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QUANTITATIVE PESIN THEORY FOR ANOSOV DIFFEOMORPHISMS
AND FLOWS

SEBASTIEN GOUEZEL AND LUCHEZAR STOYANOV

ABSTRACT. Pesin sets are measurable sets along which the behavior of a matrix cocycle
above a measure preserving dynamical system is explicitly controlled. In uniformly hyper-
bolic dynamics, we study how often points return to Pesin sets under suitable conditions
on the cocycle: if it is locally constant, or if it admits invariant holonomies and is pinch-
ing and twisting, we show that the measure of points that do not return a linear number
of times to Pesin sets is exponentially small. We discuss applications to the exponential
mixing of contact Anosov flows, and counterexamples illustrating the necessity of suitable
conditions on the cocycle.

1. INTRODUCTION AND MAIN RESULTS

Uniformly hyperbolic dynamical systems are very well understood. An approach to study
more general systems is to see to what extent they resemble uniformly hyperbolic ones. A
very fruitful approach in this respect is the development of Pesin theory, that requires
hyperbolic features (no zero Lyapunov exponent) almost everywhere with respect to an
invariant measure, and constructs from these local stable and unstable manifolds, then
leading to results such as the ergodicity of the system under study.

A basic tool in Pesin theory is the notion of Pesin sets, made of points for which, along
their orbits, the Oseledets decomposition is well controlled in a quantitative way. Their
existence follows from general measure theory argument, but they are not really explicit.
Even in uniformly hyperbolic situations, Pesin sets are relevant objects as the control of
the Oseledets decomposition gives directions in which the dynamics is close to conformal.
In particular, the second author has shown in [Stol3b| that Pesin sets could be used, in
contact Anosov flows, to study the decay of correlations: he proved that, if points return
exponentially fast to Pesin sets, then the correlations decay exponentially fast.

Our goal in this article is to investigate this question, for Anosov diffeomorphisms and
flows. We do not have a complete answer, but our results indicate a dichotomy: if the
dynamics is not too far away from conformality (for instance in the case of the geodesic
flow on a 1/4-pinched compact manifold of negative curvature), points return exponentially
fast to Pesin sets for generic metrics (in a very strong sense), and possibly for all metrics.
On the other hand, far away from conformality, this should not be the case (we have a
counter-example in a related setting, but with weaker regularity).

Such statements are related to large deviations estimates for matrix cocycles, i.e., prod-
ucts of matrices governed by the dynamics (for Pesin theory, the cocycle is simply the
differential of the map). Indeed, we will show that such large deviations estimates make it
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possible to control the returns to Pesin sets, by quantifying carefully some arguments in the
proof of Oseledets theorem.

Let T : X — X be a measurable map on a space X, preserving an ergodic probability
measure y. Consider a measurable bundle E over X, where each fiber is isomorphic to R?
and endowed with a norm. A linear cocycle is a measurable map M on E, mapping the
fiber above = to the fiber above Tz in a linear way, through a matrix M (z). We say that
the cocycle is log-integrable if [logmax(||M(z)||,||M (z)7||)dpu(z) < co. In this case, it
follows from Kingman’s theorem that one can define the Lyapunov exponents of the cocycle,
denoted by Ay > Ao = -+ > Ag. They are the growth rate of vectors under iteration of the
cocycle, above p-almost every point. The sum A +- - -+ \; is also the asymptotic exponential
growth rate of the norm of the i-th exterior power A'M"™(x), for u-almost every x.

The main condition to get exponential returns to Pesin sets is an exponential large devi-
ations condition.

Definition 1.1. Consider a transformation T preserving a probability measure p, and a
family of functions u, : X — R. Assume that, almost everywhere, u,(x)/n converges to
a limit A. We say that the family has exponential large deviations if, for any € > 0, there
exists C > 0 such that, for allm >0,

p{x o |un(z) —nA| = ne} < Ce @7,
This general definition specializes to several situations that will be relevant in this paper:

Definition 1.2. Consider an integrable function u above an ergodic transformation (T, ).
We say that u has exponential large deviations if its Birkhoff sums S,u have exponential
large deviations in the sense of Definition 1.1, i.e., for any € > 0, there exists C > 0 such
that, for all n > 0,

p{x : |Spu(z) — n/u! >ne}t < Ce @',

Definition 1.3. Consider a log-integrable linear cocycle M above a transformation (T, u),
with Lyapunov exponents \1 > -+ = A\g. We say that M has exponential large deviations for
its top exponent if the family of functions u,(x) = log||M™(x)|| (which satisfies u,(x)/n — A\
almost everywhere) has exponential large deviations in the sense of Definition 1.1, i.e., for
any € > 0, there exists C > 0 such that, for alln > 0,

p{z o |log||M™(z)|| — nAi| > ne} < Ce @™,

We say that M has exponential large deviations for all exponents if, for any i < d, the
functions log||A*M™(x)|| satisfy exponential large deviations in the sense of Definition 1.1,
i.e., for any € > 0, there exists C > 0 such that, for alln > 0,

(1.1) pl{z : Jlog|APM™(2)]] — (A1 + -+ \i)| = ne} < Ce €.

We will explain in the next paragraph that many linear cocycles above subshifts of finite
type have exponential large deviations for all exponents, see Theorem 1.5 below. This builds
on techniques developed by Bonatti, Viana and Avila (see [BV04, AV07]|). The main novelty
of our work is the proof that such large deviations imply exponential returns to Pesin sets, as
we explain in Paragraph 1.2. The last paragraph of this introduction discusses consequences
of these results.
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1.1. Sufficient conditions for large deviations for linear cocycles. In this paragraph,
we consider a (bilateral) transitive subshift of finite type T': ¥ — 3, together with a Gibbs
measure p for a Holder potential. Let E be a continuous R%bundle over ¥, endowed with
a continuous linear cocycle M on E over T. For instance, one may take £ = ¥ x R?, then
M (z) is simply an invertible d x d matrix depending continuously on z. We describe in
Theorem 1.5 various conditions under which such a cocycle has exponential large deviations
for all exponents, in the sense of Definition 1.3. Through the usual coding process, similar
results follow for hyperbolic basic sets of diffeomorphisms, and in particular for Anosov or
Axiom A diffeomorphisms.

We show in Appendix A the existence of a continuous linear cocycle above a subshift of
finite type which does not have exponential large deviations for its top exponent. Hence,
additional assumptions are needed for this class of results (contrary to the case of Birkhoff
sums, where all Birkhoff sums of continuous functions over a transitive subshift of finite
type have exponential large deviations). These assumptions, as is usual in the study of
linear cocycles, are defined in terms of holonomies. In a geometric context, holonomies are
usually generated by connections. In the totally disconnected context of subshifts of finite
type, connections do not make sense, but the global notion of holonomy does.

The local stable set of x is the set W}’ () = {y : yn = x, foralln > 0}. In the
same way, its local unstable set is W) () = {y : yn = x, for all n < 0}. By definition,
Wlf)c(x) N leéc(x) - {.%'}

An unstable holonomy is a family of isomorphisms H} ,, from E(x) to E(y), defined for
all x and y with y € W» (x). We require the compatibility conditions H} , = Id and
Hy, oH,, = H;,, forany z, y and z on the same local unstable set. Moreover, we

y—z Tz
require the continuity of (z,y) — H,_,, (globally, i.e., not only along each leaf).
In the same way, one defines a stable holonomy as a family of maps H;_,, from E(z) to

E(y) when z and y belong to the same local stable set, with the same equivariance and
continuity requirements as above.

Definition 1.4. A linear cocycle admits invariant continuous holonomies if there exist
two stable and unstable continuous holonomies, denoted respectively by H® and H", that are
equivariant with respect to the cocycle action. More precisely, for any x, for anyy € W (),
and any v € E(x), one should have

M(y)Hziﬁyv - HTS’m%TyM(x)U'
Similarly, for any x, for any y € Wi (), and any v € E(x), one should have
M(y)~ Hy

-1
osy¥ = Hpry ypoa, M(z)" 0.

Stable holonomies give a canonical way to trivialize the bundle over local stable sets.
Thus, to trivialize the whole bundle, one may choose an arbitrary trivialization over an
arbitrary local unstable set, and then extend it to the whole space using the holonomies
along the local stable sets. In this trivialization, the cocycle is constant along local stable
sets, i.e., it only depends on future coordinates. Symmetrically, one can trivialize the bundle
first along a stable set, and then using unstable holonomies along the local unstable sets.
In this trivialization, the cocycle is constant along unstable sets, and depends only on past
coordinates. Note that these two trivializations do not coincide in general, unless the stable
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and unstable holonomies commute: In this case, the cocycle only depends on the coordinate
xo in the resulting trivialization, i.e., it is locally constant. Conversely, a locally constant
cocycle admits the identity as stable and unstable invariant commuting holonomies.

We say that a linear cocycle is pinching and twisting in the sense of Avila-Viana [AVO7] if
it has invariant continuous holonomies, and if there exist a periodic point p (of some period
k) and a point ¢ which is asymptotic to p both in the past and in the future (i.e., ¢ € W} _(p)
and T'q € W (p) for some i which is a multiple of k), such that

e All the eigenvalues of M¥(p) are real and different.

o Define a map ¥ : Hy, o M'(q) o Hy,, from E(p) to itself. Then, for any sub-

spaces U and V of F(p) which are invariant under M¥(p) (i.e., which are union of
eigenspaces) with dimU + dim V' = dim F, then ¥(U) NV = {0}. In other words,
the map W puts the eigenspaces of M*(p) in general position.

This condition ensures that the Lyapunov spectrum of any Gibbs measure is simple, by the
main result of [AVO07]. In the space of fiber-bunched cocycles (which automatically admit
invariant continuous holonomies), this condition is open (this is clear) and dense (this is
harder as there might be pairs of complex conjugate eigenvalues at some periodic points,
which need more work to be destroyed, see [BV04, Proposition 9.1|).

Theorem 1.5. Let T be a transitive subshift of finite type on a space X, and pu a Gibbs
measure for a Hélder-continuous potential. Consider a continuous linear cocycle M on a
vector bundle E above T'. Then M has exponential large deviations for all exponents in the
following situations:

(1) If all its Lyapunov exponents coincide.

(2) If there us a continuous decomposition of E as a direct sum of subbundles E =
Ey & - & Ep which is invariant under M, such that the restriction of M to each
E; has exponential large deviations for all exponents.

(3) More generally, if there is an invariant continuous flag decomposition {0} = Fy C
F, C -« C F, = E, such that the cocycle induced by M on each F;/F;_1 has
exponential large deviations for all exponents.

(4) If the cocycle M is locally constant in some trivialization of the bundle E (this is
equivalent to the existence of invariant continuous holonomies which are commauting).

(5) If the cocycle M admits invariant continuous holonomies, and if it is pinching and
tuisting in the sense of Avila-Viana.

(6) If the cocycle M admits invariant continuous holonomies, and the bundle is 2-
dimensional.

The first three points are easy, the interesting ones are the last ones. The various state-
ments can be combined to obtain other results. For instance, if each (a priori only measur-
able) Oseledets subspace is in fact continuous (for instance if the Oseledets decomposition is
dominated), then the cocycle has exponential large deviations for all exponents: this follows
from points (1) and (2) in the theorem. We expected that our techniques would show a
result containing (4-6): if a cocycle admits invariant continuous holonomies, then it should
have exponential large deviations for all exponents. However, there is a difficulty here, see
Remark 3.9. Points (1-3) are proved on Page 15, (4) on Page 21, (5) on Page 25 and (6) on
Page 25. The proofs of (4), (5) and (6) follow the same strategy, we will insist mainly on
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(4) and indicate more quickly the modifications for (5) and (6). These proofs are essentially
applications of the techniques in [BV04, AVO07|.

Remark 1.6. In Theorem 1.5, exponential large deviations are expressed in terms of matrix
norms: one should choose on each E(z) a norm, depending continuously on z, and then
||M™(z)| is the operator norm of M"(x) between the two normed vector spaces E(x) and
E(T™x). The above statement does not depend on the choice of the norm (just as the value
of the Lyapunov exponents) as the ratio between two such norms is bounded from above
and from below by compactness. Hence, we may choose whatever norm we like most on F.
For definiteness, we use a Euclidean norm.

The above theorem shows that, in most usual topologies, generic linear cocycles have ex-
ponential large deviations for all exponents. Indeed, for generic cocycles in the C° topology,
the Oseledets decomposition is dominated (see [Vial4, Theorem 9.18]), hence (1) and (2) in
the theorem yield exponential large deviations. For generic cocycles in the Hélder topology
among fiber bunched cocycles (the most tractable Holder cocycles), pinching and twisting
are generic, hence (5) also gives exponential large deviations.

1.2. Quantitative Pesin theory from large deviations for linear cocycles. Let T be
an invertible continuous map on a compact metric space X, preserving an ergodic probability
measure p. Let M be a continuous cocycle above T', on the trivial bundle X x R?¢. Denote
by A1 = .-+ > Ay its Lyapunov exponents, and I = {i : A\; < A\j—1}. Then (\;);es are
the distinct Lyapunov exponents. Denote by F; the corresponding Oseledets subspace, its
dimension d; is Card{j € [1,d] : A; = A\;}. The subspaces E;(z) are well-defined on an
invariant subset X’ of X with pu(X’) = 1 and E;(T(x)) = E;(z) for all z € X’. Moreover
Llog|M™(z)v|| — A as n — oo for all v € E;(x) \ {0}. With this notation, the space
E;(x) is repeated d; times. The distinct Oseledets subspaces are (F;(x));er-
Let € > 0. The basic ingredient in Pesin theory is the function
Ac(w) = sup AV ()
i€l

(1.2) —sup  sup  sup [ M" (z)v]] o~ (n=m)X; (|l +|ml)/2

€ |0,00|.
i€l veE;(x)\{0} m,n€Z HMm(x)UH [ ]

This function is slowly varying, i.e.,

e A (x) < A (Tx) < efAc(x),
as the formulas for x and Tz are the same except for a shift of 1 in n and m. Moreover, for
all k € Z and all v € E;(x),

_ Mk (z)v
follac(z)e e < L g el

where one inequality follows by taking m = 0 and n = k in the definition of A., and the
other inequality by taking m = k and n = 0. The almost sure finiteness of A, follows from
Oseledets theorem.

