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Abstract

We analyze a simple macroscopic model describing the evolution of a cloud of particles confined
in a magneto-optical trap. The behavior of the particles is mainly driven by self-consistent attrac-
tive forces. In contrast to the standard model of gravitational forces, the force field does not result
from a potential; moreover, the non linear coupling is more singular than the coupling based on
the Poisson equation. We establish the existence of solutions, under a suitable smallness condition
on the total mass, or, equivalently, for a sufficiently large diffusion coefficient. When a symmetry
assumption is fulfilled, the solutions satisfy strengthened estimates (exponential moments). We also
investigate the convergence of the N-particles description towards the PDE system in the mean
field regime.
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1 Introduction

This work is concerned with a simple mathematical model describing anisotropic magneto-optical
traps (MOT). In these devices, clouds of atoms are held together at very low temperatures through
the action of well tuned lasers. These lasers induce on each atom an external space dependent
confining force, as well as a friction: these effects are responsible for the trapping and cooling of the
atoms. The lasers also create effective interaction forces between the atoms. The precise description
of these forces involves a full description of the laser field and its coupling with the atoms. The
following simplification, while probably not always quantitatively accurate, is customary since the
pioneering article [24]: the interaction forces are divided into

i) a repulsive force due to multiple diffusion of photons, which is usually approximated by a
Coulomb force (predicted in [24]) and

iil) an attractive long-range force, the so—called "shadow effect” (predicted in [9]), that bears
some similarity with gravity, and is the main subject of this article.
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In a standard, roughly spherical, cloud, the repulsive force dominates. Nevertheless, if an exter-
nal potential forces the cloud into a very elongated cigar shape, or a very thin pancake shape,
the attractive force is expected to dominate, and the repulsive force may be neglected in a first
approximation [2| [7]. This is the regime we are interested in.

A typical MOT involves 10° to 10'0 interacting particles. Although in experiment trapping the
atoms in a pancake-shaped cloud would probably contain less atoms, it is then relevant to make
use of a partial differential equations describing the particles’ density, instead of considering the
dynamics of the individual particles. A reasonable model may be a 3D non-linear Fokker-Planck,
or a McKean-Vlasov, equation. However, in order to describe the cigar- or pancake-shaped clouds
observed in the experiments it makes sense to use a large scale approach, and to integrate over the
small dimension(s). After some approximations, one is left with an effective 1D or 2D nonlinear
partial differential equations (PDE). The 1D equation obtained this way coincides with the mean-
field description a 1D damped self-gravitating system [7] and is well-known. We thus concentrate
on the 2D case. The 2D nonlinear PDE studied here has its own interest, independently of the
relation with the MOT experiments: it bears some similarities with a 2D damped self-gravitating
system (also known as the Smoluchowski model in astrophysics [8] or the Keller-Segel chemotactic
model [I8] T9]). Therefore, a natural question is to determine whether or not singularities appear
in finite time, depending on certain thresholds, as this is the case for the Keller-Segel model, see
the review [16], [17].

We are interested in the particle density (z,y,t) — p(z,y,t), which is a scalar non-negative
quantity that depends on the time ¢ > 0 and space variables (x,y) € R2. Its evolution is governed
by the following non linear PDE

dip =V - (DVp— Flolp) | (1)

where the constant D > 0 is given and the self consistent force field

is defined by
Fulpl(o0.) == [ sgna — 2)p(e' . 0)d',
Fylpl(x,y,t) = — /Sgn(y -y )p(x,y' t)dy'.

The problem is complemented with an initial data

o = PO (3)

p

Similar to the Keller—Segel model, the force is thus defined through a convolution formula. As a
consequence of the fact that the (distributional) derivative of the function x — sgn(x) is 26y, where
dp is the Dirac delta distribution at 0, we observe that (mind the sign)

V- Flp]=—4p<0. (4)

The divergence of the force field of the Keller-Segel system satisfies the same relation. However,
there are crucial differences with the Keller—Segel system that make the analysis here different:

e the force does not have the potential structure (13 cannot be expressed as the gradient of a
potential), and, accordingly, we cannot derive estimates related to the evolution of a potential
energy,

e the convolution acts only on a single direction variable; hence we cannot expect any regu-
larisation effect similar to the one given by the coupling of the force through the Poisson
equation,



e we cannot use symmetry properties for expressing the force term [[ Flplp - Vodydz, for
¢ € C2°(R?), in a convenient weak sense, which is a crucial ingredient when dealing with the

Keller-Segel equation, see e. g. [21] 22] 23].

We wish to investigate the existence, uniqueness of a solution of (I)-() and to devise and analyze
a particle method which can be used to perform simulation of the PDE. To be more specific, our
strategy is as follows:

1. Introduce a regularized PDE
9 =V - (Vp<a> — FOe) p<a>) (5)
where the kernel (sgn(z)d(y), d(x)sgn(y)) in @) is smoothed out. We take

FOp)(z,y,t) = —/ sgn® (z — 2)3 (y — y)p(a’, ¥, 1) dz’ dy/,

FO (. y. 1) —(/%ﬁ@@—ymwa—fmuzmwdfdy

with
1 v
sgn®(u) = 2 /eiﬁ dv,
eV 2w 0
1d 1 u?
0 (w) = gasgn(s)(u)zg 2#6_252'

Denoting by x, (resp. *,) the convolution with respect to the variable x (resp. the variable
y), we observe that

Fggg) ] = T(S)(Sgn *p P) = SN Ky (T(E)p),
FOll = TO (g, ) = semx, (1),

where T(®) stands for the convolution with the normalized 2-d Gaussian kernel.

2. Establish a priori estimates that are uniform with respect to e. We obtain several such
estimates, typically L” and moment estimates, based on dissipative properties of the equation,
at the price of assuming the diffusion coefficient D large enough. Section [ includes these
estimates.

3. Show the existence and uniqueness of solutions p(¢) of the regularized PDE ). To this end,
we employ a suitable fixed point approach, described in Section [3]

4. Use the a priori estimates to prove global existence of the solution of the original equation,
at least when D is large enough. We present two proofs. The first relies on quite standard
compactness arguments. As mentioned above the difficulty is related to the non-linear term
F [p]p and the adopted functional framework should be constructed so that the product makes
sense and is stable. The second approach is more precise and establishes directly that the
sequence of approximated solutions (p(a))5>0 satisfies the Cauchy criterion in a certain norm.
However this approach requires certain symmetry assumptions and fast enough decay of the
initial state. These additional assumptions allow us to derive exponential moments, and
weighted estimates on the gradient of the unknown. This analysis is detailed in Section [l

5. Introduce a stochastic system of N > 1 particles, with a regularized interaction, and prove
that the empirical measure converges towards a solution of the PDE when N — oco. Assuming
that the number of particles N is proportional to e©/ < with ¢ being the regularizing param-
eter, one can obtain particle approximations that are arbitrarily close to p, on any fixed time



interval. In particular we show that one can get an upper bound for the Wasserstein distance
between the particle approximation and p of order e, where v > 0 is a certain constant
independent of . Put it differently, we show that if ¢ is of order (log(N))~ 2, then the rate
of convergence of the Wasserstein distance between the particle approximation and p is also
of logarithmic order, see Theorem The analysis is presented in Section

6. Run numerical simulations using the particle representation obtained in Section 5 and compare
it with the PDE method introduced in [6]. In this way we illustrate the existence results
covered by Theorems [l and As we will see, the constraint on the diffusion coefficient
(condition ([I2))) required for the two theorems to be valid is not optimal: the solution can
apparently be global in time for other values too. We also illustrate the convergence for the
particles approximation. The rate of convergence of the particle approximation as a function
of N seems to be much better than that suggested by Theorem These are covered in
Section

2 A priori estimates

2.1 Moments
Let ke N, k> 2. We set

0= [[ el + 1y )ota, 1) docty
Using integration by parts yields

D) = Dk~ mia(t)
+k // (sen(a)|z* 1 Fu[p] + sen(y)|y|* " Fy[o]) p(a, y, t) dz dy
= — )my—a(t)

—k///sgn )|z[* sgn(z — 2)p(a’, y)p(e, y,t) de da’ dy
—k/// sgn(y)|y|"'sen(y — v)p(a', y)p(x,y, t) de da’ dy.

By exchanging the role of z and 2/, we find
J[ [ sentaiattsente ~ ot (o, v.t) do s’ ay

— 5 [ [lnt@al  sente) o1 sgnte — )ola’ . (.. dr i dy > 0

since = + sgn(z)|z|*~! is non-decreasing. A similar remark applies for the integral coming from
F,. Therefore, the moments satisfy the following relation

dmk
dt
In particular, since the total mass is conserved

d

ma(t) < ma(0) 4 2D Mot,

Mo = [[ pola. ) dy e,

< Dk(k — 1)my,_s. (7)

we obtain

with



2.2 Entropies

Let h: [0,00) — R be a convex function and write

o) = [[ ho)ay s

= // W (p)V - (DW— ﬁ[p]p) dydz
= —D//IVplzh”(p)dydxﬂL//Vp-ﬁ[p] ph' (p) dy dz.

