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Non Linear Singular Drifts and Fractional
Operators: when Besov meets Morrey and
Campanato

Diego Chamorro! Stéphane Menozzi'

October 18, 2016

Abstract

Within the global setting of singular drifts in Morrey-Campanato spaces presented in [6],
we study now the Holder regularity properties of the solutions of a transport-diffusion equa-
tion with nonlinear singular drifts that satisfy a Besov stability property. We will see how
this Besov information is relevant and how it allows to improve previous results. Moreover, in
some particular cases we show that as the nonlinear drift becomes more regular, in the sense of
Morrey-Campanato spaces, the additional Besov stability property will be less useful.

Keywords: Besov spaces; Morrey-Campanato spaces; Holder regularity.

1 Introduction

In a previous work [6] we studied smoothness properties of the solutions 6 : [0, +00[xR™ — R of a
linear transport-diffusion equation of the following form

00 — V- (v6) + L0 = 0, (1.1)

with a divergence-free velocity field v : [0, +00[xR™ — R™ for which we had a uniform control
in the space L>([0,T], M?*(R")), where M%*(R") stands for the Morrey-Campanato space with
parameters ¢, a whose definition is recalled below, and with a diffusion term that was given by a
general non-degenerate stable-like Lévy operator L% of Blumenthal-Getoor index 0 < ag < 2, i.e.
in a neighborhood of 0 its symbol £ is upper and lower bounded by [£]|*. We will refer to «y as
the smoothness degree of the operator £*.

We proved in this article that if we take as starting point an initial data 6, € L>*(R") and if
the linear drift v belongs to a Morrey-Campanato space M?*(R"™) whose parameters ¢,a and the
smoothness degree aq of the Lévy operator are related with the dimension n by the relationship

a—n
q

=1— ao, (1.2)

then, weak solutions of equation (L)) belong to a Hélder space C7(R™) with 0 < v < 1. This actu-
ally yields a gain in regularity as 6y € L*(R™). Remark moreover that a small regularity index -y
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is enough for our purposes since it is possible to apply bootstrap arguments to obtain higher regu-
larity, see [3], Section B, for the details. It is also worth noting here that the relationship (L2) is
given by the equation’s homogeneity and without any further information over the velocity field v it
is not possible to break it down as in some particular cases counterexamples can be exhibited, see [17].

We will adopt from now on the following notation: the index g will denote the smoothness
degree of the operator £ in the linear setting given by equation (ILT]) and it will be always related
to the dimension n and the parameters of the Morrey-Campanato space ¢, a, by the equation (L.2]).

Recall now that Lévy-type operators £ are, roughly speaking, generalizations of the frac-
tional Laplacian (—A)%O and the choice of Morrey-Campanato spaces M%* (with 1 < ¢ < 400
and 0 < a < n+q) was given by the fact that they can describe both singular and regular situations
following the values of the parameters ¢ and a: indeed, if 0 < a < n the corresponding spaces are
singular (Morrey spaces) while if n < a < n + ¢ we obtain the following identification with Holder
spaces M%¢(R") ~ C*(R") where % = XAand A €]0,1[. The case a = n is given by the space
bmo(R™). See Section 2 below for a precise definition of these operators and spaces.

The aim of this article is then to consider singular and nonlinear divergence-free velocity fields
with some additional stability properties in order to break down the relationship (L2) in the following
sense: we want to obtain a smaller regularity degree 0 < a < agy < 2 for the operator £* such that
we still can obtain Holder regularity for the associated solutions. The main ingredient to achieve this
goal is to use the extra information given by the stability properties of the nonlinear drift (given in
terms of Besov spaces): indeed, for a function 6 : [0, +00[xR™ — R, with n > 2, we consider the
problem

0,0 — V - (A 0) + L6 = 0, (1.3)

where £¢ is a Lévy-type operator of regularity degree 0 < a < 2 and Ajy is a nonlinear velocity field
satisfying the following general hypotheses:

e Ajy is given as a vector of singular integrals of convolution type:

A[9]<t7 I) = [A1(9><t7 SL’), T 7An<9)<t7 l’)], (77, > 2>7 (1'4)

with A;(0)(t,z) = v.p./ ki(z —y)0(t,y)dy and where k; = k;(x) is the associated kernel of
R”
the singular integral operator A; for 1 <i < n.
e The nonlinear drift Ap is divergence free.

e The nonlinear drift A satisfies some boundedness properties in Morrey-Campanato spaces
M?*(R™) with 1 < ¢ < 400 and 0 < a < n.

e The operator Ap is bounded in Besov spaces Bgm(Rn) with 0 <s<1land1<p,q<+o0.

Let us make some remarks about the hypotheses over the nonlinear drift Ag. First, the singular inte-
gral setting given by (L)) allows us to consider a wide range of operators with remarkable properties
studied in many books (see for example [I8], [19], [2]). Next, the divergence free condition is very
natural in problems arising from fluid dynamics and this property is crucial in this work as it con-
siderably simplifies the computations. The boundedness of the drift in terms of Morrey-Campanato
spaces was already used (in a linear setting) in [6] but it will be used here in order to ensure existence
issues (but not only!) and we will see how this boundedness hypothesis interacts with the solution’s
regularity.



The main novelty of this article relies in the handling of a Besov space boundedness condition for
the nonlinear velocity field Ajg. Precisely, we assume that:

[ A,y ll e < ClIO(E, )]

By (1.5)
and this rather general condition allows to exploit a previous result given in [4] (and generalized in
[6]) that gives a control of the Besov norm [[6(¢, -)| z:». Indeed, for (weak) solutions of equation (L.3)
we can prove the following inequality

16C, )] a0 < /n 0(2) [P0 (x) L20(2)dz < [10]| v, (1.6)

Bp

for 1 < p < 400 big enough, from which we obtain an interesting control for this Besov norm as
long as we assume that 6y € LP. The fact that the quantity / 0(z)|[P~20(x) L*O(x)dz expresses

]Rn
regularity in terms of Besov spaces was already observed in [8] but it seems that it was not fully used
to study the regularity of the solution of this type of equations. Observe also that the regularity

conveyed by the Besov space B/ Pis only related to the initial data 6y € L” and to the smoothness
degree « of the Lévy-type operator.

In this article we will show how to use this additional Besov regularity given by (L3 and (L.6])
in order to by-pass the Morrey-Campanato boundedness hypothesis and we will study how to break
down the relationship (L2]) using this Besov regularity: within this general framework we will see
that if the initial data 6, belongs to a Lebesgue space LP and if the parameter p that characterizes
this initial condition, the Morrey-Campanato indexes ¢, a and the regularity degree « of the Lévy-
type operator are suitably related, then it is possible to obtain Holder regularity for the solutions
of equation (L3)) and moreover we obtain that the corresponding value of the regularity degree «
satisfies a < g where oy was given in relationship (L2)): we will thus obtain results that are out of
reach in our previous work [6].

It is worth noting here that there are two situations where this extra regularity information is
not as relevant as expected. The first one is related to inequalities (LH) and (L6) which express the

fact that the Besov regularity Bp; * is linked to the initial data 6y € LP and if we made p — 400
we would completely loose this regularity information.

The second one is related to the nonlinear drift: we are able to use this extra Besov regularity
information as long as the drift belongs to a singular Morrey-Campanato space (i.e. if 0 < a < n) but
we do not know if it is possible to exploit the Besov information in a more regular Morrey-Campanato
framework (i.e. if n < a < n + ¢q). Recall that when n < a < n + ¢, Morrey-Campanato spaces are
equivalent to classical Holder spaces since M%?(R") ~ C*(R"™) where % = A with A €]0, 1], and the
Besov regularity is probably too weak to improve this already regular setting.

Our last remark concerns the fact that Besov and Morrey-Campanato boundedness properties
are not very restrictive conditions as all standard (and reasonable) Calder6n-Zygmund operators are
bounded in these functional spaces. See [I8] and [2] for more details about this fact.

The plan of the article is the following. In Section 2l we give the precise definition of Lévy-type
operators used in equation ([3)) and we recall the definition and some useful properties of Morrey-
Campanato and Besov spaces. We also state in this section the main theorems and results of the
article that emphasize that, according to the assumptions on the nonlinear velocity field, different



results are obtained. In particular, we will show then an interesting competition between the Morrey-
Campanato information and the Besov regularity. In Section 8] we discuss some existence issues for
this nonlinear PDE. Finally, Section [4] is devoted to the proofs.

2 Notation and Presentation of the results

We start with the definition of the Lévy-type operator £ used in equation (L3]). These operators
are natural generalizations of the fractional Laplacian (—A)z, with 0 < a < 2, which is given in the

Fourier variable by the expression (—A)2p(€) = ¢|€|*@(€), for all suitable regular enough functions
. Thus, following this approach, we define the operator £L* by the expression

Lop(€) = a(€)B(6), (2.1)

here the symbol a is given by the so-called Lévy-Khinchin formula a(§) = / (1= cos(& - y))m(y)dy,
R\ {0}
where the function 7 is symmetric, i.e. m(y) = 7(—y) for all y € R? and satisfies the bounds
alyl ™" <w(y)
0 <m(y)

Coly|™"  over |y| <1,

s (2.2)

over |y| > 1,

<z
<Gy

here 0 < ¢; < ¢, are positive constants and where 0 < § < a < 2. The important point here is that
the parameter o (called the smoothness degree) will rule the smoothness properties of the operator
L% in the sense that for such « the regularizing effect of £ is similar to the fractional Laplacian
(—=A)2. See [I0] for additional properties concerning Lévy operators and the Lévy-Khinchin formula.

