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Abstract

This paper is concerned with the delay-dependent stability of systems with time-varying delays. The novelty relies on the
use of the second-order Bessel-Legendre integral inequality which is less conservative than the Jensen and Wirtinger-based
inequalities. Unlike similar contributions, the features of this inequality are fully integrated into the construction of augmented
Lyapunov-Krasovskii functionals leading to novel stability criteria expressed in terms of linear matrix inequalities. The stability

condition is tested on some classical numerical examples illustrating the efficiency of the proposed method.
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1 Introduction

Over the last two decades, the delay-dependent sta-
bility analysis of systems with time-varying delays via
Lyapunov-Krasovskii functional (LKF) method has
received much attention (see e.g., [1], [10] and the ref-
erences therein). The crucial technical steps regarding
this method are related to both the selection of the
functional and the use of accurate bounding methods
to derive linear matrix inequalities (LMIs).

Among the bounding methods, the Jensen inequality [2]
has been widely adopted, although at the price of an
unavoidable conservatism. Recently, much attention
has been paid to reducing this conservatism. A recent
direction of research consists in deriving extended-like
Jensen inequalities, which encompasses Jensen inequal-
ity through the introduction of additional quadratic
terms. The first result in this direction led to the so-
called Wirtinger-based inequality developed in [6,9].
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Then, further extensions were derived by Zeng et al.
using a free-matrix-based integral inequality [11]. More
recently, generalized integral inequalities were devel-
oped in [7,8] based on Bessel inequality and Legendre
polynomials;, which includes Jensen and Wirtinger-
based inequalities and also the recent inequalities based
on auxiliary functions-based inequality ([5],[12]) as par-
ticular cases. The main interest of such inequalities is
that the conservatism can be reduced arbitrarily. These
new inequalities have been mainly employed to the case
of constant discrete or distributed delays (see [8],[12]).
The first attempt to derive stability condition for time-
varying discrete delay was proposed in [5]. In this paper,
we pursue the method provided in [5] and derive more
accurate conditions.

In this paper, we develop novel stability criteria for lin-
ear systems with time-varying delays using the particu-
lar case of the second-order Bessel-Legendre inequality
(i.e. the Bessel-Legendre inequality from [8] with N = 2,
where N is the degree of Legendre polynomials) of the
integral inequalities proposed in [7,8], that recovers the
inequality provided in [5,12]. The main contributions
are as follows:

1. The features of the limited Bessel-Legendre inequal-
ity are fully integrated into the construction of the
LKFs.

2. Less conservative stability criteria are derived in
terms of LMIs although the computational complex-
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ity is higher.

Numerical examples taken from the literature illustrate
the efficiency of our results. In particular, the numeri-
cal results for the constant delay case coincide with the
ones achieved in [12] and are very close to the analytical
bounds of constant delays preserving the stability.

Throughout the paper, in addition to usual notations,
the set S" denotes the set of symmetric positive definite
matrices. For any matrices A, B, diag(A, B) stands for
the matrix [4 %]. Moreover, for any square matrix A,

we define He(A) = A + AT,

2 Problem formulations
2.1 System data

Consider a linear system with time-varying delays:

Az(t) + Azt — h(t)), t >0,

o(t), —ha <t<0, M

—N—
= -
— —
NNt
([

where z(t) € R™ is the state vector, A, A; € R"*™" are
constant matrices, and ¢ is the initial condition. The
time-varying delay h(t) is continuous and satisfies

0<hy <h(t) <ha, hia2hy—hy. (2)

There is no restriction on the derivative of the delay
function.

2.2 Limited Bessel-Legendre inequality

Let us first recall the inequality that will be the core
of the paper. It corresponds to the inequality recently
shown in [12], which is also a particular case of the Bessel-
Legendre inequality of [8]. The proof of this inequality
can be found in [12] or in [8].

Lemma 1 Fora given matriz R € S'!, any differentiable
function x in [a,b] — R™, the inequality

[2 &7 (w)Rir(u)du > 7

a - bh—

07 diag(R,3R,5R)Q  (3)

holds, where

z(b) — x(a)
Q = | z(b) + z(a) — 52 f;x(u)du )
z(b) — z(a) — bfa f; Sap(u)z(u)du
baplu) =2 (3=2) — 1.