Pesin sets are sets of the form {z : A.(x) < C}, for some constant C' > 0. Our main
goal is to show that most points return exponentially often to some Pesin set. This is the
content of the following theorem.
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Theorem 1.7. Let T be a transitive subshift of finite type on a space X, and pu a Gibbs
measure for a Holder-continuous potential. Consider a continuous linear cocycle M on the
trivial vector bundle ¥ x R? above T. Assume that M has exponential large deviations for
all exponents, both in positive and negative times.

Let e >0 and § > 0. Then there exists C > 0 such that, for alln € N,

pfe : Card{j € [0,n = 1] : A(T72) > C} > on} < Ce @

One difficulty in the proof of this theorem is that the function A, is defined in terms of
the Lyapunov subspaces, which are only defined almost everywhere, in a non constructive
way. To get such controls, we will need to revisit the proof of Oseledets to get more
quantitative bounds, in Section 5.1, showing that an explicit control on the differences
(|10g||AiM"(x)|| —n(A+...+ )‘i)DneZ at some point = implies an explicit control on A.(x)
in Theorem 5.1. Then, the number of returns to the Pesin sets is estimated using an abstract
result in subadditive ergodic theory, interesting in its own right, Theorem 4.1. These two
statements are finally combined in Section 6 to prove Theorem 1.7.

1.3. Applications. In this paragraph, we describe several systems to which our results on
large deviations and exponential returns to Pesin sets apply.

First, coding any Anosov or Axiom A diffeomorphism thanks to a Markov partition, then
the above theorems apply to such maps, provided the matrix cocycle has exponential large
deviations. Hence, one needs to check the conditions in Theorem 1.5.

The main class of cocycles admitting stable and unstable holonomies is the class of fiber
bunched cocycles, see [AV07, Definition A.5].

A v-Hélder continuous cocycle M over a hyperbolic map T on a compact space is s-fiber
bunched if there exists # € (0,1) such that d(Tx, Ty) < 6d(z,y) and | M (x)|||| M (y) ]| <
1, for all ,y on a common local stable set (or more generally if this property holds for some
iterate of the map and the cocycle). This means that the expansion properties of the cocycle
are dominated by the contraction properties of the map 7. This results in the fact that
M"™(y)~1M™(z) converges exponentially fast when n — oo, to a map which is a continuous
invariant stable holonomy, see [AV07, Proposition A.6|

In the same way, one defines u-fiber bunched cocycles. Finally, a cocycle is fiber-bunched
if it is both s and wu-fiber bunched. For instance, if T" and v are fixed, then a cocycle which
is close enough to the identity in the C" topology is fiber bunched. Our results apply to
such cocycles if they are pinching and twisting, which is an open and dense condition among
fiber bunched cocycles.

Our results also apply to generic cocycles in the C° topology. Indeed, the Oseledets
decomposition is then dominated (see [Vial4, Theorem 9.18]), hence (1) and (2) in the
theorem yield exponential large deviations, and from there one deduces exponential returns
to Pesin sets by Theorem 1.7.

The main application we have in mind is to flows. The second author proves in [Stol3b]
the following theorem:

Theorem 1.8 (Stoyanov [Stol3b]). Let g¢ be a contact Anosov flow on a compact manifold
X, with a Gibbs measure px.
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Consider the first return map to a Markov section T', the corresponding invariant measure
u, and the corresponding derivative cocycle M, from the tangent space of X at x to the
tangent space of X at Tx. Assume that (T, M, ) has exponential returns to Pesin sets as
in the conclusion of Theorem 1.7.

Then the flow g; is exponentially mizing: there exists C > 0 such that, for any C*
functions u and v, for any t > 0,

[uvomdux— [uans [ vdﬂx' < Cllullgs follgre=¢ 7.

By a standard approximation argument, exponential mixing for Hélder continuous func-
tions follows.

This statement is the main motivation to study exponential returns to Pesin sets. We
deduce from Theorem 1.7 the following:

Theorem 1.9. Consider a contact Anosov flow with a Gibbs measure, for which the deriva-
tive cocycle has exponential large deviations for all exponents. Then the flow is exponentially
MITINg.

To apply this theorem in concrete situations, we have to check whether the sufficient
conditions of Theorem 1.5 for exponential large deviations hold. The main requirement is
the existence of stable and unstable holonomies. Unfortunately, we only know their existence
when the foliation is smooth:

Lemma 1.10. Consider a contact Anosov flow for which the stable and unstable foliations
are Ct. Then the derivative cocycle admits continuous invariant holonomies with respect to
the induced map on any Markov section.

Proof. Tt suffices to show that the flow admits continuous invariant holonomies along weak
unstable and weak stable manifolds, as they descend to the Markov section.

We construct the holonomy along weak unstable leaves, the holonomy along weak stable
leaves being similar. Consider two points x and y on a weak unstable leaf. Then the
holonomy of the weak unstable foliation gives a local C! diffeomorphism between W*(z)
to W#(y), sending x to y. The derivative of this map is a canonical isomorphism between
E*(z) and E*(y), which is clearly equivariant under the dynamics. There is also a canonical
isomorphism between the flow directions at z and y. What remains to be done is to construct
an equivariant isomorphism between E*(x) and E“(y).

For this, we use the fact that the flow is a contact flow, i.e., there exists a smooth one-
form ¢, invariant under the flow, with kernel E* @& E*, whose derivative da restricts to a
symplectic form on E* @ E“. We get a map ¢ from E® to (E“)*, mapping v to da(v,-).
This map is one-to-one: a vector v in its kernel satisfies da(v,w) = 0 for all w € E*, and
also for all w € E® as E° is Lagrangian. Hence, v is in the kernel of da, which is reduced
to 0 as da is a symplectic form. As F® and E“ have the same dimension, it follows that ¢
is an isomorphism.

Consider now x and y on a weak unstable leaf. We have already constructed a canonical
isomorphism between E*(z) and E®(y). With the above identification, this gives a canonical
isomorphism between (E"(z))* and (E%(y))*, and therefore between E*(x) and E“(y). This
identification is equivariant under the flow, as « is invariant. O
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For instance, for the geodesic flow on a compact Riemannian manifold with negative
curvature, the stable and unstable foliations are smooth if the manifold is 3-dimensional or
the curvature is strictly 1/4-pinched, i.e., the sectional curvature belongs everywhere to an
interval [—b%, —a?] with a?/b* > 1/4, by [HPT75]. Hence, we deduce the following corollary
from Theorem 1.5 (1), (6) and (5) respectively:

Corollary 1.11. Consider the geodesic flow g, on a compact riemannian manifold X with
negative curvature. Assume one of the following conditions:
(1) X is of dimension 3.
(2) X is of dimension 5 and the curvature is strictly 1/4 inched.
(3) X has any dimension, the curvature is strictly 1/4 pinched, and moreover the flow
is pinching and twisting.

Then the flow is exponentially mixing for any Gibbs measure.

However, these results were already proved by the second author, under weaker assump-
tions: exponential mixing holds if the curvature is (not necessarily strictly) 1/4-pinched, in
any dimension (without twisting and pinching). This follows from the articles [Stoll], in
which it is proved that a contact Anosov flow with Lipschitz holonomies and satisfying a
geometric condition is exponentially mixing for all Gibbs measure, and from [Stol3a| where
the aforementioned geometric condition is proved to be satisfied in a class of flows including
geodesic flows when the curvature is 1/4-pinched.

On the opposite side, the techniques of [Liv04] or [FT13] prove exponential mixing for
any contact Anosov flow, without any pinching condition, but for Lebesgue measure (or for
Gibbs measure whose potential is not too far away from the potential giving rise to Lebesgue
measure): they are never able to handle all Gibbs measure.

The hope was that Theorem 1.8 would be able to bridge the gap between these results
and the results of Dolgopyat, proving exponential mixing for all contact Anosov flows and
all Gibbs measures. However we still need geometric conditions on the manifold to be able
to proceed. The counterexample in the Appendix A shows that in general exponential large
deviations do not hold. Whether one can design similar counterexamples for nice systems,
e.g. contact Anosov flows, remains unknown at this stage. It is also unknown whether one
can prove a result similar to Theorem 1.9 without assuming exponential large deviations for
all exponents.

2. PRELIMINARIES

2.1. Oseledets theorem. Let A be a linear transformation between two Euclidean spaces
of the same dimensions. We recall that, in suitable orthonormal bases at the beginning and
at the end, A can be put in diagonal form with entries s;1 > -+ > s4 > 0. The s; are the
singular values of A. They are also the eigenvalues of the symmetric matrix v At - A. The
largest one s; is the norm of A, the smallest one s4 is its smallest expansion. The singular
values of A~ are 1/sq = +-+ > 1/s1. For any i < d, denote by A’ A the i-th exterior product
of A, given by
(AiA)(Ul /\1)2/\---/\1)2‘) = Avy A Avg A -+ A Av;.
Then
[AAl = s51---s5,
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as A’A is diagonal in the corresponding orthonormal bases.

Consider a transformation T of a space X, together with a finite dimensional real vector
bundle E above X: all the fibers are isomorphic to R? for some d and the bundle is locally
trivial by definition. For instance, F may be the product bundle X x R¢, but general bundles
are also allowed. In our main case of interest, T' will be a subshift of finite type. In this
case, any such continuous vector bundle is isomorphic to X x R?: by compactness, there is
some N > 0 such that the bundle is trivial on all cylinders [z_x,...,zxN]. As these (finitely
many) sets are open and closed, trivializations on these cylinders can be glued together to
form a global trivialization of the bundle. In the course of the proof, even if we start with
the trivial bundle, we will have to consider general bundles, but they will be reducible to
trivial bundles thanks to this procedure.

A cocycle is a map M associating to € X an invertible linear operator M (x) : E(x) —
E(Tx) (where E(z) denotes the fiber of the fiber bundle above z). When E = X x R%, then
M (z) is simply a d x d matrix. The iterated cocycle is given by M™(z) = M (T" x)--- M(x)
for n > 0, and by M~"(z) = M(T "x)~t..- M(T 'z). It maps E(x) to E(T"z) in all
cases. Be careful that, with this notation, M ~1(z) # M(x)~!: the first notation indicates
the inverse of the cocycle, with the intrinsic time shift, going from E(z) to E(T'x), while
the second one is the inverse of a linear operator, so it goes from E(Tx) to E(z). In general,
M—"(x) = M™(T "z)~ L.

Assume now that T is invertible, that it preserves an ergodic probability measure, and
that the cocycle M is log-integrable. For any i < d, the quantity x > log||A*(M™(x))]|| is
a subadditive cocycle. Hence, by Kingman’s theorem, log||A*(M™(x))||/n converges almost
surely to a constant quantity that we may write as Ay + - - -+ A;, for some scalars A;. These
are called the Lyapunov exponents of the cocycle M with respect to the dynamics T and
the measure pu. Let I = {i : A\; < \j_1} parameterize the distinct Lyapunov exponents, and
let d; = Card{j : A\; = \;} be the multiplicity of \;.

In this setting, the Oseledets theorem asserts that the \; are exactly the asymptotic
growth rates of vectors, at almost every point. Here is a precise version of this statement
(see for instance [Arn98, Theorem 3.4.11]).

Theorem 2.1 (Oseledets Theorem). Assume that the cocycle M is log-integrable. Then:

(1) Fori € I, define E;i(x) to be the set of nonzero vectors v € E(x) such that, when
n — too, then log||M™(x)v||/n — Ai, to which one adds the zero vector. For p-
almost every x, this is a vector subspace of E(x), of dimension d;. These subspaces
satisfy E(x) = @,c; Ei(x). Moreover, M (x)E;(z) = E;(Tx).

(2) Almost surely, for anyi € I, one has log||M"(z)|g,)|l/n — Ai when n — Fo0, and
logHM"(x)Ei(m)H/n - —Ai

In other words, the decomposition of the space E(x) = @,.; Ei(x) gives a block-diagonal
decomposition of the cocycle M, such that in each block the cocycle has an asymptotic
behavior given by €™ up to subexponential fluctuations.

The spaces E;(z) can be constructed almost surely as follows. Let tgn) () = -+ =

tén) (z) be the singular values of M™(x). They are the eigenvalues of the symmetric ma-

trix /M"(z)t - M"(x), the corresponding eigenspaces being orthogonal. Write tgn)(x) =
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e")‘gn) (@) Then )\En) () converges to A; for almost every z. In particular, for ¢ € I, one has
tz@l (x) > tz(n)(x) for large enough n > 0. It follows that the direct sum of the eigenspaces
of \/Mn(z)t - M"(z) for the eigenvalues tgn) (x),... ,tgi)difl(m) is well defined. Denote it by
Fi(n) (). We will write F;L) for @i jer Fj(n) (x), and similarly for Fg) In the same way,
we define similar quantities for n < 0.

Theorem 2.2. Fiz ¢ € I. With these notations, Fi(n)(:c) converges almost surely when

(=n)

n — 0o, to a vector subspace Fi(oo) (x) € E(x). In the same way, F; converges almost

surely to a space Fi(_oo)(x). Moreover, the direct sums FSO)(QU) and Fgoo) () are almost
surely transverse, and their intersection is E;(x).

See [Arn98, Theorem 3.4.1 and Page 154]. One can reformulate the theorem as follows.
The subspaces Fg) (z) (which are decreasing with 4, i.e., they form a flag) converge when

n — oo to the flag F~;(x). Note that F;L) (x) is only defined in terms of the positive times
of the dynamics, hence this is also the case of E>;(x): this is the set of vectors for which the
expansion in positive time is at most ™, up to subexponential fluctuations (note that this
condition is clearly stable under addition, and therefore defines a vector subspace, contrary
to the condition that the expansion would be bounded below by ¢™). In the same way,

an) (z) converges when n — oo to E¢;(z), which therefore only depends on the past of
the dynamics. On the other hand, F;(z), being defined as the intersection of two spaces
depending on positive and negative times, depends on the whole dynamics and is therefore

more difficult to analyze. We emphasize that F;(x) is in general different from Fi(oo)(x) or
F)(@),

In the above theorem, when we mention the convergence of subspaces, we are using the
natural topology on the Grassmann manifold of linear subspaces of some given dimension
p. It comes for instance from the following distance, that we will use later on:

(2.1) d(U,V) = llrpsvell = max  flmyouf,

wel, ||lu||=1
where 7;_,1/1 is the orthogonal projection from U to the orthogonal V+ of V. It is not
completely obvious that this formula indeed defines a distance. As d(U,V) = ||myo7u]],
the triangular inequality follows from the following computation (in which we use that
orthogonal projections have norm at most 1):

d(U, W) = [[myrmull = [[mws (rv + my)moll < lmwemvao || + ooy oo |
< lmwemvll + llmyemy | = d(V, W) + d(U, V).