We define now local Morrey-Campanato spaces M?*(R") for 1 < ¢ < +00, 0 < a < n+ ¢ by the
condition:

1 _ 1/q 1 1/q
[ fllaraa = sup (_a/ |/ () _fB(mo,r)|qu) + sup (7/ |f(9€)|qd$) < +o0,
zo€R® \T" JB(ao,r) xoriﬂfn " JB(zo,r)

o<r<1

1
|B(l‘0, T)| B(zo,r)
Remark that if @ = 0 and 1 < ¢ < 400 we have LY C M9°. When a = n and ¢ = 1 the space
M'"(R™) corresponds to the space bmo (the local version of BMO) and from this fact we derive the
identification M1" ~ M%" for 1 < ¢ < +oo. Finally, if n <a <n+qand 1 < g < +00, we obtain
M4e(R™) = CMR™), classical Holder space with 0 < A\ = “* < 1. The case n 4 ¢ < a will not be
considered as the corresponding spaces are reduced to constants.

where f = y)dy is the average of the function f over the ball B(xq,r).
B(xo,r)

Remark 2.1 As we can see, if we consider the range of values 0 < a < n, the Morrey-Campanato
space M?* becomes less singular as the value of the parameter a increases.

Finally, when 0 < a < n, the Holder inequality easily yields the following embedding :

qn
n—a

LP(R™) C M%*(R")  with p = (2.3)

This particular fact suitably combined with a maximum principle will be quite useful in the following
lines. See [1], [14] and [20] for more details concerning Morrey-Campanato spaces.



For 0 < s < 2 and 1 < g < 400, homogeneous Besov spaces Bq””p(R") may be defined by the
condition

11550 = ( [ A ez = 270l

dy) < +00.
|y[ s

However, in the particular case when 0 < s < 1 and p = ¢, the previous condition can be replaced
by the following one which will be used in the sequel:

p 1/p
g = ([ [ HE L ) < e 2.0)

For more details about Besov spaces see the monograph [16].

From now on we will always assume that £ is a Lévy-type operator of the form (21]) satisfying
hypothesis ([2.2) with a smoothness degree 0 < o < 2 and for the nonlinear drift Ay we assume that
it is given as a divergence free vector of singular integrals of convolution type as in (L4]). With these
ingredients we consider the following nonlinear equation for a function 6 : [0, +00[xR™ — R with
n>2:

0f(t,x) =V - (A 0)(t, z) + LO(t,x) = 0,
(2.5)
0(0,z) = Oy(x), forall x € R".

We have now all the notation and definition that will allow us to state our first theorem.

Theorem 1 (General Framework) Consider equation (2.3) above and assume the following points:
1) the initial data 6y belongs to a Lebesgue space LP N L>®(R™) with n > 2 and 4n < p < +00,
2) The operator Ay that defines the nonlinear drift in equation (Z.3) above is
(a1) bounded in Morrey-Campanato spaces M?* with 1 < g < +o00 and 0 < a < n,

| A || oo (rra.ay < Call0]|Loaraay (0 < a < n), (2.6)

(b1) stable in Besov spaces By

(=3 < (=3
LOO(BppvP) — DAHHHL‘X’(BPPW)’

[ Al (2.7)

where 1 < o < 2 1is the reqularity degree of the operator L and 1 < p < 400 is given in
the previous point 1) above.

If the index p defining the initial data Lebesgue space LP, the reqularity degree o of the Lévy-type
operator LY and the parameters q, a of the Morrey-Campanato space M4 are related by the conditions

an and l<a=

<2 2.8
o Pt <, 23)

p =
then the solution 6(t,-) of the equation (23) belongs to a Holder space C'(R™) for 0 < v < 1 small.

Moreover, the regularity degree o given in (2.8) using the Besov stability property of the drift
is always less than the degree o given in (1.2) which can be deduced from the Morrey-Campanato
boundedness property.



Remark that we take as initial data a function that belongs to the space LPNL>: the L* information
is needed to apply the regularity results of [6] and to obtain a general existence framework while the
LP control is needed in order to use the Besov regularity information.

Observe now that we have imposed two conditions over the nonlinear drift: a Morrey-Campanato
control (2.6) and a Besov control (2.7) and it is interesting to study which one of theses conditions
gives a better result in the sense that the corresponding smoothness degree o needed to deduce
Holder continuity is as low as possible.

From the Morrey-Campanato control (2.0), using the Morrey-Campanato-Lebesgue embedding
(23) and the maximum principle (see point (iii), page [[4 below and the computations performed in
B.3)-[B3)), we have || Az (rraey < +00. Thus, we can apply the results given in [6] to obtain a
smoothness degree aq given by the initial relationship (L2]).

But using the Besov stability hypothesis (2.7) we have a stronger result since in this case we
always obtain a corresponding smoothness degree « such that 1 < a < ag < 2. Indeed, following
(L2) we have oy = q+27“ but since p is related to ¢ by (2.8), we obtain that oy = ’% > ?TT =
the Besov regularity information allows us to improve the general result.

ptn
p+1
relationship (L2), the effect of the Besov regularity information is not strong enough to obtain a

corresponding smoothness degree « such that 0 < o < 1.

Remark now that, by definition we have a = > 1 and, although we can break down the

Note also that, if we let a — n, then the Morrey-Campanato space M?%* becomes less sin-
gular and gets closer to the bounded mean oscillation space bmo ~ M?™ (recall Remark 2.1]), we
thus have from the relationship (2.8]) that p — 400 so that the additional regularity information
given by (27) vanishes -we loose all the extra regularity information- and we obtain in this limit
o — 1. This framework corresponds to a L initial data, a drift term in bmo and a diffusion term of
regularity degree @ = 1 and this particular situation was first studied in [3] and then generalized in [5].

Finally observe that the lower bound 4n < p stated for the initial data is given in this form for
the sake of simplicity and it is mostly related to computational issues, a more accurate bound will
depend on the smoothness degree av and some other technical parameters (see Section [).

Theorem [I] gives a natural and general framework since conditions (2.6) and (2.7)) are not very
restrictive ones. As said in the introduction, a wide family of Calderén-Zygmund operators satisfy
these hypotheses (for more details see [2] for Morrey-Campanato spaces and [12], [I3] for Besov
spaces).

In the next theorem we will show an interesting competition between the Morrey-Campanato
and the Besov regularity. Indeed, we will assume here a different Morrey-Campanato boundedness
behavior for the nonlinear drift Ap and following Remark 2.1 we will see that, under special hy-
potheses, as long as the parameter a of the Morrey-Campanato space M?“ remains small enough
(the Morrey-Campanato space is then more singular) the Besov regularity information is relevant,
but as the parameter a increases (the Morrey-Campanato space becomes less singular) the Besov
regularity information will be useless.

Theorem 2 (Morrey-Campanato and Besov competition) Let 0y € LPNL>®(R™), withn > 2,
be an initial data with 4n < p < 400 and consider the nonlinear equation (2Z.3). Assume the following

6



points

1) L% is a Lévy-type operator of the form (2.1) satisfying hypothesis (2.2) with a smoothness degree

« such that
_btn

<2
p+1

1<«

2) The operator Ay that defines the nonlinear drift in equation (Z11) above is

(ag) bounded in LP — MP“ spaces in the following sense
| Ajg) || Loo (rrpiay < Cal|0]| oo (L) (0<a<mn, and 1< p < 400), (2.9)
bs) stable in Besov spaces
(b2) p

[Agll . .50 < Dall0]]

posi) S 0<a<?2 and 1l <p<+o0).

LB ")
Then, as long as we have the following condition between the Morrey-Campanato parameter a, the
reqularity degree o and the Lebesque index p of the initial data:

0<a<a=2T" (2.10)
p+1

the solution 0(t,-) of the equation (2.3) belongs to a Hélder space C'(R™) for 0 < vy < % small and

moreover this value of a satisfies 1 < a < ag < 2 and we break down the relationship (1.2).

However, if we have
0> a-PEn
p+1

then the solution 0(t,-) of the equation (23) still belongs to a Hélder space C'(R™) for 0 < v < 1
small, but we have now 1 < ag < a < 2: the Besov regularity information is useless and we do not

break down the relationship (L.2).

We make here some remarks and comments.
e As for Theorem [I], the lower bound 4n < p is technical.

e f0<a<a= I;FTT’ then it is easy to see that the parameters a, ¢, n and o do not fulfill equation

(L2) and that we have 1 < a < ap < 2.

e Morrey-Campanato spaces MP* become more and more regular as the value of the parameter
a grows (recall Remark [2.1]). The smallness condition 0 < a < « stated in Theorem [ reflects
the fact that the Besov stability will help us only in very singular situations.

e In particular, due to homogeneity arguments, if @ < a < n + p, the Besov stability is useless if
we compare it to the Morrey-Campanato norm control given by the hypothesis (2.9). Indeed,
in this case the smaller smoothness degree for Lévy operators will be given by the relationship
(L2) instead of (2.I0): this fact shows that condition (2.9) implies regularization properties for
the nonlinear drift Ap). See [15] and the reference there in for a characterization of operators
fulfilling this type of boundedness conditions.

e In the limit case when a = a = ’;”LT’{, then a Morrey-Campanato control and Besov stability

provides the same regularity information: Besov finally meets Morrey-Campanato.



As we can observe from Theorems [I] and 2] the additional Besov regularity information allows
us to break down to some extent the relationship (L.2]) and we can consider lower regularity degrees
for the Lévy-type operators, but only in the range 1 < a < 2, and this extra regularity is not strong
enough to obtain results in the range 0 < a < 1.

