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Jérémie Bigot* Paul Escande’ Pierre Weiss*

October 13, 2016

Abstract

We provide a new estimator of integral operators with smooth kernels, obtained from a
set of scattered and noisy impulse responses. The proposed approach relies on the formalism
of smoothing in reproducing kernel Hilbert spaces and on the choice of an appropriate reg-
ularization term that takes the smoothness of the operator into account. It is numerically
tractable in very large dimensions. We study the estimator’s robustness to noise and analyze
its approximation properties with respect to the size and the geometry of the dataset. In
addition, we show minimax optimality of the proposed estimator.

Keywords: Integral operator, scattered approximation, estimator, convergence rate, numerical
complexity, radial basis functions, Reproducing Kernel Hilbert Spaces, minimax.
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1 Introduction

Let Q denote a subset of R? and H : L?(Q) — L?(Q) denote a linear integral operator defined
for all u € L%(Q2) by:

Hu(z) = /Q K (2, y)u(y)dy, (L.1)
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where K : Q x Q — R, is the operator’s kernel. Given a set of functions (u;)1<i<n, the problem
of operator identification consists of recovering H from the knowledge of f; = Hu; + €;, where
€; is an unknown perturbation.

This problem arises in many fields of science and engineering such as mobile communication
[13], imaging [11] and geophysics [3]. Many different reconstruction approaches have been devel-
oped, depending on the operator’s regularity and the set of test functions (u;). Assuming that
H has a bandlimited Kohn-Nirenberg symbol and that its action on a dirac comb is known, a
few authors proposed extensions of Shannon’s sampling theorem [13| 14, [19]. Another recent
trend is to assume that H can be decomposed as a linear combination of a small number of
elementary operators. When the operators are known, recovering H amounts to solving a linear
system. The work [7] analyzes the conditioning of this linear system when H is a matrix applied
to a random Gaussian vector. When the operator can be sparsely represented in a dictionary of
elementary matrices, compressed sensing theories can be developed [20]. Finally, in astrophysics,
a few authors considered interpolating the coefficients of a few known impulse responses (also
called Point Spread Functions, PSF) in a well chosen basis [11, [16, [6]. This strategy corresponds
to assuming that u; = d,, and it is often used when the PSFs are compactly supported and have
smooth variations. Notice that in this setting, each PSFs is known independently of the others,
contrarily to the work [19].

This last approach is particularly effective in large scale imaging applications due to two use-
ful facts. First, representing the impulse responses in a small dimensional basis allows reducing
the number of parameters to identify. Second, there now exist efficient interpolation schemes
based on radial basis functions. Despite its empirical success, this method still lacks of solid
mathematical foundations and many practical questions remain open:

e Under what hypotheses on the operator H can this method be applied?
e What is the influence of the geometry of the set (v;)i<i<n?

e Is the reconstruction stable to the pertubations (€;)i1<i<n? If not, how to make robust
reconstructions, tractable in very large scale problems?

e What theoretical guarantees can be provided in this challenging setting?

The objective of this work is to address the above mentioned questions. We design a robust
algorithm applicable in large scale applications. It yields a finite dimensional operator estimator
of H allowing for fast matrix-vector products, which are essential for further processing. The
theoretical convergence rate of the estimator as the number of observations increases is studied
thoroughly. An illustration of the problem and the output of the proposed algorithm is provided
in Figure[I]

The outline of this paper is as follows. We first specify the problem setting precisely in
Section[2] We then describe the main outcomes of our study in Section 8] We provide a detailed
explanation of the numerical algorithm in Section [} Finally, the proofs of the main results are
given in Section [5}



(a) Exact operator (b) The data set (c) Reconstructed operator

J ' : b S
(d) Sharp image (e) Degraded image (f) Restored image
256 x 256 pSNR = 19.17dB pSNR = 21.20dB

Figure 1: Top: Reconstruction of a 2D spatially varying blur operator. (a): The
exact operator applied to a 2D dirac comb. (b): 64 impulse responses corrupted by
additive white Gaussian noise. (c): reconstructed operator. Bottom: a deconvolution
experiment. (d): original image. (e): blurry and noisy image. (f): deblurred im-
age using the operator reconstructed in Figure (¢). The operator’s impulse responses
are Gaussians with covariance matrices S(yi1,y2) = diag (6%(y1,y2),0%(y1,y2)) where
o(y1,92) = 1+ 2max (1 — y1,41) for (y1,92) € [0,1]%.



2 Problem setting

In this section, we precisely describe the problem setting. We assume that Q € R? is a bounded,
open, and connected set, with Lipschitz continuous boundary. The value of a function f at x is
denoted f(z), while the i-th value of a vector v € RY is denoted v[i]. The (4, j)-th element of a
matrix A is denoted A[i, j]. The Sobolev space H*(£) is defined for s € N by

d
H?(Q) = {u € L*(Q),0% € L*(Q), for all multi-index o € N¢ s.t. |a| = Za[i] < s} . (2.1)
i=1

1/2
The space H*(2) can be endowed with a norm [|ul| s () = <Z|a‘§5 H@O‘UH%Q(Q)) and the semi-

1/2
norm |ulgsq) = (ZM:S H@O‘ullig(m) . In addition, we will use the equivalent Beppo-Levi

semi-norm defined by \u!QBLS(Q) = |al=s m”aau\lig(m and the Beppo-Levi semi-inner
product defined by

s!

(9 prsy = D m@aﬁ 9%9) L2 (q)- (2.2)

|laf=s

2.1 Space varying impulse response regularity

An integral operator can be represented in many different ways. A key representation in this
paper is the Space Varying Impulse Response (SVIR) S : ©Q x 2 — R defined by:

S(z,y) = K(z +y,y). (2.3)

The impulse response or Point Spread Function (PSF) at location y € Q is defined by S(-,y).
The SVIR encodes the impulse response variations in the y direction, instead of the (z — y)
direction for the kernel representation, see Figure [2] for a 1D example. It is convenient, since
in many applications, the smoothness of S in the x and y directions is driven by completely
different physical phenomena. For instance, in astrophysics, the regularity of S(-,y) depends on
the optical system, while the regularity of S(z,-) may depend on exteriors factors such a weak
gravitational lensing [6]. This property will be expressed through specific regularity assumptions
of S defined hereafter.
Let (¢ )ren denote a Hilbert basis of L?(£2) and £7(£2) denote the following Hilbert space.

