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Abstract

The present paper concerns the well-posedness of the Cauchy problem for microlocally symmetrizable hyperbolic
systems whose coefficients and symmetrizer are log-Lipschitz continuous, uniformly in time and space variables.
For the global in space problem we establish energy estimates with finite loss of derivatives, which is linearly
increasing in time. This implies well-posedness in H| if the coefficients enjoy enough smoothness in z. From this
result, by standard arguments (i.e. extension and convexification) we deduce also local existence and uniqueness.
A huge part of the analysis is devoted to give an appropriate sense to the Cauchy problem, which is not evident a

priori in our setting, due to the very low regularity of coefficients and solutions.
2010 Mathematics Subject Classification: 35L45 (primary); 35B45, 35B65 (secondary).
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1 Introduction

In the present paper we study local and global questions related to the well-posedness of the
Cauchy problem for m x m first order hyperbolic systems

(1) Lu(t,z) := Ao(t,z) Opu(t, ) + > Aj(t,x) dju(t, ) + B(t, ) ult,z)
j=1

under low regularity assumptions on its coeflicients.
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In [17], Ivril and Petkov proved that a necessary condition for the well-posedness in the
energy space L?(R") is the existence of a bounded microlocal symmetrizer S(t,x,&) for L (see
Definition 2.1 below). We remark that this is equivalent to the hypothesis of strong hyperbolicity
of the operator (see [20] and the references therein). Nonetheless, this condition is far from being
sufficient, even for C> well-posedness: see counterexamples in [24], [20] and [12].

On the other hand, in the simplest case when the first order coefficients A; are symmetric
matrices, i.e. the system is symmetric in the sense of Friedrichs, if they are also Lipschitz contin-
wous over [0, T] x R™, energy estimates (and then well-posedness) in L? are quite easy to obtain.
Notice that, in this instance, the symmetrizer is simply the identity matrix, and it is constant
(and then smooth) in (¢,z, ).

Keeping the W1°([0, T] x R™) regularity for the coefficients of the principal part, the previous
result was extended by Métivier in [19] to the case of microlocally symmetrizable systems, under
the assumption that the symmetrizer S is Lipschitz in (¢, 2) and smooth with respect to £&. More
recently, in [20] Métivier also proved that, under a stronger W2°°([0,T] x R™) condition on the
Aj’s, the existence of a Lipschitz continuous symmetrizer in all the variables (t,x,&) is sufficient
for proving energy estimates in L?. Whether the additional regularity for the coefficients of L is
merely a technical requirement or rather a necessary hypothesis is not clear at present.

Indeed, patological phenomena may be produced by the lack of suitable regularity of the
coefficients. To explain this assertion, let us make a brief parallel with scalar strictly hyperbolic
operators of second order

(2) Wult,z) = dult,z) — Y 0 (ajk(t,x) aku(t,x)>.

J,k=1

It is well-known that, if the coefficients aj;, are Lipschitz continuous in ¢ and just bounded in z,
then the Cauchy problem for W is well-posed in the energy space H! x L?. On the contrary,
whenever the Lipschitz regularity in ¢ is not met, additional smoothness in x is required, and the
Cauchy problem is no more well-posed in the usual sense. Namely, the solution loses regularity in
the evolution, and energy estimates are recovered in weaker spaces H® x H*~!, for |s| < 1, which
deteriorates with the passing of time: actually, s = s(t), with §'(t) < 0. Therefore, this justifies
the additional regularity in x, which is not just a technical requirement to make energy estimates
work, but which is really needed to give sense to the Cauchy problem.

Many are the relevant papers on this subject: see e.g. [4], [10], [11], [25], [5]. We refer to [6]
and [7] for an overview and recent results. In passing, we mention that this loss of smoothness
produces relevant effects also at the level of the control of waves. In addition, we have to point
out that similar phenomena were proved to occur also for transport equations with non-regular
coefficients (see e.g. [1], [13]): we refer e.g. to Chapter 3 of [2] for a review of previous results in
this direction and for further references.

There is an important feature to point out about the wave operator (2). The work of Tarama
[25] showed that Zygmund type conditions in time are well-adapted to this kind of analysis. These
are smoothness assumptions which are made on the second variation of the function, i.e. on the
symmetric difference |f(t+7)+ f(t—7)—2f(t)|, rather than on its modulus of continuity; besides,
they can be related with special Besov type regularities. It turns out that these conditions are
weaker than the corresponding ones made on the first variation, namely on |f(t 4+ 7) — f(¢)|: in
particular, one can recover well-posedness (with no loss) for the pure Zygmund condition

(2) [fE+7)+ f(t—7)=2f@)] < Clr],

which is weaker than the Lipschitz one. In order to deal with this worse behaviour in hyperbolic
Cauchy problems, one has to introduce a lower order corrector in the definition of the energy: this
additional term is necessary to produce special algebraic cancellations in the estimates, erasing
bad remainders arising in the time derivative of the energy. We refer to the above mentioned
works [5], [6], [7] (where the coefficients depend also on x) for further progress in this direction.
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Let us come back to the operator L, defined in (1). In the present paper we aim at investigating
the problem of its well-posedness looking at minimal regularity conditions in time and space
variables for coefficients and symmtrizers: namely, we will consider the case of non-Lipschitz
dependence on (t,x), keeping however the smoothness of S(t,z,&) with respect to £ (see the
discussion above). Indeed, our analysis makes a broad use of paradifferential calculus, which
requires smoothness of symbols in the dual variable.

In a preliminary study (see [9]), we focused on time-dependent coefficients: A;(t) and B = 0
for simplicity. Inspired by [25], it was natural to formulate Zygmund type hypotheses on them;
on the other hand, in this context it is out of use to know a priori the existence of a microlocal
symmetrizer S(¢,&) with the same regularity in time. As a matter of fact, analogoulsy to the
case of the wave equation, the time derivative of the energy E(t) ~ (Su,u) 72 broduces bad
remainders, and one needs to introduce correctors to cancel them out: the challenge there was
to build up a switable microlocal symmetrizer, for which energy estimates work well. Hence,
we supposed the system to be hyperbolic with constant multiplicities, which means that all the
eigenvalues of the principal symbol are real, semi-simple and with constant multiplicities in ¢ and
&; this condition implies in particular strong hyperbolicity.

In the end, in [9] we proved well-posedness in any H® for Zygmund type assumptions (even
of integral type), while energy estimates with a finite time-increasing loss of derivatives for log-
Zymgund type assumptions (in the right-hand side of (Z) an extra logarithmic factor |log| is
added), which entail well-posedness just in H°.

We have to point out that the hypothesis of dependence of the A;’s just on time was crucial
in [9], in order to construct a good symmetrizer, and it is far to be clear at present how to deal
with the more general case of dependence also on .

As a first step in this direction, in the present paper we consider coefficients A;(¢,x) with
slightly better regularity conditions in ¢, and non-zero matrices B(t,x): we will see that, now, the
presence of 0-th order term makes some differences in the analysis. More precisely, we assume B
to be LOO([O, TY; C”(R”)), for some Holder exponent 0 < v < 1, and the A;’s to be bounded and
uniformly log-Lipschitz continuous in their variables.

Definition 1.1. Let @ C RY be an open domain. A function f € L>(Q) is said to be log-
Lipschitz in , and we write f € LL(Q), if the quantity

_: fy) — f(2)]
|floe - y,zeﬂs,lﬁ)—z\d (y o Tog (1% 1/ly = ZD) < +400.

We define || fl|zr == || fllzee + |flLL-

The same regularity hypothesis is assumed in (¢,z) also for the microlocal symmetrizer (of
course, it is taken smooth in ). Indeed, as we will see, corrector terms are no more needed in
this case, and the energy can be defined in a classical way, in terms (roughly speaking) of the L?
scalar product with respect to S. Then, the microlocal simmetrizability assumption will be still
suitable for our purposes.

For operator L, supplemented with these additional hypotheses, in Theorem 2.4 we establish
energy estimates on the whole [0, 7] x R™ with time-increasing loss of derivatives, which are the
exact couterpart of similar inequalities for the wave operator (2) (see [10], [11]). These estimates,
however, hold true in low regularity Sobolev spaces H®, for 0 < s < -y, due to the weak smoothness
of the coefficients in . For the same reason, the result is just local in time: if the loss of derivatives
is too high, u ends up in very weak classes, for which the product with log-Lipschitz or Hélder
functions is no more well-defined.

Let us explain better this point. One has to remark (see also Proposition 3.9 and Corollary
3.10 below) that multiplication by a log-Lipschitz function is a self-map of H® if and only if |s| < 1,
so that the first order part makes sense in H*~! if and only if —1 < s —1 < 0. On the other hand,



the 0-th order term will be treated as a remainder, and so we need it to be in H®: this is true for
|s|] < . Notice here that the argument is symmetric for the conservative counterpart

L*u = —Ou — Zaj(Aju) + B*u,
j=1

and in fact, for L* one gets a sort of “dual” version of the previous result, in H® classes for
—v < s < 0 (but the loss is always increasing in time, of course).

Our result strongly relies on paradifferential calculus in logarithmic Sobolev classes, and espe-
cially on a fine analysis of paradifferential operators associated to symbols which are log-Lipschitz
(or Hélder) continuous in , for which we develop also a symbolic calculus. This analysis allows
us to approximate the principal part A of L by its paradifferential operator T4, and to define
an approximate symmetrizer for T4 by taking, roughly speaking, the paradifferential operator
associated to the original symmetrizer S (up to small modifications, required in order to deal
with low frequencies).

On the other hand, the time dependence comes into play as well, and the weak smoothness
in t causes some troubles in view of energy estimates. Then, following the approach initiated in
[4] by Colombini, De Giorgi and Spagnolo for the scalar wave equation, we need to introduce a
regularization in time, and to link the regularization parameter (say) ¢ with the dual variable .
More precisely, given a simbol a = a(t,z,§), in a first moment we smooth it out by convolution
with a smoothing kernel: we define the family a. = pe *; a. Then, in view of closing energy
estimates, we have to make the key choice ¢ = 1/|¢|: this means that the approximation is
different, depending on the size of the frequencies we are looking at. Therefore, the previous
paradifferential calculus construction has to be completely revisited and adapted to treat new
symbols a(t, x, &) which are obtained by the family (as)s performing the choice e = [£]71.

Let us point out that, in our analysis, the log-Lipschitz continuity in (¢, ) of both the first order
coefficients and the symmetrizer is exploited in a fundamental way. Also, the counterexamples
established in [20] and [12] imply somehow the sharpness of our result. In particular, in [12]
Colombini and Métivier were able to exhibit explicit examples of 2 x 2 microlocally symmetrizable
systems with smooth time-dependent coefficients, for which the following phenomena occur: if
the symmetrizer is w-continuous for some modulus of continuity w which is even slightly worse
than Lipschitz, a loss of derivatives has to occur in the energy estimates (then ill-posedness in
L?); if w is worse than log-Lipschitz, then the loss is in general infinite (which shows ill-posedness
of the Cauchy problem in C*).

This having been done, we turn our attention to local in space existence and uniqueness
questions. Indeed, our regularity hypotheses are invariant under smooth change of variables, and
thus they are suitable for local analysis. On the other hand, we will prove that also the microlocal
symmetrizability assumption (reformulated in Definition 2.9 in a coordinate independent way) is
invariant under change of variables. So, in Theorems 2.10 and 2.12 we show respectively local
existence and uniqueness of solutions to the Cauchy problem for our operator L (written in a
coordinate independent way, see formula (12) below). These results are the analogue of what
established in [11] for wave operators W. In passing, we mention that local uniqueness will be
derived from a result about propagation of zero across space-like manifolds, which also implies
finite speed of propagation and a sharp description of the propagation of supports by standard
arguments (see e.g. [15], [22]).

Of course, since we are in a low regularity framework, the sense of the local Cauchy problem
is not clear a priori: therefore, the initial efforts (see Subection 5.1) will be devoted to explain
the setting, how one has to interpret the Cauchy problem under our assumptions and in which
sense one can aim at solving it. Then, by a change of variables we will reconduct the analysis
to operator L written in the form (1) above, and, by a classical convexification argument, we
will be able to reduce the proof of the local statements to the global in space results, previously
established.
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Before going on, let us give a brief overview of the paper.

In the next section we collect our hypotheses, and we state our main results, first for the global
Cauchy problem, and then for the local one. Section 3 is devoted to Littlewood-Paley analysis
of log-Lipschitz and Sobolev classes, and to developing paradifferential calculus associated to low
regularity symbols. This analysis will be the key to the proof of the global statement, which will
be presented in Section 4. Finally, in Section 5 we discuss the local questions.

Notations

Before going on, let us introduce some notations.
First of all, given two vectors v and w in C™, we will denote by v - w the usual hermitian
product in C™ and by |v| the usual norm of a vector in C™:

m
U-w:ZvjuTj and > = v - v.
j=1
On the contrary, given a infinite-dimensional Banach space X, we will denote by || - [|x its
norm and, if it’s Hilbert, by (-, -)x its scalar product. Tipically, for us X = L*(R";R™) or

H3(R™; R™).
We will also set M,,,(C) the set of all m x m matrices whose components are complex numbers,
and we will denote by | - |z its norm:

A
|A|pm = sup |Av| = sup |Av| = sup’ U|.
lo|=1 o<1 vt0 [Vl
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2 Basic definitions and main results

We state here our main results. Let us start by the global in space questions.

