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FINITENESS OF GIBBS MEASURES ON NONCOMPACT MANIFOLDS
WITH PINCHED NEGATIVE CURVATURE

VINCENT PIT AND BARBARA SCHAPIRA

ABSTRACT. We characterize the finiteness of Gibbs measures for geodesic flows on
negatively curved manifolds by several criteria, analogous to those proposed by Sarig
for symbolic dynamical systems over an infinite alphabet. As an application, we re-
cover Dal’bo-Otal-Peigné criterion of finiteness for the Bowen-Margulis measure on
geometrically finite hyperbolic manifolds, as well as Peigné” examples of gemetrically
infinite manifolds having a finite Bowen-Margulis measure. These criteria should be
useful in the future to find more examples with finite Gibbs measures.

INTRODUCTION

Hyperbolic dynamical systems are, heuristically, so chaotic that all behaviours that
one can imagine indeed happen for some orbits. From the point of view of ergodic
theory, this can be expressed by the existence of Gibbs measures. When the space is
compact, choosing any regular enough "weight function", called a potential, i.e. usually
a Holder continuous map on the space, we can find an invariant ergodic probability
measure which gives, roughly speaking, large measure to the sets where the potential
is large, and small measure to those where the potential is small. This is a quantified
way of saying that all behaviours that one can imagine, represented by the choice of a
potential, indeed happen for a hyperbolic dynamical system.

Such measures are called Gibbs measures, and their existence for Holder potentials
and uniformly hyperbolic flows has been proved by Bowen-Ruelle [BR75]. Thermo-
dynamical formalism, i.e. the study of the existence and properties of these measures,
has been extended to noncompact situations in two main cases. In symbolic dynamics,
Sarig ([Sar99], [Sar01]) studied thermodynamical formalism of shifts over a countable
alphabet. In the context of geodesic flows of noncompact negatively curved manifolds,
the measure of maximal entropy, which is associated with the constant potential, now
commonly called the Bowen-Margulis measure, has been extensively studied, first by
Sullivan on geometrically finite hyperbolic manifolds [Sul84], and later with his ideas
by many others. Among them, let us cite Otal-Peigné who obtained an optimal vari-
ational principle in [OP04], and Roblin [Rob03] who established an equidistribution
result of measures supported by periodic orbits towards the Bowen-Margulis measure.

'Keywords: Gibbs measures, Thermodynamic formalism, geometrically infinite manifolds, Kac
lemma
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2 VINCENT PIT AND BARBARA SCHAPIRA

Generalizations of their results to Gibbs measures with general Holder potentials have
been proved in [PPS15].

All these results hold if and only if the Gibbs measure associated with the potential
is finite. It is therefore very important to be able to characterize, or at least to give
sufficient conditions for the finiteness of Gibbs measures. Some partial results and ex-
amples have already been proved in the past. In [Sar99], [SarO1], in a symbolic context,
Sarig established two finiteness criteria for the measure associated with a Holder poten-
tial /. lommi and its collaborators extended this study to suspension flows over such
shifts, in [BI], [IJT15]. In the case of geodesic flows on the unit tangent bundle of
noncompact manifolds, the first criterion appeared in [DOPO0O]. In the particular case
of geometrically finite manifolds, Dal’bo-Otal-Peigné showed that the Bowen-Margulis
measure is finite if and only if a series involving the parabolic elements of the funda-
mental group converges. This criterion has been extended later by Coudene [Cou(3]
to Gibbs measures of geometrically finite manifolds. Finally, Peigné constructed in
[Pei03] the first examples of geometrically infinite hyperbolic manifolds whose Bowen-
Margulis measure is finite. His proof, once again, involved the convergence of a certain
series. Ancona [Anc] also obtained such examples, but through harmonic analysis.

Our main motivation is to give a unified way to check whether a Gibbs measure is
finite, not specific to a certain class of manifolds, and allowing to recover all results men-
tioned above, the geometric ones as well as Sarig’ symbolic criteria. We will provide
three equivalent criteria for the finiteness of Gibbs measures, all involving the conver-
gence of some series, two of them being the geometric analogues of Sarig’ criteria in
terms of lengths of periodic orbits, the other one being a reformulation in terms of the
action of the fundamental group I" of M on its universal cover, which is more convenient
in our geometric context.

To this end, we will not rely on having a symbolic coding for the geodesic flow,
which cannot be ensured in the general case, but on geometrical estimates and Kac’s
recurrence lemma. Recall that this lemma asserts that if a measure p is conservative and
A is a measurable set with positive finite measure, then the measure of the whole space
equals > -, nu(A,), where A,, denotes the subset of points of A that return in A after
exactly n iterations of the dynamics. Therefore, the finiteness of y is equivalent to the
convergence of a certain series. However, Kac Lemma is in general more an abstract
result than an useful criterion, due to the difficulty to estimate the measure of the sets
A, but the geometry of negatively curved manfolds will allow us to convert it into an
explicit efficient criterion.

Let us first give some notations in order to state our results. We are interested in the
geodesic flow (g') on the unit tangent bundle 7" M of a complete manifold with pinched
negative curvature. Our results also hold when M is a negatively curved orbifold, that
is the quotient of a complete simply connected negatively curved manifold by a discrete
nonelementary group I' which can contain torsion elements. We study this flow in
restriction to its nonwandering set §2. We denote by P the set of periodic orbits, by
Pyy the set of periodic orbits which intersect some set W C T* M, and by Py, the set
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of primitive periodic orbits. For a given periodic orbit p € Py, we denote by [(p) its
length, and by nyy(p) the "number of times that the geodesic p crosses WW" (see section
2 for a more precise definition). We consider a potential F' : T'M — R, i.e. a Holder
continuous map, and denote by P(F) its pressure. It is shown in [PPS15] how one can
build a Gibbs measure my associated with the potential F'.

The Hopf-Tsuji-Sullivan theorem (see [PPS15, Theorem 5.4]) asserts that a Gibbs
measure my is either ergodic and conservative (possibly finite or infinite) or totally
dissipative, depending on whether the Poincaré series of (I', F') is respectively divergent
or convergent. Therefore, before investigating the finiteness of a Gibbs measure, we
investigate when it is ergodic and conservative.

Definition 1 (Recurrence). A potential ' : T' M — R is said to be recurrent when there
exists an open relatively compact subset W of T M, which intersects the nonwandering

set €2, such that
5 B = 1o
peEP

By analogy with the recurrence property for potentials on infinite subshifts developed
in [SarO1], where a periodic orbit may be made of several periodic points beginning with
the same letter, this integer ny,(p) can be interpreted as how many changes of origins
are possible along the geodesic orbit p so that the parameterization starts in V.

Our first result is a reformulation of the divergence of the Poincaré series in terms of
periodic orbits.

Theorem 1 (Ergodicity criterion). Let M be a negatively curved orbifold, and F'
T'M — R a Hélder continuous potential with P(F) < +oc. Then the Gibbs measure
mp is ergodic and conservative if and only if F' is recurrent.

Unfortunately, this equivalence is unlikely to be very useful in practice. The main
interest of Theorem 1 is to enlighten the very strong analogy between our results on
geodesic flows on noncompact manifolds and Sarig’s work in symbolic dynamics over
a countable alphabet, despite the fact that no general coding result of the geodesic flow
by a symbolic dynamical system is known in this context.

Definition 2 (Positive recurrence for the geodesic flow). Let M be a negatively curved
orbifold with pinched negative curvature. A Holder continuous potential ' : 7'M — R
with P(F) < +oo0 is said positive recurrent relatively to a set WW C T M intersecting
(2 and the integer N > 1 if it is recurrent and

Z l(p)efp(F_P(F)) < 400

peEP;,,
nw(p)<N

Our main finiteness criterion is the following result, which is the geometric analogue
of the symbolic criterion of Sarig [SarO1].
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Theorem 2 (First finiteness criterion). Let M be a negatively curved orbifold, and
F : T'M — R a Hélder continuous potential with P(F) < +oo. Denote by myp
its associated Gibbs measure.

(1) If F is recurrent, and there exist an open relatively compact set W C M meeting
7(Q) such that F is positive recurrent with respect to W = T'W and some
N > Ky (where Ky depends only on diamW and on the geometry of M),
then mp is finite.

(12) If mp is finite, then F is recurrent, and positive recurrent with respect to YW =
TW and any N > 1 for every open relatively compact set W C M meeting
().

In particular, when F' is recurrent, then F’ is positive recurrent with respect to YV =

T'W for some open relatively compact set W which intersects ﬂ(ﬁ) and for some
N > K,y if and only if it is positive recurrent relatively to any such set.
The proof of Theorem 2 follows from Theorem 3 below, which expresses the finite-

ness of mp in terms of the action of I' on M instead of periodic orbits on 7' M. This
criterion does not appear in Sarig’s work because it has no meaning in a purely symbolic
setting. However, it is very useful in our geometrical context.

We start by introducing a notation. Given a subset W C M, denote by
Iy = {7GF‘EIy,y’GW,[y;vy']ﬂgW%@#WﬁgW%@oerﬁgW%@}

the set of elements  such that there exists a geodesic starting from W and finishing in
~W that meets the orbit I'IV only at the beginning or at the end.

Definition 3 (Positive recurrence in the universal cover). The pair (', f) is said to be

positive recurrent with respect to a set W C M such that W = T'W intersects § if F
is recurrent and

Az € M, Z d(x,vx)ef;z(ﬁ_P(F)) < +o00.

’YEFW

Theorem 3 (Second finiteness criterion). Let M be a negatively curved orbifold with
pinched negative sectional curvature. Let F' : T'M — R be a Holder continuous
potential with P(F') < +oc, and denote by mp. the associated Gibbs measure on T* M.

(1) If F is recurrent, and if (T, F ) is positive recurrent with respect to some open
relatively compact set WcM meeting ﬂ(ﬁ) then mp is finite.

(12) If mp is finite, then F' is recurrent, and (L', F) is positive recurrent with respect
to any open relatively compact set WcM meeting W(Q)

In particular, when F is recurrent, then (I', F) is positive recurrent relatively to some

open relatively compact set W which intersects W(Q) if and only if it is positive recurrent
relatively to any such set.
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In [Sar99], Sarig proved a finiteness criterion, established earlier than the symbolic
analogue of Theorem 2. This criterion seems less practical than his later work. How-
ever, we wanted to show a complete analogy between the symbolic and our geometric
settings, so we established the same criterion in our situation. The proof is different
from the previous criteria and relies on equidistribution of weighted periodic orbits.
This criterion requires the assumption that the geodesic flow is topologically mixing on
Q). This extremely classical assumption is satisfied in most interesting situations, even
if its validity is open in general.

Definition 4. The potential F' is said to be positive recurrent in the first sense of Sarig
[Sar99] if there exists an open relatively compact subset W of T' M meeting €, and
constants ¢ > 0, tg > 0 and C' > 0 such that

vt > to’é < Z nw(p)efp(F—P(F)) <C.
peEP
t—e<l(p)<t
Theorem 4 (Third finiteness criterion). Let M be a negatively curved complete orbifold,
with pinched negative curvature. Assume that its geodesic flow is topologically mixing.
Let F : T'M — R be a Hélder continuous potential with P(F') < +oc, and denote by
mp its associated Gibbs measure on T* M. Then my is finite if and only if F is positive
recurrent in the first sense of Sarig with respect to some open relatively compact set VW
meeting ).

When this theorem holds, F'is actually positive recurrent in the first sense of Sarig
with respect to any open relatively compact set VV meeting ).

The structure of this paper goes at follows. Section 1 introduces the geometric and
thermodynamic formalism background, including some elementary lemmas of hyper-
bolic geometry stated in a convenient way for our purposes. In particular, Lemma 1.4
plays a crucial role in the proof. Section 2 introduces the notion of number of returns of
a periodic orbit, which is used to state Theorem 1, 2 and 4. The proof of Theorem 1 is
given in section 3. Theorem 3 is proved in section 4, from which an intermediate Theo-
rem 5 is derived in section 5, and Theorem 2 is itself derived in section 6. In section 7,
we state and prove a couple of equidistribution results for nonprimitive periodic orbits,
and derive from it the proof of Theorem 4. Finally, we show in section 8 how to retrieve
previous finiteness results from ours.

We believe that these criteria will lead to new examples of interesting manifolds with
finite Gibbs measure. This will be done in the future.

1. PRELIMINARIES

1.1. Geodesic flow in negative curvature. In the following, M is a Hadamard man-
ifold with pinched negative sectional curvature —0* < k < —a? < 0, I is a discrete

group of isometries preserving orientation of M. , M = F\M is the quotient orbifold
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(manifold whenever I" has no torsion elements), and 7'M = F\Tlﬂ is its unit tan-
gent bundle. Observe once and for all that Riemannian/differential concepts are still
well defined on M or T'M by defining objects first on the universal cover, and then
going down to M. With a slight abuse of notation, we denote by 7 : 7'M — M or
7 : T*M — M the canonical projection, and by P : T'M — T'M or Pr : M — M
the quotient maps.