Remark 1 The inequality (3) encompasses the Wirtin-
ger-based inequality of [6] with the help of the third com-
ponent of the vector Q). This improvement requires the

introduction of an extra signal f: Oa,b(w)x(u)du in addi-
tion to f; x(u)du, x(b) and x(a).

2.8 Parameter-dependent matriz inequalities

The following lemma is for an alternative formulation of
the reciprocally convex combination inequality from [4].

Lemma 2 For any given matriz R € ST, assume that

there exists a matriz X € R™ "™ such that [;”T )é} > 0.
Then, the following inequality holds

R X
XT R

iR 0
0 R

11—

, Vae(0, 1).

Alternatively, we present another lemma, which refers
to the classical bounding technique [3] .

Lemma 3 For any matrices Ry € S, R, € S, Y] €
R27X7 and Yo € R2"X" | the following inequality holds

iR 0
att = O (),

Va € (0, 1),

where

Oy (a) = He (Yl {In Onxn} +Ys [Onxn I”D
—aY Ry — (1 - a)YaRy 'Y

The notable difference between Lemmas 2 and 3 is that,
in Lemma 3, the lower bound depends explicitly on the
uncertain parameter «. This dependence on « eventu-
ally leads to a reduction of conservatism at the price of
additional decision variables.

3 Stability analysis of time-varying delay sys-
tems

In this section, based on Lemma 1 together with
Lemma 2 or 3, two novel stability criteria are provided
for system (1) with time-varying delays. For the sim-
plicity of presentation, we will use in this section the



following notations:

€i = [Onx(i—1)yn In Onx(ua—ijnls 1=1,..., 14,

[
Gy = [eT —el el + el —2el" T — el —6el]7,
Gz = [el —el el 4 el —2el" eI — el —6el]7,
Gy = [el —el el + el —2el" el —el —6ed]7,
r =[G} GTT, Y= Ae; + Ages.
(4)
and
mo(t) = [27(t) a(t — h1) @ (t = h(t)) 2T(t = ho)]",
T
mt) = &[0 T<s>ds f_°h1 zﬁ(s)sﬂ(s)ds} ,
T
() = wi | 2T (9)ds [ 6a()2T (s)ds|
T
ms(t) = e [ ( 27 (s)ds ,h“ Ba(s)a] (s)ds|
na(t) = (h(t) = ha)na(t), 775@) = (h2 = h())n3(2).
T
molt) = [ [0l (s)ds bz [0 a(s)al (s)ds]

(5)
and where the functions §;, for i = 1,...,4, which refer
to the functions d, given in Lemma 1, are given by

Si(s) = 25 — 1 Gy(s) = 250 — 1,

R(t)—
b3(s) = 2h§+th) 1, 54(5)_25+1’;2—1.

3.1  “Reciprocally convex”-based result

The following theorem on the asymptotic stability anal-
ysis of system (1) is derived from Lemmas 1 and 2.

Theorem 1 If there exist matrices P € Si”, S1, 52,
Ry,Ry € ST, Ni,Noy € RY¥4mX2n - and o matriz X €
R37%37 sych that the LMIs

Ry X
> ~TTYT <0,
X7 Ry

(6)

=0, ®(hy) = ®o(hy)

hold, fori=1,2, where, for any 0 in R,

®o(0) = He(GT(0)PGo + N1g1(0) + Naga(6)) + S
+3T(h3Ry + h},Ra)Y — GE Ry G,
S = diag(S1, —S1 + S2,0n5xn, =S92, 010nx10n),

R; = diag(R;,3R;,5R;), i=1,2,
Go =27 eT—el eT+el —2eT eI —eT GT7,
Go = hiz(es +eq) — 2(e11 + e13),

G1(0) = [ef mel hed efy +efy GTO)",

G1(0) = (ha — 0)(e11 + e1a) + (0 — h1)(e12 — e13),

(7)

and

91(0) (0~ )M - [] 92(0) :(hz—H)[ ° ] - [] .
€8 €12 €10 €14

(8)
Then, system (1) is asymptotically stable for all time-
varying delays h(t) satisfying (2).