Definition 2.1. The space £7(Q) is defined, for all 7 € R and 7 > £, as the set of functions
u € L*(Q) such that:

Hqu’T(Q) = Zw[k]KU, ¢r)|* < +oo, (2.4)
keN

where w : N — R* is a weight function satisfying w(k] > (1 + k2)"/,



Figure 2: Two representations of an integral operator H acting on L?([0,1]).
The kernel is defined by K(z,y) = ﬁ(y)exp (—ﬁ|x—y|2), where o(y) =

0.05(1 4+ 2min(y,1 —y)). Left: kernel representation (see equation (1.1)). Right:
SVIR representation (see equation ([2.3))).

This definition is introduced in reference to the Sobolev spaces H™(Q2) on the torus = T¢,
which can be defined - alternatively to equation (2.1 - by:

H™(Q) = { € L2(Q), S (1 + K™ (u, 1) < +oo} , (2.5)

keN

where the basis (¢) is either the Fourier basis or a wavelet basis with at least m + 1 vanishing
moments (see e.g. [15, Chapter 9]). Definition 2.1]encompasses many other spaces. For instance,
it allows choosing a basis (¢x)ren that is best adapted to the impulse responses at hand, by
using principal component analysis, as was proposed in a few applied papers [12] [4].

Assumption 2.1 (Impulse response regularity). In all the paper, we will assume the following
regularity condition.

sup [|S(-, y)ler (@) < +oo. (2.6)
yeN

When (¢g)ren is a Fourier or a wavelet basis, condition ({2.6) simplifies to S(-,y) € H"(Q)
for all y € Q.
2.2 Smooth variations of the impulse responses

In addition to the impulse responses regularity Assumption [2.1} we need to state a regularity
condition for the impulse responses variations. In order to use fine approximation results based
on radial basis functions [2], we will use the following regularity condition.

Assumption 2.2 (Smooth variations). Throughout the paper, we assume that

855’(1:, Y € LA(Q), Yz € Q and for all multi-index B s.t. |8 < s with s > d/2. (2.7)



The condition s > d/2 ensures existence of a continuous representant of S(x,-) for all x, by
Sobolev embedding theorems [2I, Thm.2, p.124].

In the particular case £"(2) = H"(Q2), the two assumptions and imply that S belongs
to the mized-Sobolev space H™* (2 x ) consisting of functions with 9%S € L?(Q x Q) for all
multi-index |a| < r and 855’ € L2(92 x Q) for all multi-index |3| < s.

2.3 Sampling model

The main purpose of this paper is the reconstruction of the SVIR of an operator from the
observation of a few impulse responses S(-,y;) at scattered (but known) locations (y;)i1<i<p in
Q. In applications, the PSFs S(-,;) can only be observed through a projection onto an N
dimensional linear subspace V. In this paper, we assume that the linear subspace Vi reads

Vn =span (¢, 1 <k < N). (2.8)

In addition, the data is often corrupted by noise and we therefore observe a set of N dimensional
vectors (FY)i<i<n defined for all k € {1,..., N} by

where ¢; is a random vector with independent and identically distributed (iid) components with
zero mean and variance 2.

The assumption that Vi is defined using basis (¢y) simplifies the analysis, since the repre-
sentation and observation bases coincide. It would be interesting for applications to consider
cases where Vyy is defined using another Hilbert basis, but we would then need to use the theory
of generalized sampling, which is significantly more involved (see e.g. [I]). We therefore leave
this question aside in this paper.

Finally, we will show that the approximation efficiency of our method depends on the geom-
etry of the set of data locations, and - in particular - on the fill and separation distances defined
below.

Definition 2.2 (Fill distance). The fill distance of Y = {y1,...,yn} C Q is defined as:
hy,a = sup min, 1y — vjlz- (2.10)

This is the distance for which any y € ) is at most at a distance hygo of Y. It can also
be interpreted as the radius of the largest ball which is completely contained in Q without
intersecting Y.

Definition 2.3 (Separation distance). The separation distance of Y = {y1,...,yn} C Q is
defined as:

1 .
e =5 Z#l? i — yill2. (2.11)

This quantity gives the maximal radius 7 > 0 such that all balls {y € R? : |ly — y;|l2} are
disjoints.



Finally, the following condition will be shown to play a key role in our analysis.

Definition 2.4 (Quasi-uniformity condition). A set of data locations Y = {y1,...,yn} C Qis
said to be quasi-uniform with respect to a constant B > 0 if

ave < hyo < Bgyvo. (2.12)

3 Main results

3.1 Construction of an estimator

Let F' : © — RY denote the vector-valued function representing the impulse responses coefficients
(IRC) in basis (¢x)ken:

F(y)[k] = (S(,y), o). (3.1)
Based on the observation model ([2.9] ., a natural approach to estimate the SVIR, consists in
constructing an estimate F:Q — RY of F. The estimated SVIR is then defined as

N

S(z,y) =Y Fy)lklow(@), for (z,y) € Q x Q. (32)
k=1

The two assumptions 2.1] and 2.2 motivate the introduction of the following space.

Definition 3.1 (Space H of IRC). The space H(2) of admissible IRC is defined as the set of
vector-valued functions G : Q — RY such that

=

IGIE ey = / ) G dy+(1— ) 3 IGOEE 1oy < +00, (3.3)
yeL 1 q k=1

where « € [0, 1) allows to balance the smoothness in each direction.

Quite obviously, we can state the following result.
Lemma 3.1. The SVIRs satisfying assumptions and have an IRC belonging to H(S2).

To construct an estimator of F', we propose to define Fu as the minimizer of the following
optimization problem:

F, = arg min — > " [|Ff — F(y) v + #ll F I3y (3.4)
FGH(Rd)n; VR HERD

where p > 0 is a regularization parameter. Notice that the optimization is performed on H(R?)
and not H(2), for technical reasons related to the use of radial basis functions.

Remark 3.1. The proposed formulation can be interpreted with the formalism of regression and
smoothing in vector-valued Reproducing Kernel Hilbert Spaces (RKHS) [17, [I8]. The space
H(R?) can be shown to be a vector-valued Reproducing Kernel Hilbert Space (RKHS). The
formalism of vector-valued RKHS has been developed for the purpose of multi-task learning,
and its application to operator estimation appears to be novel.



3.2 Mixed-Sobolev space interpretation

In the specific case where (¢ )ren is a wavelet or a Fourier basis and N = +o00, the proposed
methodology can be interpreted in terms of SVIR instead of IRC.

