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A REMARKABLE 20-CROSSING TANGLE

SHALOM ELIAHOU AND JEAN FROMENTIN

ABSTRACT. For any positive integer 7, we exhibit a prime knot K, with
(20 - 27~ + 1) crossings whose Jones polynomial V(K,) is equal to 1 mod-
ulo 2”. Our construction rests on a certain 20-crossing prime tangle T which
is undetectable by the Kauffman bracket polynomial pair mod 2.

1. INTRODUCTION

In [7], M. B. Thistlethwaite gave two 2—component links and one 3—component
link which are nontrivial and yet have the same Jones polynomial as the corre-
sponding unlink U? and U3, respectively. These were the first known examples
of nontrivial links undetectable by the Jones polynomial. Shortly thereafter, it
was shown in [2] that, for any integer k > 2, there exist infinitely many nontrivial
k—component links whose Jones polynomial is equal to that of the k—component
unlink U*. Yet the corresponding problem for 1-component links, i.e. for knots, is
widely open: does there exist a nontrivial knot K whose Jones polynomial is equal
to that of the unknot U, namely to 17

We shall consider here the following weaker problem, consisting in looking for
nontrivial knots K whose Jones polynomial is congruent modulo some integer to
that of the unknot U*.

Problem 1.1. Given any integer m > 2, does there exist a prime knot K whose
Jones polynomial V(K) satisfies V(K) =1 mod m?

Naturally, for any two Laurent polynomials f, g in Z[t,t~!], the notation f =g
mod m means that there exists an element h € Z[t,t~1] such that f —g = m - h.
This is equivalent to require that, for each i € Z, the coefficients a; and 8; of ¥ in
f and g, respectively, are congruent modulo m as integers.

A result of M. B. Thistlethwaite [6] states that, for an alternating knot K with n
crossings, the span of V(K) is exactly n and the coefficients of the terms of maximal
and minimal degree in Vi are both +1. In particular, for any m > 2, there is no
alternating knot with trivial Jones polynomial modulo m.

Using the Mathematica package KnotTheory of the KnotAtlas project [1], it is
easy to find knots which are solutions of Problem 1.1 for the moduli m = 2, 3 and 4.
For m = 5 there is no solution of Problem 1.1 among the knots up to 16 crossings.
The following table gives the number of solutions of Problem 1.1 for the moduli 2
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DD
a. b. d‘; e.G:f/D f,@

FiGUurE 1. a. Tangle T} + T>. b. Tangle T} * T>. c. Tangle 1.
d. Tangle —1. e. Closure den(T). f. Closure num(7T).

to 5 up to 16 crossings, respectively:

m| <11]|12|13 14| 15 | 16
2 0 419 |35 140 | 582
3 0 11011 2 | 26
4 0 0101]0 1 0
5) 0 0,010} O 0

In this note, we shall solve Problem 1.1 for all moduli m which are powers of 2.
That is, given any integer r > 1, we shall construct infinitely many prime knots
whose Jones polynomial is trivial mod m = 2". Our construction rests on a certain
20-crossing prime tangle Thy whose Kauffman bracket polynomial pair is trivial
mod 2.

The paper is structured as follows. Section 2 is devoted to basic tangle construc-
tions. In Section 3 we describe our tangle Thy, we prove that it is prime and we
construct a family of prime knots K, from a prime tangle M, which is composed
of 2" copies of the tangle T5y. In Section 4, we compute the Kauffman bracket pair
of the tangle M, modulo 2". In Section 5, we prove that the knots K, for r > 1
are distinct and that the Jones polynomial of K, is trivial modulo 2". The paper
ends with some concluding remarks.