2.1 The global Cauchy problem

For m > 1, let us consider the m x m linear first order system

(3) Lu(t,z) = Owu(t,z) + ZAj(t,x) Oju(t,z) + B(t,z)u(t,x)
j=1

defined on a strip [0,7] x R™, for some time 7" > 0 and n > 1. We suppose u(t,z) € R™ and, for
all 1 < j <mn, the matrices A;(t,z) € M,,(C) as well as B(t,x).
We define the principal symbol A associated to the operator L: for all (¢,z,€) € [0, T]xR"xR",

(4) At,z,€) = > & Aj(t,x).
j=1

Then, for all (¢,z,¢) fixed, A(t, x,€§) is an m x m matrix which has complex-valued coefficients.
We denote by ()\k(t, x, f))1<k<m C C its eigenvalues at any point (¢, z,§).

Analogously, we consider also its conservative counterpart, i.e. the operator L defined by

(5) Lu(t,z) = du(t,z) + Zaj (Aj(t, z)u(t,z)) + B(t, z)u(t, =)

J=1
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and whose principal symbol is still A(¢, z, &), with a different quantization.

Let us state now our working hypothesis. First of all, in the sequel we will always assume
that our operator L is hyperbolic, namely ()\k(t, T, f))1<k<m C R. As for the coefficients of L, we
always suppose boundedness: we suppose that, for all M € {4;... A,, B},

:= sup|M(t,z)|
(t,)

u < Ko.

(6) 1] o (0,77 Mo (00
Concerning their regularity, let us start by focusing on first order coefficients: we assume that, for
all 1 < j < n, the matrix-valued functions A; are log-Lipschitz continuous (LL in brief) in their
variables: there exists a constant K7 > 0 such that, for all 7 > 0 and all y € R™ \ {0}, one has

1
7 sup|A;(t+ T,z +y) — A;(t,x < Ky (|| + |y log<1—|—>.
@ sl ) = Aj(t2)] < K (I7] +1yl) Eaa

Notice that, since we are in finite dimension, this is equivalent to require the same condition on
each component of A;.

Concerning the coefficient of the lower order term, we will assume ~-Holder continuity in
space, uniformly in time. More precisely, we suppose that there exist a v €]0,1[ and a constant
K5 > 0 such that, for all y € R™\ {0}, one has

(8) ?uI;|B(t,x+y) - B(tax)‘_/\/l < Kaly|”.
t.x

Finally, we will require that the system is uniformly microlocally symmetrizable, in the sense of
Meétivier (see [19], Chapter 7). The word uniformly here means with respect to (¢,x) € [0,T] x R"
(see also Section 4 of 20]).

Definition 2.1. System (3) is uniformly symmetrizable if there exists a m x m matrix S(¢, x, &),
homogeneous of degree 0 in &, such that:

& S(t,z, &) is C= for & # 0;

e for any point (¢, x,&), the matrix S(t, z, &) is self-adjoint;

there exist constants 0 < A < A such that AId < S(¢,z,£) < Ald for any (¢, z,¢);
e for any point (¢, z,§), the matrix S(t, z,§) A(t, x, ) is self-adjoint.
The matrix valued function S is called a microlocal symmetrizer for system (1).

Example 2.2. Obviously, symmetric systems are microlocally symmetrizable hyperbolic systems,
whose symmetrizer is simply the identity matrix.

Example 2.3. Also hyperbolic systems with constant multiplicities (and in particular strictly
hyperbolic systems, for which multiplicities are all equal to 1) are microlocally symmetrizable.
Indeed, a symmetrizer can be easily constructed (see e.g. [19]) in terms of the eigenvalues and
projection operators onto the eigenspaces related to A(t, z, ).

In addition, standard perturbation theory for linear operators (see e.g. [16], [20],[23]) entails
that the eigenvalues and eigenprojectors inherit the same regularity in (¢, z) as the coefficients of
L. In particular, this implies that, in general, one cannot expect to find a symmetrizer having
more smoothness than the one of the coefficients of L or L.

In what follows, we are going to consider the case when also the symmetrizer S is log-Lipschitz
continuous in (¢, ), in the sense that it verifies an inequality of the same type as (7) at any £ # 0
fixed. Such a regularity hypothesis for S will be exploited in a fundamental way in order to get
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our result. Without loss of generality, we can assume that the constants Ky in (6) and K; in (7)
are large enough, to control also the corresponding quantities computed for the symmetrizer S.

Under the previous hypotheses, we can show an energy estimate with finite loss of derivatives
for L and L. We point out that such a loss is linearly increasing in time, which implies that the
solution becomes more and more irregular in the time evolution.

The estimates are stated for smooth enoug u at this level. However, as a consequence of a
“weak = strong” type result (see Theorem 4.10 below), they remain true for tempered distributions
in a much broader class.

Theorem 2.4. Let us consider the first-order system (3), and assume it to be microlocally sym-
metrizable, in the sense of Definition 2.1. Suppose moreover that the coefficients (Aj)1<j<n and
the symmetrizer S satisfy the boundedness and log-Lipschitz conditions (6)-(7). Suppose also that
the coefficient B verifies hypotheses (6)-(8), for some v €]0,1].

Then, for all s €]0,~[, there exist positive constants Ci, Ca (depending just on s, Ko and

K1), a B> 0 (depending just on K1) and a time Ty, €]0,T], with BT, < s, such that the estimate

T
0 sup_ a0l < CeT (Ju@)le + [ |2t . v )
te€[0,T] 0
holds true for any tempered distribution v € L*([0,T]; H*(R™;R™)) N H*([0,T]; L*(R™;R™)).
An analogous estimate holds true also for operator L defined in (5), but for any s €] —~,0]
and under the condition 8T, < v+ s.

Some remarks on the previous statement are in order.

Remark 2.5. (i) The technical limitation |s| < v is dictated by product continuity properties
(see Proposition 3.9 below). The same can be said about the conditions on the time 7.

(ii) A careful but easy inspection of our proof reveals that, if B € L>([0,T]; LL(R™)), then
Theorem 2.4 holds true replacing v by 1 (see also Corollary 3.10). On the other hand,
having additional regularity for B does not help to improve the result: in particular, this is
the case when the operator is homogeneous of first order, i.e. if B = 0.

(iii) In the case of operator Z, the Holder regularity of the 0-th order term imposes an additional
limitation on the lifespan T,. We notice that this is coherent with what is known for scalar
wave equations (see e.g. [8]).

From the previous theorem, we can deduce the existence and uniqueness of a local in time
solution to the Cauchy problem associated to L and L.

Theorem 2.6. Let us consider the first-order system (3), and assume it to be microlocally sym-
metrizable, in the sense of Definition 2.1. Suppose moreover that the coefficients (Aj)1< o, and
the symmetrizer S satisfy the boundedness and log-Lipschitz conditions (6)-(7). Suppose also that
the coefficient B verifies hypotheses (6)-(8), for some v €]0,1].

For s €]0,7], let 8 > 0 and T, > 0 respectively the loss parameter and the existence time
given by Theorem 2.4. Set sg := s — BT.

Then, for any fixred ug € H*(R™;R™) and f € Ll([O,T]; HS(R”;]Rm)), there exists a unique
solution u € C([O,T*];HSO (R”;Rm)) to the Cauchy problem

Lu = f
(10)
U= = U0,
which satisfies the energy inequality (9). In particular, for any t € [0,T], one has

u(t) € HSPYR™R™),
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and the map t — wu(t) is continuous between the respective functional spaces.
An analogous statement still holds true for the conservative operator L.

Remark 2.7. Let us denote by C;°(R™) the space of C*°(R"™) functions which are uniformly
bounded with all their derivatives.

Theorems 2.4 and 2.6 immediately imply the following statement: if the coefficients of L
(respectively L) and the symmetrizer S are L>([0,T);Cg°(R™)), with the first order coefficients
and S log-Lipschitz continuous in time, then the Cauchy problem for L (respectively E) is well-
posed in the space H>(R";R™), with a finite loss of derivatives.

2.2 Local in space results

We turn now our attention to the local in space problem. For simplicity of exposition, we will
always consider smooth bounded domains and manifolds.

Hence, we fix a smooth open bounded domain Q € R, and we suppose that the coefficients
A; = Aj(z) are log-Lipschitz in € (keep in mind Definition 1.1).

We recall also that H*(Q2) is defined (see Chapter 3 of [26], where the more general context of
Besov spaces is treated) as

(11) H?(Q) := {u € D'(Q) ‘ there exists u € H*(RY™™) such that U = u},
endowed with the norm
wll sy == inf{|]ﬂ|H5(R1+n) ‘ € HS(R™™) and U = u}

As for the boundary 052, partition of unity leads to a similar definition for H*(9%2), by use of
local charts and extension operator; the same can be said for smooth submanifolds X
Let us consider the operator P, defined in €2 by the formula

(12) P(z,0,)u := ZAj(z)szu + B(2)u,
=0

where, for all 1 < j < n, the A;’s and B are real m x m matrices; we will specify later on their
regularity. For the time being, let us introduce the principal symbol P; of P, identified by the

formula
n

Pi(z,0) = > idd Aj(2),

j=0
and recall some basic definitions (see Section 4 of [20]). At this level, the dependence of the
coeflicients on the variable z € € is not really important, so let us omit it from the notations here.

Definition 2.8. The operator P is said to be hyperbolic in the direction v € Rt if the following
conditions are verified:

(i) det(Py(v)) # 0

(ii) there exists a ng > 0 such that det(Py(itv + () + B) # 0 for all ( € R"*? and all 7 € R
such that |7| > 7.

The principal operator P;(9,) is strongly hyperbolic in the direction v if for all matrix B € M,,(R),
then P; 4+ B is hyperbolic in the direction v.

Let us recall that Proposition 4.2 of [20] gives a characterization of the strong hyperbolicity.
We do not enter into the details here; however, we will come back to this notion in a while.



Now, we are interested in considering the dependence on z € €): more precisely, for any z € €,
we assign a direction v(z) € S? (where S? is the unitary sphere in R'*9) in a smooth way. In
what follows, we are going to assume that

(H-1) Pi(z,-) is uniformly strongly hyperbolic in the direction v(z), for all z € .
By Theorem 4.10 of [20], hypothesis (H-1) is equivalent to the following conditions:

1. one has the property

(13) Co = inf ]detpl(z,y<z))\ > 0;

d:full-symm

2. P; admits a bounded family of full symmetrizers S(z,-) which is uniformly positive in the
direction v(z).

Hence, let us recall Definition 4.7 of [20] here below.

Definition 2.9. A bounded family of full symmetrizers for P;(z, () is a family of m X m matrices
S(z,(), homogeneous of degree 0 in ¢ # 0, such that the following conditions are satisfied:

e uniform boundedness: there exists a constant A > 0 such that sup, ¢) [S(z,()lm < A;
e symmetrizability: for any (z, (), the matrix S(z, () Pi(z,() is self-adjoint.

The symmetrizer S(z, () is positive in the direction v # 0 if there exists a constant A > 0 such
that, for all ¢ # 0, one has

v € Ker Pi(z,() = Re (S(Z,C) Pi(z,v)v - v) > Aol

Uniform positivity means positivity of S(z,-) in the direction v(z) for all z € Q, for a constant A
independent of z.

We are going to need also the following assumptions concerning the family of symmetrizers:
(H-2) the map ¢ — S(z,() is C* for ¢ # 0 (smoothness in ();
(H-3) the map z — S(z,() is uniformly LL in Q (log-Lipschitz regularity in z).
As for the coefficients of the operator P, defined in (12), we suppose instead that:
(H-4) the matrices A; have coefficients in the LL(2) class;
(H-5) B has coefficients in the Holder space C7().

Let us now fix a smooth hypersurface X' C 2. As in [11], up to shrink Q, we can assume that
X is defined by the equation ¢ = 0, for a smooth ¢ such that dp # 0. Finally, we suppose that,
for any z € X, the vector v(z) coincides with the normal to X' in z, i.e. dp(z).

We introduce the notations Q> = Q N {¢ > 0} and Qs = Q@ N {¢ > 0}. For s € R, we
say that v € H} (Q>) if, for any open ' C Q, relatively compact in 2, the restriction of u to
Q" N {p > 0} belongs to H*(2>). In a similar way, we say that v € HZ,,,,(Q>) if v € H*(Q)
has compact support in €2>.

For a zy € X', we are interested in solving the Cauchy problem for P in a neighborhood of zj.
We have the following local existence result.
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Theorem 2.10. Let 1/2 < v < 1 and s €]1 —~,y[. Let P be the operator defined in (12),
satisfying all hypotheses from (H-1) to (H-5).

Fizx a neighborhood w of zy in X. Then, there exist a so €)1 — v, s[ and a neighborhood
of zo in Q such that, for any ug € H*(w) and any f € H*(Qo N {p > 0}), there exists a solution
u € H*(Qo N {p > 0}) to the Cauchy problem

(CP) { Pu =

’LL|2 = uQ-

Remark 2.11. Notice that, due to the low regularity of the coefficients, the meaning of (CP)
is not clear a priori: we will precise it in Subsection 5.1. In particular, one step of the proof is
devoted exactly to giving sense to the trace operator in a weak smoothness framework.

For the problem (CP) we have also local uniqueness of a solution. From this statement, which
establish propagation of zero across any space-like hypersurface, one can deduce also further local
results, for instance about finite propagation speed and domain of dependence, by use of classical
arguments (see e.g. [15] and [22]).

