x GV = R
associated to the temporal and spatial discrete evolutions, respectively, and where
gl = (gg, . ,gi) and g, = (¢°,...,g2). If we choose a local diffeomorphism 7: g —
G defined on an open neighborhood of the origin in g onto an open neighborhood
of the identity in G such that 7(0) = e, then, to Ly and N4 are naturally associated
the discrete Lagrangians Ly : GAT! x g4t! — R and Ng: GV x gVt — R defined,
respectively, by

[d(gjvgj) = Ld(gjvgj+1) and Nd(gavna) = Nd(gavgaJrl)?
where & = 477 ((g/) 'g?™!) € gt and m, = A7 ((8a) 'ar1) € gV
These discrete Lagrangians are related to the trivialized covariant Lagrangian L4
by the formulas

g £J Z 7gg7 gﬂ?é) and
N-1

gavna Z d »gavganna)
7=0

One can now carry out the study of the symplectic properties of the time and
space discrete evolutions for various boundary conditions, by following the results
obtained in Secs. 3.2 and 3.3. Taking advantage of the Lie group structure, all the
results can be formulated in terms of the trivialized discrete Lagrangians Lg4, Ly,
and Ng. In presence of H-symmetries, the expression of the discrete Lagrangian
momentum maps J[id (GATL x g4t = p* and Jﬁd cGNFL o gNFl 5 h* are easily



obtained from the expressions of JLid (GATL GATL — p* and Jﬁd :GNTLx GN+L
h*; see (3.28).

Remark 4.3 (Covariant versus dynamic reduction). Note that in the G-
invariant case, the discrete covariant Euler—Poincaré equations for £4(AJ, &7 n?)
can be interpreted as a symmetry reduced version of the DEL equations for the
discrete Lagrangian Ly(g7, g/*!) associated to time evolution. To a discrete space-
time covariant reduction for L, thus corresponds a discrete dynamic reduction for
Ly. The same comment applies to Ng. It would be interesting to analyze the link
between this observation and the approach carried out in [10] which relates, in the
continuous case, the covariant and dynamic reductions in principal bundle field
theories.

5. Numerical Example: The Three-Dimensional Geometrically
Exact Beam Model

In this section, we illustrate the results obtained in this paper with the example of
a geometrically exact beam (see [23-25]). The problem considered here should be
regarded only as an illustration of our methods. We devoted [4] to the simulation
of considerably more realistic situations.

We will take advantage of the multisymplectic character of the integrator to
simulate the motion of the beam knowing the time evolution of position and
the strain of one of the extremities. This unusual boundary value problem can
be treated simply by our integrator for which time and space are discretized in
the same way. By switching the space and time variables, this boundary prob-
lem reduces to a standard boundary problem with given position and velocity at
initial time.

5.1. Time and space evolutions of the beam

In geometrically exact models, the instantaneous configuration of a beam is
described by its line of centroids as a map r : [0,L] — R? and the orientation
of all its cross-sections at points r(s), where s € [0, L], by a moving orthonormal
basis {d1(s),d2(s),ds(s)}. The attitude of this moving basis is described by a map
A 2 [0, L] — SO(3) satistying d;(s) = A(s)Er, I = 1,2,3, where {Eq,Eg,E3} is a
fixed orthonormal basis (Fig. 2).

Covariant formulation. The convective covariant formulation of geometrically
exact beams has been developed in [6, §6-7]. In this approach, the maps A,r are
interpreted as spacetime-dependent fields

R x [0,L] 3 (t,8) — g(t, s) = (A(L, s), £(L, s)) € G = SE(3),



Fig. 2. The geometrically exact model of the beam is defined by the position r(t,s) € R of the
line of centroids and by the orientation A(t, s) € SO(3) of the cross-sections. This figure illustrates
the discretized beam at a given time ¢’ giving all cross-sections at the spatial points sq.

taking values in the special Euclidean group. The fiber bundle of the problem is
therefore X x G — X, with X = R x [0,L] > (¢,s) and this formulation fits
into the framework of Sec. 2.3. The convected variables £(t,s) = g(t,s) " *0:g(t, s)
and n(t, s) = g(t,s)~10sg(t, s) are here given by the convected angular and linear
velocities and strains, i.e.

