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Family of convergent numerical schemes
for the incompressible Navier-Stokes equations

Robert Eymard* Pierre Feron T and Cindy Guichard *

October 17, 2016

Abstract

This paper presents the common mathematical features which are leading to convergence prop-
erties for a family of numerical schemes applied to the discretisation of the steady and transient
incompressible Navier-Stokes equations with homogeneous Dirichlet’s boundary conditions. This
family includes the Taylor-Hood scheme, the MAC scheme, the Crouzeix-Raviart scheme generalized
into the Hybrid Mixed Mimetic scheme, which can be combined with a variety of discretisations for
the nonlinear convection term, each of them being more efficient than the others in particular situa-
tions. We provide tools for analyzing all the combined methods, and proving their convergence to a
weak solution of the problem.

1 Introduction

For the approximation of the incompressible Navier-Stokes equation, most of the numerical schemes are
nonlinear extensions of schemes applying to the linear incompressible Stokes equations. Three of them
are of particular importance.

1. The Taylor-Hood scheme [17] is the prototype of conforming finite element methods on general
simplicial grids.

2. The Marker-And-Cell (MAC) scheme, introduced in [13], is one of the most popular methods in the
engineering framework [16, 19] for the approximation of the Navier-Stokes equations on structured
Cartesian grids.

3. The Crouzeix-Raviart scheme [3] is a non conforming scheme on general simplicial grids, whose
advantage is to provide fluxes and exact mass balances in the simplices. This scheme can be
extended to general polyhedral meshes, using the Hybrid Mixed Mimetic (HMM) methods that
include in particular the Mimetic Finite Difference schemes [1].

It is proved in [5] that all of them are gradient discretisation methods for which general properties of
discrete spaces and operators are allowing common convergence and error estimates properties, in the
case of the steady and transient incompressible Stokes equations. Turning to the Navier-Stokes problem,
the variety of schemes is much wider, since there are many possibilities, in the framework of a given
scheme for the Stokes problem, to discretise the nonlinear convection term (see Section 4 for examples
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of different approximations of the nonlinear term for the Crouzeix-Raviart scheme). Our purpose is to
extend to the Navier-Stokes problem the unification work done in [5]. We show in this paper that again
in this case, it is possible to exhibit common mathematical properties to all the schemes quote above,
combined with a variety of discretisations for the nonlinear convection term.

This paper is organised as follows. We focus in Section 2 on the steady Navier-Stokes problem. In
Section 2.1, we provide the continuous equations, whose weak form is directly inspiring the general
discrete formalism. We then turn in Section 2.2 to the discrete setting. In Section 2.3, we provide the
mathematical analysis of the convergence of the scheme. Section 3 is devoted to the transient case. We
present the continuous transient Navier-Stokes equations in Section 3.1. Section 3.2 is devoted to the
adaptation of the discrete tools, given in the steady case, to the transient equations. In Section 3.3, we
develop the mathematical analysis of the convergence for the gradient scheme in the transient case. In
Section 4, we illustrate the variety of possible discrete nonlinear convection terms within the framework of
the Crouzeix-Raviart scheme, and we show on numerical examples that none of them is always the most
precise, which confirms the interest of developing tools simultaneously applying to the various schemes.
Finally, some short conclusions are proposed in Section 5. We show in appendix that the properties,
required on the discretisation of the nonlinear convection term for providing convergence properties, are
satisfied in the case of the skew symmetric discrete convection term, whose advantage is to be generic,
in the sense that it can be considered for a wide range of discretisation methods used for the Stokes
problem.

2 Steady Navier-Stokes problem

2.1 The continuous equations

Let us first recall the strong sense of the Navier-Stokes problem:

nu—vAu+ (u-V)u+Vp = f—div(G) inQ
divi =0 in Q (1)
u =0 on 0,

where w represents the velocity field and p is the pressure, under the following assumptions

) is an open bounded Lipschitz domain of R¢ (d € {2,3}),
feL*Q) and G € L*(Q)4, (2)
n>0, v>0.

In this paper, if F is a vector space, we denote by F the space F¢. Thus, L*(Q) = L?*(Q)? and
H(Q) = H}(Q)?. L3(Q) is the space of functions in L?(Q) with a zero mean value over Q. Finally,
H 4, (Q) is the space of fields v € L*(Q) such that div(v) € L*(€2). We then give the definition of a weak
solution to the steady Navier-Stokes problem (1).

Definition 2.1 (Weak solution to the steady Navier-Stokes problem) Under Hypotheses (2), (@,D)
is a weak solution to (1) if

p
n| w-vde+v [ Vu:Vodx+b(w,w,v)
Q Q
— [ pdivo dx:/(f-@JrG:V@) dz, Vo € Hy(Q), 3)
Q Q

/ qdivi dz = 0, Vg € L3(Q),
Q




d ‘
where, for all € = (& j)ij=1,..a € R and x = (Xij)ij=1,..a € R, & x = 307 & jxij is the
doubly contracted product on R¥*?¢, and

d
b(u,v,w) = > /Q ui(z) Oy (z) wi(x) de, Yu, v,w € HE(S). (4)

,j=1

Remark 2.2 (Stokes problem) Letting b vanish in (3) leads to the definition of the Stokes problem.
As it will be stated in remarks, all the convergence results given in this paper hold also in this case.

We recall that b is a trilinear continuous form on H(Q)? and that there holds [18, Ch.IT, Lemma 1.2
and 1.3]

b(u,v,v) =0, Yu € E(Q), Vv € H(Q), (5)
where
E(Q) = {v e H}(Q);divo = 0 a.e. in Q}, (6)
and
b(u,v,w) = —b(u, w,v), Yu € E(Q), Yv,w € Hy(Q). (7)

The existence of a weak solution (@,p) to Problem (1) in the sense of Definition 2.1 follows from [18,
Ch.II, Theorem 1.2]. In the general framework of this paper, this solution is not unique ([18, Ch.II,
Theorem 1.2] gives the uniqueness of the weak solution (@, p) under the so-called “small data condition”
on v, f and G that is not assumed here).

2.2 The Gradient Discretisation Method
2.2.1 The numerical scheme

Let us first define the discrete spaces, operators and properties, upon which we prove in Lemma 2.13 that
the numerical scheme (11) has at least one solution.

Definition 2.3 (Gradient discretisation for the steady Navier-Stokes problem) A gradient dis-
cretisation D for the incompressible steady Navier-Stokes problem, with homogeneous Dirichlet boundary
conditions, is defined by D = (Xp 0,1Ip, Vb, Yp, Op, divp, bp), where:

1. Xp,o is a finite-dimensional vector space on R (we denote X}, o = Xp,o \ {0}).
Yp is a finite-dimensional vector space on R.

The linear mapping Ilp : Xp o —> L*(Q) is the reconstruction of the approzimate velocity field.

e

The linear mapping Vp : Xpo — L? ()% is the discrete gradient operator. It must be chosen such
that || - [lp := Vb - [ L2()e is a norm on Xp 0.

N

The linear mapping divp : Xpo — L*(Q) is the discrete divergence operator.

6. The linear mapping Op : Yp — L%() is the reconstruction of the approzimate pressure, and must
be chosen such that ||©p - || 2(q) is a norm on Yp. We then set Yp o = {q € Yp, |, Opqdx = 0} (we
denote Y5 o = Yp o \ {0}). We assume that the quantity Bp defined by

. Jo ©pq(z) divpu(z)dz
Op = min max
0€V50v€Xs,  [vlplOnallze(a)

(8)

which is non negative by definition, is different from 0 (which means Bp > 0).