Theorem 2.12. Let 1/2 < v < 1 and s €|]1 —~v,y[. Let P be the operator defined in (12),
satisfying all hypotheses from (H-1) to (H-5).

If uw € H*(Q2s) satisfies (CP) with f = 0 and Cauchy datum uy = 0, then u = 0 on a
neighborhood of zy in 1>.

In Section 5, after rigorously justify the good formulation of the Cauchy problem (CP), we
will show the invariance of our hypotheses with respect to smooth changes of variables. This fact
will enable us to pass in (¢,x) coordinates: then, the proof of Theorems 2.10 and 2.12 will be
deduced from the global in space results. Therefore, let us focus first on these latter properties.

3 Tools from Littlewood-Paley theory

We collect here some notions and results which turn out to be useful in our proof. First, by
use of the Littlewood-Paley decomposition, we describe some properties of Sobolev spaces and
of log-Lipschitz functions. Then, we recall some notions of Paradifferential Calculus, focusing on
operators whose symbol is in the log-Lipschitz class.

3.1 Dyadic analysis of Sobolev and log-Lipschitz classes

Let us first define the so called Littlewood-Paley decomposition in RN (for any N > 1), based on
a non-homogeneous dyadic partition of unity with respect to the Fourier variable. We refer to [2]
(Chapter 2) and [19] (Chapters 4 and 5) for the details.

So, fix a smooth radial function y supported in the ball B(0,2) C R¥, equal to 1 in a
neighborhood of B(0, 1) and such that r — x(re) is nonincreasing over R for all unitary vectors
e € RN, Set ¢ (€) = x (§) — x (2€) and ¢;(§) := p(277¢) for all j > 0.

The dyadic blocks (A;);ez are defined by?

Aj =0 if j< -1, Ag:=x(D) and A;:=p277D) if j>1.
We also introduce the following low frequency cut-off:
Siu = x(27/D)u = ZAkU for 7 >0.
k<j

By use of the previous operators, for any u € &', we have the Littlewood-Paley decomposition
of u: namely, the equality u = Zj Aju holds true in §'.
Let us recall the fundamental Bernstein’s inequalities.

!Throughout we agree that f(D) stands for the pseudo-differential operator u +— F~* (f({) fu({)).

10
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Lemma 3.1. Let 0 < r < R. A constant C exists so that, for any nonnegative integer k, any
couple (p,q) in [1,400]? with p < q and any function u € LP, we have, for all A > 0,

1_1
suppu C B(0,\R) = ||Vku||Lq < Ckt1 )\k+N<5 q> llullzr ;
suppti C {E e RN |[rA < || < RAY = CF I 0|uflze < ||[VFulpe < CEFEN 0| n .

Let us now introduce the class of logarithmic Sobolev spaces, which naturally come into play
in the study of hyperbolic operators with low regularity coefficients (see [11], [6] and [7]). Let us
set II(D) := log(2 + |D|), i.e. its symbol is w(&) := log(2 + |£]).

Definition 3.2. For all (s,a) € R?, we define the space H*T®1°8(RN) as IT-*H*(RY), i.e.
fe HTlE s TIOf € BHY = 1) (14 [€2)7 F(e) e L2

Obviously, for oo = 0 one recovers the classical Sobolev space H?.
We have the following dyadic characterization of these classes (see [19], Proposition 4.1.11),
which generalizes the classical property for the H® scale.

Proposition 3.3. Let s, « € R. Then u € S’ belongs to the space H*T*1°8 if and only if:
(i) for all k € N, Agu € L2(RN);
(ii) set O := 285 (1 + k) || Agul| 2 for all k € N, the sequence (8y,),, belongs to £2(N).

Moreover, ||ul|gstatos ~ [|(0%) 4]l

The previous proposition can be summarized by the equivalence H*T®1°8 = B3 '8 where,

for any (s, ) € R2 and 1 < p,r < +00, the non-homogeneous logarithmic Besov space Byt®'® is

the subset of tempered distributions u for which
(14) Jullpgsares = [| (27 (4 ) 1Agule0) s, < oo

In addition, we point out that an analogous characterization holds true also for Holder classes:
namely, for any v €]0,1[ one has C? = Bl oo = BL 9%

We recall that the previous definition and properties do not depend on the choice of the cut-off
functions used in a Littlewood-Paley decomposition: in the logarithmic framework, this comes

from Lemma 3.5 of [9], which we recall here.

Lemma 3.4. Let C C R be a ring, (s,a) € R? and (p,7) € [1,4+00]?. Let (uj) ;e be a sequence
of smooth functions such that

suppi; C 2/C and H (275 (1 + 5)™ Huj”Lp)jeNHZr < 400.

Then u:=>Y" Bitolos

jen U belongs to and HuHBgtalog < Gy |[(275 (1 + )" Huﬂ'HL”)jeN

e
This fact will be used freely throughout the paper.

Now we mention a couple of results which will be useful in the sequel. They are classical (see
[2], Chapter 2), and their extension to the logarithmic framework is proved in [9].

Lemma 3.5. Fiz (s,a) € R? and let u € S’ given.

(i) If the sequence (27° (1 + j)* ||Sju”L2)j€N belongs to £2, then u € H*+1°8 gnd

)

ullgreras < € ||(27° (14 ) IS0l 22) s

EQ

for some constant C' > 0 depending only on s and o, but not on w.

11
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(it) Suppose u € H5T18 with s < 0. Then the sequence (27% (14 j)||S;ul|z2) € (2, and

JjeN

| @+ D 1S5ulli) e, < Cllullzesone

jen||,
for some constant C>0 depending only on s and a.

Observe that, in general, the second property fails in the endpoint case s = 0. Indeed, for
s = 0 one can only infer, for any a <0,

< C lull o tos -

H<a+jwwamuﬁ

JEN|| poo

The second result we want to mention ia a sort of “dual” version of the previous lemma.

Lemma 3.6. Let B be a ball of RN and take s > 0 and o € R. Let (uj)jeN be a sequence of
smooth functions such that

suppi; C 2'B and (275 (1 + 5)° HujHLQ)jeN e 2.

Then the function u := ZJEN u; belongs to the space Hstelog  and there exists a constant
C, depending only on s and «, such that

lullresenes < C {2 0+ Nusllz2) s,

Once again, the previous statement is not true in the endpoint case s = 0: then, one can just
infer, for any a > 0,

fullageens < © || (142 sl )
: "
We now turn our attention to the study of the class of log-Lipschitz functions. We have given
the general definition in Definition 1.1; now, we restrict to the case Q = R, for some N > 1.
Let us recall some properties which can be deduced by use of dyadic decomposition (see [10]
and [11] for the proof), and which are true in any dimension N > 1.

jEN

Proposition 3.7. There exists a positive constant C such that, for all a € LL(RY) and all
integers k > 0, we have

[Akall e < C(k+1)27%|alLL
la — Sallpe < C(k+1)27%|lal|LL
[SkallLs, = II1Skallpee + [VSkallpe < C(k+1)|lallzr-

Remark 3.8. By Proposition 3.3 of [10], the last property is a characterization of the space LL.

We conclude this part by showing continuity propertis of multiplication of Sobolev distribu-
tions by Holder-type functions.

Proposition 3.9. Let b € ng,&log, where v > 0 and ¢ € R, or v = 0 and o > 1. Then the
multiplication operator u +— bu is a continuous self-map of H*T18(RN) if:

o |s| <, no matter the value of a € R;

e s=yanda<p—1/2, ors=—vy and a > 1/2 — p.

12
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Proof. We use Bony’s paraproduct decomposition (see [3], [2] and [19]) to write
bu = Tyu + Tyb + R(b,u) = Tyu + T.,b,

where the previous operators are defined by the formulas

(15) Tbu = ZSj_3bAju, R(b, u) = Z Z Aijku Téa = ZS]‘+3U Ajb.
J J o 1i—kI<3 J

0

We remark that the conditions on v and g imply the chain of embeddings ng,gobg — B,

17
L. Then, by classical properties of paraproduct, we immediately have that Tyu € H5T*1°8 with
the estimate ”Tbu||Hs+alog S C Hb”LOO H’LLHHS-Q—alog.

Let us now focus on the case s > 0 (and then v > 0), and let us consider the operator T)b.

For any j € N, using Bernstein inequalities and definition (14), we deduce
1513w Abll 2 < I1Sj4sull 2 1A50] e < C 2797 (54 1) |t grataos 18] g gros -

Since the term S;13u A;b is supported in dyadic balls 2/ B, we conclude by use of Lemma 3.6. We
point out that, for s =, the condition o < ¢ — 1/2 is needed to have the right-hand side of the
previous inequality in ¢2.

For s < 0 (and then ~ can be taken even 0), instead, we employ the finer decomposition in
Tub + R(b,u). First of all, by Lemma 3.5 and (14) again, we have the estimate

HS]_gu A]b”L2 S HS]_guHLQ ”A]bHLOO S C HuHHs+alog HbHBgO-I:gc}og 27-7(’7“1’8) (1 +])7(a+9) C] ,

for some (Cj)j € (? of unitary norm. Observe that, for s = 0, we have no more the presence
of (Cj)j, but the right-hand side still belongs to ¢, thanks to our hypotheses on ~, a and 6.
Since the generic term S;_3uA;b is supported in dyadic rings 2/C, from Lemma 3.4 we infer
ITubl s < C lullgotos 0] st

For the remainder term, we use again Lemma 3.4: focusing just on the “diagonal” term
Ro(b,u) = >; AjbAju (the other ones being similar), we have to bound, for any v > 0, the
quantity 2° (1 4+ v)® ||A, Ro(b,u)|| ;2. By use of Proposition 3.3 we have

HAI/RO(b7 U)HLQ S Z ”A]bAJuHLQ S C HUHHS-&-alog Hb”Bgo-QTgCIOg Z 27(7“1’3)] (1 _’_])7(014’9) Cj?
izv—3 izv—3

where the sequence (Cj)j is as above. Then, by Cauchy-Schwarz inequality we get

2% (L +v)* A Ro(b,w) |2 < Clull prosason [[B]] gyrtos *

1/2
% 95V (1 + V)a Z 2—2('y+s)j (1 +j)—2(g+a) 7
j>v—3
and this completes the proof of the case s < 0, and therefore of the proposition. O

We point out that, by Proposition 3.7, one has LL — Bcl,; i,%g. Hence, from the previous

statement, we immediately infer continuity properties of multiplication by log-Lipschitz functions,
which generalize Proposition 3.5 of [10] to the framework of logarithmic Sobolev spaces.

Corollary 3.10. Let a € LL(RN). Then the multiplication operator u — awu s a continuous
map of H*T*1°8(RN) into itself if:

e |s| < 1, no matter the value of o € R;

e s=1and o< —3/2, ors=—1 and a > 3/2.

13
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3.2 Paradifferential Calculus in the log-Lipschitz class

In our study, we need to resort to tools from Paradifferential Calculus, as introduced by J.-M.
Bony in the celebrated paper [3]. We refer to [2] (Chapter 2) for a complete treatement, and to
papers [18]-|21] for a construction depending on parameters. Here, we follow the approach of [19]
(see Chapters 4 and 5).

The first part of this section is devoted to recall basic properties: we adapt the classical con-
struction to consider symbols having log-Lipschitz smoothness with respect to the space variable,
and we define general paradifferential operators associated to them, for which we develop also a
symbolic calculus. In the final part, we consider the case of time-dependent symbols, which are
log-Lipschitz in ¢: at this point, time cannot be considered as a parameter anymore, and we need
to establish some properties for paradifferential operators whose symbols belong to this class.
3.2.1 Symbols having log-Lipschitz regularity

Fix a cut-off function ¢ € C®°(RY x RY) which verifies the following properties:

e there exist 0 < 1 < €9 < 1 such that

) = 1 for |n| <ei (14 &)
G 0 for [n|>ex(14(¢]);

e forall (B,a) € NV x NV there exists a constant Cg,o > 0 such that

0802w, )| < G (14 Jg)T1

For instance, it is easy to verify (see Ex. 5.1.5 [19]) that

+oo
$(n,€) = Poa(n,€) = Y xu-3(n) k),
k=0

where x and ¢ are the localization (in phase space) functions associated to a Littlewood-Paley
decomposition, satisfies the previous requirements.
Define now G¥ as the inverse Fourier transform of 1) with respect to the variable n:

GY(2,€) = (F ') (2,€).
We have the following result (see Lemma 5.1.7 of [19]).

Lemma 3.11. For all (8,a) € NN x NV there exist constants CB,o > 0 such that:

H\ | log <1 . |1|) D802 G (., €)

LRy S Ca (1 +[g]) 71

LG (9|

< O (14 [€)71HE 10g(2 4 1)) .
LY (RY)

Let us now take a symbol a = a(z,£): thanks to G¥, we can smooth it out in the space
variable, and then define the paradifferential operator associated to a as the pseudodifferential
operator related to this smooth function.

First of all, let us specify the class of symbols we are interested in.

Definition 3.12. Let X C L°°(RY) a Banach space and fix (m, §) € R2.

14



eq:L-inf_sem

assical-symb

(i) We denote by F;M °¢ the space of functions a(z, £) which are locally bounded over RN xR¥ |
of class C* with respect to & and which satisfy the following property: for all & € NV and
all £ € RV, the map = — d¢'a(, ) belongs to X, and, for some Cq > 0,

[0gal-, &)y < Ca@+Ie)™ 1 10g(2 + I¢]).