2. BASIC TANGLE CONSTRUCTIONS

We shall use the same notation as in [2]. In particular, if 77, T5 are two tangles
with 4 boundary points, we denote by 77 + T» their horizontal sum and by T7 x Th
their vertical sum (see a and b of Figure 1). The tangle 1 denotes a single crossing
as in ¢ of Figure 1, while the tangle —1 denotes its opposite version as in d of
Figure 1. More generally, if T is a tangle, then —T denotes the tangle obtained
from T by switching the signs of all crossings in 7.

As usual, for k € N\ {0} we define the tangles

E=1+...+1, —k=(=1)+...4+(-1),
1/k=1%...%1, —1/k=(-1)%...x(-1),
with k£ terms in each expression. These are particular cases of algebraic tangles,

namely tangles constructed recursively from the tangles +1 using horizontal and
vertical sums.

Example 2.1. Let Ts 19 be the tangle (((1/2) + 1) % 2) + (—3). (See next example
for the choice of this name.) Diagrams corresponding to Tg 19 are
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The parts in black correspond to the tangles 1/2, 1, 2 and —3, respectively, while
the gray strands depict the connections between them. The four marked points rep-
resent the extremities of the global tangle. The rightmost diagram is a “smoother”
representation of the tangle T3 1.

If T is a tangle, we denote by den(7T) and num(7") the link diagrams obtained
by gluing the extremities of T" as in e. and f. of Figure 1, respectively.

Example 2.2. Consider again the tangle T 1o of Example 2.1. Here are num(753 10)
and an isotopic diagram.

gfjl f) % @m\z\xﬁf))

The isotopy is obtained from the left diagram by rotating counterclockwise the left
block in gray and clockwise the right one. Looking at Dale Rolfen’s knot table [5],
we remark that num(73 10) is a diagram of Kg 1o which is the 10*" prime knot with
8 crossings.

3. LICKORISH THEORY OF PRIME TANGLES AND LINKS

For a more geometric point of view on tangles, we need the following refinement
as in [2]. A geometric tangle is a pair (B, t), where B is a 3-ball and ¢ is a proper
1-submanifold of B meeting the boundary of B in four points.

To each tangle T' we associate in a natural way a geometric tangle (B, t) where B
is a Euclidean 3-ball whose boundary meets the projection plane P in an “equato-
rial” circle circumscribing the tangle T', and where t is obtained from 7" drawn in P
by making small vertical perturbations near crossings.

A geometric tangle (B, t) is untangled if it is isotopic to a pair (B, tg), where ¢
is the union of two parallel line segments in the projection plane.

Definition 3.1. A tangle (B,t) is prime if it has the following properties:

i) Any 2-sphere in B, which meets ¢ transversely in two points, bounds in B a
ball meeting ¢ in an unknotted spanning arc.

i1) (B,t) is not untangled.

A tangle T is said to be prime if its associated geometric tangle (B,t) is. Prime
tangles supply an easy-to-use machinery to construct prime knots or links as shown
by the following result due to Lickorish [3].

Theorem 3.2. If T and U are prime tangles, then den(T x U) is a prime link.
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FI1GURE 2. The key tangle M; = Tsg.

Following one of the methods proposed in [3] to prove that a tangle is prime
(more precisely, that used for the tangle in Figure 2.a of [3]) we introduce the
notion of a strongly prime tangle.

Definition 3.3. A tangle T is said to be strongly prime if it is not untangled and
if T4 ) ( is isotopic to ) (.

A direct consequence of the definition is that if T1,...,T,, are strongly prime
tangles such that T =Ty + ...+ T, is not untangled, then T is also strongly prime.
As the terminology suggests, a strongly prime tangle is a particular prime tangle.

Proposition 3.4. Fvery strongly prime tangle is a prime tangle.

Proof. Let T be a strongly prime tangle and (B,t) the corresponding geometric
tangle. By hypothesis, T is not untangled and so is (B,t). Assume there exists a
ball in (B,t) meeting the arcs of ¢ in just one knotted arc. Then such a knotted
arc-ball pair would persist as a summand on any knot created by adding another
tangle to T'. However, as T is strongly prime we have num(7" +) () = num() () ~ O
and so (B,t) certainly cannot contain a summand. O

3.1. The tangles M,. We now introduce a family of tangles which includes the
tangle T5g, the cornerstone of our solution to Problem 1.1 for moduli m which are
powers of 2.

