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POISSON KERNEL EXPANSIONS FOR SCHRODINGER OPERATORS
ON TREES

NALINI ANANTHARAMAN AND MOSTAFA SABRI

ABSTRACT. We study Schrédinger operators on trees and construct associated Poisson
kernels, in analogy to the laplacian on the unit disc. We show that in the absolutely
continuous spectrum, the generalized eigenfunctions of the operator are generated by the
Poisson kernel. We use this to define a “Fourier transform”, giving a Fourier inversion
formula and a Plancherel formula, where the domain of integration runs over the energy
parameter and the geometric boundary of the tree.

1. INTRODUCTION

1.1. Presentation of results. In this note we are interested in the spectral theory of
discrete Schrodinger operators on trees. Our main purpose is to use the simple combi-
natorics of paths on trees to understand better the geometric structure of generalized
eigenfunctions.

Let T be a tree with a uniformly bounded degree. By some abuse of notation, we also
denote its vertex set by 7. We study a Schrodinger operator H on 7T given by

H=A+V,

where A is the adjacency matrix

(Ay)(v) = Y d(w)

w~v

and V : T — R is a real-valued potential, so that H is self-adjoint on its domain
DH)={yp € *(T): Vyp € *(T)}.

Here, w ~ v means that w and v are nearest neighbors.

Let us give some background on the theory of generalized eigenfunctions.

If F' is a bounded Borel function on R, we know by the spectral theorem that for any
v,w € T, we may find a Borel measure (i, ,, on R such that

(1.1) P w) = [ P(E) ().

Here F(H)(v,w) = (dy, F(H)dy) is the matrix of F(H) in the basis {0, }ye7. The theory
of generalized eigenfunction expansions refines this expression by constructing a spectral
measure pg on R and functions Qg ., : T — C satisfying HQg,w = EQE w, such that

(1.2) NWWMZAF@WMMNM@%

See [22] Section 7] and [0, Chapter 15] for details. Such an expansion proved to be useful in
the context of Anderson localization when H,, is a random Schrodinger operator. In fact,
pure point spectrum in an interval I will follow if one shows that for pg-a.e. E € I, the
function Qg ., lives in ¢2(T). Expression (L2) is also used to estimate the Hilbert-Schmidt
norms that arise in the study of dynamical localization; see [I4] Lemma 4.1].
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2 NALINI ANANTHARAMAN AND MOSTAFA SABRI

Efforts have been made to push the expansion further. In [6l Section 15.3] and [21],
the authors abstractly construct functions ¢g;: 7 — C, j =1,..., Ng < 0o, such that
Hyp; = Epg j for py-a.e. E, and

(1.3) F(H)(v,0) = / Zm 0o (w) dpr(E).

In other words, Qg (v) = Zj:El vr,;j(V)¢E j(w) for pg-a.e. E. The importance of this
expression is that it allows to define an abstract Fourier transform by

Fi(E) = (e fler =Y opi(w)f(w)

weT

for functions f : 7 — C of finite support. The functions g ; thus play the role of the
“plane waves” for the euclidean laplacian. As a consequence of (IL3]), one obtains a Fourier

inversion formula
Ng
— [ S H®) ers@ dou(E),
RS

and a Plancherel formula, namely if f,g: 7T — C have finite support, then

(1.4) . e = / Zf] E) don (E).

The Plancherel formula can be extended by continuity to all f,g € ¢2(T). Moreover, the
previous expansions are actually valid for general self-adjoint operators on abstract Hilbert
spaces S (see [0]).

In this paper we show that for particular models, one can obtain expansion formulas
which are very explicit. Our approach is totally different, it uses a direct geometric analysis
of the Green function, and is inspired by an existing analogy between the adjacency matrix
on the tree and the laplacian on the unit disc.

The functions ¢p ; in our case are replaced by explicit functions Pg ¢, which we call
Poisson kernel. The name “Poisson kernel” is borrowed from the potential theory of the
unit disc, which we briefly recall in Section The parameter £ runs over the geometric
boundary 97 of the tree. In Proposition B.5] we first establish the existence of the Poisson
kernel for Lebesgue-a.e. E € R, and show that HPg¢ = EPg¢. Next, assuming the
Schrodinger operator H has purely absolutely continuous spectrum in some measurable
set I, we construct an explicit positive measure vg on d7 such that

(15) Pt w.u) = [ [ PPy Pactordvs(e) dE

for any bounded Borel function F': I — C.