Lemma 3.2. The cost function in problem[3.]] is equivalent to

2]

2
F — ((SC. 90, 081 cpen] |0 (a L 1SCo s+ 1=a) [ 15, ->%L3(Rd)dm) |
(3.5)

In this formulation, the data fidelity term allows finding a TVIR that is close to the observed
data, the first regularization term allows smoothing the additive noise on the acquired PSFs and
the second interpolates the missing data.

3.3 Numerical complexity

Thanks to the results in [I8], computing F . amounts to solving a finite-dimensional system of
linear equations. However, for an arbitrary orthonormal basis (¢))xea, and without any further
assumptions on the kernel of the RKHS H(R?), evaluating F . leads to the resolution of a full
nN x nN linear system, which is untractable for large N and n.

With the specific choice of norm introduced in Definition the problem simplifies to the
resolution of NV systems of equations of size n x n. This yields the following proposition:

Proposition 3.1. The solution of (3.4]) can be computed in no more than O(Nn3) operations.

In addition, if the weight function w is piecewise constant, some n X n matrices are identical,
allowing to compute an LU factorization once for all and using it to solve many systems. In the
specific case where (¢ )ren 1S @ wavelet basis, it is natural to set function w as a constant over
each wavelet subband [I5, Thm. 9.4]. This yields the following result.

Proposition 3.2. If w is set as constant over each subband of a wavelet basis, the solution of
(13.4) can be computed in no more than O (%n:” + Nn2) operations.

Finally for well chosen bases (¢x)ken - including wavelets - the impulse responses can be
well approximated using a small number N of atoms, making the method tractable even in very
large scale applications.

The proposed ideas are illustrated on Figure [3 As can be seen on Figure [3| (e), computing
the TRC in a wavelet basis allows expressing most of the information contained in the SVIR on
a few lines only. Given the noisy dataset, the proposed algorithm simultaneously interpolates
along lines and denoises along rows to obtain the results in Figure 3| (¢) and (f).

To conclude this paragraph, let us mention that the representation of an operator of type
can be used to evaluate matrix-vector products rapidly. We refer the interested reader to
[10] for more details.



(a) Exact SVIR (b) Exact IRC (c) The data set (d) Observed data

(e) Interpolated  (f) Interpolated IRC  (g) Interpolated  (h) Interpolated
SVIR - without — without denoising SVIR — with denois- IRC — with denois-
denoising (o = 0) (a=0) ing (. =0.3) ing (« =10.3)

Figure 3: Illustration of the methodology on a 1D estimation problem. (a) Exact
SVIR: Gaussian PSFs with standard deviation o(¢t) = 0.05 (1 + 2min(t,1 —¢t)) for ¢t €
[0,1]. (b) Exact Impulse Response Coefficients (IRC) in a wavelet basis. (c¢) 7 PSFs
are extracted and corrupted by an additive iid Gaussian noise of standard deviation
5.1073. (d) We observe only a few noisy impulse response coefficients. (e) and (g)
show the estimation result. Notice how the regularization in the vertical direction
allows improving the estimator: the result is very similar to (a). (f) and (h) similar
experiment and conclusions on the IRC.



3.4 Convergence rates

Before stating the main results, let us introduce the following definition.

Definition 3.2. Let A7, Ay be positive constants. Set r > % and s > g. The ball £™%(£2, A1, Ag)
is defined as the set of linear integral operators H with SVIR S belonging to L?(2x ), satisfying

sup S 9) @y < A1 and sup [S(e. )l < Ao
yeQ €

The convergence of the proposed estimator with respect to the number n of observations is
captured by the following theorem.

Theorem 3.1. Assume that S satisfies Assumptions[2.1] and [2.9 and that it is sampled using
model (2.9) under the quast- uniformity condztwn given in Definition . Then the estimating
operator H with SVIR S defined in equation (3.2)) satisfies the followmg mequality

E(|H - H|? <N*%+(N2*122%d 3.6
Hs) S oTn) 2, (3.6)

for u (NJQn_l)Zfﬁ. This inequality holds uniformly on the ball £™°(§2, Ay, As).

In applications where the user can choose the number of observations N (e.g. if it is suffi-
ciently large), the upper-bound (3.6) can be optimized with respect to N.

Corollary 8.1. Assume that S satisfies Assumptions[2.1] and[2.9 and that it is sampled using
model (| under the quasi- umformzty condition given in Deﬁmtwn . Then the estimator H
with SVIR S defined in equation (3.2)) satisfies the following mequalzty

A 2
E (Il - Als) S (0*n)aia, (3.7)

2 d
with the relation 1/q = 1/r+1/s, for p o (o?n=") 244 and N o (Jzn_l)fr(%id) . This inequality
holds uniformly on the ball E™*(Q, A1, A2).

Corollary gives some insights on the estimator behavior. In particular:

e It provides an explicit way of choosing the value of the regularization parameter p: it
should decrease as the number of observations increases.

e If the number of observations n is small, it is unnecessary to project the impulse responses
on a high dimensional basis (i.e. N large). The basic reason is that not enough information
has been collected to reconstruct the fine details of the kernel.

Finally, to conclude this section on convergence rates, it is shown that, under mild assump-

2
tions on the basis (¢x)r>1, the rate of convergence (Uznfl)ﬁ in inequality (3.7)) is optimal in
the case of Gaussian noise and for the expected Hilbert-Schmidt norm

~ 112 N 2
B|j# - Al =5 - 5]
HS

L2(QxQ)

10



Optimality of the rate of converge has to be understood in the minimax sense as classically
done in the literature on nonparametric statistics (we refer to [22] for a detailed introduction
to this topic). For simplicity, this optimality result is stated in the case where the domain
Q = [0,1]% is the d-dimensional hypercube.

Theorem 3.2. Let H be a linear operator with SVIR belonging to £™°(§2, A1, A3). Define q
by 1/q = 1/r + 1/s. Suppose that Q = [0,1]? and that the weights in Definition satisfy
wlk] < ¢1(1+k2)/? for all k € N and some constant ¢, > 0. Assume that there exists a constant
Cy such that for any integer ki > 1

k1
sup {2 w»k(:c)r} <O’k (3.8)
e =1

Assume that the PSF locations yi,...,yn satisfy the quasi-uniformity condition given in Def-

inition [2.4] Assume that the random values (€;[k])ix in the observation model [2.9) are iid

Gaussian with zero mean and variance o2.