7. The mapping bp : Xz%,o — R s the discrete convection term. It must be chosen such that

e bp is continuous,
e for allu € Xpo, bp(u,u) >0,

e the value Bp defined by
bp (u,
Bp = sup M7 (9)
uwexg,, 1wl vl
s such that Bp < 400,

e bp(u,v) is linear with respect to v.
We then define Cp by

Ch = max ITpv| L2 (q) [divpv|[2) 1

— 10
B T e (10)

The above gradient discretisation leads to the following gradient scheme for the steady Navier-Stokes
problem, based on a discretisation of the weak formulation (3), in which the continuous spaces and
operators are replaced with discrete ones (in (3), we wrote the property “divi = 0” using test functions
to make clearer this parallel between the weak formulation and the gradient scheme). If D is a gradient
discretisation in the sense of Definition 2.3, the scheme is given by:

u€ Xpo, p€Ypo,

n/HDu~HDv+u/VDu:VDvdw—i—bD(u,v)
Q Q

—/ Opp divpuds = / (f -Tpv + G : Vpv) dz, Yo € Xp.o, (11)
Q Q

/ Opgdivpudr =0, Vg € Yp .
Q

Remark 2.4 (Approximation of the Stokes problem) In the case b =0, the choice bp = 0 done in
[5] allows to define a convenient scheme.

2.2.2 Required properties on discrete spaces and operators

We now turn to the properties of a sequence of gradient discretisations, which are sufficient for leading to
the convergence of the corresponding sequence of discrete solutions to (11), as stated by Theorem 2.15.

The coercivity of a sequence of gradient discretisations ensures that a discrete Poincaré inequality, a
control of the discrete divergence and a discrete Ladyzenskaja-Babuska-Brezzi (LBB) condition can be
established, all being uniform along the sequence of discretisations.

Definition 2.5 (Coercivity) Let D be a discretisation in the sense of Definition 2.3. A sequence
Dm)men of gradient discretisations is said to be coercive if there exist Cs > 0 such that Cp,, < Cg, for
all m € N, where Cp is defined by (10).

The consistency of a sequence of gradient discretisations states that any element of the continuous spaces
containing the velocity and the pressure can be interpolated as precisely as desired.

Definition 2.6 (Consistency) LetD be a gradient discretisation in the sense of Definition 2.3, and let
us define the interpolation operators Ip : Hy(2) — Xp o and Ip : L3(Q) — Yp o by

IDQP = arg)r(nin (HHDU — (pHLz(Q) + ||VDU - v<p||L2(Q)d + HdiVDU — le(pHLz(Q)) s

vEXD,0
~ ’ 12
Ipy = argmin [|©pz — | 12(q)- (12)

zE€Yp o



Let Sp : HY(Q) — [0, +00), and Sp : L2(Q) — [0, +00) be defined by
Vo € Hy(Q), Sp(e) = plpe — ¢llr2a) + IVpInw — Vollp2a)e + |divpIpe — dive| 2 (o),

and _ B
Vi€ L§(Q),  Sp(¥) = [©pIpy — ¥l L2

A sequence (D) men of gradient discretisations is said to be consistent if, for all o € Hy(Q), Sp,, ()
tends to 0 as m — oo and, for all ¢ € L3(2), Sp,, (¢) tends to 0 as m — oco.

The limit conformity of a sequence of gradient discretisations states that the discrete gradient and di-
vergence of bounded sequences whose reconstruction converges, converge to the continuous gradient and
divergence of the limit (this property is immediately satisfied by conforming approximations).

Definition 2.7 (Limit-conformity) Let D be a gradient discretisation in the sense of Definition 2.3
and let Wp : H giv(2) — [0, +00) be defined by

Vo € Hun(Q), Wp(e) = max Jo (Vpv : o +Tpov - divy) dz

vEX; o [l ’

and let Wp : L2(Q) — [0, +00) be defined by

4 i)y divioe) d
v"/}EL2(Q)’ WD(’(/J): max f9¢(zl—l D U lVD’U) ;(;.

veX; [ollp

A sequence (Dp,)men of gradient discretisaiions is said to be limit-conforming if, for all p € H qiv(2),
Wh,, (¢) tends to 0 and for all ¢ € L?(Q), Wp(¢)) tends to 0 as m — oo.

Remark 2.8 (Equivalent definitions for the limit-conformity property) In [5], the limit-conformity
is defined by Wp : Z(2) — [0, +00), with Z(Q) = {(p, V) € L*(Q)¢ x L*(Q), divp — Vi € L*(Q)}, with

ki, Vpv : o +1lpv - (divp — V) — 1pdi d
V(p,¥) € Z(Q), Wp(p, ) :Ugl)?go Jo (Vpv = ¢ +Tpv (H;Vr; ¥) — pdivpo) z

Noticing that, for (p,v) € Z(Q), we have @ := ¢ — Y1y € H iy (Q), and writing

d
1=

Vou : ¢+ po - (dive — Vi) — pdivpy = YVpov : ¢ + Tpv - divg + 9 (

Vg’i)v - diVDU> ,

1

we get Wp(p,v) < Wn(@) + Wp(¥). Reciprocally, for any ¢ € Haiv(Q), (¢,0) € Z() Wp(p) =
Wh(,0), and for any ¢ € L*(Q2), (Y1, ) € Z() and Wp(v) = Wp(¢14,9). So the above definition of
limit-conformity is equivalent to the one in [5].

The compactness of a sequence of gradient discretisations states that any bounded sequence is relatively
compact in the sense that the reconstruction converges up to a subsequence.

Definition 2.9 (Compactness) Let D be a gradient discretisation in the sense of Definition 2.3. A
sequence (D )men of gradient discretisations is said to be compact if, for all sequence (Um)men € Xp,, 0
such that ||um||p,, is bounded, the sequence (Ilp, Um)men is relatively compact in L* ().

m




It is shown in [5] that four schemes (the Taylor-Hood scheme, the MAC scheme, the Crouzeix-Raviart
scheme and the HMM extension of the Crouzeix-Raviart scheme) can be cast as gradient schemes for
the Stokes problem, such that, for regular sequences of discretisations, the corresponding discrete objects
(Xp,0,p, Vb, Yp, Op, divp) satisfy the coercivity property in the sense of Definition 2.5, the consistency
property in the sense of Definition 2.6 and the limit-conformity property in the sense of Definition 2.7 (see
Remark 2.8 for a discussion on different formulations). The proof that the compactness property holds
in these four cases results from the following arguments. Since the Taylor-Hood scheme is conforming,
the compactness property is a consequence of Rellich’s theorem. The compactness for the MAC scheme
is proved by [7, Lemma 9.3 p.770], for the Crouzeix-Raviart scheme, it is proved in [10, Theorem 3.3],
and for the HMM extension of the Crouzeix-Raviart scheme, it is stated by [6, Lemma 5.6].

Finally, the convection limit-conformity of a sequence of gradient discretisations states that the limit
of the discrete convection term computed on converging sequences under some sense is the continuous
convection term applied to the limit.

Definition 2.10 (Convection limit-conformity) A sequence (D,,)men of gradient discretisations in
the sense of Definition 2.8 is said to be convection limit-conforming if the sequence (Bp,, )men is bounded
(see (9)), and, for all sequence (Upm,vm) € X5 o such that (||um||p,, )men and (||vm D, )men are bounded,
and such that there exists (,7) € E(Q) x Hy(Q) such that

o Ip, u, — @ in L*(Q),

o Vb, um — VU weakly in L*(Q2)?,

o Ilp, v, — T in L*(Q),

o Vb, Uy — VT weakly in L*(Q)%,
then

lim bp,, (tm, vm) = b(T,u,v)
m—ro0

where b is defined in (4) and bp is introduced in Definition 2.3.

We show in Appendix A that this definition holds when using the classical skew symmetric approximation
for the trilinear term, based on the discrete tools for the Stokes problem arising from the schemes studied
in [5], all of them satisfying the property of p-coercivity (see Definition A.1): this is a consequence of
standard Sobolev inequalities for the Taylor-Hood scheme, of [7, Lemma 9.5 p.790] for the MAC scheme,
of [11, Lemma 9.3] for the Crouzeix-Raviart scheme and of [8, Lemma 5.2] for the HMM scheme.

2.3 Convergence analysis
2.3.1 Estimates and existence of a discrete solution

Let us first establish some estimates on solutions of Scheme (11).