Let ¢ be an anti-derivative of

We have

qd'(p) = ph” (p).

We thus arrive at

dljt[p] —D//IVp|2h"(p) dyd:v—//q(p)v-ﬁ[p] dy da

—D//IVp|2h"(p) dyd:v+4//pQ(p) dy da

by virtue of (). In order to compensate the non-linearity in the last integral by the dissipated term,
we can make use of the following Gagliardo—Nirenberg—Sobolev inequality (see e. g. [20, p. 125] or
[5 Th. IX.9 with eq. (17) & eq. (85) p. 195]), which holds in R? for any p > 1:

//§P+1dydx <G, //gdydx X //|V(§p/2)|2dyd:v. (9)

Let us detail how the estimates work in different cases:

(8)

e Entropy h(z) = z1In(z).

We get zq(z) = 22 and we use (@) with p = 1. Remarking that % = 4|V,/p|? and taking
into account the mass conservation, we are led to

d
o //pln(p) dydx +4(D — ClMO)/ |V/p|* dydx < 0. (10)
It indicates a dissipation property when the diffusion coefficient is large enough
D > Cy M.

Based on this, we can conjecture that solutions exist globally for large diffusion constants D.
e [P estimates: h(z) = 2P.

We get zq(2) = (p — 1)2P™!) and we use @) with p > 1. Remarking that h”(p)|Vp|* =
L(p —1)|VpP/22, we are led to

p
d D /212
T pPdydr +4(p—1) P Cp My [VpP/2|* dy de < 0. (11)

Eq. ([ shows that the L? norm of the solution is a non-increasing function of time when D
is large enough, but how large depends on p with this approach. We are going to obtain finer
estimates for large values of the constant p.



In order to eliminate the too restrictive condition on D, we use a different approach for the LP
estimate. To this end, we use the Cauchy—Schwarz inequality and (@) and we obtain

//Pp“ dy dx (//p2 dydx) i:: (//p2p dydx) v )
(//p2dydx) (Cl//pl’dydx//|v\/p—1’|dydw) ,

Going back to (), still with h(z) = 2P, the elementary inequality AB < aA; + '23;; with an
appropriate choice of a > 0 leads us to

// pdydx+2D—/ VP22 dy da < D(C x 16(p — 1) //p dydx//ppdydx.

From now on, we assume that

IN

IN

Accordingly, the L? norm is dissipated and

// dydx<//pgdydx
holds. Therefore, we arrive at

d -1
a//ppdydx+2Dp— //|Vpp/2|2dyd:v§K1 p2//ppdyd:v (13)
p

. 207 2
with Ky = 71”50”L2.

We use this relation to derive a L™ estimate, through an iterative argument on the exponent p
which dates back to [1]. Let us set

pr = 2%, v, = pP.
Let w > 0. Eq. ([I3) tells us that

— ( ”t//vkdydx)+2Dpk / [Vor1]? dydz < (Kipf + w) //vkdydw

We are going to estimate the right hand side by using the following Gagliardo—Nirenberg—Sobolev
inequality (see e. g. [20, p. 125] or [5 eq. (85) p. 195])

Edyde < Cy [ [ €dydx |VE]2 dy da 1/2. (14)
/I [[ e (f )

We combine this information with the Young inequality as follows

/ §2dydx§%//|V§|2dydx+§—j(/ §dydx>2

We choose w = wj, > 0 small enough to ensure

_ w -1
Co(Kqpj, +wk)7k <pP——
Pk

Since v, = v} _,, we are thus led to

Kip? ’
et — ( //vkdyd:v>+Dpk / Vo1 [? dyd:v<o2(+kk+wk) (//Uk—ldydw) :

6




Integrating from this relation, we obtain

J[oaas < e ([[aoaya
e GO ([ avar) )

e~ wkt // v (0) dy dz

et — 1 Co(K1p? +w 2
LWkt o 2 1;::; ) Os<u;<)t <// vg—1(s) dy da:> .

In the right hand side, we make a convex combination appear, and we infer that

K
// dydx<max{// 0) dy de, Caf 1pk2+wk (sup //vk 1 dyd:z:> }
2w, 0<s<t

Let us set

IN

Ca(K1p} + wi)

L= oo Op =
max (HPOHL% llpoll ), k 27

Note that wy behaves like p%, and thus we can dominate d;, < Mp$ for some M > 0, so that, finally,
k
we can find A > 0 such that 6, < A¥. A direct recursion shows that

// t)dyde < dpdbt ... 07K L

k
lp() | oe < L(A™)YVPE oy =" (k= O)py.

£=0
oLy (YT Ld 1o
e 247 \2 2ds \ 1-s

admits a finite limit as k — oo, we deduce that the sequence (Hp(t)||ka)kEN is bounded . The L*°

bound follows by letting k& go to oo, and the bound depends on the initial L' and L°> norms. The
minimal D needed for this bound to be valid is unknown. We can recap our findings as follows.

which implies

Since

_ —(k+1)In(2)
oy =2 (1 +(k+2)e )

Proposition 2.1 Let p be a sufficiently smooth solution of (I)—@l). Then, p satisfies the following
properties:

i) mass is conserved [[ p(t)dydz = [[ podydz = Mo,
ii) if po € LP(R?) and D > pCpMol then, |l p(t)|lze < |lpollze,

i) if po € L' N L>®(R?) and D > 2CyMy, then there exists a constant M > 0 such that 0 <
p(y,x,t) < M holds for a.e. t >0, (z,y) € R2.

) if (x,y) = (2% +y*)po(z,y) € L'(R?), then, for any t >0, (x,y) — (2% + y*)p(x,y,t) €
LY(R?), and ma(t) < mo(0) + 2D Mot.

!The constant C), is the constant appearing in the GagliardoNirenberg-Sobolev inequality ().



2.3 Estimates for the regularized problem

To analyze the solutions of the regularized PDE (B)-(@]) and justify their convergence as ¢ tends to
0, we will need estimates uniform with respect to €. The following proposition is the equivalent of
Proposition 2] for the regularized solution.

Proposition 2.2 Let (p(a))s>0 be the sequence of solutions of the reqularized PDE () —([6), asso-

ciated to the initial data (p((f) We assume that

)eso-
(pgs))g>0 is bounded in L*(R*) N L>(R?).
Then, the following properties are satisfied:
i) mass is conserved [[ p®) (t)dydx = [[ p((f) dy dzx,

i) if D > pCypMy, then p'®) is bounded in L>(0,00; LP(R?)) and ||p®) (t)||1» < Hpéa)HLp,

iii) if D > 2CyMy, then p'®) is bounded in L>(0,00; L?(R?)) N L>=((0,00) x R?),

i) if (z,y) — (2% + y2)p((f) (z,y) is bounded in L'(R?), then (22 4 y*)p®) (x,y,t) is bounded in

L>(0,T; LY(R?)) for any 0 < T < cc.

Proof. Item i) is clear. The proof of iv) repeats the same arguments as above, with a direct

comparison to a pure diffusion. For ii) and iii), we will need the following consequence of the
definition (@)

0.E O st) = =2 [ [ 09 = )8y ~ ) o — o'y~ o' 0) 0’y
so that (@) becomes
V. F®©) [p(s)] — —4T(5)(p(5))

where, as said above, T(¢) is the convolution operator with the normalized 2d Gaussian kernel.
Furthermore, the Holder inequality yields

p/(p+1) 1/(p+1)
//(p(s))PT(s)(p(s))dy dz < (//(p(s))erl dydx) (/ |T(s)(p(s))|P+1 dy d:v)
p/(p+1) 1/(p+1)
< ( / / ()P dy dw) ( / / (p'9)PH dy dw)
<

/ (p'9)PH dy da.

With this observation, we can go back to (8) adapted to the regularized problem and we derive the
estimates as we did for the singular equation. We refer the reader to [3] for similar reasonings.
3 Regularized problem

Let & > 0. The initial data p{ is a given non-negative function in L'(R2) N L (R2). We introduce
the operator

T:9=T(9)=p
where p is the solution of the linear parabolic PDE
dip=DAp=V - (FOlglo),  p| =0 (15)

We will show that T fulfils the hypotheses of the Schauder theorem in a suitable functional frame-
work. This will lead to the existence of a fixed point, which defines a solution of the non—linear
problem. Then, we will investigate the uniqueness independently. Gathering together these argu-
ments, we will prove the following statement.



Theorem 3.1 Let pgs) € LY(R?) N L>°(R?) be a non-negative function. Then, the problem (&) (@)
with p‘t:O = pés) admits a unique solution p&) € C([0,T]; L>(R?)) N L?(0,T; H'(R?)).

3.1 Preparing for the Schauder theorem: a priori estimates

‘We observe that
sgn(®) € C=(R) N L*=(R),

()
sgn'(z)
r— ——Z2 ¢ L°(R s
”11 Jéxz -
66 = §d—sgn(€) € C*(R) N LY(R) N L=(R).
X

Owing to these properties, we obtain estimates (that depend on £) on the regularized force.