The geodesic flow of T M and of T' M is denoted by (¢');cr. The boundary at infin-
ity 8OOM is the set of equivalence classes of geodesic rays staying at bounded distance
from each other. If v € M. , we denote by vy the positive and negative endpoints of the
geodesic it defines.

The limit set A(I") is the closure of any I" orbit of M in Ono M. We will only consider
the nontrivial case where I is nonelementary, that is A(I") is infinite. Eberlein proved
that the nonwandering set () of the geodesic flow coincides with the set of vectors v €
T'M such that vy € A(T).

The Hopf coordinates relatively to any base point xy € M are given by

veET'M (v, vy, Ty (V)

where 7, (v) is the algebraic distance on the geodesic (v_v, ) from the projection p,, (v)
of z( on this geodesic to the base point 7w(v). They induce an extremely useful home-
omorphism between 7'M and 0,.M x 0,,M x R. In these coordinates, the geodesic
flow acts by translation on the real coordinate, so that all dynamically relevant sets can
be expressed nicely in terms of these coordinates.

The set of periodic orbits (respectively primitive periodic orbits) of the geodesic flow
is denoted by P (respectively P’). Recall that periodic orbits of the geodesic flow are
in 1 — 1 correspondance with conjugacy classes of hyperbolic elements of I'. More
precisely, let I';, be the set of hyperbolic (or loxodromic) isometries of I', and I'}, those
which are primitive. By definition, such a v has two fixed points in 0., M, one repulsive
and the other attractive. It acts by translation on the geodesic line of M joining them
so that the geodesic orbit of TM M from the repulsive to the attractive endpoint induces
on T'M a periodic orbit of the geodesic flow. We will denote by I(7) for v € T, or
equivalently [(p) for p € P, the period of this orbit.

1.2. Thermodynamical formalism. In this section, we recall briefly some facts about
thermodynamical formalism on negatively curved manifolds, which are either classical
or can be found in [PPS15]. _

Let /' : T'M — R be a Holder continuous map (or potential), and F be its I'-
invariant lift to T2 M. Tts topological pressure is defined as the supremum

P(F) = sup (h(u)+/qu) ,

pneM
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the supremum being taken over the set M of all invariant probability measures, and
h(p) being the Kolmogorov-Sinai entropy of .
A dynamical ball B(v, T, <) is the set

B(v,T,e) ={w e T'M |d(r(g'(v)),7(g"'(w))) < e forall0 <t < T} .

Here, there is a slight abuse of notation : we use the distance d on M instead of a distance
on T M, for example the Sasaki metric. However, standard results about geodesic flows
in negative curvature show that these two points of views are equivalent. We refer to
[PPS15] for details. An invariant Radon measure y satisfies the Gibbs property (see
[PPS15, Section 3.8]) if for all compact subsets K C 7'M, there exists a constant
Ck > 0, such that for all v € K and T" > 0 such that gT(v) € K, one has

0 1 fo (gt (v))dt—TP(F) < u(B(v,T,¢) < C’Kefo v))dt—TP(F)
K
The careful reader will observe that this definition is slightly simplified compared to
[PPS15], but describes the same measures.
When P(F) is finite, the Patterson-Sullivan-Gibbs construction, detailed in [PPS15],
allows to build a measure m g, which satisfies the above Gibbs property, whose lift m g

on T'M has the following nice expression in the Hopf coordinates

1
dulet (v )dut (vy)dt,
DF—P(F)’$O(U77U+) :u ( ) luxo( +)

2) dmp(v) =

where ¢ is the flip map ¢ : v — —v, ,ufo is the so-called Patterson-Sullivan-Gibbs
conformal density on the boundary, and Dy is the F'-gap map from x defined as

n T
Dpal€,m) = exp = <tgr+noo/ /£ F+/5 F)

This map is continuous and positive on O M x Ono M \ {dlagonal} and therefore

bounded away from 0 and +oo on all compact sets of 9, M x 9 M \ {diagonal}.
Moreover, the point z being arbitrary, the Patterson-Sullivan-Gibbs conformal densi-
ties (112 ), 77 form a family of measures that have full support in A(T') and are I'-quasi-
invariant.

The Gibbs measure mf satisfies the following alternative, known as the Hopf-Tsuji-
Sullivan Theorem, proved by Roblin [Rob03] in full generality when /' = 0, and whose
proof has been adapted to Gibbs measures in [PPS15]. First, recall that the pressure
P(F) is also the critical exponent of the following Poincaré series

Pror(s) = Z ol E(F=s)
yerl’

This Hopf-Tsuji-Sullivan-Roblin theorem for Gibbs measures enlights how the conver-
gence or divergence of the above series for s = P(F’) is a crucial point for the ergodicity
of the Gibbs measure my.
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Theorem. Let M be a negatively curved orbifold with pinched negative curvature, and
F : T'M — R a Hélder continuous map with finite pressure. Then the measure
mp is ergodic and conservative if and only if the Poincaré series Pr, r(s) diverges

ats = P(F), i.e.
Z elag (E=PE) _ 4 o
~yel’

and the measure mp is totally dissipative otherwise.

In fact, one can show that "the" measure my built in [PPS15] is well defined if and
only if the above series diverges. As this is the only interesting case for us, we do not
care about this problem of terminology.

When a Gibbs measure mf is finite, it is automatically ergodic and conservative.
However, of course, the converse is not true, and it is precisely the purpose of this paper
to propose criteria of finiteness.

1.3. Some exercises in hyperbolic geometry. This section gathers some well-known
lemmas about the geometry of manifolds with pinched negative sectional curvature.

We start by recalling a very classical comparison lemma, as stated for example in
[PP10, Lemma 2.1], from which we will derive the next lemmas.

Lemma 1.1. Let (X, d) be a CAT(—1)-space. For all points x,y in X and z in XUOx X,
and every t € [0;d(x, 2)] (finite if z € 0,X), if x; is the point on [z; 2] at distance t
from z, then
d<xt7 [y7 Z]) < eit Sinh(d('ru y)) :
In particular, applying this lemma twice leads to the following lemma.
Lemma 1.2. Letr,r’ > 0. Let x, 2’ ,y,y' € M such that d(z,y) <randd(z',y) <.
For everyt € [0;d(x,2")], denote by x; the point on [z; 2’| at distance t from x. Then

d(zs, [y;y/']) < sinh(r)e™ + sinh(r')e! @) HsmR0),
Recall also the following.

Lemma 1.3 ([PPS15], remark 2 followmg lemma 3.2). For every R > 0, there lS a
constant C' that only depends on F F, R and the bounds on the sectional curvature of M
such that for every x, ', y,y' in M satisfying d(xz,2'),d(y,y') <R

v v
/F—/ Pl <c

1.4. Parallel geodesic segments avoiding images of a compact set. The following
geometrical lemma is the key ingredient of the proof of Theorem 3, from which The-
orem 2 is derived. It asserts that, if a geodesic segment [y; y/] is known to avoid the
[-orbit of balls B(x, R) except maybe at its beginning or at its end, then every other
geodesic segment whose endpoints are close from y and 3’ will also essentially avoid
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the ['-orbit of e-shrinked balls B(z, R — ¢), provided that the guiding segment [y; ¢/] is
long enough.

Lemma 1.4 (Long range subset avoidance). Let W be an open relatively compact subset
of M. For every R > 0, there exists p = p(R) such that for all € > 0, all W ' C w

open relatively compact subsets with d(W’,M \ W) > g ally,y,z 72 € M with
d(y,z),d(y',2") < R, and all vy € T, if

[v; Y] mV/Wv =0 and [z; 7] ﬁ'y/Wv’ £0.

then we have - .
min (d(y, W), d(y/, “YW)> <p-—loge.

Proof. Denote by | = d(z,7'). Let z be a point of [2; '] inside YW, with ¢ = d(z, z,).
Without loss of generality, we can assume that ¢ < é By Lemma 1.2, we have

d(z, [y;y/]) < sinh(R) (e + e“”Sinh(R)) <C(ef+e) <20e™

with C' = sinh(R)es™ %), The assumption d(z, [y;y']) > ¢ ensures that ¢ < log(%°)
and henceforth that d(y, z;) < p — loge with p = log(2C') + diam W, O

1.5. About finding hyperbolic isometries. In the proofs of Theorems 1 and 2, we
will need to compare sums indexed on periodic orbits of the geodesic flows, i.e. on
conjugacy classes of hyperbolic elements of I', with sums indexed on the whole group
I'. To this end, we need some technical tools to go from the former to the latter. We start
by recalling a variant of Anosov closing lemma, which is easily obtained by combining
[GdIH90, cor. 8.22] with Lemma 1.2.

Lemma 1.5. For every I, > 0, there exists ¢’ € ]0; 1] with lim._,o¢’ = 0 such that
for every isometry v of any proper geodesic CAT(—1)-space X, for every xq in X, if
d(xo,vxo) > 1 and d(zo, [y 'xo;vx0]) < €, then v is hyperbolic and d(x¢, A,) < &,
where A, is the translation axis of 7y in X.

Let I';, be the set of hyperbolic elements of I'. If v € I',, we denote by A, C T'M its

axis, i.e. the set of vectors v € T'M such that ¢"v = v, where I(7) is the minimal
displacement of a point by ~y. In other words, A, is the set of unit vectors on the geodesic
joining the repulsive fixed point to the attractlve fixed point, oriented towards the latter.

Ifz e M,l>0andU C O M is open, then the angular sector at distance | based
at x and supported by U is the open set

Coa(U) = {z c M‘ d(z,x) > land ¥ €U, > € ]x;g[} .

Lemma 1.6. Ler W C T'M be an open relatively compact set intersecting Q>0
and x € m(W) N Conv(A(T)). There exist g1, . ..,gx € I and a finite set S C T such
that for every v € I'\ S, there exist i, j such that v = gj’lfygi is hyperbolic and its axis

satisfies A N WNT'B(x,¢) # 0.
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Proof. Take ¢/ = ¢'(e,1) given by Lemma 1.5. Let U and V' be two non empty open
sets of 0., M with disjoint closures, both meeting A(I"), such that any geodesic orbit of

T'M from U to V meets WNT'B(z, ). Fix two non empty open sets Up, Vo C oo M
meeting A(I") such that Uy C U and V; C V. There exists I’ > [ such that for every
yeU =Cup(Up)and z € V' = C, (Vp), the geodesic orbit of T M from y to z meets
WNT'B(z,&).

As I" acts minimally on A(T"), there exist g1, ..., gp, - .., gr € I' such that

p k
AT) | Jgloand AT) C ] giVh.

i=1 i=p+1

Let Ry = sup {d(x,g[lx) ’z =1,..., k}, R; = Ry + 2¢, and define
U = {y € z\ﬂ B(y, R) C U’} and V" = {z e z\ﬂ B(z,R)) C V’} .

Observe that ., U"” = Uy and 0., V" = Vj, so that we still have in MU &,ojT/f

P k
AT) C UgiU" and A(T') C U gV".

i=1 i=p+1

Therefore, both sets

K = Conv(A(I)) \ | Jg:U" and L = Conv(A(T))\ | ¢:V”

i=1 i=p+1

are closed and do not meet &,ojT/f , hence they are compact in M. Therefore, S =
{y €T |y 'z € Korvyx € L} is finite.

Now if v € T'\ S, by construction, there exist 4, such that v~ 'z € ¢,U” and
v € g;V". If v = g;'vg;, thenu = v/~ 'g; 'z € U" and v = v/g;'x € V", which
means that 7'z satisfies

d(v'z,v) = d(z,g;'z) < Ry < Ry,

i.e. v’z € V' and similarly v/~'z € U’. By our choice of U’ and V", this ensures that
d(z,+'z) > land [y"'a;~'z] meets B(x,e'), so that by Lemma 1.5, +/ is hyperbolic
and its axis A, meets 7' B(z, ¢).

Finally, let z € m(A,/) N B(x, ). Since

d(y'z,v) <d(y'z,7'z) +d(v'z,v) <e+ Ry < Ry,

we deduce that 7'z € V’ and likewise 4/~ 'z € U’. This implies that the geodesic orbit
of T'M from~' 'z to 7'z, i.e. A/, also meets WV. O
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1.6. Shadows. If v,y are two distinct points of M U 8. M, let v_ (y,y) € O M

(respectively v, (y,y') € 05 M) be the endpoint of the one-sided infinite geodesic ray
going from ¥’ to y (respectively from y to y'). The maps v and v_ are continuous for

the usual topology on (M U 0,,M)? \ {diagonal}.
With the above notations, if € M U OsoM and W is an open, relatively compact,
geodesically convex subset of M, the shadow of W viewed from x is the set

OW = {vs(z,y) |y € W} = {€ € M |l €[N W # 0} .

We start by stating a classical lemma that asserts that, if the base point is far enough
from the set that casts the shadow, then it can be moved around by a bounded amount
almost without changing the shadow.

