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One of the key mechanical properties of refractories is their toughness. The latter can be evaluated via wedge splitting tests. One such test is analyzed herein with an integrated approach to digital image correlation. The position of the crack tip, stress intensity factors and T-stress are estimated on two faces of the tested sample made of a refractory castable during the whole cyclic test. It is shown that the change of energy release rate with the crack length can be determined at each time step of the experiment.

Introduction

Refractory castables are known for their capability to maintain enough mechanical and chemical properties in extreme environments [START_REF] Lee | Castable refractory concretes[END_REF]. They are used as insulators in industries that produce base materials such as metals, ceramics and petrochemicals, where high temperatures and/or corrosive processes are involved (e.g., melting metals or cracking petrol). The proper material selection for each application not only improves the security but also increases the lifetime [START_REF] Wachtman | Materials and Equipment -Whitewares -Refractory Ceramics -Basic Science: Ceramic Engineering and Science Proceedings[END_REF]. The brittle fracture of these materials leads to the need for a good understanding of the mechanical behavior (e.g., to prevent accidents). Minimizing thermal shock damage by tailoring the microstructure with respect to crack propagation may increase their lifetime (and reduce its uncertainty), thereby reducing costs and improving the safety of the applications. Investigating tests with stable crack propagation is useful to better understand the mechanisms of fracture and quantify the relevant mechanical parameters.

Stable crack propagation is achievable using, for instance, the Wedge Splitting Test (or WST [START_REF] Tschegg | Equipment and appropriate specimen shapes for tests to measure fracture values[END_REF][START_REF] Brühwiler | The wedge splitting test, a new method of performing stable fracture mechanics tests[END_REF][START_REF] Karihaloo | Coecients of the crack tip asymptotic eld for wedge splitting specimens[END_REF]) in which the elastic energy stored in the machine is minimized. This test, which is very suitable for brittle materials, is very challenging because the displacement (and strain) levels remain very small. The purpose of this work is to assess whether a single WST is suited for the evaluation of R-curve behavior of such materials. Among the classical methods used for R-curve measurements, one possibility is using long cracks (i.e., longer than 1 mm) with stable propagation in standard testing geometries of fracture mechanics [START_REF] Steinbrech | R-curve behavior of ceramics[END_REF]. The crack length is estimated as a function of the compliance obtained on the load-displacement curve after comparing with theoretical values [START_REF] Mazzei | Alumina-mullite-zirconia composites obtained by reaction sintering Part II. R-Curve behavior[END_REF]. If a cyclic experiment is chosen, there are discus-sions on how to calculate the compliance as the reference is not obvious in the case of hysteresis in the loading/unloading cycles [START_REF] Steinbrech | R-curve behavior of ceramics[END_REF]. The crack length can also be estimated by direct observation [START_REF] Sun | R-curve response of silicon carbide whisker-reinforced alumina: microstructural inuence[END_REF] but it may be dierent for each operator.

An approach that was successfully used to monitor cracks is Digital Image Correlation (DIC) [START_REF] Mcneill | Estimation of stress intensity factor by digital image correlation[END_REF][START_REF] Abanto-Bueno | Investigation of crack growth in functionally graded materials using digital image correlation[END_REF][START_REF] Forquin | A method to determine the toughness scatter of brittle materials[END_REF]. Full displacement elds are measured instead of few point data (e.g., extensometry, load). This technique does not directly depend on the operator and it can follow crack propagation, namely, dierent crack positions can be determined in the same test as it propagates [START_REF] Mathieu | Identication of a crack propagation law by digital image correlation[END_REF]. To determine Stress Intensity Factors (SIF) and crack tip positions, the measured displacement elds are subsequently post-processed via projections onto known solutions of fractured elastic media. In the case of brittle material fracture it is assumed that, apart from the vicinity of the crack tip, the material behaves elastically. In this specic case, Williams' series [START_REF] Williams | On the stress distribution at the base of a stationary crack[END_REF] describe the stress and displacement elds as functions of mechanical parameters for dierent fracture modes. A least-squares t using Williams' series enables the SIF to be evaluated [START_REF] Mcneill | Estimation of stress intensity factor by digital image correlation[END_REF][START_REF] Abanto-Bueno | Investigation of crack growth in functionally graded materials using digital image correlation[END_REF][START_REF] Forquin | A method to determine the toughness scatter of brittle materials[END_REF] provided the crack tip position is known [START_REF] Roux | Stress intensity factor measurements from digital image correlation: post-processing and integrated approaches[END_REF]. Dehnavi et al. [START_REF] Dehnavi | Utilizing digital image correlation to determine stress intensity factors[END_REF] showed that this method may provide more accurate results compared to photoelasticity when evaluating SIFs.