In order to investigate this situation and to obtain a better understanding of the Morrey-
Campanato/Besov competition we state now our two last results which are variations of Theorem [I]
and Theorem 2. We will first introduce in Theorem [Bl below a regularization in the nonlinear drift by
considering A[(,A) o where 0 < 7 < 1 is a small fixed parameter and this regularization will allow
us to consider regularity degrees in the interval 0 < o < 1.

Theorem 3 (Regular Drift) Let 6, € L? N L>*(R"™) be an initial data with 4n < p < 400, let
0<n<1bea fized (small) parameter and consider the nonlinear equation

8,0(t,x) — V- (A 0)(t, x) + LO(t, ) = 0,

A)d
(=224 (2.11)

0(0,z) = by(x).

Assume the following points

1) L% is a Lévy-type operator of the form (2.11) satisfying hypothesis (2.3) with a smoothness degree

« such that
n+p(l—mn)
p+1

| that defines the nonlinear drift in equation (2.11) above

1/2<a= <2. (2.12)

2) The operator A[(fA)—%e

(a3) is bounded in Morrey-Campanato spaces

14yl o0y < Cal(=A)" 20 ~aney (0 < a<n), (2.13)

. . _n
(bs) is stable in Besov spaces HA[(iA),gG}HLOO(Bg/p,p) < D4ll(—=A) 29|]Loo(33/p,p) (0<a<?2).
Then if 0 < % +n < 1 and if the parameters p, q,a and n satisfy the identity

an

“mtn—a (2.14)

p

we have that the solution 0(t,-) belongs to a Holder space C?(R™) for 0 <y < ; small.

Just as in the two previous theorems, we have at our disposal two types of information. On the
one hand, we have a general Morrey-Campanato boundedness property that reads as follows in this
setting:
14y _ a3y llzaram) < Call(=2) 26|z (arany < Call (—2) 26| zezr)
< Callf]| poezry < Callbol|zr < 400,

where we used the Morrey-Campanato-Lebesgue embedding (Z3) setting » = -**- and the Hardy-
Littlewood-Sobolev inequality ||[(—=A)~2 |z < ¢||f]|Le,q = 5. Solving ¢ = r yields relationship

(2.14). Within this framework, applying the previous general results of [6], the corresponding smooth-
ness degree «p is given by the relationship ([L2]) and satisfies 1 < oy < 2. Note in particular that
inequality (2.I3]) does not convey any regularity property.



On the other hand, we have a Besov control and using the nonlinearity of the drift we can see
from (2Z12) that we obtain a stronger smoothness degree a: indeed the fact that o < 1 is equivalent
to "le < n, and this is possible if the parameter p is big enough. This situation is to be expected

as we introduced the regularizing term (—A)~2, note however that if 7 — 0 we recover Theorem
Il Moreover, just as in the previous Theorem [, if p — 400 we will loose all the Besov information
and we will have o — 1.

Finally, in our last theorem we consider a more irregular nonlinear drift in the following way
A[ (—a)34] for 0 < n < 1 and we will investigate the corresponding regularity degree a.
Theorem 4 (Singular Drift) Let 6, € LP N L>®°(R™) be an initial data with 4n < p < 400, let
0 <n<1bea fired (small) parameter and consider the nonlinear equation

80(t,x) — V- (A 0)(t, x) + LO(t, ) = 0,

NY:
[(-a)%0) (2.15)

0(0,x) = bp(x).

Assume the following points

1) L% is a Lévy-type operator of the form (2.1) satisfying hypothesis (2.2) with a smoothness degree

« such that

1
<o ntpdEn) o (2.16)
p+1

2) The operator A } that defines the nonlinear drift in equation (2.14) above

(—a)%0
(ay) is bounded in Morrey-Campanato spaces

HA[(_A)%Q]”LDO(MP’“) < CAHeHLoo(Lp) (0 <a< n), (2.17)

(by) 1is stable in Besov spaces ||A[9}||Loo(35/p,p) < DA||9||LDO(Bg/p,p) (0<a<?2).

Then if 0 < % —n < 1, as long as we have the following condition between the Morrey-Campanato
parameter a, the regularity degree o and the Lebesque index p of the initial data:

n+ p(1 —pn)

0<a<
p+1

(2.18)

the solution 0(t,-) of the equation (213) belongs to a Holder space C'(R™) for 0 < v < § small and
moreover this value of a satisfies 1 < a < ag < 2 and we break down the relationship (1.2).

However, if we have
o ntp(—pn)
B p+1
then the solution 6(t,-) of the equation (Z13) still belongs to a Hélder space CY(R™) for 0 < v < 1

small, but we have now 1 < ag < a0 < 2: the Besov reqularity information is useless and we do not
break down the relationship (L.2).

I

This last theorem is very close from Theorem [2] indeed if  — 0 we recover the results stated there.
We remark that the presence of the operator (—A)z introduces (as expected) an even more sin-

gular behavior and this can be observed if we compare the condition (2I0) with (ZI8). In this
setting the Besov information is relevant only if the Morrey-Campanato space is quite singular and

9



n+p(1—pn)

is indeed lower
p+1

the threshold for the Morrey-Campanato regularity given by identity a =
than the one stated in Theorem

With Theorems [IH4l we show how to exploit, from different points of view and in a nonlinear
setting, the additional Besov regularity information given by the general formula ([Z6]). As expected,
this information allows us to improve previous results but it probably seems that the Besov control
is too weak to enhance the situation when Morrey-Campanato convey regular properties.

Remark 2.2 Although the hypotheses over the Morrey-Campanato norm differ from Theorem[1 to
Theorem [{], the Besov control stated in terms of the space B,‘i‘/p’p s the same in all these theorems.
This will allow us to give a general treatment for these theorems.

3 Existence, maximum principle and other properties.

In this section we state results that are needed in order to perform the computations of the following
sections. Some of these properties are well known and rather classical, moreover many of these details
were already treated in [6] but, for the sake of completeness, we will explain here some computations,
especially where we need to deal with the nonlinear drift and the different hypotheses used in the
theorems stated in the section above.

(1) Existence. We start studying existence for weak solutions of equation (2] with initial data
0y € LP N L>®(R") where 4n < p < +oo. For this we introduce a regularization and using
suitable controls we will pass to the limit to obtain weak solutions. Thus, for € > 0, we consider
the following problem

OOt ) =V - (A O)(t,z) + LO(L, ) = eAO(L, z), t 10,77, 1)
3.1
0(0,x) = bp(x).

To obtain regularity in the time variable, we introduce A[*é}€ = Ajg x 1. where x stands for the
time convolution and 1. (t) = e 14 (t/e) where ¥ € C°(R) is a non-negative function such that

supp(v) C B(0,1) and / (t)dt = 1. In the previous time convolution, we have extended the

R
velocity field (in the time variable) on R setting for all s € R\ [0,77], Ajg(s,-) = 0. Then
we define Afe} = Afé]e * we, here * stands now for the spatial convolution and w, is a usual

mollifying kernel, i.e. w.(z) = e "w(z/e), w € C(R") is a non-negative function such that

supp(w) C B(0,1) and / w(z)dr = 1. From this regularization, for a fixed ¢ > 0, the approxi-
R?’L

mate drift A‘fg] will be a smooth (in the time and space variables), divergence free vector field.

Since we can apply this approximation procedure in a completely similar manner to the drifts

A[(, A3 and A[(, LD used in Theorems [3 and [ respectively, we will continue our study by

considering the problem (B.1]) which corresponds to the setting of Theorems [l and 2

The problem (3]) can thus be rewritten in the following way:
t t
O(t, x) = "0y (x) —|—/ e VA 0 0)(s,7)ds — / SR £og(s, 2)ds,
0 0

10



and, in order to construct solutions, we will apply the Banach contraction scheme in the space
L>([0,T], LP(R™)) with the norm ||@||e(zpy = sup [|0(¢,-)||r». Following [6] we have the esti-
te[0,7

mates

1€"%00|| oo vy < [|00]|r» and

‘ TI-%  T1-% 3.2
/ eImIA LY (s, x)ds <C + | Ol .
0 Lee(Lp) et e

Thus, we only need to treat the bilinear quantity

t
B0.p) = [ €OV (4G ) (s,)ds.
0

and we have

18Ol = s | [T (g )05, i
0<t<T" [|J0 Lp
t
= swp | [V (5 ) b5, s
0<t<T" ||J0 Lp
t
< s [0 96 9k 1 ds
0<t<T" Jo
t
< s [ A el )l Clele = 9) s (33)
0<t<T” Jo

The computations performed until now (i.e. from (B.1) to (B.3])) are common to Theorems
[IH4] and we will continue the proof of the existence under the hypotheses of Theorem [} the
modifications for Theorems 2] Bl and [4] are given in Remark B.1] below.

At this point we use the following inequality

HA@} Ce™ n/q”A[e | oo (vraa), (3.4)

iy =

valid for 1 < ¢ < +00 and which is proven in the Lemma A-1 of [6] to obtain

1B, @)llz=ry < O™ Al e (ason) 0]l oo roy sUD /C )~!/ds
0<t<T"
1

2
CE—% ") Al oo (o) 191l oo 1)
We use now hypothesis (Z6)) stated in Theorem [ (i.e. ||Ajg||zo(arae)y < Cal|0||Lo(rra.0)) and we

have )

T2 _,
B0, 9)Loe(1r) < CA? ™90 oo sy | oo 1), (3.5)

but, since by the relationship (Z8) we have the identity p = -2, we use the embedding (Z.3])
to write ||0| zeo(araay < ||0]|Loo(zry, from which we deduce the continuity of the bilinear form
B0, ¢):
T_ —n
1B, ©)|| s rry < Care 19101 o= o o o= 20y (3.6)
Now, with inequalities ([B:2]) and (B), it is easy to obtain the existence of solutions for the
regularized problem (B.J]) in a small time interval.

