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Abstract

The paper studies the convergence, as N tends to infinity, of a system of N coupled
Hamilton-Jacobi equations (the Nash system) when the coupling between the players be-
comes increasingly singular. The limit equation is a mean field game system with local
coupling.

In this paper we investigate the convergence of the Nash system associated with a differential
game to the mean field game (MFG) system as the number of players tend to infinity. In
differential game theory, the Nash system associated with a N —player differential game is a
coupled system of N Hamilton-Jacobi equations. In our previous work [3], co-authored with
Delarue, Lasry and Lions, we explained that the solution of the Nash system converges, as
N tends to infinity, to the solution of the MFG system, which consists in a coupling between
an Hamilton-Jacobi equation and a Fokker-Planck equation. We proved the result under the
key assumption that the “coupling” between the equations is nonlocal and regularizing. In the
present setting, we consider the case where this coupling is singular: in the Nash system, the
payoffs of a player depends in a increasingly singular way on the players which are very close to
him. We prove that, in this case, the solution of the Nash system converges to a solution of the
Nash system with a local coupling.

To better explain what we have in mind, let us consider the Nash system

N
—ow™Ni(t, @) — Y A o™it ) + H(wi, Dayv™i (t, @)
j=1

+ Z D,H (x;, ijfuN’j(t,w)) . ij’uN’i(t, x) = FNi(x) (1)
J#Fi
in [0,T] x (RH)N,

[ VT, ) = G(x) in (RN,

In the above system, the N unknown maps v™"* depend on time and space in the form (t,x)
with ¢ = (z1,...,2x) € (R)YN. The data are the horizon T, the Hamiltonian H : R? x RY — R,
the terminal condition G : RY — R and the maps FV : (RY)N — R. The maps F"'! are called
the coupling because they are responsible of all the interactions between the equations.

We are also interested in the associated system of N coupled stochastic differential equations
(SDE):

dY;y = —Dy,H (Yis, Dv™V(t,Y))dt + v/2dB], tel0,T], ie{l,...,N}, (2)
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where Y, = (Y14, , Yne), (vV%) being the solution to (1) and the ((Bf)te[o,T])izl,...,N being
d—dimensional independent Brownian motions. In the language of differential games, the map
v is the value function associated with player i € {1,..., N} while (Y;;) is his optimal trajec-
tory.

In order to expect a limit system, we suppose that the coupling map FV'* enjoys a symmetry

property:

FN(x) = F¥ (z,mg")

where FV : R? x P(RY) — R is a given map and mt = ﬁ D ji 0x; is the empirical measure
of all players but ¢, P(Rd) denoting the space of Borel probability measures on R%. Note that
this assumption means that the players are indistinguishable: for a generic player i, players k
and [ (for k # i and [ # i) play the same role. Moreover, all the players have a cost function with
the same structure. This key conditions ensures that the Nash system enjoys strong symmetry
properties.

In contrast with [3], where FN does not depend on N and is regularizing with respect to the
measure, we assume here that the (V) become increasingly singular as N — +o0. Namely we
suppose that there exists a smooth (local) maps F : R? x [0, +0) — R such that

lim  FY(z;, mdx) = F(z;, m(z;)), (3)
N—+o0
for any sufficiently smooth probability density mdx = m(z)dx. This assumption, which is the
main difference with [3], is very natural in the context of mean field games. One expects (and
we will actually prove) that the limit system is a MFG system with local interactions:

—ou — Au+ H(x, Du) = F(x,m(t,x)) in [0, 7] x RY,
oym — Am — div(mDpH (x, Du)) = 0 in [0, 7] x RY, 4)
uw(T,z) = G(z), m(0,-) = myg in R?

This system—which enjoys very nice properties—has been very much studied in the literature:
see [9, [10L 20} 21, 22] and the references therein. The typical assumptions ensuring the MFG
system to be well-posed are that F' is monotone with respect to its second variable while H is
convex in its second variable (plus growth conditions on F' and H).

To explain in what extend the local couplings differs from the nonlocal ones, let us recall
the ideas of proof in this later setting. The main difficulty is the complete lack of estimate
independent of N for the solution of the Nash system (note that in our local setting, things

. . N Nyi N, .
are even worse since terms like F¥ (z;,mg"") blow up unless mg ' is very close to a regular
density). To overcome this problem, the main ingredient in [3] is the existence and uniqueness
of a classical solution to the so-called master equation. When FN+i(z) = F(z;,m3"), where
F :R% x P(RY) — R is sufficiently smooth, the master equation takes the form of a transport

equation stated on the space of probability measures:
—oU — AU + H(x,D,U)
_ / div, [DmU] dml(y) + / Dl - DyH(y, Do) dm(y) = F(z,m)
Rd Rd

in [0, 7] x R? x P(R?)
U(T,z,m) = G(x) in R? x P(RY)

(5)

In the above equation, the unknown U is a scalar function depending on (¢, z,m) € [0,T] x R? x
P(R?), D,,,U denotes the derivative with respect to the measure m (see [3]). The interest of the



map U is that the N—tuple (u™"!) defined by
uNJ(taw) = U(t,xi,miv’i), T = (xlv’”axN) € (Rd)Na (6)

is an approximate solution to the Nash system (1) which enjoys very good regularity properties.
Then the whole point in the proof in [3] consists in transferring the regularity of v’ to v™¢ by
integrating both functions along the same (and carefully chosen) path.