Lemma 2.11 (Estimate on the discrete velocity) Under Hypotheses (2), let D be a gradient dis-
cretisation in the sense of Definition 2.3. If (up,pp) s a solution to Scheme (11), then there exists
C1 > 0 only depending on Q, d, f, G and increasingly depending on Cp (defined by (10)) such that

NMpup |72y + vlup |3 < Ch (13)
Proof Putting v = up and ¢ = pp in (11), we get

17||HDuD||%2(Q) + V||UD||12) + bD(uD,uD) —/ @DpD divpup dz = / (f -Mpup + G : VDUD) dx.
N——— Q Q

>0

=0



Now using the Cauchy-Schwarz inequality in the previous equation, we obtain

NMpup |70y + viiup 3 < 1 fllz2@Mpup |22 @) + |GllL2 @ lupllp-
Using |[Upup|/z2(q) < Cpllullp, we then conclude (13). O

Lemma 2.12 (Estimate on the discrete pressure) Under Hypotheses (2), let D be a gradient dis-
cretisation in the sense of Definition 2.3. If (up,pp) is a solution to Scheme (11), then there exists
Cy > 0 only depending on Q, d, f, G, n, v and increasingly depending on Bp + Cp (see (9)-(10)) such
that

1©ppp L2 () < Co. (14)

Proof Letting ¢ = p in Definition (8) of Sp leads to the existence of v € Xp o such that |[v|p = 1 and

BollOppllL2) < / Oppdivpv dz. Selecting v as test function in Scheme (11), we get
Q

Boll©ppllL2(a)
< '77/QHDUD -Ilpw dx—l—z//QVDuD : Vpu dz + bp (up, v) — /Q (f-Upv+G:Vpv) dz|.
Using the Cauchy-Schwarz inequality, we deduce:
Boll©ppollL2(e) < nCoplUpup|lzz(q) + viupllp + [bp (up, v)| + Cpll fll2(o) + |Gl L2(@)a-
Thanks to (9) in Definition 2.3, we get
|bo (up,v)| < Bp|lup |3
Estimate (13) allows to conclude (14). O

Lemma 2.13 (Existence of a discrete solution) Under Hypotheses (2), let D be an admissible dis-
cretisation in the sense of Definition 2.3. Then there exists at least one solution (up,pp) to Scheme

(11).

Proof We follow the proof of [9, Theorem 4.3] based on a topological degree argument. Let N (resp.
M) be the dimension of Xp o (resp. Yp ) and let (v("))i:17,,_,N (respectively (q(j))jzl,__ﬂM) be a basis
of Xp o (respectively Yp ). Let F : RN x RM x [0,1] — RN x RM be the mapping such that, for any

N M
(u = Zuzv(l)7p = Zp]qu)v)\) € XD,O X YD,O X [07 1}7 F(U,p7 >\) = (Fi(uap7 A))izl,...,N—&-M with:
i=1 =1

for all_i =1,...N
Fi(u,p,\) = n/ pu - Opo'® dx + u/ Vou : Vpo® dz + )\bD(u,v(i))
Q Q

~ [ Eop divpe® do = A [ (5+1po + 61 Vo) d,
Q Q

and for all j =1,.... M
Fiin(u,p,A) = / Opq¢divpu da.
Q

Thanks to the hypotheses on bp, the mapping F is continuous, and for a given (u, p) such that F;(u,p, \) =
0 for all i =1,...,N + M, estimates of Lemmas 2.11 and 2.12 hold independently of A € [0, 1], replacing
(bp, f,G) in Scheme (11) by (Abp, Af, AG). Since F'(u,p,0) is a linear function of (u,p), we deduce from
the invariance of the Brouwer topological degree by homotopy that there exists at least one solution
(up, pp) to the equation F(up,pp,1) = 0, which is exactly Scheme (11). O



2.3.2 Convergence result

The following lemma, used a few times in the course of the convergence proof of the gradient scheme,
provides a regularity result on the limit of bounded sequences of discrete solutions.

Lemma 2.14 (Regularity of the limit of bounded sequences) Let (D.;)men be a sequence of gra-
dient discretisations which is coercive, limit-conforming and compact, and let for allm € N, u,, € Xp, o
be such that the sequence (||um||p,, )men is bounded. Then there exists w € Hg(2) and a subsequence of
(D) men, again denoted by (Dy)men, such that, as m — oo,

o Ilp u, — @ in L*(Q),
o Vb, Uy — VT weakly in L*(Q)%,
e divp, u,, — diva weakly in L*(£).

Moreover, if the sequence of gradient discretisations (D, )men is consistent and if
VmeN, Vo e Yp, o, / divp,, um®p,, wdx =0, (15)
Q

then divu = 0.

Proof Using the compactness of (D, )men gives the existence of @ € L?() such that, up to a subsequence,
Ip, um — @ in L?(Q). From this subsequence, and using the fact that Vp, u,, and divp,, u,, remain
bounded (we use here the coercivity of (Dy,)men which provides a bound on ||divp,, um|/z2(q)), we deduce
that there exist ¢ € L*(Q)? and vy € L?(Q) such that, again up to a subsequence (still indexed by m),
Vb, U — ¢ weakly in L*(Q)¢ and divp,, u,, — v weakly in L?(Q2). We extend the definition of all the

previous functions by 0 outside 2. Let ¢ € C*°(R9)¢. From Definition 2.7 applied to the restriction of
o to  and to its opposite, we have

|/d(VDmum s+ p, Uy, - dive) dz| < Wp, (elo)l|umllp,, -
R

Passing to the limit and using the limit-conformity of (D,;,)men, we obtain
/ (C:o+u-divp)dz =0.
Rd

The last equality shows that ¢ = V@ on R% and therefore that 7 € H* (R9). Since ¢ vanishes outside €,
we get that @ € H(S2). For any ¢ € L?(Q), we get that

| / B> VD — divp, ) dz| < Wo,, () tm |, (16)
=1

Passing to the limit and again using the limit-conformity of (D,,)men, we obtain

/ P(diva — ) de = 0.
Q

Letting 1 = divu — v proves that v = divu.

Let us now turn to the last part of the lemma. We then assume the consistency of the sequence of
gradient discretisations and that (15) holds. Using the interpolation operator defined in Definition 2.6,
we get from (15) and (16) that, for any ¢ € L3(1),

| 6 i, el = | [ (6= @, T, ¥) divp, i de] < v, 1200916~ O, T, ¥l 20
Q Q



Letting m — oo, we obtain that / Ydivi dz = 0 which implies, since divu € L3(Q), that divu = 0 a.e.

Q
in Q. O
Our main result for the steady Navier-Stokes problem is the following theorem.

Theorem 2.15 (Convergence of the scheme) Under Hypotheses (2), let (Dm)men be a sequence of
gradient discretisations in the sense of Definition 2.3, which is consistent, limit-conforming, coercive,
compact and convection limit-conforming in the sense of Definitions 2.6, 2.7, 2.5, 2.9 and 2.10. Then
for any m € N, there exists at least one solution (up,, ,pp,, ) to (11) withD =D,,. Moreover, as m — oo,

there exists a subsequence of (Dy)men again denoted (Dy,)men and there exists (u,p), weak solution of
the incompressible steady Navier-Stokes problem (1) in the sense of Definition 2.1, such that

e Ip up, converges to T in L*(Q),
e Vb, up, converges to Va in L*(Q)?,
e Op, pp,, converges top in L*(Q).

Remark 2.16 (Convergence in the case of the Stokes problem) In the case b = 0 and bp = 0,
Theorem 2.15 states the convergence of the gradient scheme to the solution of the Stokes problem. Thanks
to the uniqueness of this solution, the convergence holds for all the sequence and not only for a subsequence.

We may now prove the convergence theorem for the steady Navier-Stokes problem.

Proof of Theorem 2.15

Step 1: Extraction of a converging subsequence.

Estimate (13) allows us to apply Lemma 2.14 and to get the existence of w € H(l)(Q) with diva = 0 and,
up to a subsequence again indexed by m, Ilp, up,, — @ in L*(R), Vp,, up,, — Vu weakly in L*(2)? and
divp,,up, — 0 weakly in L?(2). Moreover, thanks to Estimate (14), up to a subsequence of the previous

m m

one (again indexed by m), we get the existence of p € L3(£2) such that ©p, pp, — p weakly in L*(Q).
Step 2: Proof that (@,p) is solution to (3).