11



Remark 3.1 (Existence for Theorems 2], 3] & [

e To prove the existence of solutions for the problem (31]) under the hypotheses stated in
Theorem [3, we only need to study inequality (3.3) and for this we use the general estimate

(34) in the following manner HA[EQ}(& )H -
Lo (L%
hypothesis (2.9) we obtain the following inequality

< Ce ™| Ajg|| oo (rway, thus, applying the

T _,
1B(0, )| oo (Lry < CAE—% e"P16]| oo oy |0l oo ey,
from which we deduce the continuity of the bilinear form.

e For the existence of solutions for equation (31)) within the framework of Theorem[3 we start
from expression (3.3) and we have

t
1B, @)y < sup /
0

0<t<T

€ ) ) — ) L/2
a2 el Clet = 9) s,

thus using inequality (3-7) we obtain the continuity of this bilinear form:

T,
||B(95 ¢)||LW(LP) S Cg_% € /q”A[(_A)—%Q}HLOO(Mq’a) ||S0||L°°(LP)
T: _ r
< CAE_%E IU(=A)7 20| oeqaray 121l Lo (1)
T3

< Ca=r Y (=A) 50 Lo 1] poo )

2
< CAE_% 87"/(1“9”L°°(LP) HW”Loo(Lp) )

where we used hypothesis (2.13), the embedding (2.3) withr = == and the Hardy- Littlewood-
Sobolev inequalities with % =n+ . Remark that these identities are fulfilled since we have
by hypothesis the relationship (2-17).

e Finally, for Theorem[]), from expression (3.3) we have

t
1B(0, )| zoo(rr) < sup/
0

o<t<T’

. . —g))" /2
A 1yl Ot = )7 2ds,
applying the general inequality (3.4) we obtain

[4icspsa)

and with the hypothesis (2.17) we write

< Ce /P S
oty S C A o

1

T:
1B @) lmn < O Ay gy limamra Il

T: _
< CAg_% € /pHHHL‘X’(L") ”‘PHLOO(Lp) .
(1) Regularity. We now study the regularity of the solutions constructed by this method. And
we will see that solutions of the approximated problem (BI) are actually smooth. Indeed,

12



following [6], we will work in the time interval 0 < Ty < T, < t < T* where Ty, T, and

T* are fixed bounds and by iteration we will prove that 6 € ﬂ L*([0,¢], W (R™))

0<To<Tw<t<T*
for all £ € N where we define the Sobolev space W*P(R") for s € R and 1 < p < 400 by

| fllwse = || fllze + [[(=A)2 f||z». Note that this is true for & = 0. So let us assume that it is
also true for £ > 0 and we will show that it is still true for k& + 1.

We will work under the framework given in Theorem [, modifications for Theorems are
straightforward using the computations made in Remark B.11

We thus consider then the next problem

t t

ee(tfs)Av . ( f@] 9)(8, .ﬁl])dS _ / e€(th)A£a9<8’ ZL’)dS,

To

O(t, x) = eT29(Ty, x) +/

To

and we have the following estimate

100 ity < N2,
t
+ / DAY (A5, 0)(s, - )ds
To ) LOO(W%W) (37)
t
+ /ee(ts)A£a9(5,~)ds .
To Loo(w%,p)

The first and the last term of (3.17) were already treated in [6], indeed we have

Hee(t*TO)AH(TO, )

t
/ DA LA (s, -)ds

To

< Cl0(To, )| v max{l;[g(t—To)]—%} and

”Loo(w'“jrlw) =

Cllefl

k
Loo(Wj ,P)

1426

X /t max{([z—:(t —8)] 7% et — s)]_%) (et — s)]_1+42a +e(t—s)] 71 )}ds.

To

Thus we only study the second term of ([B.7) and following the same ideas as in the existence
computations performed above one has

t
/ e9IBY (A5, 0)(s, )ds

To

z:’

v S Ol Amllze o101 5.0,
L= (3.8)

X Sup /t (1 + g_N) en/a max{[z—:(t — s)]’% et — s)]’%} ds,

To
for N > g At this point we use the hypotheses of Theorem [ (i.e. the Morrey-Campanato

boundedness and the Morrey-Campanato-Lebesgue embedding) to write

I'< Call0ll e raa 101 115 0,
t
X sup/ (1477 £ /4 max {[5(t — )] 2 [e(t—s)]” }ds

To (3.9)
< Callollz(en 101l gy 5.0,

X sup /t (1+eN) e max {[5(75 — s)r% le(t —s)]” } ds.

To

Nl
NI

W[

13



(iid)

With these inequalities we conclude that the norm HBHLOO(W B, is controlled for all £ > 0: we

have proven spatial regularity. Time regularity inductively follows since we have for all k£ > 0:

8k+1 ak 8k 6’“
g f(ho) =V (%V%} 9>) (t.o) + L0 <679) (t.2) = eA <879) (t,2).

Regularity under the hypotheses of Theorems follows essentially the same lines: apply
Remark [B.1] to the computations performed in (B.8])-(3.9).

Maximum principle. Let 6, € LP(R") with 4n < p < 400 be an initial data, then the

associated solution of the regularized problem (2.17]) satisfies the following maximum principle
for all ¢ € [0, T:
16, Y20 < 1601 (3.10)

This maximum principle is a consequence of the divergence free property of the drift and of
the following computations. Again, we assume the framework of Theorem [l since the result for
Theorems is essentially the same. We write for 4n < p < +o0:

d
L0 = v [ 10p0(200 49 (ay0) - £ (.o

= pe 0P 20A0(t, 2)dw —p | |0]P ' sgn(0)L*0(t, x)dx,
R” R”
where we used the fact that V- (Af;) = 0. Thus, we have
d
0L —pe [ 10F20A0(, 2)dz +p | |6 sgn(6)L0(t, x)dz = 0,
]Rn ]Rn

and integrating in time we obtain

t
10, )7» — pe / 10[P~20A0(s, x)dxds
L (3.11)

t
+p// 0P~ sgn(0) L0 (s, z)dxds = ||6g||},-
0o Jrn

To finish, we have that the quantities
t
—pe/ |0]P~20A0(s, 2)dr  and p/ 0Pt sgn(0)L(s, x)dxds
R™ 0 Rn

are both positive. We refer to the prof of Proposition 2.1 in [6] for details. Thus, getting back to
(110, we have that all these quantities are bounded and positive and we obtain the maximum

principle property stated in (B.10]).

Remark 3.2 With this a priori bound (3.10), it is posible to obtain global solutions (t, -) where
t€[0,T] and 0 < T < +o0 is a fized final time.

Remark 3.3 (Uniform controls) Following the hypotheses stated in Theorems[I{4}, this maz-
imum principle implies a uniform control over the nonlinear drift.

o for Theorem[l, using (2.0) and the Morrey-Campanato-Lebesgue embedding (2.3) we have
[ Ajg)l| oo (araay < Callf| oo (araay < Cal|0]| oo (rry < Callbol|rr < +o00,

14



(iv)

o for Theorem[2, using (2.9) we have
[ Ajgy |l oo (apay < Call0]| oo (zry < Callbollr < 400,

o for Theorem[3, using (Z13), the embedding (2.3) with r = 2 and the Hardy-Littlewood-
Sobzlev inequalities with 3 = n+ 3, (recall that in this case we have the relationship (2.14)))
we have

CAH(_A)_gQHLOO(Mq,a)
CAH(—A)_ZQZ@HLOO(LT)
Cal|0]| Lo (zry < Callbo||rr < +o00,

e finally, for Theorem[]], using (2.17) we have
1A

”A[(—A)—%e] | oo (aa.0)

VAN VAN VAN

[(_A)%G}HLOO(MP’G) < Call]|zoe(zry < Callbol|zr < +00.

Besov Regularity. This property is the crucial point of this article as it gives an additional
information on weak solutions which was not exploited in [6] where we only considered linear
equations. Thus, since we consider now a nonlinear drift that satisfies a Besov space stability
property as stated in Theorems [IH4], it is interesting to investigate the behavior of weak solutions
in terms of Besov spaces and to this end we have the following theorem from [4]:

Theorem 5 (Besov Regularity) Let L be a Lévy-type operator of the form (2.1) satisfying
hypothesis (2.3) with 0 < o < 2. Let 2 < p < +00 and let § : R" — R be a function such that
6 € LP(R™) and

/ 0(z)[P~20(2x) L*0(x)dx < +00, then 6 € Bp%’p(R").

See [4] and [6] for a proof of this fact. Let us explain briefly how we will use this regularity
property: combining this result and the formula (BI1]) we have the inequalities

16(t, -)HB%J, < C/ 0(s, 2)|P~20(s, ) LO(s, z)dx < C||6Lr,
P Rn

and thus weak solutions (¢, z) belong to the Besov space Bp;’p(R”). Now, from the Besov

stability hypothesis stated in Theorems [IH4] we have ||A[9}||LOO(B ” < DA||0||LOO( .a, , which

o
Pp B Pp )

gives us a Besov control for the nonlinear drift:
a, < a, < . .