When F is a local couplings, i.e., F(x,m) = F(z,m(x)) for any absolutely continuous mea-
sure m, the meaning of the master equation is not clear: obviously one cannot expect U to
be a smooth solution to (B, if only because the coupling blows up at singular measures. As a
consequence, the definition of the maps u™** through (@) is dubious and, even if such a definition
could make sense, there is no hope that the uV*! satisfy the regularity properties required in the
computation of [3].

As the master equation for the limit problem does not seem to make much sense, we present
here a completely different approach for the proof of the convergence (see Theorem [B.1] and its
proof): it consists in comparing directly the solution of the Nash system to the solution of the
MFG system without using the master equation. Although the argument are presented here for
a local coupling, they easily adapt to the framework of [3], thus providing a simpler and more
direct proof of some convergence results in [3]. Let us point out, however, that we do not recover
all the convergence results in [3] and that the convergence rate is also sharper in [3]. In order to
compare directly the solution of the Nash system v™? and the u component of the MFG system
(or, actually, a variant of this system), we build different and well chosen paths along which these
functions behave in a same way. Then we overcome the difficulty that the paths are different
(as well as the lack of estimate for v™V*!) by using the structure of the equation (convexity of the
Hamiltonian and monotonicity of the map F'), somehow reproducing the uniqueness argument
for the MFG system [20] at the level of the difference v™V** — w.

We now give a flavor of our result in a particular case. Let us assume that
FN($7m) = F('7£EN *m()) * N,

where F' = F(x,m) is globally Lipschitz continuous and increasing in m, ey := N~ (for
some 3 > 0), £&(z) = e %(x/e), € being a symmetric smooth nonnegative kernel with compact
support. In order to describe the convergence of the solution v™¥! = v™V'i(¢,z1,...,2x) of the
Nash system (5] to the solution u = u(t, ) of the MFG system (#), we reduce the function v*"*
to a function of a single variable by averaging it against the measure mg: for i € {1,..., N}, let

wVi (tg, 2, mp) 1= /.../UN’i(t0,$)HmO(dl‘j) where ¢ = (z1,...,2N).
J#i
If B is not too large (namely 3 € (0, (3d(d + 1))~ 1)), then

HwNJ(tOv “ mO) - U(to, .)”Ll(mo) < CN?A{)

where the constants C' and € (0,1) depend on the regularity of the initial measure mg and
B (see Corollary [3.6). Moreover, we show that the optimal trajectories (Y;) converges to the
optimal trajectory (X;;) associated with the limit MFG system and establish a propagation of



chaos property.

For a general sequence of couplings (F”), converging to a local coupling F as in (3], our
main result (Theorem [3.4) states that, if the Lipschitz regularity of IV does not deteriorate too
fast, namely Lip(FY) = o(N~/69) in space dimension d > 3, then w™"* converges to u and the
optimal trajectories converge as well. The space dimension arises here through the convergence
rate in the law of large number [I], [6]. Let us point out that, in order to avoid issue related to
boundary conditions or problems at infinity, we will assume that the data are periodic in space,
thus working in the torus T¢ = R%/Z4.

Mean field game theory started with the pioneering works by Lasry and Lions [I8], 19} 20]
and Caines, Huang and Malhamé 11}, 12 [13] [14]. These authors introduced the mean field game
system and discussed its properties: in particular, Lasry and Lions introduced the fundamental
monotonicity condition on the coupling functions. They also discussed the various types of MFG
systems (with local or nonlocal coupling, with or without diffusion).

The link between the MFG system (which can be seen as a differential game with infinitely
many players) and the differential games with finitely many players has been the object of several
contributions. Caines, Huang and Malhamé [14], and, later on, Delarue and Carmona [4] and
Kolokoltsov, Troeva and Yang [15], explained how to use the solution of the MFG system to
build e—Nash equilibria in the N —player game (in open loop form). The convergence of the Nash
system () remained a puzzling issue for some time. The first results in that direction go back to
[18, 20], in the “ergodic case”, where the Nash system becomes a system of N coupled equation
in dimension d (not Nd as in our setting): then one can obtain estimates which allow to pass to
the limit. Another particular case is obtained when one is interested in Nash equilibria in open
loop form: Fischer [7] and Lacker [16] discussed in what extend one can expect to obtain the
MFG system at the limit. For the genuine Nash system (II), a first breakthrough was achieved by
Lasry and Lions (see the presentation in [2I]) who formally explained the mechanism towards
convergence under suitable a priori estimates on the solution. For this they introduced the
master equation and described (again mostly formally) its main properties.