Let W € H{(Q) be given. Thanks to the consistency hypothesis, we get that |Ip, @|p,, is bounded,
Ip, Ip, @ — w in L*(Q), Vb, Ip, @ — V@ in L*(Q)* and divp,, Ip, W — divw in L*(Q). Thanks to
weak /strong convergence properties, the following holds:

lim 7]/ Ip,, up,, -p, Ip,wdr =17 -w dx,
Q

m— o0

m—r o0

u
Q
lim 1// Vb, up,, : Vb, Ip,, Wdr = 1// Vu : Vo dz,
Q Q

lim eDmpodiVDmIme dz = / pdivw dz,

lgn / (f-Np, Ip,, w+G:Vp, Ip, w) do = / (f-w+G:Vw) duz,

and, thanks to the the convection limit-conformity of (D,;,)men;,

lim bp,, (up,,,Ip,, @)= b(u,u, ).
m— oo

Therefore, letting v = Ip, W as test function in Scheme (11) and passing to the limit, we find that (u,p)
is a solution to Problem (3).



Step 3: Proof of the strong convergence of Vp, up,,.

Taking v = up,, as test function in Scheme (11), passing to the supremum limit as m — oo, using the
convergence of Ip, up, to @ in L*(Q) and the weak convergence of Vi, up, to V@ in L?(Q)? and using
bp,, (up,,,up, ) > 0, we get that:

sy + vlimsup fup, I3, < [ (7-7+G: V) do
Now choosing T = @ as test function in Problem (3), recalling that b(w, @, @) = 0, we find
Wl + IVl = [ (7-7+G: V) do
Combining the last two equations we get
ﬁTInn_fllop lup,, [13,. < IVElZ2q)a-

d

Furthermore, owing to the weak convergence of Vp, up,, to Vi in L?(Q)¢, we may write that

. . 2 —112
liminf up,, |3, = [VEZ2 ()0

m

This implies that |[up,, [|p,, — [[V@| £2(q)s and concludes the proof.
Step 4: Proof of the strong convergence of the approximate pressure in L?((2).
We select v, € Xp,, such that ||v,,[p,, =1 and

8., 116p,, (Ip,, P — D, )|z () < / Op,.(Ip,.p — pp,, )divp,, vmdz.
Q

Letting v = v,;, in the scheme, we get

77/ lp,, up,, 'HDmvaFV/ Vb, up.,, ZVDmvmﬂLme(UDmvvm)—/ ©p,,rp,, divp,,vm = / f-1p,, vm.
Q Q Q Q

Combining the two above relations, we get

810p,, (b, 7 — po, )l 2(ey < / f T, v + / Op,, Ip,, P divp, v
Q Q

- 77/ p,, up,, -1p,, vm — V/ Vb, up,, : Vp,,vm = bp,, (Up,,, Vm)-
Q Q

Thanks to the triangle inequality, we deduce

BlP = ©p,.po,ulle2@) < Bl1Op,. Ip,.P — PllL2(2) +/ f- b, vm +/ Op,.Ip,,p divp,, vm
Q Q
- / p,, up,, -p,, vy — v / Vb, up,,. + VD, 0m = bp,,, (UD, Um).
Q Q
Since |[vm|lp,, = 1, Lemma 2.14 shows the existence of T € Hj(Q) and of a subsequence, again indexed

by m, such that IIp_ v, tends to T in L*(Q2) and such that Vp v, weakly converges to V7 in L*(2)?
and divp, v, weakly converges to divy in L?(Q).

Using the (already proved) strong convergence properties for the velocity and the convection limit-
conformity of (D.,)men, we may now pass to the limit m — oo, since all integrals involve weak/strong
convergence properties. We get

Blimsup [p— €p,,p0, 2oy < [ £-0+ [ pdvo—n [ w00 [ va:ve-y@m).
m— oo Q Q Q Q
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It now suffices to use the fact that we already proved that (@, p) is a weak solution to the steady Navier-
Stokes equation (3). We then get that the right hand side of the previous inequality vanishes, which
shows the convergence in L2(£2) for this subsequence. Using a standard uniqueness argument, we deduce
that the whole subsequence built at step 1 converges in this sense. [

3 Transient Navier-Stokes problem

3.1 The continuous equations

Let us now give the strong sense of the transient problem that we consider in this paper.

ou—vAT+ (u-V)u+Vp = f—div(G) inQx(0,7)

divi =0 in  x (0,T) (17)
u =0 on 002 x (0,T)
ﬂ(70) = Uinij in Q,
under the following assumptions:

Q) is an open bounded Lipschitz domain of R? (d € {2,3}),
T>0,v>0 (18)
feL*(Qx(0,T)) and G € L*(Q x (0,T))%
Uini € LQ(Q)

We now give the sense for a weak solution to Problem (17).

Definition 3.1 (Weak solution to the transient Navier-Stokes problem) Under Hypotheses (18),
T is a weak solution to (17) if w € L*(0,T, E(Q)) N L*>(0,T, L*()) and

/ / u(x,t) - 0v(z,t) dxdt—/ /ulm ,0) dz

+u/ /Vu (x,t) : Vo(z,1t) dxdt—l—/o b(u(-,t),u(-,t),o(-,t)) dt (19)

=/0 Q(f(ﬂc 1) - o(x,t) + G(w,t) : Vo(x,t)) dadt,
Vo € L2(0,T, E(2)) N C(Q x (—o0, T)),

where E(Q) is defined by (6) and b is defined by (4).

We recall that a weak solution @ of (17) in the sense of Definition 3.1 satisfies d,u € L*?(0, T, E'(Q)),
and the weak sense could be equivalently defined, introducing fOT@tﬂ - 0)dt instead of an integrate by

parts with respect to time.
3.2 The space-time Gradient Discretisation method

As in the steady case, we need to define a space-time gradient discretisation, which includes an adaptation
of Definition 2.3.

Definition 3.2 (Space-time gradient discretisation) A space-time gradient discretisation D for the
transient Navier-Stokes problem, with homogeneous Dirichlet boundary conditions, is defined by a family
D = (Xp,0,p, Vb, Yp, Op,divp, bp, (1), —0. ~,Jp) where:

o D* = (Xp,o,1p, Vp,Yp,Op,divp,bp) is a gradient discretisation in the sense of Definition 2.3,

11



o Jp: L? (Q) — Xp,o is an interpolation operator;

o t0 =0 <t < .. <tN) =T is the finite sequence of discrete times.

We define k"2 =t — 0 for alln =0,...,N — 1 and kp = _nax, 1(kn+%) and we set
ntl | PILSCa e D § SO CO)
¥n=0,...,N—1, Yo = (v")nco..n € X i, 0p 2v= Dv DY

etz

We extend the definition of the operators llp, Vp and ép to space-time functions by the following defini-
tion: if v = (V")p=0,...N € Xg)arl, the functions Tlpv : Q x (0,T) — R, Ypv : Q x (0,T) — R4 and
Spv : Q x (0,T) — R4 gre defined by

Vn=0,...,N—1,vte @™ t"+tD]  forae xcQ,

a1 20
Mpv(z,t) = Mpo™ D (z), Vpu(z,t) = Voot (z) and spv(x,t) = D+Zv(x). (20)

A sequence of space-time gradient discretisations (D,,)men is coercive (resp. limit-conforming and com-
pact) if its spatial component (D7 ),en is coercive (resp. limit-conforming and compact). We now need
to adapt the definition of consistency, with respect to the time step size and the interpolation of the
initial condition.

Definition 3.3 (Space-time consistency) A sequence (Dy,)men of space-time gradient discretisations
in the sense of Definition 3.2 is said to be consistent if

1. (Dg,))men is consistent in the sense of Definition 2.0,
2. for all p € L*(Q), Up,, Jp, ¢ — ¢ in L*(Q),
3. kp,, =0 asm — oo.

The following definition for the space-time convection limit-conformity is given in order to include, as
in the steady case, approximations for the convection term such as the skew symmetric one based on
the chosen discretisation for the Stokes problem (see Appendix B). Note that we do no longer require
that the sequence (Bp,, )men remains bounded, since this is only used in the steady case for obtaining a
uniform estimate on the pressure (we are not able to provide such an estimate in the transient case).

