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ON BIPARTITE UNITARY MATRICES GENERATING
SUBALGEBRA-PRESERVING QUANTUM OPERATIONS

TRISTAN BENOIST AND ION NECHITA

ABSTRACT. We study the structure of bipartite unitary operators which generate via the Stine-
spring dilation theorem, quantum operations preserving some given matrix algebra, independently
of the ancilla state. We characterize completely the unitary operators preserving diagonal, block-
diagonal, and tensor product algebras. Some unexpected connections with the theory of quantum
Latin squares are explored, and we introduce and study a Sinkhorn-like algorithm used to randomly
generate quantum Latin squares.
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1. INTRODUCTION

States of finite dimensional quantum systems are described by trace one, positive semidefinite
matrices called density matrices. Their evolution is given by completely positive trace preserving
maps (CPTP), also called quantum channels. For closed systems, the Quantum channel consists in
the left and right multiplication by a unitary matrix and its hermitian conjugate respectively. Quan-
tum channels describing the evolution of a system in contact with an environment, the so—called
open quantum systems, are given by more general CPTP maps. The famous Stinespring dilation
theorem [19] connects the mathematical definition of open system evolution quantum channels
with their physical interpretation: the evolution of an open quantum system can be seen as the
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2 TRISTAN BENOIST AND ION NECHITA

closed evolution of a [system + environment] bipartite system, followed by the discarding (or partial
tracing) of the environment:

p—=T(p) = [ideTx|(U(p© B)U).

Hence, the quantum evolution depends on two physical relevant parameters: the global evolution
operator U and the state of the environment subsystem 3. We would like to identify the part
played by the unitary interaction U in the properties of the quantum channel 7. Namely, we would
like to characterize families of bipartite unitary matrices U such that the quantum channels T they
generate have some prescribed properties, independently of the environment state 5. In this work,
we answer this question for channels preserving some special sub—algebras of states/observables.
Different channel properties were studied under the same framework in [11] (see also [4]).

Part of the initial motivation of our study originates in the characterization of quantum channels
preserving a set of pointer states. These CPTP maps appear in the context of quantum non
demolition measurements [6, 7, 8, 2, 21, 20]. The following proposition is a discrete time version of
[8, Theorem 3]. It is obtained through the repeated application of Theorem 7.1.

Proposition 1.1. Let {e;}_ | be a fized orthonormal basis of C", and U € Uy, a bipartite unitary
operator. The following statements are equivalent:

(1) There exists a set of quantum states B which spans My (C) such that, for any state B € B,
the quantum channel Ty g leaves invariant the basis states e;e; :

VB € B, Vi € [n], Tug(eie;) = eie;;

(2) The operator U is block—diagonal, i.e. there exists unitary operators Uy, ..., U, € Uy, such
that

n
U= Zeief ® Uj.
i=1

The implication (1) = (2) holds also if (1) is replaced by
36 > 0,Vi € [n], Ty (eie;) = ee;.

The main goal of the current paper is to obtain similar characterization of the set of bipartite
unitary operators giving quantum operations which preserve some structure on the input state
or observable, such as diagonal matrices, tensor products, or other block-structures. One of our
main results is a characterization of quantum channels creating no coherences between states of a
prescribed basis. They therefore act essentially classically. More precisely we characterize bipartite
unitary matrices generating CPTP maps preserving quantum states which are diagonal in the
computation basis (see Theorem 4.4 for a precise statement):

Theorem. A bipartite unitary operator U acting on C* @ CF generates quantum channels T which,
independently of the environment state 3, leave invariant the diagonal subalgebra D, if and only
if its blocks {Uij}Zj=1 are partial isometries with initial and final spaces E;j and F;; respectively
satisfying the following conditions:
e For all rows i, the collection of final spaces {Fj;}; forms an orthogonal partition of C*
e For all columns j, both collections of initial spaces {E;;}; and of final spaces {F;;}i form
orthogonal partitions of CF.

In the result above, the collection of final spaces of the partial isometries {Fj;};j, is required
to partition the total space C* simultaneously on every row and column. In the case where each
space Fj; is of dimension one, this is precisely the definition of quantum Latin squares from [14].
We analyze further these objects and we propose an algorithm to randomly sample such objects.
We analyze numerically this algorithm (inspired by the classical Sinkhorn algorithm) and prove the
convergence of a relaxed version of it.
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The paper is organized as follows. In Section 2 we set up the problem we are studying, giving
the necessary definitions. In Section 3 we gather some useful facts about partial isometries which
shall be necessary later on. The next four sections represent the core of the paper and contain
the results about, respectively, diagonal, block—diagonal, tensor product, and zero algebras. The
proofs for the preservation of diagonal or block diagonal algebra and tensor product algebra use
incompatible techniques, we thus do not provide a characterization of bipartite unitary matrices
generating quantum channels preserving direct sum of tensor product sub-algebras. Section 8
contains some numerical recipes to sample from the sets of unitary operators considered in this
paper. Finally, the Appendix contains the proof of the non—commutative Sinkhorn algorithm in
the case where the blocks of the matrix are invertible.

Acknowledgments. 1.N. would like to thank Teo Banica and Martin Idel for inspiring discussions
around Sinkhorn’s algorithm and its different generalizations. The authors’ research has been
supported by the ANR projects RMTQIT ANR-12-IS01-0001-01 and StoQ ANR-14-CE25-0003-01.
Both authors acknowledge the hospitality of the Mathematical Physics Chair of the Technische
Universitat Miinchen, where this research was initiated.

2. QUANTUM CHANNELS AND INVARIANT SUBALGEBRAS

In this paper, we are interested in the structure of bipartite unitary operators U € U,,;, and of
the quantum operations they generate via dilation results. To any such bipartite unitary operator
and any trace one positive semidefinite matrix 8 € My (C), we associate two maps:

Svup : Mp(C) — M, (C)
X = [deTr|(UY(X @ I)U(L, ® 5)) (1)
and
Ty : My(C) — M,(C)
X = [deTr)(U(X @ B)U") (2)

If the matrix 8 is a quantum state, i.e. [ € M,i’Jr(C), the map Sy g is unital and completely
positive (UCP), while the map T g is trace preserving and completely positive (TPCP). Moreover,
a direct calculation shows that the maps above are dual with respect to the Hilbert—Schmidt scalar
product:

VX,Y € M,(C), (Sup(X),Y) =(X,Tyg(Y)).

We refer the reader to [16, Chapter 6] for a mathematical introduction to CP maps, and to [15,
Chapter 8] or [22] for a quantum information theory perspective.

Our ultimate goal will be to characterize bipartite unitary operators U with the property that
all the UCP maps Sy g (respectively all quantum channels Ty g) preserve a C*-algebra

N
A=04 0P (Mg, (C)RI,). (3)
=1

Note that the above expression is, up to a global unitary rotation, the most general form of a
C*—subalgebra of M, (C), see [10, Theorem 1.10.8]. The diagonal subalgebra corresponds to the
case dg =0, d; = r; = 1, for i € [IN] (for an integer n, we write [n] := {1,2,...,n}). More precisely,
we shall be interested in the sets

UAHD = (U € Uy - VB € MIT(C), Sys(A) C A}

UAS = {U € Uy, : VB € My (C), Typ(A) C A}
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of bipartite unitary operators leaving the subalgebra A invariant in the Heisenberg, respectively
the Schrodinger picture. We shall also be interested in comparing the sets above corresponding to
two subalgebras A; C Az C M,,(C). In general, we have the following inclusion diagram

{U VB, Sug(A1) €A} € {U : VB, Sypg(Ar) C A}
Ul Ul

{U : VB, Supg(A2) C A1} C {U : VB, Syp(Az) C Az}

Similar relations hold for channels in the Schrédinger picture. Note that the above diagram
does not imply any obvious relations between the sets U (A1-H/9) and 1/(A2:H/9); some special cases
of algebra inclusions will be investigated in Sections 5.3 and 6.3, to show that these sets are, in
general, not comparable.