Proof: Consider a Lyapunov functional given by

Vixg, @) = Vi(ay

Vi) = fT(t)Poé(t»

Va(we) = [ip,, 27 (s)Saa(s)ds + [/, gy

Va(xy, &) = ha f_,“ ft+9 T(s)Ryi(s )dsd9
+h12f fth (8)Roi(s)dsdd,

) + ‘/é(mt) + V3($t,.i3t),

(s)Sa(s)ds,

(9)
#(t) = col{w(t), b (w60}, (10)

Remark 2 While functionals Vo and V3 have been al-
ready considered in e.g., [4], [9], a first selection for V;
s a quadratic term only depending on the instantaneous
state vector z(t) (see e.g. [4] among many others). It
was shown in [9], that Vi needs to be augmented in or-
der to fully benefit from the Wirtinger-based inequality.

The extension consists of including foh x¢(s)ds and

f I Y 14(s)ds, which appear naturally in the Wirtinger-

based mequalzty. Since we are now considering an ex-
tented version of the Wirtinger-based inequality (i.e.
Bessel-Legendre), the term Vi in (9) also needs to in-

clude the two additional signals ffhl 01(s)x(s)ds and
f:hh; 04(8)w¢(s)ds issued from (8). This state augmen-

tation in Vi was not considered yet in the literature and
we will demonstrate, on examples, its necessity.

where

The objective of the next developments consists in find-
ing an upper bound of the derivative of V(z,&;) along



the trajectories of (1) using the augmented vector

€)= co{mo(t).m (1), ma(t). s (1), ma(t). 5 (1)},

where n;(t), for ¢ = 0,...,5, are given in (5). For sim-
plicity, the time argument is omitted when there is no
possible confusion, meaning, more especially, that in
the sequel h, ¢ stand for h(t) and ((t), respectively.
Differentiating Vi(z;) along the trajectories of sys-
tem (1) yields SV (2;) = 227 (¢)Pi(t). We then need
to express Z(t) and Z(t) using the augmented vector
¢. On the one hand, it is easy to see that z(t) = (.
Moreover, simple calculations show that

hain(t) = [ef —ef el +ef —2¢5]7¢,
no(t) = leg—el GEITC,

leading to Z(t) = GoC, where Gy is defined in (7).

On the other hand, finding an expression Z(t) depending
on (¢ is more dedicated. We first note that z(t) = e;(
and him(t) = hilel el]7¢. Let us consider the last
component of Z(t), i.e., ng(t). To express it using the
extended state ¢, we first note that

—h
16(t) = f:,f mi(e)ds ]4‘[

h12f,h " 0a(s)ae(s)ds

f—hh2 x¢(s)ds
h12f7:2 54(8)56
(11)
From this expression, we first note that the first n com-
ponents can be expressed as (e11 + e13)¢. For the last
n components, we need to find two expressions of d4(s),
which depend on d2(s) and d3(s), respectively. Some cal-
culations show

h1254(8) = (h — h1)52(8) + (hQ — h),

(12)
h1254(8) = (hg — h)(53(8) — (h — hl)

Reinjecting (12) into (11) leads to

hlg(f__}?l 54(s)x4(s) ds—l—f_: (s)z¢(s )ds)

— (h—h) (f‘}f“ 5a(s)ay(s)ds — f_ s)d )
+(hy —h (fh z(s ds+f x(s)d )
= G1(h)C.

Hence, we obtain that ng(t) = [eT), + €Ty GT(h)]¢, and
Z(t) = Gi(h)C.

Moreover, from the definition of the augmented vector
¢, one can see that the last four components can be seen
as linear combination of the other components of {, since
we have 14 (t) = (h — ha)n2(t) and ns(t) = (ho — h)ns(¢).
Therefore, using the matrices g; and go defined in (8),

t(s)ds] '

the following equality holds for any matrices Ny, No in
R14n><2n

2¢" (N1g1(h) + Naga(h)) ¢ = 0.