Definition 3.4 (Space-time convection limit-conformity) A sequence (Dy,)men of space-time gra-
dient discretisations in the sense of Definition 3.2 is said to be space-time convection limit-conforming if
for all sequence Uy, , vy, € (ng,gl)z such that (||Vp,, wm |l L2 x 0,1))4)men and ([[Vb,, vml L2 (@ x (0,7))4 ) men
are bounded, and such that there exists (u,v) € L*(0,T, E(Q)) x L*(0, T, H(Q)) such that

o Tlp, uy, — @ in LY(0,T, L*(Q)) and IMp,, wml| Loe (0,7,L2(q)) 18 bounded,
o Vb, Uy — VT weakly in L*(Q x (0,T))%,

e Ilp, vp, — T in L=(0,T, L*(Q)),

o Vb, Um — VT in L=(0,T, L*(Q)%),

then
Np,—1 T
1
lim k“ﬁ®mW$“%¢T”Mt:/‘MmﬂﬁMt
m—0o0
n=0 0

12



Note that we cannot expect that the hypotheses for the convection limit-conformity in the sense of Defi-
nition 2.10 be checked on the transient scheme for a.e. ¢ € (0,T'), in particular the condition concerning
the space weak convergence of the reconstructed gradient of the approximate solution.

Let D be a space-time gradient discretisation in the sense of Definition (3.2). The implicit gradient scheme
for (17) is based on the following approximation of (19):

up = (ul()"))n —0,...N, DD = (pl()"))nzl,mw such that ul()o) = JpUin; and, Yn =0, ..., N — 1:

(n+1) c X D0, pénJF ) c YD7O7
/ 5g+2uD -Mpvdx + V/ VDugLH) : Vpuda + bp (ut,v) — / GDpI(D”"'l)divadx
Q Q @

1 1 (n+1) 1 £nt1) (21)
= —F -1 vdmdt—i—il/ /G-Vvdxdt, Vv € Xp.o,
knta /tm) /Qf P Entz Jim Q P po

/ dlvDuD @qux =0, VgeYppo.
Q

3.3 Convergence analysis
3.3.1 Estimates and existence of a discrete solution

We first establish some estimates on the discrete velocity.

Lemma 3.5 (Estimates on the discrete velocity) Under Hypotheses (18), letD be a space-time gra-
dient discretisation in the sense of Definition 3.2. If (up,pp) is a solution to Scheme (21), then for all
n=0,...N

VINbuD 120 0,4m e + 5 S ITouf) 22 <

/ /f HDuDdxdt—i-/

Therefore, there exists C's > 0 only depending on Q, d, v, f, G and increasingly depending on Cp, such
that

£(n) ()

/G VDuDdJJdt‘F*HHDJDUImHLz (22)

Mpup [ 0,7, 22(0) + Y1 ¥Dup 2200 (0,79y2 < C3 + D Iptini [ 20 (23)
Proof Putting v = k" 20" and ¢ = p7"™™" in (21), since bp (u ™, ) = 0, we get

£(nt1)

/ (HDuj(er»l) _HDuén)) Tlpu (n+1)dx+y/ / |V (n+1) ‘ dedt —
Q (n)

Hn+D) £+ D)
/ / £ Tpud ™™ dadt + / / G : Voull ™ dadt.
(n) (n)

Using the inequality (a —b) - @ > 1(|a|? — [b|?) (valid for any a,b € R?) on the first term, it comes:

(n+1)

1 1) |2 w2 ! n
,/ UHDUBH)’ — ‘HDUI()') } dx+u/ / |VDuj(3'+1)|2dxdt <
2 Jo t(n) Q
£(nt1) £(n+1)
/ f- HDuj(jnH)dmdt +/ G: VDugH_l)dxdt.
(n) Q t(n) Q
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We take n € {0,..., N} and sum the obtained equation over 0,...,n — 1. This gives (22). Estimate
(23) is a straightforward consequence of the definition of Cp and Young’s inequality applied to (22) with
m=N.U

We can then, in a similar way to the steady case, establish the existence of at least one solution to the
scheme.

Lemma 3.6 (Existence of a discrete solution) Under Hypotheses (18), let D be a space-time gra-

dient discretisation in the sense of Definition 3.2. Then there exists at least one solution (up,pp) to
Scheme (21).

Proof We remark that, for a given n =0, ..., N — 1, the existence of ul()"H) solution to (21) is identical

to the existence of a solution to Scheme (11) with n = —. Therefore, the existence of at least one

kntz
solution follows from Lemma 2.13. O

Definition 3.7 (Dual semi-norm) The semi-norm |- |.p is defined on L*(Q) by

|w|xp = sup {/ w(z) - Mpv(z)dz, v € Ep such that ||v|p = 1} ,
Q

where Ep = {v € Xp o, divpv = 0}.

Lemma 3.8 (Estimate on the dual semi-norm of the discrete time derivative) Under Hypothe-
ses (18), let (Dm)men be a sequence of space-time gradient discretisations in the sense of Definition 3.2,

let (up,pp) be a solution to Scheme (21). Then there exists Cy > 0 only depending on Q, d, T, v, f, G

and increasingly depending on Cp such that

T
| 1vunl.pdt < Cal1+ ooz (24)
0

Proof Taking any v € Ep in Scheme (21) such that ||v|[p =1, we have, for n =0,...,N — 1:

£(nt1)

1
E+3) o

/ (5g+%uD Tpvdz < V||U(n+1)||D + /(f Tpv + G : Vpv)dadt.
o Q

Using the Cauchy-Schwarz inequality on the last term, the definition of the coercivity and that of |- |« p,

we get
¢(n+1)

1
/( : (Collf( )l L2y + IG (- D)l L2 (0)e)dt.
t n

n+3 (n+1)
|5D uD|*,D < VHU ||D + k(n_;,_%)

Multiplying by k"2 and summing over n gives the desired estimate, thanks to (23) and to the Cauchy-
Schwarz inequality. [J

An estimate on the preceding semi-norm, which is a norm on the space B = {Ilpv, v € Ep}, will allow
us to apply theorem C.1 given in Appendix.

3.3.2 Convergence result
We can now state the convergence result for the transient Navier-Stokes problem.

Theorem 3.9 (Convergence of the scheme) Under hypotheses (18), let (D,)men be a sequence of
space-time gradient discretisations in the sense of Definition 3.2 which is space-time consistent, limit-
conforming, coercive, compact and space-time convection limit conforming in the sense of Definitions 3.3,
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2.7, 2.6, 2.9 and 3.4. For any m € N, let (up,,,pp,,) be a solution to Scheme (21) with D =D,,. Then
there exists a subsequence of (D )men again denoted (D, )men such that, as m — oo, Ilpup,, converges

m m

in L*(0,T, L*(Q)) tod, Vp,, up,, weakly converges to Va in L*(0, T, L*(Q)%), divp, up, weakly converges

to 0 in L%(0,T, L3(Q2)), where U is a weak solution to the incompressible transient Navier-Stokes problem
in the sense of Definition 3.1.

Proof

Since the space-time consistency implies that IIp_ Jp, tini — ini in L? (), we get that (||IIp,, Jp,, Uini ||L2(Q))m€N
is bounded and therefore that the estimates given by Lemmas 3.5 and 3.8 are independent on m € N.

Step 1: Application of Theorem C.1 and consequences.

In our setting, the space B of the theorem is L*(Q) and B, = {Ilp, v,v € Ep_}. The norm || - |
defined by

X, 18

Izl x,, = min{||v|p,.,v € Xp,, o such that IIp v = z},

and the norm || - ||y, is the semi-norm |- |, p, defined in Definition 3.7.

The compactness property in the sense of Definition 2.9 of the sequence of discretisations (D.,)men
and Estimate (23) give the existence of @ € L*(Q x (0,T)) and ¢ € L*(Q x (0,7))? such that, up
to a subsequence (still indexed by m), Ip, up, — @ in L*(Q x (0,T)) and Vp, up, — ¢ weakly in
L*(Q x (0,T))% and thus Assumption (h;) is satisfied.