3. STRUCTURES ARISING FROM PARTIAL ISOMETRIES

Recall that a partial isometry between two Hilbert spaces is a map such that its restriction to the
orthogonal of its kernel is an isometry. More precisely, a matrix R € M, (C) is a partial isometry
if there exists two subspaces E and F', called respectively the initial and the final subspace of R,
such that

(1) ker R = E+;
(2) R: E — F is an isometry.
Partial isometries are characterized by the relation R = RR*R (or, equivalently, by the relation

R* = R*RR*). Let us remark right away that two important classes of operators, orthogonal
projections and unitary operators, are partial isometries.

Definition 3.1. A family of vector subspaces {E;}icr is said to form a partition of C* if
(1) For alli # j € I, we have E; 1 Ej;
(2) ®icrE; = CF.

Definition 3.2. An operator R € M,;(C) = M, (My(C)) is called a matrix of partial isometries if
its blocks R;; € M, (C) defined by

n
R = Z eie; X Rij
ij=1

are partial isometries. Let E;; (resp. Fij) be the initial (resp. final) spaces of the partial isometries
R;j. The matriz of partial isometries R is said to be of type (x,y,z,...) if, in addition, the
subspaces E;j, Fy; satisfy the orthogonality conditions x,y, z, ... from the list below:

(C1) For alli € [n], the subspaces {Ej;}jc form a partition of CF;

(C2) For alli € [n], the subspaces {Fy;} ;e[ form a partition of C*;

(C3) For all j € [n], the subspaces {Eij}icn) form a partition of Ck;
(C4) For all j € [n], the subspaces {Fy;};cn) form a partition of C*.

Lemma 3.3. A matriz of partial isometries is unitary iff it is of type (C2),(C3).
Proof. Let R be a matrix of partial isometries of type (C2),(C3), with blocks R;;. We have
n n
RR* =) eic;® Y RisR},.
ij=1 s=1

Consider now a general term RiSR;fS in the sum above. The map R;'-‘S is also a partial isometry,
having initial space Fjs and final space Ejs. Since, for all s, the spaces {Ers}re[n] form a partition
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of C¥, we obtain R,-SR}‘S = 6;;Pp,, (Py denotes the orthogonal projection onto some subspace V).

Hence
n n n
RR* = eie; @Y Pr, = eie] @Iy =In,
i=1 s=1 i=1
where we have used again the direct sum hypothesis for the partition {Es}se[n]'
Reciprocally, consider now a unitary operator U and represent it by blocks (which are partial
isometries)

n
U= Z eie; ® Usj.
ij=1
From the unitarity condition UU* = I, we get that, for all i € [n],

n n
Iy => UyUj=> Pr,.
j=1 j=1

But a sum of selfadjoint projections is equal to the identity iff the subspaces of the projections
form a partition of the total space. Hence, we obtain that, for all i, the subspaces {Fj; }je[n] form a
partition of C¥, which is condition (C2) from Definition 3.2. Starting from the relation U*U = I,,,
a similar reasoning produces condition (C3) from the statement. O

The proofs of the upcoming sections are based on the following lemma, due to Cochran [9].

Lemma 3.4. Let Ay,..., A, € Mi(C) be operators satisfying
n
S AA =1 (4)
i=1

Then,

n
> rk(4;) >k, (5)
=1
with equality iff the A; are partial isometries with initial spaces E; forming a partition of CF.

Proof. The rank sum inequality (5) is a consequence of the rank subadditivity and the equality
rk(A*A) = rk(A) for any matrix A € My (C).

The fact that if the A;’s are partial isometries with initial spaces forming a partition of C* then
Yo rk(A;) =k and )", ATA; = I follows directly from AfA; = Pp, and rk(4;) = dim(E;) by
the Rank-nullity Theorem.

Let us prove that > "  rk(A;) = kand )" | A¥A; = I imply that the A;’s are partial isometries
with the initial spaces E; forming a partition of C¥.

For general matrices the spaces E; are defined as the orthogonal complement of ker(4;) in CF.
Let E be the direct sum of the E;’s: E = @ | E;. Assume E C CF with a strict inclusion. Then
Jz € CF different from 0 such that Vi € [n], A;z = 0. From (4), it follows that

n
(I3 = (Aix, Aiz) = 0.
i=1
That contradicts the condition x # 0 thus E = CF.
From (4) again, we have that for every i € [n], A7A; < I, hence ATA; < Pg, since A7A; is
0 on the orthogonal of E;. It follows that ., Pg, > I by summing over i. Assume this last
inequality is strict. From the rank inequality (5), > r ; rk(A;) > k since rk(4;) = dim(E;) by the
Rank-nullity Theorem. Since we assumed that " ; rk(A;) = k from the contradiction we obtain
> iz1 Pp, = I. Multiplying on the left and right by a specific Pg; we obtain Z#j Pg, Pg, Pg; = 0.
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Since this sum is a sum of positive matrices equal to 0, all the terms must be 0. Hence, the mutual
orthogonality of the E;’s follows.

We proved that the family {E;};cp, is a partition of C*. It remains to prove that the A;’s are
partial isometries.

From the mutual orthogonality of the E;’s and the equality (4), for any j € [n],

n
A TATA; = AATA; = A
i=1
Hence the A;’s are partial isometries. ]

We prove next a more specialized version of Cochran’s lemma.

Lemma 3.5. Let Ay, ..., A, € Mi(C) such that

zn: AfA; =1 (6)
=1

Vi), ATA; =0, (7)

Then, the matrices A; are partial isometries with the family of initial vector spaces {E;} and the
family of final vector spaces {F;} forming partitions of CF.

Proof. The final vector subspaces F are the image of C* by the respective A;: F; = A;CF. The
rank of A; is equal by definition to the dimension of F;. From the definition of the vector spaces
F;, for any x € F; and y € F}, there exists 2/, 3y’ € C¥ such that z = 4;2’ and y = A;y’. From (7),
if i # j,
(0,y) = (A, Ay} = (o', A7 Ay} = 0.

It follows that the F;’s are mutually orthogonal.

Since the F;’s are mutually orthogonal, the dimension of the direct sum F = @}, F; is equal
to the sum of the dimensions of the Fy’s: dim(F') = )" ; dim(F;). Since F is a vector subspace of
C*, dim(F) < k. The equality and then the conclusion follow from Lemma 3.4 and (6). O

4. THE DIAGONAL ALGEBRA

We start with the most simple case, that of the diagonal subalgebra

From a physical perspective, this case is probably the most interesting one, and it is also very
illuminating from a mathematical point of view. We shall treat separately the cases of CP maps
which are unital (the Heisenberg picture) and trace preserving (quantum channels, the Schrédinger
picture). Although the results in this section are special cases of the ones in Section 5, we state
and prove them separately, in order to showcase the different ideas and techniques involved in the
proof, which are more transparent in this case.