4l 5, < Dallél,_ 50, < Dallollzs < +00 (312)
The limit. The previous solutions form a family of regular functions (6®)).~o € L>([0,T], LP(R"))
which satisfy the uniform bound [|6©(¢,-)||» < ||fo]|rs; in order to conclude we need to pass
to the limit by letting ¢ — 0. For this, since we have §, € LP N L*(R") and since we have
the uniform controls over the nonlinear drift given in Remark B.3] we can apply the same
arguments used in [6], we thus obtain existence and uniqueness of weak solutions for the equa-
tions stated in Theorems [[H4l with an initial data in 6, € LP(R™), 4n < p < 400 that satisfy
the maximum principle. Moreover, we have that these solutions 6(t,z) belong to the space

([0, T), LP(R) 1 L2((0, T, B " (R™)).

Remark 3.4 The hypothesis 6y € L= (R™) (and not only 6y € LP) is useful in order to obtain
general existence results when dealing with general drifts belonging to Morrey-Campanato spaces.
See Theorem 1 of [6] for the details.
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4 Holder Regularity and proof for Theorems [TH4]

One important feature of Hardy space relies in the following property: let 25 < o < 1 and fix
0 <~ =mn(+—1) < 1, then the dual of the local Hardy space h?(R") is the Holder spac C7(R™)
and with the help of a dual equation we will use this property in order to study Holder regularity of

the solutions of equation (Z2.3]).

We recall that the local Hardy space h?(R™) with 0 < ¢ < 1 is the set of distributions f that
admits the decomposition f = > jen Aj¥j, where (Aj)jen is a sequence of complex numbers such that
> jen [Aj]7 < +o0 and (¢))jen is a family of molecules given by the following definition

Definition 4.1 Set .25 < 0 < 1, define v = n(: —1) and fix a real number w such that 0 < y <
w < i. For 0 <r <1 an integrable function v is an molecule if we have

1
Cr

. Y(x)dr = 0. (4.2)

()| — wol“d < (Cr)*™7, for zo € R",  and — [[¢[|z~ < (4.1)
R

In the above conditions the quantity ¢ > 1 denotes a constant that depends on 7v,w,a and other
parameters to be specified later on. In the case when 1 < r < +oo, we only require conditions (4.1])
for the molecule ¥ while the moment condition ({{.3) is dropped.

Remark 4.1 Conditions ({.1) imply the estimate ||| < C(¢r)~7. Thus, every molecule belongs
to LP(R™) with 1 < p < 400 since we have

lle < C(Cr)y ™, (4.3)
See [6] for more remarks about this definition. See also [18], Chapter III, §5.7, [19], Chapter XIV,
§6.6 or [11].

The dual equation

Once we have described the elements of the Hardy spaces, we need to derive a dual equation from
the original problem (Z3]), and for this we proceed as follows: assume that 6y € LP N L>°(R") is
an initial data and consider the equation (25]) with a Lévy-type operator £* and a nonlinear drift
Ajg satisfying all the hypotheses stated in Theorem [ (since all the nonlinear drift in Theorems
2HA] are divergence free, the arguments are similar in these cases). By the previous sections we can
construct on the interval [0,7], with 0 < T < +oo fixed, a corresponding weak solution 4(-,-) €

L= ([0, T, LP(R™)) N LP([0, T, B 7P(R”)) that satisfies the maximum principle from which we deduce
the uniform bounds (recall Remark 3.3 and formula (3.12)):

[ Ajgyl| oo (ara.ay < +00,

(4.4)
a, < a, < P .
4l 3, < Dalléll,_ 0 < Dallollzs < +o0
Fix now a time 0 <t < T and consider the following dual equation
asw(& .T) = -V [A[9]<t - S, x)w(& .T)] - an<57 SL’), s € [07 t]a (4 5)

$(0,2) = wo(x) € L'N L*(R"),

1See [9] for a proof of this fact and see [7] and [I8] for a detailed treatment on Hardy spaces.
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where £ is a Lévy-type operator of degree 0 < o < 2 and the initial data 1)y is a molecule in the
sense of Definition [£.1] above.

Note that this problem is now a linear equation since the drift Ay does not depend on (¢, z).
Remark also that, by hypothesis we have div(Ap) = 0 and from (&4)) we have a uniform control
over || Apg||z(aae) and thus by [6] we obtain global existence and a LP-maximum principle for the
solutions 9 (-, -) of such equation.

Once we have the dual equation and the corresponding solution 1, we can state the following
theorem which will help us to prove Theorems [IH] using the Hardy-Hoélder duality.

Theorem 6 (Transfer Property) Let 6y € LP N L>®(R™) and let 0(t,z) be a weak solution of the
equation (23) in the interval [0,T] where the nonlinear drift and the Lévy-type operator L satisfy
the hypotheses of Theorems[IH{{ Let t € [0,T] and let ¢(s,x) be a solution of the backward problem
(4.3) for s € [0,t]. Then we have the identity

/n 0(t, 2)06(0, 2)dx — / 0 (%x) " (%x) dz.

Proof. We first consider the expression

Os [ 0(t—s,x)Y(s,x)dx = —0,0(t — s, 2)Y(s,x) + 0s9(s,2)0(t — s, x)dx.

Rn Rn

Using equations (2.H) and (43 we obtain

Os | 0(t—s,x)Y(s,x)de = /n { — V- [(Apg(t = s,2)0(t — s,2)] (s, z) + LYt — s, 2)(s, x)

R

=V - [(Ajg(t = s, 2)p(s,2))] O(t — s,2) — LY (s, x)0(t — s, x)}dw

Now, by an integration by parts in the first term of the right-hand side of the previous formula, using
the fact that Ajy is divergence free and the symmetry of the operator £ we have that the expression

n

above is equal to zero, so the quantity / 0(t — s,x)1(s, x)dzr, remains constant in time. We only

have to set s:Oands:%.

Since the drifts A[ (—a)-3g and A[ a)d used in Theorems [B and @ are divergence free, the proof

0]
follows the same lines for these cases. [ |

This result is borrowed from [11] and was used in [6], but we have made here a slight modification
which is crucial in this article. Indeed, in those previous articles, Theorem [6] was used to replace the
Holder-Hardy duality bracket (0(t,-), %o)crxpe into a simpler L> — L bracket {0y, 1(¢,-)) peox 1 (the
initial data 6y was assumed in L), and then the proof of the Hélder regularity was reduced to a
suitable L' control for deformed molecules (¢, -) since

(B0, () o] < [l6oll oo [[(, )l 1

Now, with this previous theorem, we replace the bracket (8(¢, -), 1o)crxne by (0(/2, ), 0(t/2,-)) o s’
where % + z% = 1 and this bracket in time ¢/2 gives us more information than (6, ¥(t,-)) . » and
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the modification is not only related to the LP setting.

Indeed, by the maximum principle we have at time ¢/2 the inequalities

(02, ), o (t/2,)) o | <NOE/2, o ll0(E/2, M o < MO0l o [[9(E/2, )| 2 (4.6)

thus we only need to control the L”-behavior of 1(¢/2,-).

But, at time ¢/2 we have § € L>(L?) N L>=(B2") from which we deduce the uniform controls
given in expression ([A4]) for the drift: in particular at time ¢/2, due to the stability properties of the
drift Ajg) we have a Besov control for the velocity field which was not available at time ¢ = 0 and this
additional information is the key of our computations. This is a specificity of the nonlinear case.

Remark 4.2 Note that the Besov control hypothesis is the same for Theorems [I{4] and what really
changes from one theorem to another is the Morrey-Campanato boundedness properties. Since we
have in these cases the uniform controls stated in Remark[3.3, the corresponding smoothness degree
ap 1s directly given by the relationship (1.2). We thus only have to study how to use the Besov
information to obtain a new smoothness degree o in order to establish the comparison between the
Besov and the Morrey-Campanato reqularity.

Proof of Theorem [Il. From the transfer property given in Theorem [0l and with the inequalities
(EB) we only need to study the control of the LP norm of ¢(¢,-) and due to the maximum principle
we can divide our proof into two steps following the molecule’s size. Indeed, if » > 1 we have

160l 2ol (t/2. M < 180l zelltoll o < Cr™™ "5 7||6 s,

but, since r > 1, we obtain |(8(t, ), ¢o)cvxne| < 400 for all big molecules.

It remains to treat the L control for small molecules and this is done in the following theorem:

Theorem 7 Let 1y be a small molecule molecules and consider 1(t/2,-) the associated solution of
the backward problem (4-3). If we assume moreover 4n < p < 400, then there exists C > 0 such that
for a given time 0 < Ty < t/2 we have the following control of the LP -norm.

+2r

1o (t/2, )| w < CT, (To <t/2<T),
where 0 < v < i.

Accepting for a while this result, we have then a good control over the quantity |[¢(¢/2, )|, for
all 0 < r < 1 and getting back to (Z6]) we obtain that [(0(¢,-),vo)crxne| is always bounded for
To < t/2 < T and for any molecule ¢y: we have proven Theorem [[lby a duality argument. The proof
for Theorems is essentially the same. ]

4.1 Molecule’s evolution

The following theorem shows how the molecular properties are deformed with the evolution for a
small time sg.