Lemma 3.2 The following estimates hold
i) [F71g]] < [1sgn® (ool 8 |ocllgll 2 = == llgl1,
i) [F]g]l < v/ 892 (f(1+2)g2 (@', yf) da’ dy')"?,
iii) |0 Fig]| < 20|62, [lg]l L~ = 2llgllz~,

) 10.F[g]] < 21093 llgllzr = 219l 1
)

Of course, the same estimates apply to Fy(s as well.
Proof. It is worth bearing in mind that
0<66)(x) < , sgnl® (z)] < 1.
<00 < —=. ) <

Ttems i), iii) and iv) are direct consequences of estimates on convolution products. For ii) we use
the Cauchy-Schwarz inequality twice to obtain

P g, )| < /5(5)(21 ~) (/M d:v') . (/(1 +x/2)g2(x/7y/)dxl>l/2 ay

1+ a2
1/2 1/2
(/(1 —i—:v’Q)gz(:v/,y’) dCL'/ dy/)

1/2 (5)( _ /)|2
< (&)12¢,, _ ./ / |Sgn L=z /
_(/|5 "y y)dy) (/—Hxlz dw
1/2

S ||6(5)HL2 X ﬁ X (/(1 +x/2)92(;§/,y/) d{I;/ dy/>

|

For any g € L*>(0,00; L'(R?)), owing to the observations in Lemma B2 the linear problem (IH)
admits a unique solution, say in C([0, o0]; L?(R?)) N L?(0, 00; H'(R?)), see [5, Th. X.9]. We can
now derive estimates on the solution of (I3]).

Lemma 3.3 Let p =T (g) be the solution of [I3). It satisfies
i) For any fized time t > 0 and any p € [1, 0], p(t) € LP(R?). More precisely, we have

// p(z,y,t)? dyda < AP=Dtlgll Loo 0,00;21 r2) 1617 00 // p((f:) (z,y)? dy dz,

and ||[p(t) ||~ < e4t”g”L°°(0,oo;L1<R2))||5(€)H%ao ||pg€)||Loo.

i) For any fized time t, [[(2* +y?)p(z,y,t)dydz is finite. More precisely, we have

//(:v2 +y?)pla,y,t) dy dz

< ([ + 20 @ ayeaa el s (1D -+ st B89 el o) )



ii1) For any 0 <t <T < oo, we have

1 47 - 512
vaH%?((O,t)xR2) Sﬁe4 llgll Loo (0,00; 2.1 ®2)) 19" 1T, Hpgf)l\m-

Proof. i) We compute

%//ppdydl"f‘l)p(p_1)//pp*2|Vp|2dyd;[;://F(s)[g]pp(p_ D) - Vo dyda
=—(r- 1)/ V- FO[g]p? dy da
<= DI Flglle~ [[ 7 dyda
<4152 llgll x (p — 1)//pp dy da.

The last line uses Lemma B.2liv). Gronwall’s lemma then yields i). The L estimate follows by
taking the limit p — oco. Estimate iii) is obtained by specifying to the case p = 2 and considering
the dissipation term.

ii. Let us use the shorthand notation z = (x,y). We get

%//M?pdz 4D//pdz+2//pF<8>[g] - zdz
1 [[ paz +2 7O 1 </ |z|2pdz>1/2 <//pdz>l/2
1D [[ a4 PO [[ paz+ [[1:Pod:

(4D + sen 215 ) [ [ pdz+ [[ 1zPods

IN

IN

IN

by using Lemma B:2}H). The Gronwall lemma allows us to conclude.
iii) We have

d
< // P dydae + 2D // VplPdyde < 416 2ulgl x // P dy da, (16)

Inserting the estimate of item i) leads to

d
E//p2 dydx+2D//|Vp|2dyd:17 < Cet //péa)(:zr,y)2 dy dzx, (17)

with C = 4[|6©®) |2 < ||g]l 1= (0,00;1.2 (r2))- Integrating over time then yields

(// o dy dw) (t) - ( / / p* dy dx) (t =0)+ 2D Vpll3aopxmzy < (7= Dol [32(18)

Hence
ct
e
P (19)
1 AT -~ 6(5) 200
< 3p° 9100 0,0012.1 @2 197 Wzoc | €D 12 (20)
O

10



3.2 Preparing for the Schauder theorem: definition of the functional
framework

Let 0 < T < oo be fixed once for all. We introduce the set C consisting of the functions g :
[0,T] x R? — [0, 00), such that

i) Jfgdz= [[pf dz < My,
ii) ff |z|29dz < eclT ff |z|2pgf) dz 4+ CoT),
) T o8 1o

iii) [[glloc < e

By using the mass conservation property, the estimates in Lemma allow us to choose the
constants C7, Cy and C5 (which depend on €) such that C is convex, and stable upon application

of T.

3.3 Preparing for the Schauder theorem: 7 is continuous

We wish to establish the continuity of 7 : C — C for the norm of L?((0,T) x R?). For i € {1,2}, let
pi = T(g:), with g; € C. By Lemma [B3li), we already know that p; belongs to L°°(0,T; L?(R?)).
We denote F‘;E) F©)[g]. We get

d o
5 [ =mras = <20 [[1962 = g0z 2 [[ V02— p1) B o2 - pr) s
+2 //PlV(Pz —p) - (B - F{?)dz
20 [[190s - poPaz + 195 (o2 = pi2
D \V4 _ 2d l 2ﬁ(5)_ﬁ(5) 2d
+ IV(p2 =p)FP dz+ 55 [ pilF2 1) de

=D [[ 1002 = 0P dz + 416 <l [ 2 = p)?
1 - .
+pIF — FOR [[ ha 1)

We aim at controlling ||F\” — F{||2.. by the difference go — gy in L2 norm. This cannot be
done directly, and we should use further moment estimates. To be more specific, we will use a
splitting that makes ||g2 — g1|| 2 appear plus an arbitrarily small contribution. To this end, we use
Lemma B2Hi). For any 1 < s < 2 and any R > 0, we write

Sn)
(F) — FE (1) <||68>|L2(/'g G )//1+|x| g — 91)2(e s/ ) da dy/

1+| /|S

<C€)/ (1+121°) (g2 — 91)%(2, t) dz
oo ([[o-mrenass [ bo-mpen
] >R|z|5<gg—gl>2<z,t>dz>

§C<5>(1+RS)//(92—91) (z,t)dz + C© //Z . |Z|2 —(92 — 91)°(2, 1) dz

IN

IN

s +
<O+ R)l(g2 — g) (O3 + 0 12l ] sl (11510, e 0
< COL+ R (g2 — g0) ()3 + c© 122l ol (/|Z| 92 GLZJF/IZI gldz)'
- RQ s

11



The same inequalities obviously hold for FQ(? - Fl(? . Coming back to (ZI)) yields

%//0’2 —P1>2dZ+D//|V<p2 — o) dz

< 416@ 2 <l gs| s / / (92— p1)2 dz

20(6) 14 t 2 oo + oo
+ HDl( )||L2 ((1 +RS)||(92 _gl)(t)H%Q + H92|‘LR27!91HL (/|Z|2g2 +/|Z|291)>-

Bearing in mind that Cs = 4/|6®)||2_ My, we are ready to use the Grénwall lemma which leads to

[ = ety a:

<O { [0y a:

2CE 11112 < 0.1 1+R°)
20l (o,ng<Rz>>< ) [[@-aerdzar
0

209 ||p1|1 0.7 (lg2llze + llg1llLe) ft
4 L~ (0,T;L2%(R2)) / //|Z|2(92 +g1)(2’,7') dzdr b,
0

DR?=s

When p; and py have the same initial condition the first term of the right hand side vanishes.
Take g € C and consider a sequence (g,), _ € C, such that g, — g in L*([0,T] x R?). We

apply @22)) with p, = T (g,) and p = T (g); it reads

/(pn —p)*(z,t)dz
LT 209 pll L0 ri2 @y + B) (T

< & [[@n-9rGrazar

0

2CE||pl|2 « o 1 gnllze +llgllz=) (T

JCaT el (o,T,Lgu;)z)(y I lgll )/ / |21%(gn + 9)(2,7) dzdT
0

Pick n > 0. Using the bounds that define the set C, it is possible to select R(n) > 0 such that the
last term can be made smaller than 7/2, uniformly with respect to n. Then, with this R at hand,
there exists N(n) € N such that for all n > N(n) the first term in the right hand side is smaller
than 7/2 too. Hence,

/(pn - p)2(z,t) dz <n

holds for any n > N(n) and 0 < t < T < oco. It shows that p, — p in L?((0,7) x R?). Thus
T : C — C is continuous for the strong topology of L?((0,T) x R?).