The rigorous derivation of Lasry and Lions ideas took some time. The existence of a classical
solution to the master equation has been obtained by several authors in different frameworks
(Buckdahn, Li, Peng and Rainer [2] for the linear master equation without coupling, Gangbo
and Swiech [8] for the master equation without diffusion and in short time horizon, Chassag-
neux, Crisan and Delarue [5] for the “first order” master equation, Lions [21] for an approach by
monotone operators). The most general result so far is obtained in [3], where the second order
master equation is proved to be well-posed even for more complex problems with common noise.
The first convergence result for the Nash system is also obtained in [3] as a consequence of the
well-posedness of the master equation. Its holds for Nash systems with common noise as well.
The convergence is expressed in two ways: by comparing the v™* to the solution of the master
equation, or, as we do so here, by comparing the averaged function w™>* to the solution of the
MFG system. The present paper is the first attempt to show the convergence for a coupling
which becomes singular. It also provides an alternative approach of the convergence—without
using the master equation.

The paper is organized in the following way: we first state our main notation and assump-
tions. In section 2, we prove uniform regularity estimates on the solution (uN ,mN ) of the
perturbed MFG system (@) in which the right-hand side is replaced by FV. We also compare

(u™,m") with (u,m). Section [ is the core of the paper. The key step is the comparison



between the solution of the Nash system v"* and u¥ along well-chosen paths (Theorem [3.1]).

Then we collect all the estimate to obtain a rate of convergence between the averaged function
w™+" and u (Theorem [3.4).

Acknowledgement: The author was partially supported by the ANR (Agence Nationale
de la Recherche) project ANR-16-CE40-0015-01.

1 Notation and Assumptions

1.1 Notation

We sake of simplicity, the paper is written under the assumption that all maps are periodic in
space. So the underlying state space is the torus T? = R?/Z?. This simplifying assumption
allows to discard possible problems at infinity (or at the boundary of a domain). We denote by
|-| the euclidean norm in R? and—by abuse of notation—the corresponding distance in T?. The
ball centered at x € T¢ and of radius R is denoted by Br(z).

For ke N and a € (0,1), we denote by C*+ the set of maps u = u(x) which are of class C*
and DFu is a—Holder continuous. When u = u(t,z) is time dependent and « € (0,1), we say
that u is in C%* if

t _ t/ /
lullco.e := JJullwo +  sup ul 7/96) u 73/: )/2
(ta),(t o) [T — T[> + [t — >

< +o00.

We say that u is in OV if 4 and Du belong to C%®. Finally C*% consists in the maps u such
that D?u and dyu belong to C%*. It is known that, if v is in C*%, then u is also in C'h®,

We denote by P(T?) the set of Borel probability measures on the torus T¢ := R?/Z%. Tt is
endowed with the Monge-Kantorovitch distance:

di(m,m’) =sup [ ¢(y) dim —m')(y),
¢ J1d

where the supremum is taken over all 1—Lipschitz continuous maps ¢ : T — R.

1.2 Assumption
Throughout the paper, we suppose that the following conditions are in force.

e The Hamiltonian H : T?xR?% — R is smooth, H and D, H are globally Lipschitz continuous
in both variables and H is locally uniformly convex with respect to the second variable:

2 d d
D H(z,p) >0  V(z,p)eT?x RL (7)

o F: Tdx [0,400) — R is smooth, globally Lipschitz continuous in both variables and
increasing with respect to the second variable with 0, F = § > 0 for some § > 0.

e The terminal cost G : T — R is a smooth map.

e For any N e N, FV : T4 x P(T%) — R is monotone:

/ (FN(z,m) — FN(z,mYd(m —m')(z) =0  VYm,m' e P(T?).
Td

5



e (difference between IV and F) For any R > 0 and « € (0,1), there exists k:f,’a — 0 as
N — 400 such that
|FN (-;mdx) = F(,m(-) oo < by (8)

for any density m such that |m|ce < R.

e (uniform regularity of FV for regular densities) For any R > 0 and a € (0, 1), there exists
kT > 0 such that, for any N € N,

|FN (2, mdz) — F¥ (y,m'dz)| < kR (lz =yl + [m —m]x) (9)
for any density m, m’ with |m/|ce, [m/|ce < R.

e (regularity assumptions on F'V for general densities) For any N € N, there exists a constant
Ky = 1 such that

‘FN(a:,m) - FN(a:,m’)‘ < Ky Ve e T ¥Ym,m' e P(T?). (10)

A few comments are in order. Note that Ky — 4o as N — 4o because FV (z,m) blows up
if m is a singular measure. So F'N becomes closer and closer to F' while its regularity at general
probability measures deteriorates. However, assumption (J) states that the FV are uniformly
Holder continuous when evaluated at probability densities which are Holder continuous.

The monotonicity assumptions on F and FV and the convexity of H are known to ensure
the uniqueness of the solution in the MFG systems: they are therefore natural in our study. The
global Lipschitz regularity assumption on H is not completely natural in the context of MFG,
but we do not know how to avoid it: it is required at every key step of the paper. Let us just
note that it simplifies at lot the existence of solutions for the Nash system (see, for instance,
[17]) as well as for the limit MFG system (see [20]): indeed, without the assumption that D, H
is bounded, existence of classical solution to (4 is related on an subtle interplay between the
growth of H and of F'.

We explain in Remark that the strong monotonicity condition on F' can be avoided (F'
non decreasing suffices), but the convergence rates in Theorems [B.1] and B.4] then deteriorates a
little.