Then, there exists a constant co > 0 such that
2q

N 2
it sw B | > (ot (3.9)
H HeErs(Q,A1,Ap) HS

where the above infimum is taken over all possible estimators H (linear integral operators) with
SVIR S € L%*(Q2 x Q) defined as a measurable function.

We do not know whether condition (3.8)) in Theorem (3.2)) is necessary or not. Compactly
supported wavelet bases are a particular instance of functions satisfying this condition.

4 Radial basis functions implementation

The objective of this section is to provide a fast algorithm to solve problem and to prove
Propositions and A few tools related to radial basis functions and useful for the subse-
quent proofs are also introduced.

A key observation is provided below.

Lemma 4.1. For k € {1,...,N}, function F(-)[k] is the solution of the following variational
problem:

1

i oo S = )+ (K117 1 gty + (1= @1 Ty ) (4.1)

Proof. It suffices to remark that problem (3.4]) consists of solving N independent sub-problems.
O

We now focus on the resolution of sub-problem (4.1]) which completely fits the framework of
radial basis function approximation.

11



4.1 Standard approximation results in RKHS

Let us begin with a few results about RKHS. Most of the results can be found in the book of
Wendland [26].

Definition 4.1 (Positive definite function). A continuous function ® : R? — C is called positive
semi-definite if, for all n € N, all sets of pairwise distinct centers Y = {y1,...,y,} C R? and all
o € C™, the quadratic form

Zz%o’qu)(xj —(Ek) (4'2)
j=1 k=1

is nonnegative. Function @ is called positive definite if the quadratic form is positive for all

a € CM{0).

Definition 4.2 (Reproducing kernel). Let G denote a Hilbert space of real-valued functions
f : RY = R endowed with a scalar product (-,-)g. A function ® : R? x R — R is called
reproducing kernel for G if

L. (I)(vy) €4, vy € Rd?
2. f(y)=(f,®(,y))g, forall f e Gandally € RY,

Theorem 4.1 (RKHS). Suppose that G is a Hilbert space of functions f : R — R. Then the
following statements are equivalent:

1. the point evaluations functionals are continuous for all y € RY.

2. G has a reproducing kernel.

A Hilbert space satisfying the properties above is called a Reproducing Kernel Hilbert Space
(RKHS).

The Fourier transform of a function f € L'(R?) is defined by

fo =#irie) = | fw)e e, (13)
x€R4
and the inverse transform by
FA@= | feeeoc. (4.4)
£ERY

The Fourier transform can be extended to L?(R?) and to S’'(R%) the space of tempered distri-
butions.

Theorem 4.2 (|26, Theorem 10.12]). Suppose that ® € C(RY) N LY (R?) is a real-valued positive
definite function. Define G = {f € L2 (RYH) N C(RY): f/\/g € L2(Rd)} equipped with

oy [ T©3(E)
g)g = amye [ FEE e (1.5

Then G is a real Hilbert space with inner-product (-,-)g and reproducing kernel ®(- — -).

12



Theorem 4.3. Let G be an RKHS with positive definite reproducing kernel ®. Let (y1,...,yn)
denote a set of points in R? and z € R" denote a set of altitudes. The solution of the following
approximation problem

n

min — 3 (u(y:) — 2[i])? + £ Jull3 (4.6)
2

ueyg n
g i=1

can be written as:

n

u(z) = cli]®(x — y5), (4.7)

i=1
where vector ¢ € R™ is the unique solution of the following linear system of equations
(G + npld)e = z with G[i, j] = ®(y; — yj). (4.8)

It is shown in [26], that the conditioning number of G' depends on the ratio hy q/qyq. For
numerical reasons it might therefore be useful to discard locations that are too close to each
other.
4.2 Application to our problem
Let us now show how the above results help solving problem (4.1J).

Proposition 4.1. Let G be the Hilbert space of functions f : R — R such that |f‘?3LS(Rd) +
||f|]%2(Q) < +o00, equipped with the inner product:

(fr906 =1 —a)(f,9)pLs (Rd) T awlk[(f,g >L2(Rd) (4.9)
Then G is an RKHS and its scalar product reads

oy [ FOFE,
(g = (m) ™% | =28

where the reproducing kernel ®, is defined by:

®1(6) = (1 — ) |I€]1* + awlk]) " (4.11)

Proof. The proof is a direct application of the different results stated previously. O

dg, (4.10)

The Fourier transform @ is radial, so that @ is radial too and the resolution of (4.1)) fits
the formalism of radial basis functions interpolation/approximation [5].

Remark 4.1. For some applications, it makes sense to set w[k] = 0 for some values of k. For
instance, if (¢ )ren is a wavelet basis, then it is usually good to set w[k] = 0 when k is the index
of a scaling wavelet. In that case, the theory of conditionally positive definite kernels should be
used instead of the one above. We do not detail this aspect since it is well described in standard
textbooks [26], [5].

13



Algorithm 1

1: Input: Weight vector w € RV
2: Regularity s € N
3: PSF locations Y = {y1,...,y,} € R
4: Observed data (Ff)1<ij<n, where Ff € RY.
5: Identify the m < N weights of identical values in vector w € R¥. > O(N log(N))
6: for Each unique weight w do > O(mn3)
7: Compute matrix G from formula with @ defined in ([4.11]).
8: Compute an LU decomposition of M, = (G + nuld) = L,U,,.
9: end for
10: for k=1 to N do > O(Nn?)
11: Identify the value w such that w[k] = w.
12: Set z = (Fie[k])lgign.
13: Solve the linear system L,U,ci = z.
14: Possibly reconstruct F' by (see equation 7))

N n

F(z)k] = er[i|®(z — ui).

i=1

15: end for

5 Proofs of the main results

In this section, we prove Theorem about the convergence rate of the quadratic risk E||S —
S%s-

5.1 Operator norm risk

To analyse the theoretical properties of a given estimator of the operator H, we introduce the
quadratic risk defined as:

~ A 2
R(H, H) :EHH—HH , (5.1)
HS

where H is the operator associated to the SVIR S defined in (3.2). The above expectation
is taken with respect to the distribution of the observations in (2.9). Notice that ||H|gzs =
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K[ z2(axq) = ISl z2(2xq)- From this observation we get that:
. . 2
R(H,H)=E HH - HH
HS

~ |12
<2(|H - Hyl? IEHH —HH
<2 (1t - il + B 1 - ]

~112
=2 HS - SN”%Q(QXQ) +E HSN o S‘ L2(QxQ)

(5.2)

ea(N) €e(n)

where Hy is the operator associated to the SVIR Sy defined by Sy (z,y) = S-n_, F(y)[k]on(x)
and H the estimating operator associated to the SVIR S as in .