3.4 Preparing for the Schauder theorem: 7 is compact

Let (g")nGN be a sequence in C, and set p, = T(gn). Then, from Lemma B3] p, is bounded in
L*>(0,T; L*(R?)), and, furthermore, Vp,, is bounded in L* ((0,7) x R?). We also have

where, by Lemma B.2}H), F© [gn] is bounded in L°° uniformly with respect to n. Therefore, d;p,,
is bounded in L? (0, T; H'(R?)). Since the embedding H'(B(0, R)) C L*(B(0, R)) is compact for
any 0 < R < oo, we can appeal to the Aubin-Simon lemma, see [25] Cor. 4, Sect. 8], to deduce
that (pn)neN is relatively compact in L%((0,T) x B(0,R)) for any 0 < R < oo. We need to

12



strengthen this local property to a global statement. The moment estimate and the L° estimate
in Lemma [3.3H) and ii) respectively, allow us to justify that

T
n|| oo T
/ // lpn?dzdt < ||p H / / |22 0, dzdt < Cle,T)
0 l2|>R R?

can be made arbitrarily small by choosing R large enough, uniformly with respect to n € N. The
sequence (pn)n en thus fulfils the criterion of the Fréchet-Weil-Kolmogorov theorem, see e. g [14,

Th. 7.56] and it is thus relatively compact in L%((0,7) x R?).

3.5 Schauder theorem: existence

Gathering the results of the previous subsections, we can use Schauder’s theorem: C is a closed
convex subset of L?((0,7) x R?), T is a continuous mapping such that 7(C) C C and T(C) is
relatively compact in L?((0,T’) x R?). Then 7 has a fixed point, which is a solution of the nonlinear

regularized PDE ([E)—(@) with initial condition p((f), on any arbitrary time interval [0,7]. The
obtained solution lies in C([0,7]; L2(R?)) N L?(0,T; HY(R?)).

3.6 Uniqueness

The argument to justify uniqueness relies on the following claim, for which we refer the reader to
[15, Lemma 7.1.1] or [I0, Th. 3.1].

Lemma 3.4 (Singular Gronwall Lemma) Let A,B >0, 0 < «a < 1. Let u(t) a locally bounded
function such that

u(t)§A+B/0t

then we have
u(t) < AE_o (BF(l . a)tlfa)

with s +— T'(s) the usual T'— function and E1_,, stands for the Mittag—Leffler function with parameter
b=1—«a

o0 n

S
EB:;F(TLB—FI)'

Let p1 and pa be two solutions of the regularized nonlinear PDE. Let

Hy(z) = e~ |=I*/(4D) (22)

47 Dt

stand for the two-dimensional heat kernel with coefficient D. We write
t

(o1 —p2)(t) = Hyx(p1—p2)(0) = [ Hys* V- (Fps]py = FOlpi]p1)(s)ds

= Hy*(p1—p2)(0) +/0 VH_s % (F9pa]pa — FOp1]p1)(s) ds.

Initially we have p2(0) = p1(0) and (with Co = X [f |zle~ 1" dz) we arrive at

[[1or=pia: < / // IVH,o(z — )] [F©[ps]pa — FOprlp (2, 5) d#' dz s
= [[1FOk 02 = po)I (' 5) 2 as

+

[ [1F] = POl (9] . (23)

13



Lemma B2H) together with the mass conservation tell us that
1 [po] | e < 2M |6 | o g -

We also have

/ / Pz )| FO [ps] — FO[p]|(z, )z

IN

2016 1 |5gn® | / / pr(zt)dz / o1 — pal (2, 0) 2!

20 |5 | 520 / 1 — pal(=), 1) 2.

IN

Introducing this into ([23)) yields, for a certain constant B > 0:

t
1
o=l < B [~y = palas () (24)

The singular Gronwall lemma allows us to conclude that p; = pa. O

4 Convergence of pl®)

We can now state our main result about the existence of solutions for [I)-(B]), which is expressed
as a stability result.

Theorem 4.1 Let p((f) be a sequence of non negative functions bounded in L*(R?) and in L>(R?).

We suppose that [[ pgf) dyde < My and D > 2C3My (see (I2)). Then, up to a subsequence, the
associated sequence (p' .~o converges strongly in LP((0,T) x R2) for any 1 < p < oo, and in
C([0,T); LP(R?) — weak), to p, which is a solution of [{M)-@) with initial data po, the weak limit of

€

Po -

4.1 Compactness approach

We remind the reader that we are assuming D > 2CMy. Accordingly, from Proposition 2221 we
already know that (p(g))s>0 is bounded in L>((0,T); LP(R?)), for any 1 < p < oo, and Vp(®) is
bounded in L?((0,T) x R?). Moreover, the equation

9p® =V - ( DV — FE[p)] p<s>)
tells us that 9;p(®) is the space derivative of the sum of a term bounded in L?((0,T) x R?)) and

the divergence of a term bounded in L*°(0, T’; L*(B(0, R))) for any 0 < R < co. Indeed, we readily
check that

F9pO](z,y,t)|dyda < // / 5Oy —y")p (2, ¢/, t) da’ dy' dy da
//B@,R)' IR S (v — 1)@, o/, 1)
+R
< / dx// (/5(5)(y—y’)dy) P (@', y/ 1) da’ dy(25)
-R
< 2RM,. (26)

In fact it turns out that F.°) ()], like F,[p], is bounded in L>°((0,T) x R; L'(R)). Hence, d;p') is
bounded in, say, L2(0,T; H='=°(B(0, R))) for any 0 < R < oo and § > 0. We can apply the Aubin—
Simon lemma [25] and we conclude that (p(s))s>0 is relatively compact in L2((0,7") x B(0, R)) for
any 0 < T, R < co. By using the moments estimate, and reasoning as we did in Section 3.4l we
show that p(®) is actually relatively compact in L2((0,T) x R?).

14



Therefore, possibly at the price of extracting a subsequence (still labelled by &, though) we can
assume that
P = p strongly in L2((0,T) x R?).

The convergence can be strengthened in two directions. First of all, if 1 <p =602+ (1—-0) < 2, the
Holder inequality leads to ||p(®) —plleco,m)xr2) < (2M) || p'=) —p||9L2 (0,7)xre) and if 2 < p < oo,

we have [|p() — pl| Lo(o.ryxr) < (10| + [lpll L) P=277 0 = pl|78 ) 1)z We can also treat

the case p = 1 since the L? estimate and the moment estimate imply that ( (5))€>0 is weakly

compact in L((0,T) x R?) and we can assume that it converges a.e., see [14, Th. 7.60]. Finally we
get
P& = p strongly in LP((0,T) x R?) for any 1 < p < oc. (27)

Second of all, the bound on 9;p(®) can be used to justify, by using the Arzela-Ascoli theorem and
a diagonal extraction, that

tiy [[ 99,00 ) dydo = [[ oep 0000 dy ds

holds for any ¢ € C(R2), or in L (R?), uniformly on [0,7]. In particular, the initial data passes
to the limit and (B]) makes sense (with py the weak limit in LP(R?) of the extracted sequence

(v5”) o)
Lo e>0/" =

We are left with the task of passing to the limit in the non-linear term F()[p()]p(®). To this
end, we split as follows

FOp] = Flp] = FO[p — p] + (F[o] - Flp]).
The first term tends to 0 as a consequence of ([27) combined with the following claim.

Lemma 4.2 The operator o (resp. Fy(a)) is, uniformly with respect to e, continuous from L*(R?)
to L=(Ry; LY (Ry)) (resp. L>=(Ry; L'(R,))).

Proof. For any ¢ € L'(R?), we have

/|F§€>[¢](x,y)|dy /(// 5Oy — )2’ ,y)| da’ dy') dy
[ (] 59w =vra) ot tasay = o
O

It remains to investigate, for ¢ € L*(R?), the behavior of

IN

IN

) - Blalln) = | [[ 09—y - ety dy 0

_/ (/ & (y — ) dy’) sgn(z —2')¢(a’, y) dz’ |

][00 = s — a6l 57) = seale — Yo' )] dy' .

IN

We integrate with respect to y and, bearing in mind that §() (y) = 15(y/e) with & the normalized
Gaussian, we use the change of variable y — 3/ = €¢; it yields

/ |FO (] — Fold]|(x,y)dy < / 5(&)[sgn® (z — a')p (2’ y — €€) — sgu(x — ') (2, y)| dE da’ dy

/ 5|0y — c€) — (', )| de do’ dy

+ [[[ 5@t ) sen® (o~ o) = sgnta — )| dg as’ .

15
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On the right hand side, the first integral recasts as

[ </ 6’y — e€) —as(x’,y)ldx’dy,) a

which tends to 0 as € — 0 by combining the Lebesgue dominated convergence theorem with the
continuity of translation in L', [I4, Cor. 4.14]. The second integral reads

Ja©raex [[ o' lsen® @ - a) ~ sgu(o — )| ay

The function (x, ') — |sgn'® (2 — 2') — sgn(z — 2’)| tends to 0 pointwise and it is dominated by
2. Since p € L'(R?), a direct application of the Lebesgue dominated convergence theorem tells us
that this quantity tends to 0 as ¢ — 0, for any given € R. Similar reasoning obviously apply to
the second component of F. Finally, for any test function ¢ € C°(R?), we obtain

lim / / @ (F @@ —F [p]p) dydz = 0.

e—0

Therefore p satisfies, in a weak sense, the limit equation ([{)-(2). This completes the proof of
Theorem [l

4.2 Symmetric solutions

Throughout this Section, we work with data that satisfy the following symmetry condition
po(=2,y) = po(z,y) = po(w, —y). (28)

It will be used to derive further estimates and a stronger convergence result of the regularized

solution p(®) towards the solutions of [I)-(@]). Using the uniqueness property of the solution of the

regularized equation ([B)—(Gl), we deduce that the symmetry property is preserved by the solutions
of ). Accordingly, we get

(o) (0.y.1) = / sen(@ (e’ y, 1) da’ =0, Fy[p](x,0,1) = 0.

