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GENERAL-ORDER OBSERVATION-DRIVEN MODELS

By TEPMONY SiM*, RANDAL Douc! AND FRANGOIS ROUEFF?

Institute of Technology of Cambodia*, Télécom SudParis' and Télécom
ParisTecht

The class of observation-driven models (ODMs) includes the
GARCH(1, 1) model as well as integer-valued time series models such
as the log-linear Poisson GARCH of order (1,1) and the NBIN-
GARCH(1,1) models. In this contribution, we treat the case of
general-order ODMs in a similar fashion as the extension of the
GARCH(1, 1) model to the GARCH(p, ¢) model. More precisely, we
establish the stationarity and the ergodicity as well as the consistency
and the asymptotic normality of the maximum likelihood estimator
(MLE) for the class of general-order ODMs, under conditions which
are easy to verify. We illustrate these results with specific observation-
driven time series, namely, the log-linear Poisson GARCH of order
(p, q) and the NBIN-GARCH(p, ¢) models. An empirical study is also
provided.

1. Introduction. Since the introduction by Cox (1981), observation-
driven models (ODMs) have been receiving renewed interest in recent years.
These models are widely applied in various fields ranging from economics
(see Pindyck and Rubinfeld (1998)), environmental study (see Bhaskaran
et al. (2013)), epidemiology and public health study (see Zeger (1988);
Davis, Dunsmuir and Wang (1999); Ferland, Latour and Oraichi (2006)),
finance (see Liesenfeld and Richard (2003); Rydberg and Shephard (2003);
Fokianos and Tjgstheim (2011); Francq and Zakoian (2011)) and popula-
tion dynamics (see Ives et al. (2003)). The celebrated GARCH(1,1) model
introduced in Bollerslev (1986) as well as most of the models derived from
this one are typical examples of ODMs; see Bollerslev (2008) for a list of
some of them. A list of contributions on this class of models specifically deal-
ing with discrete data includes Streett (2000); Davis, Dunsmuir and Streett
(2003); Heinen (2003); Ferland, Latour and Oraichi (2006); Fokianos, Rah-
bek and Tjgstheim (2009); Franke (2010); Fokianos and Tjgstheim (2011);
Henderson, Matteson and Woodard (2011); Neumann (2011); Davis and
Liu (2012); Doukhan, Fokianos and Tjgstheim (2012); Douc, Doukhan and
Moulines (2013); Fokianos et al. (2013); Christou and Fokianos (2014, 2015)

MSC 2010 subject classifications: Primary 60J05, 62F12; secondary 62M05, 62M10
Keywords and phrases: consistency, ergodicity, general-order, maximum likelihood,
observation-driven models, time series of counts

1



2 T. SIM, R. DOUC AND F. ROUEFF

and Douc, Roueff and Sim (2015).

ODMs have the nice feature that the computations of the associated (con-
ditional) likelihood and its derivatives are easy, the parameter estimation is
hence relatively simple, and the prediction, which is a prime objective in
many time series applications, is straightforward. However, it turns out that
the asymptotic properties of the maximum likelihood estimator (MLE) for
this class can be cumbersome to establish, except when they can be de-
rived using computations specific to the studied model (the GARCH(1,1)
case being one of the most celebrated example). The literature concerning
the asymptotic theory of the MLE when the observed variable has Pois-
son distribution includes Fokianos, Rahbek and Tjgstheim (2009); Fokianos
and Tjostheim (2011, 2012) and Wang et al. (2014). For a more general
case where the model belongs to the class of one-parameter exponential
ODMs, such as the Bernoulli, the exponential, the negative binomial (with
known frequency parameter) and the Poisson autoregressive models, the
consistency and the asymptotic normality of the MLE have been derived
in Davis and Liu (2012). However, the one-parameter exponential family is
inadequate to deal with models such as multi-parametric, mixture or mul-
tivariate ODMs (the negative binomial with all unknown parameters and
mixture Poisson ODMs are examples of this case). A more general consis-
tency result, yet not the asymptotic normality, has been obtained recently
in Douc, Doukhan and Moulines (2013). This general result allows the ob-
served process to admit various forms of distribution and to take values in
any Borel space, and allows the hidden process to assume values in any lo-
cally compact Polish space endowed with the associated Borel o-field. This
result has later been extended and refined in Douc, Roueff and Sim (2015).
However, most of the results obtained so far have been derived only under
the framework of GARCH(1, 1)-type or first-order ODMs, yet less is known
for the GARCH(p, q)-type discrete ODMs, as highlighted as a remaining
unsolved problem in Tjgstheim (2015).

In this contribution, we consider among others (see Streett (2000); Heinen
(2003)) a general class of ODMs that is capable to account for several
lagged variables of both hidden and observation processes. Namely, we de-
velop theory and inference for the class of general-order ODMs parallel to
the GARCH(p, ¢) family, under the assumption of well-specified models.
For the development on the GARCH(p, ¢) model, see for example Francq
and Zakoian (2004, 2011) and for multivariate case, see Comte and Lieber-
man (2003). We extend the approaches introduced in Douc, Doukhan and
Moulines (2013) and later used in Douc, Roueff and Sim (2015) to estab-
lish the consistency of the MLE and the ergodicity for the models in this
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general context. These results can in principle be obtained by embedding
the studied model into the corresponding first-order one and then applying
the results obtained therein to the embedded model. By appropriate ad-
justments, the consistency of the MLE for the general-order ODM can be
derived. Yet for ergodicity, the generalized result seems not trivial; it turns
out that more general assumptions are required, compared to the usual first-
order ODMs. In either Douc, Doukhan and Moulines (2013) or Douc, Roueff
and Sim (2015), the ergodicity of the usual first-order ODMs is obtained by
showing the uniqueness of invariant probability measure for the hidden pro-
cess, which is by its own right a Markov chain. In these papers, showing
the existence of the invariant probability measure for the hidden process
relies on the Foster-Lyapunov-type assumption; however, for general ODMs
or embedded ones, this assumption may be replaced by the iterative Foster-
Lyapunov-type assumption instead (see Assumption (AG-4) of Section 3.4).
The asymptotic normality of the MLE is also investigated in this general set-
ting. In this study, we restrict our consideration to the special yet important
case where the current hidden state variable is expressed as a linear func-
tion with respect to its own past variables. This class is rich enough to cover
most of the familiar ODMs, such as the GARCH(p, q), the log-linear Pois-
son autoregression of order (p,q) and the NBIN-GARCH(p, ¢) models, and
other instances such as multi-parametric, mixture or multivariate ODMs. To
establish the asymptotic normality, we follow the classical approach by first
approximating the score function by the stationary version of it and then
developing the stationary score function around the true parameter through
a Taylor expansion. By appropriate assumptions, the central limit theorem
for Martingale difference applies and the stationary score function can then
be shown to be asymptotically Gaussian. Then assuming invertibility of the
asymptotic Fisher information matrix, the asymptotic normality follows. All
the results are presented under sufficient and easy-to-check conditions. As a
demonstration, they are then applied to the log-linear Poisson autoregres-
sion of order (p, ¢) and the NBIN-GARCH(p, ¢) models. Finally, we provide
an empirical study suggesting that in some circumstance higher-order model
may fit the data better than the first-order one if the class of ODMs is used.

This paper is structured as follows. Specific definitions and notation are
introduced in Section 2. Section 3 presents the main results of consistency
and asymptotic normality of the maximum likelihood estimator (MLE) as
well as ergodic solution for the model. We apply these results to some specific
models in Section 4. Numerical experiments is given in Section 5. Finally,
Section 6 contains the postponed proofs.
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2. Definitions and Notation. Let (X,dx) be a complete and separa-
ble metric space endowed with the associated Borel o-field & and (Y,))
be a Borel space. Let (©,A), the set of parameters, be a compact metric
space equipped with the metric A, {GY : § € ©} be a family of probability
kernels on X x Y and p, g be two positive integers. The observation-driven
time series model can be formally defined as follows.

DEFINITION 1. A time series {Y}, : k > —g+1} valued in Y is said to be
distributed according to an observation-driven model of order (p,q) (here-
after, ODM(p, ¢)) with parameter 6 € © if there exist a family of measurable
functions {(z1.p, y1:q) — ¢21:q($1ip) : 0 € O} from (XP x Y4, X®P © Y®) to
(X, X) and a process { Xy : k> —p+1} on (X, X) such that for all k € Z,

9
X1 =Yy, 10 (Xk—pr1n),

(2.1) :
Vi1 | Fr ~ G7(Xpg13-)s

where Fi, = o (X_pp1k+1, Yogr1:k) and wpg, = (ug, ..., upy) for £ < m.
Moreover, we say that the model is dominated by some o-finite measure v
on (Y,Y) if for all z € X, the probability kernel G?(x;-) is dominated by v.
In this case we denote by ¢?(x;-) its Radon-Nikodym derivative, ¢°(z;y) =
dGZS}x;) (

0eoO,

y), and we always assume that for all (z,y) € X x Y and for all

¢’ (z;5y) > 0.

One of the most popular examples of this class is the general GARCH(p, q)
model introduced by Bollerslev (1986), where X = (0,00), Y = R, G%(x;")
is the centered Gaussian distribution of variance x, the deterministic func-
tion ¢ (1) = w + i aiwi + i biyp and 6 = (w, a1y, b1,) With
w > 0 and ai.p,b1.q > 0. This model was then extensively studied by, for
example, Bougerol and Picard (1992); Francq and Zakoian (2004); Francq
and Zakoian (2009); Lindner (2009); Francq and Zakoian (2011) and the
references therein. For other GARCH examples of this class, see Bollerslev
(2008).

REMARK 1. When p = ¢ = 1, then the ODM(p, q) defined by (2.1) col-
lapses to the first-order ODM considered in Douc, Doukhan and Moulines
(2013) and Douc, Roueff and Sim (2015). Note also that setting r :=
max(p,q) and defining o X" x Y — X by, for all (T —p41:0yY—r+1:0) €
X" x YT,

SOZ—rH:o (T—r410) = ¢g—q+1:0 (w—p—i-l:O),
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then the ODM(p, q) can be generally embedded in an ODM(r, ). Thus with-
out loss of generality, we can always assume that p = q.

The inference about the model parameter is performed by rely-
ing on the conditional likelihood of the observations (Yp,...,Y,) given
(X—pt1:0: Y_g+1:0) = (Z—p4+1:0,Y—g+1:0) := 2 for an arbitrary z € XP x Y49,
The corresponding conditional density function with respect to v®" is, under
parameter 6 € O, for all z = (z_p11:0,Y—g+1:0) € XP X Y4,

n—1
(22) yin = [ 9 <¢9<y7q+1:k>(x—p+1:0); yk+1> ;
k=0

where, for any vector yo.x, the function 1% (yo..) : XP x Y7 — X is successively
defined by, for all k € Z,

(23) " (y—gr14)(@—pr10)
= ¢zk—q+1:k (¢9 <y—q+1:k—p> ($—p+1:0)7 s ’¢9<y—q+1:k—1>(x—p+1:0)>

with the convention, for 1 < j < p,

O (Y g1 (T—pr1:0) 1= T_j41.

Then, the corresponding (conditional) maximum likelihood estimator

A~

(MLE) 6., of the parameter 6, with z = (£_p+1.0, Y—g+1:0), is defined by

(2.4) 0., €argmaxLf
0€© ’

where
n—1

(2.5) L, =n""t E:lngl9 <¢6<y7q+1:07 Vi) (T-pt1:0); Yk+1) :
k=0

In this contribution, we investigate the convergence of ézn as n — oo for
some (well-chosen) value of z under the assumption that the model is well
specified and the observations are in a steady state. That is, we assume that
the observations {Y}, : k € Z,} are distributed according to P%* with some
0, € O, where, for all § € ©, P denotes the stationary distribution of the
observation-driven time series corresponding to the parameter 6. However,
whether such a distribution is well defined is not always obvious. Let us now
detail how this probability distribution can be obtained.
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For simplicity, we assume that p = ¢ and that p > 2 and let Z = XP x YP~!
and Z = X% @ YW1 TLet U : Z x Y — Z be defined by, for all z =
(21:2p—1) € Zand y € Y,

% %
(2.6) \Iiy(z) = <z2, ooy Zp, wzp+1:2p717y(z1:p), Zpt2y .oy Z2p—1, y)

The function ¥? is indeed measurable on (Z x Y, Z ® V). Moreover, for
any vector y1.x € Y*, we define W (y.) as a Z — Z function obtained by

the successive composition of \I'gl, \1’22, ..., and \I’Zk,
0 6 (% (%
(2.7) U yy.1) = Wy, oW,  o-oWy .

with the convention W9 (y1.0)(2) = 2. By letting Zy = (Xk—pt1:4s Yioprik—1)
and observing that Fi = o (Zo.x+1, Yo:k), Model (2.1) can be replaced by:
forall ke Z,,

Zyyr = U5, (Z),

(2.8)
Yip1 | FOY ~ H (Zyias0),

where, for all z = (z1.9p—1) € Z,

(2.9) He(z; )= Ge(Hp(z); )

and, for all j € {1,...,2p — 1}, II;(2) = z;. By this representation, the
ODM(p, p) is thus imbedded in an ODM(1, 1). This in principle allows us to
apply the same results obtained for the class of ODMs(1, 1) to the broader
class of ODMs(p, p). As an ODM(1, 1), the bivariate process {(Zk, Yx) : k €
Z4} is a Markov chain on the space (Z x Y, Z ® )) with transition kernel
K?Y satisfying, for all (z,y) €ZxY, A€ Zand B€ ),

210) K0 A% B) = [ [ Lacal o)oages (@6 Wy ) ).

Note also that, by itself, the process {Zy : k € Z;} is a Markov chain on
(Z, Z) with transition kernel RY satisfying, for all z € Z and A € Z,

(211) R’(254) = / 14 (W4 () HY (2 dy) = / 14(W(2))GY(IL,(2): dy).

Nevertheless, to apply known results to this embedded ODM(1, 1), some
generalizations are needed. First we assume that (Y, dy) is a locally compact,
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complete and separable space equipped with the metric dy. Then, since
(X, dx) is a locally compact, complete and separable space, this implies that
the space (Z,dz) is also locally compact, complete and separable with the
metric dz appropriately defined as a function of dx and dy so that Z is the
associated Borel o-field. Throughout this paper, let us assume the following
ergodicity assumption.

(AG-1) For all # € ©, the transition kernel K of the complete chain admits a
unique stationary distribution 7% on Z x Y.

With this assumption, we can now define P?. The following notation and
definitions will be used throughout the paper.

DEFINITION 2. Under Assumption (AG-1), we denote by 7 and 733 the
marginal distributions of 7% on Z and Y, respectively, and by P? and PY the
probability distributions defined respectively as follows.

a) P? denotes the extension of P, on the whole line (Z x Y)Z.

b) PY is the corresponding projection on the component Y.