In equation (5.2)), the risk is decomposed as the sum of two terms e.(n) and eq(N) (standard
bias/variance decomposition in statistics). The first one €;(/N) is the error introduced by the
discretization step. The second term e.(N) is the quadratic risk between Sy and the estimator
S In the next sections, we provide upper-bounds for ez(N) and e.(n).

5.2 Discretization error ¢4

The discretization error e4(N) can be controlled using the standard approximation result below
(see e.g. [15, Theorem 9.1, p. 437)).

Theorem 5.1. Let f € E"(Q) and let fy = S (f, dr)br. Then
If = fwlI3 < el FlIEn @y N 274, (5.3)
where ¢ is a universal constant.

Corollary 5.1. Under assumptions and[2.9, the discretization error satisfies:

ea(N) S N~2/4, (5.4)
Proof. By assumption S(-y) € ET(NQ) for all y € Q. Therefore, by Theorem [5.1

15¢29) = Sn (. 9) 72 < N2/ (5.5)

Finally:

15 = Sy = [

Yy

< Qe (Sup HS(',y)H%r(Q)> N2
yeN
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5.3 Estimation error ¢,

This section provides an upper-bound on the estimation error

A2
ce(n) =E HSN B S‘ L2(QxQ)

. (5.6)

This part is significantly harder than the rest of the paper. Let us begin with a simple remark.
Lemma 5.1. The estimation error satisfies
F12
68(”) = HF - F”RNxLQ(Q)‘ (5.7)

Proof. Since (¢r)1<r<n is an orthonormal basis, Parseval’s theorem gives
<k< ) g

HSN_gH%Q(QxQ) _/Q/Q(SN(iﬁ,y)—S(x,y)>2d:rdy
2
:// (i(F(y)[k]—F(y)[k])¢k(x)> dxdy
aJo \i

- /Q SO (F)lK] - E(y)[K)dy

k=1
=3 IFOK ~ FORag = IF ~ FlEny 200 (5.8)

O

By Lemma the estimator defined in can be decomposed as N independent estima-
tors. Lemma below provides a convergence rate for each of them. This result is strongly
related to the work in [24] on smoothing splines. Unfortunately, we cannot directly apply the re-
sults in [24] to our setting since the kernel defined in is not that of a thin-plate smoothing
spline.

Lemma 5.2. Suppose that Q C R¢ is a bounded connected open set in R® with Lipschitz continu-
ous boundary and that the set Y = {y1,...,yn} C Q of PSF locations satisfies a quasi-uniformity
condition in the sense of Definition . Then, each function F(-)[k] solution of problem (4.1))

satisfies:
. _ _d
E|EC)H — PR S mlF QR +n %05, (5.9)
provided that nu®/?s > 1.

Proof. In order to prove the upper-bound (5.9)), we first decompose the expected squared error
E||F(-)[k] — F()[k:]||%2(ﬂ) into bias and variance terms:

E|E()[K)~ FO) )220y < 2 | 1E°C) K] = ORIz +EIE Ok — EOEZ2qy |+ (5.10)

Bias term Variance term
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where FO(-)[k] is the solution of the noise-free problem

PO = ang min 5 (1K ~£ 0+ (b s+ 0= ) - (510
eH*(RY) T =y

We then treat the bias and variance terms separately.

Control of the bias The bias control relies on sampling inequalities in Sobolev spaces. They
first appeared in [9] to control the norm of functions in Sobolev spaces with scattered zeros.
They have been generalized in different ways, see e.g. [27] and [2]. In this paper, we will use the
following result from [2].

Theorem 5.2 ([2, Theorem 4.1]). Let Q C R be a bounded connected open set with Lipschitz
continuous boundary.

Let p,q,x € [1,+00]. Let s be a real number such that s < d ifp=1,s>d/p if 1 <p < oo
or s € N* if p = co. Furthermore, let lp = s — d(1/p — 1/q)+ and v = max(p, q,x) where
()+ = max(0, ).

Then, there exist two positive constants ns (depending on Q and s) and C' (depending on §,
n,s,p,q and x) satisfying the following property: for any finite set Y C Q (orY C Q ifp=1
and s = d) such that hyo < ns, for any u € WP(Q) and for anyl =0,...,[lo| — 1, we have

s—l—d(1/p—1 d/~v—1
lulwraay < € (B P fulyangoy + B luly ) (5.12)

where |Julyllz = O, u(yi)x)l/x. If s € N* this bound also holds with | = ly when either
p<qg<ooandly €N or(pq)=(1,00) orp>q.

The above theorem is the key to obtain Proposition [5.1] below.

Proposition 5.1. Set a > 0 and let G(Q2) be the RKHS with norm defined by || - Hé(ﬂ) =

|- |2BLS(Q) +al- H%z(Q). Let u € H*(Q2) denote a target function andY = {y1,...,yn} C Q a data
site set. Let f,, denote the solution of the following variational problem

1 n
fu=arg min = ¥ (u(y;) — f(y;)? + pll F15 gy (5.13)
I ey 1 Zz; j j G(RY)
Then
S d/2
1 = ullz2@) < € (B + WG v/E) el ). (5.14)
where C' is a constant depending only on Q and s and hyq is the fill distance defined in .

Proof. By applying the Sobolev sampling inequality of Theorem forp=q=2=2,1=0,
we get

. 1/2
[Vl z2@) < C | hyalvlms@) + hil/{?z (Z U(?/i)2> ) (5.15)
i=1
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for all v € H®. This inequality applied to function v = f, — u yields

n 1/2
| fu = ullzzg@) < C ( Byl fu — ulms@) + by (Z(fu(yi) - U(yz')Z) : (5.16)

=1

The remaining task is to bound |f, — u|ps(q) and (31 (fu(yi) — u(yi))2)1/2 by [lull g )
One part of the difficulty lies in the fact that f, minimizes the semi-norm over R" and that
we wish a control over the domain 2. This motivates the introduction of an extension operator
P: H*(Q) — H*(RY) defined by

Pu = arg min HfHHS(]Rd) (5.17)
FEH®(RY)
fig=u

By [9, Lemma 3.1], this operator is continuous, i.e. there exists a constant K > 0 (depending
on {2 and s) such that for all u € H*(Q), || Pul| gsray < Kl|ul gs(q). Now, let fo: € — R denote
the solution of

fo= arg min Hf”g(]}gd (5.18)
FEGRY)
I (y;)=u(y;)