Theorem 8 Fizrt €]0,T[. Set o, v and w real numbers such that 25 < o <1, v = n(+—1),
0 <y <w<1 Let(so,x) be a solution at time sy of the problem ({.5). We assume as for
Theorem[7 that 0 < o < 2, 4n < p < +00 and that the drift satisfies the hypotheses of Theorems[1H4)
Then, there exist positive constants K and € small enough such that if 1y is a small molecule in the
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sense of Definition[4.]] for the local Hardy space h?(R™), then for all time 0 < sy < er®, we have the
following estimates:

5 (50, 2)||7 — 2(s0)[“dx < ((Cr)* + Kso) = (4.7)
leb(so, Yl < L (4.8)
((Cr)“ + Kso) a
21)[[:—“
[ (s0, Mzt < = (4.9)
((Cr)a + Kso) E

where v,, denotes the volume of the n-dimensional unit ball.

The new molecule’s center x(so) used in formula [{.7) is given by the evolution of the differential
system

©(s) = Ayt —sx(s)) = /nA[e} (t —s,x(s) = y)ep(y)dy, s € [0, so], (4.10)
z(0) = o,

where @,(s,z) = pingo((a: — x(s))/p), here ¢ is a positive function in C3°(R™) such that supp(p) C
B(0,1) and where p = (%7 and By > 1 will be specified later on. In the previous controls and in the
dynamics for the evolution of the center, the parameter ¢ = ((a,w,v, ) > 1, to be chosen further,
is the same as in Definition [{.]]

Remark 4.3

1) The expression ({.10) explains the transport of the center of the molecule using the velocity Ag.
The same definition is applicable to the drifts A[(fA)’gG] and A[(fA)%e] given in Theorems|[d and

respectively. We denote the new center of the molecule by z(sg) = xs,.

2) By the maximum principle, it is enough to treat the case 0 < ((¢r)*+ Kso) < 1 since sq is very
small: otherwise the L control will be trivial for time so and beyond.

3) We will always assume 0 < v < w < i. Moreover for Theorems [IH4) we assume the following
relationship: 1/2 < § < o < 2.

—n

4) The hypothesis o = ?TT (which is common to Theorems[H2) can be rewritten as o = 1 — “=#
and this last formula will be helpful in the computations below.

Proof of the Theorem [8. We will adopt the following strategy: the first step is given by a study
of the small Concentration condition (£.7) and in a second step we prove the Height condition (4.8]).
With these two conditions at hand, the L' estimate (£3) will be easily obtained.

1) Concentration condition

For s € [0, so], we consider the functions Q4(z) = |z — x(s)|* and ¥(x) = ¥ (z) — ¥_(x) where
the functions ¥4 (x) > 0 have disjoint support. We will denote 1+ (sg, x) two solutions of the dual
equation (AH) at time sq with ¢4 (0,2) = ¥4 (x). We can use the positivity principle (see [6] for a
proof, recall that for ¢) we are in a linear framework) and thus by linearity we have

¥ (50, )| = [th+(s0, ) — ¥—(s0, 2)| < h1-(50, %) + ¥ (50, 2),

19



n

and we can write [t (0, )| Qs (x)dx < / Y4 (S0, ) Qs (x)dx + / _(sg, ), (x)dx, so we only
R" R"
have to treat one of the integrals on the right hand side above. We have for all s € [0, s¢:
I, = (05 | Qs(z)y(s,x)dx
Rn

= O ()b (s, ) + Q@) (=V - [Ap(t — 5,2) i (s, 2)] — L% (s, 2)) dx

Rn

= /n —VQ(x) - 2/ ()4 (s,2) + Q(x) (=V - [Ap)(t — 5,2) Yy (s,2)] — L% (s, 2)) da

Using the fact that Ay is divergence free (this fact is a common feature in Theorems [[Hd)), we obtain

I, = /n —VQ,(x) - (2'(s) — Ajg) (t —s,2)), (s,2) — Qy(x) LM (s, x)dx

Since the operator £ is symmetric and using the definition of 2/(s) given in ([AI0) we have
I, < cf Jo—a(s)|* At —s,x) — Ayt — s,2())||10+ (s, x)|dz + c/ 1L (x)| [0 (s, ) |dz
R Rn

Is S C(Is,l + 1572) (411)
We will study separately each of the integrals I;; and I, by two propositions

Proposition 4.1 If0 < v <w < i, 0<d<a<2andifdn < p < +oo, we have for the integral
Iy in ([EI0) the estimate:

w—o—
Io; < mr 7,

where my = 11 ((, o, q,n) is such that the quantity ﬁ can be made very small and where ¢ > 1 1s
the same parameter of Definition [{.]]

Proof. Consider 0 < fy < 1 < f; < 2 two parameters. Let ( > 1 and 0 < r < 1 be such that
p=¢Mr < 1. Weset R" = B, U, Ex where

B,={reR":|z—2(s)| < p} and E,={zecR":2"'p<|z—a(s)| < 2"}, (4.12)

and we write
Iy = / |z — a(s)|* M Ap (t — s,3) — Ajp(t — 5,2(5))|[¢(s, z)|dz (4.13)
By

+ Z/ |z — 2(s)|[*"HAp (t — 5,2) — A (t — s,2())|[1(s, 2)|d. (4.14)
E>1 Y Br
We will study each of these terms separately.

e For (AI3) we define py = (%r, since By < B; and ¢ > 1 we have py < p, and then we can
consider B, = B,, UC(po, p) with C(po, p) = {z € R : py < |z —x(s)| < p} so we need to study
Ip, + Ic(py,p) where

Ir,, = / [ = 2()[* A (t = 5,2) = Ap,(t = 5, 2(3) |4 (s, 2)ldz,

PO
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and

Le(po.p) = /c( ) |z —2(s)[“HAp (t = 5,2) = Ap )t — 5,2(5))| [ (s, )| dx.
P0,p

We set L1 _
—4+—=1, with 1 <p' < and—+ +——1W1thm>L. (4.15)

p l-w m p 1l-w
Then, by the Holder inequality we have:

Ip,, + Ieoop <005, )l x Mz = 2()[“ o s,,) % 1At = 5.7) = At — 5, ) 2B,

1/p
+ (/ |Ajg(t —5,-) — A (t — s, SL’(S))|pd.T)
C(po,p)

1/m
% ( |- x<s>|<w—1>mdx) < 105, ) ooy
C(po,p)

Since 1 < p’ < & and -2 < m, we can write
1-w 1-w ?

w—14+2 -
Ig,, + Ieqo,p) SCNU(s, )i x pg 7 X ([ At = 5,-) = Ajg ) (t = 5,2(5)) || 128,

' </C(po,p> A (t = 5,) = App,p(t = 5,.2:(s ))\pd:c) :

x(pom@ Din e ) < 105, e o

and since pg < p we obtain

w=1+75 m(w— n m(w— n 1/m
Iy +lenn < C (1065, M x gy 7 o (oo™ @00 = gD o s, s, )
X HA[@] (t — S, ) — A[gﬁ](t — S, x(s))”LP(BP). (4.16)

It is worth noting here that it is precisely at this point that we will use the Besov norm con-
trol instead of the Morrey-Campanato boundedness information. Indeed, having obtained the
inequality (4.I6) we have the choice to use either the first inequality of (£.4]) to control the
quantity || A (¢t —s,-) = Ap,p (t— 5, 2(s))| e (B,), which will lead us (following [6]) to relationship
(L2), or the second inequality of (4.4]) which will allow us to consider a different smoothness
degree for the Lévy-type operator: following the choice made, we will observe a very interesting
competition between the Morrey-Campanato regularity versus the Besov regularity.

We have now the following lemma, proven in the appendix, which is the key of our computations

Lemma 4.1 Under the hypotheses of Theorems[IHZ and if Ajg ,(t — s, 2(s)) is given by ([{.10),
we have for 1 <p <400 and 0 < a < 2:

[ A (= 5,-) = A, (E = 5,2(5))los,) < Cpr | A = 5, )| gosv gy

Remark 4.4 This key lemma admits the following generalization that will be used in Theorems
(A and[f). Indeed, if 0 < n <1 is a fired (small) parameter such that respectively 0 < % +n<1
and 0 < % —n <1, then:

- +
arto (t _ s, ) _ A[(fA)_gG,p] (t — s, :E(S))HLp( < Cpp ’7||A[( A)” }(t — S, -)HBg/ern,(Pin%)
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1A a3 =5) = A 089, E =5 ) liees) < Cor A g0 (E =5, 2(5)] gosv—no(gny (418)

The proof of these inequalities follows the same lines as of the one presented in Lemma[4.1]

Now we apply Lemma [l in (4£.16) and we obtain

w=1+75 m(w— n m(w— n\1l/m
Iy + Loy < C (00 Ml x py 7 (o5 — gD i) )

Xp; ”A[G} (t - S, ')HB‘;/P,IJ(Rn)-

If we define
In [1 _ g(ﬁl—ﬁo)(m(w—l)‘m)}

G CED DGR

which is a positive quantity since m(w — 1) +n < 0 and recalling that p = (#r and py = (Por,
we obtain

(4.19)

m(w— n m(w— n 1/m w—14+2
<p0( DA _ 1)+> = (¢Poli+e)pyw—1t

Y

and we can write

Iy + e < C (@&’T)“‘”ﬁ X (s, Mlzee + (POt i, ->||Lz<Bp>)
X(Cﬁlr)% X || A (t — s, .>HBS/Z”P(Rn)'
At this point, we use the maximum principle for the molecule (s, -):
[9(s, )|z < [[tolle < (¢r)~ ) 15, ML=8,) < ol L=@ny < C(Cr) "7,
which lead us to
Ig,y + Lerp) < 0(<<5°r>“‘”5“' X (Cr) 70 (PR <<r>"+?”)