4.1. The Heisenberg picture. We are interested physical transformations of observables, that is
in unital completely positive maps (UCP). More precisely, such maps can be written as

Sup(X) = [id @ Tr](U™(X @ [x)U (I @ B)),

where U € U, is a unitary operator, 3 € M,i’Jr(C) is a density matrix, and X € M3*(C) is the
observable (Hermitian matrix) on which the map acts.

Theorem 4.1. Let {e;}_ | be a fized basis of C", D,, the commutative algebra of matrices which
are diagonal in the basis {e;}, and U € Uy a bipartite unitary operator. The following statements
are equivalent:
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(1) There exists a set of quantum states B which spans My(C) such that, for any state 5 € B,
the UCP map Sy g leaves invariant diagonal matrices:

V3 € B, Su.a(Dn) € Dpy;
(2) In the basis {e;}, the operator U is a matriz of partial isometries (and thus it is of type

(C2),(C3)).

Proof. The easy implication, (2) = (1), is proved by direct calculation. By our assumption, the
blocks of U are partial isometries, with initial and final spaces satisfying conditions (C2),(C3) from
Definition 3.2

n
U= Z eie; X Uij.
i,j=1
For each basis element ez, we have
n
Supleses) = Y [deTr(ejef, @ U, - esel @ I, - eief, @ Uy - In @ )
i1,51,82,52=1
n
= Y i€, Tr(U,UsjB).
J1,J2=1
Since the blocks Uj; satisfy condition (C2) from Definition 3.2, the operator Uy; Usj, is null, unless
J1 = ja. Hence, the output Sy g(esel) is a diagonal operator, proving the claim.
Let us now show (1) = (2). Going through the computations above, without assuming
anything about the blocks of U, we see that the condition that S 3 preserves the diagonal implies
that for all s, j1,j2 € [n] such that j; # jo and for all g € B,

Tr(Us*jl Usj26) = 0.
Since B spans the whole matrix algebra My (C), we obtain U, sj1Usjs = 0. In turn, this implies
Fyj, L Fyj, for all s,j1,j2 € [n] such that j; # jo. Hence Fy = @;F}; is a direct sum of orthogonal
subspaces of CF. In particular, dim F, = > ;dim Fy; < k.

Since U is unitary, we moreover have, for all s € [n], Z]‘ Us;Ug; = Ii. From Cochran’s Lemma 3.4
(with A; = U;;) we deduce dim Fs > k. Hence }_, rk(Us;) = k and the Us;’s are partial isometries
of type (C2).

Again using the unitarity of U, we get >, U5U;; = I, for all j € [n]. Since the Uj;’s are partial
isometries, the previous equality reads ) ; Pg,; = I, for all j € [n]. It follows that, at fixed j, the
initial spaces {Ei;}icpn form a partition of C*, which is property (C3) from Definition 3.2. We
conclude that the Uj;’s are partial isometries of type (C2),(C3), proving the claim. O

Remark 4.2. Let us consider the simplest case, where n = k = 2, and the partial isometries
appearing as the blocks of U have unit rank. The 4 x4 unitary operators which satisfy the conditions
of the result above are of the form

ab* ac*
U= € MQ(MQ((C)),
avy, dicy

for some vectors a,a,,b,by,c,ci,d,d; € C? satisfying the indicated orthogonality relations (we
denote by x, a fized unit vector which is orthogonal to x € C?). The UCP map Sy s acts as follows
on diagonal operators:

s z 0 x{a, Ba) + yla,, Ba, ) 0
U, =
o v 0 w(d, Bd) + y{d., Bd.)
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Example 4.3. The identity and the flip operator

n
F, = Z eie; @ eje; € Uy
ij=1

satisfy the conditions in Theorem 4.1, since

S1,..8(X) =Tr(8)X

S p(X) = TH(X )L,
4.2. The Schrédinger picture. Let D,, C M, (C) the set of diagonal n x n matrices, in some
basis {e;}1_; of C", which we assume fixed.

The main result of this section is the following theorem, which characterizes unitary matrices
preserving, independently of the ancilla state, the diagonal subalgebra of the system space.

Theorem 4.4. Let {e;}_ | be a fized basis of C", D,, the commutative algebra of matrices which
are diagonal in the ba,szs {ei} and U € Uy, a bzpartzte unitary operator. The following statements
are equivalent:

(1) There exists a set of quantum states B which spans My (C) such that, for any state 5 € B,
the quantum channel Ty g leaves invariant diagonal matrices:

VB € B, Ty s(Dpn) € Dy;
(2) In the basis {e;}, the operator U is a matriz of partial isometries of type (C2),(C3),(C4).

When this is the case, for all quantum states 5 € M,i’Jr((C), the quantum channel Ty g acts on
diagonal matrices as a Markov chain with transition probabilities (P;j); jen) given by

PZ] = TI'(PEjiB),
where Ej; is the initial space of the partial isometry corresponding to the block (j,4) of U.

Proof. The proof follows more or less the same steps as the proof of Theorem 4.1. Let us start with
the easier implication (2) = (1). Consider a basis element e; and compute

Ty s(ese’ Z eie Tr(UssBUS,), (8)

,j=1
where U;; € My(C) are the blocks of U:

n
U= Z eie; X Uij.
ij=1
Since U is of type (C3), we have U;‘sUis = 0;jPg,,, and thus

Ty p(eses Zeze Tr(Pg,.5),
=1

proving the claim.

We prove now the second implication, (1) = (2). Using equation (8), we obtain that Ty, g(ese})
is a diagonal element iff

VB € B, Vi +#j € [n], Tr(UisBUS,) =

Since the above relation holds for a set of matrices S which spans the full matrix algebra, we
conclude that

Vsen,Vi£jen], ULUs=0. (9)
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Using the unitarity condition U € Uy, we also have

n
> U Ujs = Ii.
j=1

We now apply, for every s, Lemma 3.5 to conclude that all the blocks U;; of U are partial isometries
having the property that, for each column, both the initial and the final spaces of the partial isome-
tries form a partition of C* (these are the conditions (C3) and (C4) in Definition 3.2). Condition
(C2) follows from Lemma 3.3. O

Remark 4.5. The condition (C1) from Definition 3.2 is not needed for the result above to hold,
as the following example shows. Consider three unit vectors a,b,c € C? with the property that
(b,c) # 0, and let

ab®  ajc*

U= € Ma(M2(C)).

a by ach
By direct calculation, one can show that U is a unitary matrixz. Notice that U is a matriz of
partial isometries satisfying conditions (C2),(C3),(C4) from Definition 3.2, but failing condition
(C1). Moreover, for a given qubit density matriz B € M21’+((C), the channel Ty g acts on diagonal
operators as follows:

TU’ﬁ(eleT) = <b, /Bb>€16T + <bL, 5bL>€26§
TU,B(62€§) = <Cv BC>61€T + <CL750L>62€§7
giving rise to the following Markov transition matrix
<b7 6b> <bJ_7 ﬁbj_>
<C, ﬁC> <CJ_7 BCJ_>

Note that the matriz above has the general form of a 2 X 2 stochastic matrizx.
If moreover (C1) holds, the matriz P is bistochastic.

P:

5. THE BLOCK—DIAGONAL ALGEBRA

Let
N
A= My, (C)
a=1

be a subalgebra of M, (C) and

N
cr =P (10)
a=1

the associated direct sum of orthogonal subspaces decomposition. In the above expression, the
integers di,...,dy form a partition of n, while the subspaces Vi,...,Vy form a partition of C".
Our goal is to characterize UCP maps as in (1) (resp. TPCP as in (2)) which leave the algebra
A invariant, irrespective of the ancilla state 5. Let us consider a basis {ei,...e,} of C" which
is compatible with the decomposition (10), that is there exists a partition [n] = LI a such that
Vo = linspan{e; };ca for all a € [N]. We define an equivalence relation i ~ j < i,j € a for a unique
a € [N].