By strict convexity of the squared norm || - ”é(Rd)’ function fj is uniquely determined. Moreover,
it satisfies || follg) < [[follgmey < 1Pullgmey < [|Pullgsray < Kllullgsq)- Now, let us define
two functionals f — E(f) = 2 30 (u(y;) — f(y;))? and f — J(f) = Hf”é(Rd)‘ Since f, is the

n

minimizer of ((5.13), it satisfies

E(fu) + pnJ(fu) < E(fo) + pnJ(fo)- (5.19)

In addition E(fo) = 0 and J(fy) < ||Pull} i) < | Pul|? o) < K2Hu||HS . Hence,
E(fu) + I (fu) < Kpllu|Fq) (5.20)
which yields
1 n
E(fu) = > (ulyy) = fuly)? < K2pllullFre o) (5.21)

=1

To finish, the triangle inequality yields |f, —u|gs) < [fulms(@) +ulms@). Then, |u[gsq) <
||| frs () and bound (5.20)) leads to:

|fulms @) < N fullgmey < [l follgmay < Kllullms(a)- (5.22)
Therefore

| fu = ulms@) < (K + 1D)lullgs@)- (5.23)
Replacing bounds (5.23) and (5.21]) in the sampling inequality (5.16)) completes the proof of
Proposition [5.1} O
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Applying Proposition to FO(-)[k], we get

[EOOH] — PO < O (W + VEmhila) 1FORI) (5.24)

The trick is now to use the quasi-uniformity condition given in Definition to control hﬁ’,’ Q

and , /unhil,/é. This is achieved using the following proposition.

Proposition 5.2 ([20, Proposition 14.1] or [24]). Let Y = {y1,...,yn} C Q be a quasi-uniform
set with respect to B. Then, there exist constants ¢ > 0 and C > 0 depending only on d, 2 and
B such that,

en < hfg<Cnh (5.25)

Condition nu®/?* > 1 combined with the right-hand-side of (5.25) yields h{ o < Cpu®/?*, so
that hi o < /p. Similarly, the right-hand-side of (5.25) yields ,/,unhil,{é < Vi Hence

IEOC)K — FO 220y S #IFO R (5.26)

Control of the variance The variance term is treated following arguments similar to those
n [24]. However, the change of kernel needs additional treatments. First of all, note that due
to the linearity of the estimators (4.1), we have F{(-)[k] — F,(-)[k] = f; with 1 € R™ defined as
n[i] = €;[k] and

1 ,
S = arg min — > (f(s) = nli)” + (@K F oy + (0= ) pay) - (5:27)
feHs(Rd) T
We therefore need to estimate E| f}! ||%2(Q). From Theorem applied with p = ¢ =2 =2 and
[ = 0 we obtain that for u € H*(Q)

s d/2
[ull 2@y < C ( v.alulms @) + hY{QHu’YHZ) :

Using the above inequality together with Proposition [5.2] we get that
n
£ 1120y < 2C (h%?gv:ﬁ{s(m +n! Zf,?(y»?) :
i=1

As in [24], let us define the n x n matrix T such that

Tz, z) = ueBHBIERd)(l - a)|u]%,s(Rd) + awlk] HuH%Q(Rd). (5.28)
u(y;)=zli]

The solution of problem ([5.28]) is a spline interpolating the data (y;, 2[i]);-,. Using this matrix,

we can write ([5.27)) as:
1 ¢ 2, =
1 q b n
erelﬁg,lln;_l(d@] nli])” + u(l'z, 2),
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see [24] 23, 25] for details. Thus, the solution Z = (f;'(y;)), is obtained by:
2= (Id + nul) " 'n.
By letting E, = (Id + nul’)~!, we obtain

n n
n1 Z ) =n"" Z 2 = nilnTEzn
i=1 i

i=1
and
(1- 0‘)|f;€7’12qs(]1gd) + aw[k]Hfg‘|%2(Rd) =3T2= nTEufE,m
= (np) "' By (E, —1d)Eun
= (np) """ (B — B
Thus

i) < T ay < ()™ 0" (B — Ep)n.

Using the fact that 7 has i.i.d. components with zero mean and variance o2

, we get that,
n

E ln—l Zf;\](yi)2] =n"'o?Tr(E}),
=1

and on the other hand
E| i 3rs () < (np) "' o*(Tx(By) — Tr(E}))
< (n1) P Te(E,).

We now have to focus on the estimation of both Tr(E,,) = S°1 (1+nuXi(T))~! and Tr(EZ) =
S (T4+npXi(T)) ™2, where /}Z(f) is the i-th eigenvalue of I". This will be achieved by analyzing
the eigenvalues of the matrix I'. This step is uneasy. Hopefully, Utreras analyzed the eigenvalues

of the matrix I" associated to thin-plate splines in [24]. Matrix I" is defined in a similar way as
529):

I'z,z) = min |u 2. . 5.29

(M2 = _min ol (529)
u(y;)=z[i]

One therefore has that (1 —a)z”Tz < 27Tz for all z € RY. Therefore the matrix I' — (1 —a)I is

semi-definite positive. By virtue of Weyl’s monotonicity theorem [28], we get that (1—a)A;(I") <

Ai(T"). Hence we can bound the traces of the matrices F, and EZ as follows

(1+ (L= a)npri(T) 7,

I

@
Il
—

Tr(E,) <

(1+ (1 —a)np(T)) 2

-

@
Il
—_

Tr(EZ) <
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s—14+d

s—1
i2m/dp =1 < A\ (D) < i2™/dp=1 for v +1 < i < n. Following [24], it can be shown that both traces
are bounded by quantities proportional to /Fd/ 2 Thus, one has that

It is shown in [24], that v = ( > eigenvalues \;(T") are null and the others satisfy

E|l £ HL2(Q St ~'h Qu” %),
Since pu%/?*n, > 1 and using Propositionthat givesn < h;,féz we obtain that h%,fgu < 1. Hence
EHf]?H%?(Q) < 02n_1,u_d/25 (1 + hg/s’QH) < O_Qn—llu—d/Zs’
which completes the proof of Lemma O

5.4 Proof of the main results
Proof of Theorem [3.1]
Proof. By equation ([5.2)):

E|H — Hl[}is < 2(ea(N) + ee(n)). (5.30)
By Corollary (5.1])
ea(N) S N2/, (5.31)