Another method for estimating SIFs and energy release rates using measured displacements elds consists of performing numerical simulations via, say, Finite Element (FE) analyses. Once the crack tip position is known, it is possible to evaluate the SIFs and T-stresses via standard FE extracting techniques [START_REF] Hattali | Numerical and experimental approaches for the determination of two-parameter fracture mechanics in wedge splitting loading[END_REF]. This analysis has been applied to WST on PMMA. DIC has also been utilized to characterize micro-and macrocracking in magnesia and magnesia spinel materials [START_REF] Belrhiti | Investigation of the impact of micro-cracks on fracture behavior of magnesia products using wedge splitting test and digital image correlation[END_REF][START_REF] Belrhiti | Renement of digital image correlation technique to investigate the fracture behaviour of refractory materials[END_REF]. The aim of the present study is to determine the whole history of fracture mechanics parameters of a refractory castable.

In this paper, an Integrated Digital Image Correlation (I-DIC [START_REF] Roux | Stress intensity factor measurements from digital image correlation: post-processing and integrated approaches[END_REF]) approach is followed for evaluating the amplitudes of the elds in Williams' series to analyze the reported WST. Instead of rst measuring the displacements and then projecting them onto William' series, the two steps are integrated into a single one where the sought amplitudes are a direct result of the registration method. This approach bypasses the need for post-processing the displacement data, thereby reducing errors in the re-projection process [START_REF] Mathieu | Identication of a crack propagation law by digital image correlation[END_REF]. This is of particular importance in the present case since the displacements are very small. The paper is organized as follows. First the experimental conguration and the studied material are introduced. The integrated DIC framework is then summarized in order to follow crack propagation, and estimate stress intensity factors and T-stress histories. The procedure is then applied to the pictures of two faces of the sample acquired during the test. It is shown that the R-curve behavior of the studied material can be obtained from the analysis of a single test.

Wedge Splitting Test

The geometry of the WST specimen used in this work is shown in • C, there is no phase transformation from α-quartz to β-quartz, which would lead to expansion.

However, the anisotropic phases could induce dierent thermal strains, which can initiate and propagate cracks in the specimen [START_REF] Pereira | A study about the contibution of the α-β phase transition of quartz to thermal cycle damage of a refractory used in uidized cracking units[END_REF]. These microcracks along with some weakly bonded grains to the matrix may debond and cause an R-curve behavior. For the mechanical properties of the studied material, the Young's modulus is equal to 17 GPa and the Poisson's ratio to 0.2.

Further characterization of the material analyzed herein can be found in

Refs. [START_REF] Miyaji | The coke eect on the fracture energy of a refractory castable for the petrochemical industry[END_REF][START_REF] Cabrelon | Efeito do tempo de exposição a uma atmosfera coqueificante na microestrutura e nas propriedades de um concreto refratário usado na indústria petroquímica[END_REF].