=g "0 =(ATAANTE) = (w,7),
n=g t0.9=ATANATY)=(Q,T).

The Lagrangian density of geometrically exact beams reads
1 1
L(g.&m) = 5(«”5,@ - §<(C(77 — Es), (n — E¢)) — 11(g)

=: K(&) — ®(n) — (g), (5.1)

where K (&), ®(n), and II(g) are, respectively, the kinetic energy density, the strain
energy density, and the external (such as gravitational) potential energy density;
in the right-hand side of (5.1), £,7 are regarded as elements of RS. In (5.1), J is
a 6 x 6 diagonal matrix whose diagonal elements are composed of the principal
moments of inertia and the mass of the cross-section; the linear strain tensor C
is a 6 x 6 diagonal matrix, whose diagonal elements depend on the cross-sectional
area, the principal moments of inertia of the cross-sections, Young’s modulus, and
the Poisson’s ratio; Eg = (0,0,0,0,0,1) € RS. Both J and C are assumed to be
independent of (¢, s).
The covariant Hamilton principle reads

5 / / (K (€) — B(n) — TI(g)) dsdt =0, (5.2)

for arbitrary variations dg of g, vanishing at the boundary. It yields the trivialized
CEL equations,
0 0K LOK 000 oL _, 01

oroe "Cag " ason oy T oy o



see (2.17). We refer to [6] for a detailed derivation of these equations for geometri-
cally exact models.

Time and space evolutions. Following the theory developed in Sec. 3.2, we now
define the Lagrangians associated to the temporal and spatial evolutions. We first
do this at the continuous level. The Lagrangian associated to the time evolution is
L(g,&) = fOL(K(f) — ®(g71059) — lI(g)) ds and the associated energy is

EL(g.6) = /<%—§5> ds — L(g,)

L
- / (K(€) + B(g~"sg) + 11(g)) ds. (5.4)

The Lagrangian associated to the spatial evolution is

N(g.n) = / (K(g700g) — B(n) — TI(g)) .

One can also associate to N an energy function Ey defined by the same formula,

T /o® .
EN(gvT))*f/O <a_n»7)>dt_N(g»7l)

— /0 (—~K(g~'0:g) — (C(n — Eg), Eg)

—®(n) +1(g)) dt. (5.5)

namely,

This energy function does not correspond to the physical energy.

Of course, E| is conserved along the solutions of the EL equations for L on
F(]0, L], SE(3)) and Ey is conserved along the solutions of the EL equations for
N on F([0,T],SE(3)). Recall also that the EL equations for L and N both imply
not only the CEL equations for £ but also the boundary conditions: zero-traction
boundary conditions in the case of the EL equations associated to L and zero
momentum boundary conditions in space for the EL equations associated to N,
given respectively by

oL oL

—_ = — L =

o (t,0) 99 (t,L)=0, Vt and

oL oL (56)
—_— = — T = .

% (0,s) % (T,s)=0, Vs

5.2. Space-stepping algorithm

We present below the complete algorithm obtained via the covariant variational
integrator.



Space Integrator
Given: g/ n/~' N ~' D,T(¢?), for j=0,...,N,
Compute:
g = 7o) Ml
il = (A7), V0K (€D,
o= A gy N
s (g + @) D))
B for j =0,
8 (5706~ A gt + () DI ).
for j=1,...,N -1,
Solve the discrete Legendre transform: )\ = f(dT;Slné)*anI)(ng),
for n’
Update: giﬂ =glr(Asn?).

Note that g2V is obtained using the boundary condition Ad:(Atégz_l)uév_l =0
(see (4.9)). The external load at the point (a, j) is denoted above by (¢Z) ™! D,II(g?).
The only implicit part of the algorithm is the solution of the Legendre transform
which is locally invertible for small space steps. All other parts of the algorithm are
explicit.

Numerical tests. We shall use the multisymplectic integrator on Lie groups
obtained in Sec. 4 from the discrete covariant variational principle. We consider a
geometrically exact beam of length 0.8 m, and with cross-section given by a square
of side a = 0.01 m. We assume that there are no exterior forces and that II(g) = 0
so that L is SE(3)-invariant.