Assumption (hg) of the theorem is a consequence of Definition 3.7. Indeed, let (zm)men such that
Uy, = argmin{||v||p,,,v € Xp,, o such that IIp_v = z,,} satisfies that ||v,,||p,, remains bounded, that
Zm — v in B and that |z,,|«p,, — 0 as m — co. We have

p.. — 0as m — oo,

/ Hp,, v - Up,, vm dz < |2m|ep,, [vm|D,,
Q

which shows that v = 0.

From estimates (23) and (24), we get that Assumptions (h3) and (h4) are satisfied. Therefore, we deduce
that there exists @ € L'(0,T, L*(Q)) and a subsequence of (D, )men, denoted in the same way, such that

p,,up,, — @ in L*(0,T, L*(Q)) as m — oo.

Step 2: Proof that u € L2(0,T, EB()).
Let ¢ € C®(R4)% and € € C2°(0,T) be given. We have, for all n = 0,..., N —1, and all t € (™), ¢(*+1),

(Yo, uln™ o &(t) + p, ult ™ - dive £(t))dz| < Wh,, (¢l) £(1) Vb, up,,

| n LQ(Q)d.

Integrating the above inequality over ¢t € (t(”)7 t(”“)), summing on n = 0,..., N — 1 and using Estimate
(23), allows to follow the proof of Lemma 2.14, hence leading to @ € L*(0,T; H(52)) and diva = 0.

Step 3: Proof that @ is the solution to (19).

We use the density of the space of finite sums of functions under the form &(t)w(z) in L?(0,T; H(S2)).
Let £ € C°([0,T)) and w € E(Q). As (w,0) is the solution of the incompressible steady Stokes problem
with f = nw and G = Vw (Problem (1) with b = 0, see Remark 2.16), Scheme (11) provides for a
given m € N an approximation wps € Xp,, o such that fQ @qudivawpfn = 0 for all ¢ € Yp,, 0,
lp,, wps — w in L?(Q) and Vb, wps, — VW in L?(Q)4. We take vgfjl) = E(t("))wpgn as test function

in Scheme (21), we multiply by k(™+2) and we sum the resulting equation on n = 0,..., N — 1 to get
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™+ 1y + T + 1™ = T with

N-1
™ = > k"*éf(t("))/S)cS("*%)qu () - p,, wps, (z)dz,

n=0

N-1
T = 37 kTR ™) /Q W, uft (@) : W, wpy, (@)da,
n=0

m

N—-1
T = = 3 ) /Q Op,, P (@) divp,, wps, (2)de,
n=0

N-1 N-1
T = 7 R, (D wpg ) = D7 ke, (Y 05Y),

m
n=0 n=0

N-1 (1)
™ = Z 5(t(n))/ /(f(x,t) -Up,,wps (x) + G(x,t) : Vpwps (x))dxdt.
s ¢ Q

(n)

First, we remark that T3(m) = (0 since fQ @qudivawpfn =0forall ¢ € Yp,, 0. Using discrete integration

L. t(n+1)
by parts and writing £(¢t(*T1)) — £(¢t(") = wm E(t)dt, we find

T
™ = — / / ¢ty up, (z,1) - Tp, wps, (x)dzdt — £(0) / My, 0 (2) - Ty, wps, (x)de.
0 Q Q

(0)

m

Recall that u(DOZL = Jp,, Uini, SO that the space-time consistency (Definition 3.3) gives IIp_up’ — Uin; in

L*(Q) as m — oo. Thus, by strong convergence in L*(Q) of IIp, wp: to w,

m

(m) _, _ ! "Oulz.t) - w(z)dzdt — Tins (2) - w(x) dz
(™ /O/Qat)(,t) () dadt 5(0)/ ni(2) () da.

Q

Using the regularity of & and the weak convergence of Vp, up,, to V@ in L*(Q x (0,T))?, it easily comes

m

T /0 e /Q Vi, t) : Vio(a)dadt

and

T
1 [ ) [ (0.0 00) + e ) Tty

For the limit of T4(m)7 we remark that the sequences (Ilp, up,, )men, (Vb,.un,, )men, (IIp,, v, Jmen and
(Vb,,vp,, )men satisfy the required conditions for applying the space-time convection limit-conformity in
the sense of Definition 3.4. This gives that

T
lim T{™ = / b(w, T, £W) dt.

Finally, passing to the limit in 7™ + 7™ + T{"™ + T{™ = T{™ concludes the proof that u satisfies

(19).
O
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4 Numerical comparison of different approximations of the con-
vection term for the steady problem

The aim of this section is to exhibit the large influence of the choice for the approximation of the convection
term on the accuracy of the results, keeping the same scheme for the approximation of the Stokes problem.
We therefore select here the Crouzeix—Raviart scheme [3] for the approximation of the velocity and of
the pressure, whose advantage is to lead to accurate approximations for the Stokes problem on a large
variety of simplicial grids, available on many practical cases. We first recall, as in [5], how these spaces
and operators can be defined in this case. We consider a conforming simplicial mesh M of a bounded
polyhedral domain Q, that is a finite family of simplices (triangles if d = 2, tetrahedra if d = 3) such
that Q = Ugepm K. For K € M we denote by |K| > 0 the measure of K. The set of the faces (in 3D) or
edges (in 2D) is denoted by £ = &g U Eext, where &y is the set of faces (edges) included in €2, and Eext
is the set of faces (edges) included in 9. The (d — 1)-dimensional measure and the centre of gravity of
o € & are respectively denoted by |o| and Z,. For all K € M, we denote by Ex C £ the set of the d + 1
faces (edges) of K, and for all o € £, we denote by M, ={K ¢ M : 0 € Ex} (if My C Eext, it contains
exactly one element, otherwise M, C &t and it contains exactly two elements). For all K € M and
o € £k, we denote by ng , the unit vector normal to o outward to K. For all K € M, we denote by xx
the center of gravity of K. The Crouzeix—Raviart gradient discretisation is defined as follows.

1. The space of the discrete velocities is Xp o = {v = (V5 )see : Vo € R?, v, =0 for all 0 € Eexy}-
2. The space of the discrete pressures is Yp = {p = (px)kem : Px € R}.

3. The linear mapping IIp : Xp o — LQ(Q) is the nonconforming piecewise affine reconstruction of
each component of the velocity defined by

Yv € Xpo, lpv = Z Vo Pg s (25)
oce&
where ¢, is the non-conforming P! basis function associated with the face o.
4. The linear mapping Op : Yp — L%(Q) is defined by: for p € Yp and K € M, Opp = px on K.
5. The linear mapping Vp : Xpo — L*(Q)? is the piecewise constant “broken gradient”:

Yv € X[)’O, VK e M, (VD’U)‘K = (V(HDU))|K (26)

6. The linear mapping divp : Xp o — L*(Q2) is defined by
1

Vv € XD,Oa VK ¢ M, (diVD’l})lK = |?|

> lolv - nge = (div(Ilpv)) k- (27)

o€k

7. Let us now review a few possible definitions for the discrete convection term, that are compared
below on numerical examples. For all the five following examples, the definition of bp(u,v) is
obtained through an expression bp(u,v) = ED(u,u, v), where Bp happens to be a trilinear form.
As a consequence, all these expressions necessarily meet some of the properties requested by item
7 of Definition 2.3: continuity, existence of Bp < +oc such that (9) holds, linearity with respect to
v. The property bp (u,u) > 0 is only satisfied by four or the following five examples.

The first example is the case of a centred approximation bp (u,v), computed from the face velocities:

Ipv(xk) + pv(x
o) =t ) = ol e e (puler) — Hpu(ee)) - 22t Hoe(es)
MOSTR L

(Scheme 1)
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This definition implies that

1
by (wu) = = Y Slpu(ex)® Y lolus - nxo = 0. (28)
KeM o€l

Remark 4.1 It is easy to define an upstream weighting version of the above scheme, letting

by P vy = D |ol((u nxo) THpv(ax) — (o - ngir) Tpo(er)) - (Hpu(er) — dpu(zr)).
MISTR Ly

This upstream weighting version leads to the inequality bp (u,u) > 0, instead of (28).