1.3 Main example

Given F satisfying the above conditions, a typical example for the regularization F'V is the
following:

Proposition 1.1. Assume that FN = FN with
F(z,m) == F(-,£ »m(")) » () (11)

where ey — 0 as N — 400 and £(z) = e % (x/e), & being a symmetric smooth nonnegative
kernel with compact support. Then, for any N, FN is monotone and satisfies (@).
Moreover the constants kﬁ,’a and Ky can be estimated by

kN <O+ R)ey, Ky <Cey (12)

where C depends on the regularity of F' and of €.



Proof. We prove the result for ¢ with the transparent notations ke and K.. Under the
monotonicity assumption on F', one easily checks that the F'° are monotone. Next we prove that
the F€ satisfy (@). Let mdx, m'dz € P(T¢) with |m|ce,|m’|ce < R. Then

|F*(z, mdz) — F(y,m/dz)|
<sup |[F(z —y,m*&(x —y)) — F(a' —y,m' »£(2' —y))|
y
< Csup[le —2'| + [m* & (x —y) —m' » (2" — y)|]
y
< Csup [|a; — 2|+ Rlx —2/|* + |m* (2" —y) —m/ * (2" — y)\]
y

< C(R+ 1)sup[|lz — 2| + [m —m/|] .
y

We now estimate the constants k*® defined by

kb .= sup | FE(-,mdx) — F(-,m()] oo,

where the supremum is taken over the densities m such that |[m|ce < R. Recall that, if ¢ is
Holder continuous with ||¢|ce < R, then

€ ola) — o) < B [ el

One easily derive from this that
kb < (1 + R)e®

where C depends on the Lipschitz constant of F' and on &.
Finally, we have to estimate K., which is the Lipschitz constant of F'¢ with respect to the
measure m. Following [3], we know that

0F€

D )

K. = sup
meP(T?)

o]

(we refer to [3] for the definition of the derivative %), As

%(””’m’y) - /R D 6~y = k)OmF (2, € x m(2))(x — 2)dz

d
keZd

we have S
D5 wm) < 0wl [ 3 1DE G~y = R €Ga = 2z
m R pezd

Assuming that the support of £ is contained in the ball B,, we have therefore

dF* ‘

‘Dy%(az,m,y) < 0 F||oo Z IDE(- = 2 = k)l o, 0 IS (& = )]y < Ce—d—1

keZd



2 Regularity estimates

Let (to,mo) € [0,T] x P(T?) and let (u’¥,m") and (u, m) be respectively the unique solution to
the MFG systems

—ou — Au + H(z, Du™) = FN(z,m(t)) in [to, T] x T¢,
oym®Y — Am” — div(m™ D,H (z, Du)) = 0 in [to, T] x T¢, (13)
’LLN(T,JJ) = G($)7 mN(t07 ) =myp in T

and
—0iu — Au+ H(x, Du) = F(xz,m(t, x)) in [0,T] x T,
oym — Am — div(mD,H (z, Du)) = in [0,7] x T, (14)
(T,l‘) G($)7 (t07 ) mo in Td
Following [20], 21], these systems are known to be well-posed. The aim of this section is to

establish estimates for (u”¥,m") independent of N and to compare (u”,m") with (u,m).
)

Proposition 2.1. Assume that mg has a positive density of class C?. Then the (u™,m
bounded in C** x C%* independently of N.

are

Proof. As H is globally Lipschitz continuous, the existence and uniqueness of a solution to (I3])
and to (4] is well-known: see [20].

We now check the regularity of m™. As DyH is bounded and mg is smooth, standard
argument for parabolic equation in divergence form (see, e.g., Theorem 3.1 of chap. V in [I7])
state that the m” are bounded in C% for some « € (0,1). Note that a and the bound depend
on | DpH o and |mol|c2 only.

We now plug this estimate into the parabolic equation for u!V. For this we note that the
map (t,x) — FN(z,m"(t)) is uniformly Holder continuous. Indeed, in view of assumption ({)

and the uniform regularity of m?”,

[N (2, m™ (8) = FN(2',mN ()] < w7 (lo = y[* + [m" () = m"N () ]o0)
< C(lw -yl +lt—1°72)
where R := |m"|coa. Since G is C** and is independent of mV and since H is Lipschitz
continuous, standard estimates on Hamilton-Jacobi equations imply that the u” are bounded
in C%°, ]

Proposition 2.2. Assume that mq has a positive density of class C%. Then

R7
sup [ (t,-) — ul(t, e (ray + [m™ —m|2 < Ckyg®,
te[0,T]

2

SUP¢e[to,T] Hl)uN(t7 ) — Du(t7 )Hoo <C (kjl\%[,a> d+2

where a, R and C depend on on the data and mg, but not on N.

Proof. By standard computation (see [20]), we have

T,

—/0 dm(H(m,DuN) — H(z, Du) — DpH(x, Du) - D(u™ — u))
—/ / m" (H(z, Du) — H(z, Du™) — DpyH (z, Du™) - D(u — ™))
0,,J1d

T
_/0 /Td(FN(x,mN(t)) - F(x,m(t,x))(mN(t,x) —m(t,z)).