For the symmetry, we note that d(U,V) = \/l — ||mo vy, where [[M], ;. denotes the
minimal expansion of a vector by a linear map M. This is also its smallest singular value.
As my_py = 71’[5] _,v» and a (square) matrix and its transpose have the same singular values,
it follows that |7y v ||, = 7Vl i, and therefore that d(U,V) = d(V,U).

2.2. Oseledets decomposition and subbundles. The following lemma follows directly
from Oseledets theorem, by considering the Oseledets decomposition in each subbundle.
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Lemma 2.3. Consider a log-integrable cocycle M on a normed vector bundle E, over an
ergodic probability preserving dynamical system T. Assume that E splits as a direct sum
of invariant subbundles E;. Then the Lyapunov spectrum of M on E is the union of the
Lyapunov spectra of M on each E;, with multiplicities.

The same holds if M, instead of leaving each E; invariant, is upper triangular. While
this is well known, we give a full proof as this is not as trivial as one might think.

Lemma 2.4. Consider a log-integrable cocycle M on a normed vector bundle E, over an
ergodic probability preserving dynamical system T. Assume that there is a measurable in-
variant flag decomposition {0} = Fy(z) C Fi(z) C --- C Fy(x) = E(x). Then the Lyapunov
spectrum of M on E is the union of the Lyapunov spectra of M on each F;/F;_y, with
multiplicities.

Equivalently, considering F; a complementary subspace to F;_; in Fj, then the matrix
representation of M in the decomposition £ = Fy & --- @ Ej, is upper triangular, and the
lemma asserts that the Lyapunov spectrum of M is the union of the Lyapunov spectra of
the diagonal blocks.

Proof. Passing to the natural extension if necessary, we can assume that 7T is invertible.
Let us first assume that £ = 2, and that there is only one Lyapunov exponent A in Fj
and one Lyapunov exponent u in Es, both with some multiplicity. In matrix form, M can

be written as (‘%1 ABQ ), where the growth rate of AT and A% are respectively given by e

and e*™. Then

(2.2) M (x) = < A@) Tin A?’%T’Cﬁfgk*mzéx’;%x) > .

As M is a log-integrable cocycle, log||M(T™z)||/n tends almost surely to 0 by Birkhoff
theorem. Hence, the growth of || B(T"x)|| is subexponential almost surely.
Assume first A > p. Define a function ®(z) : Ex(z) — Eq(z) by

®(z) = — i AR T B(TRz) A ().
k=0

The series converges almost surely as || A¥ ()1 B(T*z) Ak (z)|| < Celt=Vrtek and p— A <
0. This series is designed so that A;(x)®(z)+ B(x) = ®(Tx)Aa(z), i.e., so that the subspace
Ey(z) = {(®(x)v,v) : v € Ey(x)} is invariant under M. We have obtained a decomposition
E = E, ® E», on which the cocycle acts respectively like A; and A,. Hence, the result
follows from Lemma 2.3.

Assume now A < p. Then one can solve again the equation A;(x)®(z) + B(z) =

®(T'x)As(x), this time going towards the past, by the converging series
o
O(z) =Y ATH@) BT ) A7 (2).
k=0

Then, one concludes as above.
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Finally, assume A = u. For any typical x, any n and any k£ < n, we have
AT (T ) || = [|AF (2) AT () 71| < [1AT (@) [ AT () |
< Ce)\n+€n/4 . 67}\]64’6]?/4 < Ce)\(nfk)+€n/2.

Hence, one deduces from the expression (2.2) of M™(z) that its norm grows at most like
ne™ 7 almost surely. Hence, all its Lyapunov exponents are < A. The same argument
applied to the inverse cocycle, for 7!, shows that all the Lyapunov exponents are also > A,
concluding the proof in this case.

We turn to the general case. Subdividing further each F;/F;_; into the sum of its Os-
eledets subspaces, we may assume that there is one single Lyapunov exponent in each
F;/F;,_1. Then, we argue by induction over k. At step k, the induction assumption ensures
that the Lyapunov spectrum Ly of M in E/F) is the union of the Lyapunov spectra in
the F;/F;_y for i > 1. Denoting by L; the Lyapunov spectrum in F; (made of a single
eigenvalue \ with some multiplicity), we want to show that the whole Lyapunov spectrum
is L1 U Ly, with multiplicities. Using the Oseledets theorem in F/F; and lifting the corre-
sponding bundles to E, we obtain subbundles Go,..., G such that, in the decomposition
E=F &Gy - & Gy, the matrix M is block diagonal, except possibly for additional
blocks along the first line. Each block G; in which the Lyapunov exponent is not A can be
replaced by a block G; which is really invariant under the dynamics, as in the k = 2 case
above. We are left with I and possibly one single additional block, say G;, with the same
exponent A. The k = 2 case again shows that all the Lyapunov exponents in F} & G; are
equal to A, concluding the proof. O

3. EXPONENTIAL LARGE DEVIATIONS FOR NORMS OF LINEAR COCYCLES

3.1. Gibbs measures. In this section, we recall basic properties of Gibbs measures, as
explained for instance in [Bow75] and [PP90]. By Gibbs measure, we always mean in this
article Gibbs measure with respect to some Holder continuous potential.

Let ¢ be a Hélder-continuous function, over a transitive subshift of finite type T : ¥ — 3.
The Gibbs measure associated to ¢, denoted by p,, is the unique T-invariant probability
measure for which there exist two constants P (the pressure of ¢) and C' > 0 such that, for

any cylinder [ag,...,a,—1], and for any point z in this cylinder,
1 Polao, ..., an—1]
(3.1) Ot S PR < C

The Gibbs measure only depends on ¢ up to the addition of a coboundary and a constant,
Le., [y = fptg—goT+e

Here is an efficient way to construct the Gibbs measure. Any Hélder continuous function
is cohomologous to a Holder continuous function which only depends on positive coordinates
of points in X. Without loss of generality, we can assume that this is the case of ¢, and
also that P(¢) = 0. Denote by T} : ¥4 — ¥, the unilateral subshift corresponding to 7.
Define the transfer operator L., acting on the space C'* of Holder continuous functions on
E+ by

Loulwi)= 30 0oy,

Tiyt=z4



QUANTITATIVE PESIN THEORY FOR ANOSOV DIFFEOMORPHISMS AND FLOWS 13

Then one shows that this operator has a simple eigenvalue 1 at 1, finitely many eigenvalues
of modulus 1 different from 1 (they only exist if 7" is transitive but not mixing) and the rest
of its spectrum is contained in a disk of radius < 1. One deduces that, for any v € C'%, then
in C'* one has % Zg;ol Liu — ut (v)vg, where vy is a (positive) eigenfunction corresponding
to the eigenvalue 1, and u™ is a linear form on C®. One can normalize them by p* (1) = 1.
By approximation, it follows that this convergence also holds in C° for v € C°. Moreover,
put extends to a continuous linear form on C?, i.e., it is a probability measure.

Replacing ¢ with ¢ +log vy —logvgoT’, one replaces the operator L, (with eigenfunction
vp) with the operator L {1og vo—log voot, » With eigenfunction 1. Hence, without loss of gener-
ality, we can assume that vg = 1. With this normalization, one checks that the measure p*
is T'p-invariant. It is the Gibbs measure for T';, satisfying the property (3.1). Its natural
T-invariant extension u to Y is the Gibbs measure for 7. We have for any v € C(X,)

N-1

1
(3.2) N g L'(xy) — /vd;ﬁ, uniformly in z; € ¥ .
n=0

It follows from the construction above that the jacobian of ™ with respect to T’y is given
by J(z4) = dj:f* (z) = e=#@+),

Consider the disintegration of u with respect to the factor p*: there exists a family of
measures ji,;, on Wy (zy) for x4 € ¥, such that p = fu;+ dpy (x4). Formally, we write
W = p+ ® pg. . even though this is not a direct product. These measures can in fact be
defined for all x4 (instead of almost all 2 ) in a canonical way, they depend continuously
on x4, they belong to the same measure class when the first coordinate (x4 )¢ is fixed, and
moreover their respective Radon-Nikodym derivatives are continuous in all variables. See
for instance [AV07, Section A.2].

Geometrically, the picture is the following. Consider some point x4 € ¥. It has finitely
many preimages y},...,y" under Ty. Then W (z4) = U, T(WE . (v)), and

1 .
—_E:_ *_E:so(y') -
(3.3) Py = o )T*,uyi+ = e?\Y+ T*'uyi'

7 7

3.2. First easy bounds. In this paragraph, we prove (1-3) in Theorem 1.5.

Lemma 3.1. Let a,(x) = a(n,x) be a subadditive cocycle which is bounded in absolute value
for any n. Then, for any N, there exists C' > 0 with

a(n,z) < Splan/N)(z) + C,
for anyn € N and any z € X.

Proof. This is clear for n < 2N as all those quantities are bounded. Consider now n > 2N,
consider p such that n = Np + r with r € [N,2N]. For any j € [0, N — 1], one may write
n =7+ Np+r with r € [0,2N]. Thus,

p—1 p—1
a(n,z) < a(j,x) + > a(N.TNHz) + a(r, TPV V2) < C+ Y N(ay/N) (TN Ha).
=0 =0
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Summing over j € [0, N — 1], we get
N—-1p—1 A ‘
Na(n,z) <NC+ Y ) N(an/N)TNz) = NC + NSyy(an /N)(z)
j=0 i=0
< C'+ NS,(an/N)(z).
This proves the claim. O

Lemma 3.2. Let (T, ) be a transitive subshift of finite type with a Gibbs measure, and
a(n,z) a subadditive cocycle above T such that a(n,-) is continuous for all n. Let \ be the
almost sure limit of a(n,x)/n, assume X > —oo. Then, for any € > 0, there exists C > 0
such that, for all n > 0,

p{x : aln,z) = nA+ne} < Ce @',

Proof. By Kingman’s theorem, a(n, x)/n converges to A almost everywhere and in L. Thus,
one can take N such that [an/N du(z) < (A+¢/2)N. From the previous lemma, we obtain
a constant C' such that, for all n and =,

a(n,z) < Sp(an/N)zx + C.
Thus,

{z : a(n,x) Zn\+ne} C{x : Sn(aN/N)x>n/(aN/N)+ne/2—C}.

By the large deviations inequality for continuous functions', this set has exponentially small
measure. This proves the lemma. ]

Proposition 3.3. Let (T, 1) be a transitive subshift of finite type with a Gibbs measure, and
M a continuous cocycle above T with Lyapunov exponents \y = --- = Ag. For any e > 0,
there exists C' > 0 such that, for all n > 0 and all i < d,

plz : log| A'M™ ()] > n(Ay + -+ + \;) +ne} < Ce €T,

Proof. Fix ¢ < d. Then the result follows from the previous lemma applied to a(n,x) =
log [ A M™ (2). O

This proposition shows one of the two directions in Theorem 1.5, without any assumption
on the cocycle. Hence, to prove this theorem, it will suffice to prove the corresponding lower
bound

-1

(3.4) p{z : log|ATM™ ()| < n(M + -+ N) —ne} <Ce™ @1,

under the various possible assumptions of this theorem. As is usual with subadditive ergodic
theory, this lower bound is significantly harder than the upper bound. Indeed, the analogue
of Lemma 3.2 for the lower bound is false, see Proposition A.1 in Appendix A

We already have enough tools to prove the easy cases of Theorem 1.5.

IThis holds for continuous functions in transitive subshifts of finite type, by reduction to the mixing
setting after taking a finite iterate of the map, and by reduction to Holder continuous functions by uniform
approximation.



QUANTITATIVE PESIN THEORY FOR ANOSOV DIFFEOMORPHISMS AND FLOWS 15

Proof of Theorem 1.5 (1-3). First, we prove (1): assuming that \y = ... = Ay = A\, we have
to prove that

p{z = log||A"M™(x)|| < niX —ne} < Ce @',
Let s;(z,n) be the i-th singular value of M"(x). Then
1AM ()| = s1(z,n) - si(w,n) = salw,n)’ = | M™ (@)~
Hence, to conclude, it suffices to show that
p{x + log||M"™(z) || = —nA+ne} < Ce €

This follows from Proposition 3.3 applied to the cocycle M(z) = (M(x)~")!, whose Lya-
punov exponents are all equal to —A\.

Let us now prove (3), for £ = 2 as the general case then follows by induction over k.
Assume that Ej is an invariant continuous subbundle such that, on E; and on E/Fj, the
induced cocycle has exponential large deviations for all exponents. Denote by L and Lo
the Lyapunov exponents of the cocycle on these two bundles, then the Lyapunov spectrum
on F is Ly U Lo with multiplicity, by Lemma 2.4. Let E5 be the orthogonal complement
to F1. We want to show (3.4), for some 7. In Ay,...,\;, some of these exponents, say a
number i1 of them, are the top exponents in L;. Denote their sum by ;. The remaining
1o = 1 — i1 exponents are the top exponents in Lo, and add up to a number .

In the decomposition £ = E; @ Es, the matrix M is block diagonal, of the form <J‘gl ]\Z >

One has ||[A°M(z)|| > ||A" M;(z)||||A® Ma(x)|: considering v; and vy that are maximally
expanded by A% M (x) and A2 My (), the expansion factor of A’M (z) along vy Avs is at least
| A% My (z)||||A?2 My ()| thanks to the orthogonality of E; and Es, and the block-diagonal
form of M(x). Therefore,

{z : log\|AiM"(x)H <nA 4+ X)) —ne}
CH{z : log\|Ai1M{1(x)|| + logHAiQMgl(x)H < n¥y +ndy —ne}
C {z : log|A" MM z)|| < nXy —ne/2} U{z : log|A2My(z)| < n¥s — ne/2}.