X(CPr)5 x Ayt — 5. ) o

Since we have the Besov stability property for the drift given in (44]) -which is a common
hypothesis for Theorems [[H2} we can write

||A[9}('7 ')HLoo(Bg/p,p) < DAHeHLoo(Bg/p,p) < CAHQOHLP = p < +o0,

and we obtain

[Bpo + IC(po,p) < C’u ((Cﬁor)wﬁﬁ (Cr)—(n+v) 4 (Cﬁo(1+e)r)w—1+%(CT,)—M—%—V) % (Cﬁl,r)%. (4_20>

Remark 4.5 In the case of Theorem[3, we use (4.17) to obtain:

Ty, + ey £ C((G%0) 15 ()00 (e x () e )

X(Cﬁlr);—i_n X ”A[(_A)*gg}<'7 .)|’L°°(Bg/p+n’p)’
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moreover, using hypothesis (Z13), Besov spaces properties, the uniform control over the Besov
norm stated in ({4.4) and the mazimum principle we have

_n
||A[(7A)—g9}||LOO(BZ‘/P+77’P) < [[(=4A) 29||Loo(gg/P+W) = ||9||Loo(B;z/p,p) < Dallollr = p < +o0,

and thus inequality ({.20) may be replaced by
Ty, + gy < O (0r)* 15 (Gr) 000 4 (@93 ()47 ) (P
For Theorem[{], in a completely similar fashion, using (4.18) we obtain

L,y + e < O ((cﬁ%)wl*ﬂ(cr)("*” + <<5°<1+€>r>“1+%<<r)"+f’*) X ()

Once we have obtained inequality (£20) we continue our study of the molecule’s evolution.

a—n

Indeed, using the identity a = 1 — < which is common to Theorems (see point 4) in
Remark 3] we obtain recalling as well (£.15):

[Bpo + [C(po,p) < C,LL w PP (Cﬁo(w—l-l—ﬁ)-i-&%—n—'y + <60(1+€)(w71+%)+61%fnJr%f’y) . (4.21>

Remark 4.6 For Theorem (3, using relationship (2.12) we have o = 1+ *>% — 5 and then
inequality ({.21]) becomes

[Bpo + [C(po,p) < COp x r=o7 x <<50(w—1+ﬁ)+51(%+7l)—n—7 + <50(1+6)(w—1+%)+61(%-i—n)—n—i—%—v) .

Whereas for Theorem[{], with relationship (2.10) we have a =1+ =& 4+ n and thus inequality

(4-21]) becomes
o n

In, + Ieqp) < Cpx 1777 x <C60(w*1+ﬁ)+61(%*n)*n*'y + Cﬁo(ue)(wfuﬁwl(Tmfnbﬂ) .

Once we have inequality (4.21]), we want to keep the information of the molecule’s relative size
r“~%"7 and we want to absorb the constants, thus if we denote 1y, by

o1 = Cp <<60(w—1+§)+61%—n—7 + Cﬁo(1+6)(w—1+%)+ﬁ1%—n—f—f—“/)

Y

we can write

IBPO + IC(po,p) S 7]0717"“)70{77. (422)
We remark now that % can be made small, indeed we have
C(wmiv) - Cu (Cﬁo(w—1+ﬁ)+61%—n—w—(w—a—v) + <60(1+€)(W*1+%)+61%f"JrS*%(wfaﬂ))
- Cu <§Bo(wfl+§>+61%fn7w+a + gﬁo(He)(wa%)wl%fn%*wm) (4.23)
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and since the parameter ¢ > 1, it is enough to verify that the quantities fy(w — 1+ 1%) + 51% —
n—w+aand fo(l+e)(w—1475)+ 15 —n+ % —w+a can be chosen to be both negative.

If weset fjp = 1 —19 and By = 1+ 11 with 0 < 11 < 1y < 1 and recalling the relationship
a =1— <%, the negativity of Bo(w—1+ z%) + 51% —n —w + « s equivalent to
a n
m— <= +w-—1), 4.24
. » (4.24)

but since from (415)), 1 < p’ < %= and v; < v, we obtain that the first power of ¢ in (£.23))
is negative.

Remark 4.7 For Theorem[3, we need to study the negativity of the quantity So(w — 1 + 1%) +
Bi(5 +n) —n—w+a, and the condition (4.24]) changes as follows vy <% + n) <wo(y+w—1),
while for Theorem[4] we need to study fo(w — 1+ ) + B1(5 —n) —n—w+a, and the condition
obtained is 1, (% — 77) < 1/0(]% +w —1). These conditions are fulfilled as long as 1 < p’ < =
and v, < 1.

With the same relationships as above for fy, 1, v and vy, the negativity of Sp(1 +¢)(w — 1+
)+ ﬁl% —n+ 2 —w+ ais equivalent to

(w—1+%)(5—1/0(1+5))+1/1(1—a+g) <0, (4.25)

where - < m < 400 and ¢ is given by ([{.I9). Since € = e(1p, 1) — +oo, the negativity of
vo—r

this exponent of ¢ follows for 1y small enough.

Remark 4.8 As before, for Theorem [3 we need to study the quantity Bo(1+¢)(w — 14 %) +
ﬁ1(% +1n) —n+2 —w-+a, but since we have a = 1+ e (see Remark[].0]), the negativity
of this quantity is equivalent to the condition {{.25). For Theorem[f] we study Bo(1+¢)(w—1+
w) B —n) —n+ L —w+a, but since v =1+ "%+ (see also Remark[{.0), we obtain
the same condition (4.25).

Thus, since all the exponents in (£.23]) are negative, it is possible to take ¢ big enough in order
to make % small.

We study now (AI4). Let us note I, the integral
Ig, = /E | = 2(s)|“ Ay (t = 5,) = A, (t = 5,2(3))[[(s, ) |d.
k
As w—1<0, over Ej we have |z — z(s)|*~1 < C(2%p)*~! and we write

Iy, < C(@p)! /B Auy(t = 5,) = A (t — 5,2(5)) || (s, 2) e,

2%p

where we have denoted Byr, = B(z(s),2p), then we obtain
p

I, < C2% )" | Apy(t = 5,7) = A (t = 5,2() o5, ) 1905 ot (3, (4.26)

where we used the Holder inequality with % + ]% = 1. We will need the following lemma which
is proved in the appendix.
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Lemma 4.2 Under the general hypotheses of Theorems [H2 and if Aj,)(t — s,-) is given by

(4.10), we have

a En
1A (t = 5, ) = A (t = 5,2()) 0By, < C20)7 x 27 x [ Ajg)(t = 5,) | garmo gy

Remark 4.9 This lemma admits the following generalization: if 0 < n < 1 is a fized (small)
parameter such that 0 < % +n<1land0< % —n <1, then we have

||A[(_A)_%z6](t —8,) — A[(—A)—%e,p}(t — s, -)||Lp(32kp) < C(Qkp);+77 (4.27)
kn
X 2w ||A[(_A)f§9] (t -5, ')HBg/P‘”hP(Rn)'

The previous inequality will be used in Theorem[3, and for Theorem[4 we will need the following
estimate

14y aytg (= 50) = Ay gyt =50y, < C(25p)> " (4.28)

kn
<2l (= 8 prene gy
The proof of these inequalities follows the same lines as of the one presented in Lemma[4.2

If we apply Lemma in the inequality (£.26]) we obtain

_ a kn
In, < C@p) 7 ((2%)F x 2% x At = 5. g mo o 165, Ml e )

and using again the maximum principle for the moleculd? (s, ) we have

IEk < C(Qkp)w 1 X (Cr) aabet X ((Qkp)p X 27 X ||A[9}(t — 8, ')HBg/p’p(R”)) .

Now, in the framework of Theorems we have by hypothesis the Besov stability property
||A[9]||Loo(3a/p,p) < DA||0||LOO(Ba/p,p) < Dyl|ollrr = 1 < 400, and we can write recalling from
P P

1 1 _ 1.
(mthat;-'-y—l.

I, < Cu(26p)*=1 x (¢Cr) 57 x ((2%)% x 2—) . (4.29)

Remark 4.10 For Theorem[3, using the inequality ([{.-27) and the estimates given in Remark
[4.5 we have instead of ([{.29) the following inequality

I, < Cp(2)°™ % ()57 x ((25)7 77 x 27).
For Theorem ]}, using (4.28) and Remark[{.5 we obtain

I, < Cp(20)° ™ x ()57 x ((25)7 77 < 27).

n__

2Recall from the maximum principle that we have |[¢(s, Nrw @y < 1Yol o gny < CCr) "> 77
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n

Once we have at our disposal inequality ([&29), recalling that p = (#ir and a = 1 — %, we
have the following expression

I, < Cpu2Fe #5575 x (Aloml+i)—5—r o po—a—y, (4.30)

k

Since()<w<i,0<a<2,2gnand4n<p<+oo,wehavethatw—1+%<0andwe
can sum over k in order to obtain

S Ip € CuCHEI R e (431)

k>1

Remark 4.11 Using Remark[4.10, for Theorem[3 we have instead of ({4.30) the following in-
equality

Igp, < CMQk(waaTtnﬂLn) % Cﬁl(wfl‘i’%ﬁ’n)f%ffy  pe—a—
b )

and thus, ifw—1+%+n<0 (which is the case since 0 < w < i,()<oz<2,2§n,

dn < p < 400 and 0 <n < 1 is assumed small enough), summing over k we obtain:

S I < Cuch eI e, (4.32)

k>1

For Theorem[§) we have Ig, < C,LLQMW*HQTTL") x (PH@TITL =M= ==y put since w — 14

et —n < 0 we obtain

(e}

D lp, < OpcHeT R g, (4:3)

k>1

Now, coming back to the expression (£31)), setting 7, := Cpu¢?@= 1437377 we observe that

% can be made small. Indeed:

C(wn—l(;l—v) - CMCBI (oIt ) e .