The second example, which is mathematically analysed in details in this paper, is generic, and can
be considered in any gradient discretisation framework. In this scheme, bp is defined by:

bp (u,v) = b,(32)(u, v) = % (gp(u,u,v) —bp (u, v, u)) , (Scheme 2)

where ED : XB’O — L? () is given, in the same way as the continuous trilinear form b defined by
(4), by

d
ZD(’U,, v, W) = Z / Hg)uvg’])vﬂg)w dz.
ij=1"9
This example, which is the classical skew symmetric definition, naturally satisfies bp (u, u) = 0. The
fact that it only involves the discrete tools defined in the framework of the Stokes problem is useful,

and is standard in the case of the conforming finite element method, but also, for example, in the
framework of Discontinuous Galerkin methods [4]. It is studied in Appendix A.

The third example does not meet the mathematical framework of this paper, since it does not
satisfy bp(u,u) > 0. In this scheme, bp is defined by:

bp (u,v) = bg)(u, v) = bp (u, u,v), (Scheme 3)

The next final examples are inspired by Scheme 1 above. These centered approximation are based
on the decomposition of any simplex in covolumes centered on the edges:

bp (u,v) := bl()4’5) (u,v) = Z Z Z F%9) (u) (ug — uy) - Vo T 07 (Schemes 4-5)

’ 2
KeMoelk 7€€k

Denoting by S, the interface between the covolumes centered on o and 7 (see Figure 1) and by
n, , the normal vector to this interface oriented from o to 7, Scheme 4 is defined by

Fg(47(u) = /S Ipu(x) - n, -ds(x). (Scheme 4)

o, T

Scheme 5 is algebraically defined by

Z Flgi) (u) + |o|us - ng , =0, (Scheme 5)
TEEK

(this property is also satisfied by Scheme 4) but a simple constraint of a null sum on oriented Fy ,(u)
is substituted to Scheme 4 [15]. In both cases of Schemes 4 and 5, bp (u, ) = 0 holds.
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Figure 1: Co-volumes centred on faces.

Figure 2: The 3rd mesh of [14].

Let us now compare the expressions given by Schemes 1-5, in addition with the Crouzeix-Raviart gradient
discretisation as specified above used in the Gradient Scheme (11). All these examples are run on the case
where d = 2 and Q = (0,1)2. The triangular meshes are issued from a benchmark on anisotropic diffusion
problem [14]. These triangle meshes show no symmetry which could artificially increase the convergence
rate. This family of meshes is built through the same pattern, which is reproduced at different scales:
the third mesh is shown on Figure 2. The first test case that we consider is an analytical case, where the
velocity is prescribed by u(z,y) = (9,®(z,y), —0,®(x,y))" with ®(z,y) = 1000(z(1 — z)y(1 — y))Q, and
the pressure is given by p(z,y) = (z +y — 1)/1000. Table 1 shows the convergence in the L*(2) norm of
the velocity with respect to the mesh size. On this case, all the schemes have a similar convergence rate
(around 2 for the finest meshes).

The second test case that we consider is the Poiseuille flow with a Reynolds number equal to 1000. In
this case, Scheme 2 did not converge on the coarsest mesh. Again all orders are about 2, but we see on
Table 2 that the finest error is more than 10 times lower than the greatest one. It is obtained in this case
using Scheme 3, which is the one on which no convergence proof is available.

The final comparison test case is that of the lid driven cavity with the Reynolds number equal to 1000.
In Figure 3, we present the profile of the vertical velocity u(?) along the horizontal line y = .5. We
compare the above schemes with the results provided in the literature [12]. Let us observe that we could
not obtain any result with the generic choice Scheme 2, for which no convergence of the Newton-Raphson
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h scheme 1 scheme 2 scheme 3 scheme 4 scheme 5
0.2500 || 0.565E+400 | 0.691E400 | 0.543E+00 | 0.602E+00 | 0.585E400
0.1250 || 0.159E+00 | 0.181E+400 | 0.155E+00 | 0.165E+00 | 0.164E+00
0.0625 || 0.412E-01 | 0.467E-01 | 0.409E-01 0.427E-01 | 0.426E-01
0.0312 || 0.104E-01 | 0.118E-01 | 0.104E-01 0.108E-01 | 0.108E-01

Table 1: Analytical case, L?(Q) error of the velocity with respect to the mesh size

h scheme 1 scheme 2 scheme 3 scheme 4 scheme 5
0.2500 || 0.948E+01 - - 0.512E+402 | 0.476E+02
0.1250 || 0.281E401 - 0.184E401 | 0.140E+02 | 0.138E+402
0.0625 || 0.710E+400 | 0.715E+01 | 0.361E+00 | 0.413E+01 | 0.411E+01
0.0312 || 0.179E400 | 0.178E+01 | 0.868E-01 | 0.111E+401 | 0.111E+01

Table 2: Poiseuille flow, L? error of the velocity with respect to the mesh size

iterations were observed. We observe that the most precise scheme is Scheme 5.

0.4
0.3
0.2 -
0.1
0 |-
-0.1 -
-0.2 -
-0.3 -
+ ref +
0.4 - + sch. 1 -
sch.3 ——
-0.5 + sch. 4 T
sch. 5
06 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3: Lid driven cavity, vertical velocity profile along the line y = 0.5

These examples show that there is no scheme being the most precise in all cases. So this enhances the
interest of the generic framework of this paper.

5 Conclusion

This paper shows that the mathematical features leading to the convergence properties of a diversity of
numerical schemes are in fact the same ones:
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1. The properties of the discrete objects used in the numerical scheme for getting the existence of a
stable solution can be summarized by the notion of gradient discretisation, which simultaneously
includes conforming schemes like the Taylor-Hood scheme and nonconforming ones such as the
Crouzeix-Raviart scheme and more surprisingly the finite volume MAC scheme.

2. The properties of these objects leading to the convergence properties (coercivity, consistency, limit-
conformity, compactness and convection limit-conformity) are generic: they are sufficient for proving
that the schemes are converging, and they hold for the large number of schemes based on a scheme
for the Stokes equation and a scheme for the convection term.

3. Considering the same scheme for the Stoke problem, there is no scheme for the convection term
which can be considered as the “best one”: the accuracy of each of them is depending on the test
case, and the use of a given scheme may also depend on relevant coupled physical phenomena.

The continuation of this study will be to show how a larger number of schemes can be proved to enter
into this framework.

A Convection limit-conformity of the skew symmetric example

In this appendix, we prove, under some general hypotheses on the sequence of gradient discretisations,
the convection limit-conformity of Scheme 2 in Section 4, that is the skew symmetric convection scheme,
which corresponds to the case where bp is defined by:

bp (u,v) = % (Ep(u,u,v) —gp(u,v,u)> , (29)

where ED : XB’O — R is given by

d
bp (u, v, w) = Z / 1050 w da.
Q

1,j=1

As stated in the introduction of this paper, this proof holds for the Crouzeix-Raviart scheme as well as
for the other three cases studied in [5] (conforming Taylor-Hood scheme, MAC scheme, HMM scheme),
which all meet the p-coercivity property for p = 6 in the sense of the following definition.

Definition A.1 (p-coercivity) LetD be a discretisation in the sense of Definition 2.3. Let p € [1,+00)
and let C'g)) be defined by

II »
09 = e Mol

+Cp. 30
28 D (30)

A sequence (Dy)men of gradient discretisations is said to be p-coercive if there exist Cs > 0 such that
C’g:i < Cs for allm € N.

Note that the p-coercivity implies the g-coercivity for any ¢ € [1,p).
Let us now give the result obtained for a p-coercive sequence of gradient discretisations.