However, we know that 9, F;[p] < 0 and 9,F,[p] < 0. Thus, x — Fy[p](x,y,t) is non increasing
and it vanishes for = = 0, so that it has the sign of (—x). We deduce that

(@,9) - Flpl(z,y,t) = zF:[pl(z, y,t) + yFy[p](z, y, 1) < 0.
A similar property hold with the solutions p(®) of the regularized problem and the force operator
F©)[p#)]. This will be used to obtain a strengthened control on the behavior of the solutions for
large x,y’s: exponential moments and weighted estimates on the gradients. These estimates will

be combined with the interpretation of (Il) as a perturbation of the heat equation. Namely, still
with H; the heat kernel (22]), we shall make use of the Duhamel formula

t
p(xvyu t) = Ht *pO(‘Tu y) - / Ht—s *V - (F[p]p(su ))(l',y) dS, (29)
0
and the analogous formula with p(®).
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4.2.1 Strengthened estimates for symmetric solutions
At first, the symmetry property allows us to control exponential moments.

Lemma 4.3 (Exponential moments) Assume that po satisfies (28) and

// VI o (2, y) dy dae = E(N) < +o00

for some A > 0. Then, the solutions of [M)-@B) satisfy
// e 1+12+y2p($, y,t) dydz < SO(A)eD()‘2+2>‘)t.

The same estimate holds replacing p by p'©).
Proof. By using integration by parts, we get

d
E//e)‘ Wty ey, t) dyde < D(A2 4 2)) //e’\ W2 b2y, t) dy da
F
+//)\e’\ T+a?4y? Mp(a@,y,t) dy da.
V12?4 y?

As consequence of the symmetry assumption, the last term contributes negatively. We end the
proof by integrating with respect to time.

Using LY and moments estimates, we can readily obtain a weighted L? bound; for instance, we
have

// \/m (x,y,t)dydae < (// 2/ THatty? (:vytdydx)lm(//p dydx)1/2

and a similar estimate holds for p(*). According to Proposition BIH) & iii) and Z2H) & iii), it
becomes a relevant estimate for D large enough: when (I2) holds we have bounds in L(R%) N
L% (R?), thus on L3*(R?). We finally arrive at

// e)\ 1+12+y2p2($,y,t) dy dz S Ce2D)\(l+>\)t (30)

where the constant C' depends on D, £y(2)), ||pollz1 and ||pol|re. Again, the same (uniform)
estimate is fulfilled by p().

We need now to specify the class of initial data to which the analysis applies. Addtionally to

the symmetry assumption, we suppose that p((f), which is a regularization of pg in (B]), is such that

there exists pg, p2 > 0 such that for any A > 0, we have

Eo(\) = sup (// AT 42 50 (0 )y dydx) < potprt (31

e>0

Such an assumption clearly holds for uniformly compactly supported data, as well as for Gaussian—
like data. Finally, for our purpose, we will need another estimate for the weighted L? norm of the
gradient, which applies for the data verifying (BJ).

Lemma 4.4 (Weighted L? estlmates) Let ( (5)) be a sequence of mon negative functions
bounded in L' N L>°(R?). Assume that p satzsﬁes (IEI) and

sgg{ [t az+ [[a=ia >|po>|2dz} .
£
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If D satisfies [I2), there exists constants By, By, Ba > 0, which do not depend on € nor on t, such
that

(1+|2]*)(p)2dz < By + Bit + Bat?,

t
/ (//(1 + 12)%)|Vp) (=, s)|2> ds < By + Byt + Bot?.
0

Proof. Let us compute (still with the shorthand notation z = (z,y)), by using several integrations
by parts,

2dt//1+|z| NP (z,t)dz = —D//1—|—|z| )|V |? dz+2D//|p5)| dz

/ P2z FOO] dz

‘5//<1+| )& V- (FE ) de.

The symmetry assumption implies z - F' (5)[ (5)] < 0, which allows us to get rid of the third term

in the right side. We remind the reader that V - (F(E pl&)) = —4T©)(p(*) is proportional to the
convolution with an approximation of the 2D Dirac measure. Hence, we get

2dt//1+|z| @2zt dz+D//1+|z| )V dz
32D//|p8>|2dz+2// 1412292 7O () dz

<20 [[loras s ( [[aip2e0 dz)m (f[ e |p<€>|‘°’dz>l/2
< 2D//|p<€>|2dz+2 <2//(1+ 2|1 p®) dz)1/2 (//|p<€>|5dz>1/2.

For the last term, we have used Holder’s inequality as in the proof of Proposition 2221 We already
know that the L? and L® norms of p(¢) are uniformly bounded, by virtue of Proposition It
remains to discuss the forth order moment. To this end we go back to ([@): ¢ — mz(t) has a linear
growth, hence t — my(t) have a quadratic growth with respect to the time variable. We conclude

that both
t
Jlavipioreoe  wa [ [faviEpivsesraas
0

has at most a quadratic growth, with coefficients independent of . 3

4.2.2 Cauchy property for p(©

This Section is concerned with the following statement, which strengthens Theorem [£1] for sym-
metric solutions.

Theorem 4.5 Let (p((f))wo be a sequence of mon negative functions bounded in L' N L>(R?),

which satisfies @8) and @BI) and which converges in L*(R?) to some po. Then the associated
sequence (p(®) ) of solutions of [E)-@) is a Cauchy sequence in C([0,T]; L*(R?)).

Corollary 4.6 Let pg € L'NL>(R?) verify @) and @)). Then the sequence (p(E))E>O of solutions
of @) @) with the same initia data converges C([0,T]; L*(R?)) to p, the unique symmetric solution

of @M-B)
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We make use of (29]), which leads to

// p® — oz t)dz < / Hys o) - <’f’>|<>

/ //‘vﬂt ox [(FORE1E - FOR1p) (s,)]

We dominate the right hand side by the sum of the following four terms

Ao (t) = //}1&2 Hy; * |p((f) — p((f )|(z) dz

t

Beo(t) = / /// VH, (2 = 2)| [FO[pO)(,5)] [0 = p|(2, 5) dz' dzds,
0
t

Cortt) = [ [[[[ I98c = 0 0 05) IFOUE = )z s,

Dat) = / i \ J[ 906 8) Ve = ) (FOR) - FOO) ) a

Since p((f) — po in L'(R?), it is clear that

lim (supAsﬁs/ (t)> =0

e,e’—0 t>0
uniformly on any time interval [0, T]. Next, we are going to justify the following claim.
_ 1
Lemma 4.7 Let o = 75 Set
©(A) =2DA(1+ a)(1+ A1+ a)).

Then there exists constant b1, B2 > 0 such that, for any R > 0 we have

| , N
Beo(t) < ﬂlRllp(E)HLw/ (0 = p ) (s, )l ds P e Mieer

0 Vit—s
The constant 81 does not depend on the data, while B2 depends on Ey(2A(1 + «)).
Proof. In Section 3.6, we already used the basic estimate

Co
t—s

/ |\VH; (2 — 2")|dZ' <

for a certain constant Cy. We have

/ / [FOO1)10 ~ p (") a2’

P (21,51)89(y" — y1)[p® — p&|(2', ') da’ dy’ day dys

< / ..da’ dy' dxy dy; + //// ..dz’ dy’' dzy dy;.
e} +yP<R? zi+yi>R?

We dominate the first integral as follows

//// o ...da’ dy’ dzy diy
I+yi<R

<llp E)I\Lw/ (/ 59y — yl)dyl) 10 — p&|(,y') dy’ da’
IlgR ,
< 2R|[[p®]|poe|[p) — pE || 1.

19
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Next, we have

//// N .dz’ dy’ dzy dyy
43

/ P& (21,51)p ) (2, y)6 O (Y — 1) da’ dy’ day dys
it+yi>R?

+ ///] P (@1, y1)p ) (!, y")0E) (v — 1) da’ dy’ Ay dyy

24 y2>R?

where the two terms can be treated with the same approach. We make the exponential moment
appear and we use the Cauchy-Schwarz inequality to obtain, for instance,

//// P (21,51)0) (y — y1)p' (,y) day dyy da dy
+y > R?

/// VI oA 1P (21, 51)0@ (y — y1) day dyr da dy
24y?2>R?

- / T IWITEHE AVIT40 )02 (5, 4)6O) (y — 1) da dyy dvdy,
2 24+y2>R?

(36)
The elementary inequality

aflz] +lyl) < V1+ a2 +y?

allows us to estimate

e MWIHEHY? qp < ef‘n'y'%.
Q@

Hence the first integral in the right hand side of ([36]) is dominated by

// ) (/ 5 (y - yl) </ e AV ey d$> dy> e Lottt |P(E)|2($17y1)d$1 dyr
+y1>R

// (/W g — e dy) MWIFTHE )O 2 (21, y1) dey dyn
a/\ I+yi>R?
M1+ +y? 1pE) (@1, y1) day dyy

N Oé/\ z3+y?>R?