We also use the symbols E? and E? to denote the expectations corresponding
to P? and P9,~respectively. Moreover, for all 8,6’ € ©, we write § ~ ¢ if and
only if PY = P?. This defines an equivalence relation on the parameter set

© and the corresponding equivalence class of 6 is denoted by [0] := {#' €
©: 0~0}.

The equivalence relationship ~ was introduced by Leroux (1992) as an
alternative to the classical identifiability condition.

For any probability distribution £ on Z x Y, we denote by }P’g the distri-
bution of the Markov chain {(Zy,Ys) : k € Z,} with kernel K? and initial
probability mesure &.

3. Main Results.

3.1. Preliminaries. In well-specified setting, a general result on the con-
sistency of the MLE for a class of first-order ODMs has been obtained in
Douc, Doukhan and Moulines (2013). This result has been later extended in
Douc, Roueff and Sim (2015) to a wider class of first-order ODMs, but the
latter has been derived under a handy set of assumptions which appear to
be quite direct and easy when checking. The approach used to establish the
convergence of the MLE ézn in these references and in our contribution is
briefly described as follows.
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First, we establish that, as the number of observations n — oo, the nor-
malized log-likelihood Lg}n defined in (2.5), for some well-chosen z € Z, can
be approximated by

nt Z In p? (Vi Vo seie—1),
k=1
where p?(-|-) is a P%*-a.s. finite real-valued measurable function defined on
(YZ, Y®2). To define p?(-|-), we usually set, for all y_o.1 € Y%, whenever
the following limit is well defined,
(3.1)
lim ¢’ (Hp(\I/9<y,m;o>(Z)); y1) if the limit exists,

P’ (Y1 | Y—oci0) = { m—oo -
00 otherwise.

By (AG-1), the observed process {Yj : k € Z} is ergodic under P% and
provided that

B2 [ p (VY o) < o0,
it then follows that

lim Lz n = RO |:hlp0(Y1|Y—oo:0):| , Plas.
n—o0 ’

Finally, we show that with probability tending to one, the MLE éz,n even-
tually lies in a neighborhood of the set

(3.2) O, = argmax R0 [lnpe(Y1|Y_oo;0)} ,
ISS]
which only depends on 6,, establishing that

(3.3) lim A(f.,,0,) =0, P-as.,

n—oo

where A is the metric endowing the parameter space ©.

In Douc, Roueff and Sim (2015), their easy-to-check conditions also induce
that for all 6,6, € O, there exists a P%*-a.s. finite measurable function W¥(.) :
7%~ — 7 such that for some appropriate value z € Z,

(3.4) im Y o) (2) = OOV o), PP*-as.
(3.5) Zy =0 (Y _o0), P-as.
and that

(3.6) P (V1Y —oo0) = ¢° (Hp(\wy_wo)); Y1> , DPP.as.

In addition, it is shown that for all 8,60, € ©,
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(i) HO#0. y— P (Y|Y_se0) is a density function P%-a.s.
(i) Under P%+, the function y ~ p* (y|Y_oo:0) is the conditional density
function of Y7 given Y_..0.

Under these same conditions, Douc, Roueff and Sim (2016) further showed
that the maximizing set ©, defined in (3.2) indeed reduces to the equivalence
class of 6, through the equivalence relation defined in Definition 2. Then,
the convergence in (3.3) yields a so-called equivalence-class consistency:

(3.7) lim A6, ., [0:]) =0, PP-as.,
n—oo

for some well-chosen z; € Z. From (3.7) the (strong) consistency of the
MLE ézm will immediately follow if one can show that [f,] reduces to the
singleton {6,}, which is often referred to as solving identifiability problem.
In this contribution, this issue is also investigated. We will show that if
moreover the probability density kernel G? and the measurable function
U9 (Y_o.0) defined in (3.4) and (3.5) satisfy some certain conditions (similar
to the conditions in (Douc, Doukhan and Moulines, 2013, Proposition 21)),
then the strong consistency holds.

3.2. Convergence of the MLE. We always assume in this part that As-
sumption (AG-1) holds throughout. Note that every ODM of any order p > 1
can be embedded in a first-order ODM. Therefore, the approach used to de-
rive the convergence of the MLE in the class of first-order models can be
applied to the class of higher-order ones up to some necessary adaptations.
The following is a list of additional assumptions sufficient for obtaining the
convergence of the MLE for a class of higher-order ODMs.

(AG-2) There exists a function V' : Z — R such that, forall § € ©, 7¢(V) < oo.

REMARK 2. Assumption (AG-2) is usually obtained as a byproduct of
the proof of Assumption (AG-1); see Section 3.4. It is here stated as an
assumption for convenience.

The following set of conditions can readily be checked on ¢?, ¥ and ¥?.

(BG-1) For all y €Y, the function (6, z) + ¢%(z;y) is continuous on © x X.
(BG-2) For all y1, € Y, the function (0,21,) — 1/1314,(371:17) is continuous on
O x XP.

The function V appearing in (BG-3)(viii) below is the same one as in As-
sumption (AG-2). Moreover, in this condition and in what follows, we write
f <V for a real-valued function f and a nonnegative function V' defined
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on the same space Z, whenever there exists a positive constant ¢ such that
|f(2)] < cV(z) for all z € Z.

BG-3) There exist 21 € Z, a set Z1 C Z such that I1,,(Z7) is closed, o € (0,1),
IC P
C > 0 and measurable functions ¥ : Z — Ry, H : Ry — Ry and
¢ : Y = Ry such that the following assertions hold.

(i) Forall 0 € © and (2,y) € Zx Y, I,(¥9(2)) € Z1.

(ii) sup " (Ty(2);y) < oo
(0,2,y)€EOXZ1xY

(iii) Forall 0 € ©, n € Z;, z € Z, and y1., € Y7,
(38)  dz ()@, P lya)()) < 0" F (),

(iv) W is locally bounded.
(v) Forall# e®andy €, \Tl(\IlZ(zl)) < o(y).
(vi) Forall @ € © and (2,2',y) € Zy x Z1 x Y,

9" (y(2); )
9°(Ip(2"); y)
(vii) H(u) = O(u) as u — 0.

(viii) If C =0, then, for all § € ©,

In

(3.9)

< H(dg(s, ) o€ o) i),

(3.10) G'Int ¢ <V,
otherwise, for all 0 € O,

(3.11) G%

A
<

Let us now state the equivalence-class consistency of the MLE for the higher-
order ODMs. The proof can be adapted and easily follows from (Douc, Roueff
and Sim, 2015, Theorem 1) and is thus omitted here.

THEOREM 3. Assume that (AG-1), (AG-2), (BG-1), (BG-2) and (BG-3)
hold. Then, letting z1 € Z as in (BG-3), the convergence (3.7) of the MLE
holds.

The strong consistency of the MLE follows from the following theorem.

THEOREM 4. Assume that (AG-1), (AG-2), (BG-1), (BG-2) and (BG-3)
hold. Suppose in addition that
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(a) for all @ = (¥,r),0 = (¥,r') € © and x,2' € X,
G(z;) =GV («';) implies r=1" and z =2,
(b) for all § = (0,7), 6, = (V,,7,) € ©, PP-a.s.,
L (T N(Y_ 0)) = TL (WY (o)) implies 0 = Dy,

where WO(Y_.0) is defined by (3.4) and (3.5). Then, letting z1 € Z as
in (BG-3),

(3.12) lim A0, n,0,) =0, P-a.s.

n—o0

PRrROOF. From Theorem 3, we have O, = [0,], where O, is given in (3.2).
Now let § = (J,r) € [04] and write 0, = (U4, 7). The Kulback-Leibler
divergence implies, Pf*-a.s.,

GO (T (WO ) -) = GO (T (WY )

Then from (a), we obtain

T = 7"*
and .
IL,(TP Y (0)) = TL,(W) (Y o)), PPas.
From (b), we also have ¥ = 9J,. Thus the proof follows. O

3.3. Asymptotic Normality of the MLE. In this section, we treat a special
but an important case of ODMs where the space Z is a subset of a finite-
dimensional vector space; © is a compact subset of R?, for some positive
integer d; and the function \Ilg (z) defined in (2.6) admits the following form:
for all (z,y,0) € ZxY x O,

(3.13) Ui(2) = a(0,y)z + b(0,y),

where a(6,y) and b(f,y) are two matrices with appropriate dimensions, and
for all 0 € ©, y — a(f,y) and y — b(h,y) are measurable maps on (Y,)).
The underlying model is assumed to be well-specified and 6, € © denotes the
true parameter. As in Section 3.2, Assumption (AG-1) is supposed to hold
throughout this section. Assumption (CG-1) below guarantees the existence
of WY(.) satisfying (3.4) and (3.5), and its differentiability on ©. In what
follows, we denote by | - | a vector norm on R? and by || - || a matrix norm.

(CG-1) We have the following.
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(i) Forally €Y, 0 — a(f,y) and 6 — b(0,y) are twice continuously
differentiable on ©.

(ii) There exist constants C' > 0 and p € (0, 1) such that for all § € ©

and Y1:n € Yv
| J AT
(=1

(iii) E*[suppeo 168, Y1)] < oo.
(iv) Forallie{l,...,d},

< Cp".

~ da(9,Y1) H ~0 [ ab(0, Y1) ]
E% [su — || + EY |sup || ————= < 00
oeo || 06; beo || 06;
(v) Foralli,j e {1,...,d},
N 0%a(0,Y1) N 02b(6,Y7)
Ee* U Ee* )
[228 96,00, H " {228 96,00, H =

LEMMA 5. Assume (AG-1) and (CG-1). Then for all 0 € ©, there exists a
P% -a.s. finite measurable function W () : 7%~ — Z satisfying (3.4) and (3.5)
for all z € Z. The function 0 — WO(Y_ .0} is PP -a.s. twice continuously
differentiable on © and uniformly on ©, we have P’*-a.s.,

OW(Y_o.0) OVY .0)(2)
3.14 — = lim —M—MMM——=
(3.14) a0 e 0
O*V(Y_.0) PV (Y _0)(2)
1 ————— =1 :
(8.15) d07T 90 mes 00700
Moreover,
(3.16) E% |sup ‘I’9<Y—oo:0>‘” < 00,
LOcO
~ [ 6 .
(3.17) E% |sup OF Y- os0) H < 00,
Loco 09
-0 [ O?UNY_o.0)
1 R . —— .
(3:18) oob || 96T a0 ] <0
PROOF. The proof is postponed to Section 6.1 for convenience. O

(CG-2) For all 4y € Y, the function (8, z) — ¢%(x;y) twice continuously differen-
tiable on © x X,
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For stating further assumptions, the following notation may be needed.
Forall k€ Z7,0 € 0 and z € Z, let

0 :=Ing’ (Hp(‘I’9<Y1:k—1>(Z))§Yk> :

Then for all n € Z7, it follows that L? , defined by (2.5) can be rewritten as

n
(3.19) L, =n"'> 4,
k=1
Forall k€ Z7,0 € 0 and z € Z, let
Ei :=1In g’ (Hp(‘IJ€<Y_oo:k_1>);Yk) ,

which is P?-a.s. well defined by Lemma 5. Note that from (3.6), we have for
allk € 2%, 0 €0, 19 = Inp?(Y3|Y_sok—1). Now for all n € 7% and 0 € O,
define

(3.20) Lo =n"1) "4,
k=1

REMARK 3. Note that by Lemma 5, (AG-1), (CG-1) and (CG-2) imply
that the functions 0 +— Eg i and 0 — Ei are twice continuously differentiable

on some neighborhood V(6,) of 6,, P/*-a.s.

Assumptions (AG-1), (CG-1) and (CG-2) together with the following set of
assumptions, (CG-3)—(CG-7), are sufficient to yield the asymptotic normality

of éz,n for arbitrary z € Z.
(CG-3) The true parameter 6, lies within the interior of ©. )
(CG-4) The strong consistency holds, that is, limy, o0 0., = Ox, PP -a.s.
(CG-5) There exist a constant a > 1/2 and a P%s-a.s. finite random variable
C > 0 such that for all £ > 1,

o, au .
2L k < - O _
50 20| = Ck™®, P’-as.,

sup
0eV(64)

where V(6,) is a neighborhood of 6,.
(CG-6) The exists a neighborhood V(6,) of 6, such that

R 00 |2
(I) ]Ee* [SUPHGV(G*) ‘6791 :| < 00.
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024
96T 50

(ii) RO [Supgev(g*) H < 0.

w9 (Hp(\IJ9<ono:0>);Y1)‘:| < 00.

2
g (Y- sc0))i V1) || < .

(iii) &% [SUPeevw*)

(V) E® [supgeypo,)

Rl
90T 99

(CG-7) The matrix X, = —E* [ } is invertible.
Note that if Assumptions (AG-1), (CG-1) and (CG-2) hold, then by Re-
mark 3, 0 — Lgm and 0 — LY respectively given by (3.19) and (3.20) are

twice continuously differentiable on some neighborhood V(6,) of 6,, P%-a.s.
If in addition Assumption (CG-5) holds, the following fact is obtained.

LEMMA 6. Assume (AG-1), (CG-1), (CG-2) and (CG-5), then

oLl oLl .
lim sup nl/2| 20 76 nl =0, P%-as.,
0 9V (0,) o0 a0
ProOOF. We have from (CG-5), Pfr-as.,
g, oLl 1 & v, ol o 1
1/2 zn n| < 2k k < L

sup n < § sup Z _

0eV(6,) 00 90 | = nl/2 ey, | 00 00| T nl/2 ke

To complete, observe that the rightmost term of the above inequalities con-
verges to 0 as n — oo whenever o > 1/2. O

THEOREM 7. Assume that (AG-1) and (CG-1)-(CG-7) hold. Then, for
any z € Z,

(321) \/ﬁ(éz,n - 0*) M0, N(07 2:1)7

where the symbol ~»g, means weak convergence under P, and N(0,271)
stands for the centered Gaussian distribution with covariance matriz ;1.

PrOOF. From Lemma 6, we have

oL, oL
00 00

lim n'/? sup =0, PY-a.s.

n—ro0 0eV(64)

A~ éz,n
Since for sufficiently large n, 6., € V(6,) and a"gé" =0, then

0 0
an,n 8'—22';;"
1729 _1/20L

20 n 20 +op(1) =op(1).
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Note that we also have,

Oz 0. 2] 0, .
nl/Qai - 1/28Ln + (8 ot + 5") n1/2(‘92,n — 6y,

o0~ " o0 " \96Too
where
1 21 Ox+t(02,n—0y) 21 0,
(3.22) En —/ OLn _ oL, dt.
0 00706 00700
Thus,
oLY+ 020 .
nl/29%n _ n 1/2 _
50 <89T89 + sn> n'%(0,n —6s) +op(1).

15

Note that from (CG-6)(ii) and by ergodicity, Birkhoff ergodic theorem applies

and we have

82 0* _1 82(@* -
n1_>00 69T80 n—>oo Z agTaH - *7 P7*-a.s.