The last sets both have an exponentially small measure, as we are assuming that the induced
cocycles on Ej and E /E1 have exponential large deviations for all exponents. Hence, u{z :
log||[A*M™(z)|| < n(A1+---+A\i) —ne} is also exponentially small. This concludes the proof

of (3).
Finally, (2) follows from (3) by taking F; = E1 & --- & E;. O

3.3. u-states. Consider a cocycle M admitting invariant continuous holonomies. We define
a fibered dynamics over the projective bundle P(E) by

Tp(x, [v]) = (T, [M(x)v]).

Let mp(g)—x : P(E) — ¥ be the first projection.
In general, Tp admits many invariant measures which project under mp(g)_,5 to a given
Gibbs measure p. For instance, if the Lyapunov spectrum of M is simple, denote by v;(z)
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the vector in FE(z) corresponding to the i-th Lyapunov exponent, then P Oy, ()] 18 invariant
under Tp. By this notation, we mean the measure such that, for any continuous function f,

/f:cv (1 ® O, () (T, 0) /f [vi(2)]) du(x).

More generally, if m, is a family of measures on P(E(x)) depending measurably on x such
that M (x).m, = mp,, then the measure u ® m, (defined as above) is invariant under Tp.
Conversely, any Tp-invariant measure that projects down to p can be written in this form,
by Rokhlin’s disintegration theorem.

To understand the growth of the norm of the cocycle, we need to distinguish among those
measures the one that corresponds to the maximal expansion, i.e., yt ® dy,,). This measure
can be obtained as follows, assuming that \; is simple. Start from a measure on P(E) that
is of the form u ® v, where the measures v, depend continuously on z and give zero mass
to all hyperplanes. Then

(T8)s«(p @ vz) = p @ (M™(T™"2)svp—ng)-

By Oseledets theorem, the matrix M™ (T~ "z) acts as a contraction on P(E(T"z)), sending
the complement of a neighborhood of some hyperplane to a small neighborhood of [v;(z)].
As v, gives a small mass to the neighborhood of the hyperplane (uniformly in y), it follows
that (M™(T~"x)«vp-n,) converges to djy, (). Thus,

18 Sy = T (TE). (1 ® ).

There is a remarkable consequence of this construction. We can start from a family of mea-
sure v, which is invariant under the unstable holonomy H;' , , i.e., such that (H}_,, ).v. = v
Then the same is true of all the iterates (M"™ (T~ "x)vp-n,). In the limit n — oo, it follows
that dy,,) is also invariant under unstable holonomies. (There is something to justify here,
as it is not completely straightforward that the holonomy invariance is invariant under weak
convergence: The simplest way is to work with a one-sided subshift, and then lift things
trivially to the two-sided subshift, see [AV07, Section 4.1] for details). This remark leads us

to the following definition.

Definition 3.4. Consider a probability measure v on P(E) which projects to u under w. It
1s called a u-state if, in the fiberwise decomposition v = p®uv,, the measures v, are p-almost
surely invariant under unstable holonomies. It is called an invariant u-state if, additionally,
it 1s tnvariant under the dynamics.

The invariant u-states can be described under an additional irreducibility assumption of
the cocycle, strong irreducibility.

Definition 3.5. We say that a cocycle M with invariant continuous holonomies over a
subshift of finite type is not strongly irreducible if there exist a dimension 0 < k < d =
dim F, an integer N > 0, and for each point x € ¥ a family of distinct k-dimensional
vector subspaces Vy(x),...,Vy(x) of E(x), depending continuously on x, with the following
properties:

e the family as a whole is invariant under M, i.e., for all x,

M(x){Vi(z),...,Vn(2)} ={Vi(Tx),...,VN(Tz)}.
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e the family as a whole is invariant under the holonomies, i.e., for all x and all
y € Wi (x) one has H, _)y{Vl( x),...,Vn(@)} = {Vi(y),..., VN(y)}, and the same

holds for the stable holonomies.

Otherwise, we say that M is strongly irreducible.

In a locally constant cocycle, where holonomies commute (and can therefore be taken to
be the identity), then the holonomy invariance condition reduces to the condition that each
V; is locally constant, i.e., it only depends on x.

The following theorem is the main result of this paragraph. It essentially follows from
the arguments in [BV04, AV07].

Theorem 3.6. Consider a transitive subshift of finite type T with a Gibbs measure p. Let
M be a locally constant cocycle on a bundle E over T, which is strongly irreducible and has
simple top Lyapunov exponent. Then the corresponding fibered map Tp has a unique invari-
ant u-state, given by p ® dy,,) where vi(x) is a monzero vector spanning the 1-dimensional
Oseledets subspace for the top Lyapunov exponent at x.

Note that we are assuming that the cocycle is locally constant: This theorem is wrong if
the cocycle only has invariant continuous holonomies, see Remark 3.9 below.

The rest of this subsection is devoted to the proof of this theorem. We have already seen
that p ® dp,,) is an invariant u-state, what needs to be shown is the uniqueness. Starting
from an arbitrary u-state v, we have to prove that it is equal to p ® dy,

As the cocycle is locally constant, one can quotient by the stable direction, obtaining a
unilateral subshift 7 : ¥, — 3, with a Gibbs measure p4, a vector bundle F, and a
cocycle M. The measure v+ = (7TE_> E. )«V is then invariant under the fibered dynamics
T p. It can be written as uy @ v} . for some measurable family v . of probability measures
on P(E, (z4)).

The following lemma is [AVO07, Proposition 4.4].

Lemma 3.7. Assume that v is an invariant u-state. Then the family of measures V;'Jr, ini-

tially defined for py-almost every x4, extends to a (unique) family that depends continuously
in the weak topology on all x4 € ¥4

For completeness, we sketch the proof, leaving aside the technical details.

Proof. The measure v, . Is obtained by averaging all the conditional measures v, over all
points x which have the future z, i.e., over the points (z_, x ), with respect to a conditional
measure du, (v—). If y; is close to x4, one has yo = z¢, so the possible pasts of y, are
the same as the possible pasts of x. For any continuous function f on projective space, we
obtain

/fdy+ —/(/fdym_,x+> dp;, ( /fdy+ —/</fdux_7y+> dpy, (a2).

When y. is close to z1, the measures dy;, and dyu, are equivalent, with respective density
close to 1, as we explained in Paragraph 3.1. Moreover, by holonomy invariance of the
conditional measures of v,

/ fdva_y, = / FoHG oy yy) Woo s
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By continuity of the holonomies, the function f o H(zfv_ ) (T ) is close to f if yy is
close to . It follows that [ fdu, is close to [ fdv; , as desired. Details can be found

in [AV07, Section 4.2]. O

Henceforth, we write y;;r for the family of conditional measures, depending continuously
on z. The next lemma is a version of [AV07, Proposition 5.1] in our setting.

Lemma 3.8. Assume that M is strongly irreducible in the sense of Definition 3.5. Let v
be an invariant u-state, write 1/;'+ for the continuous fiberwise decomposition of Lemma 3.7.

Then, for any xy, for any hyperplane L C P(E4(zy)), one has V;;(L) =0.

Proof. Assume by contradiction that y;;r gives positive mass to some hyperplane, for some
z4. We will then construct a family of subspaces as in Definition 3.5, contradicting the
strong irreducibility of the cocycle.

Let k be the minimal dimension of a subspace with positive mass at some point. Let g
be the maximal mass of such a k-dimensional subspace. By continuity of x4 ~ v, . and
compactness, there exist a point a; and a k-dimensional subspace V with v} +(V) =
(JAV07, Lemma 5.2])

Let V(1) be the set of all k-dimensional subspaces V' of Fy(z4) with v, (V) = 7.
Two elements of V(x,) intersect in a subspace of dimension < k, which has measure 0
by minimality of k. Hence, vo Card V(z4) = V;+(UV6V(x+) V). As this is at most 1, the
cardinality of V(x4 ) is bounded from above, by 1/.

Consider a point by where the cardinality N of V(by) is maximal. For each V € V(by),
Vl;: (V) is an average of v\ (M (r4)7V) over all preimages x; of by under T (see [AV07,
Corollary 4.7]). By maximality, all the M (z, )~V also have mass 7o for v
this process, one obtains for all points in 7" "{by} at least N subspaces with measure g
(and in fact exactly N by maximality). The set J,, T "{b+} is dense. Hence, any z is a
limit of a sequence z,, for which V(z,,) is made of N subspaces Vi(zy,),...,Vn(zy). Taking
subsequences, we can assume that each sequence V;(x,) converges to a subspace V;, which
belongs to V(y) by continuity of y4 — 1/; . Moreover, one has V; # Vj for i # j: otherwise,
the corresponding space would have measure at least 2+, contradicting the definition of ~.
This shows that the cardinality of V(x, ) is at least N, and therefore exactly N.

We have shown that the family V(z;) is made of exactly N subspaces everywhere, that
it depends continuously on x4 and that it is invariant under 7% p. We lift everything to the
bilateral subshift ¥, setting V(z) = V(nsx, x). By construction, the family is invariant
under the dynamics Tp. As V; does not depend on the past of the points, it is invariant
under the stable holonomy (which is just the identity when one moves along stable sets,
thanks to our choice of trivialization of the bundle).

The family V(z) only depends on zy. We claim that, in fact, it only depends on xo,
i.e., it is also invariant under the unstable holonomy. Fix some z;, and some y; with
yo = wo. Then vo = vf (Vi(x)) is an average of the quantities v(,_ ., )(Vi(z4)) over all
possible pasts x_ of x;. One deduces from this that v(,_ . y(Vi(z4)) = 7o for almost every
such z_, see [AV07, Lemma 5.4]. As v is invariant under unstable holonomy, we obtain
Via_ y)(Vi(z4)) = 70 for almost every x_. Integrating over x_, we get v, (Vi(z4)) = 0.
Hence, Vi(z4+) € V(y4). This shows that V(zy) = V(y4) if 0 = yo (almost everywhere and

Iterating
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then everywhere by continuity). Hence, V is locally constant. This shows that M is not
strongly irreducible. O

Let us explain how this proof fails if the cocycle are not locally constant, i.e., if the
holonomies do not commute. Let us argue in a trivialization were the stable holonomies
are the identity. The failure is at the end of the proof, when we show that the family V(z)
is invariant under unstable holonomy. We can indeed prove that v(, . )(Vi(z+)) = 7o for
almost every z_. Then, it follows that V(r—7y+)(H(qéc,,x+)—>(m,,y+)%(x+)) = 79. The problem

is that the subspaces Hé_,“)%(m_’%)%(m) vary with z_, so one can not integrate this

equality with respect to x_, to obtain a subspace V with V;_(V) =Y.

Proof of Theorem 8.6. Let v be a u-state, let u® v, be its fiberwise disintegration, and 1/;:
the conditional expectation of v, with respect to the future sigma-algebra. The martingale
convergence theorem shows that, almost surely,
(3.5) vy = lim M"(Tfnuv)*u(‘t[_%)+7

see [AV07, Proposition 3.1].

Let ¢ > 0. We may find § such that, for any =, and any hyperplane L C E,(x4),
the d-neighborhood of L in P(E (z)) (for some fixed distance on projective space) satisfies
v (Ns(L)) < ¢, thanks to Lemma 3.8 and continuity of the measures.

Let Ej(x) = Rovi(z) be the top Oseledets subspace of M, and Es(x) be the sum of
the other subspaces. Let A be a compact subset of ¥ with positive measure on which
the decomposition E(x) = Ei(x) @ Fa(z) is continuous and on which the convergence in
Oseledets theorem is uniform. Fix z € A. By Poincaré’s recurrence theorem, there exists
almost surely an arbitrarily large n such that T~"x € A. In the decomposition E = F1® Fs,
the cocycle M™(T~"x) is block diagonal, with the first (one-dimensional) block dominating
exponentially the other one. Hence, it sends P(E(T ")) \ Ns(Eo(T ")) (whose V(—’fi“*"x)+_
measure is at least 1 — ¢ thanks to the choice of 0) to an e-neighborhood of Ej(z) if n is
large enough. Therefore, M"(T‘"m)*y("'T_nx)+(N€([v1 ()])) = 1 —e€. Letting ¢ tend to 0, we
get v, ([v1(z)]) = 1 thanks to (3.5). As the measure of A can be taken arbitrarily close to 1,
we finally get that v, is almost everywhere equal to dj,, (z)- O

Remark 3.9. Theorem 3.6 is wrong in general for cocycles which are not locally con-
stant. The difficulty is in Lemma 3.8: If the cocycle M merely admits invariant continuous
holonomies, there is no reason why the invariant family of subspaces V(z) we construct there
should be invariant under the unstable holonomy, even though v, is. Here is an example of
a strongly irreducible cocycle with simple Lyapunov exponents, over the full shift on two
symbols endowed with any Gibbs measure, which admits two u-states.

Let ¥ be the full shift, let £ = 3 x R? and let M be the constant cocycle given by the

. 300 . .
matrix <0 2 0). We introduce the holonomies

001
L0 303 "(yn — 2n)
H:::ll*)y =101 Zn;0 27" (Yn — ) |
0 0 1
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and
1 0 0
Hjﬁy = 0 1 0
ano 3" (Yn — Tn) ano 2" (yn — ) 1

One checks easily that they are indeed holonomies, and that they are invariant under 7'
Let e; denote the i-th vector of the canonical basis. As e; and ey are invariant under the
unstable holonomies, they give rise to two distinct u-states.

We claim that the cocycle is strongly irreducible. Indeed, consider a nonzero subbundle F’
of E which is invariant under 7" and the holonomies, we will show that F = E. Considering
the Oseledets decomposition of F' under the cocycle, it follows that F' is spanned by some
subfamily (e;);er. If 1 € I or 2 € I, then the invariance under stable holonomy implies that
3 € I, since H%¢; and H®%es have a nonzero component along es. Hence, e3 € F almost
everywhere. Then, using the invariance under unstable holonomy, we deduce that e; € F
and es € F almost everywhere, as H"e3 has nonzero components along e; and es. Finally,
F=F.