Now, let us control €.. Let Fy = F(-)[1: N] .

ce(n) = E|F = Fx v 2(0) (5.32)
N
=Y EIFO)K = FnOFI 72 (5.33)
k=1
N
S 3 (A Oy 7o) (530
k=
= u||FNy\RNst(Q) + Nn~to?u =4/, (5.35)

This upper-bound allows to set the value of the regularization parameter p by balancing the

two terms UHFNH]?gwas(Q) and Nn~lo2u—/2s;

PIF I s () 0 N~ a2, (5.36)

This yields

2s

WX <N02n71||F||HgixHS(Q)) B (5.37)
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Plugging this value in the upper-bound of €.(n) gives

2s
_ _ 2s+d
M\|F|y§NxHS(Q)a(Ngzn 1||F||Rj%st(Q)) TNz s ()0

0 (5.38)
2s =
= (No*n 55| P27 oo
and
2 1 _2s
€e(n) S (No“n™")2s+d, (5.39)
O]
Proof of Theorem [3.1]
Proof. To obtain this bound we use Theorem and we balance the two terms so that:
N=2/d o (No2p~1)zta (5.40)

sd
This gives the choice N oc (67 2n) Trerar s, Replacing N by this value in bound (3.6) gives

4rs

N72T/d x (O_anl)m’
(5.41)

O

Proof of Theorem [3.2]

Proof. In the proof, we first need to define an appropriate wavelet basis to characterize the fact
that a function belongs to the Sobolev ball (for some constant A > 0)

(9, 4) = {u € L), [[ul}uq) < A}

through its wavelet coefficients. We assume that we are given a bi-orthogonal wavelet basis
of L*(Q) generated by a pair of dual scaling functions with compact supports and by tensor
products. For a detailed description of (bi-orthogonal) wavelet basis construction, we refer to
[8]. The scaling and wavelet functions at scale j (that is at resolution level 27) will be denoted by
¢ and Yy, respectively, where the index A summarizes both the usual scale and space parameters
j and k. In other words, for d = 1, we set A = (j, k) and denote ¢;x(-) = 2//2¢(27 - —k) and
Yik(-) = 21/24p(27 - —k). For d > 2, the notation 1) stands for the adaptation of scaling and
wavelet functions to 2 = [0, 1]¢ (see [8], Chapter 2). The notation |\| = j will be used to denote
a wavelet at scale j, where jo denotes the coarse level of approximation. In order to simplify
the notation, as it is commonly used, we take jo = 0, and we write (1x)]\=—1 for (¢a)/=o0-
Finally, |A| < j1 denotes all wavelets at scales j, with —1 < j < j;, and we use the notation
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¥y to denote the dual wavelet basis of 1. Now, assume that a function u € L?() admits the

wavelet decomposition
+oo
= > )
J==1|X\=j

where the ¢[A]’s are real coefficients satisfying c[\] = (u, V) r2(@)- 1t is well known that wavelet
coefficients may be used to characterize the smoothness of functions. For instance, by Theorem
3.10.5 in [8] and using the fact that the Besov space B3 ,(2) is equal to the Sobolev space H*(Q2)
(see e.g. Remark 3.2.4 in []]), it follows that, under appropriate assumptions on the scaling
function ¢ and its dual version (see e.g. those of Theorem 3.10.5 in [g]),

+oo
ue H (QA) < Y > 27A]P < C(4,5,9Q) (5.42)
i==1|\=j

for some constant C(A,s,) > 0 depending only on A, s and 2. Throughout the proof, it is
assumed that the bi-orthogonal wavelet basis is chosen such that the wavelet characterization
of Sobolev norms is satisfied. In particular, we assume that 1) possesses s vanishing
moments.

The arguments to prove the lower bound are based on the standard Assouad’s cube
technique (see, e.g. [22], Chapter 2, Section 2.7.2). Consider the following SVIR test functions

S ( = Hkq,j1 Z Z k )‘ (bk (y)7 V(l’,y) €O x Q7

k=1 |X<j
where v = (v[k, A])j<k, <y €V = {1, -1} 2% and Pk, jy is a positive sequence of reals
satisfying the condition
iy g = cky P27 min (kT 970, (5.43)

for some constant ¢ > 0 not depending on k; and j;.
Let us first discuss the choice of the constant ¢ in (5.43)). For any x € Q and v € V one has
that

J1—1 1 2 Jji—1 2
Mlﬂ J1 Z Z 22]8 ( k A]¢k( )) /‘Lk1 \J1 Z Z 22]8 (Z |¢/€ )
k=1

J==1|X=j J==1|X=j
Jji—1
H%mi Z 2j(25+d)0¢k1 < Cfbﬂil,jl fpq 21 (25+d)
j=—1
where the last inequalities follow from Assumption and the fact that the number of wavelets
at scale j is 2/¢. Hence, by the wavelet characterization of Sobolev norms and the condition
(5.43) on g, j,, it follows that if 2 < C(Ag,s Q)C ! then

IN

Slelp||5 o (@, ) g0y < Az,
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for any v € V. Similarly, for any y €  and v € V one has that

2 2
k1 ]'1*1 ]1 1
ay i d_owlk] | Y > vlk, Aya(y) sﬂuimz AR ST SN o)l | L (5.44)
k=1 ==L N= =1 \=j

using the assumption that w[k] < ¢;(1 + k2)"/¢. Let us define the set

I(y) = D\ : A = j and v (y) # O}

Since, the wavelet v is compactly supported, one has that the cardinality of I;(y) is bounded
by a constant D, > 0 that is independent of j and y. Thus, using the relation |[1hy[|ec < Cio2/%/?
(for some constant Co, > 0) for any A at scale j, we obtain from inequality ([5.44)) that,

2 2
k1 j1—1 ji—1
i o wlkl [ S0 S vk A | < cwil,ﬂZHk? TS Y Iy
k=1 J==1|\|=j J==1Xel;(y)
k1 J1—1 2
< DA, Sy [ 3 g
k=1 j=—1

2r /d+1
< 01D202 Mkl hk r/d+ 9i1d

Hence, by definition of the space £7(€2) and the condition on fik, j,, it follows that if
¢? < Aje; 'D;2C2 then

sup |15, (- 9)l[E- () < A1,

yeQ
for any v € V. Therefore, we have shown that if the constant ¢ in is chosen sufficiently
small, then the operator H, with SVIR function S, belongs to the ball £"%(, A1, A2) for any
v € V. In the rest of the proof, it is thus assumed that the constant ¢ is chosen sufficiently small
to satisfy such property on the H,’s.