Lemma 1.7. For every r > 0, every 0 < & < r and every 6 > 0, there exists ly > 0
such that for all x,y € M satisfying d(x,y) > ly and for all z € B(y, §) we have

OyB(z,r —¢) C O,B(xz,r) C OyB(z,r+¢).

We will also need the two following lemmas about products of shadows. Their proofs
are very similar to [PPS15, Lemma 3.17] and therefore ommitted.

Lemma 1.8. For all r > 0, " > 0 and ¢ > 0, there exists ly > 0 such that for all

x, 2’ € M satisfying d(z,x') > lo, forall y € B(z,r) andy' € B(x',1"), we have
(U—(y, y/)7 v-l—(ya y/)) € Ox’B(x, T+ 5) X OxB(ZL'/, T‘/ —+ 5) .

Lemma 1.9. For every r > 0, ' > 0, ﬁnd e > 0, there exists lp > 0 such that
the following holds : for every x,x' € M satisfying d(z,x') > lo, for every v_ €
Oy B(x,r) and every v, € O, B(x' 1), there existy € B(x,r+¢)andy’ € B(z',r' +
e) such that

(v, vy) = (v-(y,9), v+ (y.¥/)) -

The next lemma states that when two balls are far enough one from each other, their
shadows relative to each other’s center cannot intersect.

Lemma 1.10. For every R > 0, there exists a lg > 0 such that, for every x,y € M
satisfying d(z,y) > lo, one has

0,B(y, R) N O,B(x,R) = 0.

Proof. Suppose not, and take ¢ in the intersection. In the triangle (z,y, &), we would
have d(z, [y;£]) < R and d(y, [x;£[) < R. Triangles of M are d-hyperbolic for some
positive constant § depending only on the upper bound of the sectional curvature. There-
fore, this situation is possible only if d(x,y) < 2R + 26. Thus, the lemma is proved
with [y = 2R + 2. 0J
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Measure of shadows. The Shadow Lemma, initially due to Sullivan, estimates the mea-
sure given by Patterson-Sullivan-Gibbs densities to shadows of balls in terms of inte-
grals of the normalized potential. It has been proven by Mohsen in our setting, and
asserts the following.

Lemma 1.11 (Mohsen’s Shadow Lemma, Lemma 3.10 in [PPS15]). Let (uf’ ).t be
the Patterson-Sullivan-Gibbs conformal density associated with F', and K be a compact
subset of M. There exists Ry > 0 such that, for all R > Ry, there exists C' > 0 such
that forally € 'and x,y € K

1 Yyip yip
el ) < (0,B(yy, B)) < Ce PPN,

A careful examination of the proof of this lemma shows that the condition R > R,
is actually only necessary for the lower bound. In the following, we will only use this
lemma for its upper bound, so we can forget about this restriction.

However, we will also need some lower bound estimates for the m p-measure of dy-
namical balls. To this end, we will use the following variant of the Shadow Lemma for
product of shadows of balls, which replaces the restriction on the size of balls by the
assumption that the ball intersects the nonwandering set of the geodesic flow.

Lemma 1.12 (Shadow product lemma). Lez (yi}), 57 and (1% "), .57 be the Patterson-
Sullivan-Gibbs conformal densities respectively associated with F' and F o 1. Assume
that B(xz, R) C M intersects the base of the nonwandering set ). Then there exist

C > 0and S,G C T finite such that for every v € I' \ S there exist g, h € G such that
1 YT I YT T
Gel ) < (050 B9, R)u (O, B(yhe, R)) < Cel P,

Proof. If T'B(z, R) N Q. # 0, then we can find 5,& € A(T) distinct such that the
geodesic (£n) intersects B(z, R). In particular there exists ¢ > 0 such that n €
O¢B(xz,R —¢) and £ € O,B(x, R — ¢). By continuity of the shadows, there exist
two neighbourhoods U, V' of respectively £ and 7 in M U 0., M such that

Vy e U,OB(x,R—¢) C OyB(z,R) andVz € V,0,B(z,R —¢) C O,B(z,R).

By using the same technique as in the proof of lemma 1.6, we can find S,G C T’
finite such that, for every v € T'\ S, there exist g,h € G such that g~'yx € U and
h=ylz e V.

Since the Patterson-Sullivan-Gibbs densities charge any open set that intersects the
limit set,

a = min {ugffx((’)gB(x,R —¢))|ge G} >0and 8= pul(0,B(z,R—¢)) > 0.
Lety € T'\ S and take g,h € G such that g~'yx € U and h™'v~1z € V. By the
invariance property of the densities, we have that on the one hand that

O, Blga, R)) = ult (Og-1,, Bz, R)) > ", (O¢B(x, R~ €)) > a,

9=
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and on the other hand that
(15:(Oe B(vhat, R)) = pl (Op-1,-1,B(2, R)) > .

But the conformal density property of (%) ensures that
Mf(OxB(Wh% R)) = / e—CF_P(F>,<(xwhw)dM5h$(C)’
C€OzB(vhz,R)

where Cr¢(z,y) = limy o0 f;t F— fxct F is the Gibbs cocycle associated with F'. By
applying [PPS15, Lemma 3.4] (2), we get the existence of a constant C; > 1 indepen-
dent of v and h such that

ief;’””(ﬁ—P(F)) < Mf(o B(’Yhﬂf R)) < Clef;’””(ﬁ—P(F)) .

This implies that

DR FPI) <y, B, R)E(O.Byha, R)) < Gyl F-PE)
1

Finally, after noting that d(yx,vhx) = d(x, hz) is bounded from above independently

from ~, we apply Lemma 1.3 to obtain a constant Cs > 0 that only depends on M, F,
x and R such that

/ "E Py - | - P(F»' <.

This concludes the proof with C' = g—ée@. UJ

2. NUMBER OF RETURNS OF A PERIODIC ORBIT

The aim of this section is to introduce an useful mathematical definition of the "num-
ber of times that a periodic geodesic enters in a given set VV". Observe that as soon as
W is non convex, or has holes, it may be highly non trivial if done in a too naive way.

Let W be a relatively compact subset of TM. If v € I'y,, we define the number of
copies of the axis of vy intersecting VV as the quantity

nW(V) :#{7'EF’ElgGF,W’:g_lygandAv/ﬁW;é@} )

By definition, this number depends only on the conjugacy class of v € I';. Of course, it
is also I'-invariant, in the sense that

nyp(7) = ngm(y) -
We shall now extend this definition to relatively compact subsets of 7 M in the fol-

lowing way. First note that if W C T M is open and relatively compact, then it admits
an open relatively compact lift (actually many of them), i.e. an open relatively compact

set W C T'M such that Pr(W) = W where P : T*M — T'M is the covering map.
Indeed, it is enough to cover VV by trivializing open sets for the covering Pr, to take for
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each of these sets the image of its intersection with VW by one of the inverse branches
of Pr, and then let ¥ to be the union of these preimages. However, there might not be

an open lift W of W such that Pr : W — Wis 1 — 1 if, for example, the base m(V)
contains a ball B(z, R) whose radius R is larger than the injectivity radius at =

Given W C T'M open relatively compact, and any periodic orbit p € P, this leads
us to define the number of returns of p into VV by

nw(p) = inf nygs(y)
where 7, is any hyperbolic isometry in the conjugcy class associated with p, and the

infimum is taken over all open relatively compact lifts W of W to T' M.
Note that the quantities n;() and nyy(p) do not depend on the multiplicity of y or p.

Indeed, two isometries v and 7/ are conjugated by an element ¢ if and only if 4* and ~/ F
are conjugated by this element g, for k > 1. Moreover, the axii A, and A« are equal
for all £ > 1. Therefore, we get
vk > 1,ng(v") = ng(7) -
Equivalently, if p € P is a periodic orbit with multiplicity whose associated primitive
orbit is pg € P’, we have
nw(p) = nw(po) -
Although there might not exist a lift of WV that realizes the number of returns nyy(p)

of p € P into W as a number of copies, the number of copies of the axis of v € ',
intersecting two lifts of V' are uniformly commensurable with each other.

Lemma 2.1. Let Wl, Wg be two lifts of W to T'M. Then there is a C = C, v, Such
that

1
vy € Tn, Gy, (7) < nypp, (7) < Cnggs, () -

Proof. It is enough to show that ng; (7o) < Cngy; (7o) with 70 € I} Take 7' = g 'yg

for some g € I' such that thereisav € A, N W1 Since W1 and Wg are both lifts of
the same set YV, the set

Hvz{her‘hveﬁz}

is non empty. Note that if h € H,, then h(v) € Wy N A, where v = hy'h™!is a
conjugate of . This ensures that

{”y’ el ’ Jg €T,y =g '"ygand A, N Wi # @}
C U ht {7" el ’ g €T,7" =g 'ygand A N W, (7)} h
heH
where H = U Wy H, depends only on 17\71 and )7\72 but not on 7. In order to conclude,
it is enough to show that H is finite. Indeed, let W5 = W; U W. It is a compact subset
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of T'M and we have
H:{her‘aveﬁl,hve%}c{her‘wgmhm;&@},

which is finite since the action of I' on T'M is proper. U

In particular, if one takes a relatively compact lift 17\71 of W, then there exists a con-

stant C' which depends only on Wi such that for every po € P’ and every 7, in the
conjugacy class associated with p, we have

Zn5,(0) < (o) < Cng ().

Lemma 2.2. [fW C T'M is covered by a finite collection (W; )1, . of open relatively
compact subsets of T* M, then there exists C = Cyyyy, .. w, > 0 such that

Vp € Ponw(p) < C Y nw,(p)
=1

Proof. We may assume that p € P’. Fix v, € I'} in the conjugacy class associated

with p. For each i, take an open relatively compact lift W; of W, to T M, as well as a
constant C; independent from p and -, such that

ni. (7p) < Cinw, (p) -
Observe that

W=P:'W)n (W,

is an open relatively compact lift of ¥V, and that if an axis A, meets W then it meets at
least one of the ;. Therefore

nw(p) < ny(vp) <Zn~ vp) < max(C, anl O]
i=1

3. ERGODICITY OF GIBBS MEASURES FOR RECURRENT POTENTIALS

Let F' : T'M — R be a Holder continuous potential on T'M. According to the
Hopf-Tsuji-Sullivan Theorem, we know that m g is ergodic and conservative if and only
if the Poincaré series associated with F' diverges at the critical exponent s = P(F),
in which case (I, F) is said to be divergent following the terminology in [PPS15]. In
this section, we will prove Theorem 1 which asserts that it is also equivalent to the

divergence of the series
Z nw(p f (F=P(F)

peEP
for WV an open relatively compact set intersecting (2. F' is said to be recurrent relatively
to VW when this series diverges.
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Note that periodic orbits meeting }V are the only periodic orbits to consider in the
above sum, because otherwise 1y (p) = 0.

Theorem 1. Let M be a negatively curved orbifold with pinched negative curvature,
and F : T'M — R a Hélder continuous potential with P(F) < +oco. Then the Gibbs
measure my is ergodic and conservative if and only if F' is recurrent with respect to
some open relatively compact set intersecting €.

In particular, the recurrence property does not depend on the choice of the open rela-
tively compact subset WW.

Observe first that, for any real number £, this equivalence is satisfied for a potential
F'if and only if it is satisfied for the potential F' + k, as the Gibbs measures my and
mp are equal. We may therefore assume from now on that P(F') = 0. We will also

denote by F the [-invariant lift of F to T M.

3.1. Recurrence implies divergence.

Lemma 3.1. If F' is recurrent relatively to some open relatively compact subset VV of
T M which intersects , then (T', F') is divergent.

Proof. Let W be an open relatively compact lift of WV to T'M that meets 2. Choose
a base point x € 7(W) C M. If p € P intersects W, let v,1,...,%pn, € I's be the

distinct hyperbolic isometries whose axii intersect W and project onto the periodic orbit
p. According to Lemma 2.1, there exists C' > 0 such that for every 1 < i < n,, one has

1
np = g (Vp,i) = anw(p) :

For each 1 < i < n,, pick z(p) € A, N W and let zi(p) = w(z(p)) € M. In
particular, we have d(z, z;(p)) < diam7(W).
According to Lemma 1.3, there is a constant c'">0 that only depends on I, on

diam 7(W) and on the bounds on the sectional curvature of M such that

VpiT Yp,izi(p) __ Vp il
[r=[ f=f, FE
p x x;(p) T
Hence we have

S (el < 0 YN e F U < 0 oI,

peP pEP i=1 ~yel’

Vp € P,Vi, <C.

and the recurrence of F' implies the divergence of (I, F'). O

3.2. Divergence implies recurrence.

Lemma 3.2. If (I', F') is divergent, then I is recurrent relatively to any open relatively
compact subset W of T* M which intersects ().
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Proof. Choose an open relatively compact lift W of W to T' M. Assume that (I, F)is
divergent. As divergence is independent from the chosen base point z € M. , consider
z e Qnr(W).