The images of the two lateral surfaces were taken using two cameras (Canon T5 model) with 28-135 mm lenses and the illumination was provided by LED lamps. For each face, 313 pictures were acquired with a rate of one frame every 8 s. The cameras were triggered by the testing machine controller. The denition of the pictures is 2100 × 1653 pixels and their dynamic range is of the order of 58,000 gray levels. The physical size of one pixel was 62 µm. To illustrate the challenges faced with such an experiment, Figure 2 shows the measured displacement eld in both directions via T3-DIC (see Section 3.1) for the maximum load when the rigid body translations have been removed. The maximum amplitude is very small (i.e., 0.5 pixel or 31 µm at the most). This type of test and material is therefore very challenging for DIC analyses since the signal to noise ratio is extremely small [START_REF] Mathieu | Identication of a crack propagation law by digital image correlation[END_REF]. Digital Image Correlation (DIC) consists of using images to measure the motion of material points due to, say, mechanical loadings [START_REF] Sutton | Computer vision-based, noncontacting deformation measurements in mechanics: A generational transformation[END_REF]. These images can be 2D or 3D pictures and the scale of the displacements mainly depends on the imaging device that leads to physical sizes of pixels (or voxels) ranging from nanometers to kilometers [START_REF] Hild | Digital image correlation[END_REF]. Its increasing popularity is partly explained by the constant improvements of DIC schemes and new imaging devices (e.g., digital cameras with always increasing denitions) along with the possibilities of getting full-eld measurements instead of local point data.

Let us consider a simple 2D case where f is the image of the reference conguration and g a picture of the deformed sample. In the absence of noise, gray level conservation reads f (x) = g(x + u(x)).

(

) 1 
As there is always some noise during acquisition, the sum of squared dierences is minimized over the region of interest (ROI)

φ = ROI (f (x) -g(x + u(x))) 2 , (2) 
with respect to a chosen parameterization of the displacement eld. This approach is optimal for white, homogeneous and Gaussian noise [START_REF] Hild | Digital image correlation[END_REF]. The displacement eld is parameterized with a nite number of elds Ψ i with

unknown amplitudes υ i u(x) = i υ i Ψ i (x), (3) 
so that u depends on the vector {υ υ υ} gathering all amplitudes υ i . Without prior knowledge on the kinematics the best approach would be choosing a robust Ψ i that works in the majority of cases, such as a nite elements discretization [START_REF] Besnard | Finite-element displacement elds analysis from digital images: Application to Portevin-Le Chatelier bands[END_REF]. In the following, T3-DIC will be used. It is based on a nite element discretization made of 3-noded linear elements [START_REF] Leclerc | Integrated digital image correlation for the identication of mechanical properties[END_REF][START_REF] Roux | Mechanical assistance to dic[END_REF]. The degrees of freedom in such a discretization have a local support, which is slightly bigger than an element due to the connectivity of the mesh. However, this local support makes the solution susceptible to acquisition noise [START_REF] Roux | Mechanical assistance to dic[END_REF][START_REF] Hild | Comparison of Local and Global Approaches to Digital Image Correlation[END_REF]. This is of particular importance for the case at hand for which the displacements have variations in displacement of the order of tens of micrometers at the most.

A direct improvement for an FE-based discretization is to disconnect nodes along the crack on the mesh using the crack path, which is obtained from the DIC residuals for instance [START_REF] Roux | Mechanical assistance to dic[END_REF][START_REF] Fagerholt | Measuring discontinuous displacement elds in cracked specimens using digital image correlation with mesh adaptation and crack-path optimization[END_REF] or by resorting to enriched (i.e., X-FEM) of kinematics [START_REF] Réthoré | Extended digital image correlation with crack shape optimization[END_REF]. However, a more integrated path is to reduce the allowable kinematics to exactly those described by closed-form solutions of the experiment [START_REF] Roux | Stress intensity factor measurements from digital image correlation: post-processing and integrated approaches[END_REF] in which υ i are directly the sought mechanical parameters instead of nodal displacements. In cracked elastic media, Williams' series provide closed-form expressions for the elds Ψ i under plane stress and plain strain states [START_REF] Williams | On the stress distribution at the base of a stationary crack[END_REF][START_REF] Henninger | Enriched kinematic elds of cracked structures[END_REF]. If the latter ones are directly used in an integrated DIC code [START_REF] Roux | Stress intensity factor measurements from digital image correlation: post-processing and integrated approaches[END_REF][START_REF] Mathieu | Identication of a crack propagation law by digital image correlation[END_REF], then no post-processing is needed to evaluate the fracture mechanics parameters (e.g., crack tip position, SIF, T-stress).