(ii) Z%ﬂ; 108 i3 the space of symbols o € Fm+6 18 \which satisfy the following spectral condition:

there exists a 0 < € < 1 such that, for all € € RV, the spectrum of the function z — o(x,§)
is contained in the ball {|n| < e (1 + [¢])}.

In a quite natural way, we can equip Fm+6 18 with the family of seminorms
,0 — _
(16) lallfis) = sup sup (14 |¢) ™ log (2 + |¢]) [|9gal-,€)] ) -
laj<k RY

Tipically, X = L®°(R") or X = LL(RY) for us. In the former case, for convenience we will

. ,0)
use the notations F?o+6log, 2?0+610g and || - ||(m

end of Paragraph 3.2.2), for the sake of generahty we will consider also the case X = B;@f&log (RN)
(recall (14) for its definition).

In the particular case X = LL, we explicitly notice the following fact: for a € an;r 0 log, there
exists K > 0 such that, for all £ € RY and all y € RV\ {0}, one has

. In the final part of the present section (see the

1
() swlale+0.6) — alw ] < KL+ log’ 2o+ e bl log(1+ )
R(L‘

Hence we can we set |a|pp, = |a|ETL6O) to be the smallest constant K such that the previous
inequality holds true. In a quite natural way, we can also define the LL seminorms |a|( Il 2)

When X = ngf&log, instead, we set F;njgéléogg = I’?Jﬂ; log Moreover, introducing a Littlewood-
Paley decomposition (AV)I/>O in the z-variable (not in &), we have
(18) sup [Aya(-, &) < K (1+[g)™ log’ (2 + [€]) 277 (1 +v) ¢,

RJC

for a constant K > 0 for all ¢ € RY and all v > 0. Once again, in a natural way we can introduce
m,0)

the seminorms HaH 1olog k)’
Finally, we expﬁlmtly point out that, by spectral localization and Paley-Wiener Theorem, a
symbol o € EWXHMOg is smooth also in the x variable.

m+4 log

Now let us consider a symbol a € I'y : we can associate to it a the classical symbol

according to the formula

(19) 0¥ (@,€) = ((Dr,€)a) (5,6) = (GV(-€) % a(-€)) ().
The following proposition holds true.
Proposition 3.13. Let (m,6) € R2.

(i) For X C L™®(RY) a Banach space, the smoothing operator S : a(x,&) — oq(x,&) maps

m~+46 log Em—I—é log
X .

continuously I'y into

(ii) For a € Fm+5log then the difference symbol a — o, belongs to Fé?‘l)““““‘)g.

15
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(#1i) In particular, if Y1 and 1y are two admissible cut-off functions, then the difference of the

P2 (m—1)4(0+1) log
— Oq 50 .

two smoothed symbols, 4" , belongs to X2

Proof. The first property is classical. The second one immediately follows from the log-Lipschitz
continuity assumption and Lemma 3.11. The last statement is a straightforward consequence of
the previous ones. O

We conclude this part by noting that, at this level, the time variable can be treated as a

parameter in the construction. In particular, the previous properties still hold true for symbols
in L ([0, T]; T'ptoto8).

3.2.2 Operators, symbolic calculus

As announced above, we can use the previous construction to associate to any symbol a(x,§),
which is non-regular in x, an operator: this will be the pseudodifferential operator associated to
the smooth symbol Uff .

Let us formalize the discussion: for a € T’
associated to a via the formula

m+olos e define the paradifferential operator

1

TV = o¥(2, D) : u — TYu(z) = (27T)N/ et ol (x,6)u(E) de .
RS

Remark 3.14. Notice that, if f = f(§) is a Fourier multiplier, then Ty = f(D,) (see e.g. [19]).
Let us also point out that if a = a(z) € L and if we take the cut-off function v _3, then TY
is actually the classical paraproduct operator, defined first in [3].

Let us recall some basic definitions and properties in Paradifferential Calculus. The corre-
sponding proofs in the logarithmic setting are analogous to the classical case, and they are not
detailed here.

Definition 3.15. We say that an operator P is of order m + 6 log if, for every (s,a) € R?, P
maps H5te18 into H—m)+(e=0)log ¢ontinuously.

With slight modifications to the proof of Proposition 2.9 of [21], stated for the classical Sobolev
class, we get the next fundamental result.

Lemma 3.16. For all o € EZZOM log, the corresponding operator o( -, Dy) is of order m + 0 log.

The following result is an immediate consequence of the previous lemma and Proposition 3.13.

Theorem 3.17. Given a symbol a € I'"570108

Tf 1s of order m + §log.

, for any admissible cut-off function i, the operator

Notice that, in Lemma 3.16 and Theorem 3.17, the LL hypothesis is not necessary: these
results hold true if the symbol is even just L™ with respect to . On the contrary, we are going to
exploit the additional regularity in space in the next result. It states that the whole construction
does not depends on the cut-off function .

Proposition 3.18. If ¢ and 9 are two admissible cut-off functions and a € angélog} then the
difference TY* — T¥? is of order (m — 1) + (6 + 1) log.

Therefore, changing the cut-off function ¢ doesn’t change the paradifferential operator asso-
ciated to a, up to lower order terms. So, in what follows we fix the cut-off function ¢ = _3
(defined in Paragraph 3.2.1) and we will miss out the dependence of o, and T} on it.

We want now to develop symbolic calculus in the LL class. A preliminary result is in order:
it can be viewed as a generalization of Proposition 3.7.

16



Lemma 3.19. Leta € Fm+5log, and denote by o, the classical symbol associated to it via formula

t:symb_calc

(19). Then the following estimates hold true:

|08 ol

IN

Co (14 1€)™ 1 10g? (2 + [¢])
< Cpa (L)) 1A 106541 (2 4 gy

A

The constants C,, just depend on the quantities HaH(m’(s) defined in (16), where |a] < k.

The constants Cg o, instead, depend only on the quantities HaHLL v » where again |of < k.

The proof of the previous result is somehow classical, as it follows the same lines of Lemma
3.16 in [6] and Lemma 3.15 in |7]. Therefore we omit it.
From Lemma 3.19 we immediately deduce the following properties.

Theorem 3.20. (i) Let us take two symbols a € Fm+5log and b € Fn+glog and denote by T,
Ty the respective associated paradifferential opemtors Then one has

To o1y, = Typ + Ro.

The principal part Ty is of order (m +n) + (6 + o) log.
The remainder operator Ro has order (m+n—1)+ (d + o+ 1) log.

(ii) Let a € Fm+61°g, The adjoint operator (over L?) of T, is given by the formula
(T,)* = T5 + R..

The order of Ty is still m + J log.
The remander operator R, has order (m — 1) + (6 + 1) log.

The last statement of this paragraph is a fundamental paralinearization result, in the general
instance X = BL'2 log, which will allow us to treat both the first and lower order terms of operator
L in energy estimates. In order to give sense to all terms, we have to restrict to differential
operators, and then operator T;, reduces to the classical paraproduct operator (keep in mind also
Remark 3.14).

Theorem 3.21. Let m € N, and n € NV of lenght |n| = m. Take a pair (v, 0) € R? such that
v > 0, and consider a function a € BVﬂ)lOg, introduced in (14). Define the difference operator
D:uvr— adiu — T00u = adiu — Tyenu.

(i) If s > m, then D maps continuously H¥T*1¢ into HYT(@=M1o  for any h > 1/2.
(ii) If s =m and o > 0, the previous statement remains true.

(iii) For any s €|m — v, m[ (and then v > 0) and any o € R, D maps continuously H*+18
into HOHMo8 where o = s —m+~ and h = o — 6§ + 0.

The norms of the operators just depend on the quantity ||al| yo+eos -

Proof. We start by noticing that, according to (15), D(u) can be rewritten as

=Y 91 (Svs3u) = Tjn,a = Tyn,a + R(OJu,a).
v>0

First of all, we focus on the case of high regularity, i.e. s > m, or s = m and « > 0. This in
particular implies that dju € L?, with ||07ul| 2 < C||ul| fys+atos. Therefore, we can estimate

1Sy-307u Avall s < C ||Sy-3dfull 2 [|Avall e < Cllullgerarce [lal gyroms 277 (1 +v)7¢
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Thanks to Lemma 3.4, we immediately deduce that Tyn,a € Hy+e=h)log for all h > 1/2.
As for R, once again we can focus just on the diagonal terms Ro(0Ju,a) = Y., 0iA,ula.
For any k € N, let us estimate

1ARo(tu,a)ll: < C Y A0l 2 | Avall e

v>k—3
< O ullpperores llallgpgios 3 27077570 (14 v) o2,
Y v>k—3
1/2
< Cllullgsrare llall pyrgoe | Y 2V (L4 p)HerS
’ v>k—3

where, as usual, ||(,]|,2 = 1. Therefore, by Lemma 3.4 again, the remainder term R(97u,a) €
H(s=mt)+(eto=h)log for a]] b > 1/2, which is in particular included in HYt(@=P & When s = m,
the same speech holds true for any o > 0.

Now let us turn our attention to the case m —~v < s < m (and then v > 0): for this, we
consider directly the operator Té;,ua. Since s — m < 0, we can apply Lemma 3.5 and estimate

1Sy130%u Avall e < Cllullgorares 2777 (14 1) 7 Gy llal| grrgos 2777 (1 +1)7¢,

where the sequence ((,,)V € (2 is as above. Thanks to this inequality and the fact that s—m+4+y > 0
by hypothesis, Lemma 3.6 implies that T}, a belongs to H(s—m+7)+(ate)log,
The proof of the theorem is now completed. O

We notice the following fact: if a € W1 is Lipschitz, it is well-known that au — Tyu € H*
for any u € L? (see e.g. Theorem 5.2.8 of [19]). On the contrary, if we applied our result with
m=s=a=p=0and v =1, we would get just au — Tyu € H'/2+0)log for any § > 0.

Motivated by this consideration, let us make a remark.

Remark 3.22. Attaining the limit case h = 0 in points (7), (i1), and s = m — ~ in point (%),
would require further technical extensions of the theory, in the same spirit of Paragraph 5.2.4 of
[19], to functions a in logarithmic Holder classes B;’Ofgéog , where o # 0.

However, these adaptations go beyond the scopes of the present paper, and we decided not to
address these issues here in order to keep the presentation as coincise as possible. Indeed, due to
product properties (see Proposition 3.9) and loss of derivatives in the energy estimates, we will
always be far away from these endpoint cases, and the previous statement turns to be enough for
our scopes.

Before going further, let us remark that, at this level, time can be treated once again as
a parameter in the construction: for a symbol a = a(t,x,§) € LOO([O,T};FngMOg) and u €
S'([0,T] x RY), we set
(Tou) (t, ) = Ta(t, . ,§)u(ta °)-
As a consequence, all the properties stated above still hold true for the time-dependent operator,
at any time ¢ € [0, 7] fixed. Indeed, only regularity in space is used at this level.

3.2.3 The case of symbols which are log-Lipschitz in time

Now, we get closer to our hypotheses, and we introduce a new class of symbols, by imposing
additional regularity in the time variable.

Definition 3.23. Let Y C L*°([0,T]) a Banach space. For (m,6) € R?, we define Yy (F;H“Og)

as the class of symbols a(t,z,£) € Loo([O,T];FnXHMOg) such that, for almost every (z,§) €
RN x RN, the map t — a(t,z,£) belongs to Y.
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Analogously, we define the class Yr (E?Hbg) if, moreover, the spectral condition (in x) of
Definition 3.12 is verified for almost every (t,&) € [0,T] x RY.

We omit the subscript T' whenever T' = +oc.

For us Yp will be always L>°([0,7T]) or LL([0,T7]).
In particular, when Y = LL, the previous definition implies that there exists a Cy > 0 for
which, for all (z,£) € RV x RN and all 0 < 7 < T/2, one has

alt +7,2.6) = alt. .9 < Co(1+1eh™ o2+ )7 og(1+ 1)

As before, for such a symbol a we can then define the seminorm |a|zz,. Of course, higher order
seminorms (related to derivatives in &) can be defined, but they will not be used in our study, so
that we prefer to limit the presentation to this case.

Remark 3.24. We remark that the LL continuity of the symbol, separately with respect to time
and space variables, is enough to our scopes. This will be evident from our computations.

In order to perform energy estimates, for a symbol a as above we need to introduce a regular-
ization in time. So, take an even function p € C§°(R), 0 < p < 1, whose support is contained in
the interval [—1,1] and such that [ p(t)dt =1, and define the mollifier kernel

pe(t) = ip<t> Ve ]0,1].

3

Let us fix a symbol a € LLyp (F%Mlog); if T < +o00, we extend this symbol out of [0,7] (for
instance, by taking the constant values at the extremities of the interval), in such a way to get a
new symbol (which we will still denote by a) in the class LL (F?M log)

setting, for all £ €10, 1],

. Now, we smooth a out

(20) ac(t,2,6) = (pe %0 al-,2,))(t) = /R et = s)as,.€) ds.

S

Then, we have the following estimates (see e.g. [4], [10]).

Lemma 3.25. Let a € LL(F;”LMOg). Then (ag)e is a bounded family in the same space. In
particular, Proposition 3.13 still holds true for a., uniformly in e €10, 1].