The assumption of absolutely continuous spectrum is known to hold for example if
H = A on T, for many trees T of finite cone type (in particular, if 7 is a regular tree).
In this case, the spectrum is purely absolutely continuous. In fact, the authors in [I8]
establish more generally that the absolutely continuous spectrum of A remains stable
under small radially symmetric perturbations H = A + AV, if the tree is non-regular.
Large parts of the absolutely continuous spectrum also remain stable under small random
perturbations H,, = A+ AV,,; see [19]. For example, in the particular case of (¢+1)-regular
trees, it is shown in [23| [I3] that the Anderson model has purely absolutely continuous
spectrum almost surely in any interval I = [—Ey, Ey] C (=2,/q,2./q), if the disorder A is
small enough. The results of Aizenman and Warzel [I] go further, by showing existence
of absolutely continuous spectrum outside (—2,/q,2,/g). Our results thus apply to these
models.
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As in the previous discussion, we define the Fourier transform

fe(E) = (P, f)cr

for f: 7 — C of finite support. The content of Theorem B.§is an inversion formula

F(H) f(v) = / [ P(E)RE)Pa o) dve) a2

which implies a Plancherel formula

(f, F(H)g) = / /8 F(E)(BYG(E) dvi(€) 4B

for any f and g on T of finite support.

In Theorem B.3] we obtain a representation formula for eigenfunctions of the Schrodinger
operator H by integrals of the Poisson kernel over the boundary. This is valid for com-
plex eigenvalues 7 € C \ R, as well as for almost-every real eigenvalue in the absolutely
continuous spectrum (the associated eigenfunctions are necessarily not in £2).

The analogy between the spectral theory on regular trees and on the unit disc was first
put forward in the influential paper [7]. There, seeing the tree as a Cayley graph for a free
group, the author obtains an isomorphism between the space of harmonic functions (i.e.
solutions of Af = 0), and a space of distributions on 97. Our work builds on previous
constructions in [8, 11}, 10, 5, [12], where expansions in Poisson kernel are proved for H = A
on a regular tree, and for anisotropic random walks on the free product Z/2Z - - - xZ/27.
In those situations, the tree has a homogeneous structure, and the results can be used to
understand the unitary representations of the automorphism groups of the tree and of the
group Z/27x7./27« . . .xZ/27. This work arose from the remark that the aforementioned
theories may be extended to more general Schrédinger operators on trees. However, since
those trees have no homogeneous structures, no representation theory will be involved.

The Plancherel formula in our Theorem [3.8] implies that

| F(H)E |3 = /1 /8 VFE)PIK Pl dve(€) AE

for any K on T x T of finite support. This provides a convenient formula to estimate
Hilbert-Schmidt norms, as the Poisson kernel plays an interesting geometric role. In
fact, the first named author already used it in [2] in the study of quantum ergodicity for
homogeneous and anisotropic random walks on regular trees.

Remark 1.1. The results of this paper generalize without difficulty to self-adjoint opera-
tors of the form (Hpy)(v) =), po(w)f(w), where p,(w) = 0 if d(v,w) > 1, assuming all
coefficients p,(w) are real, with p,(w) = py(v) and p,(w) # 0 whenever v ~ w. For more

details see Remark 3.9

1.2. Background on Poisson kernels. The word “Poisson kernel” is traditionally used
in the potential theory of the 2-dimensional disc D = {z = x + iy € C,|2| < 1}. In this
context, the Poisson kernel is a family of functions parametrized by the boundary of the
disc D = {z =z +iy € C, |z| = 1}. For w € 0D and z € D, we let

1|z
Pw(Z) = m

For all w, P, is a solution to AP, = 0, where A = 92 + (95 is the euclidean laplacian. The
Poisson kernel is useful to solve the Laplace problem on the disc : if f is an integrable
function on JD for the Lebesgue measure, and if we put

(P)(z) = /a P ),
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then Pf is a solution to A(Pf) = 0. Moreover, for almost-all w € 9D, the limit of Pf(z)
as z tends to a boundary point w (in a nontangential way) is equal to f(w). If we started
with a continuous f, then this is true for all w (see for instance [25, Chapter 11]).

If, instead of the euclidean laplacian on D, we consider the hyperbolic laplacian

1 — |z]?)2
Ahyp: %(854_85)7

the picture is even more complete. Define now, for s € C,

1|2’
P = (=55) -
We have A,y P, s = —s(1 —s)P, s, that is to say, the functions P, , are eigenfunctions of
the hyperbolic laplacian. In this context, the fundamental work by Helgason [17] gives

e an integral representation theorem for arbitrary eigenfunctions : “every eigenfunc-
tion of eigenvalue —s(1 — s) can be represented in a unique way by integrating the
Poisson kernel P, ; against some analytic functional over the boundary 0D ” ([17],
Theorem 4.3);

e a “Fourier transform” allowing to represent compactly supported functions as su-
perpositions of the Poisson kernels F,, s, summed over w € 0D and over the spectral
parameter s. The Poisson kernels are constant on horocycles and thus play the
role of “plane waves” ([I7], Theorem 4.2 (i));

e a Plancherel formula expressing the L?-norm of a function in terms of its Fourier
representation ([17], Theorem 4.2 (ii)).