Thus to complete the proof, we only need to show that

(a) nlﬂ% ~g, N(0,3,) and
(b) €n = op(1).

Let us now we show (a). Note that we can write

1/23 1/22

ze*

0%
Let & = 2, k € Z,.. From (CG-6)(iii), it readily follows that

0 04 .
E%* [&4] Yooo—1] = / 99" (I, (¥ (9(;/ °O:’“*1>)’y)u(dy)
- = / Voocoihiv) v(d)|
- 89 =0,
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so that the sequence {& : k € Z,} is a stationary and ergodic Martingale
difference with respect to F_ oo, = 0(Y_oe:t) in Lo(P%). By (CG-6) and (CG-

7), its covariance matrix is equal to .. To see this, observe that P%+-a.s.,

E% [l | Fooo—1]

ag% (virsy g’ (v059)\
:/\(99 (;&;y) (8; ) <89k ) v(dy)
2 0y Ox. 2 0 Oy .
:/v ‘9 9@9(;?9&) - lni)eT((;Zk 2 o (visw) | vidy)

with 7" == IL, (V% (Y_oek—1)). By (CG-6)(iv), we have

02 g% (1/12*; y) )
/ —C P, Phas.
T 90Ta0

Since P%-a.s.,

0
020

B
00796

2 0+ Os.
f—oo:k—ll = /Y ’ IDZHT(;ZC y> g% (wz*;y) v(dy),

it then follows that

0x
020!

E% [&él | Fooomt] = —E% 50T 90

f_oo;k_ll , PP -a.s.

Taking the expectation on both sides, then using tower property and us-
ing (CG-7), the claim thus follows. By ergodicity and from (CG-6)(i), we
have

n
nh_)rglo nt ZfEG* [fkfg‘ F—oo:k—l] = >, P -a.s.
k=1
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Moreover, for € > 0,

Jim n~ D DR (G 1(16] > evn)| Fosok-1]
k=1
< lim 0™ ST (6 106l > evn)| Foso]
k=1
< Jim ' SB[l 18] > M)| Foci]
k=1

=B [l6l 1l > M), Pas,

where M > 0. Since M is arbitrary, letting M — oo, we have

n
: -1 =0, T _ B0
lim n ;E (&R 1(1&k| > evn)| Fooo] =0, Plr-as.

Thus by martingale central limit theorem, see, for instance, Hall and Heyde
(1980),

oL e
nl/QW — 12 ka ~e, /\/(07 E*).
k=1

Now it remains to show (b). Let p > 0 such that B(6y,p) C V(). Since
}fw*—a.s., ézn — 0, as n — 00, then there exists a P _a.s. finite integer Ny
such that for all n > Ny, P’-as., 0, + t(éz,n —0,) € B(0,p). Then from
(3.22), P*-a.s., for all n > N,

1| 52 LfL*th(@z,n*(?*) 9210+
< _ n
lenll < / 90T 90 ag7og | 4

82L0 62 LG*
00700 96T 90
0«
o* 9
00To0 96T 90

< sup
0EB(64,p)

n

< nt Z sup
k=1 968(6*70)

By (CG-6)(ii), B(04, p) C V(0) and Birkhoff ergodic theorem, we get that

o* oMY
00700 96790

limsup [, || <E% | sup
n—00 HEB(64,p)

] , PP -a.s.
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Here p is an arbitrary positive number, provided that B(6,, p) C V(64). By
dominated convergence and Remark 3, the right-hand side of the previous
display can be made arbitrarily close to zero by letting p tend to zero. Hence
we get (b), and the proof is complete. O

REMARK 4. From the proof of Theorem 7, it is also shown that

T
- o+ \ ([ o
_ 04 1 1
- |(55) (%)

Thus, to obtain (CG-7), that is showing that 3, is invertible, it is sufficient
to show that for all a € R?,

0 B
(3.23) aTaC,fé =0, PM-as, = a=0.

3.4. Ergodicity. In this section, we provide conditions that yield station-
arity and ergodicity of the Markov chain {(Zy, Yy) : k € Z4}. We will set 0
to be an arbitrary value in © and since this is a “for all 6 (...)” condition, to
save space and alleviate the notational burden, we will drop the superscript
6 from, for example, G?, R? and ¢’ and respectively write G, R and v,
instead.

Ergodicity of Markov chains are usually studied using p-irreducibility.
This approach is well known to be quite efficient when dealing with fully
dominated models; see Meyn and Tweedie (2009). It is not at all the same
picture for integer-valued observation-driven models, where other tools need
to be invoked; see Fokianos and Tjgstheim (2011); Douc, Doukhan and
Moulines (2013); Douc, Roueff and Sim (2015). Our result here is obtained
in the same fashion as in Douc, Roueff and Sim (2015), which is inspired
by the approach in Douc, Doukhan and Moulines (2013). The following is
the list of assumptions to obtain our main result on ergodicity. We should
mention that some of our assumptions (for instance, Assumption (AG-4))
are more general than those derived in Douc, Doukhan and Moulines (2013)
and Douc, Roueff and Sim (2015).

(AG-3) The measurable space (Z,dz) is a locally compact, complete and separable
metric space and its associated o-field Z is the Borel o-field.

(AG-4) There exists a positive integer ¢ such that the Markov kernel R? is weak
Feller, that is, for any continuous and bounded function f defined on
X, R1f is continuous and bounded on X. Moreover, there exist (A, 3) €
(0,1) x R4 and a measurable function V' : Z — R such that RV <
AV + B and {V < M} is a compact set for any M > 0.
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(AG-5) The Markov kernel R admits a reachable point, that is, there exists zg € Z
such that, for any z € Z and any neighborhood N of zy, R™(2;N) > 0
for at least one positive integer m.

(AG-6) There exists a positive integer ¢ such that

dz(¥ (y1:0)(2), ¥ (y1.0) (2'))

(3.24) sup -1
(272/7y1:€)€Z2XY‘€ dz(z, z’)
272!
and
dz (¥ U, (2
(3.25) sup 2(Py(2), ,y(,z)) -
(z,2/,y)€Z2XY dz(z,2)
2#£2!

(AG-7) There exist a measurable function a from Z?2 to [0, 1], a measurable func-
tion ¢ : Z2 — X = I1,(Z) and a measurable function W : Z% — [1,00)
such that the following assertions hold.

(i) Forall (z,2/) €Z?and y €Y,
(3.26) min {g(Hp(z);y),g(Hp(z’);y)} > a(z,2)g ((b(z, 2'); y) )

(ii) For all z € Z, W (z,-) is finitely bounded in a neighborhood of z,

that is, there exists 7, > 0 such that sup W(z,2’) < oo.
2'€B(2,7z)

(ii) For all (z,2') € Z%, 1 — a(z,2') < dz(z, 2" )W (z, 2).
(iv) There exist an integer m > 0 and a real number D > 0 such that

sup  (Jim((2,2'); W) = W(z,2)) < o0
(2,2")€Z2

and

sup (Jl((z,z'); W) — DW(z,z')) < 00,
(2,2")€Z2

where for any positive integer n, (z,2') € Z? and measurable func-
tion f : Z? - R,

Jn((zaz/);f) = /f(\y<y1n>(z)alp<yln>(zl)) X
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REMARK 5. Assumption (AG-3) holds if the measurable metric spaces
(X,dx) and (Y,dy) are locally compact, complete and separable and their
associated o-field X and ) are the Borel o-fields. In this case, the metric dz
can be appropriately defined as a function of dx and dy.

REMARK 6. Note that if the Markov kernel R is weak Feller, then the
Markov kernel R? is also weak Feller.

LEMMA 8. Assume (AG-3) and (AG-4). Then R admits an invariant
probability distribution 7; moreover, TV < co.

PrOOF. From Assumptions (AG-3) and (AG-4) and by Remark 6, the
transition kernel R? admits an invariant probability distribution denoted by
mq. Let 7 be defined by, for all A € Z,

F(A) = =5 mgRE(A).
q k=1

Obviously, we have TR = 7, which shows that R admits an invariant prob-
ability distribution 7. Now let M > 0. Then we have for all n € Z,

#V AM) =#R"(V A M)
< AR™M(V)AM

§)\"7~r(V)/\M+%/\M.
Letting n — oo, we then obtain
a(VAM) < ——AM.

1-A

Finally, since M is arbitrary, by letting M — oo and by monotone conver-
gence theorem, we get 7V < oo as desired. ]

We can now state the main ergodicity result.

THEOREM 9. Conditions (AG-3), (AG-4), (AG-5), (AG-6) and (AG-7)
imply that K admits a unique stationary distribution w on Z X Y. Moreover,
mV < oo for every V : X — Ry such that V < V.

For convenience, we postponed the proof of Theorem 9 to Section 6.2.
The first conclusion of Theorem 9 can directly be applied for all § € © to
check (AG-1).
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Assumptions (AG-4) and (AG-5) have to be checked directly on the Markov
kernel R defined by (2.11). To this end, it can be useful to define, for any
given z € Z, the distribution

(3.27) P, := Ps.ea(n,(2))

on (Z x Y)%+, where P¢ is defined for any distribution £ on Z x Y as in
Definition 2. Then the first component process {Z, : k € Z} associated to
P, is a Markov chain with Markov kernel R and initial distribution 4.
The following lemma provides a general way for constructing the instru-
mental functions a and ¢ that appear in (AG-7). The proof can be easily
adapted from (Douc, Roueff and Sim, 2015, Lemma 1) and is thus omitted.

LeMMA 10.  Suppose that I1,(Z) = X = CS for some measurable space
(S,S) and C C R. Thus for all z € X, we write x = (5)ses, where xs € C for
all s € S. Suppose moreover that for all x = (xs)ses € X, we can express the
conditional density g(x;-) as a mizture of densities of the form j(xs)h(xs;-)
over s € S. This means that for all t € C, y — j(t)h(t;y) is a density with
respect to v and there exists a probability measure p on (S,S) such that

(3.28) olesy) = /S j(zh(zsu(ds), yev.

We moreover assume that h takes nonnegative values and that one of the
two following assumptions holds.

(H'-1) For all y € Y, the function h(;y) : t — h(t;y) is nondecreasing.
(H'-2) For all y €Y, the function h(-;y) : t — h(t;y) is nonincreasing.

For all (x,2') € X2, we denote x A 2’ := (min{zs,1.})ses and z V 2’ =
(max{zs, 2, })ses and we define a(z,2') and ¢(z,2') by: for all (z,2') € Z2,
letting x = I1,,(2) and ' = TI,(%),

a(z,2') = inf and ¢(z,2 )=z Az’ under (H-1);

J(
seS | j(zs Az
J(

a(z,2') = inf and ¢(z,2 )=z vz under (H-2).

seS | j(xs V 2!
Then o and ¢ defined above satisfy (AG-7)(i).

4. Examples. In this section, we apply our main results derived above
to two models of interest, namely, the log-linear Poisson GARCH(p, p) and
the NBIN-GARCH(p, p) models. To the best of our knowledge, the station-

arity and ergodicity as well as the asymptotic properties of the MLE for
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the general log-linear Poisson GARCH(p, p) and NBIN-GARCH(p, p) mod-
els have not been derived so far. In the sequel, A, b and w always denote,
respectively, the matrix

0 1 0 o -~ 0 0 o -+~ 0 0
0 0 1 o -~ 0 0 o -~ 0 O
0 0 0 1 - 0 0 o -~ 0 0
0 0 0 0 1 0 0 0 O
CLp ap_l ap_z ap_g al bp bp_l b3 bg y
0 0 0 0 0 O 1 0 0
0 0 0 0 0 O 0 O
0 0 0 o -~ 0 0 o -~ 0 1
0 0 0 o -~ 0 0 o -~ 0 0

the vector b16,+0d2,—1, with for all j € {1,...,2p—1}, §; = (di5)ic(1,... 2p—1}5
0i; being the Kronecker delta, and the vector wd,. We also de-
note by A,, by and w, the corresponding values of A, b and w at
(w, a1:p, b1p) = (W*, a7, b7,,), respectively. For any matrix M, we denote its
transpose by M. For any real numbers a and b, we denote their maximum
value by a V b or max{a,b} and their minimum value by a A b or min{a, b}.

Now, let I, be the identity matrix of order n and denote the characteristic
polynomial of the matrix A + bd] by P(A) = det (AIp—1 — (A +bé))).
For any square matrix M, denote the spectral radius of M by |A|max(M).
Straightforward computation shows that

(4.1) P(\) =\t (Ap - i(ak + b@»”f) :

k=1
The following lemma which is useful for the next example is immediate.
LEMMA 11.  Let aip >0, by > 0. Then Y %, (a;+b;) <1 if and only if
Almax(A +bd)) < 1.

PROOF. The proof is postponed to Section 6.3. O

REMARK 7. It is well known that for any nonnegative matrices M =
(mi;) and N = (n;;) such that M > N, that is for all 4,7, m;; > n;;, we
have |A|max(M) > |Almax(N). Thus for our matrices A and A + bég, we
have [Almax(A) < [Almax(A + bd)).
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4.1. Log-linear Poisson GARCH(p,p) Model.

EXAMPLE 1 (Definition of the log linear Poisson GARCH(p,p)). Con-
sider the log-linear Poisson GARCH of order (p,p), p € Z , which is defined
as follows: for all k € Z,

P P
Xpt1=w+ Z a; Xg—iy1+ Z biln(1 + Yy i11),
=1 i—1

Vier1 | Fi ~ P (eX0+1)

(4.2)

where

— the parameter space
0= (w, Q1:p, bl;p) €0 C R2p+1,

- Fr=0 (Xprrl:kJrl’Yprrl:k);
- X=R, X =B(X),Y=2Z4, Y =B(Y) and the metrics on X and Y are
the same usual metric on R.
By setting for all k, Uy, = In(1 + Y)) (hence U = In(1 + Z4), U = B(U)
and dy is the usual metric on R), then Model (4.2) can be embedded in
Model (4.3) below:

0
X1 =0, 410 (Kk—pt1),

(4.3) ;
U1 | Fro ~ G (X115 ),

where for all (z1.p, u1.p) € XP x UP,
p P
(44) ¢Zk—p+1:k ($k—p+1k) =w + Z aixp7i+1 _I_ Z b’LU/pflﬁ*l
i=1 i=1

and G?(z;-) is the conditional law of Uy given Xj = z defined by

x(e*—1)
0 . . _et €
(4.5) G’ (z;A) = ugeAe =) Ael.

The density ¢? of Uy, conditionally on X}, = z with respect to the counting
measure on U is given by, for all u € U,

z(e*—1)
0/ . _e® (§
(4.6) g (z;u)=e @ =1 > 0.
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By Definition 1, Model (4.3) is an ODM(p, p) and is dominated by the count-
ing measure on U. Now let Z = XP x UP~! and Z = X®P@U®P~Y and define
the measurable function ¢ similarly as in (2.6). The function W? then take
a simple linear form

(4.7) V(2) =w+ Az+ub, (zu)eZxU.