Lemma A.2 (Space convection limit-conformity) Let (D.,,)men be a sequence of gradient discreti-
sations in the sense of Definition 2.3 which is p — coercive with p > 4 in the sense of Definition A.1 and
such that bp, is defined by (29). Then (Dm,)men is convection limit-conforming in the sense of Definition
2.10.

m
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Proof First, by definition of bp, we remark that bp is continuous, is such that for all u € Xp o, bp(u,u) =0
and such that bp (u, v) is linear with respect to v. Moreover, we may write

bp (u, u,v) < |[Hpul|gao)llullp [[Tpv| L) -

Thanks to the p-coercivity of the discretisation, we obtain
’5 < 0(4) 2 2
D (u, u,v) < (Cp7) " lullpl|vllp-

Using the same idea for ED(u,v,u), we finally get the admissibility of bp in the sense of Definition 2.3,
using Bp < 2(0&4))2 (see (9)). Therefore the sequence (Bp,, )men is bounded. It remains to prove that, for
a sequence (U, Vm)meN € X,:Q)m,0 with the properties given in Definition 2.10, bp, (tm, vm) — b(W,u, D).
We remark that the strong convergence in L?(Q) of Ilp, u,, to @ and TIp, v,, to T combined with the
p-coercivity for p > 4, gives us the convergence in L*(Q) of Ip, um — @ and Ilp, v, — ©. Thus, for
the first term of the right hand-side of bp, the weak convergence in L*(2)? of Vp, v,, — V@ suffices for
passing to the limit. Using the same reasoning for the second term of the right hand-side allows us to
write the following result:
1

n}gnoo bp,, (U, Um) = 5(b(a, u,v) — b(w,v,7)).

Recalling the property (7) of b since ©w € E(2) concludes the proof. O

B Space-time convection limit-conformity of the skew symmet-
ric example

Lemma B.1 (Space-time convection-conformity) Let (D,,)men be a sequence of space-time gradi-
ent discretisations in the sense of Definition 3.2 which is p — coercive in the sense of Definition A.1 with
p >4 and such that bp,, is defined by (29). Then (Dpm)men 8 space-time convection limit-conforming in
the sense of Definition 3.4.

Proof We consider sequences (ty, )men and (v, )men satisfying the properties given in Definition 3.4. Let
us check that the four items which are assumed in Lemma B.2 are satisfied. Items 1 and 3 are assumed on
(ngnum)meN and (VS’J)um)meN. The fact that (Hg?num)meN is bounded in L?(0,T, LP(Q)) is a conse-
quence of the p-coercivity assumption thanks to the fact that ||Vp,, um|lL2(x 0,1))¢ is bounded. Similarly,
using the fact that ||Vp,, vl L (0,7,02(0)¢) is bounded, we get a bound on ||ng)n'l)m”LOO(0’T,LP(Q))7 hence
items 2 and 4 hold. Thus we can apply Lemma B.2, which leads to

T T
lim bp,, (U, U, U :/ b(u,w,v).
0

m—0oQ 0

We check as well that the three items assumed in Lemma B.3 hold, which shows that
T _ T
i [ B (s s tin) = / b(, 5, 7).
0

m—o0 0

Finally, the last two limits combined with Property (7) on b, since u € L?(0,T, E(f2)), conclude the
space-time convection limit-conformity. [
To complete the proof of Lemma B.1, we now state and prove two technical lemmas.

Lemma B.2 Let (up)nen;, (Un)nen and (Wy)nen three sequences such that there exists p > 4 with
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1. w, — u in LY(0,T; L*(Q)),

2. uy is bounded in L?(0,T; LP(Q)) and in L>°(0,T; L?(52)),

3. v, — v weakly in L*(0,T; L*(2)),

4. wy, — w in L>=(0,T; L*(Q)) and is bounded in L>(0,T; LP(12)).

then

n—oo

lim /OT/Qun(x,t)vn(x,t)wn(x,t)dxdt:/OT/Qu(x,t)v(%t)w(x,t)dxdt.

Proof It suffices to remark that u,w,, tends to uw in L(0,T; L*(Q2)). Indeed, we have

/T / (un (z, )wy (z,t) — u(x,t)w(:c,t))2dxdt < 2(A, + B,)
o Ja

with

T
A, = /0 /Q (@, ) — (1)) 2 (2, £)2dardlt

and

T
= u\x 2’UJI — W\ 2"E
an/O/Qw)(n(,t) (e, 1)) 2dadt

Owing to the inequality

/O ! /Q U, )W (2, £)2dadt < /0 ' ( /Q U(x,t)4dx)1/2 ( /Q W(x,t)4dx)1/2 at

which leads to .

| [ v w2 ard < IW e o rioson 101 0o
we get that A, — 0 and B,, — 0, since by L? — LY interpolation, u™ — u in L?(0,T; L*(Q)) and w™ — w
in L>(0,7T; L4(Q)). O

Lemma B.3 Let (upn)nen, (Vn)nen and (wy,)nen three sequences such that there exists p > 4 with
1. u, — u and v, — v in L1(0,T; L?(2)),
2. u, and v, are bounded in L?(0,T; LP(Q)) and in L>(0,T; L?(12)),
3. w, — w in L*°(0,T; L*(2)).

then

lim /OT/Qun(x,t)vn(sc,t)wn(:r,t)dxdt/OT/Qu(z,t)v(m,t)w(m,t)dxdt.

n—oo
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Proof
T
/ / (un(z, t)vn(x, Ywy(x,t) — u(z, t)v(z, h)w(zx, t))dedt = A, + B, + Cy,
o Jo
with

A, = /0 /Q(un(a:,t) — u(x, t))vp (z, t)wy (z, t)dzdt

T
B, = /0 /Qu(x,t)(vn(x,t) —v(z,t))wp (z, t)dzdt

and

T
C, = /O /Q w(a, o, ) (wn (2, 1) — w(x, 1)dzdt

The conclusion follows from the fact that, by LP — L? interpolation, u™ — u and v,, — v in L2(0, T; L*(Q2)),
and w™ — w in L>(0,T; L*(Q)), and from the inequality

T
| [ 106tV ow @ bidedt < Wl orao0 1Vl zizsiay IV 0000
0
Indeed,

T
/ /\U(x,t)V(x,t)W(mﬂdscdtg sup (/ W(x,t)de)l/’Z(/ Uz, t)?V (x,t)2dz)/2dt,
0 JQ [JQ Q

telo, T

SO

T T
/ U (2, )V (2, OW (2)]dadt < sup ([ W(a, t)2dz) /2 / ( / Uz, t)*de / V(. t)tda) /4t
o Ja t€]o, T Ja o Jao Q

and therefore we have

/T/ |U(x, )V (x, t)W(x)|dadt
0o Jo

St:]%PT[(/Q W (x,t)2dx)/? (/OT(/Q U(m,t)4dx)1/2dt> - (/OT(/Q V(x,t)4dx)1/2dt> 1/2,

which concludes the proof. [

C Discrete Aubin-Simon theorem

The following theorem is a discrete version of the Aubin-Simon theorem. It is proved in [2, Theorem 7.1].
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Theorem C.1 (Discrete Aubin-Simon theorem) Let T > 0 and let B be a Banach space. Let
(Be)een be a sequence of finite dimensional subspaces of B. For any { € N, let N, € N*, tgo) =0<
tél) <...< téN‘) =T and kén) = tén) — ténfl), n=1,...,Ny. Let {uen),n =0,...,N¢} C By and let
ug € LY(0,T; By) be defined, for a given real family (ag"))nzl,m’m, by

we(t) = (1= o)™ +ofu” € Br,
for a.e. te (tgnil),ten)), andn € {1,... Ng}.

(31)
Let §pup be the “discrete time derivative”, defined by:
1

o
k™

Opug(-,t) = 6§n)w = ugn) - ugnfl)) for a.e. t € (ténfl),tén)),n e{1,...,Ns}.

Let || - ||x, and || - ||y, be two norms on Be. We denote by X, the space By endowed with the norm || - || x,
and by Yy the space By endowed with the norm || - ||y,. We assume that

(h1) For any sequence (wy)een such that wy € By and (||we||x,)een is bounded, then, up to a subsequence,
there exists w € B such that wy — w in B as { — +o00.

(h2) For any sequence (wg)een such that we € By, (||wellx,)een s bounded, there exists w € B such that
we — w in B and |Jwelly, = 0 as £ — +oo, then w = 0.

(h83) The family (a§n))n:17,,,,Ne7geN and the sequence (||ue| 11 (0,1;x,))een are bounded.
(h4) The sequence (||0¢wel|Lr(0,7:v,))een is bounded.

Then there exists u € L*(0,T; B) such that, up to a subsequence, ug — u in L*(0,T; B) as { — +00.
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