Open questions. It would be interesting to ask if our construction of the “Poisson ker-
nel” for Schrédinger operators on trees can be extended to other types of graphs, assumed
for instance to be Gromov-hyperbolic. In the region of “positive spectrum” (meaning the
region of existence of positive eigenfunctions), the question has been extensively studied,
with some very recent remarkable advances. In that context, what we called “Poisson
kernel” bears the name “Martin kernel”, and allows to represent all non-negative eigen-
functions by an integral of the kernel over the boundary. For Gromov-hyperbolic graphs,
the coincidence of the Martin boundary with the geometric boundary has been proven in
[3,[4] in the interior of the positive spectrum, in [16} [I5] at the top of the positive spectrum,
which coincides with the bottom of the ¢2-spectrum. This relies highly on the fact that
we are in a region where the Green function is positive. Inside the £?-spectrum, not much
is known in general. Our construction relies on the existence of absolutely continuous
spectrum, but except for trees, no examples of Gromov-hyperbolic graphs with absolutely
continuous spectrum seem to be known (see [20] for a more detailed discussion).

A similar question arises in the case of the spectral theory of the laplacian on M , the
universal cover of a compact negatively curved surface M. If M has constant curvature —1,
then M is isometric to the hyperbolic disc, the spectrum is purely absolutely continuous,
and the spectral theory is completely described by the Helgason-Fourier transform de-
scribed above [17]. However, if the curvature is variable, not much seems to be known. In
the positive spectrum, a Martin kernel can be constructed, and allows for integral represen-
tation of all positive eigenfunctions by integrating the “Martin kernel” over the geometric
boundary [4, 24]. But again, the nature of the £2.-spectrum is not known, which prevents
from going further towards a theory of Poisson kernels in that part of the spectrum.

2. THE GREEN FUNCTION ON THE TREE

Given v,w € T with v ~ w, we denote by 7I*) the tree obtained by removing from 7

the branch emanating from v that passes through w. We keep the vertex v, so v € T®Iw),
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We define the restriction H®") (u,v/) = H(u,u’) if u,u’ € T and zero otherwise.
The Green functions are denoted by
Glu,u'sy) = (6uy (H =) 7"00) and GO (u,u'5y) = (6, (HU) =) 76,)
for v in the resolvent set of H and H®) respectively.
Recall that for any v € T and v € C\ R, we have
1
V(v) =9 = Xuo G (w,usy) |

If v,w € T and v ~ w, we also have

(2.1) G(v,v;7) =

1
V() =7 = Xuenfwy G (w,u37) 7

where N, = {u : u ~ v}. These identities are well-known and follow from the resolvent
identity; see [23, Proposition 2.1] for a proof.
If (vo,...,vg) is a non-backtracking path in 7 and v € C\ R, we have

(22) G (v, v17) =

k—1
(2.3) G(vo,v;7) = (=D)F [T G50 (v, 0557) - Glog, vrs ) -
=0

This is also well-known; see [I12] Chapter 1] or [23] Equation (2.8)] and use induction.
Given v € C\ R, we denote

and () (v) = —G(”‘w)(v,v;v).

-1
G(v,v;7) = om?
v

Lemma 2.1. For anyv € T and vy =E+in € Ct = {z € C,Imz > 0}, we have
1
(2.4) Y=V)+ > Q) +2m] and y=V(@)+ Y. W+
~ Cuw(v)
u~v ueN\{w}
For any non-backtracking path (vo,...,vg) in T,

_TTE-1 )
(2.5) G(vo, v; ) = ITj=0 G0y (v))

vy Y
2my,

(2.6) G(vo, vk;7Y) = (g (v0)G(v1,v;7) = ¢, (k)G (vo, v—1;7)

k k1
(27)  GUl) (v, 037) = =[] €0, (vy)  and - G (wy,v59) = = T €2 (vj41) -
=0 =0

Also, for any w ~ v, we have

My 1
9 G0) = 22 Ciw) and i — i) = 2.
For any v,w € T, we have
(2.9) G(v,w;v) = G(w,v;7).
Neaxt,
| Tm G (v)|
(2.10) 3 imaon =Ll -0

Finally, if Uy ,(w) = L Im G(v,w;7), then for any path (vo,...,vy) in T,

o

(2'11) \Ilﬂ/,vo (Uk) - C;/k_l(vk)\ll%vo (kal) =7 'Im C;;yk_l (Uk) : G(UOa Vk—1; 7) .
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Proof. The first three assertions follow from (2.1), [2.2)) and (23], respectively.
R L el )
By (), we have G(vo,vp:7) = (o) (vg) 2=t ()

2771:,{1C
the path (v, vk—1,...,v0), we have G(vo, vg;y) = G(vk, v0;7) = (y_, (Vk)G(Vk—1,v0;7) =

(oo, (k) G(vo,vk—_1;7). In the last equality, we used (i,(v) = —(&,, (H®wW) —7)-15,) =
—(8,, (H®IW) —4)=15,) = ¢ (v). This proves (Z0).