We choose the spacetime X = [0,T] x [0, L], with time of simulation 7" = 25,
and length L = 0.8 m. The space and time steps are As = 0.02m and At = 0.04s.
The spacetime is discretized as in Sec. 3.1.1, namely, Xy = {(j,a) € Zx Z|j =
0,...,N—1,a =0,...,A— 1}, where N — 1 and A — 1 correspond to T and
L, respectively. Recall that for all (j,a) € X4, we consider the triangles AJ =
((4,a),(j+1,a), (j,a+1)) that also involve the nodes (N, a) foralla =0,..., A—1,
and (j,A) forall j=0,...,N — 1.



The construction of the discrete Lagrangian density L4(AZ, &2 nJ) as well as the
detailed derivation of the associated discrete scheme obtained from the formula (4.7)
are described in [4].

In this example we consider the space evolution through the multisymplectic
variational integrator, followed by time reconstruction.

(1) Space evolution: The problem treated here corresponds to the following sit-
uation. We assume that at the initial time ¢ = 0 and at the final time ¢t = T', the
velocity of the beam is zero. This corresponds to zero momentum boundary condi-
tions. The configuration of the beam at ¢ = 0 and t = T is unknown. We assume,
however, that we know the evolution (for all ¢ € [0,T]) of one of the extremities,
say s = 0, as well as the evolution if its strain (for all ¢ € [0,7]). The approach
described in this paper, that makes use of both the temporal and spatial evolu-
tionary descriptions at both the continuous and discrete level, is especially well
designed to discretize this problem in a structure-preserving way.
Note that we do not impose zero-traction boundary conditions, given here by

(I' = E3)|s=0 = 0,
(I' = Es)ls= =0, (5.7)
Q(0) =Q(L) =0,
at the two extremities of the beam.
The initial conditions are given by the configurations go = (g3, ..., g{") and the
strains ng = (n3,...,n’) at the extremity s = so. In this example, we choose the

following configuration and strain:
90 = (1d,(0,0,0)), g3 = gjeay(At&)), forallj=0,....N~1,

where & = (0,—0.85,0;0,—0.1,0), for all j =0,...,N — 1, and

; 1 _ i1 4 .
né:Ecay Y((g3) " tgl), forallj=0,...,N—1,

where g9 = (Id, (0,0, As)) and g7 ™' = g cay(At&)), with & = (0.06, —0.849, —0.04;
—0.03,-0.1,0), for all j =0,...,N —1 (Fig. 3).

Fig. 3. Initial conditions go (enlarged), when j € {0,1,2,3}. The figure shows the discrete
trajectory of a cross-section at the times t9,¢!,t2,¢3 at a given spatial node a.



For the problem treated here, the boundary conditions are thus given by (4.9),
which are the discretization of the right-hand side condition in (5.6), i.e. discrete
zero momentum boundary conditions. Note also that since II(g) = 0, we have
DyLJ = 0. So, the discrete scheme is

0~ A i)+ (- AT X)) =0,
forallj=1,...,.N—=2a=1,...,A -2,

_ALAdﬂAts” S i(w—l AT gy hat) =0,
foralla=1,...,;A—2,

L o, L o . 0

Apha T a5 Pa — Adrasng_)Aa-1) =0, and
1 —1

Ad?

At T(Atféy_l)uflv =0, foralla=1,...,4A-2,

where i}, := (A7}, ) 0 K (€]) and N := (deln )0, ®(n2).

At
This variational integrator produces the following displacement g1, ...,g4 “in
space” of the trajectories g, = (g2,...,gY) “in time” of the beam sections (see

Figs. 4 and 5).

Energy behavior. The above DCEL equations together with the boundary condi-
tions are equivalent to the DEL equations for Ng(ga,n,); see the discussion in
Sec. 3.3. In particular, the solution of the discrete scheme defines a discrete sym-
plectic flow in space (ga,M,) — (8a+1,7M441) relative to the discrete symplectic
form Qg . As a consequence, the energy Eg, of to the Lagrangian N4 associated to
the spatial evolution description is approximately conserved (Fig. 6 and 8).