Definition 3.5. We define the tangles 119, 159 and M, for r > 1 as follows:
— i) Tao = Tio + (=T10);
- Z’LZ) M1 = T20 and Mr = Mr_1 + M'r—l for r Z 2.
Tangle M; is depicted in Figure 2.

Proposition 3.6. For all r > 1, the tangle M, s prime.

Proof. Let us first show that the tangle T1¢ is strongly prime. Linking the NE and
SE extremities of 779 we obtain the diagram below:

2
)

From the following sequence of deformations, where the isotoped piece is in gray,




QX\ WX\ W\ _
Sl A

we establish that 779 + ) ( is isotopic to ) (. The arc joining the north extremities
of T1p cannot be unknotted. Indeed, if we glue its two extremities we obtain, by
Example 2.1, the knot K3 19 which is certainly different from the unknot. Therefore
Ty is strongly prime. As the tangle —Ti is obtained from 77y by switching the
signs of the crossings, the tangle —Tj¢ is also strongly prime. Since 119 and —Tig
are strongly prime tangles, we have Ty +) (= T + (—T10) + ) ¢ which is isotopic
to Tio + )€ and hence to )(. To prove that Ty is strongly prime, it remains to
establish that it is not untangled. The tangle T5( is composed of two arcs, the first
one going from NE to NW and the second one going from SE to SW. If we glue the
two extremities of the first arc we obtain a knot K with two summands, namely
Kz 10 and its mirror. In particular K is different from the unknot and so T is
not untangled, implying that Th is strongly prime. As M, is the sum of 2" copies
of Mj, the tangle M, + ) ( is isotopic to ) (. As for Ty, if we glue the arc of M,
going from NE to NW we obtain a knot K with 2" summands, namely 2"~! copies
of Kg 10 and 2"~ copies of the mirror of Kg 19. Hence the tangle M,. is also strongly
prime. We conclude using Proposition 3.4. (]

3.2. The knot K,.

Definition 3.7. For r € N\ {0}, we define K, to be the knot represented by the
diagram den(1 = M,.).

By definition, the tangle M, has 2"~ x 20 crossings. So the knot K, has at
most 1 + 2771 x 20 crossings. As 1 and M, are prime tangles (the tangle 1 is
obviously strongly prime), Theorem 3.2 guarantees that the link K, is prime. We
have already observed that the tangle M, is the union of two arcs, the first one
going from NW to NE and the second one from SW to SE. As illustrated by the
diagram

PR -

“mum -mn®

the link diagram den(1 * M,.) has exactly one component: if we travel along the
dotted arc we must meet the undotted one. The following proposition summarizes
these remarks.

Proposition 3.8. For each r > 1, the link K, is a prime knot with at most
142771 x 20 crossings.

An elegant mutant version of knot K7 can be found on Figure 4. In Section 5
we will prove that the Jones polynomial of the prime knot K, is trivial modulo 2".
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4. THE KAUFFMAN BRACKET PAIR OF A TANGLE

In this section we recall the definition of the Kauffman bracket pair of a tangle.
This notion is very powerful to determine the Jones polynomial for a knot obtained
from an algebraic tangle, which is the case for our knots K.

Let T be a tangle with 4 endpoints. The Kauffman bracket (T") of T is a linear
combination of two formal symbols (0) and (oco) with coefficients in the ring of
Laurent polynomials A = Z[t,t~!]. The bracket (T') may be computed with the
usual rules of the Kauffman bracket polynomial, namely:

-(©0) =1

~(OUT)=6§(T) where 6 = —t=2 —t2;

—(K) =t (X)) + (0.