According to Lemma 1.6, there exist gy, ..., g, € I'and S C I finite such that

SIS SIS Db SIS

~er ~€ES B el
A,Y/IHIW#@
Let Ry = sup{d(z,g;x)|i=1,...,k}. Lemma 1.3 ensures that there exists a constant

C7 > 0 which depends only on F', R, and the bounds on the sectional curvature of M

such that forall 1 <i,j < k,
Vil _ SE
[T
g[lx T

9795 ‘T _ Y
[T
S el STl 2l T el

From this we deduce that
~yel’ ~veS ~y'ely,

AA{/OW#@

< (.

We can now reindex this last sum by summing first over p € P, and then over the
hyperbolic isometries y associated with p, i.e. those such that Pr(A,) = p, as follows.

S PN Y

vEly pEP €T
A NW#D A NWHD
Pr(Ay)=p

Recall that for all p € P meeting WV, there exist only finitely many v, 1,...,%pn, € I'n
that project onto p and whose axis intersects V. Thus this last sum is equal to

n
£ f"’p,iwﬁ
DI DL

peEP i=1
But according to Lemma 2.1, there exists Cy > 0 such that for every 1 < ¢ < n, one
has
np = Ny5(Ypi) < Canw(p) .-
As before, pick for every 1 < i < n, a point z;(p) € 7(A,,, N )7\7), that satisfies
d(z;(p), x) < diam W(W) Lemma 1.3 gives a constant C5 > 0 which depends only on
F, on diam (V) and on the geometry of M such that forallp € P and 1 < i < N,

VpiT VoiZ Yp,i%Ti(p) _
R A
x P x zi(p)

<.




18 VINCENT PIT AND BARBARA SCHAPIRA

We finally get that
S <Gy nw(p)eh "
Sy pEP
AL NWH#D
and the divergence of (I', F') implies the recurrence of F relatively to W. O

4. FINITENESS OF GIBBS MEASURES FOR POSITIVE RECURRENT POTENTIALS

The aim of this section is to prove Theorem 3. As noted the introduction, the only
efficient tool to see whether a measure is finite or not is the so-called Kac Lemma. Un-
fortunately, it is not very easy to use, and also usually stated for single transformations,
and not for flows. Translating this statement in the criterion of Theorem 3 is the work
done below.

4.1. Positive recurrence. For IV an open relatively compact subset of M , we define
the set

FW:{fyEF’EIy,y’Ew,[y;fyy']ﬂgw#@éﬁ;ﬂgfwv#@orfyfwvﬂgw#@}

of elements  such that some interval [y; vy/] intersects T'W only around y or ~vy'. When

W = B(x, R) forsome x € M and R > 0, we shorten this notationinto I'; z = I'g(, r)-

Note that forall g € I', I' i = =glmg!

~_For any open and relatively compact set W C T'M, ,and any v € I', we define the
W, ~v-geodesic ball by

Uy, = {v EW’HtZO,E(U) E’yW} :

When W = T'B (x, R) for some z € M and R > 0, we simplify this notation into
ux,R,v = uTlB(x,r),'y .

We recall Definition 3 for the reader’s convenience. The pair (I, F ) is said to be

positive recurrent relatively to W for some open relatively compact set W if P(F)is
finite, (I', /") is divergent and the series

Zdzfyzef (F-P(F ) < 400

v€l'y

for some z € M. According to Lemma 1.3, the behaviour of this series does not depend

on the choice of the point z € M. By replacing F' by F' — P(F'), which does not change
mp, we may also assume that P(F') = 0.
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4.2. A Kac lemma for flows. Let (X, 3, 1) be a measured space. If f : X — X and
Y € B, the return time map Ty to Y is defined by

Ty : Y — NU{+oo} .
y = inf{n>1[f"(y) €Y}

We start by recalling the statement of Kac’s recurrence lemma for measure-preserving
invertible transformations, as stated in [Aar97] or [Wri61]. Note that this lemma usually
requires that the transformation is conservative and ergodic, but the classical partitioning
proof shows that these hypothesis can be replaced by assuming that the return time is
finite almost everywhere in Y and by looking only at points that can be reached from Y.

Lemma 4.1 (Kac’s lemma for transformations). Let (X, B, f, i) be a measured dynam-
ical system, with f invertible. If the return time map Ty is finite ji-almost everywhere

onY, then
Sy =) = (U 707

n>1 neZ

Let X be a locally compact topological space equipped with the Borel o-algebra, and
let (¢") be a continuous flow on X. For every W C X open and £ > 0, we define the
e-hitting time of W by

Vo € X, Tow(x) = inf {t > ¢|g'(x) € W} € [5;+00] .

We can now derive a Kac’s lemma for flows by applying Lemma 4.1 to the e-time of the
flow. In particular, the ¢ "margin of error" in the definition of the e-hitting time allow
us to ignore any possible pathological behaviour at the boundary of . Although this
proposition is the simplest analogue of Kac’s lemma for flow that one can devise, we
could not find any explicit reference to this technique in the literature.

Proposition 4.2 (Kac’s lemma for flows). Let X be a locally compact topological space,
B its Borel o-algebra, (g") a continuous flow on X, and . a Borel (g')-invariant Radon
measure on X, which is ergodic and conservative. Let W be an open relatively compact
subset of X with positive ji-measure. Then for every ¢ > 0, the set

We = U g_S(W)
s€[0;¢]

is open, relatively compact in X, the e-hitting time map .y is finite u-almost every-
where on W, and

Sk ({rew € [eke(k+ DN WL) = u(X).

k>0
Proof. Fix € > 0, and let
Xwip={r e X|rw(x) € [ek;e(k+1)[}
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be the set of points of the whole space X that ¢-hit IV after a time approximately k.
Denote by f = ¢° the time-¢ map of the flow. We have
v € Xy e e lekie(k+1),¢'(x) € W and Vs € [e;ek[, g°(x) ¢ W
& Ju € [05e[, fH(x) € g7 (W)
andV1 <i <k —1,Vs € [0;¢], f(x) € g 5(W)
& ) e Woand V0 <i < k — 1, fi(z) & W-.
with W, as given in the statement. This set IV is open, hence measurable. Moreover,

since W is relatively compact and the flow is continuous, W- is also relatively compact,
and it contains W so it has positive y-measure. Thus

Xwpe "W ={x e W, |Tw.(z) = k}
with Ty, the f-return time map to W as defined before. Furthermore, if we define
Xweoo ={z € X|1ew(z) = +00} ,
then the family of sets (Xyyx)xr>1 together with Xy o, form a partition of X and
Xwoo NWe ={x € W | Tw.(z) = 400} .

Observe that p(Xw e N W.) = 0. Indeed, the conservativity of (g*) ensures that z-
almost every point of W will return to W. Therefore, by definition of W, u-almost
every point of W, will return to IV, at some time multiple of €. We can now apply
Lemma 4.1 to f and W. to obtain that

’ (U f’“(Wa)> = kp({Tw. = k}) =D _kp({rew € [ehse(k+ D} N W.)

keZ k>0 k>0

where

U fk(Wa) = U gs(W)

is a (¢')-invariant measurable set which contains W with x(W) > 0. Since p is ergodic,
this set has full measure. U

4.3. Positive recurrence implies finiteness of the Gibbs measure. The strategy of
the proof of the theorem is very natural and simple. We approximate the return time
level sets {7.w € [ek;e(k + 1)[} N W, appearing in the above proposition by some
products of shadows on the boundary, whose mr measure, thanks to Mohsen’s Shadow
Lemma, can be expressed in terms of exponentials of integrals of F' between points of
['z. However, as the length of the next subsections shows, the rigorous proof of this
result is technically much more involved than the intuitive idea. Recall that we only
need to prove this result for P(F') = 0.
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Lemma 4.3. Let M be a negatively curved orbifold, and F' : T'M — R a Holder
continuous potential such that P(F') = 0. For all z € M and R > 0, there exist C > 0
and a finite set S C T such that for all v € T\ S, we have

ﬁlF (ux,R,7> S Cefglﬁ

Proof. According to Lemma 1.8, there exists [, > 0 such that for all v € I" satisfying
d(x,~vx) > ly, we have in the Hopf coordinates

Upry C OBz, R+ 1) x O, B(vx, R+ 1) X {1(v) |v € Uy} -

Given any two vectors v, w € U, g, observe that both p,(v) and p,(w) are in B(zx, R),
so that d(p.(v), p.(w)) < 2R. This implies that |7,(v) — 7,.(w)| < 2R and

Urpr C OBz, R+ 1) x Oy B(yx, R+ 1) x 1,

where [5p is some interval of R of length 2.
We may assume that [ is large enough so that Lemma 1.10 is satisfied for balls of
radius R + 1. Let S = {y € I'|d(z,yz) < lo}. Fixy € I'\ S. The set O, B(z, R +

1) x O, B(vx, R+ 1) is relatively compact in Ox, M x 0 M \ {diagonal}, so that by
continuity and positivity of the gap map, there exists a constant C'; > 0 such that

V(&) € OyB(x, R+ 1) x OpB(yz, R+ 1), <Ci.

ot
DF1<§ 77)2 N

Equation (2) defining the Gibbs measure my implies therefore
mpUypp~) < C1pt (0, B(z, R+ 1))ul (O, B(yz, R+ 1))2R.

On the one hand ;£ is a probability measure on 9, M, so pF” (O Bz, R+1)) < 1.
On the other hand, Mohsen’s Shadow Lemma 1.11 ensures the existence of a constant
(5 such that

1E(O,B(ya, R+ 1)) < Coels" F

The lemma is proved with C' = C1C52R. U

Lemma 4.4. Let W be an open relatively compact subset of M. Fix an open relatively
compact lift W of W to M, and set W = T'W C T*M and W = T*W C T'M. For
alle > 0 and x € M, there exist R > 0and G C T finite such that the following holds.
For every v € W such that 7.y (v) € [ek;e(k + 1) with k > 3, and any lift v of v to
W, there exist g,h € G and vy € I'y; such that v € Uy g and ek — R < d(z,yzr) <
e(k+1)+ R

Proof. Since W is relatively compact, there exists R > 0 such that W C B (x, R). The
condition 7.y (v) € [ek;e(k + 1)[ with & > 3 means that there exists T’ € [ek;e(k + 1)]
such that

veWand g (v) € Wand Vs € [e;T — €], g°(v) € W,
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where 0 < e < T — & < T.. Lift everything to M. If z, = 7(¢"(v)), observe that
20 € W and zp € yW and Vs € ;T —¢], 2 gFW,

for some 7o € I'. In particular, v € Uy o'

Let us show now that we can replace v, by an element of I';;;. Define

G = {geF‘ﬂy,y’EW,d(y,gy’) Se} ,

and note that

%Gy = {g er ) Jy.y' € W, d(y, gy') < s} :
Remark also that
gW N [20:2:] #0 = g € Gand gW N [or_s; 27] £ 0 = g € %Gy "
Set [ = {s € [0;¢]

zs € GW} There exists u € [ such that for every g € G with
2y € gW, we have
Vhe T, hW N [20; 2] # 0 = hW N gW #0.
Indeed, ggherwise we could find for every u € I elements g, € G and h,, € I such that
Zy € gu,W and
h,W N [24; 2] # () and huﬁ N guﬁ =0.
In particular, note that 4, € G since huW meets [29; z.]. Denote by u,, = supI € I.

Since G is finite, we can take an increasing sequence of (u,), converging to u., such
that g,, = ¢ and h,, = h for every n. For every n, there also exists v,, € [uy,; €] such

that z,, € hW. As h € G, v, € I hence u, < v, < uy. Therefore both (u,), and
(vn ) converge to u.., and taking the limit as n goes to infinity yields

Zug, € AW N gw.
This is a contradiction. Likewise, there exists v € {s €T —¢&T] |z € %G 1W}

such that for every g € 7oG7, ' for which z, € gfyOW we have

Vhe T,hW N [re; 2] # 0 = BV N groW # 0.
By definition of these u and v, one can find g,, g, € G such that
2, € g, W and 2z, € (Yogu75 )W .
Let v1 = (Y0907 095" = Yogug, . Note how z, € 19,W. The previous discussion

ensures that 1 € ') 7 = .19, !, therefore
Y = 90 ' MYu = 9y Y090 € T,

and we still have v € Z/IW, gurgsl
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Finally, the triangle inequality gives that
|d($‘, 751;) - T‘ = ‘d(ﬂf, ggl%gvl’) - d<207 ZT)‘
< |d(guz; Y090x) — d(Zu, 20)| + 2€
< d(gut, za) + d(Y0gu, 20) + 26 < 2R + 2¢

since z,, € guW and 2, € 7Ong. Therefore ek — R’ < d(z,vx) < e(k+ 1) + R with
R = 2R + 2¢. O

Proposition 4.5. Let W be an open relatively compact subset of M such that T’ W
meets the nonwandering set Q of . If (T, F) is positive recurrent relatively to W, then
mp 1S finite.

Proof. Let W = PF(W), W = T'W and z € M from the positive recurrence property.