In addition, there exist constants C > 0 such that, for all € €]0,1] and for all (t,z,£) €
R x RN x RN one has

clt..6) ~alt2. ] < Clalur, <tog (14 1) (L4 I6)" log’2-+ e

Prac(tn ) < Clalus, tog(1+ 1) (1+ )" log’(2-+[e).

In the course of the proof, it will be fundamental to link the approximation parameter £ with
the dual variable, following the original idea of [4] (see also [6], [7], [8], [9], [10], [11], [25]). More
precisely, in [4] the authors took e = 1/|¢|: here, we make an analogous choice, but replacing |¢]

by (€) == (1+ |§\2)1/2 (we need the new symbol to be defined for all £ € RY).

Proposition 3.26. For a € Yr (F%Hﬂog), where Y C L*°([0,T]) is a Banach space, we define

the new function
a(t,z,€) = ayyg(t z,§).
Then a is still a symbol in the class Yr (F;M log), which is actually smooth in time.
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Proof. Proposition 3.22 of |9] proves that the convolution acts as an operator of order 0 + 0log
in the time variable. We are going to show that this is true also with respect to &.

First of all, we notice that it is enough to consider the case a € L3 (ngmog): regularity in

time comes from Lemma 3.25, while the x variable does not play any role at this level.
For a = 0, the estimate of Definition 3.12 is immediate. Hence, let us consider the case |a| = 1:
by definitions we have

(e, 2,6) = 081) [ p((t - 9)(©) alsvw, &) ds +
X1 [0((t- () ¢ - Dalsn.Ods + (€ [ p((t—5)(e)) Fals..8)ds.
The estimates for the first and last term are straightforward: thanks to the uniform bounds
|9ga(t, =, )] < Co (1+ &),

r 2j°1°g) only), we have to control

(recall that we are taking a € L3 (

/p(t<5>)dt </,

where we used the change of variable 7 = () ¢ and fact that [p = 1.

For the second term, we argue as above: by Young inequality, we are reconducted to consider
the L' norm of the function |p’((£)t)| (€) |t|. Performing the same change of variable as before,
we get

© [ o€l e < ¢ /t6),
and this concludes the proof of the proposition. O

Let us now focus on the case Y = LL. Up to extend the symbols out of [0,7] as explained
above, without loss of generality we can focus just on the case T' = +o0.

Proposition 3.27. Let a € LL(F"XHMOg). Then the following properties hold true.
(i) One has a —a € L™ (ngn_l)ﬂéﬂ)log) and Oia € L™ (I‘?Haﬂ)log).

(i) The smooothed (in x) symbol oz, defined by formula (19), belongs to LL(Z?Jr&lOg), and one
has the “commutation” formula o, = og. So, we adopt the notation o, for it.

(i1i) The smoothing operator (in time and space) S: a(t,z,&) — d4(t,x,&) maps continuously
LL(T%T18) into LL(SH018).

(iv) The symbol o, still satisfies the estimates of Lemma 3.19, uniformly in t. In addition,
one has o, — 0, € Lw(Zg}n_lH(éH)log) and 09,5 = 00, € LOO(E;H(SH)I%), with the
estimates, for some constants C just depending on |a|rr,,

’Ua(tv Z, 5) - 5a(t7 x, §)|
|8t5a(t7 z, f)’

C(1+]E)™ " log" (2 + I¢])

<
< C(L+Eh™ log™ (2 + 8]
and analogous formula for the higher order derivatives in £.

Proof. Assertion (i) comes from estimates in Lemma 3.25, while point (i) is a direct consequence
of formula (19) and definition of @ (the integrals of the convolutions in time and space commute
between themselves).
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Next, we notice that Sisa composition of the self-map a — a of LL( with the map

S:a ~ &, which goes from the previous space into LL(Z”XHMOg): sentence (i) follows.

Let us focus on assertion (iv): it basically relies on point (i) of the present proposition, and
in particular on the fact that the convolution acts as an operator of order 0. Then, the first
statement is immediate, the second one is implied by the linearity of operator S together with
Lemma 3.25. The formula for the time derivative derives directly from the definitions. Finally,
for the estimates one has to use Lemma 3.25 again. O

Now, given a symbol a € Y(I‘?Hnog), we define the paradifferential operator

(21) Ty = Tz = Ga(-, D).

Notice that properties (i), (iii) of Proposition 3.27 still hold true even if we replace LL by a
generic Y, and in particular when Y = L*°. Therefore, fixing X = LL(R"), from Theorem 3.20
we immediately get the following result.

Theorem 3.28. (i) Ifa € L™ (F’anr&log), then the operator T, is of order m + § log.

(ii) For a € L™ (F’anralog
order (m+mn—1)+

and b € L™ (Fzzglog), one has Ty o Ty = T3 + Eo, where Ry is of
d+o0+1)log.

~—

denote by T; the adjoint of T, over L2. Then i;" = Ty + E*, where

(iii) Fora e L(I7;°°%),
)+ (64 1)log.

R, is of order (m —

—_ —

Remark 3.29. Thanks to point (i) of Proposition 3.27, in point (7i) above we can substitute
T3 by Tup, up to another remainder which is still of order (m +n — 1)+ (6 + ¢ + 1). But this
would require regularity in time, that we do not want to use at this level.

_ In the same way, we can see that also the analogous of Theorem 3.21 holds true for the operator

D :=a — T,, whenever a € L™ (I‘Zféﬂgg).
Finally, we take Y = LL and X = L* and we exploit regularity in time. Still by use of

Proposition 3.27, we get the following statement.

Theorem 3.30. Let a € LL (ano+6log), Then the next properties are true:
o the operator T, — T, is a remainder of order (m — 1) + (8 + 1) log;

e one has [8,:,11] = Ty,a, and this is an operator of order m + (6 + 1) log.

4 Well-posedness on the whole R"

Thanks to the tools developed in the previous section, we are now able to prove Theorem 2.4, i.e.
energy estimates for the global in space problem. The first part of the present section is devoted
to this. In the estimates, we will keep track of the dependence of the different constants on the
log-Lipschitz seminorms of the coefficients of the operator and of the symmetrizer.

In the final part (see Subsection 4.3), we will show how to derive Theorem 2.6 from the bounds
of Theorem 2.4.

4.1 The energy

Let us start by defining the energy associated to our operator L. Roughly speaking, denoting by
S a microlocal symmetrizer for A, the leading idea is that the paradifferential operator T is an
approximated symmetrizer for ¢1 4, which represents the principal part of the operator L.
However, some “corrections” are needed. Indeed, on the one hand we need to smooth out the
coeflicients with respect to time in order to be able to perform energy estimates. On the other
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hand, S is homogeneous of degree 0 in &, and in particular it can be singular in £ = 0: therefore,
we have to cut off the low frequencies, borrowing somehow an idea from paradifferential calculus
with parameters (see e.g. [18], [21]).

So, let us proceed in the following way. First of all, given a symmetrizer S(¢,x,&) for our
system, we smooth it out with respect to the time variable, according to the formula (20). Notice
that the approximated symmetrizer S; still satisfies

0 < AIld < Se(t,z,6) < AId

for any € €]0,1] and all (¢,2,€) € [0,T] x RZ x (Rg \ {0}) In particular, the matrix symbol Si/2
is well-defined.

Furthermore, let us immediately set (accordingly with the original choice of [4])
e = 1/[¢] VIEl = 1.

Notice that, since [£| > 1, it makes no special difference to take |¢| or (£). Hence, in what follows
we will adopt the notations introduced in Paragraph 3.2.3.

Finally, let 8 € C5°(R™) such that 0 < 8 <1, § =1 in the ball B(0,1) and § = 0 for [{| > 2.
For any p > 0, we set ,(£) := 6(u~1¢), and we denote

i(ta $,£) = 51/2(t7x’£) (1 - 9#(6)) :
For all (s,a) € R? fixed, we then define the quantities

~ 2
Esou] := HTEUH

)

2
+ ||9M(Dx)u||Hs+alog 9

Hs+a log

where fg is the paradifferential operator associated to the just defined matrix symbol fl, according
to the construction explained in Subsection 3.2 (see in particular Paragraph 3.2.3).

We now establish positivity estimates: we show that this property does not depend on the
considered Sobolev norm.

Lemma 4.1. (i) There ezists a Cy > 0 (just depending on the constant Ky appearing in con-
dition (6) for S) such that, for any (s,a) € R? and any u € S(R™),

E’s’a[u] S CO ”U"Hs+alog .

(ii) There exists pp > 2 such that, for all u > po, the following property holds true: there exists
a C,, >0 for which, for all smooth u € S(R"),

||UHH5+alog S C ES a[u]
# b

The constant Cy, depends just on p, on Ko and on K (recall conditions (6) and (7) for S);
in particular, it is independent of (s, «).

Proof. The first property is immediate, once noticing that 3 is an operator of order 0 + Olog, in
the sense of Definition 3.15.
So, let us focus on the second inequality: according to the decomposition

u = (1-0u(Dy))u + 0u(Dy)u,

it is enough to prove it for the high frequency component (1 — HM(Dx)) U.
First of all, let us define 1,,(§) = (1 - Hﬂ(f)) (1 — 0(5)) by the properties of the support of
6, we easily infer that, for any p > 2, one has ¢, = (1 — Gu). Therefore, denoting

E(t,x,€) = SVt x,6) (1-0(¢)),
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we deduce the equality = Y =1Id ¢, = Id (1 —6,), which in turn gives, by symbolic calculus
(recall Theorem 3.28),

(22) (1= 6,(Dy))u = Tzgu = T Tgu + Ru,

where the remainder R is given, at the principal order, by agé DX, Using again the function ¢,
defined above and introducing the matrix S’ = S/2 (1 — 9), it is easy to see that

Ru = R (1—0,(Dy)) u, with R ~ 9:29,5'.
Let us come back to (22): since Z is of order 04 0log and R’ is of order —1 + log, we obtain

H (1 - GN(DI)) u“Hs+alog S Cl HTEUH + 02 H (1 - eﬂ(Dx)) UHH(S—l)-‘-(a'Fl)lOg ’

Hs+a log

for some C; (depending on |S ](LO;S )0) and Cy (depending also on |S \(Loio())) large enough. Now, by
spectral properties and Proposition 3.3, we have

[0 = 0D 0l iiormes € 30 PR (1= 0,(D2) ol
k>K,

S R ) [ NE:R) R

where K, ~ log, u. Therefore, if 41 is large enough, such that Co 2754 (1 + K,) < 1/2, we can
abosorbe this term in the left-hand side of the previous inequality. This complete the proof of the
statement (i7), and so also of the lemma. O

Now, let s €]0, 1] be fixed. For 8 > 0, to be chosen in the course of the proof, we set

(23) s(t) = s — Bt;

we then define the energies

Q1) B() = Bgolu] = [Tou®||.  + 10Dl
(35)  Buoglt) = Eugyajalu(t)] = [Touto)|| + 16 (D) ul®) Frscra/aon

Hs()+(1/2) log

where p is fixed large enough, so that Lemma 4.1 holds true. In particular, we have
2 2
E(t) ~ [lu)llgse and Eog(t) ~ [[u(®)[gsw+a/2os -

Remark 4.2. Let us point out that the “true” energy associated to our operator is . The second
energy Kjo, is introduced because of a logarithmic loss of derivatives in the estimates for F, due
to the log-Lipschitz regularity of the coefficients and of the symmetrizer.

We conclude this part with an approximation result: we make a paralinearization of our
operator. In this way, we create remainders, which nonetheless are regular enough.

Lemma 4.3. Let L be the operator defined by (3), and L be given by (5). Then
(26) Lu = O + tTqu + Teu + Rru,

where Ry, maps continuously H5T18 into H5H@=D10g for 411 0 < s < v and all o € R.
Analogously, we can write Lu = du + iTqu + Tpu + Rju, where Ry is continuous from
Hetalog 4o frstla=blog for gl —~ < s <0 and all o € R.
The operator norms of both Ry, and Ry depend only on the constants Ko, K1 and Ko appearing
in conditions (6)-(7)-(8).
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Proof. Let us focus on operator L first: decomposition (26) is easily obtained, if we set Ry =
R4 + Rp, where we have defined
n
RAU = Z(Aj—TAj)aju and RBU = (B—TB)ZL.
j=1

We observe that Ra(t,z,&) = 32 (A;(t,x) — Ta;(t,x)) & is a symbol in the class Ly (T 108).

since LL < Bé;lo%g, Theorem 3.21, point (711), gives us

[Rau| gsta-1)10s < C ( sup sup ||4;(t, ')||LL> l|lwll gstatos
te[0, 7] 1<j<n

for any 0 < s < 1 and any « € R. In particular, this is true for 0 < s < 7.

On the other hand, Rp(t, z, ) belongs to L3 (ng%llzi) (actually, it does not even depend on

€). Then, point (i) of Theorem 3.21 (with e.g. the particular choice ¢ = s < 7) implies
IR B ull grorares < C ( sup [|B(t, -)Hm) [l grs+atos -
te[0,T]
This inequality completes the proof of the statement for Rp.

Let us now deal with L: we start by observing that

Lu

Oru + Zaj((Aj — TAj)U> + Zf)j (TAJ.U) + Tsu + Rpu
Jj=1 J=1

= O+ iTu + Z(%’((Aj — TAj)u> + Z [8j,TA].] u + Tru + Rpu.
Jj=1 Jj=1

Then, we just set Ry = Z;”:l 8j<(Aj — TAj) u) + 2?21 [@,TAJ u + Rpu. Let us consider
each of its terms one by one.