Thus, after removing the crossings and all free loops using the rules above, we
end up with a unique expression of the form (T') = f(T') (0) + ¢g(T') (co) where 0 is
the tangle X and oo is ) {. The notation 0 and co comes from the shape of the link
obtained when we take the den closure of the corresponding tangles.

We define the bracket pair br(T) of T as

br(T) = [ch g;] € A2,

For example we compute

(-1) = (R) =t (X)+t 00 =t7"(0) + 1t (),

—1
which implies br(—-1) = {tt ] Since by definition of —T', we have f(-T) =

t
-
Proposition 2.2 of [2] gives computation rules for the bracket pair of the hori-
zontal and vertical sum of tangles together with the bracket of the num and den
closures of tangles. Here they are.

F(D)|teet—1 and g(—T) = g(T)|s¢—1 we obtain br(1) = [

Proposition 4.1. For two tangles T' and U, we have:

o _ () fU) -
) br(T+U) [f(T)g(U) +g(T)f(U) +5g(T)9(UJ7

’ SHT)F(U) + F(T)g(U) + g(T) f(U)] .
u)br(T*U):{ (T)f(U) g((T)i]g((U) 9(T)£( )];

—413) (num(7T)) = 0f(T) + g(T) and (den(T)) = f(T') + dg(T).
A direct computation from the expression of br(1) gives

br(2) = [tf +J, br(3) = [N f;,g . J and  br(1/2) = [1 tf].

Using these values, we determine the bracket pair of Tg 10 = (((1/2) +1)*2)+ (—3):

B —2¢7642¢72 —2¢2 + 6
(1) br(TS,lo) = {_21&4 43 — A4t 4348 212 4416

Notation. In the sequel, for a tangle T" and an integer m > 2, we will denote by
br,,(T') the bracket pair of T modulo m.
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4.1. The case of tangle T5;. We now analyze the bracket pair of the tangle Ts
introduced in Definition 3.5.

Lemma 4.2. The bracket pair bra(Tsg) is equal to [{]. Moreover, the leading term
of f(Tao) is 212 and that of g(Ts) is 2.

Proof. By relation (1), we obtain

2¢710 —2¢70 42472 — 2¢6 4+ 2410 — 241 4 ¢18
bI’(Tlo) = bI‘(T&lO * 2) = |:

2078 =5+ 7 - Ttt + 515 — 312 - ¢16

Replacing t by —t, we get

18 _9¢=14 4 94=10 _9y=6 4 942 946 4 9410
br(=Two) = | ;16 _ 3t712 4 58 — 74475t 4248

The formula for the computation of br(T19+ (—710)) given in i) of Proposition 4.1
implies that the leading term of f(Tyg) is 18- 2#10 = 2¢28 and that of g(Ty) is

t18.2t8+t16.2t107t2.t16'2t8:2t26

as expected. Taking coefficient modulo 2, we obtain

t18
bra(To) = [t4 Sl 8 g2 +t16:| )
t718
bray(=Tio) = [tw NI S | +t4] )

and so bI‘Q(TQO) = bI‘Q(TlO + (7T10)) = [6] O
4.2. The general case of tangles M,.

Proposition 4.3. For all r > 1, we have bra-(M,) = [}]. Moreover, the leading
r—1
term of f(M,) is €, = (2 t28)2 while that of g(M,) is t=2(,.