As in [23, Equation (2.8)], one proves that G([Us+1) (vg, vp; ) = —GOs=11%) (vg, vp_1;7)-
GklUr+1) (. wp;y) by studying 7 ([Us+1) instead of T. The claim on GsUs+1) (vg, vy; )
follows by induction. For G(11%0)(vy, vy: ), consider (vg, ..., v;) as before.

Since G(v,w;7y) = (o (v)G(w, w;v) and G (v, w;7y) = ¢ (w)G(v,v;7) for v ~ w, we have
Ch(v) = Gt G (w) = % (w).

G(w,wyy my >V

Next, by @), v = V() + 32 ,., & () +2md = V() + 32 e ni fuy & (u) + Cﬁ(v)’ SO we
get 2my = (”’—1(1;) — ¢ (w).

Next, let (vg,...,vx) with vg = v and vy = w. Then G(v,w;vy) = G(vg,vE;7y) =
&h (00)G(v1, k3 y) = T15=0 (1 (v;)G vk, v; ). Considering the path (vg, vg—1, .., v0);
we have G(w, v;y) = G(vg, v0;7) = oy (v0)G(vg, v1;7y) = H?;é C;’J,H(vk)G(vk,vk;y). Thus,
G(v,w;v) = G(w, v;7).

m (g (v .

By @4, >- e n,\ fw} Im ¢ (u) = Im(y—V(v)— ngl(v)) = IICJJC(Z)(\Q) +n. Since Im (3 (v) < 0
for any v € C* and v ~ w, relation (ZI0) follows.

Since G(vg, vk;7y) = Co_y (VE)G (v0, VE—1;7), Im(22") = (Rez)(Im 2’) + (Im 2)(Re 2’) and
z(Im2') = (Re2)(Im 2) + i(Im 2)(Im 2’), we have

= @1 (UO)G(U1,Uk;7). Next, on

Im G (v, vk;7) — €, (0k) Im G(vo, ve—137) = Im ¢, (vx) - G(vo, vp—157) -

so (2.11)) follows. O

3. THE POISSON KERNEL

An arc is a non-backtracking path (ug, ..., ux). If v,w € T, there is a unique arc joining
v to w; we denote it by [v, w].
A chain is an infinite non-backtracking path (ug,u1,...). Two chains (ug,us,...) and

(vo,v1,...) are equivalent if up = vi, for some n € Z and all k. Any equivalence class of
chains ¢ has a representative starting at an arbitrary v € 7, which we denote by [v,£].
The geometric boundary OT of T is the set of equivalence classes of chains.
In the following, we fix a vertex o € 7 and call it the origin. We denote |v| := d(v, 0).
Given u € T, we denote N = {w ~ u: |w| = |u| + 1}.
Given v,w € T, v # w, we define

OTow = {£ € OT : [v,w] is a subchain of [v,£]} and 9Ty =0T -

Then for any v € T and n € N, {07, : d(v,w) = n} is a partition of 0T .
Given v,§ € TUOIT, v # &, define v A€ as the vertex with maximal length in [0, v]N|o, £].
We also set v Av=wv forv e T.
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For a sequence (vy,) of elements of 7 U 97T, we say that
(3.1) v — & if |vn, AE| — +o00.
This notion does not depend on the choice of the origin o.

Let v € CT and € € 9T. We define the Poisson kernel of H by

(3.2) Pye(v) = %

The following lemma collects its basic properties.
Lemma 3.1. Fiz £ € 0T and vy € CT.
(a) If (vo,...,vg) s a path with vy = o, vy = v and v, = v A&, then
k—
Pe(v) = [Tj=r ¢ (i) _ GUHII (0, vk )
P I () G (v 1i7)
(b) Let w € T and uy € N;F. Then

JGi(up)Pre(u) if € ¢ 0Ty,
glus) = T Prew)  fEE0T,.

P’y?