R p is defined as before: this time, we apply item (7ii) of Theorem 3.21 and we get, for any
—v < s < 0and any a € R,

IR B ull gs+taros < C ( sup || B(t, ')Ilcv> [l oanros -
t€[0,T)
As for the commutator term, we notice that [8j, TA].] = 0joa,(t,x, D), where 04,(t,,§) is
the classical symbol associated to A; via formula (19). Therefore, by Lemma 3.19 we deduce that
[8j7 TAJ,] is an operator of order 0 + log, and then, for any (s, a) € R?,

10057, ) wll oy < C ( sup sup |4t -)Hu) (-
t€[0,7] 1<i<n
0+0log

Finally, for any j, the operator A; — T4, belongs to the class LF (F LI ): then again, point
(#ii) of Theorem 3.21 gives us

los (s =) w)| e O 1A = Ta) ull goosacni
te[0,T) 1<5<n

< C ( sup sup [ 4;(t, ')IILL> ]| prs-vocron

for any —1 < s < 0, and in particular for —y < s < 0.
This completes the proof of the assertion for R+, and then also of the lemma. O
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4.2 Energy estimates: proof of Theorem 2.4

We are now ready to compute and estimate the time derivative of the energy. In a first moment,
we aim at proving bounds for the paralinearized operator

Tru = 0w + i Tqu + Tpu.

Notice that Tru = Lu — Rpu and also Tru = Lu — Riu.

In what follows, we will generically denote by Cr 1, a multiplicative constant which depends on
the LL norms of the coefficients of A(t, x,§) and of the symmetrizer S(t, z, ), i.e. quantities Ky
and K7 in (6)-(7), but not on s neither on u. On the other hand, we will use the generic symbol C
if the constant just depend on Kj, i.e. the L> bounds of the coefficients and of the symmetrizer,
and on K>y in (8), i.e. the Hélder norms of B. Finally, we will use the notation C), to denote a
constant which depends on the p fixed for having the positivity estimates of Lemma 4.1.

Lemma 4.4. Let (Aj)1<j<n and B be as in the hypotheses of Theorem 2.4. For any s € R and

any B > 0, define s(t) by formula (23). Then, for any smooth u € S([0,T] x R™) we have

th( t) < CLE(t) + (Co — C38) Eiog(t) +

104 (D)ol ey (B2 + 2 ‘Re (As (D) Ts Tru, A*O(D) fgu>

L2

The constant C1 just depends on the u fixed in the positivity estimates and on Ko; Co still depends
on pu and Ky, and also on Ky; finally, Cs depends only on Kjy.

Proof. We start by noticing that, for any v € S(R™), we have
d s(t) |\~
Gl = 0) [ 1og(1+16R) (1+ 1) PR g ~ 50 follrscmms -

For notation convenience, we set A(D) := (1 —A)Y2 ie. A€) = (€) = (1+ |§]2)1/2.
Recalling definition (24) of the energy F, we get:

—E(t) = §'(t)Re <log(A2( ) A*O(D) Teu, A*D (D) TZU)LQ +
(Ast T, su, A°O(D )Tgu)Lz + 2Re (A8<t>(D) Tedpu, A (D) TEU)LQ +
s'(t) Re (log(A2(D)) A*O(D) g, (D)u, A*D(D) GH(D)U)LQ +
+2Re (A8<t>(D) 0,(D)dyu, A*D(D) 9H(D)U)L2 = P+ F+ Fy+ Fy + Fs.

First of all, let us consider the terms with s'(¢): keeping in mind definitions (25) and (23), it
is easy to see that, for some constant just depending on the Cy appearing in Lemma 4.1,

(27) L+ F < - C,BElog(t) .

On the other hand, Theorem 3.30 implies

1/2
Txu < CLLHU||H5+(1/2)logE/ < CrrCp Egg -

8 IRl < |1, e

95" HHs<t>—<1/2> log HHs<t>+<1/z> log

For both F3 and Fj, we have to use the equation for Tru. We start by dealing with the low
frequencies term:

Fs = 2Re (AS(“(D) 0,(D)du, AV (D) HM(D)U)

L2
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— 2Re <A5(t)(D) 0,(D) (Tyu — i Tau — Tpu) , A*O(D) OM(D)u>L2 .

First of all, Cauchy-Schwarz inequality immediately implies

[Re (4°O(D) 8,(D) Tru, A*(D) 6,(D)u) | < 6,(D) Tl o) B2

)
As for the term with T4, we remark that, by spectral localization properties, one has

n  ku

0u(D) Tiau = Y > Sp_s(A;(t,2)) Apdju,
j=1 k=0

for some k,, ~ logy pu. Hence, Bernstein inequalities immediately imply

j2 Re (As(t)(D) 0,(D) Ty qu, A*D (D) HM(D)U) < O |lufl 0 EV? < CC, B(t),

L2

for a suitable constant C' depending just on the L°° norms of the A;’s. Exactly in the same way,
we get an analogous estimate for the Tp term. In the end, putting these inequalities together, we
deduce the control

(29) F5| < CCpE(t) + 10u(D)Toul ooy (E®)"? + Cp Cri Frog(t).
Let us consider now the term Fj3, which we rewrite as

Fy = 2Re (As(t)(D) Ts (Tru — i Tau — Tpu) , A°O(D) TEU)LQ .

We leave the 77, term on one side: it will contribute to the last item appearing in our statement.
In addition, the term with T'p is easy to control: since Ty, and Tp are operators of order 0, we get

(Re (As(t)(D) TeTpu, A*D(D) TEU)LZ‘ < O |lull gy BY? < CC,E().
So, we have to focus just on the last term,

Fy = 2Re <A5(t)(D) Ts Toau, A*(D) T2u>L2 :

we are going to make a systematic use of symbolic calculus, taking advantage of the properties
established in Theorems 3.20 and 3.28.
First of all, passing to the adjoints, we have the equality

Fy = 2Re (TE A%O(D) Tx Ty qu, u> , + 2Re <R1A23(t) (D) Ts; Toau, u) L

where R; is of order —1 + log. On the other hand, by Remark 3.14 we have Te A20(D) =
A»M) (D) Ty, + Ry, where the operator Ry is a remainder of order 2s(t) — 1 + log. Therefore,
collecting the R; and Ry terms into only one remainder R(u,u), which can be estimated as

(30) |R(u,w)| < Crpl[ull grsw+as2os E\/?

g = CpCLL Elog(t)

we can write
Py = 2Re (A2S(t)(D)TEfETi n u> ,+ R(uu) = 2Re (A2s(t> (D)Ts,Thau, u) L+ R,

Notice that, in the second step, we have included into R(u,u) another rest, depending on a
remainder R3 which can be still bounded as in (30).
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Now, we use the fact that, by definition, 2 = §(1 — eu(g))Q. Since, by Theorem 3.30,

the difference operator S — S contributes to the estimates as another remainder, in the sense of
inequality (30), we arrive at the identity

Fg = 2Re <As(t)(D) TSU,@H)Q AU, As(t)(D) U)L2 + R(u,u) .

Finally, by symbolic calculus again, up to adding another remainder R4 of order 0 + log (recall
that A is of order 1), we get

Fy = 2Re (As(t)(D)Ti sa(1-,u, AO(D) u)L2 + R(u,u).

At this point, we remark that Re (2 S .A) = 0, since S is a microlocal symmetrizer for A: then,
keeping in mind that Re P = (P + P*) /2, by symbolic calculus we deduce that

2Re (T;54(1-0,)2) = Rs,

where also Rj is an operator of order 0+ log. In the end, putting all these informations together,
we find the estimate N
‘F:s‘ < Crr Cp Eigg(t),

which in turn gives us

(31)  |Fs| < CCLE(t) + CpCLp Bioglt) + Q‘Re (ASWD) T Tru, A*O(D) Tzu)

L2

Therefore, collecting inequalities (27), (28), (29) and (31) completes the proof of the energy
estimates for the paralinearized operator 17,. O

Remark 4.5. No restriction on s is needed at this level: its limitations derive just from product
rules (see Proposition 3.9) and from the analysis of remainders (see Lemma 4.3 above).

We complete now the proof of Theorem 2.4 in the case of operator L. Operator L will be
matter of Remark 4.6 below.

It remains us to deal with the term 77, in the estimates provided by Lemma 4.4. Recall that
Truw = Lu — Rpu.

For the low frequencies term, it is an easy matter to see that

10, (D)TLul| sy [ Lull sy + Cp IR L] gswy—1/2) 108

<
< Ll sy + Cp (Crr + C) |Jul| ot +a/2)108

where (), is, as usual, a constant which depends on the positivity estimates. The presence of the
constant C' in the last step is due to lower order terms, i.e. Rp. Applying once more positivity
estimates, we finally arrive to the bound

(32) 10, (D)TLull oy < Nl Lufl sy + Cp (Crr + C) Erog(t) -

We remark here that, up to let C), depend also on s, the previous inequality holds true for any
s € R: we have no need yet for using the condition 0 < s <.
As for the high frequencies term, since Ty, is an operator of order 0, we have the control

2 |Re (A"O(D) Ts Tyu, AO(D) Tou) | < € |lLull gy B + C [Roullgecor-c/mos Brgy
1/2
< C||Lull oy BY? + € (Cri + O) [l gowra/oios Ery
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where we have used also Lemma 4.3, and hence the restriction on s. Therefore, by positivity
estimates again we deduce

(33) 2|Re (A"O(D) T Tyw, AO(D) Tou) | < C l|Lull ey B2 + Cp (Crz +C) Biog(t).

Now, putting (32) and (33) into the inequality given by Lemma 4.4, we find

S B(t) < CLEW) + Cs Ll oo (BW)' + (Ca— B) Bugl).
where C7 is the constant given by Lemma 4.4, C'3 > 0 depends on Ky and K7, but just via
positivity estimates, and Cy depends on Ky, K1 and K5 not only via Lemma 4.1, but also via
Lemma 4.3.

Now, we chose > Cy: then, setting e(t) := (E(t))l/ 2, an application of Gronwall inequality
leads us to the estimate

e(t) < 12 (e(0) + [ Nu(rlgen dr)

for two positive constants M and @ large enough. This completes the proof of the energy estimate
stated in Theorem 2.4, for operator L.

Remark 4.6. For operator L one can argue in a completely analogous way. The only difference
is the presence of the remainder operator R; instead of Ry, as stated in Lemma 4.3. However,
since the order of the two operators is the same, it is easy to see that the estimates do not change.

Remark 4.7. As already remarked in [11], we point out that, in fact, our proof gives a more
accurate energy estimate: namely,

1/2

T
(34)  sup Nu(®)llge s + ( / Hu<7>uzsﬁf+(1/2>logdr) <

te[0,Ty]
Ty
< Cy oC2T <HU(O)HH9 + / HLU(T)HHS—BT d7'>
0

for tempered distributions u as in the statement of Theorem 2.4. Moreover, if the last term is L?
in time, one can replace it by fOT* HLu(T)HiIS_ﬂT_U/Q)IOg dr.

Remark 4.8. A careful inspection of our proof reveals that we just used the property A; €
L>([0,T); LL(R™; M,,)), namely only LL regularity in « is exploited for the A;’s. On the con-
trary, for the symmetrizer S one needs log-Lipschitz continuity both in time and space variables.

Nonetheless, in general regularity of the symmetrizer is dictated by the regularity of the
coefficients (keep in mind the discussion in Example 2.3). Furthermore, hypothesis (7) is invariant
by change of coordinates, and then suitable for local analysis. This is why we required it.

4.3 Existence and uniqueness of solutions

In this subsection, we prove Theorem 2.6, namely the existence and uniqueness of solutions to the
global Cauchy problem (10). For this, we will exploit in a fundamental way the energy estimates
of Theorem 2.4.

We will focus on the case of operator L, defined in (3). The same arguments hand over L, see
its definition in (5), rather directly.
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4.3.1 Regularity results, uniqueness

As done in [11] (see Definition 2.5 of that paper), for (o,a) € R? and 8 > 0 fixed, let us define
the following spaces:

® Cotalog,s(T) is the set of functions v on [0, 7], with values in the space of tempered distri-
butions, which verify the property

u € C([O,t];HUﬁBHalog)
for all ¢t € [0,T7;

® Hotalog,s(T) is the set of functions w on [0,7], with values in the space of tempered
distributions, such that

ATPH(D)TI(D)w(t) € L*([0,T); L*(R™;R™)),

where we used the notations A(D) = (1 — A)Y/2 and II(D) = log(2 + |D|), introduced in
the previous paragraphs;

o Loialog,s(T) is the set of functions z on [0, 7], with values in the space of tempered distri-
butions, with the property

ATTPU(DYI(D) 2(t) € L'([0,T]; L*(R™;R™)).

All these spaces are endowed with the natural norms induced by the conditions here above.

To begin with, we deal with weak solutions to the Cauchy problem (10). More precisely, fix
v €10,1[ and s €]0,~[ as in the statement of Theorem 2.6, and take the positive constants 5 and
T given by Theorem 2.4. For ug € H® and f € L, 3(T), we are going to consider

u € Hs,ﬁ (T*)

such that the equation Lu = f is satisfied, together with the initial condition u;—g = uo, in the
sense of distributions.