Proof. By induction on r > 1. The case r = 1 is Lemma 4.2. Assume now r > 2.
By the induction hypothesis, we have f(M,_ ;) = 1 mod 2"~ ! and g(M,_;) =
0 mod 2"~1. Hence, there exist two Laurent polynomials P and @ in Z[t~!,]
such that the relations f(M,_1) = 1+ 2""'P and g(M,_;) = 2"7!'Q hold. By
Proposition 4.1 and formula br(M,.) = br(M,_1 + M,_1) we obtain:

~ S (M )2

br(Mr) = [%(MH) F(My_1)+ 59<Mr1>2]
_ 1+ 27P 422 2p?
T |27Q + 2271 PQ + 522722

As 2r — 2 > r holds since r > 2, we find bro-(M,) = [}]. Let us now prove
the statement about the leading terms. Since f(M,) is equal to f(M,_1)?, the
induction hypothesis implies that the leading term of f(M,) is the square of the
leading term of f(M,._1), i.e., the square of £,_1. Since £2_; is equal to ¢,., we have
the desired result for the leading term of f(M,). Denoting by lt(P) the leading
term of a Laurent polynomial P € A, we have

1t(g(M,)) =1t (29(M,—1) f(Myr—1) + 6 g(Mr_1)?) .
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By the induction hypothesis, we compute
1t(g(MT,1) f(Mrfl)) = t72£7~,1 . grfl = t72£3_1 = t72£7~
(0 g(M2 )= —t2- (t724._1)* = —t720%_ | = —t72,

and so 1t(g(M,)) = 2 (t724,) — (t724,) =t~ 2L, as desired. O

5. ON THE JONES POLYNOMIAL OF K,

The writhe of an oriented link diagram D, denoted wr(D), is the sum of the
signs of the crossings of D following conventions a and b of Figure 3.

+1 -1

FI1GURE 3. a. Crossing with positive writhe. b. Crossing with
negative writhe. c. Left-right oriented tangle.

The notion of writhe can be naturally extended to an oriented tangle 7. We say
that a tangle T is left-right orientable if it can be equipped with an orientation as
in c. of Figure 3, in which case we denote by wr(T') the writhe of T" with respect
to that orientation.

Lemma 5.1. The tangle M, is left-right orientable and we have wr(M,) = 0.

Proof. We first remark that the tangle T1¢ is left-right orientable. Since —Tig is
obtained from Tjg by switching the signs of the crossings, the tangle —T7¢ is also
left-right orientable and wr(—Ti) = —wr(T10) holds. As the horizontal sum of
tangles is compatible with the left-right orientation, for any left-right orientable
tangles U and V, we have wr(U + V) = wr(U) + wr(V). As My = Tio + (—Tho),
we have

wr(M;) = wr(Tho) + wr(—T1o) = wr(T10) — wr(Tho) = 0.

Again by the compatibility between the left-right orientation and the horizontal
sum +, a straightforward induction yields wr(M,) = wr(M,_1) + wr(M,_1) =
0+0=0. O

The normalized Kauffman bracket polynomial of a link L depicted by an oriented
diagram D is (L) = (=)~ "*(P) (D), which is an invariant of the link L and so
is independent of the choice of the oriented diagram D representing L. The Jones
polynomial of a link L is then V(L) = x(L)|x_s—1/4. The Kauffman bracket of the
unknot O is (den(0)) = 1, which gives x(O) = 1 and so V(O) = 1.

Recall that K, is the knot represented by the diagram den(1 % M,.).

Proposition 5.2. For allr > 1, the Jones polynomial of K, is equal to 1 modulo 27.
r—1
Moreover the leading term of x(K,) is equal to £, = (2 t28)2 .

Proof. Let r be an integer > 1. We denote by D, the diagram den(1 x M,.). The
left-right orientation of M, induces the following orientation on D,.:
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FIGURE 4. A mutant version K| of the knot K; obtained by re-
placing the tangle —T}¢ in M; by its image under vertical symme-
try. We can do the same process for all the knots K, to obtain a
mutant K. As the Jones polynomial of a knot and of its mutants
are the same [4], the Jones polynomial of K. is also trivial modulo
2" for r > 1.