In what follows, we use the notation Ep, to denote expectation with respect to the dis-
tribution Py, of the random process F'© = (FY,..., FY) obtained from model under the
hypothesis that S = S, where S, is the SVIR function of the operator H,.

The minimax risk )

Ro2 = inf sup EHH—HH
’ H HeH™s(Q,4A1,42) HS

can be bounded from below as follows

RO'Q n

H vey HS

N

= it follows from orthonormality of the basis (¢y)r>1 and

v
HS L2(Q2xQ)
by the Riesz stability property for bi-orthogonal wavelet bases (see e.g. inequality (7.156) in

Since
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15]), that there exists a constant ¢, > 0 such that
Y

. 2 k1 . 9 . . ~
H—Hy|| >cyp Y > |alk, N =i, 5,0k, A]|* where a[k, A] = S(z,y)br(x)n(y)dzdy.
HS 1 : QxQ
=1|A<j1
Therefore, the minimax risk satisfies the following inequality
k1
Ry2,, > infsupcy Z Z En, [alk, A] = pk, 5, v[k, N
H vey k=1 |\ <j1

Then, define
o[k, A] := arg min |G&[k, \] — pg, j,v],
ve{-1,1}

and remark that the triangular inequality and the definition of 0[k, A\] imply that
Ky ,51 ‘@[k? )‘] - ’U[k, )‘” <2 ’d[ka )‘] - /’Lkl,j1v[k> >\” s

which yields

el . k1
Rozp > ir}fsupmz > B, 0k, A] = v[k, ]
H vey 4 k=1 |\|<j1

el k1
> inﬁfwifl’“#lvzz Z Eg, [0k, \] — o[k, N]|2,
veV k=1 |\ <j1
where #) denotes the cardinality of the finite set V.
For a given pair [k, A] of indices and any v € V, we define the vector v#A) € VY having all its
components equal to v except the [k, A]-th element. Moreover, to simplify the notation, we let
>k denote the summation 221:1 2 \<j,- Then

c 2 1 2
Ropop > igf%—vz 3 <IEHU [0k, A] = vlk, A2 + Eg ., [0l A —v(k”\)[k,)\]‘ >
H # kA veV : v[k,A]=1
o jup M LSS B ([0l A — olk A2+ [0l A — o ® [k A])Q Pt 620 ey
= P 4 #V [ H, ; ) ) ) d]P)HU .

kA veV vk, \]=1

dP
where ;,Fié’?)(ﬁ’e) is the log-likelihood ratio between the hypothesis H, . : S = S k. and

the hypothesis H, : S = S, in model ([2.9).
Since v*M [k, \] = —v[k, \] and o[k, \] € {—1,1}, one has that, for any 0 < § < 1,

1 , dPr ny
Ro’Q,n 2 461&“%1,]'1% Z Z ]EH’U <m1n <17 ﬁ(}? )))
-1 v

kX veV vk,

1 dPy .,

2 U(k’A) €

2 Aoy ), D Pa (mI(F )2 5>’ (5:49)
kX veV vk, =1 v
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by Markov’s inequality. Thanks to the Girsanov’s formula (see e.g. Lemma A.5 in [22]), one has
that, under the hypothesis that S = S, in model ([2.9)):

dPyg n I o2
log (m{()(“) => > (a—1<sv(k,x><-,y@-> = 50 wi): 0aie =~ Sy (5 33) = Su(, i), ¢l>|2)

i=1 (=1

where the n; ,’s are iid standard Gaussian variables. By definition of v and for vk, A =1
one has that, for each 1 <i<mand 1 <k < kq,

=2y N (yi) L =F,
<Sfu(k7)\)('7yi) - S’U('ayi)7¢€> - { K 17]01 ( ,L) otherwise.
dP
Therefore, the random variable Zj ) := log <CI;P’3;M(F 6)) is Gaussian with mean 6, and

variance 7)2\ satisfying

n n
Oh = —20""p7, j, > YR (y:) and 7R =402 oY PR (ni) = —26s,
i=1 i=1

under the hypothesis that S = S5, in model (2.9). Hence, using that 6, is negative, one has that

Zpx — 0y

V/2[0,

by symmetry of the standard Gaussian distribution. Hence, inserting the above inequality into
(5.45) with § = exp(36)), it implies that

I

N | =

Py, (Zkx > 30)) = Py, < > — 2|9>\|> >

Ro2 > cpexp(30)) iz, 5, k127! (5.46)
= ¢y exp(30))c? min(k; /%, 27919). (5.47)

By setting k1 = kiaQ’n) and j; = jEUQ’n) with

(0%n) _ | (2, —1\ " aFdyr7a PGt R R
ky = [(o*n~") @iFO/I| and 27 = |(o*n™") @atDs | (5.48)
we get
2 (.2 —1\35rd
Ro2, > cyexp(30y)c” (oPn™") 2% (5.49)

It now remains to show that the constant @) is bounded from below, independently of o and n.

The idea is to remark that % S ¥3(y;) behaves like a Riemann integral of ¢ and should
therefore be bounded by a constant since ||¢y]]2 = 1. This statement can be proved using
the following reasoning. Since vector Y = (yi,...,yn) of PSFs locations satisfies the quasi-
uniformity condition hy,n < Bgy,n, we get from Proposition that the separation distance
qy,n satisfies qu/’Q > Bin~! for some constant Bi. Now, the support of wavelet 1 is contained
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in a hypercube of volume proportional to 24 Hence, the number of locations y; in supp(¥y)

is bounded above by 274 /¢ o < Byn2~9 for some constant Bs. To conclude, remark that
a]lso = 29M72|[2hy |00, hence:

S nwl=r Y )
i=1

yi€supp(Yy)
1
< =Byn2 M|y 1%,
n

< Bo|[[|%, =t Bs.

This implies that
‘(0—27'”)
0\ > —2B3cq, for all A < j; .
Hence, inserting the above inequality into (5.47)), it implies that

2 .(02,71,)
Ro2p >y exp(—GBgcl),uiwgm pER k:gg ) odjy
1 J1

2 2
Using the expressions of j%a ™ and k&g ) given in ([5.48)), together with (5.43]), we finally obtain
that there exists a constant ¢y > 0, that does not depend on %2, such that

29
2, —1
Rz 2 co (J n )2‘1+d )

completing the proof of the theorem. O
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