8



Note, on the one hand, that m™ (0) = m(0) = mg and v’V (T) = u(T) = G. So the left-hand side
vanishes. One the other hand, m is bounded below by a positive constant (strong maximum
principle) and the u”" and u are uniformly Lipschitz continuous. So, by assumption (), we have

T T
-1 N u 2 < - N T mN — r, m(t,x mN ) —mil,T
C A - |])’LL D | < /0 /Ed(F ( ) (t)) F( s (t7 ))( (tv ) (t7 ))

As F = F(x,m) is increasing with 0,,F' = § and assumption (&) holds,

/géfwxm (t) = P, m(T,2))(m" —m)

/ FN (z,m™ (t)) — m™(t,x))) + (F(z,m" (t,z)) — F(z,m(t,z))] (m™ —m)

Td
k‘RO‘Hm —mH1+5/ /Td —m(t, x))2.

We obtain therefore

T T
ct / |Du™ —Dul*+4 / / (mN (t,2)—m(t,2))? < CE*|m™ —m|y < CER*|m™N —m) 2.
0 JTd 0 JTd

Hence

|DuN — Dul s + [m® —m| 2 < CRE.

In particular

|FN(om™ (1)) = F(-,m(t, )] 2
|FY (om™ (#) = FCom™ () + [EC,mY () = FComit, ) e

<
< CERY + C|lm"N —m| < CER®

N _ 4 satisfies

Therefore the difference w :=
—diw — Aw = g(t,x)

with g(t,z) = FN(z, m™ (t))— (x m(t,z))—H(x, DuN (t,x))+ H(z, Du(t,z)). By our previous
bounds, we have |g 2 < Ck: , so that classical estimates on the heat equation imply that

R,
sup |lu™(t,) — ult, e ey < Cky*™.
te(to, T

As, by interpolation, for any smooth map ¢ : T¢ — R,

[#lle0 < CH¢H‘”2 sup{| Do, 1}

and since D?u" is bounded independently of N, we infer that

2
sup ||DuM(t,-) — Du(t, )| < C <kﬁ,a) =
tefto, T
O

A straightforward consequence of Proposition is the following estimate on optimal tra-
jectories related with the MFG systems (I3]) and (I4)).



Corollary 2.3. Let mg € P(T9), (u¥,m") and (u,m) be the solution to the MFG system
@3) and () respectively. Let to € [0,T) and Z be a random variable with law mo which is
independent of a Brownian motion (By). If (Xt) and (Xt) are the solution to

Xto -7z

and
{ dX; = —D,H(Xy, DuN (t, X;))dt + v/2dB;

Xy =7

respectively, then

E| sup ‘Xt Xt‘
tEtoT

where C, R and « are as in Proposition [2.2.
Proof. By Proposition 2.2, we have

2
sup ||DuM(t,-) — Du(t, )| < C <k]]\%[,a) =
tefto,T]

The conclusion then follows by standard estimates on ordinary differential equations. O

3 Convergence

In this section, we consider, for an integer N > 2, a classical solution (v" 7")1-6{1,.“7 ny of the Nash
system:

—op™ ZA%U (t,x) + H (2, Dyo™N (L, )

+ Z DpH a;j,ijfuN’J(t,w)) -ijfuN’i(t,w) = FN(z;,mh) in [0, 7] x (THN
) J#i
VYT x) = G(z)  in (THY
(15)
; 1
_ d\N N _
where we set, for x = (21,...,zy) € (T*)Y, my " = N 1]-2#6%.
are close to u, where (u,m) is the solution of the MFG

Ni and u, where (u™,m") is the solution of the

Our aim is to prove that the vV

system (I4]). For this we first compare v
perturbed MFG system (I3]).

N,i

3.1 Estimates between v and u"

Let us fix tg € [0,T), mg € P(T%) with a C? density. We consider the solution (u,m) of the
MFG system (I3)). Following Proposition EI, we know that u¥ is bounded in C*% (for some
€ (0,1)): we will use this uniform regularity all along the section.
Let (Z;)ieq1,..., vy be an ii.d family of N random variables of law mq. Weset Z = (Z;);c(1,... N}
Let also ((Bf)e[o,1])icq1,...,ny be a family of N independent d-dimensional Brownian Motions
which is also independent of (Z;);cq1,. ny- We consider the systems of SDEs with variables

(Xt = (Xit)ieqr,..N})eefo,r] and (Y = (Yit)icq,...N)telo,1]:

{ dX;1 = —DpH (Xiy, Dy, uN (t, X, 1)) dt + v2dB]  te [to,T]

16
Xi,to = Zi7 ( )
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and

(17)

{ dYiy = —DpH (Yiy, Dy, o™ (¢, Yy))dt + +/2dBj te[to,T]
}/;' Jto — ZZ

Note that the (X, ;) are i.i.d. with law m™ (t). Moreover, because of the symmetry properties of
the (v ),e{lmN}, the processes (Xi ¢, Yit)ie[to,1])ie(1,...,N} are exchangeable. Note finally that
the X; and the Y; depends on N, but we do not write this dependence explicitly for the sake of
simplicity.