(¢) For anyv € T, we have
_ G(u,v;7)
P = lim ——=.
%5(”) ulirz G(o,u;’y)
More precisely, if v € T and w =v A&, then for any u € [w,&]|, we have
G(u,v;7)
P ="
<) = Glo,uin)
(d) We have HPy ¢ = vPy ¢
G(Wﬂ%;“/) o C;/k_l(vk)G(UTka—l;'Y) o Hf;; C;/'(Uj*kl)G(vTva;’Y)
Proof. ( ) 75( ) G(vovriy) — ¢ (v0)G(ur,uryy) H;;é CJZH(UJ')G(Umvrw)’

follows by ([21)).
(b) If £ ¢ 0T, then uy is farther than u to & so up A& = uA§ and Pye(uy) =

GlusNeutiy) _ Galug)Gunguyy) _ C{Z(ujL)P%g(u). If £ € 8T, , then uy A& = uy and

so the claim

G(outNE) G(o,ungm) B : Gl )
- upugy) u,uy Galus) _ 1
wng =u. Thus, Pre(us) = TG00 50 = Gt oo — o, )
(c¢) Let w € [w,] and let (up,...,ux) be an arc with up = w and ur = u. Then we
have G(o,u;7) = G(o,uk;7) = Gy, (uk) G0, up—157) = T15Z5 € (uj41)G (0, 105 7) =
Hf;ol C{Zj (uj4+1)G(0, w;7). On the inverted path (vo,...,v;) with v9 = v and v, = w,

we have G(u77}77) = G(UO7U 7) - 6171 (UO)G(UhU 7) Hf;ol C;lyjﬂ (U]')G(Ukav;f)/) =
TT)=0 G (uy+1)G (w, v ). Thus, GHevd — G?:;jgg Py e(v).
(d) Let f;/(w) = G(v,w;~y). We first show that Hf) = 6, + vfJ. Indeed, using (2.9),
(Hf))(w Zkuf’Y Zku (v, u;7y) Zku (u,v;7)

= [H(H — ) (w,v) = (0w, H(H —7)716,)
(3.3) = (0w 80) + (0w, (H — 7)1 80) = du(w) + 7] (w)
as asserted. Now let v € T and £ € 9T, say £ = (0, $1,82,...). Let n > |v| + 1. Then
by (c), for any w € {v} UN,, we have P, ¢(w) = P, 5, (w) = g((ztlézu;/)) — gn(g)) Hence,

gnw ;’nv_H;’nv_ésnv ;’nv_
(HP,)(0) = Syny o +V0) sy = Sl = 226l 9P ). O
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Remark 3.2. One could define the Poisson kernel ([B.2]) alternatively as follows. Given

v € CH, let Ky ,(u) = % Then .# = (K, 4)ver is a family of bounded functions

on 7. Item (c) in Lemma Bl says that this family extends continuously to 07 (in the
sense ([3.1)) via the formula K, ,(§) = K, (v A§). One then defines Py ¢(v) := K, ,(&).
Note that the family .# separates the points of 9T : if £ # & € 9T, let w = ENE
and let v € Ny N [w,§]. Then K, ,(§) = K, ,(v) and K, ,(§') = K, ,(w). By (Z8),

we have G(w,v;7v) = & (w)G(v,v;7y) and G(o,w;7y) = Glovy) g, K, »(w) = Glwviy)

¢ (v) Glo,wyy) —
GH)GU) Ky (0). Moreover, G (w)Gl(v) # 1 since Glv, wiy) = i = = =

C”/

—¢ ()¢ (w
T aman and [Go,wiy)| < s < oo Hence, Ky y(€) # Kou(€). Tt follows that

the geometric compactification 7 U 0T coincides with the compactification 7A}z induced
by %, see e.g. [27, Theorem 7.13]. The previous argument is very similar to the one in
[27, Chapter 9.C], which shows that the Martin compactification of a transient nearest-
neighbor random walk on T coincides with 7 U 97T

Item (d) in Lemma [B.1] shows that the Poisson kernel is a “generalized eigenfunction”.
The following theorem shows that any generalized eigenfunction with eigenvalue v € C*
can actually be expanded in Poisson kernels. Let M be the algebra generated by the sets

(87;))1)67’-

Theorem 3.3. Lety € C" and f: T — C.

1 v)du(€) for some finitely additive measure v on M, then Hf =
oT Py e(v
vf. Moreover we must have

(3.4) v(0T) = f(o) and v(0Tu,) = =G(o,u;7) {f(uy) — (i (ug) f(u)}

for anyu € T and uy € N,
(ii) Conversely, if Hf = vf, the assignment B4)) defines a finitely additive measure v
on M such that f(v) = [y Pye(v) dr(§).