Since ¢ > 1 we only need to verify that 5y (w — 1+ %) — % —w+a <0, but since g1 =1+ 14
and o = 1 — 2%, the negativity of this exponent is equivalent to w + 5 < a which is the case
by hypothesis since 0 < w < i, 1 < a <2 (for Theorems [ & [2) and 4n < p < 400 with 2 < n.

Remark 4.12 In order to absorb the constants in the expressions (4.32) and ({{.33) we need to
study the negativity of the quantities

Bl(w—1+g+n)—ﬁ—w+a<0 and Bl(w—1+g—n)—ﬁ—w+a<0,
p p p p

but using the fact that % =1+ % — a —n for Theorem [3 and % =1+ % — a+n for Theo-
rem[{] (see Remark[].0), the negativity of these terms follows from the same condition w+% < a.
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Remark also that, in the case of Theorem [3, the condition w + % < «a giwes a lower bound for

the smoothness degree a given in (2.12). Moreover, since 0 < w < i and 4n < p < 400, we can
obtain that 1/2 < o < 1.

More accurate bounds can be obtained, but this is enough to our purposes, in particular in the
case of Theorem[3 we can consider smoothness degrees in the interval 1/2 < a < 1.

Now, in order to finish the proof of the Proposition 1] it remains to gather the estimate (422l)
with (£37]) to obtain

Is,l - ]Bm + IC(po,p) + ZIEk

E>1
< T (o i) =T T,

where 1y = 191 + 11,1 is such that ﬁ can be made very small. This concludes the proof of
Proposition 411 |

With the several remarks stated all along the proof of Proposition [.1], we also have this estimate
in the framework of Theorem Bl and Theorem [l

The second step is given by the following proposition that relies only in the properties of the
Lévy-type operator.

Proposition 4.2 For the integral I, 5 in ({{.11) we have the following inequality:

w——
Iso < mor 7,

where w — § + 3 <0 with 1/2 < § < a <2 and where C(“?i*” can be made very small.

Remark in particular that since 0 < w < i and 4n < p < 400, then the condition w — § + % <0
is fulfilled. As Proposition only involves the properties of the Lévy-type operator £, its proof

follows the same lines given in [6]. Refer to this article for the details.

With the help of Propositions 1] and [£.2] we go back to (A.I1]) and we have
Iy < c(ln+ Isp) <clm +m)r 7.
Integrating in time this estimation on I; and using the initial concentration condition (4.1]) one gets:

/n |z — z(s0) || (50, x)|d < (Cr)“ ™7 4 2c(m + n2)r ™" Vs

w—ry
w—y

< ((CT)O‘—FQC a (m + n9) %0 )T:(@T’)Q-O—KSO)Ta

w1 G

and we want to make the quantity K = QCUJO‘j(m + U2)W very small. By the computations

above, it is possible to choose ( big enough in order to obtain the inequality

o 1 o
K=2 < C 4.34
Cw _ /y (771 + 772) g(w—'\/—a) — (n + 7) Cl X c’ ( )

where the constant ¢; is related to the hypotheses (2.2]) assumed for the Lévy operator £ and where

. on(5"—=1)—2v, 5"
the constant ¢ := S Enio

is chosen as in the proof of Theorem 10 of [6] to handle the
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height condition (see also the remarks below). We finally obtain the following inequality for the
concentration condition with an appropriate control of the constant K:

/ |z — z(s0)|“¥(s0, )dz < (((r)* 4+ Kso) .
This concludes the study of the concentration condition.

2) Height condition and L' estimate

This part only concerns the operator £%, independently of the drift, since we are lead to investigate
the time evolution of the supremum norm in space which precisely annihilates the transport term.

This contribution can readily be analyzed following the proof of Theorem 10 in [6] which precisely
yields estimate (4.8]). Equation (4.9) then follows from a direct optimization over the parameter D
writing

/ (s0, 2)|de = / (50, 2)|dz + / (50, 2)|de
n {lz—=(s0)|<D} {lz—=(s0)|>D}
< 0, D"[(s0, ) + D / (50, 2)la — a(s0)“da.
R?’L

Theorem [§ is now completely proven. |

4.2 L* control and Iteration

Once we have a good control over the quantities |[1(so,)|[z1 and |[1)(so,)||L<, by interpolation we
obtain the following bound

L 1i|—n+ﬁ—'y

(50, Mz < [16C50, NIl (50, ) < € [((C'f’)o‘ + Ksp)®

We thus see with Theorem [ that it is possible to control the L norm of the molecules ¢ from 0
to a small time sg, and reapplying the same arguments we can extend the control from time sy to
time s; with a small increment s; — sg ~ r*. Now we can see that the smallness of the parameter
r and of the time increments sg, s1 — So, ..., Sy — Sy_1 can be compensated by the number of iter-
ations N: fix a small 0 < r < 1 and iterate as explained before. Since each small time increment
S0, 81 — S0, ..., SN — Sy_1 has order er®, we have sy ~ Ner®. Thus, we will stop the iterations as soon
as Ner® > 1.

The number of iterations N = N(r) will depend on the smallness of the molecule’s size r, and it

is enough to consider N(r) ~ Z& in order to obtain this lower bound for N(r). Proceeding this way

—nt 5 . .
we will obtain [[¢(sy, )| < CT, * " < o0, for all molecules of size r. Observe that once this

estimate is available, for larger times it is enough to apply the maximum principle.

Finally, and for all » > 0, we obtain after a time Ty a L”" control for small molecules and we finish
the proof of the Theorem [71 [ ]

A Appendix

We prove in this section Lemmas FI] and
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Proof of Lemma [{.1]. Using the definition of Ay, given in (@I0), and for 1 < p < 400 we
write

[ A (E = 5,-) = A, (t = 5,2(5)) 1705, /B Ap(t = s,2) = /n A (t = s,2(s) = y)p,(y)dy| dx
< ort (/B A (t —s,x) — /n A (t = 5,0 — y)p,(y)dy ’ dx
+ (A (t = 5,2(5) = y) = Agi(t = 5,2 =) @p(y)dy| do)
< 2p—1</B /n }A[g}(t—s,x) —A[g](t—s,x ’ |g0p |dy dx
[ ante=sente =) = ayfats) = n)dy| do), (A1)

using the Jensen inequality for the last bound. Since / ((pp(x —y) — pp(x(s) — y))dy = 0 and
Rn
l¢pllz1@ny = 1, we obtain

p

/n A[g}(t — S, y) (Spp(x - y) - QOp(l‘(S) - y))dy

p

/n (At = 5,9) = At = 5,2)) (£p(x = y) = p(a(s) = y))dy

<[

Plugging this estimate in (AT yields:

At — s,y) — Ajg(t — s, x))pm(ﬂf —y) — pp(x(s) —y)|dy.

| A (t = s,) — Ay (t — s, -)||LP(B ) < 2P _1</B A }A[e}(t —s,x) — A (t — s, 0 — ’ l0,(y)|dy dx

ok

Now if we consider a small fixed parameter s such that 0 < sp < 1 we can write
[Ajgy(t = 5,7) = Ao, (t = 8, ) I70(s,)

A (t —s,x) — Ap s, e —y)P .
// 0 )|y 08 =52 =P esni 1y d

|n+sp

/B /n A (t —s,y) — A (t — s,x)) |z — y|n+sp(¢p(x —y) + py(x(s) — y))dydx).

o=yl

Ajg)(t — s,y) — A (t — s, x))p(%(x —y) + ppla(s) — y))dyd:c)-

But, since z € B, and y € B, due to the support properties of ¢, in the first integral and |z — y| <
p,|z(s) — y| < 2p for the second one, we get that

Il e
pn

Y™l ()] < Cp™7 < Cp™ el

and
n+s n-+s ||S0||L°° s
|z — y[" P (p(x — y) + @u(x(s) —y)) < Cp™F pipn < Cp|lp|| Lo
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Thus:

JAw(t = 5,) = At — 5, )ME0is) < CoPllllo / /

|Ajg(t — 5, 7) — Apg(t — 5,9)[P

o =yl

dy dzx.

With the definition of Besov spaces given in (2.4 we have

| Ay (t — s,-) — At — 5,2(5)) || r(B,) < Cp°[|Ajg(t — s, ')HB;"’(Rn)'
To obtain Lemma[LT]it is enough to replace s by ¢ and to recover inequalities (L.17) and ([ALI8) we
replace s by % -+ n and by % — n respectively. ]

Proof of Lemma . The proof of this lemma follows almost the same lines than the previous
one. Indeed, recalling that we now have x € Bak,, we derive in the same manner that for 1 < p < +oo
and 0 < s < 1:

At = 5,7) = At = 5. 2(5) o,

(t— A — P o
S C/ / 0] S l‘) [9]( S,y)| ‘Qkp|n+spH90HL dy dr.
n P

o

We thus obtain

_ kn
HA[9]<t — S, ) — A[g,p} (t — S, .)HLP(BQkp) < C(Qkp>s X 2P X HA[9]<t — S, )’

By En):

Again, to obtain Lemma 2 it is enough to replace s by 2. To recover inequalities (£.27) and (£.28)
we replace s by % + n and by % — 1 respectively.
|
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