Theorem 3.1. Assume that N is so large that

KyN~1 < (7! ifd>3 a8)
KyN"zlog(N) < C~1 ifd =2
for some constant C' depending on mq but independent of N. Then, for any i€ {1,..., N},
1 1
CKZN™2d ifd>=3
E| sup |[Xip— Y| < oo
te[to,T] CKZN 1log2(N) ifd=2
and
3 1 1
C|KyN 2 + KNN_E> ifd>=3
E[|u (to, Z;) — v (to, Z)|] < s L )
C|K{gN 1log2(N) ~|—KNN_2log(N)> itd=2
where the constant C' depends on mqg but not on N.
Proof. For simplicity, we work with t5 = 0. Let us introduce a few notations: for & =

() jef1,..N} € TNY and z € T? let us denote by v™?(t, 2z, ) the value of vNi(t,-) evalu-
ated at the point & = (¥;),eq1,.., v obtained from @ by replacing x; by z (i.e, ; = z; if j # i
and Z; = z). We also denote by EZ the conditional expectation with respect to Z.

By Ito’s formula, we have

T
E? [u™M(T, X, r)] = EZ [uN (0,Z;) + / o + AuN — DuN - D H (X4, Du (t, X, 1)) dt} ,
0
where u” and its derivatives are evaluated at (¢, X;¢). As u® solves (I3]), we get therefore
T
uN(0,Z) = EZ [/ (—H (X4, Du™)
0

FDyH(Xig, Du™) - DuN + FN (X0 m™ () de + G(Xir)].

We now compute the variation of UN’i(t,XLt,Yi). Since the B.M. driving X;; and those
driving the (Yj;);.; are independent, we have, using the equation satisfied by N

do™Ni(t, X, Y = (&UNZ+ZA%UNZ > Do ™M Dy H (yj, Do, o™ (2, Y1) )dt
yaéz
—Dy oV DH(X”,Du (t, X”))dt+\fZD Nt dB)

(H(X; 4, Dy,v™N") — Dy,o™ - D,H (X 4, DulY (t X;41)))dt
—FN(X;p,my”! )dt+\/_ZD N dB]
J
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N,i

where vV and its derivatives are evaluated at (t, X;;, Y?). Hence

T

v™V0,2) = EZ [/ (—H(Xi 4, Dy,v™") + Dy o™ - Dy H (X, DU (8, Xi4))
0
+FN (Xi,myh)) di + G(X, )].

So
u™(0,Z;) — ™0, Z)

T
- ]EZ |:/0 [H(Xi,t7 DSCZ"UN’i) - H(XZ ty -D:(:ZUN) - DPH<Xi,t7 D’U,N) . (DinN,i _ DUN)
F(EN (X m™ (8) = FN (X0, my)))]at]

Recall that Du” is bounded by some constant R independently of N. Let us set, for z > 0519)
w- {5, izl o
From Lemma B3] there exists Cy > 0 (which depends on R) such that
H(z,q) — H(z,p) = DpH(z,p) - (¢ —p) > Cg ' ¥(lg —pl)  V¥p,qwith[p| <R
Therefore ,
u™ (0, Z;) — o™ (0, Z)
> EZ UOT Cy'w (\Dxi»qu"(t, Xi, Y}) — Dy (t, Xi)]) (21)

H(FN (X m® (1) = FN (X0, my)]at]
Computing in the same way the variation of the terms —u® (¢, ;) + v™i(¢,Y), we find
—uM(0, Z;) +v™¥(0, Z)
—EZ { / T[H(Y,- 1 DuN) — H(Y; 4, Dpv™") — DpH (Yi g, Dyv™") - (DU — Dy, o™

0
+(FN (Y, mA) - FN(YZ-,t,mN(t))]dt]

where Du and D,, v are computed at (¢,Y;,) and (¢,Y) respectively.
In order to estimate the first term in the right-hand side, we use Lemma to infer the
existence of a constant ¢y > 0 (which depends on the uniform bound R on |Du'Y|) such that

Therefore ,
E[—u™ (0, Z;) + v™(0, Z)]
T
> E [/ Co Hlln{|D’UJN(t,Y;t) _Dmi'UNﬂ(t) Yt)|2760}
0
(N (Vg my) = FY (Y, m™ (1) ]de |

Combining this inequality with (21I), we obtain
T
0> E [/ Co U (|1Dg, o™ (t, X0, Y}) — DxiuN(t,Xi,t)\)]
0
T
+E [/ Co min{|DuN(t, Yie) — DmivN’i(t, Yt)|2,co}}
0

T Ny N _ N Ny, N N
+E{/o FY(Xi,m™(t) — F (X,t,my) FY(Yig,m™ (1) + F (thva ))dt}

12



Let us set mf,v(t = %Z] dx;, and mgt = NZ dy;,. We note that dl(mY ,th) CN™L,
Moreover, as the (X; ;) are i.i.d. with law m®(¢), a result by Dereich, Scheutzow and Schottstedt
[6] implies that, for d > 3,

E[dy (m¥, m"(t)] < CN-1.
For d = 2, the estimate becomes (see Ajtai, Komlos and Tusnady [1]),
E[d; (m¥, m" ()] < CN~2 log(N).
As FV is Ky—Lipschitz continuous (recall (I0)) we obtain (for d > 3)
T
CKyN~d > E U Co ' (| Dy, o™ (8, X, Y) — DxiuN(t,Xi,t)\)]
0