Proof. (i) Suppose f(v faT e(v) dr(€). Since for each § we have HP, ¢ = vPy ¢, it
follows that Hf = 7f Indeed, let v € T, € = (0, 51,52,...) and n > |v| + 1. Then
Py e(w) = Py, (w) for all w € {v} UN,. Hence,

W)= [ P gwae = ¥ [(ZP@” ) + <>Pv,sn<v>]u<a7;n>

fsal=nw~v

=3 Y P 0T, + V() Y Py, Ton) = (Hf)(v)

W [sp|=n |sn|=n

as asserted. Moreover, f(0) = [, Pye(0) dv(§) = v(0T) as claimed.
Given u € T and uy € N, we have Py ¢(us) = (i (ug)Pye(u) if € ¢ 0T, , while
P, e(uy) = ﬁng(u) if £ € 0T, by LemmaB:ll Hence,

flug) = /a Pl i) = /a o P /a Pl du©)

1
= I(uy) /a o, PO+ /a B

= Q) [ Prelwan(e) + (g — @) [ P (o)
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By assumption, [+ P, ¢(u)dv(§) = f(u). Also, if £ € 0T, then u A& = u, so

Py e(u) = (G;EZZ,Z)) Using (2.8)) we thus get

) = Gl f(w) + 2m) G (0T,

s0 V(0Tu, ) = —G(o,u;y) { f(uy) — ¢l (uy) f(u)} as asserted.
(ii) Suppose H f =~ f. To see that v is finitely additive, it suffices to show that for any

u € T, we have v(0T,) = Zu+€NJ v(0T,, ). For this, given u # o, let u_ be the
unique neighbor of u with |u_| = |u| — 1. Then using ([2.4]) and (2.6]), we have

> v0T) = =Glow (D flus) - f) Y Giu)

uyr NG utr ENG ur NG
= ~Glo,us ) (I(H)(w) = flu-) = V() f(w)] = flu) [y = V(w) - Cﬁ)])
G(o,u;
- (f(0) - G ) (0) = (0T,
The case u = o is similar. This proves finite additivity.
We next prove that f(v) = [5r Py.¢(v) dv(€) using induction on |v].

For v = 0, we have faT P, ¢(0)dv(§) = v(0T) = f(o) as asserted.
Suppose the relation is true for all vertices w with |u| = n. Let |uy| =n+ 1, say
uy € N} for some u with |u| = n. Then using Lemma [B.I], we have

| Petwyae= [ pww@+ [ P
oT OT\OT..,

0T,

~QE [ P+ s [ P ang

= Ql(us) /BTP%gw)du(m( : )—<3<u+>) /W P () du(e).

ryi

Cus (u N

By the induction hypothesis, [, Pye(u)dv(§) = f(u). Also, if £ € 9T, , then
uANE =u,s0 Pye(u) = Gluun) Uging (2R) and (@), we thus get

Glouiy)*
G(u,u;
[ Pt ) = i) 0) + 2y )

This completes the proof of (ii). O

v(0Tu,) = fluy).

Our target now is to extend the previous results to v = E + i0. We start with the
following lemma.

Lemma 3.4. There is a Lebesque-null set 20 C R such that for any E € & := R\ A and
anyv € T, w ~ v, the limits

G(v,v; E +1i0) :=1lim G(v,v; E 4+ in) and ¢(FO) = lim ¢ET(v)
O 70

exist, are finite and are non-zero.

Proof. Let p,(J) = (0w, xs(H)dp) and ,u(v‘w)(J) = (8y, xs(H®®)§,) for Borel J C R.
Since G(v,v;v) and () (v) are the Borel transforms of u, and MS,”'“)), respectively, we
know the limits exist and are finite; see e.g. [26, Theorem 1.4]. Let AY and A®®) be
the Lebesgue-null sets outside which the limits are finite. Put & = U,e7AY, &' =

UpeT U @) and A = o7 U 7', Then 2 is Lebesgue-null.
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Let E ¢ 2. Since G(v,v;7) = o 7+21 ) and since the limit of the denominator

is finite as n | 0, we get G(v,v; E + i0) # 0. Similarly, we deduce from the identity

Y _ 1 E+i0
Cw(v) = O ShvmYaio) that ¢, 7" (v) # 0. O

This directly implies the following proposition :
Proposition 3.5. Let E € &. Then for any v € T and £ € OT, the limit
PE{(U) = lim PE+i7],§(v)
740

exists.

1,2} ¢ (vj41)

Proof. By Lemma Bl P, ¢(v) = m,
J Vi+1

so the claim follows from Lemma 3.4 O

Let v,w € T and v € C*. Recall the notation
1
U, o(w) = = Im G(v, w; )
7T

introduced in Lemma 21 The following lemma shows that in the regions where the
operator H has AC spectrum, we may expand the kernel of H in terms of the explicit
generalized eigenfunctions Vg ,. In other words, (L2)) holds with Qg . (v) = Y, (w) and
dpg(F) = dE. This will later be combined with the previous lemmas on the Poisson
kernel to prove the main result.