In the integrated DIC code, the elds Ψ i introduced in Equation ( 3) correspond to those found in Williams' series [START_REF] Williams | On the stress distribution at the base of a stationary crack[END_REF]. Considering the origin at the crack tip with the crack face on the negative x-axis, the displacements elds are written as [START_REF] Mathieu | Identication of a crack propagation law by digital image correlation[END_REF] u(z)

= II j=I p f n=p i ω j n ψ ψ ψ j n (z), (4) 
where the vector elds are dened in the complex plane

z = x + yi = r exp (iθ), (5) 
and j = I is related to mode I (opening) regime, and j = II to mode II (shearing). The corresponding elds are described by

ψ ψ ψ I n = A(n) 2µ √ 2π r n/2 κ exp inθ 2 - n 2 exp i(4 -n)θ 2 + (-1) n + n 2 exp - inθ 2 (6) 
and

ψ ψ ψ II n = iA(n) 2µ √ 2π r n/2 κ exp inθ 2 + n 2 exp i(4 -n)θ 2 + (-1) n - n 2 exp - inθ 2 , ( 7 
)
where κ is equal to (3 -ν)/(1 + ν) for plane stress states or 3 -4ν for plane strain states, ν the Poisson's ratio, r the distance from the crack tip, θ the angular position, and A(n) are dened by

A(n) = cos nπ 2 2 + sin nπ 2 . (8) 
Equations ( 6) and ( 7) provide the sensitivity elds that after being multiplied by the amplitudes ω j n provide the total displacement elds. Equation (8) inputs consistent vector directions (for mode I and mode II) at the crack vicinity for the elds related to odd values of n and is valued as 1 or -1

for integer values of n. Amplitudes ω I 1 and ω II 1 give access to SIFs for mode I (K I ) and mode II (K II ), respectively. The amplitude ω I 2 provides the so- called T-stress, ω II 2 the rigid body rotation; the use of two additional terms in the series, ω I 0 and ω II 0 , allow for rigid body translation corrections. Although not usual, negative values of p i can be used to account for nonlinear eects in the vicinity of the crack tip [START_REF] Roux | Digital image correlation and fracture: An advanced technique for estimating stress intensity factors of 2d and 3d cracks[END_REF][START_REF] Henninger | Enriched kinematic elds of cracked structures[END_REF][START_REF] Mathieu | Identication of a crack propagation law by digital image correlation[END_REF]. These negative n elds are referred to as the super-singular elds.

Considering a straight crack propagation along the x-axis, the displacement related to a mispositioned crack by a small distance d reads [START_REF] Roux | Digital image correlation and fracture: An advanced technique for estimating stress intensity factors of 2d and 3d cracks[END_REF] u(z

+ d) = u(z) + d ∂u(z) ∂z , (9) 
and it is noted that

- ∂ψ ψ ψ j n ∂z = n 2 ψ ψ ψ j n-2 . (10) 
Equation ( 4) can be substituted in Equation ( 9), in addition to the property shown in Equation ( 10) to obtain

wj n = w j n -d (n + 2)w j n+2 2 , ( 11 
)
where wj n is the amplitude of the series after the shift and w j n before it.

Because of the singular character for n = -1 when r = 0, wI

-1 cancels out d = 2w I -1 w I 1 , (12) 
which provides an estimation of crack tip shift to nd the correct position.

Methodology

The proposed methodology consists of dierent steps:

1. The crack path is assumed to be straight (since there is a groove on two opposite faces to guide crack propagation, see Figure 1(a));

2. The initial guess of the crack tip position is based, at rst, upon the transverse strain eld along the groove [START_REF] Saracura | Surface crack network detection on MgO-based refractory castable by digital image correlation[END_REF], which is determined from the displacement measured with T3-DIC (e.g., see Figure 2);

3. The Williams Series parameters are chosen e.g., radial normalization (see section 3.2.1), and a truncation proposal to evaluate the innite series, which is discussed in Section 3.2.2;

4. Integrated-DIC is performed to nd the amplitudes for the Williams series elds using a xed crack-tip position;

5. The crack-tip position is updated using the estimated crack shift d as described in Equation ( 12); 6. Steps 4 and 5 are repeated until convergence.