We shall consider two different block decompositions of the unitary interaction matrix U € U,,:
the usual one

n
U= Z 61'6; & Uij,

i,j=1
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with U;; € My(C), and the decomposition corresponding to the coarser partition (10)

Ui U -+ Uln

U- U- ... U
g |V Uz ON |

Uyt o o Unw

where -
Uyp = Zeie; ®U; € Mdakxdbk:((c)'

i€a
j€b

Accordingly, let {Eap}apeiny (resp. {Fap}apein]) be the initial (resp. final) spaces of the matrices
Uabl Eab = (ker Uab)L and Fab = ran Uab~

5.1. The Heisenberg picture. As before, we start with the Heisenberg picture of UCP maps,
since the statement and the proof of the main result are easier. Note that the Theorem below
generalizes Theorem 4.1, which corresponds to the particular case d, =1 for all a € [N].

Theorem 5.1. Let U € Uy, and A the above defined subalgebra of M, (C). The following two
statements are equivalent:

(1) There exists a set of quantum states B which spans My(C) such that for any B € B, the
subalgebra A is stable by the UCP map Sgy -

VB e B, Svup(A) C A.

(2) The matrices {Uap}ape[n) are partial isometries from V, @ CF to V, ® C* such that
(a) For any a,b € [N], Fy = Vo ® Ey and for each a € [N], the family {Fab}be[N] is a

partition of C¥;
(b) For each b € [N], the family { Eqb}ac|n @5 a partition of Vi, @ C*.

Proof. Let us show (1) = (2). We initially follow the same path as for Theorem 4.1. By direct
computation, it is easy to see that the hypothesis from (1) is equivalent to

Vi~ jand x £y, U:Uj, = 0. (11)

It remains to prove the equivalence of (2) with this statement.
We can reformulate (11) in terms of matrices:

Va,b,c € [N],b# c¢,VX € My, (C), (X ® I )Uqe = 0. (12)
The proof of this equivalence amounts to taking specific matrices X = e,-e; and multiplying on the
left and right by eye; ® Iy and eyey ® Ij respectively. We leave the details to the reader.

Let us prove that (12) implies

(1) For all a € [N], the family {F,}peqny is a partition of V, ® CF;

(2) For all b € [N], the family {Eq}qeqn) is a partition of V, @ C*.
On the one hand, taking X = I, in (12), we deduce that for each a € [N] and b # ¢, Fy, L Fy.
It follows that F, = @, Fy is a subspace of V, ® CF and is a direct sum of orthogonal subspaces
thus dim F, = Zbe[N] dim Fp, < d k.

On the other hand, since U is unitary, Y, UnpU}, = I4,k. Hence from Cochran’s Lemma 3.4,
>y dim Fyp > dgk. Thus ), dim F, = dok and the matrices Uy, are partial isometries with {Fy}s
a partition of V, ® C¥. Again, since U is unitary > UnUab = >0 Pryy, = Layk- Hence {Egp}aen
is a partition of V} @ CF.

We now show that (12) implies a finer structure for the final spaces.
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Let a,b,c € [N] such that b # c. Let ¢ € Fyp, and ¢ € F,.. Assuming (12), we have that for all
X € My, (C), (¢,(X ® I.)1) = 0. Let the families {¢;}ica C C* and {t);}ica C C* be such that
¢=7 icati®¢iand ¢ = . e; @Y. Set X € My, (C) such that in the basis {e;}ica,
el it (g, ) # 0

Xij =
1 if (¢i, ;) =0
Then (¢, (X ® Ij)y) = 0 implies
S Wi )| =o0.
i,jE€a

Hence for all 4, j € a, ¢; L 9;.

Let Fp, = linspan{¢;|¢ € Fup, ¢ = > ,;c, €i®0;} and Fo. = linspan{ ;|1 € Fuc, ¥ = > _,;cn i QUi }.
We have Fab 1 Fac and Fj, CV, ® Fab for all b € [N]. We shall prove the converse inclusion.

Let z € V, and ¢ € Fy. Then 2 ® ¢ € V, ® Fy, hence Vi) € Fye., (x ® ¢,1) = 0 for any ¢ # b.
Since {Fup}pe[n) is a partition of V, ® CF, 2 ® ¢ € Fyp. Hence V, ® Eyy C Fo and Fypy = V, ® Ely.
Since {Fup}bpe(n) is a partition of V, @ CF, {Fab}be[m is a partition of CF.

For the converse implication (2) = (1), assume (a) and let us prove (12). Let (¢,9) €

V. ® CF x V, ® CF, for some blocks b # ¢. Then Uyyyp € Vo, @ Fop, and Uge¢p € Vi, @ Fye. Then for
any X € My, (C),

(0, Ugp(X ® I )Uac) = (Uapth, (La, ® Pp )X @ Ii)(la, ® Pp, )Uac®)

= < .
= <Uab1/13 (X & PﬁabPﬁac)Uac¢>
=0

We deduce (12) and thus (1). O

At the level of examples, the identity and the flip operators from Example 4.3 satisfy also the
conditions in Theorem 5.1.

5.2. The Schroédinger picture. We move now to the Schrodinger case. Since the proof follows
closely what has been done in the previous sections, we only sketch the main ideas, leaving the
details to the reader.

Theorem 5.2. Let U € Uy, and A the above defined subalgebra of M, (C). The following two
statements are equivalent:

(1) There exists a set of quantum states B which spans My(C) such that for any B € B, the
subalgebra A is stable by the quantum channel Tg :

VB € B, Typ(A) C A.

(2) The matrices {Uap}qpen) are partial isometries from Vi, @ C* to V, ® C* such that,
(a) For any a,b € [N], Fa = Vo ® Fy, and for each a € [N], the family {Fab}be[N] is a
partition of CF;
(b) For each b € [N], the family {Fap}ae(n) is a partition of V, ® CF;
(c) For each b € [N], the family {Eup}ac[ny 5 a partition of V, @ CF.

Proof. From direct computation, (1) is equivalent to
Vi~jandz =y, UpUs =0. (13)

(1) proof is then identical to the one of Theorem 5.1. We thus only show

The implication (2) 1
(2)-

=
the implication, (1) =
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In terms of matrices, (13) is equivalent to,
Va,b,c € [N],b#C,VX EMdedc, U(;ka(X(X)Ik)UC(l:O. (14)
Let us prove that,
(1) For each a € [N, the family {Fy}ye(n is a partition of V, ® c*;
(2) For cach b € [N], the family {Fy},e(n is a partition of Vj © C¥;
(3) For cach b € [N, the family {Egp}qeqn) is a partition of V, @ CF.
Fix a,b,c € [N], b # c such that d, > d,.. Let,
Iq

X=U ‘
0
with U a unitary d, x d matrix. Spanning over all possible U, equation (14) implies Fp, L Feq.
It follows that for every a € [N], > pe(ntk(Uba) < dok. Since 3 ycin UpUsa = la, ® I, from
Cochran Lemma 3.4, 37, ;ny tk(Upa) 2> k and for any a,b € [N], U is a partial isometry such that
for any a € [N] the family {Fy,}yen) is a partition of V, ® C* and (1) holds.

Since for any b € [N], ZaE[N] UpoUy, = I, ® I, and for any a € [N], Zbe[N] Uy Upa = 1g, @ I,
the fact that the matrices Uy, are partial isometries implies (2) and (3) hold.