Choose R such that W C B(z, R). Fix e > 0. If v € W., there exists s € [0; ¢[ such
that v’ = g°(v) € W. Now if 7.y (v) € [ek;e(k + 1)], £ > 4, then

Tew(V') € [ek — s;e(k+ 1) — s[ C [e(k — 1);ek[ U [ek;e(k + 1)[ .

Since we assumed that £ — 1 > 3, Lemma 4.4 gives the existenceof R > 0and G C T’

finite, both independent of v, such that for every lift v’ of v/ to W = T'W there are
v € I' and g, h € G such that

e(k—1)—R<d(z,72) <e(k+1)+ Rand 0" € U, .

Therefore, any lift 7 of v to W will satisfy

ve U U U _S<thg>c U UuzvRJFe’hW’

veFW’k 9,heG s€(0s¢| veryk g,heG

where I'y;, = {7 €Ty |e(k—1)— R<d(z,72z) <e(k+1)+ R}. This ensures
that

Vk>4mF({T€W€[€k‘ E(k—i—l }QW Z Zmp ZRJrehﬁ/g).

VEF Wop HhEG

According to Lemma 4.3, there exists S finite and C' > 0 (both depending on z, R
and ¢) such that

Vk > 4,mp ({mew € [hie(k+ DI nW) <C >0 Y- i F

vElw %9 heG
hvggS

By Lemma 1.3, there is a constant C’ > 0 which only depends on F, the geometry of
M and on sup {d(z, gz) | g € G} < +oo such that

hygz __ V97 _ vZ
\mer,/ F:/ F§0’+/ F.
z h=1z z
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Hence if K = #G we get
Yk > 4, mp ({rew € [ek;e(k+ D[} N W.) < CK?%Y Z JTE
’YEFW,I»@

For all k > ko = max(6, %) and all y € I'; ,, we have

k
d(z,fyz)25(1{;—1)—]%25(1{:—1—5) ng.

Since (I', F') is divergent, mp is ergodic and conservative (see Hopf-Tsuji-Sullivan
[PPS15, Theorem 5.4]). Moreover, YV meets {2 hence has positive mp-measure. We
can apply Lemma 4.2 to obtain

m (TIM)<A+3OL260/Z Z Z d(z z)efwﬁ
F = c Y )
k>ko 7€l . 9.h€C

where A is the finite sum of the first £y — 1 terms in Kac’s lemma.
Finally, note that for all v € 'y, v € I'y; . if and only if

d(z,vz) — R l<k< d(z,vz) + R
£ - £

+1,

which allows at most 2? + 3 possibilities. Therefore

3CK2%% [ R e
T'MY<A+2—" " (2243 d °F
w0 < 4+ 2 (2243) 3 el

’YEFW

and the positive recurrence of (I', F) with respect to W implies that my is finite. ~ [J

4.4. Finiteness of the Gibbs measure implies positive recurrence. The aim of this
section is to prove the following proposition which, combined together with Proposition
4.5, will prove Theorem 3. The idea of the proof, as said earlier, is very natural, even if
the rigorous details take a long time to be written.

Proposition 4.6. Let M be a negatively curved orbifold and F TjM — R a Holder
continuous potential such that P(F') = 0. If mp is finite, then (I', F') is positive recur-
rent relatively to any open relatively compact subset W C M that intersects 7 (£2).

Recall that when m is finite, it is ergodic, so that (I, F') is divergent.

Lemma 4.7. For every v € M such that B (z, R) intersects w(Q), there exist C' > 0
and S, G C T finite such that for all v € I \ S, there exist g, h € G such that

mF (ugx,R,vhg*I) > Cef;z F .
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Proof. The proof of this lemma is similar to the one of Lemma 4.3, but we will use
Lemma 1.12 instead of Lemma 1.11. _

Take £ > 0 such that we still have B(z, R — 2¢) N 7(2) # (). Lemma 1.12 applied
to B(z, R — 2¢) givesus C; > 0 and S, G C I finite such that for all y € I" there exist
g, h € G such that

1 R YT I
Eefz F < yf°(0,,B(gz, R — 2¢))ul (O, B(vhz, R — 2¢) < Cyels .
1

Thanks to Lemma 1.7 applied for 6 = sup {d(z, gx) | g € G}, there exists [, > 0 such
that if d(x, yx) > [ then

0, B(gz, R —2¢) X O, B(vhz, R — 2¢) C Oy B(gx, R —€) x Oy, B(vhz, R —¢).

But according to Lemma 1.9 (applied with £ instead of €), we can assume that [, is large
enough that for all v € T satisfying d(z, yz) > [y, one has

OnaB(g, R —€) X Oy B(vha, R — &) x {0} C Uge R Ahg1 -

Indeed, for every v_ € O, B(g9z, R — ¢) and vy € O, B(vhe, R — ¢), the geodesic
(v-vy) intersects B(gz, R—%), so thatv = (v_, vy, 0) always belongs t0 Uy, p— < yng-1-
This implies easily that

£ €

272

We may assume that [ is large enough so that Lemma 1.10 is satisfied for balls of
radius R — €. By possibly adding finitely many elements to S, we may also assume that
d(z,yx) > ly. The set O, B(gz, R — ¢) x Oy, B(vhx, R — ¢) is relatively compact
in 0 M x 8o M \ {diagonal}, thus continuity and positivity of the gap map ensure the
existence of Cy > 0 such that

OyhaB(gz, R — €) X Oy B(vhz, R — €) X ] [ C Uy Riyhg—1 -

1
V(f, 77) S O'yxB(gﬂf, R— €) X (’)ng(fyhx, R— E), m > (Cy.

Therefore, by definition (2) of the Gibbs measure m 5, we have

~ oL C YT
mrUge R yng1) = CZN? (OyneB(gz, R — 5))#5(0913(7;1557 R—¢)) > Ezef’ .
1
O
For v € T', define

Er Ry = {v € T'B(z,R)

3t > 2e, g'(v) € T'B(yx, R)
Vs €lg;t—¢], ¢*(v) €TT'B(xz,R) [

The following lemma ensures that a geodesic ball U, g, with v "close" from I'p(, g) is
contained in a compact union of sets of the type &, r_. . - Which, as we will see later,
project to vectors with e-return time into 7'V comparable with d(z, vx).
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Lemma 4.8. Assume that B(z, R) C W withx € M\X. Foreverye € ]0; R| and every
D > 0, there exist finite subsets S,G C I' and 0 > 0 such that for every vo € I': \ S,
every h € T such that d(x,hx) < D, and every v € T satisfying d(yox,vhx) < D we

have
Z/{ha:R E'yCU U U g gacR 575)-

9€G v/ €7 Gg~1 s€(0;0]

Proof. Since W is relatively compact and H is finite, there is R; > max(R, D) such
that B(z, R) € W C B(z, Ry).

By definition of 7o € I'jy, there exist y, y eWC B(:c Ry) such that, if [y; voy'] in-
tersects some gW then gW intersects either IW or fyOW In particular, since B(gx, R) C
gW C B(gz, Ry), then either d(y, gx) < 2R; or d(voy/, gr) < 2R;.

Let ¢ € |0; R[, and p. = p1(2R,3R;) — loge given by Lemma 1.4 for the open
relatively compact subsets B(x, R — ¢) C B(z, R). By possibly increasing it, we may
assume that p. > 3R;. Therefore, a ball B(gz, R) at distance greater than p. both from
y and 3’ cannot intersect [y;oy']. Lemma 1.4 ensures that for such g € T the ball
B(gx, R — ) does not meet any segment [z; 2’| with d(y, z), d(y0y/, 2’) < 3R;.

Now take h and ~y such that d(z, hx) < D and d(yoz, vhe) < D. If v € Upy g, We
have for some 7" > 0
d(n(v),y) < Ri + D+ Ry < 3Ry and d(n(g" (v)), 70y") < 3R: .

t

Thus, for 0 < ¢ < T, ¢'(v) € T'B(gz, R — ¢) only if d(y, B(gz,R)) < p. or
d(yoy', B(gz, R)) <
d(z,gz) < Ry + p. + Ror d(yox,g92) < Ry + p. + R.
We denote by G = {g € I'| d(z, gx) < R; + R + p.}. Observe that

{g € T'|d(voz, gz) < Ry + R+ p:} = %G,

hence both sets are finite and have same cardinal.

Letv € Upy r—c» 1.€. v € T'B(ha, R — ¢) and g™ (v) € T*B(vyhx, R — ¢) for some
t, > 0 satisfying

t, = d(r(v), 7(g" (v))) > d(hx, vha) — 2(R — €) > d(x,vz) — 2(D + R —¢).
We recall that ¢°(v) € T'B(gx, R — €) may only happen for ¢ € G U G. If for
example g € G, note that

s=d(n(v),7(¢°v))) < d(hz,gr)+2(R—e¢) <D+ R +R+p.+2(R—¢)=20.

pe, which implies respectively

Since every ball of M is convex, the set
I, ={te€]0;t,[|g'(v) eTT'B(x,R—¢)}
is open and made of finitely many connected components included in |0; 0[U]t, — 0;t,].

Let
S={ywel|dzywr)<20+2(D+R—-¢)},
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so that 79 ¢ S implies ¢, > 26 and these two intervals are disjoint. Furthermore, we
have that

(i) there exists s, € ]0; 0| such that g**(v) € T'B(g,z, R — ¢) for some g, € G ;
(ii) there exists u, € |t, —0;t,[ such that g*»(v) € T 'B(h,z, R — ¢) for some
hv € ’YOG 5
(i17) g'(v) €TT'B(z, R —¢) forallt € [s, + &;u, — €.
This means exactly that ¢*(v) € &; 2 r—c . Where 7/ is an isometry mapping g,

to h,z. Since z ¢ 3, 7/ satisfies v'g, = h,, i.e. ¥/ € 1Gg,'. This concludes the
proof. U

For all £ > 1, we define
Ui e = {7 € Ty | d(w,vx) € [k — 1L K[} -

Lemma 4.9. Let R,e¢ > 0 and G C T finite. There are two constants C, L. > 0 such
that the following holds : for every g € G and every k > 1

mr U U U 9" (Eoaryc)

Vel 7V €EVGg™! s€(0se

< Cmp U g *® ({Te,TlB(%(m),R) € []{I —Lik+1+ L[})

s€[0;¢(

Proof. Take v € gy g e Withy € I ,, g € G and o/ = yhg ™! for some h € G. This

means that v € T'B(gx, R), g'(v) € T*B(v'gx, R) for some t > 2¢, and
Vs € [e;t—¢],g°(v) €TT'B(x, R) .
In particular, ¢t must satisfy |t — d(gz,~v'gx)| < 2R, which implies, by triangular in-
equality,
|t —d(z,vx)| <2(R+ Ly),

where Ly = sup {d(z, gz) | g € G}. Denote by W = T1B(Pr(x), R) the projection of
T'B(x, R) in T'M. Then Pr(v) satisfies

(i) Pr(v) e W;
(i) Pr(g'(v)) € W;
(1ii) Vs € [e;t —e],Pr(g°(v)) & W.
Therefore
T.w(Pr(v)) € [t —e;t] C [d(x,yz) — Lyd(x,yx) + L[ C [k — Lik+ 1+ L]
with L = 2(R + Ly) + € — 1. In other words,

Pr (ggwﬁ,v’,e) - {Tg,w S [k’ —L;k+1+ L[} ,
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where the set on the right hand side depends neither on ~ nor on +’. Hence

U U Ug (Egw R c)

VLG, v EYGg~1 s€[0se]

cP' | |J o {rwelk—Lik+1+L[})

s€[0;e(

The union on the left is relatively compact in 7" M, because included in 7" B(gz, R +
€). Therefore, any w € Ui 9~ ({7ew € [k — L; k + 1+ L[}) has finitely many
preimages that lie in the union of the left hand side, their number being bounded from
above by

C=#{hel|B(gz,R+ec)NB(hgz,R+¢)# 0},

which is actually independent of g. As mr = Pr, (), this concludes the proof of the
lemma. O

Lemma 4.10. For all z € M and R > 0, there exists a constant C > 0 such that for
everyk > 1

> g Unpy) < Ciip | | Usrs
PYEPW,I@ ’\/GFW’IC

Proof. Assume that v,7 € I'= i s are such that Uy, g, N Uz, gy # (). There exist v €
T'B(x,R) and t,s > 0 such that ¢‘'(v) € T'B(yx, R) and ¢°(v) € T'B(v'z, R).
Without loss of generality, assume that ¢ < s. We have

d(yz,7'z) < d(yz, 7(g'(v)) + s =t +d(r(g°(v)), ') < s —t +2R.
But on the one hand,
t=d(@(v), 7(g'(v))) = d(z,yz) =2R >k — 1 - 2R,
and on the other hand
s=d(7(v), 7(¢"(v))) < d(z,vx) + 2R < k +2R.