< % a3+y7>Re e AV IR ACHVIRTTE |50 2 (21, 1) day dyy
< O% e AN / / ATV |52 (21, 41) day dys

<c a_2)\ e AR 2DA(1+a)(14+(1+a) )t

8
=1
I/\

where we have used (B0) and the constant C' > 0 depends on £y(2A(1 + «)). Next, we observe that
A/ . _ 2 _
// Loz ryz>mee MW gy < eIl /1x§+y§>R26 oMol day < e Al |+o(v1)

where
9(y) = Ly <rV R* — y2

As a matter of fact, for any y € R, we have |y| + ¢g(y) > R, so that

/1 —aAR
/1x"{+y%>R2€ toityy dzy < )\ *

«
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The second integral of the right hand side in (B8], is thus dominated by

/(/ (/1z§+y5>Rze AWiteiie dwl) My - yl)dy1> VI )2 (3 y) da dy

2
<o // (/ 5 (y — yl)dyl) AT |02 ) dar dy

<c _)\efaAR e2DA(1+A)
Q@

where we have used [B0) again and C” here depends on £ (2)\). We finally conclude (note that
A1+ a) > A) that

/ [FE[p@](2, 5)][p® — p)|(2, 5) A2’
© ©) _ ) C  —arRr e\t
< 2R||p' || L[ (p'®) — p'* )(S)HLl‘i‘a e e?

with C depending on & (2A(1 + «)) > &(2)\). We combine this inequality to (B3] to obtain the
final estimate on B. »». O

Lemma 4.8 There exists constant y1,v2 > 0 such that, for any R > 0 we have

t , Vi
Ceor®) < mRlp 1 [ 169 = o) (s, Ve ds o e MePN - (37)

1
0 Vit—s

The constant v1 does not depend on the data, while o depends on Ey(2A(1 + «)).

Proof. The same reasoning applies for C; .. Indeed, we can first integrate VH,_s(z — z’) over z,
which leads to the analog of ([@). Estimating F(©), we are left with

/ m// (@9, 8)p@ = p|(21,41,5)0) (y — y1) day dyr da’ dy’ ds

which is exactly the same expression that appeared in the analysis of B..». O

We turn to the analysis of D, ..

Lemma 4.9 Let 0 < T < co. Then D. ./ (t) converges to 0, uniformly over [0,T] as e,&" tend to 0

Proof. We evaluate D, ./ through the following splitting
Deer(t) < Dga(t) + Dap(t) + Dy-,l(t) + Dy72(t)
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-}
8
=
=

3
G

t
) / // /// OuHy_s(x — ',y — 1)) (@' y, 5)p) (27,97, 5)
0

% Sgn(s) ((E/ _ ZC”)((S(E) (y/ _ y77) _ 5(5/)(y/ _ yaa)) d.’I]/ dy/ dz” dyw

t
Dealt) = /// /// OuHy—s(x — ',y —y)p) (2, 5)p ) (27, y7, 5)
0

dxdy

X 6(8/)(y’ - y”)(sgn(a) (2 —a7) — sgn(El)(x’ —27)) da’ dy’ dz” dy”| dz dy
t
D) = [ [[1[[[[otista =y -1y 90 )
0
x sgn'® (y/ —y )(5(5)@’ —27) =6 (2 — 2”)) da’ dy’ dz” dy” | da dy
t
Dya(t) = /0// /// OyHy o(x — ',y —y)p'= (2,1, 5)p ) (a7, y", 5)
)(:E' )(sgn(a)( —y’) - sgn®’ Ny — y”)) da’ dy' da” dy” | da dy.

In order to study D, 1, we make use of the following quantity
/ OuHy—s(x — 2,y =)o (@ y, $) T o (2,4, 5) da’ dyf/
with
Loy, s) = / / P @y s)sen® (@) — ") (69 —y7) — 6y —y")) da” dy.

Since 6% (u) = %sgn(a)(u), the latter can be rewritten by integrating by parts

1
2
I ,T y S // 5yp s)sgn(a) (LL'/ _ :v”)(sgn(g) (y/ _ y”) _ Sgn(g’)(y/ o yaa)) dz” dy”.

The Cauchy-Schwarz inequality yields

1/2
1 / 2
|I87€/ ({I;/7y/7s)| < 5 (//(1 + |:L-77|2)‘ayp(€ )(LL'”,y”,S)’ dz” dy”)
o , 1/2
(/ T |I”|2 /‘Sgn(é‘) ) _ Sgn(é‘ )(y _ yw)| dy”)

%(//Hw )V (27 s)|2dz”)1/2 Ac o (y),

A

IN

where
M ’ W) 2 b
Ao(y) = /\Sgn(s) % —y’ ) —sgn®)(y' — )| dy

y'—y” %) 2
[ eR [
0 g’
= /‘/ e’ /2dv du.
u/e’

In particular this quantity does not depend on y’. Clearly, for any fixed u € R, we have

u/e )
lim / e 2dv | = 0.
e,e’—0 u/e’
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Furthermore, for 0 < ¢,&’ < 1, it can be dominated as follows

u/e 9
/ e U2 du
u/e’

u/e
/ 671}2/4 6702/4 dv| < €7u2/2/67112/4dv
u/e’

which lies in L?(R). Therefore the Lebesgue theorem tells us that

lim A, . =0.

e,e’—=0

We go back to D, ; that we split into

with 0 < <t <T < oo to be determined. The integral on (0,¢ — 1) can be estimated owing to

t—mn t
DLl(t):/ ...ds+/ ..ds
0 t—n

the previous manipulations and the Cauchy—Schwarz inequality; we get

t—mn
/ ...ds
0

<

IN

<

t—mn

©)|| Lo T d
||p ||L o \/Tsju5| Ea(x y 8)| S

S povE ([ ds) </t"//1+|z VA, s>|2dsdz)

Crv/Acory/In(t/n)

for a certain Cr > 0, that comes from the estimates in Lemma[£4l For the integral over (t —n,t),
we claim that we can find a constant, still denoted Cr > 0, such that

This conclusion follows from uniform bounds (with respect to ,¢" and s) of expressions like

Let us set

t
/ ...ds
t—n

< / = [[[] [0 =)+ 50 -]

xp& (2, y, s)p(sl) (x7,y”,5)dx’ dy da” dy” ds
< Cryn.

Terer /5(5) a)( I)p(El)(xw,y”)dzl dz” .

p~(8) ((E”,y/, S) _ /5(5) (y/ _ yaa)p(a) (l’”,y”,S) dy”.

We control J: ./ (s) by using moments. Indeed, we get

ja,a’ (5)

A

///p(a)(x/,yl,S)ﬁ(gl)(x”,yl,s) dz’ dyl da”
142 N
1+x”2 22y, s) da’ dy’ da:

1 w2
] e s

> [[as Py sy G [[ 0415 Py dady,
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Owing to Lemma [Z4] we already know that the first integral in the right hand side is bounded (the
constant depends on the final time). For the second term, we simply write

Jfa+ a5y dsay

< //(1+:v2) /\/5(5)(y—y’) V3O — )0 (.o 5) dyf
< [[a+a { [89w=vrar = [690- y'>|p<€><x,ycs>|2dy’} d dy

< [[ar it P ([590 -ay) aray

2
(z,y,s)drdy

< [[as 1wy 9P dedy
which is thus also bounded uniformly with respect to £, > 0 and 0 < s < T < oo. Finally, we
arrive at
Do ()] < Cr (VIn(t/m) /Ao + /i)
which holds for any 0 < n <t <T < oco. It shows that lim .y Dy,1(t) = 0 uniformly on [0, T].
The analysis of D, » is simpler; it relies on the following observation

‘// 5(6,)(2/ _ yua)(sgn(s) (ZZT/ _ xn) o Sgn(s,)(l,/ _ Iua))p(s,)(lm,yn75) da” dy”

< 1610 / sgn® (@' — 27) — sgn®) (& — 2”)| do”

2 u/e 5
< \/j/‘/ 671}2/2(1’0‘(1’(1,: A o
™ u/e’

A straightforward adaptation of the argument used for studying A, .- shows that lim. ./ Aw/ =0
and we have

t
C < -
|Dx,2(t)| < /0 \/t—i—SHp(s)(S, ')”Ll As,s’ ds < CTAE@/
for any 0 <t < T < oo. Of course, D1 and D, o can be dealt with in a similar manner.