3.4. The case of locally constant cocycles. In this paragraph, we prove Theorem 1.5 (4):
if a cocycle is locally constant above a transitive subshift of finite type, then it has expo-
nential large deviations for all exponents. The main step is the following result:

Theorem 3.10. Consider a continuous cocycle over a transitive subshift of finite type en-
dowed with a Gibbs measure, admitting invariant continuous holonomies. Assume that it
has a unique u-state. Then the cocycle has exponential large deviations for its top exponent.

Before proving this theorem, let us show by successive reductions how it implies Theo-
rem 1.5 (4).

Lemma 3.11. Consider a locally constant cocycle which is strongly irreducible and has
simple top Lyapunov exponent, above a subshift of finite type with a Gibbs measure. Then
it has exponential large deviations for its top exponent.

Proof. By Theorem 3.6, the cocycle admits a unique u-state. Hence, the result follows from
Theorem 3.10. U

Lemma 3.12. Consider a locally constant cocycle which has simple top Lyapunov exponent,
above a subshift of finite type with a Gibbs measure. Then it has exponential large deviations
for its top exponent.

Proof. We argue by induction on dimension of the fibers of the cocycle. Consider a cocycle
M on a bundle E over a subshift of finite type T', with simple top Lyapunov exponent. We
will show that it has exponential large deviations for its top exponent, assuming the same
results for all cocycles on fiber bundles with strictly smaller dimension. We will prove the
lower bound (3.4) (with i = 1) for M.

If the cocycle M is strongly irreducible, then the result follows from Lemma 3.11, so
assume that it is not. Consider a locally constant invariant family Vi(z),...,Vy(z) as in
Definition 3.5, such that N is minimal. Let V(x) be the span of Vi(x),...,Vx(z). It is also
locally constant and invariant under the cocycle and the holonomies.
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Assume first that the dimension of V' is strictly smaller than that of E. Define a cocycle
My as the restriction of M to V, and a cocycle Mg as the cocycle induced by M on
the quotient bundle E/V. These two cocycles are locally constant. By definition of the
restriction norm and the quotient norm, one has

(3.6) [M" ()| = max(|| My ()], | Mg,y (2)]])-

Moreover, by Lemma 2.4, one of the two cocycles has A; as a simple top Lyapunov exponent,
and these two cocycles are locally constant and have strictly smaller fiber dimension. By
our induction assumption, we deduce that

p{z : log| My (2)]| < nA —ne} < Ce™ @ "
where W is either V or E//V. The same bound follows for M thanks to (3.6).

Assume now that the dimension of V is equal to that of F, i.e., V = E. Consider a
new dynamics T, on ¥ = ¥ x {1,..., N}, mapping (z,i) to (T'z,j) where j = j(z,i) is
the unique index such that M (z)V;(z) = V;(Tz). As M and all the V}, only depend on zq,
the function j only depends on 4, o and z;. Hence, T is a subshift of finite type. As we
chose N to be minimal, there is no invariant proper subfamily of Vi, ..., Vy. Hence, T is
a transitive subshift. Let also /i be the product measure of y and the uniform measure on
{1,...,N } it is again a Gibbs measure for T, therefore ergodic by transitivity.

Above >}, we consider a new bundle E(z,i) = V;(x), and the resulting cocycle M which
is the restriction of M to V;. On any FE(z), one can find a basis made of vectors in the
subspaces V;(x), by assumption. It follows that [[M"(z)| < C max;||M"(z)y;(y)l, for some
uniform constant C. Hence, the top Lyapunov exponent of M is (at least, and therefore
exactly) A;. Moreover, it is simple as the top Oseledets space for M in E(x,z) is included
in the top Oseledets space for M in E(z), which is one-dimensional by assumption.

By our induction assumption, we obtain the bound (3.4) with ¢ = 1 for the cocycle M over
the subshift 7" and the measure /i (note that it is important there that we have formulated
the induction assumption for all subshifts of finite type, not only the original one). The
result follows for the original cocycle as || M™(z)| > ||M™(z,1)|| for all z. O

Lemma 3.13. Consider a locally constant cocycle, above a subshift of finite type with a
Gibbs measure. Then it has exponential large deviations for its top exponent.

Proof. Consider a locally constant cocycle M for which the multiplicity d of the top Lya-
punov exponent is > 1. Then the top Lyapunov exponent of A®M is simple, equal to d\;.
Moreover, for any matrix A (with singular values s; > sy > ...), we have ||A[|? = s¢ >

”AdAH = S81°-°84- Thus
{z : log||M™(x)|| < nA (M) —ne} C{z : log||A?M™(z)|| < nA(AM) — nde}.

The last set has an exponentially small measure by Lemma 3.12, as A°M has a simple top
Lyapunov exponent by construction, and is locally constant. The desired bound follows for
M. O

Proof of Theorem 1.5 (4). Proving exponential large deviations for the cocycle M and some
index i amounts to proving exponential large deviations for A’M and its top Lyapunov
exponent. Hence, the theorem follows from Lemma 3.13. U
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The rest of this paragraph is devoted to the proof of Theorem 3.10. The proof follows
the classical strategy of Guivarc’h Le Page for products of independent matrices (with the
uniqueness of the u-state replacing the uniqueness of the stationary measure), although the
technical details of the implementation are closer for instance to [Dol04, Proof of Theorem 1].

Henceforth, we fix a transitive subshift of finite type T : ¥ — X with a Gibbs measure p,
and a continuous cocycle M : E — E above T which admits a unique u-state denoted by
V. Changing coordinates in F using the unstable holonomy, we can assume without loss of
generality that M (x) only depends on the past x_ of x.

We denote by > _ the set of pasts of points in 3. The left shift 7" does not induce a map
on ¥_ (it would be multivalued, since there would be a choice for the zeroth coordinate),
but the right shift 7= does induce a map U on ¥—. This is a subshift of finite type, for
which the induced measure p— = (mx_5_ )« is invariant (and a Gibbs measure).

The measure p has conditional expectations u; above its factor u_: it can be written
as = p— ® pt . The family of measures p is canonically defined for all point x_ € ¥_,
and varies continuously with x_, as we explained in Paragraph 3.1 (for the opposite time
direction).

To any point (=, [v]) € P(E), we associate a measure v(, [,y on P(E) as follows. There
is a canonical lift to £ of W} _(2_), going through v, given by {(z_,y,, H&ﬂu)_)(xﬂy”v}.
The measure p on W (z_) can be lifted to this set, giving rise after projectivization to
the measure v(, ,). This measure is invariant under (projectivized) unstable holonomy, it
projects to p under the canonical projection P(E) — ¥, and it projects to §,_ under the
canonical projection P(F) — X_. By construction, for any z_, x4 and y4,

V(w—a o) = M-y lHE o)yt

More generally, finite averages or even integrals of such measures are again H"-invariant.

There is a natural Markov chain on X_, defined as follows. A point x_ has several
preimages y* under U. By the invariance of the measure p_, the sum 1/J(y" ) is equal to
1, where J is the jacobian of U for u_. Hence, one defines a Markov chain, by deciding to
jump from z_ to y* with probability 1/J(y!). The corresponding Markov operator is given
by

1

Lo(z-) = mv(y—)-

Uly-)=z—
This is simply the transfer operator of Paragraph 3.1 (for the map U instead of the map 7).
Replacing the potential ¢ which defines the Gibbs measure by a cohomologous potential,
we may write J(;,) = e?W),

Correspondingly, we define an operator M acting on measures on P(E), by
My = (T]p)*l/.

It maps v(, [y)) (supported on the lift V' of Wi¢ (z_) through [v]) to a measure supported
on TpV (which is a lift of the union of the unstable manifolds W (y_) for U(y—) = x_).
Choose on each of these submanifolds a point (y_,y4,[vy]) (where y; is arbitrary, and [v,]
is the unique vector in TV above (y_,y)). Then we have

(3.7) M)y = DYy -
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This follows from the equation (3.3) for the evolution of the conditional measures under the
dynamics, and then the uniqueness of the H"-invariant lift.

Proposition 3.14. Let f be a continuous function on P(E). Then, uniformly in x € X
and v € P(E), when N — oo,

1 N-1
~ 2 /fdM”%,[v]) - /fd’/ua
n=0

where vy, s the unique invariant u-state of M.

Proof. It suffices to show that any weak limit v, of sequences of the form

1 N—-1
N =5 D M Wy fon)
n=0

(where z and [vy] may vary with ) is an invariant u-state.

The invariance of the limiting measure is clear from the Cesaro-averaging and the defi-
nition Mv = (Tp).v. The H" invariance also follows from the construction. It remains to
show that v projects to p on X or, equivalently, that it projects to p— on 3_.

The projection of vy on Y _ is the Cesaro average of ZUny,:(mN), 65*"¢(y*)5y_, i.e., the
position at time n of the Markov chain started from zy at time 0. For any continuous
function v on ¥_, we get [vdmaun = + anz_Ol L"v((xn)-). By a classical property of
transfer operators (see (3.2)), this converges uniformly to [vdp_. This proves that the
only possible weak limit for m.(vy) is p—. O

Fix once and for all € > 0, for which we want to prove the inequality
(3.8) pla : log| M"(@)|| < n(h —€)} < Ce™ @,
Lemma 3.15. Define a function gy on P(E) by

go([z],v) = log(A1 — &) —log([| M (z)v||/|v]]),

where the last term in this formula does not depend on the choice of the lift v of [v]. Then
there exist N and o, 8 > 0 such that, for any x and v,

Proof. Define a function fy on P(FE) by
Jo(@, [v]) = log(|[M (z)v]|/|[v]])-

The integral of fy with respect to the unique invariant u-state v, measures the average
expansion of a vector in the maximally expanded Oseledets subspace, which is by definition
equal to the maximal Lyapunov exponent A;. Hence, it is not difficult to check the following
formula, due to Furstenberg (see for instance [Vial4, Proposition 6.5]):

/fo dl/u = log )\1.
It follows that
/go dv,, = log(A; —¢e) —log A\ < 0.
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Fix some ¢y > 0 such that f go dv, < —cg. By Proposition 3.14, there exists an integer N
such that, for any x and v,

1 N-1
N Z /90 dMnV(x,[U}) < —¢o.
n=0

By definition of M, we get

N-1
/ SNGo W(afu) = ) / 90 AM V(g o)) < —coN-
n=0
Using the inequality e! < 1+t + t2¢l*l, we obtain for any a € (0,1)

/eaSNgo dl/(%m) <1 +OZ/SNg(] dV($7[v]) +a2 /(SNQQ)ZBSNQO dl/(%m) <1 —()ZCON+()ZZC,

where C'is a constant depending on N but not on «. (For the bound in the last term, note
that the function Sygo is uniformly bounded, as a continuous function on a compact space.)
When « is small enough, the term o?C' is negligible. Hence, we obtain for small enough «
and for 8 = acy/2 the inequality

/eaSNgO dv ) < 1= BN < e PN, O

Lemma 3.16. There exists a constant C' such that, for any n € N and any x and v, one
has

/ e dug ) < Ce
Proof. 1t suffices to prove the lemma for times of the form n/N, as the general case only
results in an additional multiplicative constant.

Fix some n. Iterating (3.7), (TF")«v(y ) is a finite linear combination of measures of
the form v(,, 1,,)), With some coefficients ¢; > 0 adding up to 1. Then

aS(n41)Ngo _ ) aSpngooTy ™ aSngo
/e e dv, ) = ch/e T e A fu)-
1

In each of the integrals, the term e@Snng0°T ™" ig constant as go and M only depend on the

past of points in . Hence, this integral is a constant multiple of [ eSN 9o dy , which
is < e PN by Lemma 3.15. We get

/ TN dy ) < e D ey / STy, o) = €N / €PN v o).

The conclusion then follows by induction on n. O

zi,[v;])

Proof of Theorem 3.10. Fix some vector v. Then the average fl/($7[v]) dp(z) is a measure
on P(F) that projects to u. If log||M"(y)|| < nA1(M) — ne, then for any vector w one has
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log(||M™(y)w]||/||wl]]) < n(A (M) —¢), i.e., Spgo(y,w) = 0. We obtain

ply = log| M™(y)|| < nA (M) —ne} < /1(5ngo(y,w) 2 0) dv(g o)) (y, w) dp(z)

< / (/ e5ng0 dV(x,[v})) d,u(ﬂ:)

By Lemma 3.16, the last integral is bounded by Ce™?". The upper bound (3.8) follows. [

3.5. Proof of Theorem 1.5 (5). Consider a cocycle M admitting invariant continuous
holonomies, which is pinching and twisting in the sense of Avila-Viana. We want to show
that it admits exponential large deviations for all exponents.

[AVO7] shows that there is a unique invariant u-state on P(E), corresponding to the
maximally expanded Oseledets subspace, see the first lines of Section 7 in [AV07|. Hence,
Theorem 3.10 applies and shows that M has exponential large deviations for its top expo-
nent.

To prove exponential large deviations for an exponent ¢, a natural strategy would be
to consider the cocycle A’M and prove that it has exponential large deviations for its top
Lyapunov exponent. However, there is no reason why A?M should be twisting and pinching.
What Avila and Viana prove in [AV07|, however, is that M has a unique u-state on the
Grassmannian of i-dimensional subspaces. All the arguments in the proof of Theorem 3.10
go through if one replaces everywhere the space P(EF) by the corresponding Grassmannian.
Then the Grassmannian version of Theorem 3.10 shows that M has exponential large devi-
ations for the exponent 1. O

3.6. Proof of Theorem 1.5 (6). Consider a two dimensional cocycle M admitting con-
tinuous holonomies, we want to show that it satisfies exponential large deviations for all
exponents i. For i = 2, the norm ||[A’M(x)|| is the absolute value of the determinant of
M (x). The desired estimate (1.1) involves an additive cocycle, the Birkhoff sums of the
continuous function log|det M (z)|. Hence, (1.1) follows from the large deviations estimate
for Birkhoff sums.