Lemma 3.6. Denote Vg, := limy 0 Vg iy when the limit exists.

(i) If H has purely absolutely continuous spectrum in 1 C R, then fm’ any bounded Borel
F:I— C, and for any v,w € T, we have F(H f[ E)Vg,(w)dE.
(ii) For any E € &, we have HV g, = EVg ,.

Proof. (i) Denote pg(J) = (¢, xs(H)Y) for Borel J C R, py = ppe and iy =
Us,.5,- Since the spectrum is purely absolutely continuous in I, all measures fig
are absolutely continuous in w.r.t. the Lebesgue measure in [.

By the spectral theorem F(H)(v,w) = [; F(E)dpyw(E). We now show that
dpyw(E) = Vg (w)dE in I.

Since pi4 is a finite positive measure which is absolutely continuous on I, we have
by [26] Theorem 1.6] that pg(J) =71 [;Im(¢, (H — E —i0)"'¢) dE for any J C I.
Now note that

(3.5) (8 4 0wy A(Oy + ) — (8 — Oy A0y — ) = 2(0yy, Abwy) + 2(duy, Ady) .
Taking A = (H — )~ ! and using ([2.9)), we get

(¢, (H—~)" ") — (¢, (H — )" ')
4

for ¢ = 0, + 6y and ¥ = 0, — &y If v = E +in, taking n | 0 on a Lebesgue full set,
we get for J C I,

1
/J Vg ,(w)dE = - / Im(¢, (H — E —i0)"1¢) dE

(3.6) G(v, wy) =

4r
Applying B3) with A = x;(H), we thus get

/J\I'E,v(w) 1E = fe) ;uw(zf) _ How(d) ;Mw,v(J) ~ ().

Im(y, (H — E —i0) ') dE
J
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as asserted. Here we used that fi,.,, = fly . This follows e.g. from ([2.9) using the
Mv,w[ayb}‘;llv,w(%b)

relation = lim,o % fab Im G(v,w; E +in) dE, which is a consequence
of Fubini’s theorem (regardless of the continuity of f, ).

(i) We showed in ([B3.3) that if f)(w) = G(v,w;v), then Hf) =6, +~f). If y = E +in
and U, ,(w) = %ImG(v,w;fy), we thus have HU, ,, = ZRe f) + EV, ,. Assume
E € &. Then taking n | 0, we get using [26], Theorem 1.6] along with (B.6]) that
nRe fJ — 0. Hence, HVp, = EVp,. O

Theorem [3.3] clearly continues to hold if we replace vy € CT by v = E +i0, E € &. So
we may apply Theorem B3] to the generalized eigenfunction Vg ,, assuming £ € &. Our
next aim is to refine this expansion.

Lemma 3.7. For any E € G, we have

Vpo(w) = - Pp ¢(v) Pe¢(w) dve(§)

where vg(0T) = Vg o(0), and if uy € NS, then
1
ve(0T..) = — - |Glo,us E +i0)[* - [Tm G uy )

Note that since vg is non-negative, it extends to a countably additive measure on the
o-algebra generated by the sets {07,}; see e.g. [9].

Proof. We first assume v = 0. We know by Theorem [3.3] (ii) that

(37) W) = | Pocw)dvi(©),
with vg(0T) = ¥g,e(0) and vg(9T,, ) = —G(o,u; E+i0){ Uk o(us) — (FTO(up ) Up o(u)}.
If (vo,...,vx) is an arc with vg = 0 and v = uy (so that vg_1 = ), then using (ZI1]), we

get v(0Tu,) = Z2G(o,u; E +i0) - Im (FH0(uy.) - Glo,u; E + 40).
This proves the claim for v = o, since Pg¢(0o) = 1. Now let v € T. Since 0 € T is
arbitrary, by placing the origin at v, we get by (8.7,

(3.8) U, (w) = / P (w) dvg,o(€) -
oT
Here
v G(tg,w; E + 140
P (w) = S0 )

G(v,to; E +i0) '

where tg is the vertex of maximal distance from v in [v,w]N[v,¢] and if u € T, and uy ~ u
has d(uy,v) = d(u,v) + 1, then

1
T

vEo(0Tou,) = = - |G(v,u; E +40)[* - | Tm ¢E+O0(uy )| .