As the writhe of M, is 0 by Lemma 5.1, the writhe of D, with respect to the above
orientation is +1.
Let us now determine the Kauffman bracket of D,. We have

br(1 5 M,) = 5t f(M,) +tt*gl(g]\(4]7\d4)j =1 f(M,)
and so
(Dy) =6t f(M,) +tg(M,)+t~" f(M,)+ 5t~ " g(M,)
= (0t +171) f(My) + (t+ 071 g(My)
=t f(M) — tigg(Mr)-
Hence the normalized Kauffman bracket of K, is
X(K) = (=8%) 7V P) (D) = (%) 71 (=7 f(M,) =t g(M,))
= f(M,) +t %g(M,).

As f(M,) = 1 and g(M,) = 0 modulo 2" by Lemma 4.2, we obtain yx(K,) =1
modulo 2" and so V(K,) is trivial modulo 2".

By Lemma 4.2, the leading term of f(M,) is £, while that of g(M,.) is t=2,.
Therefore the leading term of x(K,) is ¢,. d

We can now state and prove our main result.

Theorem 5.3. For all v > 1, there exist infinitely many knots with trivial Jones
polynomial modulo 2", namely the knots K; for i > r.

Proof. Let r > 1 be an integer. By Proposition 5.2, for all ¢ > r the Jones polyno-
mial of K; is trivial modulo 2¢ and thus modulo 2". Since the leading term of x(K;)
is ¢; for ¢ > 1, the map i — x(K;) is injective. In particular the knots K; have
distinct Jones polynomials and so they are pairwise distinct. (I
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6. CONCLUDING REMARKS

We have exhibited a 20-crossing prime tangle T5, whose Kauffman bracket poly-
nomial pair is trivial mod 2, i.e. congruent to [{] mod 2. That tangle allowed us to
construct, for any r > 1, a nontrivial knot K, whose Jones polynomial is congruent
to 1 mod 2".

Having thus solved Problem 1.1 for m = 2" and knowing solutions for m = 3
from the tables, what about the existence of solutions for the next moduli, such as
m =5, 6 or 7 for instance? More ambitiously perhaps, given an integer m > 3, does
there exist a prime tangle, analogous to T5g, whose Kauffman bracket polynomial
pair would be trivial mod m? If yes, what should the expected minimal number of
crossings as a function of m be?

Even more intriguing: does there exist a prime tangle whose Kauffman bracket
polynomial pair is trivial over Z? The existence of such a tangle would probably
imply the existence of a nontrivial knot with trivial Jones polynomial.

Acknowledgments. The authors wish to thank L. H. Kauffman, D. Rolfsen and
M. B. Thistlethwaite for interesting discussions related to this work.

REFERENCES

[1] D. Bar-Natan, S. Morrison, and et al. The Knot Atlas.

[2] S. Eliahou, L. H. Kauffman, and M. B. Thistlethwaite. Infinite families of links with trivial
Jones polynomial. Topology, 42(1):155-169, 2003.

[3] W. B. R. Lickorish. Prime knots and tangles. Transactions of the American Mathematical
Society, 267(1):321-332, 1981.

[4] H. R. Morton and P. Traczyk. The Jones polynomial of satellite links around mutants. In
Braids (Santa Cruz, CA, 1986), volume 78 of Contemp. Math., pages 587-592. Amer. Math.
Soc., Providence, RI, 1988.

[5] D. Rolfsen. Knots and links, volume 346. American Mathematical Soc., 1976.

[6] M. B. Thistlethwaite. A spanning tree expansion of the Jones polynomial. Topology, 26(3):297—
309, 1987.

[7] M. B. Thistlethwaite. Links with trivial Jones polynomial. J. Knot Theory Ramifications,
10(4):641-643, 2001.

Authors addresses:

Shalom Eliahou, Jean Fromentin®P

#Univ. Littoral Cote d’Opale, EA 2597 - LMPA - Laboratoire de Mathématiques Pures
et Appliquées Joseph Liouville, F-62228 Calais, France

PCNRS, FR 2956, France

e-mail: eliahou@lmpa.univ-littoral.fr, fromentin@math.cnrs.fr