Normalization

The farther from the crack tip the displacements are assessed, the more terms of Williams' series are needed [START_REF] Veselý | Multiparameter crack tip stress state description for estimation of fracture process zone extent in silicate composite wst specimens[END_REF][START_REF] Malíková | The inuence of higher order terms of Williams series on a more accurate description of stress elds around the crack tip[END_REF]. The higher order terms combined with large distances lead to oating point rounding errors due to the wide range of values present in the ψ ψ ψ j n elds. For that reason, a normalization on the radius is introduced

r * = r r 0 , (13) 
where r 0 is the chosen normalization parameter. The chosen normalization improves oating point accuracy for high order terms without any impact on the solution space by reducing the range of r * , and thus removing conditioning issues related to rounding errors. In the present work r 0 and the evaluation radius are chosen such that r * ∈ [0, 1].

The displacement eld is rewritten as

u(z) = II j=I p f n=p i b j n ψ ψ ψ j n (z), with ψ ψ ψ j n (z) = ψ ψ ψ j n (z) r n/2 0 , (14) 
so that the corresponding amplitudes become

b j n = ω j n r n/2 0 . (15) 

Number of Terms of the Series

As seen in Equation ( 4) it is necessary to choose p i and p f to truncate the series so it can be numerically solved. Even though super-singular elds are not mandatory, the proposed approach needs p i = -1 for the estimation of the crack tip position (Equation ( 12)). As proposed in earlier studies, the value p i = -3 is considered to account for non-linear kinematics surrounding the crack tip [START_REF] Henninger | Enriched kinematic elds of cracked structures[END_REF][START_REF] Mathieu | Identication of a crack propagation law by digital image correlation[END_REF]. Besides the -3 term, the domain applied for Integrated-DIC is shaped to exclude the direct vicinity of the crack, thereby reducing the impact of nonlinear eects on the results (Figure 5). Henninger et al. [START_REF] Henninger | Enriched kinematic elds of cracked structures[END_REF] have shown that p f = 7 was sucient to describe the analysis of a CT test for an elastoplastic material in small scale yielding regime. In the case of the WST, the studied material is brittle (or quasi-brittle) and a bigger radius of evaluation was applied to use more information from the images. Because of these dierences, analyses will be run to validate the choice of p f and the normalization procedure.

Results and Discussions

This section shows the results on the WST (Figure 1(a)) using the methodology described in Section 3. The integrated DIC routine is part of the Correli 3.0 framework, which is developed at LMT-Cachan [START_REF] Leclerc | Correli 3.0[END_REF].

Front Face

The analysis of all 312 image pairs is performed with dierent numbers of terms of Williams' series. In Figure 3 the results are shown for three dierent truncations (i.e., p f = [START_REF] Tschegg | Equipment and appropriate specimen shapes for tests to measure fracture values[END_REF][START_REF] Sun | R-curve response of silicon carbide whisker-reinforced alumina: microstructural inuence[END_REF][START_REF] Williams | On the stress distribution at the base of a stationary crack[END_REF]).

Figure 3 about here

The following observations are drawn:

• The I-DIC method to nd a proper crack tip converges from the third cycle on for p f = 3. The other truncations (i.e., p f = 8 and p f = 13)

nd the crack tip position from the start even though extremely small displacements occur at the beginning of the test (i.e., very low signal to noise ratio);

• p f = 3 underestimates K I and overestimates the crack length after the third cycle peak when compared to the other truncations even though it follows the same trend. It is worth noting that the crack length vanishes at the root of the pre-notch;

• The truncations p f = 8 and p f = 13 provide identical results meaning that p f = 8 gives an equivalent description of the kinematics when compared with series with a higher number of terms (for the three studied truncations);

• All three analyzed truncations show that the studied WST is close to pure mode I as the levels of K II are approximately equal to zero;

• The T-stress value increases upon loading and decreases in the unloading phase as expected. The T-stress related to p f = 3 deviates with the cycles from the levels observed when p f = 8 and p f = 13. In the last cases, a convergence to same values is noted and a maximum level around 4 MPa 2 is reached from the third to the fth cycle.