We remark that, for such u, the product A;(t, z) 0;u is well-defined and belongs to the space
Hs—1,8(T%) for all j (recall Corollary 3.10), and B(t, z)u belongs to Hs (1) (see Proposition 3.9).
Hence, the equation Lu = f makes sense in D’(]O, T, xR™; Rm).

Let us show now that it makes sense also to impose the initial condition uj;—q = ug.

Lemma 4.9. Let v and s be as above. Let u € Hspg(Ty) verify the equation Lu = f in D' for
some f € Lsp(Ty).

Then one has u € Cs_(1/2) g(T%). In particular, the trace uy—o is well-defined in H*Y2(R"),
and the initial condition in (10) makes sense.

Proof. The proof is somehow classical. Let us define v(t) := u — f(f f(7)dr. Then, by hypotheses

it easily follows that fg f € Csp(Ty), and hence v € H, g(T%).

On the other hand, from the arguments exposed before, we deduce that 9o = > j Aj0;u+ Bu
belongs to the space Hs_1 3. Then, an easy interpolation implies that v € Cs_(; /2 3, and therefore
so does wu. O

As a result of this lemma and the previous considerations, we have clarified the sense to give
to the Cauchy problem (10).

Next, let us state a “weak = strong” type result. Namely, we show that any weak solution
u is in fact the limit of a suitable sequence of smooth approximate solutions, in the norm given
by the left-hand side of inequality (9). In particular, this fact implies that u enjoys additional
smoothness and it satisfies the energy estimates stated in Theorem 2.4.
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Theorem 4.10. Fiz~y €]0,1[ and 0 < s <~. Let B> 0 and T, be the “loss parameter” and the
existence time given by Theorem 2.4, together with the constants Cv and Cs.
Let ug € H*(R™;R™), f € Ls5(Ty) and u € Hsg(Ty) be the corresponding weak solution to the
Cauchy problem (10).
Then one has u € C (1), and u satisfies the energy inequality (9).

Proof. For e €]0,1], let us introduce the smoothing operators J.(D) := (1 —eA)~1/2, which are
Fourier multipliers associated to the symbols J.(&) = (1 + €& |2)71/ %,

Recall that they are operators of order —1, they are uniformly bounded from H? to H°*! for
any o € R, and one has the strong convergence J.(D)w — w in H?, for ¢ — 0.

For any € > 0, we set u. := Jo(D)u. Then, from the previous properties we deduce that the
family (uE)6 is uniformly bounded in Hy41,8(T%) < L2([0,T%]; H'(R™;R™)). Moreover, we have
that ue — win H,g(T%) for e — 0.

In addition, if we apply operator J.(D) to the equation Lu = f, we deduce that the u.’s solve
the equation Lu. = f. + g., with f. = J.(D)f and

n

) g = A 00), JD))Oju + [Blt,2), (D).

J=1

By Lemma 4.6 of [11], it is easy to infer that fo — f in £, g(T) and g. — 0 in H, g(Ty), in
the limit for € — 0.
From this fact, Theorem 2.4 and Remark 4.7 together, we deduce the energy estimates

T, 1/2
swumwmm+(/uwm@wMWWM) <
te[0,7%] 0

T
< et (Juclae + [ (lgesr + ol nr) 07)

By linearity of the equations, similar estimates are satisfied also by the difference du. , = u. —uy,
for all (say) 0 < n < e <1, up to replace, in the right-hand side, u-(0), f. and g. respectively by
e n(0) = uc(0) — uy(0), 0fep = fo — fr and 69z = g — gn-

Since due ,(0) — 0 in H*, and so do d f., and g, , respectively in L g(T%) and in H g(T%),
we gather that (ue)6 is a Cauchy sequence in Cs g(Ty). Therefore, the limit u € H; g(T\) also
belongs to Cs g(T%), and it verifies the energy estimate (9). O

The previous theorem immediately implies uniqueness of weak solutions.

c:w_uniq| Corollary 4.11. Lety and s be fized as in the hypotheses of Theorem 4.10. Let u € Hg (1) be
a weak solution to the Cauchy problem (10), with initial datum ug = 0 and external force f = 0.
Then u = 0.

4.3.2 Existence of weak solutions
sss:weak

In order to complete the proof of Theorem 2.6, it remains us to prove existence of weak solutions.

T

:w_existence| Proposition 4.12. Fiz v €]0,1[ and 0 < s < ~. Let § > 0 and Ty be the “loss parameter” and
the existence time given by Theorem 2.4.
Then, for all ug € H*(R™;R™) and f € Ls (1), there exists a weak solution u € Hs g(T%) to
the Cauchy problem (10).

Proof. For £ €]0,1], let us introduce the smoothing operators J.(D), of order —1, as done in the
previous proof. Denoting A(t,z,D) = >_ j A;(t,x)0;, for any ¢ let us consider the linear system
of m ODEs

Owue = —A(t,x,D) Jo(D)us. — B(t,z) Jo(D)ue + f,
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with initial datum (ue)j—o = uo.

For all € fixed and all ¢, it is easy to see that the operators A(t,z, D)J.(D) and B(t,z)J.(D)
are bounded in L?. Moreover, by our hypotheses we have s > s — 37T, > 0, so that we can solve
the previous system in C([O7 T.]; L*(R™; Rm)) by use of the Cauchy-Lipschitz Theorem, and find
a solution u.. On the other hand, the hypothesis over f implies that, for any to € [0,7}] fixed,
fe Ll([O,tg]; Hs_ﬂto). Furthermore, by product rules (see Proposition 3.9 and Corollary 3.10),
the operators A(t,x, D)J.(D) and B(t,x)J.(D) are self-maps of H* 5% into itself. Therefore, by
Cauchy-Lipschitz Theorem again and uniqueness part, we infer that u € Cs g(T%) — Hs (T%).

Notice however that this is not enough to get uniform bounds on the family (u.)e, since we do
not know if we have enough regularity in order to absorbe, in energy estimates, the remainders
which require an additional (1/2)log-regularity (see the computations in Subsection 4.2 above).
Hence, we are going to argue in a slightly different way.

Let us define w, := J.(D)ue: by the previous argument, we is in L*([0, TyJ; H' (R™;R™)) for
all € €]0,1]. Moreover, it satisfies

Ow, = —J(D)A(t,x,D)w. — J(D)B(t,x)w. + J-(D) f
= —A(t,z,D)J(D)w: — B(t,x)Jo(D)we + feo + he,

where f. = J.(D)f as before, and h, is defined by the analogue of formula (35), but replacing u
by w itself. Notice that Lemma 4.6 of [11] implies the inequality

1hell gsr < Cllwell grscor 5

where s(t) = s — Bt as above. Let us also remark that (we)—g = A:(D)uo.

Then, we can apply energy estimates of Theorem 2.4 to w.. Indeed, J.(§) being a scalar
multiplier, S(¢,x,&) is still a microlocal symmetrizer for A(t,x,&)J:(§). Moreover, Lemma 4.3
gives uniform bounds for the remainder operators A(t, z,§)J:(§) — Ta(,z.6).7.(c) and B(t, z)J=(§) —
T'B(t,2)J.(¢) in suitable functional spaces. Finally, Lemma 4.4 provides with uniform bounds for the
operators Oy + Tj(1,z,6)7.(¢) + TB(t,2)J.(¢), since the symbols are uniformly bounded respectively

. e T140log 0+0log
in the classes I'/ ;™ and I 0.

So we find that (wa)s is a bounded family in Cs g(T%) — H,5(T%), and consequently, up to
extraction of a subsequence, it weakly converges to some u in this space. On the other hand, by
the equation for w. (recall also product rules of Proposition 3.9 and Corollary 3.10), we easily
deduce that (8tw5)6 is bounded in Cs_1 g(7T%), and hence the convergence holds true also in the
weak-# topology of H'([0,Ty]; H*=PT=1(R";R™)) — C([0,Ty]; H*=P7*~1). In particular, this
implies that (we);—o — uj—o in the distributional sense.

Thanks to these properties, it is easy to pass to the limit in the weak formulation of the
equations, obtaining thus that u solves the system Lu = f in a weak sense, with initial datum
up. Finally, by uniform bounds we get u € Hgg(T%), and this fact completes the proof of the
existence of a weak solution. O

5 The local Cauchy problem

We prove here local in space existence and uniqueness of solutions. First of all, let us show that
it makes sense to consider the Cauchy problem for operator P on X: this is not clear a priori,
due to the low regularity framework.

Here below we will use the notations introduced in Subsection 2.2. In particular, recall that
we have set Q> :=Q N {¢ >0} and Qs :=Q N {¢ > 0}, where {¢ = 0} is a parametrization of
the hypersurface X in 2.

Recall that we have supposed that hypotheses from (H-1) to (H-5) (stated in Subsection 2.2)
hold true. In particular, P has log-Lipschitz first order coefficients and a y-Hélder continuous
0-th order coefficient, and it admits a family of full symmetrizers, which are smooth in the dual
variable and log-Lipschitz in the z variable.
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5.1 Giving sense to the local Cauchy problem

We start by noticing that, for smooth v and v, with supp v compact in €2>, we can write the next
identity only formally, due to the low regularity of the coefficients:

(Pu, U)LQ(Q>) - (Ua P*U)LQ(Q>) = (Dgu, NI/,P1U)L2(2))

where P*(z,{)v = — Zj 0z, (A;%) + B*v is the adjoint operator of P, and we have defined

n
Dyui=uwy  and  Nypvi= Y 17 Dy(4jv).
j=0

As above, v is the normal to the hypersurface X', which determines the integration form on X.
Of course, the map z — v(z) # 0 is smooth on X.

In our framework the previous Green formula does not hold true a priori, due to the low
regularity of the coefficients. The first step of the proof to Theorem 2.10 is to justify it for smooth
enough functions. To begin with, let us study the regularity of the terms entering in the definition
of Pu and P*u: we have the following lemma.

Lemma 5.1. (i) Fors €]l—v,1+7[ andu € H}; (2>), all the terms entering in the definition
of Pu are well-defined in H ().

loc
(i) For o €]1 —~,1[ and v € HJ (2>), all the terms entering in the definition of P*v are
well-defined in HJ ' (Q).
(1it) For s >1/2 and v € H} (Q>), the trace Dxu is well-defined in Hs_1/2(2 neQ).

loc

(iv) Foro €]1/2,1[ andv € H (2>), the normal trace N, p,v is well-defined in H8_1/2(EQQ).

loc

Proof. We repeatedly use product rules stated in Proposition 3.9 and Corollary 3.10 above.

In a first time, let us focus on P: for all s €]0,2[, Pi(2,0,)u belongs to H ' (Q>). Now, by
the embedding H® — H*7!, if [s — 1| < v we have that Bu € H;_'(Qs). This completes the
proof of point (7).

Concerning P*, the argument is analogous: the principal part of P*u belongs to Hl‘zgl(QZ)
whenever ¢ €]0,1[. The B*u term can be treated exactly as before. Also (%) is proved.

Points (ii7) and (iv) are straightforward. O

Following the discussion in [11], we remark that C§°(Qs) is a dense subset of H? () for
lo| < 1/2, and that, when o € [0,1/2] and u € H?(Qs), the pairing (u, ’U)LZ(Q>) for v € L?
extends to the duality H? x H~%. From this and Lemma 5.1, we deduce the next statement,
which tells us that Green formula makes sense for regular enough distributions.

Lemma 5.2. Let us fit 1/2 < v < 1, and take s €]1/2,y[. For any u € H} (2>) and v €
HZ,np(Q>), one has the equality

(36) (Pu, v) — (u, P*v) = (Dgu, Ny’PI’U)

H~oxH® HoxH~© L2(%)°

where 0 = 1 —s €)1 —~,1/2[ (and in particular 0 < o < 1/2).

Proof. Since s > 1/2, we have H® — H!7%. On the other hand, s belongs in particular to
|1 —~,1[, and then Lemma 5.1 applies.
To complete the proof, it is enough to remark that (see Lemma 1.3 of [11]) the Green’s formula

(0515 0) oo gre = = (5 050) o -0 + (¥ Dstt, Div) 1oy
holds true for any u € H 7(Q>) and v € HL7 (Q>), whenever o € 0,1/2]. O
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As the final step, we want to justify Green formula for distributions which are in the domain
of our operator. This is guaranteed by the next statement, which is the analogue to Proposition
1.4 of [11]. Thanks to this result, considering the Cauchy problem (CP) under the hypotheses of
Theorem 2.10 makes sense.

Proposition 5.3. Let us define the set D(P; H®) := {u € H}} (Q>) | Pu € H} (Q>)}.
There exists a unique extension of the operator Dy to the set D(P) = [Uyoq_, D(P; H?),

which acts continuously from D(P; H®) into Hfozlﬂ(E N Q) forall s €]1 —~,~[.
The same property holds true for the operator N, p, .
Furthermore, for all so €]1 —~,1/2[ such that so < s, for all v € H; 59 (Q>), one has the
Green formula
(Pu, ’U)L2 - (u, P*v)

= (Dsu, Ny,pv)

HS0x H—%0 Hs—1/2% f1/2—s *

This proposition will be proved in the next subsection, and it will be derived by results on
the global Cauchy problem. Then, in order to give sense to the Cauchy problem, the microlocally
symmetrizability and hyperbolicity hypotheses are fundamental.