Moreover, denoting Z = (Xi—pt1:k, Up—pt1:6—1) for all k, the process {Z}; :
k € Z} is a Markov chain on (Z, Z) whose transition kernel RY is given by
(2.11) with G? and ¥? defined in (4.5) and (4.7), respectively.

In this section, we will use the vector and the matrix norms defined re-
spectively on R??~! and the space of (2p — 1) x (2p — 1) matrices as follows:

2p—1 2p—1
zloe =\ 16721 = \/ [ail,
=1 =1
2p—12p—1
M| = \/ Z M, ;| = sup |Mz|.
i=1 j=1 |2]00 <1

For notational convenience, we will also denote A; = A and Ay = A+b6$.

PropoSITION 12.  Suppose that 6 € © satisfies

(4.8) \/

(i1,..,ip)€{1,2}P

P

[1 4

(=1

<1

(e 9]

Then we have the following.

(i) Theorem 9 holds with the function V : Z — R, defined by, for all
z €L,

(4.9) Viz)=elFl=  7>0.

(ii) Theorem 3 holds with any z € Z. If the true parameter 6, =
(w*, aj., b1,,) moreover satisfies, for all k € Z7,

(4.10) (AF — AMb, =0 implies A =A,,

then Theorem / also holds.
(iii) If the true parameter O, lies in the interior of © and satisfies (4.10),
then Theorem 7 holds.
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REMARK 8. When p=1, then A; = A and Ay = A + bdg correspond
to a; and a; + by, respectively. Condition (4.8) then reduces to

|a1\ V ]a1—|—61] < 1.

This condition is weaker than the one derived in Douc, Doukhan and
Moulines (2013) where |b1| < 1 is also imposed.

REMARK 9. To check (4.10), it suffices to check that there exists k € Z
such that the determinant

det <A’jb*, Aktip, A’j+2p‘2b*> £ 0.
REMARK 10. When p =1, (4.10) holds if and only if b* # 0.

Before proving Proposition 12, let us show the following fact.

LEMMA 13. If Y ~ P(() with ¢ > 0, then for any ¥ € R, there exist
constants c1 = c1(0), ca = c2(¥) > 0 such that

(4.11) E[(14Y)"] < e1 + 2" 1{9 > 0}.
PROOF. The proof is postponed to Section 6.4. O

PROOF. Proof of Proposition 12—(i). Now set V(z) = V(z) = e7l*l~,
z € Z. From Theorem 9, we need to show that (AG-3), (AG-4), (AG-5), (AG-
6) and (AG-7) hold. Assumption (AG-3) holds with the metric dz defined by,
for all (z,2') € Z2,

2p—1

(4.12) dz(z.2) = \/ lzi — 2 =2 = /.
i=1

The fact that R is weak Feller follows from the continuity of the density ¢
with respect to the z component in (4.6) and the continuity of II,(-). We
will show that, with V' defined in (4.9), then we have RPV < AV + j for
some (A, 8) € (0,1) x Ry. Note that Lemma 13 implies that, for all 9 € R
and ¢ > 0,

(4.13) / MG (¢ du) < ¢4 + 26 1{D > 0,
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where ¢; and ¢y are some positive constants. Note further that for all z € Z
and 7 > 0, we have

2p—1
(A1) V(= 3Ty e <a(zp - el
oe{—1,1} k=1

Without loss of generality, let us assume for the moment that 7 = 1. Now,
using (4.13) and (4.14) and noting that, for all z € Z, zj, = 6% z, I,(2) = 552
and 1 {ad%b >0} <1, we have

2p—1

i< 3% /eaag(wAzmb)G(agz;du)
oe{—1,1} k=1
2p—1
<Yy eaaf(wAz)/eaagqu (672 du)
oe{-1,1} k=1
2p—1
< Z Z o70F (w+A2) (71 n ,YQQU(sgbagz) ,
oe{-1,1} k=1

where 1 and 72 are some positive constants. This further yields that, with
A;=A and Ay = A + Db,

2p—1
RV(2) < Z Z (ﬂwaégAz +ﬁ2e"5£(A+b5g)z)
oce{-1,1} k=1
2p—1
< 3 Y (et g gertine)
oce{-1,1} k=1

where B; and 3, are some positive constants. By iteration, RtV =
R(R™V'), we obtain that, for all m € Z? ,
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(4.15)
2p—1

LLICTID DI DEED DR W (LTS

oe{—1,1} k=1 (i1,...,ip)e{1,2}m

2p—1

< 3 Bivroim S pzeaﬁz(nzzlAw)z
(1,eyim ) E€{1,2}™ oc{-1,1} k=1
2p—1

< 3 B > 3 el Al lele
(i1,eeyim ) €{1,2}™ oe{-1,1} k=1

<22p-1) Y Bl T Al
(ilv--winL)e{l,Q}m

<l2(2p-1) Z Biteyim eVire ime“’Q}HHLAi‘walzlw,
i17-"7im€{172}

where, for all (i1,...,4y,) € {1,2}™, Bi,... i, are positive constants. Thus,
for all z € Z, with m = p, we get

RPV (2) < npelzloo

where
Wwi=22p=1) Y Bi.i, >0
(i1,...,ip)€{1,2}P
and
p
Np = \/ HAiz < 1.
(ilv"'aiP)E{LQ}p (=1 o0
Since .
Tp|Z|oco
lim e =0
| 2|00 —>00 VKZ)

and for all M > 0,
sup RPV(z) < oo,
|zloo <M
then there exists a pair (\,3) € (0,1) x R4 such that RPV < AV 4+ §,
and hence (AG-4) holds. Note that when m = p — 1 and 7 = 1, we have
eMe() < 7 1 RP=1V(2) for some 7,1 > 0. We now turn to prove (AG-5).
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Note that from (4.8), there exist 6 € (0,1) and ¢ > 0 such that, for any
k>1,

(4.16) HAkHoo < ot

Hence, (Iyp—1 — Al = Lpo1+ D> sy AF is well defined. Now, set zoo =
(Ipp—1 — A)*lw. Let N be an open neighborhood of z,, and let z € Z.
Define recursively the sequence {zj : k € Z} with zp = z and for all k£ > 1,
2r = w + Azi_1. From (4.16), this so-defined sequence admits a unique
limiting point lim, . 2, = 2o0. Thus, there exists some n € Z% such that
for all £ > n, z, € N. For such n, we have

R"(2;/Noo) =P.(Zy € Noo) > P, (Z, = 2z forall k =1,...,n)
—P.(Up=-=Up_1 =0) >0,

Next we prove (AG-6). We have for all n > 1, ug.,—1 € U and z € Z,

n—1
(4.17) U(ugm-1)(2) = A"z + > AJ(w + up_1;b).
=0

Then for all (z,2') € Z2, ugp—1 € UP,

dz(Wug(2), Wy (2) = |A(2 = 2') oo
< [[A]lolz = 2|0
< DdZ(Z,Z/),

and

dz (P (uo:p-1)(2), U {uop-1)(2') = [AP(z = 2)|o
< AP loo|z = #los
< de(Z’Z,)a

where D = [|Afls > 0 and p = [|AP|| < 1 from (4.8), showing (AG-6). To
show (AG-7), we rely on Lemma 10. Let us set C = R = X and S = {1},

then the probability measure p boils down the Dirac mass on S. For all
(z,u) € Xx U, let j(z) = e and h(z;u) = % Indeed, h satisfies (H'-
1). Hence, from Lemma 10, the instrumental functions o and ¢ are obtained

by setting: for all 2,2’ € Z,
e_enp(z)vnp(z’)

e_el_[p(z)/\l_[p(z/)

_’enpw _elp(2))

a(z,2) = =e
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and @(z,2") = II,(z) A IL,(2"). These so-defined functions a and ¢ indeed
satisfy (AG-7)(i). For (z,2') € Z%, we have

_‘enp<z>_enp<z’)

1—a(z,2)=1-e < ‘enp(z) — lp(?)

< elMp (VI ()] ‘Hp(z) - Hp(zl)‘
<W(z,2') dz(z,7'),

where W is defined by, for all z, 2’ € Z,
Wz ) i= s (B Vi(2) + B ()

and Vi (z) = el*l>. Obviously, this so-defined function W satisfies (AG-7)(ii)
and (AG-7)(iii). To complete the proof of Proposition 12-(i), it remains to
show (AG-7)(iv). Note that (AG-4) holds with V(z) = e"l*l~ for any 7 > 0,
thus it also holds with V4. For all 2,2’ € Z,

Ti((2, )W) = / W (Wa(2), Wu())C (6(2, 2); dul)
et [ RIAWL()G (60 )idn) + 9t [ V(WG i),
From (4.15), with m = p — 1, we have

(4.18) / RP Wi (W,(2))G (6(2, ); du)

2p—1

< 2 Z Z Bir o1 X

oe{—-1,1} k=1 (i1,...,ip—1)€{1,2}P~1

/efféf(l_[f:f Aip)(wtAz+ub) i (¢(z,2);du) .
Note that by (4.13), there exist constants ¢} and ¢, such that

/ o0k (TH=1 A )buG (g(z, 2'); du)

p—1
< &)+ cheo ¥k (TI21 Aq )b(852187) {06{ <H Ai[> b > 0}
/=1
S C& —+ 6/2605{(1_[5;11 Aié)bég':/:’
where we have used 5;{2 A 62,2’ < 5;{2 and 1 {O‘(S% (Hzg;ll AQ) b > O} <1.
Plugging this inequality into (4.18) and noting that A; = A and Ay =
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A+ bég, then there exist positive constants ;... ,, (i1,...,4) € {1,2}?,
such that
[ B )6 (00 )i du)

2p—1

= Z Z Z ’yil,...,ipeaéz(nzzlAié)z

oe{=1,1} k=1 (i1,...,ip)e{1,2}P
<(220-1) > i, | PP,
(ilv“'vip)e{lz}p

where 1, =\ ;i yeqop ITT_; As ||, < 1. Similarly, we have

[ B REEG (0 i) < (2201 3D, | e
i1,eipe{1,2}

for some positive constants %’11
M > 0 such that for all 2,2’ € Z,

, (41,...,1p) € {1,2}P. Thus, there exists

P

Ji((2,2); W) =M (enmz\w +enp\zf|oo)‘

Assumption (AG-7)(iv) follows by observing that

J1((z,2"); W)

|zloo V|2 |so—00 W (2, 2)

=0.
This completes the proof of Proposition 12— (i).

Proof of Proposition 12—(ii). As a consequence, we have (AG-1). As-
sumption (AG-2) directly follows. Thus, to show the first part of Proposi-
tion 12—(ii), we only need to show that Assumptions (BG-1), (BG-2) and
(BG-3) are satisfied. The second part then follows if we can moreover show
that (a) and (b) in Theorem 4 hold.

Clearly, (BG-1) and (BG-2) hold by the definitions of ¢ and ¢? given by
(4.4) and (4.6), respectively. It remains to show (BG-3). Since © is compact,
then
(4.19)

p
[T A

(=1

wl <@, i <a, [bs| <b, \/
(i1,..,ip)€{1,2}P

o0
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for some (@,a,b,p) € (0,00)3 x (0,1) and L > 0. We set Z; = Z. And so
(BG-3)(i) holds. Moreover, for all (0,z,u) € © x Z; x U, ¢’(I,(2);y) < 1.
Thus, Condition (BG-3)(ii) holds. Now let z; € Z. Using (4.16), (4.17) and
(4.19), we get that there exist constants ¢ > 0 and & € (0,1) such that for
all z€Z, u1., € U" and 0 € O,

W0 urn) (21) = W¥ura)(2)] = [A" (21 = 2)l
<ed" |z — 2],
Thus by (4.12), we get (BG-3)(iii) with
U(z)=clz1— 2| -

Hence (BG-3)(iv) holds and since

‘21 - \113(21)‘ <(L+1) 210 + @+ (1V D)y,
we also get (BG-3)(v) provided that
(4.20) é(u) > (L +1)|21]o0 + @+ (1 V b)u.

It is straightforward to show that for all 0 € O, (z,2) € I1,,(Z1) x 1I,(Z;)
and u € U,

‘lnge ([L’, U) _ lnge (x/7 ’U,)‘ < |x . x/’e|$|\/|x’|eu
< o — af[elr~ o)V Ty (21)] gut |y (1)

Thus for all 0 € O, (2,2') € Zy x Z; and u € U,

[10g” (50) =g (a7 0)| < |2 — /|acele 11V =21 gty 20

We thus obtain (BG-3)(v), (BG-3)(vi) and (BG-3)(vii) by setting C' = 1,
H(s)=s, seRy,

and B B
d(u) = (L+1) 21|00 + @+ (1Vb)u 4 ev ozl

In addition, for all 8 € ©, z € X and 7 > 0, we have

/eT“Ga(aﬁ;du) <1+427e™.
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Hence, by letting V = V and using that for all § € ©, 7{V < oo, with the
above definitions, we obtain (BG-3)(viii). This establishes the equivalence-
class consistency of the MLE for the log-linear Poisson GARCH(p, p).

To conclude the strong consistency of the MLE, it remains to check (a)
and (b) in Theorem 4. Condition (a) clearly holds by the identifiability of
the Poisson distribution. Note that as a consequence of the earlier proof, we
have, for all 8 € ©, P%-a.s.,

[e.e]

\I’0<Ufoo:0> = Z AF (w + U—kb)
k=0

By stationarity, for all € © and ¢ € Z, we have, P%-a.s.,

VU o) = Z A¥(w +U_jysb).

k=0

Moreover, if

VU o) = OO (U_0), PP-as.,
then by stationarity, for all ¢ € Z,

WO U_souy) = OO (U_ros), P%-ass.,
and thus
(4.21) > AMw+U_pib) => AF(w, +U_gb,), Plas.

k=0 k=0

This implies
(4.22) (b=b)U; => AF(w, +U_jub) =) AM(w+U_g4b), Pas.

k=1 k=1

Conditionally on o(U-oo:t—1), (eUf — 1) is a Poisson variable with positive
intensity. Thus the left-hand side of (4.22) is P’*-a.s. constant only if b = b,,
implying b7 = b;. Then, (4.21) reduces to

[ee] [e.e]
(4.23) > AMw+ U_gysb) =D Af(w, + U_gyby), Plr-as.
k=1 k=1

Thus by repeating the same argument as to obtain b = b,, (4.23) and so on
yield that, for all integer k > 1,

(AF — AMb, =0.
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And by (4.10), we have A = A,, yielding that (a1.p, ba:p) = (alp, 2p) It is
immediate from (4.21) that w = w,, and this is equivalent to having that
w = w*. The strong consistency therefore follows.