The gray level residual allows the user to evaluate which truncation variant describes the kinematics of the tests better. For comparison purposes 2 It is worth noting that with the chosen eld ψ ψ ψ I 2 , a positive T-stress is compressive.

T3-DIC is also run and considered as a reference since more degrees of freedom (i.e., nodal displacements) are measured in comparison with I-DIC.

Consequently T3-DIC can better describe the overall kinematics and would have lower residuals but may become more sensitive to acquisition noise. For this comparison, the residuals for any DIC analysis read

R(x) = f (x) -g(x + u meas (x)), (16) 
which are the gray level dierences between the reference image f and the deformed image g corrected by the measured displacement eld u meas . For a given loading step, the root mean square (RMS) gray level is considered to globally evaluate the quality of registration ρ(x) = RMS (R(x)) .

(

) 17 
When two DIC techniques are compared, the dierence ∆ρ over the same

Region Of Interest (ROI) is considered ∆ρ = ρ I-DIC(p f ) -ρ T3-DIC . (18) 
The RMS residuals ρ and ∆ρ normalized by the dynamic range (i.e., number of gray level values) are shown in Figure 4 for the three dierent truncations. Figure 4(a) shows ρ over the whole ROI over which T3-DIC or I-DIC was performed. The global residuals are very close, thereby indicating that both image registrations have converged. It is worth noting however that the ROIs are not identical for the four analyses since the ROI for T3-DIC is rectangular and nearly covers the whole speckled surface (Figure 2), whereas I-DIC is based on circular ROI (Figure 5). This dierence explains the fact that the residual of T3-DIC is slightly higher than those of the I-DIC because the T3 result contains the crack path, which inates the residual (marginally in the present case).

The same trend, which is seen on every curve (apart from p f = 3 at the beginning), shows that the chosen kinematics (i.e., Williams' series) is consistent with the analyzed case. High values of ρ for the rst two cycles for p f = 3 are observable (i.e., the orange line is out of the range of Figure 4(a)).

This result is due to the inaccurate crack tip position for the same truncation, corroborating the fact that a higher p f (i.e., p f = 8) is more suitable for this analysis.

Figure 4 about here

All the reported gray level residuals show uctuations from one analyzed picture to the next. These uctuations are due to illumination variations during the test. It is believed that part of the variations observed in Figure 3 are a direct consequence of the unstable illumination and are not actually present in the experiment. The fact that the same uctuations are observed on T3-DIC and I-DIC results substantiates that statement.

In Figure 4 In all the analyses performed herein, 2D-DIC procedures were carried out. One limitation is associated with out-of-plane motions [START_REF] Fayolle | Contrôler une machine d'essai avec une caméra[END_REF][START_REF] Sutton | The Eect of Out of Plane Motion on 2D and 3D Digital Image Correlation Measurements[END_REF]. In the present case they are extremely small. Had they been more signicant, the I-DIC residuals would not have remained so low and very close to T3-DIC levels since the reduced kinematic basis does not account for such eects.

The oscillations on the measured SIFs, crack length and T-stress are believed to be related to the very small amplitudes of measured displacements. In the present case p f = 8 is the best compromise overall, since adding more terms (e.g., p f = 13) does not change the results nor signicantly decreases registration residuals. It is important to note that in the literature it is found that higher order terms could be important when describing the elds far from the crack tip, especially for bigger cracks [START_REF] Veselý | Multiparameter crack tip stress state description for estimation of fracture process zone extent in silicate composite wst specimens[END_REF][START_REF] Malíková | The inuence of higher order terms of Williams series on a more accurate description of stress elds around the crack tip[END_REF]. The residuals indicate that a moderate number of terms is sucient provided the SIFs, Tstress and crack tip locations have converged.