E {/ comin{|Du™ (t,Yis) — Dau,v™(t, Y )%, co}}
0

+E [/ FN(Xip,m¥,) — FN(XLt,m%)—FN(YM,m%t)+FN(Y,~7t,m¥t))dt]
0

We now sum these expressions over ¢. Since

ZFN ’Lt?th) FN<Xi7t7m¥t) - FN(}/;;ymm%t) + FN(}/;;7t,m¥t)

= [ o) = PG D, —m)@) > 0,

we obtain:

T
_1 _ . .
CKyN'"a > ZE[/O C; 1\II(|DmivN’Z(t,Xi7t,Y§)—DziuN(t,Xi,t)D]
)

T
+)E [ / comin{[Du™ (£, Yi) — Dy, o™i (2, m%m] .
. 0
3

By symmetry of the (v™¥*%), the random variables
Dy o™it X 1, Y — Dy u® (t, X 4)
have the same law for any ¢. In the same way, the random variables
Du™ (t,Yi4) — Dy, o™ (£, Y )

have the same law for any i. We have therefore, for any i € {1,..., N} and d > 3

T
CKyN~d > E [/ Co U (| D™ (t, Xig, Yi) — Dxl.uN(t,XLt)D]
O T (22)
+E {/ Co min{|DuN(t, Yie) — DmivN’i(t, Yt)|2, co}} .
0
In view of the SDEs satisfied by the (X;;) and by the (Y;;), we have
|Xit — Yig| < / | — D,H(X; s, DuN (s, X; ) + DpyH(Yig, Dpo™N(5,Y )| ds
/ | — D H(X,s,Du (s, Xis))+ D H(YZS,Du (5,Yis))| ds
/ | — DpH (Y5, DuM (5,Y;4)) + DpH (Yis, Da,v™(5,Y ) ds

< c/ X s — Vi ds+C‘/ min{|Du (s, Yi.s) = Do (s, Y )|, | DpH oo} ds

13



where we have used the bound and Lipschitz regularity of D,H as well as the uniform Lipschitz
bound of Du' in the space variable 2. So, by Gronwall’s inequality and ([22), we obtain, for any
ie{l,...,N}and d >3

1
E| sup |Xi;—Yiy|| <CKZN 2, (23)
te[0,T]

1
When d = 2, the right-hand side has to be replaced by CKﬁ,Nfi log% (N).
In order to estimate u™ (0, Z;) —v™¥(0, Z), we come back to (I9). By the Lipschitz continuity
of H and FN we have:

E [|u™ (0, ZZ-)T— ™40, Z)]

. . : 24
<E [/ C|Dy o™ (t, Xit, Y8 — Dy (t, X 4)| + KNdl(mN(t),mif)dt} : (24)
0

Let us first estimate the first term in the right-hand side of ([24]) (for d > 3): we use inequality
[22]) and the fact that ¥ is convex and increasing:

T
T_lE [/ ‘szsz(t Xz 2 Yt) - DIZUN<t7 Xl,t)‘dt:|

=[]

i U (|Dy o™ (t, X, YT — DmiuN(t,Xi,t)Ddt})
< ( %

So, if we suppose as in assumption (I8]) that KNN_% < C~!, we obtain

T . . 1
E [ / | Dy, 0™ (8, X4, YE) — DmiuN(t,Xi,t)|dt] <CKZN m.
0

To estimate the second term in the right-hand side of (24]), we note that

N,i N,i N,i N,i
d,(m™(t), my’) < d,(m™(t), th) + dl(mxt my’)
< di(m"(t),m¥)) + Z [ X5 = Yl
N

So, using, on the one hand, the fact that the (X;;) are i.i.d. with law m® (¢) and the result by
Dereich, Scheutzow and Schottstedt [6] and, on the other hand, inequality (23]), we have

1
E [dl(mN( ), m@j)] < C (N—i + Kf’VN_zld> .
This proves that, if d > 3,

. 3
E[lu™(0,Z) — o™ 0,2)|] < C <K]2VNzld + KNN«11> .

3
When d = 2, the right-hand side becomes C < K{N ~ilo g%(N) + KNN™2 log(N)> O
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Remark 3.2. A variant of Theorem B.1] can be obtained by replacing u” by w in the definition
of the X; and in the whole proof, thus avoiding the approximation argument of Propositions 2.1
and As the assumption 0, F > ¢ is only used in Proposition 2.2], this condition can then be
removed. The price to pay is a deterioration of the convergence rate because the left-hand side
of (22)) has to involve a term of the form sup, |F(-,m(t)) — FN (-, m(t))] .

In the proof we used the

Lemma 3.3. Assume that D

2
oo >0 and let ¥ be defined by 20). Then, for any R > 0, there
exists Cy, co > 0 such that

H(z,q) — H(z,p) — DpH(2,p) - (¢ —p) = C; ' W(lg—p|)  Vp,q with [p| < R.
and
H(z,q) — H(z,p) — DpH(x,p) - (¢ — p) = comin{|p — q\2,c0} Vp, ¢ with |g| < R.