Proof of Proposition 12—(iii). By Theorem 7, it suffices to show
that (CG-1)-(CG-7) hold. From the definition of W (z), we have a(f,u) = A
and b(#,u) = w + ub, both admitting linear forms in #. Thus from compact-
ness of © and (4.8) and by noting that for all 7 > 0,

(4.24) E% [e™'] < oo,

it follows that (CG-1) holds. Assumptions (CG-2) and (CG-3) clearly hold.
Assumption (CG-4) is immediate as the conclusion of Proposition 12-(ii)
above. We have

4 =g’ (I,(¥" Ur1)(2)): U )
= (U = )ET W (U 1) (=) — 5V W) (el — 1)),

f =10 g" (VU co1)(2)): U
= (e = LW U _ o) — PV Umooat) _ (el — 1)1,
Then from Lemma 5, for all 7, Pe*—a.s.,

agivk — (eUr —1 85 W (Urn-1)(2) ) g7 _2_ 0 \119 U
e ) s

860 U, 5T\119 a
k _ — <U—oo:k—1> T 0
00; < L—=e )51: 00; a6, (Unook1)

Thus for all i, P?*-a.s.,

ot . o
00; 00;

o 0
5T ‘I/9<U_Ook 1) — or — ‘Ije<Ulk 1)(2)

P00, P00, (e )

9
0T 0 (U_ i)

STWOU_ooip—1) _ (050 (Urs—1)(2)
+ ’e P e’r > 90,

+e|5$‘1’9(U1:k71>(2)|

9 9
T 0 T
% g, 7 \U=eim) =0 5

(Upe-1)(2)
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Note that for all z € Z and k > 1, we have, P%*-a.s.,
VU 1) = WO (Urp1)(2) = AP (WU o) = 2),

and for all 7,

o 0
8791"1}0<U—oo:k—1> - OT%WWM_MZ)
CO(ARY) k-1 0 o
= T@l (\If <U—oo:0> - Z) +A 67&\1} <U—OO¢0>'

By similar arguments as in the proof of Lemma 5 (see Section 6.1) and noting
that supycg ‘\D0<U—°°10>‘oo and supgceo ‘%‘I’Q<U—oo:0>|oo are finite Pf+-a.s.,

t{lere exist a constant p; € (0, 1~) and a P%-a.s. finite random variable Ml =
M (z) such that for all k > 1, P-as.,

U)W (Ui ()| < Mg,

and for all 7, PP*-a.s.,

0 o 0 o ~ g
\J ook—1) — — WU e < Mipf.
'692- (U—soik—1) a6, (Ut:k-1)(2) < 101
From Lemma 5, we also have that, for all ¢,
(4.25) R [sup i\119<U_OQ:0> } < o0.
geo | 00; -

Recall that for all ¢,¢" € R,

et — et/’ < e|t‘v|t/‘|t — t/|. Thus, we deduce that

o, ot

On the other hand, P?*-a.s., we have
e’lpe(U*OO:OHOO S eSup9€@’W9<U7w:0>‘m S ez’:io SquG@’Ak(w+U_kb)‘oo.

From (4.16) and (4.19), there exist constants c1,cy > 0 and 5 € (0,1) such
that, P%-a.s.,

9

(o9}
wpoce V(U y < 0o TR0 Uk < c1(1—9) ngew(l_é)ilmk
k=0



GENERAL-ORDER OBSERVATION-DRIVEN MODELS 35
and from (4.24), it follows that for any positive ¢ > 0,
(4.26) B et poce [V U0l | < oo,

Thus, by stationarity and from (4.25) and (4.26), Lemma 21 assures that
there exist a constant pg € (0,1) and a PG*—ZE.S. finite random variable My =
M>(z) such that for all 4 and for all & > 1, P%-a.s.,

o, oy
00;  00;

< P My.

Therefore, Assumption (CG-5) holds. We now check (CG-6). We have
6 =g (T (WU cc0)); U1 )
_ (eU1 _ 1)6Z\P0<U—oo:0> . eégkpg(Ufoo:o) _ ln(eUl — 1)l

Then for all 7 and j, we have

o % 4
691_ — (eUl _ 1 _ etsp‘lf <U—oo:0>) 5;8761\1/9<U—000>

and from Lemma 5, P%-a.s.,

0% o) ST WU _oei0) | 5T o 0
= — — oo \I/ — 00!
90;00; (e Lo ) % Fo,90; ¢ (U-o00)

o 0
+ eéZ\I/9<U—oo:0> <6580\119<U_000>) <6§80\P9<U—000>> .
) J

Using similar arguments as the proof of Lemma 5 together with (4.24), we
can show that for all 4 and j, we have

N o 2
o+ —vU_.
Zlelg 96 ( 0) N < 00
and
6 62 0
E"* U U_ . .
e ¥ V)| | <o

By (4.26) and (4.24), we can directly show that, for all ¢ and j,
9 12

1

90 ] < 00

RO sup

0c®
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and
3269
00,00,

E% [sup
6cO

| <.

Thus, (CG-6)-(i) and (CG-6)-(ii) hold. Note that for all 7, j, we have, P%*-a.s.,

o (T Wceth) = (00 casth) O
and
80?;@ g’ <HP(‘I/9<Y—<>0:0)); U1>

toRdd 0 ol
= " (T {U-00)): U1) g+ " (T (U-0))5 Y1) gt

Then, (CG-6)-(iii) follows by observing that for all i, P’*-a.s.,

ol ol
. _ 0 0 . 1 1
\%g (VUi 1) | = o (T8 (0o ) | 5t < sup|
1/2
i P, 3 ol |?
D {su 1 ] < | E?% |su < 00.
968 00; || — Geg 0;

Similarly, (CG-6)-(iv) holds. To complete the proof of asymptotic normality,
it remains to check (CG-7). By Remark 4, it is sufficient to show that (3.23)
holds. We establish this fact by following the argument provided by Francq
and Zakoian (2004). Now let & = (a, . . ., agp) € R?PTL and for convenience,
write 8 = (0o, . . ., 02p) = (W, a1.p:.b1p). We have, P%*-as.,

ol T g0 OV (U_ o)
7Y U LW (U_ . T 00:0
« 50 —;:Oozi<e1—1—ep ( 0>>5p—89i .
Since (eU1 — 1) conditionally on o(U_s.0) is a Poisson variable with positive

. . = o0l o
intensity, then P%-a.s., al 56~ = 0 implies

Y oo -
ZazéTa—” =0, P’-as
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By stationarity, we have for all t € Z,

2]) 0
ov *<L—oo:t> T
T 0
(4.27) ;:O a;0,, 20, =0, P’-as.

In view of (4.3) and by noting that P*-a.s., X¢ = 6§W9<U_w;t> forall § € ©
and t € Z, we have from (4.27) that for all ¢t € Z,

1 1
0, 04
Xy X4
X0+ ; P X0~ ; N
794X T 0, 79AZ _ 7 0, 0,
0=o W:04 X, —i—Zaia 802_0‘ Xy, | Pas.
Ui—1 i=1 Ui—1
Upp Upp

Since (eUFl — 1) conditionally on o(U_:t—2) is a Poisson variable with
positive intensity, we then have that oy,11 = 0. By the same reason, it can
be shown that a,iopi24+i = 0 if agoy; = 0, for i € {0,...,p — 2}. Thus, if
a # 0 entails an ODM(p— 1, p— 1) representation, which is impossible since
the model is identifiable. Hence, « = 0 and this completes the proof. ]

Our next example is the NBIN-GARCH(p, p), p € Z*, which is defined
as follows.

4.2. NBIN-GARCH(p,p) Model.

EXAMPLE 2 (Definition of NBIN-GARCH(p, p)). Consider a statistical
model recursively defined by: for all k € Z,

p p
X1 =w+ Z ;i Xp—iy1 + Z biYi—it1,
(4.28) i=1 i=1

Xp+1
Yot | Fo ~w NB (7, 25
k1 | T ( 1+Xk+1>

where

— the parameter space

O C {0 = (w,a1p,bip, ) € RL x RE x RE X RY },
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- ]:k =0 (X—p+1:k+17Y—p+1:k)a
- X=(0,00), X =B(X), Y =2Z4,Y = B(Y) and the metrics on X and

Y are any metrics on R and Z, respectively.

Denoting for all (1., y1.p) € XP X YP,
p P
(4.29) ¢§1:p (1:p) = w + Z a;Tpip1 + Z bilYp—i+1,
i=1 i=1
Model (4.28) can be expressed as the standard form of Model (4.30) below:

0
X1 = Uy (Xk—priik),

X1
Yier | Fo m NB (7, —kEL ) |
et | Fr ( 1+ch+1>

(4.30)

The density g’ and the probability law GY of Y}, conditional on X}, = z are
given by, for all y € Y and A € ),

. Tlr+vy) 1\ r Y
(431) g (@) = y!T(r) (1—|—m> (1—!—3:) ’
and
(4.32) Gl A) = 1ay)g’ (z3y).
yeA

According to Definition 1, Model (4.28) is an ODM(p, p) and is dominated by
the counting measure on Z. Now, let Z = XP x YP~1 and 2 = X® g y@r-1)
and define the measurable function ¥¢ similarly as in (2.6), which is given
by, for all (z,y) € Zx Y,

(4.33) U0(2) = w+ Az +yb.

The process {Zy : k € Zy}, where Z, = (Xg—ptiks Yo—pt1:h—1), IS a
Markov chain on (Z, Z) with transition kernel RY given by (2.11) with ¥? and
G? defined in (4.32) and (4.33), respectively. Let us now state our ergodicity,

consistency and asymptotic normality results for the NBIN-GARCH(p, p)
model.

PROPOSITION 14. Suppose that 6 € © satisfies

(4.34) Almax(A +7bd)) < 1.
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(i) Then the conclusion of Theorem 9 holds with V(z) = 17z for all z € Z.
(ii) Theorem 3 holds with any z € Z. If the true parameter 6, =
(w*, af.,, b1,,) moreover satisfies: for all k € Z7,

(4.35) (A¥ — AFb, =0 implies A = A,,
then Theorem 4 also holds.

REMARK 11. From Lemma 11, Condition (4.34) is equivalent to
Zle(ai +7rb;) < 1.

PROOF. Proof of Proposition 14—(i). In this part, for convenience, let
us drop the super script 6 from for example G?, R?, etc. Now set V = V.
From Theorem 9, we need to show that (AG-3), (AG-4), (AG-5), (AG-6)
and (AG-7) hold. Assumption (AG-3) holds with any metric dz associated to
a norm on the finite dimensional space Z so that Z is the associated Borel
o-field (The precise choice of this metric is postponed to the verification
of (AG-6)). The fact that R is weak Feller follows by observing that for fixed
r > 0,as p — p/, NB(r,p) converges weakly to N'B(r,p’). Moreover, we
have, for all z € Z,

RV(:) = [ Viw + Az +yb) G (2)idy)
=1"w+ 1" (A +1bd)) 2.
By iteration, we obtain that for all k£ € Z7,
Rrv(iz)=1Tw+---+17 (A + rbég’)kfl w+1T (A + rbég)k 2.

Since |A|max(A + rbég) < 1, then there exists a pair (¢,p) € Z% x (0,1)
such that

RV(z)<1Tw+. - +17 (A + rbég)q_l w+ p?17 2.

Hence (AG-4) holds with some ¢ > 1, A = p? < 1l and 8 = 1Tw +--- +
17 (A + Tbé}{)qil w > 0. We now show (AG-5). Let us use the norm

2p—12p—1
M=\ D IMi | = sup [Mz|
j=1 i=1 |21<1
on (2p — 1) x (2p — 1) matrices, where |z| = Z?ﬁ;l |zi| is a norm of z =

21:2p—1 € Z. Note that from (4.34), there exists § € (0,1) and ¢ > 0 such
that, for any k£ > 1,

(4.36) HAkH <cdt.
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Hence (Igp—1 — A = Iop—1 + D i1 A* is well defined and we set
Zoo = (Igp-1 — A)'w. Let N be an open neighborhood of z., and
let z € Z. Define recursively the sequence zy = z and for all & > 1,
zr = w + Azp_1. From (4.36), this so-defined sequence admits a unique
limiting point lim, o 2, = 200. Thus, there exists some n € Z% such that
for all k > n, 2z, € N. For such n, we have

R"(2,Noo) =P.(Z, € Noo) > P(Z =z forall k =1,...,n)
P.(Yp=--- =Yy, =0)>0.

Next we prove (AG-6). We have
Uy (2) =0, (2") = Az —2) .

Since (4.34) implies that |A|max(A) < 1, there exists a vector norm |-|z, which
makes A strictly contracting. Choosing the metric dz on Z (embedded in
R?P~1) as the one derived from this norm, we get (AG-6). To show (AG-7),
we rely on Lemma 10. Let us set C = (0,00) = X and S = {1}, then the
probability measure p boils down the Dirac mass on S. For all (z,y) € XXY,

let j(z) = (1+2)7" and h(z;y) = I;(‘qug)) (Hix)y Indeed, h satisfies (H'-1).

Hence, from lemma Lemma 10 we « and ¢ are obtained by setting: for all

2,2 €1,
o 1+ 1,(2) ATy(2') '
o) = (T i)

and
P(z, Z/) =1, (2) A Hp(zl)~

These so-defined functions « and ¢ indeed satisfy (AG-7)(i). For any given
r >0, for all (z,2') € Z2, we have

where dz is the metric previously defined and W is defined by
Wi(z,2') = cq,(1 V r) with ¢q, > 0 is conveniently chosen (such a
constant exists since dz is the metric associated to a norm and Z is a subset
of finite dimensional space). Thus, (AG-7)(ii) and (AG-7)(iii) hold and, since
for all y € Y and z € Z, I,(Vy(2)) > w, W(¥y(z), Ty(2')) is uniformly
bounded over (z,2',y) € Z x Z x Y and (AG-7)(iv) holds. This completes
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the proof.

Proof of Proposition 14—(ii). Note that (AG-2) immediately follows.
Thus, to show the first part of Proposition 12—(ii), we only need to show
that Assumptions (BG-1), (BG-2) and (BG-3) are satisfied. The second part
then follows if we can moreover show that (a) and (b) in Theorem 4 hold.

Clearly, (BG-1) and (BG-2) hold by the definitions of 1’ and ¢ given
by (4.29) and (4.31), respectively. It remains to show (BG-3). Since O is
compact, then

(437) w<w<wW, 0<a; <@ 0<b; <b, [Amax(A+rbd)) < p,r <r <7

for some (w,w,a,b,r,7, p) € (0,00)5 x (0,1).