The only non-trivial case is i = 1, i.e., exponential large deviations for ||[M"(z)||. If M
admits a unique invariant u-state on P(E), then the result follows from Theorem 3.10, and
we are done. If the two Lyapunov exponents of M are equal, then the result follows from
Theorem 1.5 (1). The last case is when the Lyapunov exponents are distinct, but there are
two different invariant u-states. The non-uniqueness implies that something fails if we try
to follow the proof of Theorem 3.6. The only place in the proof of this theorem where we
used the fact that the cocycle is locally constant is in the proof of Lemma 3.8. Without
this assumption, the proof of this lemma constructs a family V(z) of subspaces (which are
necessarily one-dimensional), invariant under the dynamics and the stable holonomy, but
not necessarily under the unstable holonomy. In general, this prevents us from implementing
the induction argument of Lemma 3.12 as the induced cocycle on V and the quotient cocycle
do not admit invariant continuous holonomies any more. However, in the specific case of 2-
dimensional cocycles, the induced cocycles and the quotient cocycles are both 1-dimensional.
Therefore, they satisfy exponential large deviations thanks to Theorem 1.5 (1). Hence,
the argument in Lemma 3.12 goes through to prove that the original cocycle also satisfies
exponential large deviations. O
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4. EXPONENTIAL RETURNS TO NICE SETS FOR SUBADDITIVE COCYCLES

The main statement of this section is the following theorem. Note that the assumptions
of the theorem ensure that the function F' below is finite almost everywhere, although it
can be infinite on points which are not typical for . We are trying to control how large it
will be along typical orbits, in a quantitative sense.

Theorem 4.1. Let T : X — X be a continuous map preserving an ergodic probability
measure | on a compact space. Consider a subadditive cocycle u : N x X — R, such that
u(n,x)/n converges almost everywhere to 0, and u(n,-) is continuous for all n. Let also
e > 0. Define a function

F(z) = sup|u(n,z)| — en.
n=0

Assume that u has exponential large deviations, and that the Birkhoff sums of continuous
functions also have exponential large deviations.
Let 6 > 0. Then there exists C > 0 such that, for any n > 0,

ple  Card{j € [0,n — 1] : F(T92) > C} > on} < Ce O™,

In the applications we have in mind, u will be of the form u(n,z) = log||A*M ™ (z)|| —
n(A; + -+ + \;), for some cocycle M with Lyapunov exponents A;. The points where
F(z) < C are the points where all the iterates of the cocycle are well controlled. Essentially,
they belong to some Pesin sets (see Proposition 5.1 below for a precise version of this
statement). Hence, the lemma will imply that most iterates of a point return often to Pesin
sets, if the matrix cocycle has exponential large deviations for all exponents.

The proof is most conveniently written in terms of superadditive cocycles. Note that, in
the lemma below, the definition of G resembles that of F' in the theorem above, except for
the lack of absolute value. Hence, the following lemma applied to v(n,z) = —u(n,z) — ne
proves one of two inequalities in Theorem 4.1.

Lemma 4.2. Let T : X — X preserve an ergodic probability measure i on a compact space.
Consider a superadditive cocycle v : N x X — R, such that v(n,x)/n converges almost
everywhere to —e < 0, and v(n,-) is continuous for all n. Define a function
G(z) = supv(n,x).
nz
Assume that v satisfies exponential large deviations, and that the Birkhoff sums of continuous
functions also satisfy exponential large deviations.
Let 6 > 0. Then there exists C' > 0 such that, for any n > 0,

pfe : Card{j € 0,0 — 1] : G(TP2) > C} > on} < Ce O™,

Proof. When N tends to 400, the sequence vy /N tends almost surely to —e. The conver-
gence also holds in L' by Kingman’s theorem. Then vy /N + ¢ tends almost surely and in
L' to 0. Then min(vy/N +¢,0) tends almost surely and in L' to 0. Thus, we can take once
and for all a large enough N so that

(4.1) /min(vN/N +¢,0) > —d¢/10.

Let w = vy/N.
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By Lemma 3.1 applied to the subadditive cocycle —v, there exists a constant Cy > 0 such
that v(n,z) > S,w(z) — Cy, for any x € X and any n € N. We will show that

p{z : Card{j € [0,n—1] : G(T?z) >2C} > dn} < Ce ¢ "

Assume first that x has an iterate where the cocycle is large along an extremely long
interval, i.e., = belongs to

n—1

K, = J@) My : 3j > on/2,0(.y) > 0}
t=0

As v has exponential large deviations and converges to a negative constant, the last set has
a measure which is exponentially small in n. As T is measure-preserving, it follows that
w(Ky) is also exponentially small.

Consider now z ¢ K,, such that Card{j € [0,n — 1] : G(Tz) > 2Cp} > dn. Then

(4.2) Card{j € [0,n — 1 —0n/2] : G(T7z) > 2Cy} > on/2.

We define inductively a sequence of times t; as follows. We start from tg = 0. If
G(Tt*x) > 2Cy and t, < n — 1 — dn/2, then we say that t; belongs to the set U™ of
sum-increasing times. In this case, we can choose nj > 0 such that v(ng, Tt%*x) > 2Cy, by
definition of H. Then we let t; 11 = t; + ni. Otherwise, we say that t; belongs to the set
U~ of sum-decreasing times, and we let {311 = ¢, + 1. We stop at the first t; where t; > n

Let AT = U, ev+ [tk trra), and A~ = [0,n—1]\AT". Asxz ¢ K,, the lengths nj = t;1—t
when t € U are all bounded by dn/2. Hence, AT is included in [0,n — 1]. Moreover, the
set of bad times, on the left of (4.2), is included in A*. Therefore, Card A* > dn/2, and
Card A~ < (1—9/2)n.

We will also need to write the set A~ as a union of intervals |J[t}, ; +n’) over some index
set J, i.e., we group together the times in U~ that are not separated by tlmes in UT.

Using the decomposition of [0,n — 1] as AT U A~, the decomposition of these sets into
intervals, and the superadditivity of the cocycle, we obtain the inequality

v(n,z) = Z (ng, T ) +Z n Ttam > Z 200—1—2 n Ttax

t,eUt jeJ tpeU+ jeJ

where the last inequality follows from the definition of UT. Note that the right endpoint
of an interval in A~ belongs to U™, except for the last interval. It follows that Card.J <
CardUT 4+ 1 < 2CardU™. Hence, the above inequality implies

v(n,x) > Z(CO + v(n;»,Ttgx)).
jed
Together with the definition of Cy, this gives

x) > ZSn;w(T%) = Z w(T ).

jed keA—
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Now, let us introduce e:

v(n,x) > Y (w(T*z) +¢) — e Card(A7)

keA—

> Z min(w(T*z) + ¢,0) — e Card(A™)
kelo,n—1]

> Z min(w(T*z) +¢,0) — (1 — §/2)n,
ke[0,n—1]

where the last inequality holds as Card A~ < (1 —d/2)n.

The continuous function z — min(w(z) 4+ €,0) has exponential large deviations and
integral > —de/10 by (4.1). Hence, we have ;0,1 min(w(T*z) + p,0) > —nde/5 apart
from an exponentially small set. Apart from this set, we obtain

v(n,z) > —en+ (§/2 — 6/5)en.

As v has exponential large deviations and asymptotic average —e, it follows that this condi-
tion on z has exponentially small measure. O

Proof of Theorem /4.1. The function F' is the maximum of the two functions

H(z) =sup —u(n,z) —ne, I(z)=supu(n,z)— ne.
n=0 n=0
We should show that each of these functions satisfies the conclusion of the theorem. For H,
this follows from Lemma 4.2 applied to v(n,z) = —u(n,x) — ne.
For I, let us consider N > 0 such that uy/N has integral < £/2. By Lemma 3.1, there
exists a constant Cy such that u(n,z) < Sp(uny/N) + Cj for all n. Let w = uy/N — e.
Lemma 4.2 applied to the cocycle S,w shows that, for some constant C; > 0,

pfa : Card{j € [0.n 1] : sup Syw(TP2) > 1} > dn} < Ce O™,

If u(n,xz) — ne = Cy + Cy, then S,w(x) > C;. Hence, the control on I follows from the
previous equation. ]

5. A DETERMINISTIC CONTROL ON THE PESIN FUNCTION

An important difficulty to prove Theorem 1.7 is that the Pesin function A, is defined in
terms of the Oseledets subspaces E;(z), which vary only measurably with the point and for
which we have no good control. On the other hand, Theorem 4.1 provides exponentially
many returns for sets defined in terms of functions for which we have good controls, e.g.,
Birkhoff sums of continuous functions (by the large deviation principle) or norms of linear
cocycles (if one can prove exponential large deviations for them, using for instance Theo-
rem 1.5). Our goal in this section is to explain how controls on such quantities imply controls
on the Pesin function A.. Then, Theorem 1.7 will essentially follow from Theorem 4.1. To
prove such a result, we need to revisit the proof of Oseledets theorem and replace almost
sure controls with more explicit bounds.

Consider an invertible map T : X — X preserving a probability measure u, and a log-
integrable linear cocycle M above T on X x R%. Let \; > --- > Ay be its Lyapunov
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exponents, let I = {i : A\; < A\j_1} be a set of indices for the distinct Lyapunov exponents,
let E; be the Lyapunov subspaces.
Given ¢ > 0, define functions

Bj(a:) = sup BE(iH = sup sup |log||AiM(")(:c)H —n(A+ -+ N)| — ne,

i€[1,d] i€[1,d] n=0
BZ (z) = sup Béi)_ = sup sup llogHAiM(")(m)H —n(Ag+ -+ Ag—iv1)| — |nle
i€[1,d] i€[1,d] n<0

and
(5.1) B.(x) = max (B (x), B (x)).

These are the functions we can control using the tools of the previous sections.
The following proposition asserts that a control on B. and a mild control on angles

implies a control on A,/ for ¢’ = 20de. For ¢ € I, let us denote by Fgﬂ) (z) the maximally

contracted subspace of M (™) (z) of dimension d — i + 1, and by Fi;m) (z) the maximally

contracted subspace of M(—™) () of dimension i, if these spaces are uniquely defined, as in
the statement of Theorem 2.2.

Theorem 5.1. Assume that ||M(z)| and | M (x)~|| are bounded uniformly in z. Consider
e € (0, min;zjcr|Ai — Aj1/(20d)) and p > 0 and C > 0. Then there exist mg € N and D > 0
with the following properties.

Consider a point x satisfying B-(x) < C. Then its subspaces ng) (z) and an) (x) are

well defined for all n > mg, and converge to subspaces Fso) (z) and Fi;oo) (x).

Assume additionally that, for all i € I, there exists m/2 mg such that the angle between
F;T) (x) and Fgm) (x) is at least p. Then the Oseledets subspace E;(x) = FSO) (x)ﬂFg-oo) ()
is a well-defined d;-dimensional space for alli € I. Moreover, the function Asyg-(x) (defined
in (1.2) in terms of these subspaces) satisfies Aopge(z) < D.

Note that there is no randomness involved in this statement, it is completely deterministic.

The condition on B, controls separately what happens in the past and in the future.
Oseledets subspaces are defined by intersecting flags coming from the past and from the
future, as explained in Theorem 2.2. Therefore, it is not surprising that there should be an
additional angle requirement to make sure that these flag families are not too singular one
with respect to the other. Note that the angle requirement is expressed in terms of a fixed
time m. Hence, it will be easy to enforce in applications.

In this section, we prove Theorem 5.1. Once and for all, we fix T, M and p satisfying
the assumptions of this theorem, and constants C' > 0, € € (0, min;£jer|A; — A;|/(20d)) and
p > 0. Consider a point z satisfying B.(z) < C. We want to show that, if m is suitably
large (depending only on C, ¢ and p), then the subspaces Fg;ﬂ) () and Fi;m) (x) are well
defined, and moreover if the angle between them is at least p, then Aggge(z) is bounded by
a constant D only depending on C, € and p.

We will use the notations introduced before Theorem 2.2. In particular, tgn) (x) = e (@)

is the i-th singular value of M™(z). We will essentially repeat the argument from the proof of
a technical lemma in [Rue79|. A more detailed exposition is given in Section 2.6.2 in [Sar09].
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Step 1: there exists Ny = N1(C,¢e) such that, if n = Ny, then ])\(n)( ) — Ai| < 3¢ for alli.
In particular, thanks to the inequality ¢ < min;z;cr|A; — A;|/(20d), there is a gap between

the eigenvalues A§n) (x) in different blocks {i,...,i +d; — 1}. (Note that the 20d is much
larger than what we need here, 6 would be enough, but it will be important later on.) This
implies that the different subspaces (Fi(n) (x))ier are well defined.

Proof. We have B.(r) < C. Thanks to the equality log||A’M™(z)| = n()\gn)(ﬂ:) + ...+
A" (2)), and to the definition of BZ, this gives for all i

)

nAg")(x)+---+/\§")(x)—(/\1+...+>\i) <en+C.

Subtracting these equations with indices ¢ and ¢ — 1, we get |)\§n) (x) = Ni| €2 +2C/n. If
n is large enough, this is bounded by 3¢ as desired. U

From this point on, we will only consider values of n or m which are > Nj, so that the
subspaces Fi(n) (z) are well defined. We will write Hgn) for the orthogonal projection on this
subspace, and H(n) and H(n) for the projections on ;¢ -, F](") (z) and Djes i F](") (x)
respectively. They satisfy H( n) + H(n) =Id.

Step 2: there exists a constant K1 = K1(C,€) such that, for allm >n > Ny, alli > j in
I and all v € Fg) (x), holds

ITIEDv]| < K [lvfje~nRsmhim6d=12),

Proof. The proof is done in two steps.
First claim: there exists a constant K such that, for n > Ny, v € Fﬁz)( ) and j < i,

I ol < Kofjolle™ %2759,
Indeed, on the one hand, we have

I @)l = | M(T"2)- M ()] < (Sl;pllM(y)H)-HM"(w)vH < (StylpHM( YD+ o]

thanks to the first step and the fact that v € Fg) (r). On the other hand, as M"!(x)

respects the orthogonal decomposition into the spaces F; énﬂ)(x), we have

n n n+1 n - n+1
1M @)ol| > | M (@) | > el DO =32 ity

)

again thanks to the first step. Putting these two equations together gives the result.