Momentum map conservation. Recall that the Lagrangian density L is SE(3)-
invariant, so the covariant Noether theorem holds. At the discrete level, since the

‘ / /

/ o t=2 s
-0.5 -0.5
/</ /</

Fig. 4. Each figure represents the time evolution g, = {gé,j =1,...,N} of a given node a of
the beam. The chosen nodes correspond to s = 13As,23As,31As,40As, where As = 0.02m.



Fig. 5. This figure represents the time evolution g, = {gg,j =1,...,N}, of a given node a of the
beam, when ¢tV = 150At, where At = 0.04s. The chosen node corresponds to s = 40As, where
As = 0.02m.

discrete Lagrangian density is also SE(3)-invariant (see [4]), we get the discrete
covariant Noether theorem jg’é(gd) = 0 (according to (4.18)). Since the dis-
crete Lagrangian Ny is SE(3)—if1variant, the discrete momentum maps coincide:
JE@ = Jﬁd = Jy,, and we have

2

In, (8arm,) = AtAd*

9)1‘1’
J

I
=)

according to (4.16). In view of the boundary conditions used here, from the dis-
cussion in Sec. 3.3 it follows that the discrete momentum map Jy, is conserved.
This can be seen as a consequence of the covariant discrete Noether theorem

Z0,N—1
B,C (9a) = 0.
The discrete energy behavior and the conservation of the discrete momentum
map Jy, = (J',...,J%) € RS are illustrated in Fig. 6.
The discrete covariant Noether theorem is also numerically satisfied on the solu-

tions of the discrete scheme. We checked, for example, that / 70N~ 1( 1) = 0. Recall
that this follows from Lemma 3.12 and the discussion after it. Indeed, we can write

A—1
S ga) = S (L (1 9a(A) + JE (1 ga(AN ) + 2 (51 9a(AS_ 1))

a=1
+Jn,(8a-1,ma-1) — In, (80, M0)-

The first line vanishes because of the boundary condition and the second line van-
ishes from the discrete Noether theorem.
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Fig. 6. The discrete energy function ENd (left) is approximately conserved, and the discrete
momentum maps Jy,, (right) are exactly preserved.

One can also consider the discrete Lagrangian L,. However, as explained in
Sec. 3.2.1 (see (3.19)), the DEL equations for L4 yield, in addition to the DCEL,
zero-traction boundary conditions, that are not satisfied here. As we have seen, one
can include boundary conditions in space by restricting Lg to a subspace determined
by these conditions. However, as explained in Sec. 3.2.1 case (B), these conditions
have to be time independent, which is not the case in the problem considered here.
So, the equations of motion cannot be written as DEL equations for Ly and the
energy Ep is not expected to be conserved. Of course, the same discussion holds
for the continuous case as well. For similar reasons, the discrete momentum maps
associated to Lq are not conserved, but satisfy the identity (3.32).

(2) Reconstruction: The initial conditions are given by the set of configurations
g1,...,84 obtained through space evolution (see Fig. 4). Thus we can immediately
reconstruct the time advancement g',...,g" of the configuration of the beam,
where g/ = (g),...,¢’,); see Fig. 7.

$=0.8m

$=0.8m

$=0.8m $=0.8m

~ e - s=0.8m .~
s

s s s ~as s

Fig. 7. From left to right: reconstruction of the trajectories in space of the sections, at times
t=0.15,0.6s,1.25s,1.458,1.45s,1.95s.
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Fig. 8. Relative error : on the left, As = 0.0l m and At = 0.1105s with L = 3m; on the
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right, As = 0.02m and At = 0.2291047s with L = 6 m.

(3) Concluding remarks and future directions: During our numerical experi-
ments we observed that finding the appropriate combination of space and time steps
for stability is a delicate issue. It is well known that, for a time-stepping algorithm,
the ratio At/As has to verify the Courant condition (see, e.g., [13]). It would be
important to derive an analogous estimate for our space-stepping integrator.

We now list several possible ways to achieve stability in a more systematic
manner. First, we could use a rectangular mesh in order to get a second-order inte-
grator, obtained through the generalized trapezoidal rule. Second, one could define
an implicit integrator obtained through the mid-point rule, which is known to be
much more stable. Finally, taking full advantage of the multisymplectic properties,
we could design a variational integrator with adaptive mesh.
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