Coming back to ([32), we arrive at

, ~ t ©) — pENY(s, -
1659 = 0) e ) < (Ao + AR N) + () [ 1O Tt s
which holds for any 0 <t < T < oo and 0 < R < oo with
Aa,a’ = sup Aa,a’ (t) + sup DE,E’ (t)v
0<t<T 0<t<T
. 1
A(R,A) = (B2 -+ 2) o VTer Tt (10)

B(R) = (61 +71)RM,

with M = sup,- ||p'®)|| 1=, which is known to be finite. We should bear in mind the fact that 3
and 2 depend on A too, through the exponential moments £y(2A(1 + «)). Applying the singular
Gronwall Lemma [B.4] leads to

169 = 6Nt < (e + AR, N) By (B VE).
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We remind the reader that the Mittag—Leffler function is explicitely known
4

= P 2 2 2 2
Eijs(z) = Z —— =¢c"erfe(—2) = —= ¢° / e " du.
= I'(1+k/2) N3

— 0o

B(R)

We are paying attention to the term VZ(R, NE /o ( \/E) This is where we make use of (31l

to control £ (2A(1 + «)) in the coefficients B2, y2. As far as A > 1, we have ¢(\) < 4D(1 + a)?\2.
Therefore, up to some irrelevant constant hereafter denoted by K > 0, the quantity of interest can
be dominated by

(Br+71)2M? TRQ).

T
%exp ((DT+p2)4(1 +a)*\? — aRX + po + 1

The exponent recasts as

aR 2 a? (B1+1)2M?
4(DT+p2)(1+ 2()\— ) —RQ( - T)+ .
(DT +p2)(1+a) 8(DT + p2)(1 + a)? 16(DT + pa) (1 + )2 1 po
We start by picking 0 < T" < T, small enough, so that
2 22 2
@ 2_([314-’71) T> a S =g >0
16(DT + p2)(1+ ) 4 8p2(1+ )

holds for any 0 <t < T,. Next, let w > 0. We can find R = R(w) large enough so that
KT epf’efqu2 < ol
-2

holds. Possibly enlarging R(w), we also suppose that

okt >1
8(DT +p2)(14+ )2 —

We then make use of the estimates with

aR
8(DT + p2)(1 + «)?

which leads to

A(R, )\)El/g(BgR) \/Z) < g

Finally, there exists £(w) > 0 small enough such that for any 0 < ¢,&’ < g(w) we get

AcerEvyo (B(2R> \/Z) < %

It follows that
16 = PN, Y < w

holds for any 0 < ¢t < T < T, provided 0 < e,&’ < e(w). We extend this result on any time
interval by repeating the reasoning on subintervals of length smaller than T’,. Therefore (p(a))€>0
is a Cauchy sequence in the Banach space C([0,T], L'(R?)) and it converges strongly to a solution
of (M)—@)). The proof can be readily adapted to establish the uniqueness of the solution of (II)—(B]

for a symmetric initial data verifying BI).
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4.2.3 A convergence rate for p(®)

Following the same strategy as in the proof of Theorem[H] it is possible to give a rate of convergence
for pe).

Theorem 4.10 Let T be a fized time. Let p&) be the symmetric solution of B)-@©) with initial
data py (po is assumed to be symmetric), and let p be the symmetric solution of [I)—([) with same
initial data po. Then there exist constants C(po,T) and 0 < v(po,T) < 1 depending on both py and
T, such that

sup (1 = p)(B)lzr < Cloo, T)eF 00 (41)

tel0,T

Remark 4.11 Observe that v(pg,T) is always smaller than 1, and it has the following asymptotic
behavior

li T)=1 li T)=0

lim v(po, T) =1,  lim v(po,T)=0,

for any po. Note the 1/2 factor: with the present proof the convergence rate cannot be better than
1/2

€

Proof. The idea is to revisit the computations in Section .2.2] in order to estimate more accurately
the distance between p(¢) and p, solution of the singular PDE. Since we have used estimates that
are uniform with respect to €, we may simply take ¢’ = 0 in the computations performed above. It
leads to the following observations:

o A term: We take the same initial condition for p(®) and p, hence the error related to the
initial condition simply vanishes: A.(t) = 0.

e B and C terms: We use Lemmas .7 and A8, with ¢’ = 0.

e D term: We need to estimate

2
du.

Ny
™ Jo

Since v2/2 > 22 /2 4+ x(v — x), we get

oo o0 —z2/2
e
/ e /2 dy < efxz/z/ e "ds < .
x 0 xZ

Thus, for any o > 0 we obtain
([ e 5
1

/OO e /2 dy
u/e

A. <

SRS

<
Choosing o = ¢, this relation yields

A, < Ce

where C' is an absolute constant. A very similar reasoning applied to

A5_2\/§/
™ Jo
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e /2 dy
u/e

du




yields

A, < Ce

where again C'is an absolute constant.
The estimate for D, 1(t) reads, for any 0 < n < t,

Dea(®)] < Cr (VAN (/) + Vi)

Choosing n = A, (it is possible to do marginally better), we obtain, at the price of modifying

O 9
: Das(®)] < Cry/B/I(I/AD)

which, according to the above estimate for A., yields

|D1(t)| < Crv/e/In(t/e).

Since D2 < Cre, we see that D, ; is the largest contribution to D..

We use now (39)—@0Q) of the previous section with ¢’ = 0:

- B1+v1)2M?R?*T
169 = Ol < (A + AR NEys (P2 . (12)
The contribution to 4. coming from the initial condition vanishes, since we choose the same initial

condition for p(*) and p. The second contribution to A. comes from the ”D terms”, which are
smaller than Cpv/e+/In(T/¢).

We can play the same game as in the proof of the Cauchy property: write E;/5(z) < ce®” for
some ¢, and observe that the exponent in (42]) can be rewritten as

) aR S o? (B +m)*M>T
4(DT+p2)(1+a) <)‘ - 8(DT +p2(1 + a)2> —R <4(DT —l—pz)(l + 04)2 B 4 >+p0.
(43)

We choose T' = T* small enough so that the second term, proportional to R? is negative, which
means

2 2M2T*
* - 2~ CRD =q(T7") >0
4(DT* + p2)(1 + ) 4

Then we choose A such that the first term in ([@3]) vanishes. We finally obtain

up 1(p®) = p)(t)|| 1+ < CA- exp (K7+R?) + C' exp (—q2R?) (44)
tel0,T*

where C and C’ depend on T*, and

(81 + 71)2M2T'

Ky = i

We now choose R to minimize the right hand side of ([@4]). For instance, taking R such that
exp [—(Kr- + q2(T*))R?] = A.
yields, for a modified C,

2 16 =Pl <0 [vevm@ )] (45)
with
q2(T™)
K- +q2(T%)

v =
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Slightly decreasing © to absorb the logarithmic term, this proves the claim for any 7" < 7. For
T > T*, we divide [0,7] into subintervals of size T*, and apply the previous strategy for each
subinterval. We have to take into account the error related to initial condition at the beginning
of each subinterval. This error is given by the total error at the end of the previous subinterval.
Thus we have to reintroduce an error related to initial data. Calling Fj the bound on the error
at the end of the interval [(k — 1)T™, kT*], and A™ the A, term to be considered on the interval
[kT*, (k4 1)T*], we have

AP < Cpev/er/In(T* e) + Cp- By, < Cp- By,

where C'p+~ can take different values, but remains a constant depending on pg, 7™, and not on ¢.
With the same reasoning as above, we conclude with

FEiy1 < Crp- EZ

Since T* is of order 1, we have to repeat the argument on a finite number of subintervals to reach
the prescribed time T'. Each iteration of course decreases the convergence rate, and increases the
prefactor, but for any 7', we can guarantee a finite v, as claimed.

5 Particle approximation

We consider now an N-particle description of the dynamics. Namely, let Zi(s) = (X Z-(E), Y;(E)) be the
solution of the stochastic differential system

Xm_(i) - = Z K Z(5 )dt + V2D dB; 44, (46)
J#Z

o = L Z K ~Z))dt + V2D dB, 4, (47)
J#Z

where B; , and B;, are independent Brownian motions. Here and below, the interaction kernel is
given by

K&(z) = —sgn@ ()5 (y)
K9(z) = —sgn® ()0 (a),
with z = (z,y). It is then clear that ||Kg(f)||Lip = (/e?, and the same holds true for KYSE). We
assume that the initial conditions for the particles’ trajectories

z)

z)
i,t =0 7,0

are independent random variables, with common law pg. In the discussion, we naturally assume
that pg is a probability density. Accordingly, for both p and p(®) solutions of (@) and (&) respectively,
associated to the initial data pg, we have

[ ff i s

Moreover, we assume throughout this section that pg is such that the symmetric existence theorem
works as we shall use the rate of convergence established in this framework. We associate to the
solutions of this system (@6)—(@1), the empirical measure

ﬁ(a),N Z 6 Z(E
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Note that the interaction force in ([#6)—(dT) has been rescaled by the 1/N factor (roughly speaking
we have replaced the kernel K () by %K (5)), so that the total force exerted on a given particle
remains of order 1; this is the so—called mean field regime. We refer the reader to the surveys [4] [13]
for an introduction to such regimes. The goal of this section is to investigate the convergence of
this particle approximation to p, the solution of the singular PDE () in the regime N — oo, ¢ — 0.

The analysis uses the Wasserstein distance, see [I1] 27] for a thorough discussion on this notion.
The Wasserstein distance W1 (i1, v) between two probability measures y, v on R? is defined as

Wil ) = sup {\ [ otomiaz) - [ eewian)| ol < 1} |
where o(@) — o(y)]
r) — ey
lolip = sup T ZEIR
T4y, z,ycR? |I - y|

Note that W; determines the topology of tight convergence on the space of probability measures
on R?, see [27, Chap. 6].