We now show that (14) implies a finer structure for the final spaces.

Let a,b,c € [N] such that b # c. Let ¢ € Fy, and ¢ € F,,. Assuming (14), we have that for all
X € Myyxa.(C), (¢, (X @ I})1) = 0. Let the families {¢;}icr, C CF and {t;};cc € C* be such that
=2 cpi®¢;and p =3, e @1;. Set X € My, «q.(C) such that in the orthonormal bases
{ei}ieb and {e;}jec of respectively V; and V,

x, =] Gy e #0
1 if (¢i,15) =0

Then (¢, (X ® Ij)y) = 0 implies
> i)l =0.
(i,j)Ebxc

Hence for all (i,75) € b x ¢, ¢; L 9;.

Let Fba = linspan{¢;|¢ € Fyq, ¢ = Y ;cy, i@} and Fca = linspan{y;|}) € Feq, ¥ = Y o €i®Yi}.
We have Fba 1 F., and Fpo CVp® Fba for all b € [N]. We shall prove the converse inclusion.

Let z € V, and ¢ € Fj,. Then 2 ® ¢ € V, @ Fj, hence Vi) € Feo, (x ® ¢,) = 0 for any ¢ # b.
Since {Fya}pe[n) is a partition of V, ® CF, 2® ¢ € Fyy. Hence Vi, ® Ehy C Fip and Fiy = Vi @ Fig.
Since {Fpa }aen is a partition of Vj ® CF, {Fba}ae[N] is a partition of CF. O

5.3. Comparing subalgebras. In this section, we would like to investigate the relation between
the sets .

Ui(mv) = {U € Upk - SUﬁ(.Ai) - .AZ},
for the subalgebras A; 2 C M,(C) with the property that A; C Ay, focusing on the Heisenberg
picture. Note that the two trivial extremal cases, A = CI and A = M, (C) lead both to the set
of all unitary operators. In a situation where both algebras are non-trivial, we claim that the two
sets of unitary operators leaving them invariant are not comparable. We shall consider the simplest
example, and leave the extension to the general case to the reader.

Let n = 3 and consider

A1 = M (C) @ Mi(C) @ M (C) C M3(C)
Ay = My(C) @ M;(C) C M3(C)
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To show that L{l(inv) ¢ L{Qinv), consider the following operator

ele] ege] ese]
U= |eses eres eseh
eg€es ezes  erex

Obviously, the operator U above satisfies the conditions (C2), (C3) from Definition 3.2, so

U e Zx[l(mv). However, for the equivalence relation 1 ~ 2 = 3 induced by the subalgebra A,, and
the choice of indices (i, j,z,y) = (1,2,2,3), equation (11) from the proof of Theorem 5.1 is not
satisfied:

Ui Ujy = (e2e])eze5 = ere; # 0,

hence U ¢ L{Q(inv).
To show that the reversed inclusion also fails to hold, consider a unitary matrix W € Uy parti-
tioned in 2 x 2 blocks W;;:

W= Wi Wia
Waor Wag
We construct the following unitary matrix U € Uyg:

(0 000 00O 1 0
0 0 0 0 O

Wi Wiz
0 0 0 0 O
00 0 0 O0O0O0UO01
U= 1|0 0 0 0 O

War Waa
0 0 0 0 O
0O 0O0O0OO0OO0OT1TTUO0TPO0
1 000 0 0 O0O0UO
00010000 0]

(

One can check by direct computation that U € L[Qinv) . However if one chooses W in such a way

that one of the blocks W;; is not a partial isometry, then U ¢ Ul(inv). This is always possible, since
one can simply choose any small enough matrix Wi, € M2(C) and complete it to a full unitary
matrix W € Uy.

6. THE TENSOR PRODUCT ALGEBRA

We now analyze the case where there is just one term in the direct sum in (3), that is
A= Md((C) ® I

In particular, the system Hilbert space decomposes as C" = C¢® C", with n = dr. We shall denote
by wy € C* ® CF the (un-normalized) mazimally entangled state

k
W = Zei®ei7 (15)
i=1

for some fixed orthonormal basis {ei,...,e;} of CF.
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6.1. The Heisenberg picture.

Theorem 6.1. Let U € Uy, be a bipartite unitary operator. The following are equivalent:

(1) There exists a set of quantum states B which spans My(C) such that for any B € B, the
subalgebra A is stable by the UCP map Sgy:

VB € B, Sus(A) C A.
(2) There exist unitary operators V. € Uy, and W € Uy, such that
U=(LioV) WelI,). (16)
Proof. We first show (2) == (1). For an interaction unitary operator U as in (16), we have
Sus(X @ I) = (idg®id, @ Try) (W @ L) Iq @ V)X @ I @ I)) (Ia @ V) (W @ I.) (Igr ® B)]

= (idg ®@id, @ Trg) (W7 @ [)(X @ Ir @ I)(W @ 1) (Iar © )]

= (idg @ Trg) W (X @ [r)W (1a ® B)] ® Iy

= Swe(X)® I, € A,

proving the claim; a graphical representation of the computation above can be found in Figure 1.

[ O o—0@ W* O O W O——O
) I g [
v+ 1% D/
R T
X P

_ we | H w * Swp(X) p
= Dﬂ 0

* r—

FIGURE 1. Bipartite unitary operators as in (16) yield A-preserving UCP maps.
Round, diamond, and respectively square decorations correspond to the Hilbert
spaces C?, C”, and respectively C*.

For the reverse implication, using linearity and the hypothesis, we find that there is a bi-linear
function fy(X, ) such that
VX € M,(C), g € Mi(C), Svp(X®1,) = fu(X,B)® L.

We rewrite the last equation as
(ida®id. @ Try) [(UT)' (X @ 1, & BT | = fu(X,8) & I,

where UT is the partial transpose of the unitary operator U with respect to the C* tensor factor:
Ul = (idy ®id, ® transp;,)(U). From the universal property of the tensor product M,,(C) @ My (C),
we find that there exists a linear function gy : Mg, (C) — My(C) such that

(idg ® id, ® Try) [(UF)*(X 9L ® 5T)UF} =g X®B8T)®I,.

Moreover, since the left hand side above is a completely positive function of the input X ® 87, the
same must hold for gy. Hence, from the Kraus form of CP maps, we can find, for some s > 1, a
linear operator A : C% — C% such that gy (X ® 8) = (idg ® Tr,) [A*(X ® B)A]; note that we have



ON BIPARTITE UNITARY MATRICES GENERATING SUBALGEBRA-PRESERVING QUANTUM OPERATIONS15

dropped the transposition operation on 3, using the fact that a family B spans M (C) iff BT does.
We have thus, for all X and S,

(idg ®id, ® Try,) (UM)* (X @ I, @ B)U"| = (idg ®id, ® Tr,) [A*(X ® I ® B)A],

where we recognize two different dilations of a CP map. On the level of the Choi matrices, the
equality above translates to

(idg ® idg ®@id, @ Tr @idy) [(Ig © (U")* @ ) (waw) @ I, @ wypwp) (la @ UT @ 1) =
(idg ®@idg @ Trs @ idg) [(Ig @ A* @ I;) (waw) @ wpwi) (I @ A@ I},)| @ I, <=
(11 @ U*)(wawy @ I, @ I) (Ig @ U) = [(Ig @ (A")*) (waw)) @ L) (Ig © AY)] & I,
where AT : C% ® CF — C¢ ® C® is the partial transposition of the operator A with respect to

the second subsystems. The two square roots of the last equation above are related by a partial
isometry V : C™ — C™* as follows

Wi L L) I40U)= [0 L;eV)[(wae L) (1@ A ® 1] <= U= (1,2 V)(A" I,).
Let us set W := AL, Since U is an unitary operator, we have
Ijpy =UU=W"Q L)1 @ V(I @ V)W ®I).

and thus V*V must have full rank, i.e. V is an isometry; in particular, s < k. But then, 4, =
W*W & I, hence W is also an isometry, implying £ < s . We have thus s = k, and V, W are
unitary operators, as claimed. O

Let us consider some special cases of the result above. In the d = 1 or r = 1 case, requiring that
the algebra A should be preserved does not impose additional constraints, so we recover the set of
all unitary matrices U,. If kK = 1, the ancilla space is trivial, and the UCP map acts by unitary
conjugation. It is clear then that the unitary operator U must be a tensor product, U = W @V,
with W € Uy and V € U,.