Therefore, the derivative of V; () is given by

ivl ({,Ct)

& = (T"He(G7 (h)PGo+N1g1(h)+ N2ga(h))C.

The differentiation of V5(x;) along the trajectories of (1)
leads to %Vg(xt) = (T S5¢ and using Lemmas 1 and 2 as
in [5], the derivative of V5(z¢, +) can be upper bounded
by ¢T(ST (h2Ry1+h3,Ry) X —GE R Gy—TT WD), Finally,
combining the previous expressions, we have

LV (@, 20) < (TO(R)C,

where ®(h) is given in (7). Since ®(h) is affine, and
consequently convex, with respect to h, the two LMIs
®(h1) < 0 and ®(hy) < 0 imply ®(h) < 0 for all
h € [h1, hs]. Therefore, LMIs (6) imply the asymptotic
stability of system (1) for any delay verifying (2).

3.2 A second stability result

The conditions of Theorem 1 are derived by virtue of
Lemmas 1 and 2. Alternatively, a similar analysis can
be performed by substituting Lemma 2 for Lemma 3,
leading to the next theorem.

Theorem 2 If there exist matrices P € Si", S1, 59,
Ri, Ry € S, and matrices N1, Ny € RM2" " qnd two
matrices Y1,Ys € RMX37 sych that the LMIs

Do (h;) — He(YoG YiG Y;
o(hi) e(Y2Gs + Y1Gy) i <0, (13)

\ 74 —Ry

(2

hold for i = 1,2, where matrices Gz, G4 and Pg, R, are
given in (4) and (7), then system (1) is asymptotically
stable for any delay function h satisfying (2).

Proof: The proof follows the same lines of reasoning as
the proof of Theorem 1. The main modification is the
application of Lemma 2 replaced by Lemma 3, which
has been widely used in the literature and is therefore
omitted.

3.8 Comparison of Theorems 1 and 2

In this section, we provide a comparison of the conser-
vatism of the two previous theorems. The main idea is to
demonstrate that if the conditions of Theorem 1 are ver-
ified, then there also exists a solution to the conditions



h1 ‘ 0.0 ‘ 0.4 ‘ 0.7 ‘ 1.0 ‘ 2.0 ‘ 3.0 ‘hlzhz H No. of variables

[4] 1.86 | 1.88 | 1.95 | 2.06 | 2.61 | 3.31 4.47 3.5n2 + 2.5n
[9] 211 | 2.17 | 2.23 | 231 | 2.79 | 349 | 6.05 10.5n% 4 3.5n
(5] 2.14 | 219 | 2.24 | 2.31 | 2.80 | 3.50 6.1641 21n2 + 6n
[11] 218 | 2.21 | 2.25 | 2.32 | 2.79 | 3.49 6.05 54.5n2 + 9.5n,
Theorem 1 | 2.20 | 2.26 | 2.32 | 2.38 | 2.81 | 3.50 6.1664 79.5n2 + 4.5n
Theorem 2 | 2.26 | 2.29 | 2.34 | 2.40 | 2.83 | 3.50 6.1664 154.5n2 + 4.5n
Table 1
Example 1: admissible upper bound of hs for different h;
of Theorem 2. Indeed, assuming that the conditions of ’ h1 ‘ 0.0 ‘ 0.3 ‘ 0.7 ‘ 1.0 ‘ 2.0 ‘
Theorem 1 and selecting, in Theorem 2,
9] 1.59 | 2.01 | 2.41 | 2.62 | 3.59
VT =BGt XTCn. YT = BoCa i XC 5] 1.64 | 213 | 2,70 | 2.96 | 3.63
= + = . +
! 2 B T2 28 b [11] 1.80 | 2.19 | 258 | 2.79 | 3.68
we obtain Theorem 1 | 2.04 | 2.47 | 2.87 | 3.11 | 3.77
Theorem 2 | 2.39 | 2.76 | 3.15 | 3.41 | 4.04
Table 2

®o(h1) — He(YaG3 + Y1Gy) + ViR YT

Ry — XR;'XT 0
:q)o(hl)—FT(\I!+ 2 02 Obr

< ®o(hy) —TTUT,

where I' and ¥ are given in (4) and (6), respectively.
The latter inequality is guaranteed by application of the
Schur complement to (6). A similar analysis yields the
same result when h(t) = hg, which allows concluding the
comparison. Hence, the comparison reveals that Theo-
rem 2 always produces better (or at least the same) re-
sults than Theorem 1. As usual, the potential improve-
ment of Theorem 2 over Theorem 1 is at the price of
a notable increase of the number of decision variables,
showing again a tradeoff between the reduction of the
conservatism and the numerical complexity.