Wasserstein metric is well defined on the set of probability measures with finite first moment.
This is the case for p, the solution of the original PDE (), see Proposition 2] as well as P,
the solution of the regularized PDE (@), see Proposition It also holds true for the particle
approximations p&)-N (they are finite sums of Dirac delta distributions).

It turns out that W is a well adapted tool to investigate the limit N — oo, see [4] [T, 13} 26].
The strategy is to write

Wi(pON, p) < Wi (3N, ) + Wi (0, p),

where p(¢) is the solution of the regularized PDE (). The second term is controlled by the rate of
convergence established in the previous section, and the first one by adapting “standard” MacKean—
Vlasov estimates, as we are going to detail now. According to [26], we start by introducing an
auxiliary system of interacting particles. The solution p(®) of the regularized PDE is also the law
of the solution of the system of SDE

dX© = (K «p©)(29)dt + V2D dB,,, (48)
AV = (K9 % p©)(ZD)dt + V2D dB,,,. (49)

Note that both Zi(a) = (Xi(g),Yi(S)) and Zi(a) = (Xi(a),ffi(g)) are driven by the same Brownian
motions and we choose them to have the same initial condition. The system of stochastic differential
equations ([@X)—-@9) (respectively [@6)—([@T)) has a unique solution, as the coefficients (¢,z) —

K *p&)(2) and (t,2) Kz(f) x p)(z) are Lipschitz with respect to z and continuous with respect
to t. Moreover, the law 1(®) of Zi(s) = (X'i(s), 571_(5)) is a (weak) solution of

ou® = V. ((—K(E) *p(a))u(a)) + DAp®
" = o
t=0

Since this equation has a unique solution, and p(¢) is a solution, it follows that u(®) = p(&). We
define p(¥)"V to be the empirical measure associated with the Zi(s):

N
1 _
ﬁ(aLN =% § :5(2 _ ZZ(E))_
i=1

The following statement is an immediate corollary of Theorem 1 in [12]:
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Proposition 5.1 Let 0 < T < co. Assume that there exist ¢ > 2 and a constant C' = C(T), that
depends on T but is independent of €, such that

sup /| |90() (dz) (50)

te[0,T]

Then there exists a constant C' = C'(T) independent of € such that

C
sup E[W;(pN, p)] < ——1log (1 4+ N). 51
e [Wi(p Pl Wi g ( ) (51)

The uniform bound (B0) holds true if, for example, the initial measure py has a finite third
moment. To prove this, one uses an argument similar to that in Proposition Z2-iv (in effect one

uses the same proof as that used for the a priori bound deduced for the original measure p in
Proposition 2Tliv). We state and prove now the main result of the section.

Theorem 5.2 Let 0 < T < oo be a fized time. Under the same conditions as in Theorem [[.10, we
have

~ 2CT

Ce =2
sup E[W1 (9, p)] <

te[0,7) \/N

where C' = C(T) is the constant defined in Proposition [E1), C is the Lipschitz constant of 2K ()
and C, = C(po,T), respectively, Vp =v(po,T) are the constants arising Jfrom Theorem@

In particular, for any § € [0, %), there exists € = (8, N) and a constant C, = C,(8) independent
of N such that

log (1+ N) —l—Cps%”P, (52)

sup E[W1 (79, p)] < G, (log(N)) ™+ (53)
t€[0,T]
for any N > 1.

Proof. Following Theorem 10, to establish (52) it suffices to prove that

~ 2CT
Ce <2

sup E[W: (pN, pl9)] <
te[0,7)

log (14 N). (54)

2

Since both Zi(a) = (Xi(a), Yi(a)) and Zi(a) = (Xi(a), ffi(g)) are driven by the same Brownian motions
and have the same initial condition, we have

d

E(Zi(i) _ Zz(at)) _ - ZK (g AS )) (K(s) *p(s))(zi(i))

- (KO0 @) = (K902
= (K@% @N = p N2 + (KD % pO)ZT) = (K % o) (Z7).
We note that K () (- — ZZ-()?) is a function with Lipschitz constant less than . Hence

c
K@% (@ON = g2 < 3N, o).

Furthermore, using that K(°)(z — -) is C/e2-Lipschitz, and [ p®dz = 1, we get

C -
K@% pD(2()) = KO 5 p(2())| < 51217 - 231 (55)

Then o o
2129 - 291 < G129 — 291+ S )

30



Hence, since Z©) and Z(©) share the same initial data, we arrive at

t _Cs
‘ ~ Ce™ 2
e"?|25 - 21| < /0 -

Wi, p)(s) ds. (56)

Now we write

CHEMGEON D) < T EWEON FON) e Fm (N, p)
N
1 ¢ - ¢
< T2 Az - 21+ e EmEON, p)
i=1

Cs
2

t —
C t
< / 652 Wi (PN, ) (s) ds + e ZF Wy (FEON, p)),
0

where we have used first the triangle inequality, then a direct inequality for the W7 distance between
the two empirical measures, and finally (B6). By taking the expectation and using (&I), we obtain

. e C [t .
CHEEMGOY. 00 € (1 F) T lor(L4N) + 5 | e FEW GO, g0 s
0
C C [t e
< Selg(14N)+ 5 [ e FEWEOY, )5 ds.
0

By the standard Gronwall’s lemma we deduce that

~ Ct
¢ Ce<2
e FEMGEON, p)(1) < ——log (14 N)

which gives (B4]). Using the triangle inequality and Theorem [L10, (B4]) leads to ([B2). Moreover
observe that for § € [0, 3) and e = (3=2 log(N))~2 we have

icT
Ce’a" ., C 1-26 —ave
Wi log (1+ N) + Cpe2”» = —<log(1+ N)+C, (w—Tlog(N))

which gives (B3).

6 Numerical illustrations

The goal of this section is two—fold:

1. Tllustrate the existence Theoremsi.I]and 5] and show that the minimal value for the diffusion
we have identified in the statement is not optimal: the solution can apparently be global in
time for D < 2C5Moy;

2. Tllustrate the convergence for the particles approximation, and show that the actual rate of
convergence as a function of N seems to be much better than suggested by Theorem

For this purpose, we use a finite volume method introduced in [6] to study drift-diffusion equations
with gradient structure. Of course, there is no gradient structure in the present case, but the
method can be adapted and it is proved to be robust. Let us briefly explain the principles of the
approach. We work on a Cartesian grid, with space steps Az, Ay > 0. Given the time step At > 0,
we wish to update the numerical unknown with a finite volume formula which looks like

e o At At
pzjl = pi,;rl - E(Fiﬂ/zj —Fio12,5) - A_y(Gi,j+l/2 = Gij-1/2)
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where we need to find a relevant definition for the numerical fluxes F,G. To this end, we rewrite
the right hand side of () as

V- (p(Vin(p) = Flo])) = 02 (p(2: In(p) +0.0)) + 0, (p(3y In(p) +0,V))

where U,V are the scalar functions defined by

Ule,y,t) = / @~ 2p(e, g, ), Vie,y,t) = / ly— o/ lo(e, y', 1) da.

We shall therefore apply the ideas in [6] directionwise. The flux F; /5 ; is given by applying the
upwinding principle with the “velocity” £ = 9, In(p) 4+ 0, U which leads to

Fiiip2;= [§i+1/2,j}+pi,j + [§i+1/2,j]+m+1,j-

The interface value is obtained by the mere centered difference

1
§i+1/2,j = E(ln(pﬂrl,j) - 1D(Pz‘,j) + Ui+1,j - Ui,j)v

where the integral that defines U can be evaluated by a quadrature rule (the rectangle rule, say). A
similar construction applies to construct the flux G. The accuracy of the method can be improved
by using a polynomial reconstruction of the density, with a suitable slope limiter, instead of the
mere upwind scheme, in the spirit of the design of MUSCL schemes. We refer the reader to [0
for further details and the analysis of this scheme for gradient-flow equations. We can equally
use a second-order Runge-Kutta method for the time integration. We do not explicitly introduce
a regularization for the singular forces (2] in the code; we simply compute (@) by summing over
rows or columns of the square grid. This corresponds to an effective regularization of the order of
the grid spacing (typically Az = Ay = 0.05 in the simulations presented below). For the particles
simulations, we integrate directly the regularized equations (@8)—(@) by using the Euler method.
We typically use e = 0.1.

Fig. [l shows a contour plot of p at late times for D = 0.15 obtained by using the finite volume
method introduced in [6] (left plot) and the (mollified) particles approximation (right plot). Fig.
shows the evolution of the L? and L™ norms for various values of D. D = 0.15 is smaller than 2Cs5,
the threshold of Theorem 1] (here My = 1): the L? norm is not monotonically decreasing, but
there is apparently no finite time singularity. Fig.[Blshows that particles simulations are reasonably
close to the PDE simulations already for a number of particles much smaller than that suggested
by Theorem 5.2
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Figure 1: Contour plot of the density p for D = 0.15, at time ¢ = 5. The left plot is done using the finite
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D =0.35 (blue).
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