Second claim: for all j < ¢ in I, there exists a constant K; ; such that, for all m > n > N;
and all v € F;L) (x), we have

(5.2) I wf| < K je A0y

Once this equation is proved, then Step 2 follows by taking for K the maximum of the K ;
over j < 7 in I. To prove (5.2), we argue by decreasing induction over j < i, j € I. Assume
thus that the result is already proved for all k£ € I N (j,1), let us prove it for j.
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Decoml()o)sing a vector v along its components on Fgﬂ (x), on F,gm) (x) for k € I N (j,7)
and on F37"(x), we get
(5:3)  uE el < U ol 4 Y ) 4 .
kelIn(j,i)

The first term is bounded by HHg;L)vH as Hg}bﬂ) is a projection. The second term is bounded
by Koe_m(AJ_Ak_GE)HHI(Cm)vH thanks to the first claim applied to m and H(m)v € ng) (x).

The induction hypothesis asserts that ||H v|| Ky ie” ™M= 2i6=R)2) 1y Overall, we
get for the second term a bound which is at most
Z KoK pe ™05~ Xi=6(-k+1)e) < feto=m(y=Xi=6(=1)2) ||
keIn(j,i)

Finally, the third term in (5.3) is bounded by Kge "X —i—6¢) Hl‘[>Z v||, by the first claim

applied to m and H(>Z)v € F(m)(x). This is bounded by Kge= ™ —2=69)|y|| as sz‘) is a
projection.
All in all, we have proved that

T Do | < (K + Ko)e ™Y =66=09) ]| 4 T ]

The estimate (5.2) then follows by induction over m, summing the geometric series starting
from n as Aj — A\; — 6(i — j)e > 0 thanks to the choice of €. O

The second step controls projections from Fi(n) to Fj( ™) for m = n, when ¢ > j. The third
step controls projections in the other direction, thus giving a full control of the respective
projections of the spaces.

Step 3: forallm>=n 2> Ny, alli>j inl and allv € Fg), holds
1080 < Koy floflen i dimbe=ne),

Proof. Define a new matrix cocycle by M(x) = (M~'(z))!, from E*(z) to E*(Tz). In
coordinates (identifying E(x) and E*(z) thanks to its Euclidean structure), it is given as
follows. Write M™(x) as k1 Aks where ky and ks are orthogonal matrices, and A is a diagonal
matrix with entries tgn) (x) = @) ,tén) (z) = (@) Then M™(z) = k1 A" ko.
Hence, it has the same decomposition into singular spaces as M™(z), the difference being
that the singular values of M™(z) are replaced by their inverses.

The proof in Step 2 only used the fact that the logarithms of the singular values were
3e-close to A;, and the norm of the cocycle is uniformly bounded. All these properties are
shared by M. Hence, the conclusion of Step 2 also applies to M, except that the inequality
between ¢ and j have to be reversed as the ordering of singular Values of M is the opposite
of that of M. This is the desired conclusion. O

Overall, Steps 2 and 3 combined imply that the projection of a vector in Fi(n) (z) on
(Fi(m) ()t = Fgﬂ) () @ Fgln) (z) has a norm bounded by 2K1e~", for § = mingzees| A\ —
M| —6(d—1)e > 0. Hence, in terms of the distance d on the Grassmannian of d;-dimensional
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subspaces defined in (2.1), we have d(Fi(n) (x), ™ (z)) < 2K1e7%". Tt follows that Fi(n) ()

1
is a Cauchy sequence, converging to a subspace Fi(oo)(x) as claimed in the statement of the
theorem.

Step 4: there exist No > Ny and a constant Ko such that, for allmn > No, all i in I and
all v e FZ-(OO) with norm 1, holds

(5'4) K;len()\i—Gde) < HM”(.%’)UH < ngn()\i+6d6).

Proof. Take a vector v € Fi(oo)(x). For j € I, the norm of the projection 7 , as

F™ (2) = F) (x)
n my, ., is bounded by Kje "(2i=Ail=6(d=1)¢) thanks to
F™ (@)= F™ (@) v A

Steps 2 and 3 (note that this bound is nontrivial only if j # 7). Its transpose, the projection
has the same norm and therefore satisfies the same bound.

v, we have M"(z)v =} ;c; M"(x)v;. We have

the limit of the projections 7

TEE) @)= F™ (@)

Writing v; = WFi(oo(w)_)Fj(n)(w)

(5.5) o] < Kje XiAl=6(d=1)e)
As M™(z) expands by at most ™3¢ on Fi(n) (x), thanks to Step 1, we obtain
HMn(x)ij < Kle—n(\)\i—)\j\—G(d—l)a)en)\j-i-fﬂa < Klen(Ai—I—Gde).

Here, it is essential to have in Step 2 a control in terms of A; — A;, and not merely some
exponentially decaying term without a control on the exponent. This proves the upper
bound in (5.4).

For the lower bound, we write ||M™(z)v|| > ||[M"(x)v;|| as all the vectors M (z)v;
are orthogonal. This is bounded from below by ¢™*=3¢)||v;]|, by Step 1. To conclude, it
suffices to show that ||v;|| is bounded from below by a constant if n is large enough. As
[vill = lloll =>_;llvsl, this follows from the fact that ||v;]| tends to 0 with n if j # i, thanks
to (5.5). O

We recall that we are trying to control the behavior of M"(z) not on Fi(oo)(x), but on
the Oseledets subspace E;(z) = Fgo) ()N Fgo)(x) To this effect, there is in the statement
of Theorem 5.1 an additional angle assumption that we will use now. Let p > 0 be given
as in the statement of the theorem. There exists 6 > 0 with the following property: if U
and V are two subspaces of complementary dimension making an angle at least p, then any
subspaces U" and V' with d(U,U’) < § and d(V, V') < § make an angle at least p/2.

We fix once and for all mg = mo(C,e,0) > N such that, for all i € I and all m > my, one
has d(FgZL) (w),F;O)(x)) < § and d(Fgm) (x),Fgoo)(x)) < d. Its existence follows from
the convergence asserted at the end of Step 3 (and from the same result for T71).

Assume now (and until the end of the proof) that, for some m > my, the angle between

F;T) (x) and Fgm) (x) is > p, as in the assumptions of the theorem. It follows then that the
angle between Fgo) (z) and Fi;oo)(x) is at least p/2. As a consequence, the spaces Fgo) (x)

and F, é;oo)(x) are transverse, and their intersection is a d;-dimensional space F;(z).
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Step 5: there exist constants Kg > 0 and N3 > No such that, for alln > N3, alli € 1
and all v € E;(z) with norm 1, holds

(5.6) Kglen()\i—Gde) < HM”(.%’)UH < ngn()\i-i-ﬁda).

Proof. We have v € E;(z) C FSO) (z). Decomposing the vector v along its components
vj € Fj(oo)(x) with j € I N[i,d] and using the upper bound of (5.4) for each v;, the upper
bound in (5.6) readily follows.

For the lower bound, we note that E;(x), being contained in F. é;oo) (), makes an angle
at least p/2 with FSO) (). This implies that the norm of the projection v; of v on Fi(oo) ()

is bounded from below, by a constant ¢y > 0. Using both the upper and the lower bounds
of Step 4, we obtain

M™(z)v| = |M"™(x)v;]| — M™(x)v;|| > coK; Ler(ri—6de) _ KoY t6de)
| J 052
Jelj>i JEI,j>i
The choice of € ensures that, for j > in I, one has \; — 6de > \; + 6de. Hence, the sum in

this equation is asymptotically negligible, and we obtain a lower bound co Ky Len(Xi—6de) /2
if n is large enough. 0

Step 6: there exists a constant Ky such that, for alln € Z, all i € I and all v € E;i(x)
with norm 1, holds

(57) KZlenAidedn\ < HMn(x)’UH < K46n)\¢+6d€\n|.

Proof. Step 5 shows that this control holds uniformly over n > N3. The same argument
applied to the cocycle M1 and the map T~! gives the same control for n < —N3 (note
that the function B.(x), which is bounded by C by assumption, controls both positive and
negative times). Finally, the control over n € (—N3, N3) follows from the finiteness of this
interval, and the uniform boundedness of M and M 1. ]

We can finally conclude the proof of Theorem 5.1. We want to bound the quantity
Aspge () defined in (1.2). Fix i € I, v € E;(x) \ {0} and m,n € Z. Then, using the upper
bound of (5.7) for ||M"(x)v|| and the lower bound for | M™(x)v||, we get

IM™(@)0ll (s ,~(1nl+mi)(20d2) /2

[[M™ (z)v
< K46n)\¢+6de\n| . K467m)\¢+6d€|m\ . ef(nfm))\i67(\n|+\m|)(20de)/2
_ Ke2e—(nl+made o 2.

Taking the supremum over i € I, v € E;(x) \ {0} and m,n € Z, this shows that Asyge(z) <
K?2. This concludes the proof, for D = K?2. O

6. EXPONENTIAL RETURNS TO PESIN SETS

In this section, we prove Theorem 1.7. As in the assumptions of this theorem, let us
consider a transitive subshift of finite type T', with a Gibbs measure p and a Holder cocycle
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M which has exponential large deviations for all exponents. Let § > 0. We wish to show
that, for some D > 0, the set

{z : Card{k € [0,n —1] : A(T*z) > D} > én}

has exponentially small measure. Reducing ¢ if necessary, we can assume € < |\; — ;| for
all i £ j € 1. Set & =¢/(20d).

The angle between the Lyapunov subspaces is almost everywhere nonzero. In particular,
given ¢ € I, the angle between Fgo) (x) and Fgoo)(m) is positive almost everywhere. On a
set of measure > 1 — 0/2, it is bounded from below by a constant 2p > 0 for all i. These
subspaces are the almost sure limit of F;T) () and Fgm) (x), according to Theorem 2.2.
Hence, if m is large enough, say m > m, the set

U=U,={xeX : Viel, F;n) (x) and Fgm) (x) are well defined
and Z(FS (@), 5™ () > p)

has measure > 1 — §/2.

We will use the functions Bg)i defined before (5.1). For each i € [1,d] and o € {+,—},
there exists a constant C; , such that

{z : Card{k € [0,n—1] : BV (T*z) > Ci,} > 6n/(4d)}

has exponentially small measure, by Theorem 4.1 and the assumption on exponential large
deviations for all exponents. (For o = —, this theorem should be applied to T-!). Let

C" = max Cj,. As B, is the maximum of the functions BS)U, it follows that
{z : Card{k € [0,n —1] : Bu(T*z) > C'} > én/2}

has exponentially small measure.

We apply Theorem 5.1 with ¢ = ¢/ and C = C’ and p, obtaining some integer mg > 1
and some constant D with the properties described in Theorem 5.1. Let us fix until the end
of the proof m = max(mg, mq).

The set U = U, is open by continuity of M™ and M ~". In particular, it contains a set
V which is a finite union of cylinders, with u(V) > 1 —4/2. To conclude, it suffices to show
that

(6.1) {z : Card{k € [0,n—1] : TFz ¢ V} > on/2}

has exponentially small measure. Indeed, assume this holds. Then, apart from an expo-
nentially small set, there are at most én bad times k in [0,n — 1] for which T*z ¢ V or
B./(T*z) > C'. For the other good times, we have T*z € V and B.(T*z) < C'. Then
Theorem 5.1 shows that A.(T*z) = Agyqer (T*x) < D, as desired.

It remains to control (6.1). Let xy denote the characteristic function of V, it is a contin-
uous function. The set in (6.1) is

{z : Spxv(z) < (1-46/2)n}.
As [xv = u(V) > 1 —§/2 by construction, the large deviation principle for continuous

functions shows that this set is indeed exponentially small. This concludes the proof of the
theorem. O



QUANTITATIVE PESIN THEORY FOR ANOSOV DIFFEOMORPHISMS AND FLOWS 35

APPENDIX A. COUNTEREXAMPLES TO EXPONENTIAL LARGE DEVIATIONS

In this appendix, we give two counterexamples to exponential large deviations. The first
easy one, in Proposition A.1, is for Holder-continuous subadditive cocycles. The second
harder one, in Theorem A.3, is in the more restrictive setting of norms of matrix cocycles
(only continuous, although one expects that the same kind of result should hold for Holder
cocycles with small Holder exponent).

Proposition A.1. Let (T, ) be an invertible subshift with an invariant ergodic measure
which is not supported on a periodic orbit. Consider a positive sequence u, tending to 0.
There exists a subadditive cocycle a(n,z) such that a(n,-) is Holder continuous for any n,
such that a(n,x)/n — 0 almost everywhere, and such that, for infinitely many values of n,

pf{z : a(n,z)/n < =1} > uy,.
The proof uses the following easy variant of Rokhlin’s lemma:

Lemma A.2. Let § > 0 and m > 0. In a subshift in which the set of periodic points
has measure 0, there exists a subset R made of finitely many cylinders such that the sets
(T"R)o<i<m are pairwise disjoint and cover a measure at least 1 — 0.

Proof. We may find a set S such that its m first iterates are disjoint and cover a measure
> 1—6/2, by Rokhlin’s lemma. Let S’ be a finite union of cylinders which approximates S
so well that p(S’AS) < p, for p = 6/(4m?). Let R = 5"\ Up<jcrm I°(S’). It is a finite union
of cylinder sets, and the sets TR for i < m are disjoint. We have

S'NTHS") C (S'AS)U (SNT'S)U (T'SAT'S").
The middle set is empty, the other ones have measure at most p. Hence, the measure of
this set is at most 2p. Finally, u(R) > u(S") —2(m — 1)p = p(S) — 2mp. Hence.

1 ( U TiR> = mu(R) = mu(S) — 2m?p = p < U TiS) —2m?p >1—6/2 —2m?p.

oi<m oi<m

The choice of p ensures that the last term is 1 — 9, as claimed. O

Proof of Proposition A.1. We will construct a sequence n; — oo and a sequence of functions
fi for ¢ > 1 with the following properties:

(1) Each f; is Holder continuous (in fact, it will only depend on finitely many coordi-

nates).

(2) We have f;(z) <0 for all z, and [ f; = —27%.