We set 21 = Z so that (BG-3)(i) holds. Moreover, for all (0, z,y) € © x
Z; x Y, ¢°(II,(2);y) < 1. Thus, Condition (BG-3)(ii) holds. Note that we
have, for all n € Z% and z € Z,

INA ,:rﬁ‘

n—1

(4.38) U yom-1)(2) = A"z + > AJ(w+yn_1-;b).
j=0

Now let | - [ be the Taxicab norm on Z and let 21 € Z. Using (4.36), (4.37)
and (4.38), we get that there exist constants ¢ > 0 and 0 € (0,1) such that
forall z€ Z, y1., € Y" and 0 € O,

dz (V7 (1) (), Wy} (2)) = [A" (1 = 2)
|

Thus, we get (BG-3)(iii) with
U(z) =¢lz — 2].
Hence (BG-3)(iv) holds and since
|21 = Wo(e0)| < (L D] + @+ (14 By,
for some L > 0, we also get (BG-3)(v) provided that for all y € Y,
(4.39) Py) > (L+1)|z1| +w+ (1 +b)y.
For all 0 € ©, (z,2') € II,(Z1) x II,(Z1) and y € Y,
In ¢%(z;y) — In g% (2; y)’ =|(r+y)[In(1 +2') — In(1 + 2)] + y[lnz — Ina']|

<[r+y)+w) " +yw '] [z -2
<[F+yA+w ] [o—a|.



42 T. SIM, R. DOUC AND F. ROUEFF

We thus obtain (BG-3)(v
H(s)=sand ¢(y) =wV
all z € Z,

/ In* y GO (11, (2); dy) < / y GO(TL,(2); dy) = Tl (2) < 7V (2).

Hence, using that for all § € ©, 7V < oo, we obtain (BG-3)(viii), establish-
ing the equivalence-class consistency of the MLE for the NBIN-GARCH(p, p)
model.

To conclude the strong consistency of the MLE, it remains to check (a)
and (b) in Theorem 4. Condition (a) clearly holds by the identifiability of
the negative binomial distribution. Note that as a consequence of the earlier
proof, we have, for all § € ©, P%-a.s.,

), (BG-3)(vi) and (BG-3)(vii) by setting C' = 0,
T+ (14 L)|z1|+ (b+ 1 +w™!) y. Observe that for

VY o) = > AF(w +Y_;b).
k=0

By stationarity, for all § € © and ¢ € Z, we have, P*-a.s.,
oo
VY o) = > AF(w + Y b)),

k=0

Moreover, if

Y o0) = U0 (Y oo0), PP-ass.,
then by stationarity, for all ¢ € Z,

WY o) = WO (Y o), PP-as.,

and thus
(o] [o¢] B
(4.40) Y AW+ Y b)) =) Af(w, + Y pby), Peas
k=0 k=0

This implies

0 00
(441) (b—b,)Y; = > Al(wi+Y b)) =Y A¥(w+Y pysb), Plas
k=1 k=1

Conditionally on o(Y_s0:t—1), Y7 is negative binomial variable with param-
eter (ry,px) € (0,00) x (0,1). Thus, the left-hand side of (4.41) is P*-a.s.
constant only if b = by, implying b7 = b;. Then, (4.40) reduces to

o0 o0
(4.42) Y AMwYoppb) =Y Al(w + Yopub,), Peas
k=1 k=1
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Thus, by repeating the same argument as to obtain b = by, (4.42) and so
on yield that, for all integer k > 1,

(AF — AMb, =0.

And by (4.35), we have A = A,, yielding that (a1, b2p) = (af,,,05,,). Tt

is immediate from (4.40) that w = w,, and this is equivalent to having
that w = w*. Thus, (b) is satisfied and the strong consistency therefore
follows. O]

PROPOSITION 15.  Suppose that 0 € © satisfies
(4.43)  |Almax (ATA 47 (ATbS] + 8,07 A) + r(r + 1)6,b"bs]) < 1.

In addition, assume that the true parameter 0, lies in the interior of © and
satisfies (4.35), then Theorem 7 holds.

REMARK 12. Condition (4.43) implies Condition (4.34). Thus the sta-
tionarity and ergodicity for the model follow. If moreover (4.35) is satisfied,
then the strong consistency, that is, lim, ézm = 0,, }Iw*—a.s., holds for
any z € Z.

Before proving Proposition 15, let us show the following result.

LEMMA 16. Assume (4.43). Then
(4.44) E%[V?] < oc.

PROOF. Now, assume that (4.43) holds. To obtain (4.44) it is sufficient
to show that there exists a triplet (¢, \,3) € Z4+ x (0,1) x Ry such that
RIV < AV + 8 with V(z) = 27z. Note first that for U ~ N B(r,z/(1 + x)),
we have E[U] = rz and E[U?] = r(r + 1)x? + rz. Note also that the matrix
M:=ATA+r (ATbég +6,bTA)+r(r+ 1)5prb65 is symmetric positive
semidefinite. Thus, there exist a diagonal matrix D > 0 and an orthogonal
matrix Q such that M = QDQT; and, moreover, |A|lmax(M) = |A|max (D).

For all z € Z, we have

RV () = / T (w+ Az + yb) G(IL(2); dy)

= /(w + Az +yb)T(w+ Az + yb) G(égz; dy)

= Li(2)+ 2"Mz = L1 (2) + 27 QDQ” =
< L1(2) + A max(D)2"QQT 2 = L1(2) + [Mmax(M)V(2),
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where L1(z) = wlw + (2wTA + 7“2wa5;"; + rbTb(;;;F) z, which is a linear
function in z. Since |A|max(M) < 1, and
RV (2)

im V) (M) < 1,

then the exists (8, A) € Ry x (0,1) such that for all z € Z,
RV (2) < AV(2) + 6,
completing the proof. O

PROOF OF PROPOSITION 15. Assumption (AG-1) holds by Remark 12.
We now show that (CG-1)—(CG-7) are satisfied. From the definition of \Ilg(z),
we have a(f,y) = A and b(6,y) = w + yb, both admitting linear forms in
6. From compactness of © and by noting that (4.43) implies (CG-1)(ii) and
that (4.44) also implies

(4.45) E% [V1] < oo,

it follows that (CG-1) holds. Assumptions (CG-2) and (CG-3) are clearly
satisfied. Assumption (CG-4) immediately follows by Remark 12. We have

) =g’ (T, (0" (Yigo)(2): Vi)
= InD(Yy +7) — (Yp +7)In (1 + 5Z\IIG<Y1;k_1>(z))

+Yln (55 q/9<nk_1>(z)) —InT(r) — In(Y)),

¢ =1Ing’ (H,,(\Iﬁ’ (Voooio1)); Yk)
—InD(Yi +7) — (Y +7)In (1 n 5]{\1;9<Y_001k_1>)
4 Yln (agxwy,m,g) ~InD(r) — In(Y3)).

Then from Lemma 5, for all § = 0y.0p11 with 02,11 = 7, for all ¢ # 2p + 1,
Pfr-as.,

15)
7 5 ¥ Vi-)(2)

agg,k _ Yi _ Y. +r
90 WO (YVigo1)(2)  148]W0(Yig1)(2)
0

oL ), .
Doyt oYy +7)—Ta(r) —In (1 +0,V <Y1:k:—1>(2))
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and

ol Vi Vi+r 510 9 g
00;  \STWO(Y_oy1) 1+60U0(Y_yy)) P OO

(%2 Ty 1y
S = Do (Yj, + 1) — Da(r) — ln<1—|—5 VY o 1>)

where I's is the digamma function defined by, for all v > 0,

e tu—ln¢dt

d J
FQ(U) = IHF(U) = Ofoo e—ttu—1d¢
0

du

For u > 3, the digamma function satisfies

<Y—oo:k—1>

fooe_tt“_1|lnt|dt Jooe Tt e+t dt
0 ()
T+ D) 4+T(w—1) _
(4.46) = T —u+u—-1)"t<u+1,

where we have used that |Int| < (t +¢71) whenever ¢ > 0.
It is straight forward to have that, for all 7, P%*-a.s.,

85% oe! - ‘5T\I/0 i) = ST (Vi) (2 )‘
n Y., +r B Y B
L4870 (Yig1)(2) 0500 (Vig 1)(2)
1+6T§]€9<+rook 1) +5T\110<Ykook 1) 5T680 "V oeo)
Yip+r Yy,

1+ 0000V 1)(2) 6000 (Vig1)(2)

0 0
6289 \I/9<Y,w;k,1> 6;1870\119<}/1:k*1>(2) .

Since 51?\110<Yl:k_1>(z) > w and so that 55\119<Y_Oo:k_1> > w, we obtain that

for all i, P?*-a.s.,

45
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(%Zk oe o o
0, aelj = ‘52"1’ (Yosoik—1) — 0, ¥ <Y1:1H><2)\
2. +r 0
+ < ]; ) 6,1{ 892 ‘I]0<Y—oo:k—1> ‘6Z\PQ<Y_OO;]€_1> — 6Z\IJG<Y1:]€_1>(2)
2Y, +r 70 o r 0 4
" ( w ) % aei‘p (Yoook—1) = 0y 879}/ Yik-1)(2)] -

Note that for all z € Z and k > 1, we have, I@G*—a.s.,

VY o) — WOV 1) (2) = AR (\I/‘)(Y_oo:()) _ z) ,

U0V 1)(2) 9 _ WY 1) =0 and, for all i # 2p+ 1,

002p11 - 002p+1
o 0
%wy_wk_g — a—ei\lf9<Y1;k_1>(z>
oAy k-1 90 g6
-2 (P9(Voc0) = 2) + A a5 ¥ (V-oc0).

By proceeding similarly as in the proof of Lemma 5 and noting that
SUPgeco ‘5§\IIG<Y,OO;O>‘ and supgceo }6;{%‘1’9(1/700:0” are finite P%-a.s., then
there exist a constant p; € (0,1) and a P’-a.s. finite random variable

M = Ml(z) such that for all k > 1, P%-a.s.,
STV k1) = STWO(Vig1)(2)| < Mgk

and for all i, P%-a.s.,

T 0
» 90,

0 -
0 \IJ0<Y—OO:]C—1> - 65%W0<Y1k—1>(2) < Mlplf

The last two inequalities imply that, for all 6 € ©, 1 € {1,...,2p+2} and
k ez, Plas.,

~ 2Y; r
§M1plf [1+ < IZ)+T> <1+Sup
0cO

ot . oy
00; 00;

0
85 57 V' (Voook1)

Note also that from Lemma 21, we have, for all 7,

5Ti\1/9 (Y_oo:0)

(4.47) £ [sup > 90,

0coO

| <o
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Thus, by stationarity and from (4.45) and (4.47), Lemma 21 implies that
there exist a constant p € (0,1) and a P%-a.s. finite random variable My =
My(z) such that for all § € ©, i € {0,...,2p+ 1} and k > 1, P%-as.,

o, o
00;  00;

Therefore, Assumption (CG-5) holds. We now check (CG-6). We have
& =g (T,(¥(Y-0)); V1)

=InT(Y1+7)— (Y1 +7)n (1 + 55‘1’9<Y—w:0>>

< P My.

~Yiln (5§w9<y_wo>) D) — In(v).

Write 6 = 0p.2p+1. Then for all ¢ and j such that i # 2p +1 and j # 2p + 1,
we have

ot} Jf] it+r )

8 = - A A
( ) d0; (517;\119 (Vooso0) 14 5;{\1’9<Yoo:0>> P 99, ( 0)
ot
92p+2

(4.49) = To(¥i +7) = Ta(r) — In (14 870V ) )

and

%48 Y Yi+r 0?
= - oL Y 0)+
90,00, <5§‘I"’<Yoo;o> 148, WY ) ) ¥ 00:00; Wreco)
Yi+r Y 7 OUNY_0) OV (Y 0)
) 5,

(1+ 8700V 0))? (6,90 )2 7 00i 96;
<ono:0>

0* T30 e
80;005p11 (1 o ¥ <Y—°°:°>) %56,
o240
002p 4100241

=I3(Y1 +7) —T3(r),

where I's is the trigamma function defined by, for all u > 0,

d e Tttu In¢|2 dt
Pg(u) = 7112(“) = fo F(u)

— To(u)?.
I 2(u)

Note that when u > 3, the trigamma function satisfies
Jooe it e+ )2 de
[(u)
I(u+2)+20(u) + T(u — 2)

(4.50) = ) +To(u)? < 2(u+1)* + 3.

C3(u)| < +To(u)’
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Using similar lines as the proof of Lemma 5 together with (4.44), it can
be shown that, for all ¢ and j,

2
. E0 Voo
(4.51) E [31618 20, VAN 0] | < oo
and
2
. RO vy .
(4.52) E [21618 90,00, Y 0] < oo

From (4.48), (4.49) and (4.46), we have, for all i # 2p + 1, Pf-a.s.,

2Y; r
W USC]

§Y1+C~'+ln<1+sup
0eO

85?

00;

85?

‘ 892p+2

0 6
6 %‘Ij <ono:0> )

d
55%\119 (Y_oe0)

).

where C' is a positive constant. Using tower property, (4.44) and (4.51), we
obtain that for all 7,

0

2
ol ]<OO

R sup

9co | 00;

By similar argument, we can obtain from (4.44), (4.50), (4.51) and (4.52)
that, for all ¢ and j,

0219
00,00,

E% [sup
0cO

| <o

Thus, (CG-6)-(i) and (CG-6)-(ii) hold. Note that for all i, j, we have, P%*-a.s.,

9 0 0 . _ 0 0 . 8£?
5.9 (T (2 (Y oc)): Y1) = o (T (2 (Y oc)): Vi) !
and
82 0 0
;" (To(¥ (V-oea))i i)

0% 9
90:00; © 96,

o
00,

= " (0, (0" (V-c0)): 1)

o (T (0 (V-ci0)): 1)
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Then, (CG-6)-(iii) follows by observing that for all i, P?-a.s.,

'86 g <Y—oo:0>)§Y1> =g’ (Hp(‘D0<Y—oo;o>);Y1> gg

B 2 1/2
] < (EO* [sup ]) < 0.
0O

Similarly, (CG-6)-(iv) holds. For concluding, it remains to check (CG-T7).
By Remark 4, it is sufficient to show that (3.23) holds. Now let @ =
(0, ..., a9p+1) € R?PT2 and for convenience, write § = (6, ...,02,11) =
(w, a1:p:,b2:p, b1, 7). We have P -as.,

ot
00;

= sup
0cO

oe
90

oe
90

R [Sup
0cO

oLl Y; Yi+r* 2 OV (Y_, >
TY"1 1 1 Z T 0
00 (5 \119*< —0o: 0> 1+ ép Yo <}/_ ) 0;

+ ot [rg(ylw*)—rg(r) In (1+5Tx119*< wo))].

Since Y7 conditionally on o(Y_o.0) is a negative binomial variable, then

5 Rl L
Pox-a.s., aTa—b = 0 implies

Qopi1 [FQ(T*)MH( + 87w (Y ooo>)] =0, P.as

Since XU = JTZQ* = 5T\IJ9*< _:0) is a random variable, then agy11 = 0.