6.2. The Schrodinger picture. Before stating our main result, we introduce the set of bipartite
unitary operators with the property that their partial transpose is also unitary

uunital = {U € unk : UF € unk} = unk mu};k' (17)

This set has been studied in [11], and we refer the reader to that paper for additional properties
of such unitary operators.

Theorem 6.2. Let U € Uy, be a bipartite unitary operator. The following are equivalent:

(1) There exists a set of quantum states B which spans My(C) such that for any B € B, the
subalgebra A is stable by the quantum channel Tg :

VB € B, Typ(A) C A.
(2) There ezist unitary operators V. € Ug, and W € Uy N Ufk such that
U= (I;aWh) - (Vel). (18)

Proof. Let us first show (2) = (1). Consider a bipartite unitary U as in (18); for any A € M;(C)
and € My (C), we have

Tos(A® 1) = (idg®id, @ Trg) (L@ W)V @ L) A I, @ B)(V* @ L.)(Ig @ W*)]
=L LRw)(VeWNHABL L)V e@W™) (I;® 1, @ w)
= (idg@Trp) [V(A® BV ® I, € A,

where w is the maximally entangled state (15). The computation above is represented graphically
in Figure 2.
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*

WF WF*

i T

FIGURE 2. Bipartite unitary operators as in (18) yield A-preserving channels.

Let us now prove (1) = (2). We follows the steps in the proof of Theorem 6.1. Using
linearity, the universal property of the tensor product and complete positivity, we find that there
are operators V : C% — C% and W : C*" — C*", for some s > 1, such that

wpU = ws(Vo W),

see Figure 3, left panel. Moreover, the application W* is an isometry, so s < k. Denoting by W'
the partial transposition of W with respect to the spaces C* and C?, that is

r ks
Wl = Z ZZ(ei@)ea,Wej ®ep)ejQeq-e; ey,
a,b=1i=1 j=1
we have
U= (oW V&l,),

as claimed; see Figure 3, right panel. From the trace preservation condition, we get that V is an
isometry, and thus k£ < s. We conclude that k = s, and thus both V' and W are unitary operators.
Asking that UU* = Iy, yields G unitary, proving the final claim and finishing the proof.

A 1% 1%

B b b
W wt
o - o

FiGURE 3. The relation between the operators U, V,W. Triangle shaped labels
correspond to the space C?; in the proof, it is shown that s = k.

0

As in the Heisenberg case, we discuss next some special cases of Theorem 6.2. In the case where
r =1, A is the full input matrix algebra, so we recover the set of all unitary matrices U,r. If £ =1,
the ancilla space is trivial, and the quantum channel acts by unitary conjugation; hence, U must
be a tensor product, U =V @ W, with V € Uy and W € U,.. Finally, if d = 1, we just require of the
quantum channels Ty 3 to be unital, independently of the value of 3; but this is precisely Theorem
[11, Theorem 3.1]: the unitary operator U must be such that its partial transpose is also unitary
U=W €Uy NU,.
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6.3. Comparing subalgebras. We would like to address here the same question as the one in
Section 5.3, but with the following choice of subalgebras:

Ay = My(C)® I,
Ay = My(C) @ My(C) @ - -- @ My(C),

7 times

where d,r > 2 are two arbitrary integers, and n = dr. It is clear that A; C As. As in the previous
case, we show that the two sets of unitary operators that leave invariant the above subalgebras
cannot be compared.

Let us start by considering a general element from Z/ll(inv), of the form U = (I; @ V)(W ® I.), see
Theorem 6.1. In order to check the conditions in Theorem 5.1, we decompose

,
V = E Vap ® eqep,
a,b=1

and obtain the following expression for the blocks of U:
Uah = (1a @ Vap)W € Mg (C).

Since W is unitary, an operator as above is a partial isometry iff V,; is one; but one can easily
construct a unitary matrix V' having at least one block which is not a partial isometry (one can pick
any small enough matrix V47 which is not a partial isometry and extend it to a unitary matrix).
This shows that Z/{l(mv) ¢ Z/{2mv).

To show that the reversed inclusion also fails to hold, consider the case £k = r and choose two
families {eq}, {fap} of k? vectors, such that the conditions corresponding to conditions (C2), (C3)
of Definition 3.2 are satisfied:

Vb, {eap}q is an orthonormal basis of C*

Va,{fu}s is an orthonormal basis of C*.

Define
r=k

U:= Z 9a9s @ Vap @ fapeip,
a,b=1

where {g,} is another orthonormal basis of C" = C* and {V,;} is an arbitrary family of unitary
operators acting on C%. The operator defined above leaves invariant the algebra Aj, since its blocks

Uah = Vab @ fapely
are partial isometries satisfying the hypotheses of Theorem 5.1 with initial and final spaces given
by
Eu=Cl®Ceq, and Fyu=C?®@Cfy.
Let us assume now that the unitary U described above also leaves the algebra A, invariant; from

Theorem 6.1, we find unitary operators V' € U2 and W € Uy such that U = (I; @ V)(W ® I). In
particular, the blocks of U read

Ua = (Ig @ Vap)W,
where Vy;, are the k x k blocks of the unitary operator V. Muliplying the equation above with the
adjoint of the same expression for another index pair («, 3), we get
Id b2y Vab OT/B = <€ab, ea6>‘~/ab‘7;8 ® fabf;ﬁ-
A contradiction occurs in the relation above if there is a quadruple (a,b, o, 3) such that eq; £ eqp
and VabV;ﬂ ¢ Cly.
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7. ZERO BLOCK ALGEBRA

Let
A =0q, ® Mg, ((C)
be a subalgebra of M, (C) and
C'"=VoaeW

the associated direct sum of orthogonal subspaces decomposition. In this decomposition, dy+dy = n
and {Vp,V1} is a partition of C". In this section we want to characterize the bipartite unitary
matrices generating UCP maps as in (1) (resp. TPCP maps as in (2)) preserving A irrespective of
the ancilla state 5. It turns out that imposing the stability of A for a given positive definite (3 is
enough.

We consider the block decomposition of the bipartite matrices corresponding to the partition
of C" associated to A. Namely for any X € M,;(C) = M, (My(C)), there exists four matrices,
Xoo € Mdok((C),X()l S Mdok’XChk((C)’XlO S Mdlkxdok((c) and X1 € Mdlk((c) such that

Xoo Xo1
X0 Xu

X:

The stability of A algebras in either the Schrédinger or Heisenberg pictures imposes the same
constraints on the bipartite unitary matrices.