Back Face

For the studied experiment, images of both faces were taken during loading. The same analysis is conducted on the back face and the results are shown in Figure 6. Not only are the overall trends identical, but all the observations made for the front face are also valid. The only notable exception is that results with the rst truncation (i.e., p f = 3) are closer to the other ones. 

Coupled Analysis

For comparison purposes, the results for p f = 8 obtained for both faces are shown in Figure 8. Interestingly, crack propagation is not strictly identical on both sides. In the case of a WST on brittle materials, it is unlikely to maintain a perfect alignment of the wedge as the crack propagates. K I increases as the crack propagates, which is an indication of the R-curve behavior. One kink in the reported K I SIF is visible at the third cycle. It is directly related to the dierence in crack length from the two sides. At that moment, the crack propagates faster on the back, thereby weakening the stresses causing the measured K I on this side to be lower. On both sides, K II remains close to zero. The uctuations on K II are believed to be related to noise.

Consequently, it can be concluded that the test is in quasi pure mode I condition. At the very end, it appears that K II starts to increase slightly, but a maximum absolute value of 0.1 MPa √ m is negligible compared to the maximum K I level of 2 MPa √ m.

Figure 8 about here

The T-stress corresponds to the stress parallel to the crack propagation direction [START_REF] Gupta | A review of T-stress and[END_REF]. The absolute increase of T-stress with loading is consistent with rising SIFs. Conversely, it decreases in amplitude when K I decreases.

The uctuations of the T-stress are at the most equal to ±0.5 MPa, which correspond to strain uctuations of the order of ±3 × 10 -5 . These strain uctuations are extremely small. They are related to measurement uncertainties. Further, as the studied material is less brittle than most refractories, thus easier to achieve stable crack propagation, the test was performed with faster loading rate than usual. It is worth noting that there is a 20% dierence between the crack tip positions, stress intensity factors and T-stress levels between the two faces.

Had only one camera been used, it would have led to a ±10%-dierence with respect to their averages. This point underlines the fact that two cameras are highly advised to be used for WST experiments.

Let us consider the dimensionless crack length

α = a H ef f (19) 
Plotting the average energy release rate G measured from the analyses of both faces as a function of the average values of α enables the R-curve behavior to be investigated (Figure 9). In the present case, only the loading part of each cycle is reported. The rising trend of the curve means that more energy is needed for each increment of crack propagation. It is interesting to note that a steeper slope is observed when α > 0.7. This result is compatible with the equations used for R-curve calculations [START_REF] Mazzei | Alumina-mullite-zirconia composites obtained by reaction sintering Part II. R-Curve behavior[END_REF], although none of these equations were assumed herein. The mean energy release rate when 0.3 < α < 0.7 is approximately equal to 35 J/m 2 . For the the whole propagation curve, the average value is 60 J/m 2 . Williams' series expansion to be validated. This rst step is crucial to make sure that the reported results are trustworthy even though the experimental conguration is very challenging for non-integrated DIC purposes.

One key aspect related to cracked media is the location of the crack tip.

In the present case, because a speckle pattern was applied to the surfaces and the presence of the grooves, visual estimates were not possible. The use of the rst super-singular eld proved to be reliable. Consequently, it was shown that it is possible to measure crack lengths, K I , K II and T -stresses even though the displacement amplitude remains very small. The measurements on both faces of the specimen are important as crack propagation may not be aligned with the out-of-plane direction. Measurements on a single side on the WST could lead to biased results, even though it is possible that both faces follow the same trend as seen in the test reported herein.

