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REAL SUBMANIFOLDS OF MAXIMUM COMPLEX
TANGENT SPACE AT A CR SINGULAR POINT, II

XIANGHONG GONG & LAURENT STOLOVITCH

Abstract

We study germs of real analytic n-dimensional submanifold of
C™ that has a complex tangent space of maximal dimension at a
CR singularity. Under some assumptions, we first classify holo-
morphically the quadrics having this property. We then study
higher order perturbations of these quadrics and their transforma-
tions to a normal form under the action of local (possibly formal)
biholomorphisms at the singularity. We are led to study formal
Poincaré-Dulac normal forms (non-unique) of reversible biholo-
morphisms. We exhibit a reversible map of which the normal
forms are all divergent at the singularity. We then construct a
unique formal normal form of the submanifolds under a non de-
generacy condition.
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1. Introduction and main results

1.1. Introduction. We say that a point x( in a real submanifold M in
C" is a CR singularity, if the complex tangent spaces T, M N J, T, M do
not have a constant dimension in any neighborhood of xy. The study
of real submanifolds with CR singularities was initiated by E. Bishop
in his pioneering work [4], when the complex tangent space of M at a
CR singularity is minimal, that is exactly one-dimensional. The very
elementary models of this kind of manifolds are classified as the Bishop
quadrics in C?, given by

(11) Q: R2 = ’21|2+’7(2%+2%)7 0< Yy < 00 Q: 22 = Z%_'_z%) =00

with Bishop invariant . The origin is a complex tangent which is said
to be elliptic if 0 < v < 1/2, parabolic if v = 1/2, or hyperbolic if
v>1/2.

In [19], Moser and Webster studied the normal form problem of a real
analytic surface M in C? which is the higher order perturbation of Q.
They showed that when 0 < v < 1/2, M is holomorphically equivalent
to a normal form which is an algebraic surface that depends only on ~
and two discrete invariants. They also constructed a formal normal form
of M when the origin is a non-exceptional hyperbolic complex tangent
point; although the normal form is still convergent, they showed that
the normalization is divergent in general for the hyperbolic case. In
fact, Moser-Webster dealt with an n-dimensional real submanifold M
in C", of which the complex tangent space has (minimum) dimension 1
at a CR singularity. When n > 2, they also found normal forms under
suitable non-degeneracy condition.

In this paper we continue our previous investigation on an n dimen-
sional real analytic submanifold M in C™ of which the complex tangent
space has the largest possible dimension at a given CR singularity [12].
The dimension must be p = n/2. Therefore, n = 2p is even. As shown
in [22] and [12], there is yet another basic quadratic model

(1.2) Q~, C Ct: 25 = (z1 + 27552)2, z4 = (22 +2(1 773)21)2

with s an invariant satisfying Revs < 1/2, Im~, > 0, and ~, # 0.
The complex tangent at the origin is said of complex type. In [12], we
obtained convergence of normalization for abelian CR singularity. In
this paper, we study systematically the normal forms of the manifolds
M under the condition that M admit the maximum number of deck
transformations, condition D, introduced in [12].
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In suitable holomorphic coordinates, a 2p-dimensional real analytic
submanifold in C? that has a complex tangent space of maximum di-
mension at the origin is given by

M: zpyj = Ej(2,Z), 1<j<p,
Ei(<'.7) = hj(',Z) + ¢;(Z) + O(|(+", 7)),
where 2/ = (z1,..., 2p), each h;j(z/,Z’) is a homogeneous quadratic poly-
nomial in 2’,Z’ without holomorphic or anti-holomorphic terms, and
each ¢;(Z’) is a homogeneous quadratic polynomial in z’. We call M a
quadratic manifold in C?P if E; are homogeneous quadratic polynomi-

als. If M is a product of Bishop quadrics (1.1) and quadrics of the form
(1.2), it is called a product quadric.

1.2. Basic invariants. We first describe some basic invariants of real
analytic submanifolds, which are essential to the normal forms. To
study M, we consider its complexification in C? x C?P defined by

M- Zp+i:Ei(zl7wl)7 i:17"'7p7
wpri = Ei(w', 7)), i=1,...,p.

It is a complex submanifold of complex dimension 2p with coordinates
(2, w') € C?. Let 1, T be the restrictions of the projections (z,w) —
z and (z,w) — w to M, respectively. Note that mo = Cmipg, where
po is the restriction to M of the anti-holomorphic involution (z,w) —
(w,z) and C is the complex conjugate. It is proved in [12] that when
M satisfies condition B, i.e. ¢~'(0) = 0, the deck transformations of
w1 are involutions that commute pairwise, while the number of deck
transformations can be 2¢ for 1 < ¢ < p. Throughout the paper, we
assume that all manifolds M satisfy the following condition introduced
in [12]:

Condition D. M satisfies condition B, i.e. q *(0) = 0, and m
admits the maximum number, 2P, of deck transformations.