Theorem 7.1. Let U € Uy, and A be the above subalgebra of M, (C). Then the following statements
are equivalent:

(1) There exists a set of quantum states B spanning My(C) such that for any 5 € B, the
subalgebra A is stable under the UCP map Syg:

Ve B, Sug(A) CA

(2) There exists a set of quantum states B spanning My(C) such that for any 5 € B, the
subalgebra A is stable under the TPCP map Ty g:

VB eB, Typ(A) C A
(8) It holds that
U— Upw O
0 Un
with Uyy and Uiy unitary matrices.
The implications (1) = (3) and (2) = (3) hold if the stability of the algebra A holds for a

positive definite state B. In other words if B is replaced in respectively (1) and (2) by a singlet
B = {p} with 5 > 0.

Proof. We start with the implication (1) = (3). Statement (1) is equivalent to
Tr(XSys(Y)) =0

for any X € M,,(C) positive semidefinite such that X;; = 0 and Y € M, (C) positive semidefinite
such that Ypo = 0. From the definition of Sy 3 in (1), we get

Tr(U'Y @ UX ® ) = 0.
Since § > 0 and, X and Y are positive semidefinite, there exists a constant ¢ > 0 such that,
Tr(UY @ [UX @) > cTr(UY @ L,UX ® ).

Thus, (1) implies,
Tr(U'Y @ LbUX ® I) =0
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for any X € M,,(C) positive semidefinite such that X;; = 0 and Y € M, (C) positive semidefinite
such that Yyg = 0. Choosing X = Py and Y = P; with P; the orthogonal projector on V;,

TI"(U*Pl RILUPy® Ik) = 0.

Hence ||Uio|lgs = 0 where || - ||gs is the Hilbert—Schmidt norm. Since U is a unitary matrix, Up;
implies U1 Uy, = 14, and UyyUoo = 14,. Hence both Uyy and Uyq are full rank and thus unitary
matrices by Cochran’s Lemma 3.4. Using again the fact that U is unitary, U Uj; = 0 yields
statement (3).

The proof of (2) = (3) is similar. Statement (2) is equivalent to
Tr(XTyp(Y)) =0
for any X € M, (C) positive semi definite such that X1; =0 and Y € M,,(C) positive semi definite
such that Yyo = 0. From the definition of Ty 5 in (2),
tr(X @ [,UY @ pU*) = 0.
Since § > 0, taking X = Py and Y = P; we deduce, Uy; = 0. Using again the fact that U is
unitary, statement (3) follows.

The proof of the implications (3) = (1) and (3) = (2) are straightforward once one remarks
that (3) implies that U(V; ® CF) ¢ 1, ® CF. O

Remark 7.2. Imposing a finer subalgebra structure to A amounts to apply one of the appropriate
theorems from previous sections to the unitary bloc Uqy.

8. GENERATING RANDOM STRUCTURED BIPARTITE UNITARY OPERATORS

We discuss in this section the natural probability measure one can consider on the sets of bipartite
unitary operators appearing in Theorems 4.1,4.4,5.1,5.2,6.1,6.2. We shall discuss each problem
separately, in the order of increasing difficulty.

Let us start with the set of unitary operators described in Theorem 4.1; these are bipartite
operators U = (Uij);»fj:l with the property that the blocks U;; € Mj(C) are partial isometries
satisfying conditions (C2),(C3) from Definition 3.2. Let us denote by d;; = dim FE;;. From condition
(C3), we deduce that

Vj e [n], Z(S” = k.
=1

Since Uj; is a partial isometry, we also have §;; = dim Fj;, and thus, from condition (C2), we get
n
Vi € [n], 252] = k.
j=1

We conclude that the non-negative integer matrix é = (5ij)?7j:1 has the property that each of its
rows and columns forms a partition of k. For each such pattern matriz §, we construct the following
probability measure on the set of unitary matrices U.

Random bipartite unitary operators satisfying (C2),(C3) with a given pattern

(1) Input: A pattern matrix d.

(2) Consider 2n i.i.d., Haar distributed unitary random matrices Ry,..., R,,C1,...,Cy € Uy.
Denote by R;(j) the j-th column of the matrix R;; similarly for C;(j).

(3) Define the input spaces E;; as follows:

Vi, j € [n], E;j := span {Cj (Z Otj + s) } ,
s=1

t<1
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and the output spaces F}; as

Vi, j € [n], F;j :==span{ R; Zéit + s

t<j s=1

4) For all 7,5 € |n], the partial isometry U;; is defined by its action on F;;, the orthogonal of
J b y Uij J g
its kernel:

Vs € [(5@'], UijCj (Z 5tj + 5) =R; Zézt + s

t<i t<g

(5) Output: U = Z?Fl e;e; ® Ujj, a random unitary matrix satisfying the conditions from
Theorem 5.1.

Note that the choice of the pattern matrix § in the algorithm above is arbitrary. A canonical
choice only appears when k£ = n, in which case one can choose d;; = 1, for all 4, j € [n]. The case of
unitary operators appearing in Theorem 5.1 is dealt with in a similar manner, we leave the details
to the reader.

Let us now consider bipartite unitary operators that satisfy the conditions from Theorem 6.1.
Such operators admit a decomposition U = (I; ® V)(W ® I,.) for other unitary matrices V' € U,
and W € Uy, and it is natural to choose V' and W to be independent, Haar distributed in their
respective group. Note that this probability measure does not give the full Haar measure on the
group Ugyp, since the operators V and W “interact” only on the space CF. Counting parameters,
we find that the real dimension of the set of U’s is k?(d? 4+ 72 — 1).

Regarding operators which give quantum channels preserving tensor product algebras (Theorem
6.2), the situation is more complicated, since there is not an obvious way to sample uniformly from
the set Uypitq from (17), see also [11, Section 3]. We conjecture that the following algorithm will
converge to an element of Uy,pitar-

Sampling from U,z

) Input: Integers n, k and an error parameter € > 0.

) Start with a Haar distributed unitary random unitary operator U € U,j.

) While ||[UY(UY)* — L,i|l2 > €, repeat the next step:

) U < Pol(U"), where Pol(X) is the unitary operator V appearing in the polar decom-
position of X: X = VP with P > 0.

(5) Output: U, an operator at distance at most € from Uypital-

(1
(2
(3
(

4

In Figure 4, we present numerical evidence supporting our conjecture that the algorithm above
converges. Note than an obstruction to the convergence of the algorithm would be an example of
a matrix U € U, such that

UY # U = Pol(U");

on such an input, the loop would be stuck on U ¢ Uypita;. We do not know whether such matrices
exist or not. An implementation of the algorithm above can be found at [5].

Finally, let us discuss the case of unitary operators producing quantum channels which preserve
diagonal subalgebras, see Theorem 4.4. Generating such a matrix of partial isometries is very
similar to what we have done in the Heisenberg case, with just one exception: the output subspaces
need to partition C* both row-wise and column-wise. Let us assume, for the sake of simplicity, that
n =k and dim F; = 1, for all 4,j € [n]; we denote by x;; the unit vector (up to a phase) which
spans Fjj. We recover the following definition from [14].