With the knowledge of K I , K II and crack length, the R-curve behavior is accessible. For the studied material the R-curve behavior is clearly revealed by using a single experiment. This result proves the feasibility of the integrated DIC framework for the quantication of cracking in refractories via global parameters such as stress intensity factors, and T-stresses. To further validate the present framework the next step may be to compare such results with standard procedures (e.g., via work of fracture estimates [39]). A study to check if lower order terms of Williams' series are related to the Fracture Process Zone [START_REF] Roux | Digital image correlation and fracture: An advanced technique for estimating stress intensity factors of 2d and 3d cracks[END_REF][START_REF] Henninger | Enriched kinematic elds of cracked structures[END_REF][START_REF] Mathieu | Identication of a crack propagation law by digital image correlation[END_REF] or other fracture mechanisms could be evaluated with a known microstructure and material behavior by focusing more about the crack tip. Last the estimation of R-curve behavior with the proposed method on other materials and compositions may also be undertaken. 

  Figure 1(a). A right cuboid 100 mm in height, 72.5 mm in thickness, and 100 mm in width is chosen. The loading was applied by the wedge to the cylinders to open the specimen in pure mode I presumably. The test was driven with a controlled velocity of the machine actuator set to 1.3 µm/s. The sample contains two vertical grooves (i.e., a local thickness reduction of 7 mm) in the middle of front and back faces to guide crack propagation along a straight line, and the specimen was only supported at the bottom on a line passing through both grooves. The test consisted of ve cycles (see Figure 1(b)) with the last unloading starting at 70% of the maximum applied load to ensure that the main crack has not entirely propagated through the sample. The pre-load was set to 30 N, which was the value used to dene the unloaded state between cycles.
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  (b) the residual dierence is now computed for the same ROIs in I-DIC and T3-DIC. A generally positive dierence is obtained, which indicates that I-DIC residuals are slightly higher than those of T3-DIC analyses. This is to be expected because the number of degrees of freedom are signicantly reduced in I-DIC in comparison with T3-DIC leading to a much more restricted solution space. The fact that the dierences are insignicant is an additional validation that Williams' series form a suitable reduced kinematic basis. It is also interesting to see how much p f = 3 deviates from the other two truncations as the crack grows (see Figure4(b) after image 70). This trend reinforces the fact that higher p f are required, especially for longer cracks.
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 2 Figure 2 already illustrated the challenges faced in the present case. Fig-

Figure 5

 5 Figure 5 about here

Figure 6

 6 Figure 6 about here

Figure 7

 7 Figure 7 about here

Figure 1 (

 1 b) shows the loading curve of the cyclic test with the ve cycles. Small oscillations are observed, which in turn explain part of the uctuations on the reported SIFs and T-stress histories.
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 4363791 Figure 1: (a) Picture showing the geometry of WST. The surface has been prepared for DIC purposes. The wedge and cylinders used for the loading are highlighted. H ef f corresponds to the loaded height, a is the crack length considering the loading point as a = 0, and ∆a is the measured propagation increment. (b) Loading curves with blue dots showing machine acquisition and red circles interpolated points for each image taken during the test

Figure 2 :

 2 Figure 2: Displacement elds for the maximum applied load (i.e., image 96) without considering rigid body translations. (a) Displacements in x direction. (b) Displacements in y direction. Note that the maximum amplitude is less than 0.5 pixel (or 31 µm)
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 3435 Figure 3: Results for three dierent numbers of terms in Williams' series (p f = [3, 8, 13]). The rst plot shows the actuator displacement and the second one the loading history. The vertical solid lines are related to the start of each loading and unloading parts. The vertical dashed lines mark the maximum load level for each cycle. The third plot shows the measured crack length with the present methodology. Stress Intensity Factors (SIFs) for mode I in solid lines and mode II in dotted lines are shown in the third graph. The T-stress is nally plotted

Figure 6 :Figure 7 :Figure 8 : 2 ]Figure 9 :

 67829 Figure 6: Results for three dierent numbers of terms in Williams' series (p f = [3, 8, 13]).Same ve plots reported in Figure3, showing the actuator displacement, the loading history, the measured crack length, the Stress Intensity Factors (SIFs) for mode I in solid lines and mode II in dotted lines and the T-stress, respectively. The vertical solid lines are related to the start of each loading and unloading parts. The vertical dashed lines mark the maximum load level for each cycle
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