One can show as before that PE (w) =limy ¢ g((if: 5:;8 ) Using (23), we have

)
G(t,w; E+140)  G(t,w; E+1i0) G(o,t; E +10)
G(v,t; E+i0)  G(o,t; E+1i0) G(t,v; E +1i0)
Taking the limit as ¢ — &, we thus get
v Ppg(w)
3.9 P (w) = =282
(3.9 falw) = B

Now fix £ = (0, 51,52,...) € T and let v € T. Say |v| < n for some n. We will show that
(3.10) vE(0Ts,) = [Ppe(v)*  vp(9Ts,) -
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First note that since |v| < |s,|, then 07, = 0T, s,. Indeed, any £’ € 975, is equivalent to
the element of 07, s, sharing the infinite intersection [s,,&’] and vice versa. Hence,

(3.11) Vp0Ts,) = — G(o, 5013 B +10) [T (05,

because |v| < n implies d(v,s,) = d(v,sp—1) + 1. Let s, = v A { and let (vo,...,vg)
be an arc with vg = o and v, = v. By definition, v; = s; for all j < r. Now, consid-
ering the arc (vg, Vg—1,...,Vr, Spi1,---,8n—1), we have G(v,$p,-1;7) = G(vk, Sn—1;7) =
ey (V) G(V—1, 8p—1;7) = H?;ﬁ ng (vj+1)G(vr, Sp—1;7). Furthermore, G(o0, sp—_1;7) =
¢, (0)G (81, 8n-1;7) = H’T;é Cdi41 (07)G(Vr, Sn—1;7) because v; = s; for all j < r. Hence,

T15=) ¢ (i)

— G(0, 5n—1;7) -
Hj:(l) <17j+1(vj)

G U Sn—157 H Cv] /U]+1 ’Ur,Snfl;’}/) =

It follows by (B.11]) and Lemma B.I] that
1
vEw(0Ts,) = — - [Pog(v)[* - [Glo, sp1; E+i0)* - [Tm (10 (s0)]

which proves (3.I0). Finally, choosing n such that n > max(|v|, |w|), we have Pg¢(v) =
Pg,, (v) and P ¢ (w) = Pg, (w) for any £ € 07;,. So by B.8) and (3.3),

Vo) = 3 G0 = 3 G e 0 (0T,

= [ PreliPretw) (@), 0
oT

lsn|=n

We may finally prove our main result.

Theorem 3.8 (Fourier transform, Plancherel formula). Suppose H has purely absolutely
continuous spectrum in some measurable set I and let vy be the measure constructed in

Lemma [37

(i) For any bounded Borel F : I — C and any v,w € T, we have

F(H)(v,w) :/IF(E)‘I’EA}(U’) dE:/ aTF(E)PE7§(v)PE’§(w) dvg(§)dE.

(ii) For any f on T with finite support and any bounded Borel F': I — C, we have
P e = [ FEF 8= [ [ PE)Po0)Poe 1) dvee)aE.
(iii) For any K on T x T with finite support and any bounded Borel F : I — C, we have
tr[F(H)K] = / - F(E)(Pg¢, KPgpg¢)dvp(§) dE.

Proof. We proved that F(H f[ E)VEg ,(w)dE in Lemmal[36l Since ¥ ,(w) =
Vg w(v) by [29), we obtaln () usmg LemmaB:E and the fact that [, = [} -
Next, given f with finite support, say f =) f(w)d,, we have

[F(H)f)(0) = (60, F(H)f) = 3 f(w) (6, F(H)S) = 3 flw / E)Up () dE .
weT weT

On one hand this equals [ F(E)(f,¥g,)dE, on the other hand, if we use (i), we see it is
equal to f[ faT )PE@( )(PE@ [)dve(§)dE.
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Finally, given K with finite support, we have by (i),

/ fMMﬂmK%ﬂwmef/ S F(E)Pre() (K Pre) (w) dup(€)dF
IxO0T I><8Twe7-

= Y KGw) [ PP Prelo) s(€)aE

vwET Ix8T
= Z K(w,v)F(H)(v,w) =tr[KF(H)| = tr[F(H)K]. O
vwET

Remark 3.9. The results of this paper generalize without difficulty to self-adjoint oper-

ators of the form (Hpy)(v) = >, pv(w)f(w), where p,(w) = 0 if d(v,w) > 1, assuming

all coefficients p,(w) are real, with p,(w) = p,(v) and p,(w) # 0 whenever v ~ w. In this
1

, relati b s Gp(v,v;7) = — , whil

case, relation (2.I)) becomes G,(v,v;7) PO L s ey Y L P while (2.3])
becomes G (vo, vg;y) = (—1)* Hf;ol Do, (ijrl)GI(,v’lv’“)(vj,vj;w) - Gp(vg, v;y). We then
put Gp(v,v;7) = 2;,% and () (v) = —pv(w)Gév‘w) (v,v;9). Then one may obtain similar

expansions in Poisson kernels, with minor modifications in the formulas of vg. Note that
pu(v) plays the role of V(v) for such operators.
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