Thus, o’ 856 =0, PO -a. s., also implies

2p >

The rest of the proof follows by the same argument as in the proof of Propo-
sition 12—(iii) and is thus omitted here. The proof therefore follows. O

=0, PP*-a.s

5. Empirical Study.

5.1. Sharpness of Ergodicity Condition (4.8) for the Log-linear Poisson
GARCH Model. We assess the sharpness of our general ergodicity condition
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(4.8) for the log-linear Poisson GARCH model by simulating several time
series with different values of the condition level

p
VL= \/ HAka‘

(klv""kp)€{172}p J=1 00

and in the cases where p = 1 and 2. Each generated time series holds 2000
observations. Figure 1 presents three log-linear Poisson GARCH time series
of order (1,1) with different parameters: Series ODM(1, 1)-(a) corresponds
to the model with parameter (w,aj,b;) = (—.03,—.7,1.2) and v = .7; Se-
ries ODM(1, 1)-(b) corresponds to the model with parameter (w,a,b1) =
(—.03,.57,.38) and v, = .95; and Series ODM(1, 1)-(c) corresponds to
the model with parameter (w,a1,b1) = (—.03,.603,.402) and v;, = 1.005.
Remark that in Series ODM(1, 1)-(a), we allow the parameter b; to be
greater than one. Figure 2 exhibits three log-linear Poisson GARCH time
series of order (2,2) with different parameters. Series ODM(2, 2)-(a) corre-
sponds to the model with parameter (w,a1,as,b1,by) = (—.02,.4,.1,.3,.1)
and vy, = .9; Series ODM(2, 2)-(b) corresponds to the model with param-
eter (w,ay,az,b1,be) = (—.02,.44,.11,.33,.11) and vz, = .99; and Series
ODM(2, 2)-(c) corresponds to the model with parameter (w, a1, az,b1,be) =
(—.02,.446,.1115, .3345, .1115) and vy, = 1.0062. For both Figure 1 and Fig-
ure 2, it turns out that when the condition level vy, is far away from its
boundary (v < 1), the processes appear quite stable. However, the level
of instability seems to increase as the condition level vy, gets closer to one.
When this boundary is passed, the models appear to be unstable. We should
remark that when vy, < 1, the stable behavior of these processes is persistent
regardless of their starting points.
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] —— Series ODMI(1 ,|1)-(a)

0 500 1000 1500 2000

Time

—_— Selries ODM(1,1)-(b)

0 500 1000 1500 2000

Time

—— Series ODM(1,1)-(c)

0 500 1000 1500 2000

Time

Fic 1. Simulated time series for the log-linear Poisson GARCH of order (1,1). Se-
ries ODM(1,1)-(a), -(b) and -(c) corresponds to the parameters (w,a1,bi) equal to
(—.03,—-.7,1.2), (—.03,.57,.38) and (—.03,.603,.402), respectively.
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—_— Serielzs OIDM(2,2)-(a)

0 500 1000 1500 2000

Time

—— Series ODM(2,2)-(b)
N |

0 500 1000 1500 2000

Time

—— Series ODM(2,2)-(c)

0 500 1000 1500 2000

Time

Fic 2. Simulated time series for the log-linear Poisson GARCH of order (2,2). Se-
ries ODM(2,2)-(a), -(b) and -(c) corresponds to the parameters (w,a1,asz,b1,b2) equal
0 (—.02,.4,.1,.3,.1), (—.02,.44,.11,.33,.11) and (—.02,.446,.1115,.3345, .1115), respec-
tively.

5.2. Data FExample. Our purpose here is to give some empirical evi-
dence on some particular time series data for which higher-order ODMs
may be more appropriate than the first-order ones. Our data set, provided
by U.S. Geology Survey (USGS) (downloadable on: http://earthquake.
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usgs.gov/earthquakes/search/), contains a time series of numbers of
earthquakes occurring hourly around the globe with magnitudes larger than
4.0 Richters (a level that is detectable by humans), consisting of 8759
observations during the year 2014, from January 1 to December 31. The
time series and its serial correlation plots are shown in Figure 3 and Fig-
ure 4, respectively, exhibiting that data possesses a long memory. In our
analysis, we used the first 8559 observations for conducting the param-
eter estimation and the last 200 observations for evaluating the predic-
tion performance of the fitted models. We fitted the data by several dif-
ferent models, by the negative binomial integer-valued GARCH (NBIN-
GARCH) and the log-linear Poisson GARCH models with different orders:
(1,1),(1,2),(2,1),(2,2),(3,1),(3,2) and (3,3). For estimating the parame-
ters, we use the constrained nonlinear optimization function auglag (Aug-
mented Lagrangian Minimization Algorithm) from the package alabama
(Augmented Lagrangian Adaptive Barrier Minimization Algorithm) in R.
The values of AIC, BIC and average squared prediction error (ASPE),
ASPE = m™! Yo (Vi — }A/k)Q, where Y}, is the predictor of the observation
Y;—hence the mean process evaluated at the MLE, for these models are re-
ported in Table 1. It shows that, using either the AIC or BIC criterion, the
higher-order models are preferred for both the NBIN-GARCH and the log-
linear Poisson GARCH, opposed to their first-order counterparts. Among
the fitted models, for the NBIN-GARCH, the AIC suggests the model
of order (3,3) corresponding to the estimator (@,&1,&2,&3,81,62,63,72) =
(.035,.424,.068, .222, .021,1.036 x 10~%,5.681 x 10~%,7.431), while the BIC
favors the model of order (3,1) corresponding to the estimated param-
eter (&,ar,a9,as,b1,7) = (.036,.414,.067,.232,.022,7.131). We observe
that the values of by and bs are so small that they might be insignif-
icant to be included. However, to discard these coeflicients from the
model properly, we may need to conduct a hypothesis testing and this
is beyond the scope of this paper. Meanwhile, let us keep these terms
in the model for convenience. For the log-linear Poisson GARCH mod-
els, the AIC suggests the model of (3,3) corresponding to the estimator
(@, @y, dg, a3, by, by, bs) = (—.043,.495,.142,.091,.256,1.084 x 1075, —.017),
whereas the BIC picks the model with order (2, 1) corresponding to the esti-
mator (w, ai, as, 31) = (—.041,.471,.234, .251). The estimators for the NBIN-
GARCH(1,1) and for the log-linear Poisson GARCH(1,1) are (&, a1, by, #) =
(.041,.719,.019,6.997) and (d},dl,i)l) = (—.028,.722,.226), respectively. Ta-
ble 1 also shows that the ASPE values of the models selected by either the
AIC or the BIC criterion are lower than those of the first-order ones. This
suggests that the higher-order models outperform in both cases of the NBIN-
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GARCH and the log-linear Poisson GARCH. However, there are barely any

differences between these values for the models selected by the AIC and

by the BIC, respectively. By comparing across the models, the selected log-

linear Poisson GARCH model seems to yield prediction performance as well

as the selected NBIN-GARCH model in our data. Figure 5 and Figure 6

respectively depict the predicted series of first-order models and the ones

chosen by AIC and BIC, compared with the real observations, for the NBIN-
GARCH and the log-linear Poisson GARCH.

TABLE 1
AIC, BIC and ASPE values for the NBIN-GARCH and the log-linear Poisson GARCH
models with different orders: (1,1), (1,2), (2,1), (2,2), (3,1), (3,2) and (3,3).

NBIN-GARCH

L) 12 @) 22 G G2 63

AIC | 30102 30097 30083 30078 30074 30070 30065

BIC | 30130 30132 30118 30120 30117 30119 30122

ASPE | 1.633 1.633 1.618 1.633 1.614 1.614 1.613

Log-linear Poisson GARCH

(L1  (1,2) 21  (22) B 2 (33

AIC | 30632 30621 30616 30614 30610 30608 30607

BIC | 30653 30649 30644.5 30649 30645.4 30651 30656

ASPE | 1.654 1.658 1.616 1.616 1.613 1.615 1.617
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Fic 3. Time series of numbers of earthquakes in 2014, from January 1 to December 31
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Fic 4. Sample autocorrelation function.
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Prediction Performance of NBIN-GARCH Model

~ - — Realization
- —- AIC selected Model
BIC selected Model

© -=-- First-order Model

o 4

< 4

© 4

~ 4

o 4
T T T T T
0 50 100 150 200

Time

F1G 5. Predicted series by the NBIN-GARCH of order (1,1) (dashed blue), by the one
selected by the AIC (long dashed red) and by the one selected by the BIC (small dotted
green), compared to the true series (black).
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Prediction Performance of Log-linear Poisson GARCH Model

~ - — Realization

- —- AIC selected Model
BIC selected Model

© -=-- First-order Model

F1G 6. Predicted series by the log-linear Poisson GARCH of order (1,1) (dashed blue), by
the one selected by the AIC (long dashed red) and by the one selected by the BIC (small
dotted green), compared to the true series (black).

6. Postponed Proofs.

6.1. Proof of Lemma 5.

PrOOF. From (3.13), for alln € Z%,0 € ©,z € Z, and y1.,, € Y", we have
(6.1)

n n

k—1
U0 yrn)(2) = [ [] a0 wn-rs1) | 2+ D | T] (0, 0m-0) | b0, yn—t11)-

(=1 k=1 \/4=1
Then, for allm € Z,, § € © and z € Z, we get that

m

m k—1
‘116<Y—m20>(z) = H CL(Q, Y,g) zZ+ Z H a’(97 Y,g) b(ev Yfk)
=0 k=0 \/4=0

By (CG-1)(ii), we have

m
lim sup a0,Y_y) | z|| =0, P-as.
m—>oo€€@ EUO ( )

Moreover, we have
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<C psup |[b(0, Y_j
kzo eeell( )

00 _
Z (H a(0,Y_, ) (0,Y_k)
k=

for some positive constant C. By (CG-1)(iii) and Lemma 21, the right-hand
side of the the above mequahty converges P?-a.s. This implies that for all
z € Z, the sequence {¥(Y_,..0)(2) : m € Z,} converges uniformly on ©
to a limit WO (Y_ o) = 3272, (H (e,y_g)) b(8,Y_), P**-a.s., showing

that (3.4) is satlsﬁed. Next we show that (3.5) is satisfied. Note that for all
m Z+

m m k—1
GOV _o) (Z) = (H a(f,, Y_4)> Zom+ Y. (H a(b,, y_z)> b(0,,Y_p).
/=0 k=0 \/¢=0 I

Since {Z_,, : m € Z,} is stationary under P’ so that it is bounded in
probability, and since im0 [[J2g a(6x, Y_¢) = 0, P%-a.s., it then implies
that limy, oo ([T)2g @(0x, Y_¢)) Z—pm = 0 in P%-probability. From the proof
above, we have

m k—1
n%gnoo Z (H a(fs, Y—Z)> b(6x, Yok) = w- (Y_0:0)s PP -a.s.
k=0 \/¢=0

Note also that for all m € Z., Z; = W% (Y_m0)(Z-m), PP _a.s. We therefore
get that
U (Y _o0) = Z1, PP*-as.,

showing (3.5). In addition, (CG-1)(iii) implies

Ef [sup H\w(Y_w@H] <CY pE™ [sup 15(6, Yk)H}
0c0 Pt 6co

< LB [sup 000,111 <

showing (3.16).
For any i, we have
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OVY_10)(2)
00;

Oy o0.1-1) 1, g (= o Zo) b(6,Y )

k=0
m m m  [k—1k-1
Z (HGZ"H Y >Z+Z<2Ha€"0 Y., >b(97Yk)
=0 00=0
= (T %ay

where for all 7, ¢, /¢,

alf,Y_) it LA

6.2 (0,Y ) =
(6.2) aei(6,Y-e) {%M&K@ifﬁ:ﬂ

From (CG-1)(ii), we have

jS(HWWGY:%

E/

<Z:C2 m‘

=0

1+ T2\
<z H< ”) }j(l . ) sup
o\t P/ eco

We have from (CG-1)(iv) and by Lemma 21,

<Z

=0

Hag/»HY

=0

Izl

8CLGY€/

8@(9, Y_g/ )
00;

8@(0, Y_g/)
00;

i( 27/) )Klsup
I1+p/) seo

=0

‘ < 00, PP*-a.s

Thus, P*-a.s., v—o (ITVo awi(6,Y_yp)) zH converges uniformly (in ) to
zero. Moreover, there exist a constant p; € (0,1) and a P%-a.s. finite random
variable M; > 0 with E%[M;] < co such that for all m € Z,,

(6.3) Zsup Hag/ (0,Y_y)

09€9 ||1=o

< MIP1 ) ]P)e*
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Next, we show that P%*-a.s.,
m k—1k—1
3 (X [Torst0v20 ) s
k=0 \£'=0 £=0
converges uniformly on ©. We obtain from (6.3), P -a.s.,

m k—1k—1
Z <Z H ae',i(G,Y_z)) b(6,Y_p)

k=0 =0 £=0

<MY pitsup b0, Yoy

0cO

M8EM3

M

IN

P sup |1b(0, Yoyl
0 0cO

T

which is finite from (CG-1)(iii) and Lemma 21. To conclude (3.14), it remains
to show that P%-a.s.,

= (B, Y_y)
Z(naem) A

k=0

converges uniformly on ©. We have P%*-a.s.,

m k—1 m
ob(0,Y_ ob(0,Y_
> (:Ii[‘1(975”z)> B < > CpPsup (99'k)
kZO Z:O k: 96@ KA
> ob(0,Y_y)
<C Fsup ||[———|,
- ,;)p beo | 00;

which is finite by (CG-1)(iv) and Lemma 21. Thus the sequence
{W :m € Z,} PP-a.s. converges uniformly on © and this follows
that for all z € Z and 6 € O,

0 —m: Y. —oo0:

.
se o0 = 30 , Prr-as,,

showing that the quantity % is P%*-a.s. well defined. The fact that
(3.17) holds follows from (CG-1)(iv), (3.16) and (6.3).
For any i, j, we have
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62\1/0 <Y_m;0> (Z)
96,00,

I
NE
8l

=

Il

=)
<

: (Haef,i(97Y—£)>Z
k=1 k-1
[(ETeeiero) oo
0 2=0

( ) 9b(8,Y_y)

|
= 1
=)

’:1
g

_l’_

M I

D
S

e
Q
Q:
~

Q)‘QJ

00;
(0) + U2 m(a) + US,m(Q) + U4,m(9) + U5,m(0)a

)

0

I
Q?

where

(Haglg//” 9 Y_ )>
k—1 k-1
> 2 11 W'?f”w‘(@Y—e)) b(0,Y_y),
=0 ¢=0

s
i

Ms
Ms

=l
(=)
—

5
3
=
Il
Eond
Nagb

(z/:oe/
m k—1k—1
ob(0,Y_
Usm(0) = (Z 11 ap,iw,w)) W,
k=0 \&'=0¢=0 J
m k—1k—1
ob(0,Y_y,
Usm(0) = (Z 11 ag,](e,y_,g)> (ae ),
k=0 \¢&'=0¢=0 v
) = 3" (TL a0,y | 220 )
5m = a\v, r_y agjael )
k=0 \¢=0
and with for all 4, 7,4, ¢, (",
a@/ﬂ'(é?, Y_g) if ¢ 7& I
(6.4) ap i i(0,Y_¢) = {aaﬂvi(e,y_g) g g
S i =

and from (6.2),

0a(0,Y_y) . ,
Oayp ;(0,Y_ if £+£4
(65) af,(v ) { 00;

09 ng@g; J i p=y.
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To establish that {”]7’”(»(2) : m € Z4} is almost surely uniformly

convergent on 0, it requires proving that for all i € {1,...,5}, the sequences
{Uim(0) : m € Z,} converges uniformly on ©. We have

HULW || - (H Qg Z”z] 9 Y_ E))
0¢"=0
<ZZ Haww (0.Y_0)| II2]
0¢"=0 |14=0
1) 8&@/‘ 0,Y_ v
< |zzplsupH e
OZ” 0
2) 8a(9 Y_ g//) 82a(9,Y_gn)
< D S Z P\ v
< i2lls szopl (msup 5 ‘+31£ LB ]) ,

(1)
where < follows from (6.3) and the submultiplicativity of the matrix norm

2
| - ||, and < follows from (6.5). By assuming

~ 8&(9 Yl)
E% |In" sup | ——*
[n oup 591- ] < 0
and 52a(0.7}) |
E% |1n* oav, )
[n oob || "a0,00; ||| =

then there exist a constant ps € (0,1) and a P%-a.s. finite random variable
My > 0 with E%[M,] < oo such that for all m € Z,

<ZZ

=0¢0"=0

Hag/ o l] 0 Y g) < M2p2 5 INP’G*—a.S.