Therefore d(yz,v'z) < 1+ 6R1ie. v € vyG where G = {g € I' | d(z, gz) < 1+ 6R}
is finite. This ensures that

> iip Usrs) < Ciivp | | Uy |

Vel 4, ’YEFWJC
where C' = #G. O

We can now prove Proposition 4.6.
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Proof. Recall that we assumed that P(F') = 0. Since S is locally finite, there exists
xr € Wand 0 < Ry < Ry such that
T'B(z, R) N +# 0 and Bz, Ry) C Bz, Ry) C W
Lemma 4.7 ensures that there exist finite sets S7, Gy C I' and a constant C'; > 0 such

that for all v € I" \ Sy, there exist g, h € G such that

Ve 1 -
ela < ng (Z/[gx,thhQ*l) )
1

Fix £ > 1. We have
T <« =
Z S Cl Z Z mF g:vR1 ﬁ/hg_l) :
Vel 1 \S1 g:heG1yely; |

According to Lemma 4.10, there is a constant C5 > 0 which does not depend on k such
that

v 5 C
Z el < 2 Z mp U Upa, Ry g1
VEFW,k\Sl g heGy WGFW’k
Observe that if g, h € GG then
d(vhg~(gz),yx) = d(hz, ) < D = sup {d(z, gz) |g € G1} .

Therefore, Lemma 4.8 applied with R = Rs, ¢ < Ry— R, and this D gives the existence
of finite sets S5, G5 C I' and of & < Ne such that for every g, h € G; one has

\V/’YEFW\S% gx,R1,vhg— lcuga:Rg'yhg 1 C U U U g nggfy 5),

9 €G2 4/ eyGag' ~1 s€[0;0]

with R. = Ry — ¢ > R;. Assume that S; C Ss. The (g")-invariance of mp gives

Z ef]szMkJngZmF U U U g’ 9$RE’Y~€) )

V€L \S2 9€G2 Ve 5 7' €7G2g ™! s€ [0
where
CQN C(2 ~
Cy = (#Gl) and M), = ron E mpg U Uga,Re yhg1
L g e V€l NS

Note that M, is finite, and even M, = 0 for k > kg since S is finite.
Apply now Lemma 4.9 with R = R, to obtain two constants Cy, L > 0 such that

S e <M+ CCHGome | | g Unw e k- Lik+ 1+ L[Y) | |

EFW’]@\SQ s€[0;e]
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where W = T'B(n(z), R.) D T'B(w(z), Ry). If we denote by C5 = C5C,#G5 and
B= Z k Z e F
k>1 ’\/GFW’ICQSQ

which is finite since 55 is finite, we get

Z d(z, 7x)efwwﬁ

761“‘7‘/
<B+Y kY T

k>1 ’YEFW k\52

ko
<B+ Y kMp+C5» kmp({r-w € [k — Lik + 1+ L[} N W.)

k>1 k>1
ko

<B4+ Y kMp+Cs2L+1)> kmp ({mew € [kik + 1} nW.) .
k>1 k>1

Since W contains 7' B(7(x), Ry ), it meets the nonwandering set €2, hence mp(W) > 0
and we can apply Kac’s Lemma 4.2 to finally obtain

> d(w,ya)el P <B4+ kM + C5(2L + 1)mp(T'M) < +oc.

’YGFW k>1

Therefore (I, ﬁ’) is positive recurrent relatively to w. U

5. AN INTERMEDIATE TECHNICAL CRITERION OF POSITIVE RECURRENCE IN THE
UNIVERSAL COVER

In this section, we prove a slightly modified version of the preceding criterion (The-
orem 3), which will allow us to prove Theorem 2 in the next section. We introduce a
notion of (I, ﬁ)—positive recurrence with multiplicity N > 1, and prove that it is still
equivalent to the finiteness of mp.

For an open relatively compact set WcM ,and N > 1, define

I (N) = {7 € F)Hy,y’ € W,#{g e I'\ {id} ) [y ] N gW # ®} < N} :
Of course, N — FfW(N ) is increasing, and for all g € T,
* _ * —1
[ (V) = T (N)g

Theorem 5 (Alternative criterion). Let M be a negatively curved orbifold with pinched
negative curvature, and F' : T'M — R a Hélder continuous potential with P(F) <
+00. Let mp be its associated Gibbs measure on T M.



FINITENESS OF GIBBS MEASURES 31

(1) If F is recurrent, and if there exists an open relatively compact subset w of M
meeting m(S2) such that for some x € M,

S e T < oo

VELE(N)

with N > Ny = 2# {g e I'\ {id} ’WQQ—W% @} + 1, then mp is finite.
(17) If mp is finite, then F is recurrent, and for all x € M and N > 1, we have

S e e T oo
Vel (N)

for every open relatively compact subset w of M large enough to contain a ball

B(zo, R) with z € 7(Q) and R > Ro (). Moreover, the map Ry : M — R,
appearing in this statement is bounded on compact sets and satisfies Ry = 0

when A(T") = Ose M.

Like in the previous sections, we can assume that P(F) = 0, and we will prove
Theorem 5 as an immediate consequence of the following two lemmas.

Lemma 5.1. Let W be an open relatively compact subset of M. If (T, F ) is positive
recurrent relatively to W, then

‘v’zeﬁ,‘v’NZl Z dzvz F e too.

'yEI‘* (N)

Proof. We shall show the convergence of this series by induction over N > 1.

If v € F;V(l) then there are y,y’ € W such that [y;vy'] only meets W and YW,
which naturally ensures that v € I'y;;. Therefore ' (1) C I'yy, and the positive recur-
rence of (T, F) relatively to W implies the convergence of the series for NV = 1.

We now assume that (I, F ) is positive recurrent relatively to W, and that the sum
converges for some N > 1. Lety € I't(N + ) \ (N ) and pick y,y’ € W such
that [y;vy'] intersects gW = W, g W,. gN+1W — 4 where the g; are distinct.
Suppose W C B(z, R) for some R > 0. Except for possibly finitely many -y, one has
d(z,72) > 12R, so that W NyW = .

Let

L, ={ie{l,...,N}|d(z giz) > 2R and d(vyz, g;z) > 2R} .

We shall first treat the case where I, # (). Pick some i € I, and w € [y;vy'] N giW
Then d(y, w) > 0, d(w,~y') > 0, and there are at most NV copies ng that will intersect
[y: w] U [w: y9/], since they do not intersect respectively vW and W by definition of



32 VINCENT PIT AND BARBARA SCHAPIRA

i € I,. Therefore g; € T (N) and vg; ' € I 5(IV), or in other words gi 'y € T(N).
Moreover, we have either

d

d(y,y') d(z,72)
2 2
or similarly
-1 d(z,72)
d(z,9; v2) = d(giz,v2) 2 ———
Assume the former happens, for the second case can be treated similarly. Remembering
that d(g;z,vz) > 2R, and thanks to Lemma 1.3, we get

d(z, 7z)efzzﬁ < 4eCd(z, g;z)el?" el

2e ¢ 9i% I 9 "z =
< Sd(z,gi2)e Tz, g7 el

For every 7 such that I, # (), we can find some g, = g; € I'};,(IV) such that this estimate
(or its symmetric version for g, 1) holds. It follows that

e 260 9vz T _ 95 vz &
Z d(z,vz)el" F < = Z d(z, g,2)el”” Fd(z,gﬁ/lfyz)efz7 F
YETE (N+1) YETE (N+1)
I, #0 I,#0
ZdzngFZdzhz hzﬁ,
gel=( hel* (N)

and this upper bound is finite by the recurrence hypothesis. To go from the second to
the third line above, observe that in the above reasoning v € I'j;, (/N + 1) can be written
v = gh, so that for a given pair g, h € I'}j,(IN), there is at most one v = gh in the left
sum.

Now assume that I, = 0. Let G = {g € ' | d(x, gx) < 2R}. Reasoning as in the

proof of Lemma 4.4, we canfind g € G, ¢’ € vGy~ 1, w € gW and w’ € g’W such that

WW O [w; w'] # 0 = hW 0 gW # 0 or bW N g'W # 0,

which means that ¢'¢g~! € FgW’ or in other words that 7/ = ¢~ ¢’ € I'7. Moreover,
note that

d(z,7'z) = d(gz,¢g'z) > d(z,7z) —4R > 8R.
Applying once again Lemma 1.3, we get the existence of a constant C' (depending on
R) such that

w

d(z,vz)els F< (4R + d(gz, g’z))ec+f9g < 3 “d(z,~ z)ef7 F

This also ensures that the series

Z d(z,fyz)efzwlE

VLS (N+1),I,=0
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converges. Combining those two cases together, we get the convergence of the series

for N + 1. U
Lemma 5.2. For every WcM open relatively compact, there exists Ny; > 1 such
that if

dN > Ny, 3z € W, Z d(z,vz)eﬁzﬁ < 400,

VELE(N)
then (T, F) is positive recurrent relatively to W.
Proof. Set
Nwzz#{ger\{id}}ﬁmg—ﬁ%@}ﬂ
Lety e I'y. Ify, 9 € W are such that
[y ) N gW # 0= W N g # 0 or yW N gV 0,

then clearly at most Ny copies gW with g # id can meet [y; vy/'], thus v € FfW(NW).
We just showed that PW C I'=(Nyp), and we always have I'%(Ng;) C I (V) when
N > Ny, so the result is proved. O

6. POSITIVE RECURRENCE FOR THE GEODESIC FLOW ON THE MANIFOLD

In this section, we shall prove Theorem 2. We will assume once again that P(F') = 0.

Lemma 6.1. Let W C M be open relatively compact, VW = T'W and fix any open
relatively compact lift W w of W to M, so that VW = T'W. There exists a constant C >1
such that, for all z € M and N > 1, if

S e < oo

vEF‘t}vV(CN)

> Up)eh’ < 4oo.

peEP},
nw (p)<N

then

Proof. According to Lemma 2.1, there exists C' > 1 which depends only on 17\7 such
that

Vp € P, Zngpln) < mnln) < Cngp).

Pick p € P;,, with nyy(p) < N and ~, € I';, an hyperbolic element in the conjugacy
class associated with p. Then

0< = < —mw(p) < ny() = np(p) < Cw(p) < ON .

In particular, one must have at least n = ny3(7,) > 1, so fix z, € 7T(A,,) N W. As
7p 18 primitive, the geodesic segment [zp, Yp(2,)] Will meet at most n copies g\ where
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g # id, for each of them yields a distinct conjugate gv,g ' whose axis meets W. This
ensures that y, € I'=(C'N), and therefore

Z l(p)efPF < Z d(zp>7pzp)ef%pzpF-

peEP;), wperhmr‘%/(CN)
nw (p)<N

Finally, since z, € W, which is relatively compact, there exists a R > 0 such that
d(zp, 2) < R for any p. In particular,

d(zp, Yp2p) < 2R+ d(2,vp2) < 2d(z,7p2)

whenever v, does not belong to the finite set S = {v € I'| d(z,72z) < £}. Moreover,
Lemma 1.3 gives the existence of a constant C” such that

TpZp __ Yz __
/ F<CO + / F.
Therefore,

Z I(p)elr T < A+ 2 Z d(z,fyz)efgzﬁ

pEP), Yer'= (ON)
nw(p)<N

where A is the finite sum of terms that correspond to elements 7, € S. This concludes
the proof. 0

Lemma 6.2. Let W be an open relatively compact subset of M such that T1W meets
§2. For every open relatively compact lift W C M of W to M, and for every w' open
and relatively compact subset of W, there exists K > 0 such that for all N > 1, if

Z I(p)elr’ < +o0,

pE'P‘//V,
nw (P)SN+K

with W' = Pr(T'W') C T'W, then
Yz e M, Z d(x,vx)ef;zﬁ < +o00.

VELE (N)

Proof. By aroutine application of Lemma 1.3, we may assume that the base point x lies
in W N7(Q).

Take R > 0 such that W C B(xz, R). Since W is relatively compact in W, & =
d(W’, M\ W) > 0. Lemma 1.4 gives then the existence of p. = p;(R, R) — log € such
that for every y,v/, z, 2’ € W, if g € I satisfies

ly:y) N gW # 0 and [z 2] N gW =0,
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then either d(y, gW) < pe,ord(y', gW) < p., or gW' does not meet [z; Z']. In partic-
ular, pick v € FﬁW(N ), and y,y’ € W such that [y; yy'] meets at most N copies gW,
with g # id. Denote by K the cardinal

K =2#{gel|d(z, gr) < p. + R},

which depends on both W and W', but not on F, y, y" and v. Fix z,2" € W. Then
[z;72'] can meet hTV' only if either ATV meets [y; vy'], or

d(x, hz) < d(z,y) + d(y, hWW) < p. + Ror d(yz, hz) < p. + R.

Therefore there are at most N + K copies AW’ which meet any segment [z; 2] going

from W to 7W and K only depends on W and W'.
According to Lemma 1.6, there exist ¢;,...,9x € [' and a finite set S C [" such
that for every v € I' \ S, there are 4, j such that v/ = gj_lvgi is hyperbolic and its

axis 7(A,) meets W’. Moreover, the previous discussion ensures that if y € I (N)
then v € F%,(N + K), where the segment going from W' to /W' meeting at most

N + K copies hWW' can be chosen as (2437 2,/] Where 2,/ € W' n 7(A,/). Denote by
Ry =sup{d(z,g;x)|i=1,...,k}, sothat

d(g742, 7 9710) — (20,7 2)| < dla, gi) + d(w, gy) + 2d(x, ) < 2Ry + R).