Then it is proved in [12] that the group of deck transformations of
m1 is generated uniquely by p involutions 71, ..., 7y, such that each 7,
fixes a hypersurface in M. Furthermore,

T — 7'11...T1p

is the unique deck transformation of which the set of the fixed-points
has the smallest dimension p. We call {71, ..., T1p, po} the set of Moser-
Webster involutions. Let 19 = pgT1po and

o = T|T2.

1 1

Then o is reversible by 7; and pg, i.e. 0~ = 7j07; ~ and o~ = poopo.
In this paper for classification purposes, we will impose the following
condition:
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Condition E. M has distinct eigenvalues, i.e. o has 2p distinct
etgenvalues.

We now introduce our main results.

Our first step is to normalize {71, T2, po}. When p = 1, this normal-
ization is the main step in order to obtain the Moser-Webster normal
form; in fact a simple further normalization allows Moser and Webster
to achieve a convergent normal form under a suitable non-resonance
condition even for the non-exceptional hyperbolic complex tangent.

When p > 1, we need a further normalization for {ri1,..., 7y, po};
this is our second step. Here the normalization has a large degree of
freedom as shown by our formal and convergence results.

1.3. A normal form of quadrics. In section 3, we study all quadrics
which admit the maximum number of deck transformations. For such
quadrics, all deck transformations are linear. Under condition E, we
will first normalize o, 71, 72 and pg into S , Tl, T5 and p where

Ti: &= XNlm, o mf = Mg,
Tr: & = Ny, = A,
St & = g, = ;'
with
A>T Dal=1 N> 1 A =20, =R

Here 1 < 5 <p.

Notation on indices. Throughout the paper, the indices e, h,s
have the ranges: 1 < e < ey, e < h < x4+ hy, €+ hy < 5 < p— Sy

Thus e, + hy + 25, = p. We will call ey, h,, s, the numbers of elliptic,
hyperbolic and complex components of a product quadric, respectively.

As in the Moser-Webster theory, at the complex tangent (the origin)
an elliptic component of a product quadric corresponds a hyperbolic com-
ponent of S , while a hyperbolic component of the quadric corresponds
an elliptic component of S. On the other hand, a compler component
of the quadric behaves like an elliptic component when the CR singu-
larity is abelian, and it also behaves like a hyperbolic components for
the existence of attached complex manifolds; see [12] for details.

For the above normal form of 7' 1, Ty and S , we always normalize the
anti-holomorphic involution pg as

gé = ﬁm 772 = gea
(13) p: g}; = §h7 772L = ?fw

53 = §s+s* ’ Ns = nerS* ’

f;—&—s* = fs’ n;+s* = ﬁs‘

With the above normal forms Tl,Tg, S,p with § = T1T2, we will then
normalize the 711,..., 7, under linear transformations that commute
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with 71,75, and p, i.e. the linear transformations belonging to the
centralizer of Tl,Tg and p. This is a subtle step. Instead of normal-
izing the involutions directly, we will use the pairwise commutativity
of 711,...,T1p to associate to these p involutions a non-singular p x p
matrix B. The normalization of {71, ..., 7ip, p} is then identified with
the normalization of the matrices B under a suitable equivalence rela-
tion. The latter is easy to solve. Our normal form of {7i1,...,7ip, p}
is then constructed from the normal forms of 77,75, p, and the matrix
B. Following Moser-Webster [19], we will construct the normal form of
the quadrics from the normal form of involutions. Let us first state a
Bishop type holomorphic classification for quadratic real manifolds.

Theorem 1.1. Let M be a quadratic submanifold defined by
ot = hi(2,7) + (7)), 1<j<p
Suppose that M satisfies condition E, i.e. the branched covering of

w1 of complexification M has 2P deck transformations and 2p distinct
etgenvalues. Then M is holomorphically equivalent to

QB,—\/: Zptj = L?(ZI7§/)7 1<j<p
where (L1(2',Z'),...,Ly(2,Z"))" = B(z' + 2yZ’), B € GL,(C) and

Y., © 0 0
10 0 0
Y=o o 0 .

0 0 I, -7, O
Here p = ey + hy + 254, 1s, denotes the s, X s, identity matriz, and

Ye. = diag(717 s 776*)7 Yh, = diag(rye*-i-lv s )76*+h*)a
’75* = diag(’ye*-‘rh*-i-lv cee 77}?—5*)
with Ye, Yn, and 7vs satisfying

0<v.<1/2, 1/2<9,<o0, Reys<1/2, Imn~s>0.

Moreover, B is uniquely determined by an equivalence relation B ~
CBR for suitable non-singular matrices C, R which have exactly p non-
zero entries.