ON BIPARTITE UNITARY MATRICES GENERATING SUBALGEBRA-PRESERVING QUANTUM OPERATIONS21

Frequency Averegeiterations
012
251
0.10[ [ ]
201
0.08 L4
151 [ ]
0.06
10 °
0.04 °
002} 5f °
0.00 L ' Logy [iterations] 0 L L L L L L —Logyg el
0.0 0.5 1.0 15 20 25 3.0 1 2 3 4 5 6

FIGURE 4. Numerical evidence supporting the claim that algorithm that samples
from Uy pia; converges. On the left panel, a histogram of the logarithm of the number
of iterations that the algorithm needs to terminate for n = k = 2 and € = 1073, ran
on 10° random input data. On the right panel, for the same size parameters, the
average number of steps the algorithm needs to converge, for different values of ¢.

Definition 8.1. A quantum Latin square (QLS) of order n is a matriz X = (:rij)zj:l, where

zi; € C" are such that the vectors on each row (resp. column) of X form an orthonormal basis of
cn.

We present next a conjectural algorithm for generating QLS. The main idea is to look at the
projections on the vectors z;: pi; = xijz;;. Then, for some fixed column j, the fact that the vectors
{x;;}7_, form an orthonormal basis of C" is equivalent to the following equality (a similar relation
holds for the rows): > " | p;j = I,. Since this relation is similar to some probabilities summing
up to one, we draw a parallel between QLS and bistochastic matrices. Our algorithm is thus an
adaptation of the classical Sinkhorn-Knopp algorithm for generating bistochastic matrices [17, 18].
Although the procedure resembles Gurvits’ algorithm [12] called “operator scaling”, we have not
been able to reduce it to operator scaling. Note also that the algorithm below also appears in the
representation theory of the quantum symmetric group S]J\r,, see [3]. For a 3-tensor X, define the
following 2n matrices, which have the vectors z;; as columns:

Vi € [n], R, = inje;‘f
j=1

n
Vj € [n], Cj = inje;‘.
i=1
We say that X is an e-QLS if it is close to being a QLS, in the following sense:

n n
D IRiR; — L3+ > 1CC5 — L5 < &
i=1 j=1

Non-commutative Sinkhorn algorithm for sampling QLS

(1) Input: The dimension n and an error parameter € > 0
(2) Start with z;; independent uniform points on the unit sphere of C".
(3) While X is not an e-QLS, do the steps (4-6)

(4) Define the matrix Y by making the rows of X unitary:

n
Vi € [n], yi; = Pol (Z xise;> - €.
s=1



22 TRISTAN BENOIST AND ION NECHITA

(5) Define the matrix Z by making the rows of Y unitary:
Vj € [n], zij = Pol (Z ysje:) ..
s=1
(6) X+ Z.

(7) Output: X, an e-QLS.

We conjecture that the algorithm above converges almost surely (for a computer implementation,
see [5]). Again, the proof of this important result is elusive at this time, but we have numerical
evidence (see Figure 5), as well as a proof of a relaxed version, where we replace the rank-1 projectors
pi; with positive definite operators, see Appendix A.

Averageiterations
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F1GURE 5. Numerical evidence supporting the claim that algorithm that samples
Quantum Latin Squares converges. On the left panel, a histogram of the logarithm
of the number of iterations that the algorithm needs to terminate for n = 2 and
e = 1073, ran on 10° random input data. On the right panel, for the same size
parameter, the average number of steps the algorithm needs to converge, for different
values of €.

APPENDIX A. A NON-COMMUTATIVE SINKHORN ALGORITHM: THE INVERTIBLE CASE

We present in this section a non-commutative version of the classical Sinkhorn algorithm [17, 18].
The goal of the algorithm is to produce, starting from a matrix X = (Xij)ﬁjzl of positive definite
blocks M (C) > X;; > 0 another block matrix Y = (Y;;) having the following two properties:

Vieln], Y Vi=Iy
j=1

Vi€ nl, > Vi=I
=1

A block matrix having the two properties above will be called a block-bistochastic matrix. As in the
classical case, we shall need to define an approximate notion of block-bistochasticity: given some
positive € > 0, we call Y e-block-bistochastic if

n
Vieln], |I—) Yyl <e
j=1

n
Vi€l |Ik—) Yyl <e
=1

Let us introduce now the non-commutative variant of the classical Sinkhorn algorithm.

Non-commutative Sinkhorn algorithm, the invertible case
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(1) Input: A block matrix X € M, (M;(C)) with positive definite blocks X;; > 0 and some
positive precision parameter € > 0

(2) Let Y = X
(3) While Y is not e-block-bistochastic, do the steps (4-6)
(4) Define the block matrix Y’ by normalizing the rows of Y:
n ~1/2 n —1/2
V) = (Z Y) Y, (Z Y)
s=1 s=1
(5) Define the block matrix Y” by normalizing the columns of Y”:
n ~1/2 n ~1/2
vy = (Z Y) Y (Z Y)
s=1 s=1
(6) Let Y =Y

(7) Output: Y, a e-block-bistochastic matrix.

Before proving that the algorithm above finishes after a finite number of steps, let us note that the
inverses used in steps (4) and (5) are well-defined. Indeed, it is easy to check that at each step, the
matrices Y, Y'Y have positive definite blocks (we assume that the input X has this property),
and thus their row-sums and column-sums are also positive definite (and thus invertible) & x k
matrices.

Proposition A.1. For any input X having positive definite blocks and any precision parameter
€ > 0, the algorithm above stops after a finite number of steps.

Proof. Our proof is a natural extension of the proof in [1]. On the set &}, ; of n x n block matrices
with strictly positive & x k blocks X;;, we introduce the function F': &,  — [0,00) given by

n
P(X) =[] detX,.
ij=1
Let us now consider a matrix Y € X, ;, with the property that the columns of Y are normalized,

ie. Vj e [n], >0 Y = Ix. We claim that F(Y) < 1. Indeed, this is a consequence of the
arithmetic-geometric (AG) mean inequality, as follows:

[T detyy < ] < rn]>

i,j=1 1,j=1

1 1
= Ty
1.7=

F(Y)

n3

IN

n3

1 n n
S(Avmyw] —eren
n
j=1  i=1

So, if we denote by Y7, Ys, ... the matrices Y which enter the algorithm at step (4), then we have
F(Y;) <1, for all r > 2. We show now that, along the “trajectory” Y7,Y3,..., the functional F' is
increasing. We shall assume that » > 2 (Y entering step (4) has normalized columns) and we shall
prove that F(Y) < F(Y’). The inequality F(Y') < F(Y") can be proved in a similar manner. We
have

= s det Y}, F(Y)
FY = detY/! = Y -
) H el -Hl det 2221 Yis (H?:l det Zgzl Yis)m

1,j=1 b,j=
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and thus it is enough to show that

n n
H det Z Yis
=1 s=1

n n n\ n

11 % Tr) Vi (19)
s=1

=1

IN

n3

Yy my, (20)
=1 s=1

n3

1 n n
= EZTrZYiS =1. (21)
s=1 =1

We have thus shown that the function r — F(Y}) is increasing and bounded along a run Y7, Ya, ... of
the algorithm, so it must converge to some value f, € [0,1]. In particular, the quantity appearing
on the left hand side of (19) converges to 1, as r — oo. As a consequence, the AG mean inequalities
which were used in (19) were almost equalities: given ¢, there is some R > 2 such that, for all r > R
and all i € [n],

IN

n n
1 n n 1 n
(1—e) ([ ~Tr) Yie| <detd Vie<|-Tr) Vi
s=1 s=1 s=1

It is a classical fact (see, e.g. [13]) that this implies that that the numbers appearing in the AG
inequality should be, up to some constants depending on n, e-close to their mean; in our case
this translates to the matrices > 7 | Y;s being close to a multiple of the identity, which is our
e-block-bistochastic condition. 0
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