(3) We have p{z : Sy, fi(z) < —2n;} > uy,.
Let also fo = 1 and ng = 0. Define then

a(nvx) = Z Snfz(x)
i, <n

As the (fi)i>1 are nonpositive, this is a subadditive cocycle. Moreover, [a(n,z)/n =
Y ni<n J fi = 0. By Kingman’s theorem, it follows that a(n,z)/n tends to 0 almost surely.
Moreover, if Sy, fi(z) < —2n;, then by nonpositivity of all the f; except for j =0,

a(ng,x) < Sp, fo(x) + Sy, fi(z) < ny — 2n; < —n;.
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Hence, the third point in the definition of f; ensures that a(n;,x) < —n; with probability
at least uy,,, showing that a satisfies the conclusion of the proposition.

Let us now construct f; and n; as above. First, choose n = n; such that w,, < 2—i=3,
Then, let K = 2i72n;. We use a corresponding Rokhlin tower: by Lemma A.2, there exists a
set R which is a finite union of cylinder sets such that R, ..., 751 R are disjoint, and their
union covers a proportion > 1/2 of the space. Then u(R) € (1/(2K),1/K]. Define f; to be
equal to —¢; on Uk<K/2i+1 T*R and 0 elsewhere, where ¢; is chosen so that f fi=—-27" As

M(Uk<K/2i+1 TFR) = (K/2 Y u(R) < 27771 it satisfies ¢; > 2. For any z € Uk<K/2i+2 T*R,
one has fi(T*x) = —¢; for k < K/2*2 = n,;, and therefore S, f;(z) = —cing < —2n;.
The probability of this event is <Uk<K/2i+2 TkR) = (K25 u(R) > 2773 > uy,,, as
desired. O

We will now construct a continuous cocycle taking values in SL(2,R) without exponential
large deviations for its top exponent. Note that a generic continuous cocycle away from
uniform hyperbolicity has only zero Lyapunov exponents, by Bochi-Viana [BV05], so it has
exponential large deviations by Theorem 1.5 (1). Hence, our construction can not be done
using Baire arguments.

Theorem A.3. Let u, be any positive sequence tending to 0. Consider the full shift on two
symbols with a fully supported invariant ergodic measure . Then there exists a continuous
SL(2,R)-valued cocycle M with a positive top Lyapunov Ay (M) such that, for infinitely
many values of n,

pla : log| M (@)]] < A+ (M)/2} > uy.

If w, tends to zero slower than exponentially, for instance u,, = 1/n, then the cocycle M
does not have exponential large deviations.

Let X be the full shift over two symbols 0 and 1, with a given invariant ergodic measure
w of full support (what we really need is that the support of u contains a fixed point, or
more generally a periodic orbit, but u is not supported on this orbit). In this section, we
will say that an object defined on ¥ is locally constant if it only depends on (z,,)}, <N for
some N. Let x, € 3 be the point with all coordinates equal to 1. We say that a cocycle
M taking values in SL(2,R) has property Py, for some A > 0, if it satisfies the following
properties:

(1) The cocycle M is locally constant.

(2) Its largest Lyapunov exponent is > A.

(3) Its Oseledets subspaces, initially defined p-almost everywhere, are in fact locally
constant (and therefore continuous).

(4) One has M(x,) = 1d.

Define a cocycle My by My(x) = (% 1%) if zy = 0, and My(z) = Id if 29 = 1. Then its

Oseledets subspaces are R @ {0} and {0} @ R, and the corresponding Lyapunov exponents
are nonzero. Hence, My satisfies P for some A > 0.
The main lemma is the following;:
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Lemma A.4. Let A > 0 and € > 0 and ng > 0. Let M be a cocycle with the property Pj.
Then there exist a time n > ng and another cocycle M, again having the property Py, with
the following properties:

(1) For all x, one has |M(z) — M(x)| < e. )
(2) There exists a set A with measure > u, on which |[M™(x)|| < e /2.

Let us admit the lemma for the time being. We construct inductively a sequence of
cocycles M;, all with the property P, starting with My as above. Suppose that we have
already constructed times nq,...,n,_1, sets Ay, ..., A;—1 with u(4;) > up;, and the cocycle
M;_1 such that, for each j < i, | M, (z)| < /2 for all x € A;. We wish to construct a
time n; > n;_1, a set A; and a cocycle M; that satisfies the same properties for all j < 7.
Note that, if ¢ = ¢; is small enough, then any cocycle M; with ||M;(z) — M;_1(z)|| < € for
all z will satisfy the above properties for j < i, with the same sets A;. Hence, it suffices to
apply Lemma A.4 to M = M;_;, with a sufficiently small ¢, to get M; = M.

We can require ¢; < 1/2°. Then the sequence M; converges uniformly, towards a limit-
ing continuous cocycle M(x). By semi-continuity of the Lyapunov exponents, A\ (M) >
limsup Ay (M;) > A. On the other hand, ||M™ (z)|| < e’3/2 for all € A, and this set has
measure at least up; as claimed. This concludes the proof of Theorem A.3. U

It remains to prove Lemma A.4. The main tool to modify the cocycle is the following
lemma, due to Bochi.

Lemma A.5. Assume that the cocycle M satisfies Py. Let € > 0. Then, for almost every
x, there emist k(x) € N and matrices Qo,...,Qr_1 such that ||Q; — M (T'z)| < e for all
i <k, and the product Qy_1 --- Qo sends E*(x) to E*(T*x), and E*(x) to EX(T*x) (where
E? and E" are the stable and unstable Oseledets directions of the cocycle M ).

Proof. The set A of points that satisfy the conclusion of the lemma is backwards invariant
under the dynamics: if Tx = y and the sequence of matrices Qy, ..., Qr_1 works for y, then
the sequence of matrices Id, Qo, ..., Qr_1 works for z, for k(x) = k(y) + 1. By ergodicity,
it suffices to show that A has positive measure. This follows from [Vial4, Proposition 9.10],
as the cocycle M is not uniformly hyperbolic thanks to the condition M (z,) = Id in P(4).
(In our case, there is a direct easy proof as the cocycle is the identity on a neighborhood
of the fixed point z,, so it can be replaced by a small rotation in suitable coordinates, on
points whose orbit spends a long enough time close to z,). O

Proof of Lemma A.4. Theidea is to apply Lemma A.5 at some points, modifying the cocycle
along a piece of orbit of length k, and then again the same lemma n steps later (for some n
much larger than k), to put again E* in line with £*, and E" in line with E*. The norm of
the new cocycle will essentially not increase along these n steps thanks to the cancellations
between the stable and unstable directions, yielding the desired set A, while the Lyapunov
exponent will essentially not be changed if these n steps are negligible compared to the
whole dynamics. Making this precise requires the use of the Rokhlin tower provided by
Lemma A.2, and some care when choosing the constants.

The cocycle M and its Oseledets subspaces are constant on cylinders of length 2N + 1,
for some IV, by assumption. Replacing the original subshift by a new subshift the symbols
of which correspond to 2N + 1-cylinders of the original subshift, we may assume without
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loss of generality that N = 0, i.e., the cocycle M (z) and the Oseledets subspaces E*(x) and
E"(z) only depend on the coordinate xg of .

The minimal function k(z) provided by Lemma A.5 is measurable. Hence, it is bounded
on a set of arbitrarily large measure. We obtain an integer k > 0, a set X with p(X) > 9/10,
and for each = € X a sequence of matrices Qo(x),...,Qk—1(z) with

(A1) 1Qi(x) — M(T'z)|| <&
whose product Qy_1(z) - -- Qo(x) maps E*(x) to E*(T*z) and E*(x) to E*(T*x).

Let AL (M) > X be the top Lyapunov exponent of M. Let 6 > 0 be small enough so that
146 < A. For p-almost every z, there exists a constant C(z) < oo such that, for all £ € Z
[M*(2)v ()] ale| 1 g M (@) ()] 51e)

< < <
e>‘+(M)£ X C(x)e ? C(x) € ~ 6_)‘+(M)£ ~ C(x)e )
where v"(x) and v®(x) are unit vectors in E"(x) and E®(x). Shrinking X just a little bit,
we can assume that C'(x) is bounded by a constant Cy on X, while retaining the estimate
u(X) > 9/10.
As the Oseledets subspaces depend continuously on the point, by Py(3), the angle between

v"*(z) and v*(z) is bounded from below. Hence, increasing Cj if necessary, we can ensure
that, for any matrix A and any =z,

(A.2) [A[l < Co max([[Av* (z)[], | Av®(2)])-

Increasing Cp and shrinking X if necessary, we can also assume that, for any z € X,
the global modification matrix at z given by Q(z) = M*(2)"'Qx_1(x)--- Qo(x) (which
exchanges E"(z) and E*(z)) expands all vectors by at most Cp, and contracts them by at
most Cy .

C(x)—le—éw <

Let n > k be such that Cy < e, Let m = Kn, where K > 6 will be chosen later,
independently of n. Applying Lemma A.2, we obtain a set R which is a finite union of
cylinders, whose first m iterates are disjoint and cover a measure > 9/10. Subdividing R
further if necessary, we may write it as a disjoint union of cylinders R, of length 2r + 1,
centered around 0, for some r > m + k. Let O, = U,_,, T Z'Rp, these sets are disjoint. We
will make the modifications of the cocycle separately on each O,.

The point z, is in at most one O),. If it belongs to O, say, then we remove R; from R.
Increasing r if necessary, this removes an arbitrarily small measure from R, so the new R
will still satisfy the condition p(U;,,, T JR) > 9/10. This means that modifying the cocycle
on the sets O, will not change its value on z, so that the condition M (z,) = Id in Py(4)
will still be satisfied by the modified cocycle.

We say that a set O, is modifiable if there exists an index a, € [0,m — 3n) such that
T R, intersects X N T~ "X. If O, is not modifiable, then the set Op = Ugem—sn TRy
(whose measure is at least u(Op)/2 as m —3n > m/2) does not intersect X NT~"X. Hence,
the union of these O, has measure at most 1 — (X N T7"X) < 2/10, the union of the
corresponding O), has measure at most 4/10, and the measure of the union of the modifiable
O, is at least 9/10 —4/10 = 1/2.

Let O, be modifiable. Choose a point x, € TR, N X NT~"X. On O,, we define the
cocycle M to be equal to Q;(x,) on T%+ R, for 0 < i < k, to Q;(T"x,) on T+ R for
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0 <i <k, and to M elsewhere. The cocycle M is constant on each set T'R,, (as M (x)
only depends on zg, and R, is a cylinder of length 2r + 1 with > m). Hence, it follows
from (A.1) that || M (z)— M (z)| < € everywhere. Moreover, it is clear from the construction
that M is locally constant.

Let us show that the Lyapunov exponent of M is > \. Start from a point z which is not

in the modified locus U, U, <i<a,+n-+# TR, we will estimate the expansion of M*(z)v"(x)

when £ tends to oo. Except when Tz belongs to the modified locus, the vector MY (z)v™(z)
is a multiple of v*(T*x), and undergoes the same expansion under M or M. The difference
is the influence of the modified locus: when one enters this locus, then one should apply the
modification operator Q(x,) which brings v*(x,) to v*(x,) (With an expansion at least Cy '),
then the original cocycle M"(x,) but on the vector v®(z,), then the modification operator
Q(T"z,) that brings back v*(T"x,) to v*(T"z,) (again with an expansion at least Cj').
Then, one follows again the dynamics of the cocycle M. During such a visit to the modified
locus, the expansion under M is at least Cy 1. Cy Le=A+(M)n—dn . Cy ! while the expansion
under M is at most Coer+M)n+9n  Hence, the expansion loss for M with respect to M is
at most C, 4= 22+ (M)n=20n > o=2X4(M)n—65n  ©oreover, such a loss happens at most once
in every m steps, since a visit to O, has length m by construction. We get

At (M) = Xy (M) = (204 (M) + 68)n/m.

By assumption, Ay (M) > A. If the ratio K = m/n is large enough, it follows that one also
has Ay (M) > A

The same argument shows that, towards the past, v%(x) is exponentially contracted.
Hence, v*(z) generates the Oseledets subspace E*(x) for M. This shows that, away from
the modified locus, the Oseledets subspace is locally constant. Using its equivariance under
M and the fact that M is locally constant, we deduce that the Oseledets subspace of M is
locally constant everywhere.

We have proved that M satisfies Py. It remains to show the existence of a set A with
measure > u,, on which || M™(z)|| < ¢"/2. We take for A the union of the sets TR, over
i€ n/2—én/A(M),n/2+0n/Ay(M)] and p such that O, is modifiable. In each modifiable
set, A takes a proportion (20n/Ay(M))/m =26/(KAy(M)). As the measure of modifiable
sets O) is at least 1/2, we get u(A) > §/(KA;(M)), a number which is independent of n.
In particular, if n is large enough, we get p(A) > u, as u, tends to 0 with n.

Consider = € A, let us show that ||[M"(x)|| < ¢*/? to conclude the proof. Consider p
and i =n/2 + j with |j| < dn/\; (M) such that z € T% R, First, we estimate the norm
of M "(x)v®(x). This vector is obtained by iterating the original cocycle M during n — ¢
steps, then doing the modification Q(T"xp) that brings it to v"(T"z,), and then iterating
the original cocycle M during i steps. The first step results in an expansion by at most
Coe= M+ (M)(n=)+3(n=1) (54 T"x, € X), the second one by an expansion at most Cp, and the

A+(M)i+di Ty the end, we obtain

third one by an expansion at most Cpe
H]\;I"(x)vs(x)ﬂ < Cgeéne—)\+(M)(n—i)+)\+(M)i < Cgeén62A+(M)\j\ < Cgefﬂ&b‘

In the same way, v"(z) is expanded by at most CoeM M) (n=1)+6(n—1) quring the first n — 4

iterates, then by at most Cy by the modification Q(7"x,) that brings it to v*(T"z,), and



QUANTITATIVE PESIN THEORY FOR ANOSOV DIFFEOMORPHISMS AND FLOWS 40

then by at most Coe MM+t for the last 7 iterates. Hence,

H]\Zf"(x)v”(x)H < Cgezgne)\_;(M)(nfi)f)\_F(M)i < Cge?;(m‘

With (A.2), this gives

||Mn(x)” < C61635n < 67511 < en)\/2,

thanks to the choice of 4. ]
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