When B is the identity matrix, we get a product quadric or its equiv-
alent form. See Theorem 3.7 for detail of the equivalence relation. The
scheme of finding quadratic normal forms turns out to be useful. It will
be applied to the study of normal forms of the general real submanifolds.

1.4. Formal submanifolds, formal involutions, and formal cen-
tralizers. The normal forms of ¢ turn out to be in the centralizer of
S , the normal form of the linear part of ¢. The family is subject to a
second step of normalization under mappings which again turn out to
be in the centralizer of S. Thus, before we introduce normalization, we
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will first study various centralizers. We will discuss the centralizer of S
as well as the centralizer of {T},T»} in section 4.

1.5. Normalization of 0. As mentioned earlier, we will divide the
normalization for the families of non-linear involutions into two steps.
This division will serve two purposes: first, it helps us to find the for-
mal normal forms of the family of involutions {711,...,T1p, p}; second,
it helps us understand the convergence of normalization of the original
normal form problem for the real submanifolds. For purpose of normal-
ization, we will assume that M is non-resonant, i.e. o is non-resonant,
that is that its eigenvalues p1, ..., fp, ul_l, ey u;l satisfy

(1.4) pd#£1, VQeZP, |Q|#0.
Before stating next result, we introduce the following.

Condition L. p = (yy,...,u1,) is a formal map from CP to CP and
satisfies

wi(¢) = {Nj exp(¢; + O([¢]?)), j=e;
] piexp(vV=1¢; + O(I¢]?)), j #e.

In section 5, we obtain the normalization of o by proving the follow-
ing.

Theorem 1.2. Let o be a holomorphic map with linear part S. As-
sume that S has eigenvalues i1, . .., fip, ,u,l_l, e ,uljl satisfying the non-
resonant condition (1.4). Suppose that o = 7179 where 11 is a holomor-
phic involution, p is an anti-holomorphic involution, and 19 = pT1p.

Then there exists a formal map ¥ such that p == U~ 1pW is given by
(1.3), o* =¥ 1oV and 77 = V17, ¥ have the form

(1.5) o*: & = w;(Em)&,  mj=n; Emmy, wi(0) =py, 1<5<p,
T = Ng(Emmy, = A€, i=1,2 1< <p.

Here, &n = (§1m1,- -, §pmp), Wy = A%j and Ay = Agjl. Assume further
that w satisfies condition L. By a further holomorphic (resp. formal)
change of coordinates that preserves p, we can transform convergent
(resp. formal) o* and T} into

(1.6) 6: & ={;(Ene, =0 (&, 1< <p,
1 & =R (Emmy, ) = A (En)g,

with Agj = Afjl and f1; = A%j, while

cexp (¢ + O0;(/¢1), | = ¢;
ﬁj(C)—{M p(¢; + 05(1¢1?)) j

(1.7)
pjexp(vV=1¢ + O;([¢)), 7 #e
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Here O;(|¢|?) indicates terms of order at least two and independent of

¢j, and fr and hence 7;, T are uniquely determined with A1;(0) = A; and
2

1y = A

Remark 1.3. Condition L has to be understood as a non-degeneracy
condition of the simplest form. To avoid confusion in this paper, the
W, [t; in this paper replace Mi,Mj in [12]. We however keep other
notation from [12].

We will conclude in section 5 with an example showing that although
o, Ty, Ty are linear, {7y1,...,T1p, p} are not necessarily linearizable, pro-
vided p > 1.

Section 6 is devoted to the proof of the following divergence result.

Theorem 1.4. There exists a non-resonant real analytic submanifold
M with pure elliptic complex tangent in CO such that if its associated o
is transformed into a map o* that commutes with the linear part of o
at the origin, then o* must diverge.

Note that the theorem says that all normal forms of o (by definition,
they belong to the centralizer of its linear part, i.e. they are in the
Poincare-Dulac normal forms) are divergent. It implies that any trans-
formation for M that transforms ¢ into a Poincaré-Dulac normal form
must diverge. This is in contrast with the Moser-Webster theory: For
p = 1, a convergent normal form can always be achieved even if the as-
sociated transformation is divergent (in the case of hyperbolic complex
tangent), and furthermore in case of p = 1 and elliptic complex tan-
gent with a non-varnishing Bishop invariant, the normal form can be
achieved by a convergent transformation. A divergent Birkhoff normal
form for the classical Hamiltonian systems was obtained in [10]. See
Yin [24] for the existence of divergent Birkhoff normal forms for real
analytic area-preserving mappings.

We do not know if there exists a non-resonant real analytic subman-
ifold with pure elliptic eigenvalues in C* of which all Poincaré-Dulac
normal forms are divergent.