Proof. As Df,pH > 0, there exists 6 > 0, depending on R, such that DEPH > 6 in T¢ x Bor(0).
Let 2 € T? p,q € R? with |p| < R. If |¢ — p| < R, then by the lower bound Dng > 0 we have

H(z,q) — H(z,p) — DpyH(z,p) - (¢ —p) = g|P—Q|2-

Now assume that |¢ — p| > R. Let § be the projection of ¢ onto the ball Br(p). Then (omitting
the x dependence which plays no role)

H(q) — H(p) — DpH(p) - (¢ —p)
= H(q) — H(q) — DpH(q) - (¢ — ¢) + H(G) — H(p) — DpH(p) - (¢ — p)
+(DpH(q) — DpH(p)) - (¢ — 9)

> Slp P+ R (g — pl ~ RD,H(@) ~ D,H) - (d )

since ¢ — ¢ and ¢ — p are collinear and |§ — p| = R. Using once more the lower bound on Dng
in Br(p), we get

H(q) ~ H(p) ~ DyH(p) - (0~ p) > SR+ (g — ol — R)RO.

This gives the first result. The second one is obtained in the same way: the inequality holds if
|g — p| < R. Otherwise, let p be the projection of p onto Br(q). Then

H(q) — H(p) — DyH(p) - (¢ — p)
= H(q) — H(p) — DpH(p) - (¢ —p) + H(p) — H(p) — DpH(p) - (p — p)
+(DpH (p) — DypH(p)) - (q — P)

4 o 0 9
> Z|p—p|* = =R2
2Ip P 5 B
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3.2 Putting the estimates together

Here we fix a initial condition (to, mg) € [0,T] x P(T¢), where mg has a positive density of class
C?. Let vV be the solution of the Nash system (I5]). We reduce v+ to the variables (¢,z;) by
setting:

w™V (to, z,m0) :—/ / UN’i(to,w)Hmo(dmj) where = (z1,...,2N).
Td Td £

Let u be the solution to the MFG system (I4). Combining, Proposition and Theorem [B1]
we have:

Theorem 3.4. If condition ([A8)) holds, then

=l

K2N—2a KNNM;@]%Q) ifd>3

N-
N-

[NIES

c +
[w™*(to, -, m0) = ulto, )| gy <
C lOg

=l
e

K (N) + KyN~2 log(N) + kﬁ’0‘> if d =2

(25)
where R and o do not depend on N (but depend on mg). In particular, w™"(ty,-) converges to
u(to,-) in LY(T?) as soon as Ky = O(N?b) ifd>=3 and Ky = O(N%/log%(N)) if d = 2.

Next we discuss the convergence of the optimal solutions and the propagation of chaos. Let
(Z;) be an i.i.d family of N random variables of law mg. We set Z = (Z1,...,Zn). Let also
((Bz)te[o,T])z’e{l,..., ~} be a family of N independent Brownian motions which is also independent
of (Z;). We consider the optimal trajectories (Y; = (Y14,...,YNt))seft,,r] for the N—player
game:

{ dY;s = —DpH (Yit, Dpv™i(t,Y4))dt + v/2d B, te[to,T]
Yitg = Z;

and the optimal solution (X ;= (X'Lt, . ,X' N,t))te[to ;7] to the limit MFG system:

{ dX@t = —DpH (Xi,ta Du(t, X@t)) dt + \/Ede, te [to, T]
Xis = Zi.

The next result provides an estimate of the distance between the solutions:

Theorem 3.5. Under the assumption of Theorem [3.4], we have

1 2
C [K;VN% + (kn?) d“] if d >3

Vii— Xiy (26)

1

E[ sup ] < ) ) ) 2o
C[K]%,NztlogE(N)Jr(kN’o‘) } if d =2

te(to,T]

where the (fonstant C >0 is z'ndepenldent of N and N. In particular, Y; converges to X; if
Ky =0(Nid) ifd>3 and Ky = o(N2/log(N)) if d = 2.

The proof is an immediate application of Corollary 2.3 and Theorem BIl We finally apply
the above estimates to our main example:
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Corollary 3.6. Assume that FN = FN where
F(z,m) = F(-,£ *m(-)) £ (2)

and where £ is as in the example in Proposition [I1. If one chooses ey = NP, with 8 €
(0, (3d(d +1))~1), then there exists v € (0,1) such that

HwNJ(tOv K mO) - U(t(], ')HLl(mo) <CN™7

and
Yie— X4

)

E [ sup
te[to,T]

| <on.
Proof. From Proposition [Tl we can choose
kR <C(1+R)ey =CN %, Ky <Ceyt!t = CNPINHD,
Inserting these inequality into (25]) gives (for d > 3),
[w™*(to, -, m0) = ulto, )] 1 ey < € <N35(d+1)/2_% + NOD-3 4 N‘w) :

where the right-hand side is of order N~7 for some « € (0,1) thanks to our choice of 3. In the
same way, by (20),
E{ sup |Yi: — Xi,t
te(to,T]

] <C [Nﬁ(d+1)/2fﬁ 4 N—aﬁﬁ] 7

which also yield to an algebraic rate of convergence. Computation for the case d = 2 is similar.
O
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