=0

Consequently, for all z € Z,

lim sup ||Um(0)] =0, P’-as

m—0o0 PcO

Thus, P%-a.s., the sequence {U1 ,(f) : m € Zy } converges to zero uniformly
on O. Next, we have
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k=1 k—1 k—1
( af’,é”,i,j(eay—£)> b(6,Y_r)
k

) 1500, V)|

ap g ;5(0,Y_g)

— 90

Since limy, o0 Yo pe P supgee |60, Y_r)|| < oo, then PP-as., the se-
quence {Uzm(f) : m € Z;} converges uniformly on ©. To show that
{Usm(0) : m € Z} and {Ugm(f) : m € Z4} converge uniformly on
O, P%-a.s., we proceed similarly as above and apply (6.3) and (CG-1)(iv).
Finally, by the same argument, the almost surely uniform convergence of
{Usm(0) : m € Z} follows from (CG-1)(ii) and (CG-1)(v). The P%*-a.s.

20
uniform convergence of {% :m € Z4} on © then implies that

0 — W is Pf*-a.s. well defined and

w: lim WY o) (2)

P -a.s.
00,00, mowo  00;00; s

showing (3.15). The proof for (3.18) follows by similar arguments as for
(3.16) and (3.17). O

6.2. Proof of Theorem 9. The proof of this theorem follows similar lines
of Douc, Roueff and Sim (2015). To proceed, let us first recall a more general
set of conditions derived in Douc, Doukhan and Moulines (2013) in which
the following definition is required.

DEFINITION 17.  Let H be a probability kernel from Z2 to Y*2®P ({0, 1})
satisfying the following marginal conditions, for all (z,2') € Z? and B € ),

(6.6) H((2,7); BxY x {0,1}) = H(z; B) = G(II,(2); B),
' H((2,2');Y x B x{0,1}) = H(2; B) = G(II,(¢"); B),

and such that the following coupling condition holds:

(6.7) H((z )i {(y:y) = ye Yy x{1}) = H((2,2);Y? x {1}).

Define the following quantities successively.
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— The trace measure of H((z,2);-) on the set {(y,y) : y € Y} x {1} is
denoted by

H((2,2);B) = H((,2);{(y,y) : ye B} x{1}), Be.
— The probability kernel R from (Z2,2%2) to (Z? x {0,1},2%? ®
P({0,1})) is defined for all 2,2’ € Z? and A € X®?2 by
R( A% (1) = [ 1a(y(2) () H(. ).
— The measurable function « from Z? to [0,1] is defined by
(6.8) a(z,2') = R((2,2); 2 x {1}) = H((2,2); Y* x {1}).
— The kernel R is defined for all (z,2') € Z2 and A € Z%2 by

A R((z,2) A x {1}
(6.9) R((z,2'); A) = alz,2")

if a(z,2') >0,

0 otherwise.
We can now introduce the so-called contracting condition which yields
ergodicity.

(AG-8) There exists a kernel H yielding v and R as in Definition 17, a measurable
function W : Z2 — [1,00) satisfying Conditions (AG-7)(ii) and (AG-
7)(iii) and real numbers (D, (1,2, p) € (R4)? x (0,1) such that for all
(2,2') € X2 and, for all n > 1,

(6.10
(6.11

R"((=,2);dz) < Dp"dz(z,2"),

)
) R™((z,2');dz x W) < Dp"d%l(z, YW (z,2).

Under Conditions (AG-3), (AG-4), (AG-5) and (AG-8) and by combining
Theorem 6, Proposition 8 and Lemma 7 in Douc, Doukhan and Moulines
(2013), we immediately obtain the following result.

THEOREM 18. Assume (AG-3), (AG-4), (AG-5) and (AG-8). Then the
Markov kernel K admits a unique invariant distribution ™ and 71(V) < oo
for any V : X = Ry such that VSV,

Assumptions (AG-3), (AG-4) and (AG-5) are quite usual and easy to check.
The key point to obtain ergodicity is thus to construct H satisfying (AG-8).
For this, we can also rely on the following result which is an adaption of
(Douc, Doukhan and Moulines, 2013, Lemma 9).
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LEMMA 19. Assume that there exists (o, 8, D1, D2, 0,0") € (0,1) x R x
Ry x Ry x Z% x Z% such that for all (z,2') € Z2,

(612) R ((Z> Z/); ]l(Dldz(az’),oo) © dZ) = 0>
(613) RE ((27 Z,); I[(de(z,z’),oo) o dZ) = 07
and

(6.14) RW < D,W,

(6.15) RIW < W + 8.

Then, (6.10) and (6.11) hold.
REMARK 13. Lemma 19 still holds if we replace (6.14) and (6.15) by
RIYTW <W 48, ref0,...,0 —1}.
Proor. Without loss of generality, we can assume that ¢ = ¢ = m,

otherwise we can take m = ¢V ¢'. For positive integer n, write n = km + r,
where r € {0,...,m — 1} and k € Z,. We have

R (2, ):dg) = BF™ (2, 2'):dg) = / R (2, ) derd =) BT (21, 2); d2)
_ / RF™ ((2,2));dz1d2) B (21,20 A2 g e ) © 92 )
< [ R ()i deaded) Dldz(en, )
<D / REZDM ((2,2'); dzod2h) R™ (20, 25); dz1dz)) dz (21, 21)

< gD’{/fx’(kl)m ((2,7'); dzad2y) dz(z2, 25)

m—1

< ¢"Djdz(z.2) < o7 (\/ D;) ()" da(z, 2.

r=0
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Similarly, we have
R"((z,2);dz x W) = /ka ((z,2);dz1d2)) R" ((21,21);dz x W)
< /ka((z,z');dzldzi)D{ngz(zl,z'l)W(zl,zi)
< DiD; / RED™((2,2'); dzadzg) R™ (22, 25); dz1dz)dz (21, 2) W (21, 27)

< oD7 DS / REDM (5, 2): dopdz))dz (2, 25)(W (22, 24) + B)

< DIDSQk(W(Z, Z,) + 5k)d2(za 2,)'

Since for all o € (0,1), limp_o k0¥ = 0, then there exists D > 0 and
0 € [0,1) such that

Rn((z7 Z/); dz x W) < Dékilw(z’ Z/)dZ(Zv Z/)
(

Setting D = DV <Q_1 (\/;n;Ol Dy ) and p = p"/™ Vv /™ we get (6.10) and
(6.11). O

N—

Now we can prove that our set of conditions is sufficient.

PROOF OF THEOREM 9. We only need to show that (AG-6) and (AG-T7)
imply (AG-8). We preface our proof by the following lemma, which is adapted
from (Douc, Roueff and Sim, 2015, Lemma 5).

LEMMA 20. Assume (AG-7)(i). Then one can define a kernel H as
in Definition 17 with the same « given in (6.8). Moreover, the kernel R
defined by (6.9) satisfies, for all (z,2') € Z* such that a(z,2') > 0 and all
measurable functions f :Z? — R,

(6.16)  R((2,2); f) = G((2,2); ) with  f(y) = f (Vy(2), ¥y(2")).

Let us complete the proof of Theorem 9 before proving this lemma. By
Lemma 20 and Lemma 19, it remains to check that (6.12) and (6.14) hold
for all (z,2') € Z2. Observe that by definition of R, we have for all n € Z*
(2,2') € Z% and measurable function f : Z? — R,

R ((2,2)i f) = Jn ((,2): f) -
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So, condition (AG-7)(iv) can be equivalently stated as: there exist m € Z*
and D > 0 such that

sup (Rm ((z,2"); W) — W(z,z’)) < 00
(z,2")€Z2
and
sup (é ((2,2"); W) — DW (=, z’)) < 0.
(2,2")€Z2
Thus we can find (8, D2) € R x (0,00) such that (6.14) and (6.15) hold for
all (z,2) € Z2%.
Now, let (z,z') € Z2. When z = 2/, then for all n € Z% and y1., € Y,
dz(Y (y1:n)(2), ¥ (y1:n)(2")) = 0, implying that (6.12) and (6.13) hold with
any nonnegative D1 and p. For z # 2/, let Dy and o be defined respectively

by
—1

Dy = \/ sup dz (¥ (y1:)(2), ¥ (yrx) (')

k=1 (22" Y1) EZ2 XY dz(z, #) ’
242!
. dz (W ] /
0= sup (¥ (yre)(2), /<y1:€>(2 )).
(2,2 y1:0)€Z2 XY dZ(Z, z )
242
By (AG-6), we have D; € (0,00) and g € (0, 1). Therefore, Conditions (6.12)
and (6.13) hold for all (z, 2') € Z? with the above D; and p. 0

We conclude this section with the postponed

PROOF OF LEMMA 20. Let (z,2') € Z2. We define H((z,2');-) as the
distribution of (Y,Y”’,U) drawn as follows. We first draw a random variable
Y taking values in Y with density g(4(z,2’);-) with respect to v. Then we
define (Y,Y’,U) by separating the two cases, a(z,2") = 1 and a(z,2) < 1.

e Suppose that a(z,2’) = 1. Then from (AG-7)(i), we have
H(z;) = H(2';) = G(d(2,2); ).

In this case, we set (Y,Y'U) = (Y,Y,1).
e Suppose now that a(z,z’) < 1. Then, using (3.26), the functions

(1= alz,2") 7" [g(Tp(2); ) — alz, 2")g(¢(z, 2'); )]

and

(1= a(z )" [gMp(2); ) — alz, 2)g(¢(z, 2); )]
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are probability density functions with respect to v and we let A and
A’ be two independent random variables taking values in Y drawn
with these two density functions, respectively. In this case we draw
U independently according to a Bernoulli variable with mean «(z, 2’)

and set o
Y,V ifU=1
(}/’7 Y/) — ( ’ ) 1 )
(A, A) if U=0.
One can easily check that the so defined kernel H satisfies (6.6) and (6.7).
Moreover, for all (z, 2) € Z2,
H((z,2);Y? x {1) =P(U =1) = a(z, ),

which is compatible with (6.8). The kernel R is defined by setting R((z, 2'); )
as the conditional distribution of (Z, Z") = (¥y(z), Uy (2')) given that U =
1. To complete the proof of Lemma 20, observe that for any measurable
f:Z% = Ry, we have, for all (z,2') € Z2 such that a(z,2’) > 0,

R((z,2); f ) E[f(Ty(2), Uy () | U =1]
E [f(Ty(2), Uy (2)]
G(d(2,2); f),

where f(y) = f(,(2), ¥,(2)) for all y € Y.
O

6.3. Proof of Lemma 11. If a; > 0, b; > 0, for all i € {1,...,p}, and
S (a; +b;) <1, it is trivial that |A|max(A + bég) < 1. Otherwise, there
would exist some A such that [A|7! <1 and

P P
D @i+ b <D (ai+bi) AT < 1L
i=1 i=1

This would imply P()\) = A?P~! ( 1 (ar + b)) A _k) # 0. Suppose on

the other hand that )\* | A | max (A + bég) < 1. From (4.1), we can write
P()\) as a product of A’~t and Q(\) = A2 — 3P _ (ay + by)AP~*. Note that
A* = 0ifand only if Y, (a;+b;) = 0. Then we can suppose that 0 < \* < 1,
then there exists j € {1,...,p} such that a; + b; > 0. Furthermore, note
that for all i € {1,...,p}, (a; + b))A\*" > (a; + b;)\*? and this inequality
is strict when ¢ = j. Thus from Perron-Frobenius theorem for nonnegative
matrix, Q(A\*) = 0, and we have

0< \*P <1 — zpj(az + bz)> .

=1
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This completes the proof since \* > 0.

6.4. Proof of Lemma 13. If 9 <0, then (4.11) holds since (1 +Y)? < 1.
Note that for s € (0, 1], we have

E1+Y) < (EQ+Y])’ <(1+¢)° <1+

Thus, (4.11) holds when ¥ € (0, 1]. For ¥ € (1,3/2], then there exists s; €
(0,1/2] such that ¥ = 1 + s;. By Cauchy-Schwartz inequality, we have

E[(1+Y)"] = E[(1+ Y)(1+Y)"] < (B[(1+ Y)2)"? (B[(1 + v)21]) "2

<(A+3¢C+A2A+ 0" < e+ el

for some constants ci,co > 0. If ¥ € (3/2,2], then there exists s € (0,1/2]
such that ¢ = 3/2 + s and

E[(1+4Y)") =E[(1+Y)*2(1+Y)*] < (E[(1+ V)3 (B[1 + Y)22]) "
< (A +T7C+6¢C2+ )21+ )% < es+ esl?,

for some constants c3,cq4 > 0. Finally, if ¥ > 2, then there exists s3 € (0, 1]
such that ¥ = || + s3 and we have

£ [(1 + Y)ﬂ =E [(1 +Y)a+ Y)S3]
< (E [(1 +Y)2w]>1/2 &[0 +Y)ng])l/z

1/2
< (1429 (2 [y ))") es ac),
for some constants cs, cg > 0. The proof then follows by observing that

2(9] 1/2
()

Jm ey =k

LEMMA 21. Let {Uy : k € Z+} be a stationary sequence of real-valued
random variables on (2, F,P). Assume that E(In" |Up|) < co. Then, for all

n € (0,1),
lim U, =0, P-a.s.
k—o0

PROOF. See (Douc, Doukhan and Moulines, 2013, Lemma 34). O
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