Let us notice here that, thanks to definitions, the properties for Dy, easily pass also on N, p,.
We observe also that all the terms entering in the last formula have sense. Indeed, 1/2 < 1—s¢ < 7
and hence, by Lemma 5.1, we get P*v € H_,;%,(€2>), so that the pairing with u makes sense (recall
that sp < s). Moreover one has N, pv € Hclo/,igso (Q>) — Hclo/%;s(ﬁz), and so also the last term
in the equality is fine.

5.2 Invariance by change of variables, and regularity results

First of all, let us show here that our working hypotheses are invariant under smooth change of
coordinates.

Indeed, let z = ¥(y), for some 1 smooth, and denote f(y) = f o1 (y): derivatives change
according to the rule Vyu o ¢ = {(V,4™1) 04 - V,u, namely

<8zjuk) o) = i 0, (zpfl)h o) Dy, U,
h=1

as well as covectors in the cotangent space, i.e. ((y) = (tvzzp—l . g) o9(y). As a consequence,
if we write the i-th component of our system Pu = f, that is to say

Fr=Y 00" Aal2) 0:,u8(2) + ) Bir(2) u(2),
k=1

§=0 k=1

from the previous rules we obtain the expression in y coordinates:

Fr=3"3 Myu(y) 0y,i* (y) + > Bin(y) @ (y)
k=1

h=0 k=1

where easy computations lead to the formula
L —_1\h
My (y) = ZAj,ik<y) 9, (v™1)" (v(w)) -
j=0
Namely, we have proved that Pu = ]Sﬁ, where we have defined the operator

n
Py = ZMhayhv + Bv.
h=0
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Notice that P has the same form as P, and the same regularity of its first and O-th order coeffi-
cients. In addition, by Theorem 4.11 of [20] we deduce that it is still microlocally symmetrizable
in the sense of Definition 2.9. We can check this property also by direct computations: as a matter
of fact, in a very natural way, let us define

S(y,0) == S(¥(y), ("Va™-¢) oy)

Of course, all the properties of S hand over to g; the only thing we have to check is that SP; is
self-adjoint, where we denote by P; the principal part of P. But this imediately follows from the
definitions and the transformation rules:

(57) 0 = 560X = 56,03 Ao, ()"

h=0 j=0

= S(x(w), ("Vau - Q) ow(y) D Ai((w) ('Y C) 0db(y)
j=0

= (SP) (x), ("V.o7' ().

Furthermore, as done in [11] (see Section 5), the Green formula (36) can be transported by 1.
As a byproduct of this discussion, we get that our statements, and in particular Proposition 5.3,
are invariant by smooth change of variables.

Hence, we can reconduct the proof of Proposition 5.3 in the system of coordinates z = (¢, z) €
| — to, to[ Xw and ¢ = (7,€). In particular we will assume that X = {t = 0}, whose unit normal
is dt, and that zp = 0. Moreover, by Proposition 4.12 of [20], up to shrink our domain we can
suppose that the full symmetrizer is positive in the direction dt¢ at any point (¢, z); by assumption
(13), we can also assume that Ag(¢,x) is invertible for any (¢, x).

In the end, we can recast our operator in the form Lu = O;u + Zj Aj(t,z) 0ju + B(t,x)u,
with existence of a microlocal symmetrizer (in the sense of Definition 2.1) S(t,z,&) = S(t,x,1,£).

This having been established, we present a regularity result analogous to Proposition 4.9,
which will be needed in the proof of Proposition 5.3.

Lemma 5.4. Let v and s as in the hypotheses of Theorem 2.10. Let u € HS(]O, to[ Xw) such that
Lu € L*([0, to); H*(w)).

Then one has u € C([O,to];Hsfl/Q(w)). In particular, the trace uy—o is well-defined in
H*"1/2(w), and the initial condition in (CP) makes sense.

Proof. The proof goes along the lines of Lemma 2.2 of [11], so let us just sketch it. First of
all, we restrict our attention to the case [0, ty] x R™, the other one being obtained working with
restrictions. In addition, we make use of the spaces H*([0,7] x R") of Hérmander (sce e.g.
Appendix B of [14]).

So, by hypothesis u € H*([0,t9] x R") = H*C([0,t0] x R") — H**([0,¢0] x R"). From this,
we deduce that Liu = } ; A;0ju € HOs~1([0,t0] x R™). On the other hand, the same is true
also for the term Bu, since, by assumption, |s — 1| < 7 (recall also Proposition 3.9).

Next, we notice that the hypothesis Lu € L'([0,to]; H*(R")) implies that v(t) := fg Lu(r) dr
belongs to C([0, to]; H*(R™)) — H**([0,t0] x R™).

From the previous properties, we get that w := u —v € HO’S([O,tO] X R"), while its time
derivative dyw € H**71([0,t0] x R™), because dyw = >_;Aj Oju + Bu. Therefore, by properties
of the Hérmander spaces we get w € H571([0, 0] x R?) < C([0,%o); H*~Y/2(R")) (see Theorem
B.2.7 of [14]). As a conclusion, also u = w + v belongs to C([0,%o); H*~Y/?(R™)). O

We are now ready to prove Proposition 5.3.
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Proof of Proposition 5.3. We focus on uniqueness first. Notice that classical Green formula forces
the definition of Dy to coincide with the usual trace operator for smooth functions. Let us
argue by contradiction and suppose that there exist two extensions D% and D2, and a tempered
distribution v € D(P) = Uysq_, D(P; H®) such that Diu = u} and Diu = u2, with u} # u3.
In the light of Lemma 5.2, we can suppose that v € D(P; H®), with s €]1 —v,1/2]. Let us set
Pu=feH} (Q>)and § := Hué — u%”Hs,l/g > 0.

Fix now ¢ > 0. By density of smooth functions, we can chose smooth g, vé and v% such that

11 = gllze(as) + lluo = voll gmrramnay + 116 = v6ll o2 gy < €

Thanks to the previous discussion, we can work in local coordinates (¢, z), and hence suppose
the following facts: first, that X = {¢ = 0}, and moreover that, in these coordinates, P takes
the form of L as defined in (3). Therefore, we can apply Theorem 2.6 to the initial data v} and
v(Q) and external force ¢g: we find two solutions v!' and v? respectively, which belong to the space
C([0,T.]; H5(R™;R™)) and which solves the problems, for i =1, 2,

v =g, Vjy—g = Vo -

Notice that, in particular, we get v* € H%*([0,T,] x R"), and then (by the equation) djv' €
HO5=1([0,T%] x R™), which implies v* € H*71([0,T%] x R™) (see also the proof of Lemma 5.4
here above). Since s — 1 < 0, from this property it is easy to deduce that v’ € ’HS’O([O, T,] x R”).
Remark that, up to shrink 2> (i.e. take a smaller existence time T}), we can also suppose that
vt € H70([0,Ty] x R"), with o > 1/2. Furthermore, by linearity of L and Theorem 2.6 we infer
the estimates

Hu—viHHs < Cle) = Hvl -0 < 2C(e).

Il

But each v* is smooth, i.e. it belongs H7%([0, T3] x R") with o > 1/2, so that Di,v’ = D&’ = v},
for all ¢ = 1, 2. Hence, by continuity of the trace operator on smooth functions we deduce

[0 = V3|l pre-rse < [|06 = v8 || go-1s2 < C'(E)-
At this point, we write
= b = @l gesrs < [l = 08l e + 1o = 6Bl g + 16 = 6Bl gore < 26+ ')

taking a € > 0 small enough gives the contradiction, completing in this way the proof of the
uniqueness part.

Let us consider the problem of existence of the trace operator onto Y. Once again, we work
in local coordinates z = (t,z), with zp = 0 and ¥ = {¢ = 0}, and the conormal given by
v(t,z) = p(xz)dt, for a suitable positive function p. By Lemma 5.4, we can define the trace
uj;—o as a distribution in HS_I/Z(Z): then, it is enough to check that, in this coordinates, Green
formula in Proposition 5.3 makes sense with Dyu = uj;—g. But from now on the arguments are
analogous to the discussion in Section 5 of [11]|: so we omit them.

The proposition is now completely proved. O

5.3 Proof of local existence and uniqueness

Now, we can turn our attention to the statements about existence and uniqueness of solutions to
the local Cauchy problem. Let us start with the proof of Theorem 2.10: it is analogous to the
one of [11] for wave operators, so let us just sketch it.
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Proof of Theorem 2.10. Up to a change of variables, we can suppose, as usual, that zg = 0,
Y = {t = 0}, with normal dt, and that the operator P, in these coordinates, assumes the form of
L =0 +3,;4;0; + B.

Consider a smooth function & : R;*” — Q such that ®&(y) = y for all y € Q; C Q, and
®(y) = 2o if |y| is large enough. Such a function can be built by taking €; to be a ball centered
in zp and working along radial directions emanating from zg, for instance.

Changing the coefficients of L according to the rule f#(y) := f (@(y)), we are led to consider
a new operator L, such that L! = L on , having coefficients with the same regularity as L and
admitting a full symmetrizer S¥(y, () = S(@(y), C) which is positive in the directions V(q)(y)).

Fix now a s €]1—+,v], and take another s; €]1—+, s[. Let us apply Theorem 2.4 to operator
L*: this provides us with a loss parameter 8 and with an existence time 7' = (s — s1)/f. Define
then Qo = Q N{|t| < T} and w := Qo N {t =0}.

Let us take an initial datum ug € H*(w): by definition (11), it can be seen as the restriction
to w of a u(ﬁ) € H*(R™). In the same way, f € H*(Qy N {t > 0}) is the restriction of a f* ¢
H(RY™" N {t > 0}), and in particular f* € L*(]0,T[; H*(R")).

Then, by use of Theorem 2.4 we solve the Cauchy problem

Lﬁuﬁ:fﬁ, ufﬁ :ug:

we find a solution u* on [0,T] x R™ which, in particular, belongs to LQ([O,T];Hsl(R")). But
from this fact together with Proposition 3.9 and by use of the equation, we deduce that dyuf €
L2(]0,T[; H*~1(R™)), which finally implies that uf € H*171([0,T] x R") — H*1([0,T] x R"),
the inclusion following from the fact that s; — 1 < 0.

Therefore, by restriction we infer the existence of a solution u to (CP) in . O

This having been proved, we turn our attention to the question of local uniqueness. We start
by establishing a result about propagation of zero across the surface {t = 0}.

Lemma 5.5. Let s > 1 — 7 and Q =] — to, to[ Xw for some tyg > 0 and w C R™ neighborhood of
0. Suppose that u € H*(Q2N {t > 0}) fulfills

(37) Lu =0, up—p = 0.

Denote by u, the extension of u by 0 on {t < 0}.
Then, there ezists a neighborhood Q1 C Q of 0 such that u. € H*(Q1) and Lue, = 0 on Q.

Proof. Since v € H*(QN{t > 0}), we have in particular that v € L?([0, to]; Hf,.(w)), and therefore
ue belongs to L?([—to, to]; Hi,.(w)).

On the other hand, dyu € L?([0, to); Hfozl(w)), with uj;—g = 0. Hence, the (weak) derivative
Oue is the extension of dyu by 0 for negative times (test it on functions of the form 0,p). This
implies dpue € L?([—to, to]; Hi.' (w)), and therefore u. € Hf (] — to,to[ xw) (using the same
arguments as in the previous proof).

Finally, veryfing that Lu. = 0 is an easy matter. Indeed, testing the equations on smooth
¢ € D(] — to, to[ x w), the integral in time reduces on intervals of the form ]0,¢;[, because u
vanishes for ¢ < 0. But for ¢ > 0, u. = u, and u is a weak solution of Lu = 0 with uj_q = 0: this

entails that also the integral over ]0,¢1[ is equal to 0. O

From the previous result, we can deduce the local uniqueness of solutions, by mean of classical
convexification arguments.

Proof of Theorem 2.12. Once again, we can fix local coordinates for which Q =] — g, tg[ xw and
Y = {t = 0}. Suppose that u € H*(Q N {t > 0}) satisfies (37). Denoting by u, its extension by
0, priveded by Lemma 5.5, we know that u. is a H® distribution on (say) | — ¢1,¢1[ xw1, for a

suitably small w; C w, and in the same neighborhood Lu, = 0.
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We consider the change of variables ¢ : (¢,z) (t~, ) such that
ti=t+ |z and T :=x.

Notice that this map sends {t < 0} into {%v< |Z|> }. Let us define & = ue 01 and L the operator
obtained by L under the transformation ).
Therefore, we have that w is defined in ¢ < t1, for a suitable t; > 0, and © = 0 in {t < |z|? }

Furthermore, up to take a smaller ¢;, we can suppose that L is defined on a neighborhood Q of
the origin which contains the closed lens © := {|§\2 < tNS t~1}, and that Lu = 0 on €.

Now, we repeat the construction explained in the proof of Theorem 2.10 above. Namely, we
extend the coefficients of L and we obtain an operator L?, defined on the whole R"t! which
preserves the regularity of the coefficients and the microlocal symmetrizability assumption, and
which coincides with L on a smaller neighborhood of ©.

We also extend @ to uf. Then, on the set | — oo, ;[ xR™ we get

f.b — i s f _
Lfu* = 0, u e H? | u\{t~<|f|2} =

In particular, u = 0 for § > 0 arbitrarly small. Therefore energy estimates of Theorem 2.4,

s
applied to L* and the initial time —4 (for § small enough), guarantee that u* = 0 untill a time
To. In particular, this is true for u, and coming back to coordinates (¢,z) implies that © = 0 in a
neighborhood of the origin. d
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