4 TIllustrative Examples

Three numerical examples from the literature will illus-
trate the efficiency of the proposed conditions.

4.1  FExample 1

Consider the following much-studied system (1) with

—-1.0 0.0
Al = )
-1.0 -1.0
which is well-known for being asymptotically stable for

all constant delays lower than hp.x = 6.1725. Table 1
shows that the maximum allowable delays hs for several

A:

2.0 0.0
0.0 09|’

Example 2: admissible upper bound of hs for different hq

values of hy obtained by Theorems 1 and 2 are less con-
servative than those obtained by various recent meth-
ods from the literature. Moreover, compared to Theo-
rem 1, Theorem 2 slightly improves the results at the
price of 75n? additional decision variables. Furthermore,
by applying Theorems 1 and 2, we find that for any con-
stant delay in the interval [0, 6.1664] the system remains
asymptotically stable, which is consistent with the anal-
ysis provided in [8,12], which are based on the same in-
tegral inequality.

4.2 Example 2

Consider system (1) from [5] with

. [ 0.0 1.01 A lo.o 0.1] .
—10.0 —1.0 0.1 0.2
Table 2 presents admissible upper bound of Ay for differ-
ent hy. We can see that Theorem 1 essentially improves
the results. Moreover, in this example, Theorem 2 re-
duces notably the conservatism compared with Theo-

rem 1, of course at the price of an increase of the number
of decision variables (see the last column of Table 1).

4.8 FEzxample 3

Theorems 1 and 2 can be also applied to the stability
analysis of system (1) with interval delays, which may be
unstable for small delays (or without delays). Consider



hi 011 03 | 05 | 08 | 1.0 | 13
[11] 0.40 | 1.09 | 1.34 | 1.49 | 1.53 | 1.54
[9] 0.42 | 1.09 | 1.36 | 1.52 | 1.56 | 1.57
[5] 0.40 | 1.11 | 1.40 | 1.59 | 1.65 | 1.70

Theorem 1 | 0.50 | 1.23 | 1.46 | 1.63 | 1.68 | 1.70

Theorem 2 | 0.50 | 1.23 | 1.46 | 1.63 | 1.69 | 1.70

Table 3
Example 3: admissible upper bound of hs for different h;

system (1) with

0.0 1.0
—-2.00.1

0.0 0.0
1.0 0.0

The frequency domain approach for constant delays
shows that this system is stable if the delay belongs to
the interval [0.100169,1.7178] [2]. Table 3 shows again
that Theorems 1 and 2 are much less conservative than
the ones from the literature.

For the constant delay case, where h; = ho, it was found
in [9] that the system remains stable for all constant
delays in the interval [0.100529, 1.5405]. The conditions
of [11] lead to an interval [0.100509, 1.5404]. The result
obtained by solving the conditions from Theorems 1 or
2 with h; = ho leads to stability of this system for all
constant delays in the interval [0.100169, 1.7122], which
is also consistent with the results of [12] and very close
to the analytical one.

5 Conclusions

Two novel stability criteria of systems with time-varying
delays have been presented in this paper. The construc-
tion of augmented LKFs and the derivation of the novel
stability criteria have fully considered the new features
of the second-order Bessel-Legendre integral inequality.
Further research aims at reducing the computational
complexity. Indeed we have shown that the reduction
of the conservatism is related to both the refinement of
the integral inequality and the state augmentation in
the LKF. However, the state augmentation leads, in the
time-varying delay case, to conditions that are polyno-
mial in &, and that cannot be easily treated, constituting
a direction for future research.
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