If Cy is the constant given by Lemma 1.3 for Ry = 2(R; + R), then

1 —1

Z d(z,yz)el" Fo Ay Z Z d(g;lx,vlgjlx)efgfli” i

EF* 1,5 v eF* ,(N+K)NTy,
W/z /] o~
C+[, ,7 F
<A+ Y (Rt dlz Az )
Ve, (N+K)NTy,

where A is the sum over the elements 7 € S. By possibly adding finitely many elements
to S, we may assume that every v ¢ S satisfies d(x,v'x) > Ry + 2R so that

d(zy, ' 2y) > d(x,7'x) — 2R > R5.
Therefore

ST d(w,ya)e T < Ay ok S e "

YEr® (N) YET:, (N+K)NT,

where p, is the periodic orbit associated with v € I',.
Our goal is now to obtain a sum over primitive hyperbolic isometries. Recall that

v E FfW,(N + K') means that [z.; yz.,| meets g copies gV’ with g # idand ¢ < N + K.
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Therefore, if such 7 can be written ~§ with vy € I') and n > 1, then n must divide ¢
and furthermore 7o € I', (1) C I', (N + K). This means that

PO G DEEED D (0

vels, (N+K)NT, 1<n<N+K yels (N+K)NTY,

For every p € P;,, with nyy,(p) < N + K, there are exactly ny»(p) primitive hyperbolic
isometries v € I (N + K) NT7, such that p, = p. Therefore

F
S et = Y ek "
V€L, (N+K)NTY, PEP,,
Ny (P) SN+K
S(NHEK) Y Upeh”t,
peP{,V/
Ny (P) SN+K
which is finite by hypothesis. Moreover, [(7) > 1 except for maybe finitely many -, in
the above sum, hence the series

Yo e (viE) Y bt
’YOEFva/,(N-i-K)ﬁF;l Zzel;lll/}/\’h’_K
nyyr (p)<

is convergent. This implies in particular that there exists a constant C” such that fp7 F<
0
C" for every g € I'y;;, (N + K) NI, Gathering all these elements together, we obtain

Z l(’y)evaF < ( Z ne(nl)c/> Z l(’yo)efp"foF

vers, (N+K)NTy, 1<n<N+K Ve, (N+K)NTY,

N+ K)3 y
S( +2 ) ((N+E-1)C Z I(p)eh P,
pG'P{/V,
Ny (P) SN+K

which proves precisely the statement of this lemma. U
Let us now complete the proof of Theorem 2.

Proof. First, if mp is finite, we know by Theorem 5 (1) that F' is recurrent and that
(T, F) is positive recurrent in the sense of Theorem 5 for all N > 1 and x € M. By
Lemma 6.1, this implies that F' is positive recurrent in the sense of Definition 2.
Conversely, if F' is positive recurrent in the sense of Definition 2 for some N >
K = 2#{g € T'|d(z,gz) < p. + R}, Lemma 6.2 implies that (I', F') will be positive
recurrent in the sense of Theorem 5 for some integer greater than N — K > 1 and, since
F is assumed to be recurrent in the sense of Definition 1, Theorem 5 (i) implies that
mp 1s finite. U



FINITENESS OF GIBBS MEASURES 37

7. FINITENESS OF GIBBS MEASURES FROM EQUIDISTRIBUTION OF WEIGHTED
PERIODIC ORBITS

7.1. An equidistribution result for nonprimitive orbits. If  is an hyperbolic isom-

etry, denote by L., the Lebesgue measure along , that is the measure defined on 7" M
by

[wic, = [ w@@na

for any compactly supported continuous function ¢ on T'M, where 7 is any vector of
A.,. This definition ignores the multiplicity of v : if ¥ = ~§ with 7, primitive, then
Ly =L,

If p is a periodic orbit of the geodesic flow, denote by L, the Lebesgue measure along
p, that is the measure defined on T M by

[ iz, = [ Y ol )i

for any compactly supported continuous function ¢ on 7'M, where v is any vector of
p. This definition takes into account the multiplicity of the periodic orbit : if p is the
k-th iterate of a primitive periodic orbit py, then £, = kL. In the following, we will
denote by m(p) the multiplicity of a periodic orbit p € P.

We remark that if IT : g — u denotes the projection of locally finite I'-invariant

measures through the branched cover T*M — T M, then for every v, € I, primitive

we have
11 (Z Eylon) = ‘Cpo ’

gel
where py is the primitive periodic orbit on which the axis of -, projects.

The third finiteness criterion will be derived from the next equidistribution result for
weighted sums of measures supported on nonprimitive periodic orbits of the geodesic
flow, which itself requires the Gibbs measure to be mixing. Note that by virtue of
Babillot’s theorem (see theorem 1 in [Bab02]) this is equivalent to the nonarithmeticity
of the length spectrum, regardless whether the Gibbs measure is finite or not. In more
dynamical terms, it is also equivalent to the topological mixing of the geodesic flow.

Theorem 6. Let M = F\M be a negatively curved orbifold with pinched negative
curvature, topologically mixing geodesic flow, and let F' : T*M — R be a Hélder
continuous potential. Assume that the pressure P(F) is finite and positive. Define

1
vpy = P(F)e P e —r,.
pezp m(p) "
Up)<t

(1) If mp is finite, then vi, converges weakly to H:Z—il\

(2) If mp is infinite, then vi; converges weakly to 0.
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Proof. According to the remark above, vy, can be rewritten in terms of primitive peri-

odic orbits as
vpa =6 S i,

k21 pep’
ki(p)<t

Since I1 : zt — p is continuous with respect to the weak convergences of measures, and
[I(mg) = mp, it is enough to study the weak convergence of the sequence

5t k[T F 5t f”z"’
Vpy = Oe E E e’ L, = E e L,

k>1 ~ery, vel,
kl(v)ﬁt U<t

where z, € M is any point on the invariant axis of 7 on M. The ﬁrst step of the proof
of [PPS15, Theorem 9.11] shows that uFt weak-star converges to |~ T (respectlvely 0)
whenever m is finite (respectively infinite), therefore v, weak-star converges to el
or 0 accordingly.

\m Il

Theorem 7. Let M = T\M be a negatively curved orbifold with pinched negative
curvature, topologically mixing geodesic flow, and let F' : T'M — R be a Holder
continuous potential. Assume that the pressure P(F') is finite and positive. For ¢ > 0,
define
P (F ) —P(F)t | F 1
Cret = [ per® 2 b

peEP
t—e<l(p)<t

with the convention that ; 765 =1 whenc=0.

(1) If mp is finite, then CF,c,t converges weakly to I\Zill for every c > Q.
(2) If mp is infinite, then (r . converges weakly to 0 for every c > 0.

Proof. First assume that my is finite. It is enough to show the convergence of this se-
quence of measures when tested against nonnegative continuous functions with compact
support in 7' M. Let ¢ be such a test function. If [ @dmp = 0, then the support of
¢ does not meet the nonwandering set €2, so (., = 0 and the result holds. Otherwise
denote by 6 = P(F), set kK = max(0, —d) + 1 sothat 6 + x > 1 and mp, = mp, and
let P, = {p € P|pNsuppyp # 0} as well as

f+ P, — [0;400[ andg: P, — [0;+00]

lmell [, F_1
p — Up) p f¢dfnpefp ) fpgpdﬁp
With these notations, Theorem 6 applied to the potential [’ 4 x ensures that
i —(6+r)t rf (p
t£+moo(5 + K)e Z e =1.
pEP,

f(p)<t
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Note that f is proper since only finitely many periodic orbits of length smaller than
some constant can meet the support of ¢. Therefore Lemma 9.5 from [PPS15] shows
that for every ¢ > 0 one has

. d _
Jm st 2 d=1
pEPy

t—c<f(p)<t

which means exactly that [ ¢d(r,., converges to [ pdmp.

Now assume that mp is infinite, and take x as before so that d + x > 0. If p is a
nonnegative continuous function with compact support in 7'M, note that [ ©d(p.; is
comparable with

4] 1
T—e9s+n </ odvp gt — /SpdVF—i—m,t—c)

g st ) -tk [ F 1L
I E—— Z e’ €’r /@dﬁpa
1—e = m(p) »
t—c<l(p)<t
which goes to 0 as ¢ goes to infinity following Theorem 6 (2). O

7.2. Proof of Theorem 4. In this section, the assumptions of Theorem 4 are satisfied.
The geodesic flow is topologically mixing, and ' is a Holder continuous potential with
finite pressure. For W C T'M, ¢ > 0 and t > 0, define

Ze(FEW) = 3 mpw(p)eh ™70,
peP
t—ce<l(p)<t
Lemma 7.1. If mp is finite, then for every open relatively compact set VV meeting ()
and every ¢ > 0 there exist a constant C' > 0 and ty > 0 such that

Vt > to, Zey(F,W) > C.

Proof. Fix ¢ > 0, and denote by § = P(F'). First, Lemma 2.2 ensures that for every
W' C W, there is a constant C; > 0 such that

Vt > 0,7 (FW) < Ci1Z(F, V).
It is therefore enough to show the result when 7(W) = B(Z, R) intersects 7(£2) but

R is small enough that the I'-images of B(z, R) in M are pairwise disjoint. Let ¢ :
T'M — R be a continuous map with compact support in W, such that [ pdmp > 0
and 0 < ¢ < 1. Since w(W) is a small ball, the intersection of WV with a periodic orbit
p of the geodesic flow is a collection of at most ny(p) geodesic segments of length
smaller than the diameter of W, each of them being visited m(p) times. Hence

Vp € P, / wdL, < nyw(p)m(p)2R.
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According to Theorem 7 (1), the finiteness of mp gives that

1 1—e®
lim e~ epr—/ L, = ———— dmp = Cy > 0.
oo Zp m(p) ) T S ) T

t—e<l(p)<t

Therefore, with 6 = P(F’), there is a t; > 0 such that

Cy . 1
VtZto,Te 0 < Z edn - P(Fm/apdﬁp§2RZt,c(F,W). O

peEP
t—c<l(p)<t
Lemma 7.2. If mp is finite, then for every open relatively compact set VV intersecting
Q and every ¢ > 0 there is a constant C' > O such that

Vt>0,Z,.(F,W) < C.

Proof. Since the set X of singular points of M is locally finite, we can cover WV by a
finite collection of open relatively compact sets W; = T'B(T;, R;) for which there is
an € > 0 such that for each : we have

e cither z; ¢ S and the [-images of B(x;, R; + ¢) in M are pairwise disjoint, in
which case we let s; =1 ;

e or v; € ¥ and B(w;, R; + ¢) N gB(x;, R; + ¢) if and only if ¢ is an elliptic
isometry fixing x;, in which case we denote by s; the cardinal of the stabilizer
of Z;.

Let S = max s; < +o00. Lemma 2.2 gives then a constant C; such that

¥p € P,nw(p) < C1 Y nw,(p)

It is therefore enough to find an upper bound when W = T1B(7;, R;) for every i.
Let ¢ : T'M — R be a continuous map with compact support such that ¢ = 1 on
T'B(z;, R; + ¢). By definition of x; and R;, the intersection of T'B(z;, R; + ¢) with
a periodic orbit p that meets WV is a collection of at least 1,y (p) geodesic segments of
length greater than 2¢, each of them being visited m(p) times. However, at most s;
copies of these geodesic segments in the universal cover are going to project onto the
same geodesic segment of M. Hence

Vp e P’/de[,p S Twmp), nw(p;m(p) 9
S;
According to Theorem 7 (1), the finiteness of mp gives that

1 1 — —cd
lim e % Z epr@/gpdﬁp: - pdmp < +00.

AR 2 Sfime]
t—e<l(p)<t
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Therefore there is a C5 > 0 such that

2 1
V>0, =7, (F,W) < > oo F-PE) _— / pdL, < e?Cy. O
S et m(p)
l(p)<t

The same proof using Theorem 7 (2) instead of (1) yields immediately the following
result.

Lemma 7.3. If mp is infinite, then for every VV open relatively compact meeting $) and
every ¢ > (0 we have

lim Z,(F,W)=0.

t—+o0

8. APPLICATIONS

In this section, we show that our results let us retrieve some partial finiteness criteria
existing in the litterature. It is likely that our criteria will allow to find new interesting
examples where the Bowen-Margulis measure is finite, in addition to known examples
of [Pei03], [Anc].

8.1. Finiteness of Gibbs measures on geometrically finite manifolds. Geometrically
finite manifolds are the most simple negatively curved manifolds with infinite volume.
We refer to [Bow95] for details on their geometry. Recall simply that they can be
decomposed into the union of a compact part, finitely many finite volume ends, the
cusps, and finitely many infinite volume ends, the funnels.

Moreover, the nonwandering set 2 C 7'M of such a manifold is (transversally) a
Cantor set completely included in the unit tangent bundle of the compact part and of the
cusps. Therefore, dynamically, we can forget the funnels.

In [DOPO0], Dal’bo-Otal-Peigné proposed a finiteness criterion for the so-called
Bowen-Margulis measure of such manifolds which is, in our terminology, the Gibbs
measure m, associated with the zero potential /' = 0. It has been generalized in
[Cou03] to all Gibbs measures. We refer to [PPS15], where it was also exposed, because
the notations and construction of [Cou03] are slightly different (although equivalent).

Recall that for such manifolds, the lift to the universal cover of a cusp is called a
horoball, and the stabilizer of a horoball in I is a parabolic subgroup, denoted by I1.

Let /' : T'M — R be a Holder continuous potential, and F be its I'-invariant lift to
T M. Recall that the pressure P(F') that we consider since the beginning is the critical
exponent of the Poincaré series

Z ef;z(F—s) ’

~yel’
The finiteness criterion from Dal’bo-Otal-Peigné-Coudéne can be stated in this way.

Theorem 8 ([DOP00], [Cou03], [PPS15]). Let M be a negatively curved geometrically
finite orbifold with pinched negative curvature, and F' : T*M — R a Hélder continuous
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potential with finite pressure. Assume that (I', F') is divergent (i.e. F recurrent). Then
the Gibbs measure my is finite if and only if the series

>l ol
mell
converges for every parabolic subgroup 11 < T'.

We will infer immediately this result from the following propostion.

Proposition 8.1. The convergence of the series above is exactly given by our criterion
of positive recurrence of definition 3 applied to a connected lift W inside a fundamental
domain of the compact part of M.

Proof. As usual, we may assume that P(F) = 0. Let W be the lift to the universal cover
of this compact part into a connected domain inside a Dirichlet fundamental domain for

the action of T" on M. We may assume that the frontier of W is the union of finitely

many submanifolds of M of codimension 1, so that the intersection of any geodesic
segment with this frontier is a finite union of segments.
Now recall the definition of I'y; : it is the set of elements « such that, for some

v,y € W, the geodesic [y; vy'] will intersect r'w only at the beginning and at the end.
More precisely, this geodesic intersects gW if and only if gWNW # 0 or gW iy W # 0.
Geometrically on M = I'\ M, it means that except during a time bounded from above
by diam (W) at the beginning and at the end, and maybe except for finitely many -, the

projection Pr([y; vy']) has to leave the compact part in the middle. This is possible only
if it enters inside some cusp C' and then returns in the compact part.

Lift this cusp to a horoball C which has a common boundary with w (and there-
fore ny) Without loss of generality, we can assume that both y and y' lie on this
common boundary aC N ow. Therefore, there exists some parabolic element 7 in-
side the parabolic subgroup II stabilizing C such that Ty € aC N 87W Except
maybe during a bounded length (less than 2diam W) the geodesic segments [y; /]
and [y; y'] stay uniformly close (at distance less than diam W), uniformly in 7 € I, so

that
diam W. B
Thus, the series ) Yers. d(z,yx)els . F is bounded from above, up to some constant,

[ F— [ 15’ stay uniformly bounded by a constant depending only on F' and

by the sum over the finite number of parabolic subgroups stabilizing a horoball with a
common frontier with W, of the sum > pen Az, mx)els F,

Conversely, the same reasoning shows that IT < I';, so that the reverse inequality is
trivial. This concludes the proof of the proposition. 0

8.2. Existence of finite Bowen-Margulis measures on geometrically infinite mani-
folds. We shall now apply our criteria to recover the finiteness of the Bowen-Margulis
measure mpg); = mg (which is the measure of maximal entropy, associated with any
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potential cohomologous to a constant), for free products of Kleinian groups in Schottky
position as exposed in [Pei03].
Recall first the main result in [Pei03].

Theorem 9 (Peigné, [Pei03]). There exist geometrically infinite hyperbolic manifolds of
dimension at least 4 with finite Bowen-Margulis measure mgy; = mg. These manifolds
are constructed by taking the free product of two Kleinian subroups of SO°(4,1) in
Schottky position one of them geometrically infinite inside some SO°(3,1) < SO°(4,1),
the second divergent with a larger critical exponent.

Let us explain a little bit its construction. Let G and H be two Kleinian groups,
i.e. two nonelementary discrete torsion-free groups of orientation-preserving isometries
of the d-dimensional standard hyperbolic space H?*! (d > 1) with constant curvature
—1. They are said to be in Schottky position when there exist two closed disjoint sets
Fg, Fr C S? such that

G*(S*\ Fg) C Fg and H*(S*\ Fy) C Fy,

where G* = G \ {idg} and H* = H \ {idg}. Note that the limit set A(G) of G must
be a subset of F{; since the fixed points of hyperbolic elements of G can only lie in Fi,
and likewise A(H) C Fy.

A variation of the ping-pong lemma shows that the group I' generated by G and H
is equal to the free product I' = G x H of G and H, and that the limit set A(I") of I" is
included in Fiz U Fy. Any v € T has an unique representation v = g1 hy . .. g,h, where
n>1,g€G, g, €G (j>1),h, € Hand h; € H* (j < n). We denote by I';; the
subset of v € I which are written g7’ with ¢ € G* in this representation, and we define
[y similarly, so that I is the disjoint union of I' = ' U 'y LU {id}.

In the following, we will readily identify G and H with their respective images by the
canonical inclusions G — G x H and H — G » H. We will also denote by d¢, 6y and
or = P(0) the respective critical exponents of G, H and I' = G x H, i.e. the exponents
of convergence of the Poincaré series

Z e—sd(x,gx)’ Z e—sd(x,ha:) and Z e—sd(x,vx) )

geqG heH vyer
Theorem ([Pei03], Theorem A). Let I' = G x H be the free product of two Kleinian
groups in Schottky position. If 6¢ > 0y and G is divergent, then ér > max(dg,dg), I’
is divergent and its Bowen-Margulis measure is finite.

These assumptions are satisfied in particular with G' a convex cocompact subgroup,
which is always divergent, and H a geometrically infinite subgroup of SO°(3,1) <
SO°(4,1). By conjugating G and H, it is easy to obtain the inequality o¢ > dp, and
the fact that they are in Schottky position. When d > 2, one can even assume H to be
finitely generated but non geometrically finite.

We will use the criterion from Theorem 3 to retrieve the finiteness of the Bowen-
Margulis measure in these examples. To achieve this, we first need the following lemma
which will help us to choose the right open relatively compact subset.
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Lemma 8.2. For every x € H™!, there exists R > 0 such that
Vg € Tg,Vh € Ty, [g(x); h(z)]N Bz, R) #10.

Proof. Take U and Uy two open sets of HY™! US?, respectively containing F; and Fjy,
and whose closures are disjoint. In particular, there is a R > 0 such that

vn € Ug, V€ € Uy, d(z,n;€]) < R

The Schottky position condition ensures that the attractive fixed point of any element
of I'¢ must lie in F{;, therefore the I'g-orbit of z accumulates in F{;, and only finitely
many g € ['g are such that g(z) ¢ Ug. Hence we may assume that R is large enough
that g(z) € Ug whenever d(z,g(x)) > R, and likewise that h(x) € Uy whenever
d(xz,h(x)) > R. In any case, the geodesic segment [g(x); h(z)] will meet B(x, R). O

We now use notations from Theorem 3, and we take W = B (x, R) with a fixed x and
R large enough according to Lemma 8.2 and Theorem 3.
We will prove the following.

Proposition 8.3. For W =B (z, R) with R given by Lemma 8.2, (T, F ) is positive
recurrent, and therefore mp is finite.

Lemma 8.4. There exists S C I finite such that
FW \ SCGUH.

Proof. If v ¢ GU H, then it can be written v = ghvy’ orv = hgy/, withg € G*, h € H*
and h~y' € G (respectively g7 € H). We only consider the first case, the second case
being similar. Note that

gy ¢l o g€ g Trg =T, -

Now consider the geodesic segment I = [¢g~!(z); hy/(x)] = [g* (x); hy'gg~(z)]. Both
1W and hy/ W intersect I, but according to Lemma 8.2 W also intersects 1. Finally,

there is only a finite set S of such ~ for which g‘1W or h~/ W meets W, so that if
vyely \ S thenye GUH. O

We can now complete the proof. Since or > max (g, 0i) we have

Zd z, gr)e @) « oo
geG

and the same goes for /. Therefore,
Z d(z,yz)e r4@?) < 4 oo,

yeEGUH

and Theorem 3 ensures that the Bowen-Margulis measure mpy; = mg of T1M is finite.



FINITENESS OF GIBBS MEASURES 45

ACKNOWLEDGEMENTS

V. Pit was partially supported by FAPESP project number 2011/12338-0 and CAPES.
Both authors benefited from the ANR grant ANR JCJC-0108 coordinated by B. Schapira
during this work.

[Aar97]
[Anc]
[Bab02]
[BI]
[Bow95]
[BR75]

[Cou03]

REFERENCES

Jon Aaronson, An Introduction to Infinite Ergodic Theory, Mathematical Surveys and Mono-
graphs, vol. 50, American Mathematical Society, 1997.

Alano Ancona, Exemples de surfaces hyperboliques de type divergent, de mesure de Sullivan
associées finies mais non géométriquement finies, unpublished.

Martine Babillot, On the mixing property for hyperbolic systems, Israel Journal of Mathematics
129 (2002), 61-76.

Luis Barreira and Godofredo lommi, Suspension flows over countable markov shifts, Journal
of Statistical Physics 124, no. 1.

Brian H. Bowditch, Geometrical finiteness with variable negative curvature, Duke Math. J. 77
(1995), no. 1, 229-274.

Rufus Bowen and David Ruelle, The ergodic theory of Axiom A flows, Invent. Math. 29 (1975),
no. 3, 181-202.

Yves Coudeéne, Gibbs measures on negatively curved manifolds, Journal of Dynamical and
Control Systems 9 (2003), no. 1, 89-101.

[DOPO0] Francoise Dal’bo, Jean-Pierre Otal, and Marc Peigné, Séries de Poincaré des groupes

géométriquement finis, Israel Journal of Mathematics 118 (2000), 109-124.

[GdIH90] Etienne Ghys and Pierre de la Harpe, Sur les Groupes Hyperboliques d’aprés Mikhael Gromov,

[LJT15]
[OPO4]
[Pei03]
[PP10]
[PPS15]
[Rob03]
[Sar99]
[Sar01]
[Sul84]

[Wri61]

Progress in Mathematics, vol. 83, Birkhduser, 1990.

Godofredo Iommi, Thomas Jordan, and Mike Todd, Recurrence and transience for suspension
flows, Israel Journal of Mathematics 209 (2015), no. 2, 547-592.

Jean-Pierre Otal and Marc Peigné, Principe variationnel et groupes kleiniens, Duke Math. J.
125 (2004), no. 1, 15-44.

Marc Peigné, On the Patterson-Sullivan measure of some discrete group of isometries, Israel
Journal of Mathematics 133 (2003), 77-88.

Jouni Parkkonen and Frédéric Paulin, Prescribing the behaviour of geodesics in negative cur-
vature, Geometry & Topology 14 (2010), 277-392.

Frédéric Paulin, Mark Pollicott, and Barbara Schapira, Equilibrium states in negative curvature,
Astérisque, vol. 373, Société Mathématique de France, 2015.

Thomas Roblin, Ergodicité et équidistribution en courbure négative, Mémoires de la Société
Mathématique de France, vol. 95, 2003.

Omri M. Sarig, Thermodynamic Formalism for countable Markov shifts, Ergodic Theory and
Dynamical Systems 19 (1999), 1565-1593.

, Thermodynamic Formalism for Null Recurrent Potentials, Israel Journal of Mathemat-
ics 121 (2001), 285-311.

Dennis Sullivan, Entropy, Hausdorff measures old and new, and limit sets of geometrically finite
Kleinian groups, Acta Math. 153 (1984), no. 3-4, 259-277.

F. B. Wright, Mean least recurrence time, J. London Math. Soc. 36 (1961), 382-384.




46 VINCENT PIT AND BARBARA SCHAPIRA

(Vincent Pit) UFRJ, INSTITUTO DE MATEMATICA, AV. ATHOS DA SILVEIRA RAMOS 149, CEN-
TRO DE TECNOLOGIA - BLOCO C - CIDADE UNIVERSITARIA - ILHA DO FUNDAO, RIO DE JANEIRO,
RJ, BRASIL

E-mail address: pitQ@im.ufrj.br

(Barbara Schapira) .LR.M.A.R. UMR CNRS 7352, UFR DE MATHEMATIQUES, UNIVERSITE RENNES
1 CAMPUS DE BEAULIEU, 263 AVENUE DU GENERAL LECLERC, CS 74205 35042 RENNES CEDEX
E-mail address: barbara.schapira@univ-rennesl. fr