1.6. A unique normalization for the family {7;;, p}. In section 7,
we will follow the normalization scheme developed for the quadric nor-
mal forms in order to normalize {7i1,...,71p,p}. Let 6 be given by
(1.6). We define

fy & =AMy, My =ALEMEG, =& mh=m k#J
where Ay;(0) = \; and ;= f\%j We now state the main result of this
paper:

Theorem 1.5. Let M be a real analytic submanifold that is a third
order perturbation of a non-resonant product quadric. Suppose that its
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associated o is formally equivalent to ¢ given by (1.6). Suppose that fi
is given by (1.7). Then the formal normal form M of the submanifold
M is completely determined by

i, o n).

Here the formal mapping ® is in C°(T11,...,71p) NC(71) and tangent to
the identity. Moreover, ® is uniquely determined up to the equivalence
relation ® ~ RPR;' with R.: & = ejﬁ,n} =¢n; (1 <4 <p), e? =1
and €sys, = €s. Furthermore, if the normal form (1.5) of o can be

achieved by a convergent transformation, so does the normal form M of
M.

Here the set C(71) N C(711,...,71p) is defined in Lemma 7.2 for an
invertible matrix Bj, while the B; in the above theorem needs to be
the identity matrix. See also Theorem 7.7 for an expanded form of
Theorem 1.5, including the expression of the normal form M.

We should mention some very recent works related to the study of
CR-singularities [13, 9, 11, 17]. We now mention related normal form
problems. The normal form problem, that is the equivalence to a model
manifold, of analytic real hypersurfaces in C™ with a non-degenerate
Levi-form has a complete theory achieved through the works of E. Car-
tan [5], [6], Tanaka [23], and Chern-Moser [7]. In another direction, the
relations between formal and holomorphic equivalences of real analytic
hypersurfaces (thus there is no CR singularity) have been investigated
by Baouendi-Ebenfelt-Rothschild [1], [2], Baouendi-Mir-Rothschild [3],
and Juhlin-Lamel [14], where positive (i.e. convergent) results were ob-
tained. In a recent paper, Kossovskiy and Shafikov [16] showed that
there are real analytic real hypersurfaces which are formally but not
holomorphically equivalent. In the presence of CR singularity, the prob-
lems and techniques required are however different from those used in
the CR case. See [12] for further references therein. The reader is also
referred to a recent work of Kossovskiy-Lamel [15] for convergence re-
sults and a recent survey by Mir [18] on the interplay between formal
and holomorphic equivalence in CR-geometry.

1.7. Notation. We briefly introduce notation used in the paper. The
identity map is denoted by I. The matrix of a linear map y = Ax is
denoted by a bold-faced A. We denote by LF' the linear part at the
origin of a mapping F': C™ — C™ with F/(0) = 0. Let F’(0) or DF(0)
denote the Jacobian matrix of the F' at the origin. Then LF(z) =
F’(0)z. We also denote by DF(z) or simply DF', the Jacobian matrix
of F' at z, when there is no ambiguity. If F is a family of mappings
fixing the origin, let LF denote the family of linear parts of mappings
in F. By an analytic (or holomorphic) function, we shall mean a germ
of analytic function at a point (which will be defined by the context)
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otherwise stated. We shall denote by O,, (resp. @n, M., ﬁn) the space
of germs of holomorphic functions of C™ at the origin (resp. of formal
power series in C", holomorphic germs, and formal germs vanishing at
the origin).

2. Moser-Webster involutions and product quadrics

In this section we will first recall a formal and convergent result
from [12] that will be used to classify real submanifolds admitting the
maximum number of deck transformations. We will then derive the
family of deck transformations for the product quadrics.

We consider a formal real submanifold of dimension 2p in C?? defined
by

(21) M: Zptj = Ej(zla 2,)7 1<j<p
Here E; are formal power series in z’,Z’. We assume that
(2:2) Ej(,2) = hj(z',Z) + ¢;(Z) + O((', Z)]%)
and hj,q; are homogeneous quadratic polynomials. The formal com-
plexification of M is defined by
M: {Zeri:Ei(z/’w/)a izla"'vpv

wpi = Ei(w',2), i=1,...,p.

We define a formal deck transformation of w1 to be a formal biholomor-
phic map

T (2 W) = (7, f(Z W), T(0)=0
such that m7 = 7, i.e. Eo7 = E. Assume that ¢~'(0) = 0 and that
the formal manifold defined by (2.1)-(2.2) satisfies condition D that its
formal branched covering m; admits 2P formal deck transformations.
Then 7 admits a unique set of p deck transformations {71,..., 71}
such that each 7; fixes a hypersurface in M.

As in the Moser-Webster theory, the significance of the two sets of in-
volutions is the following proposition that transforms the normalization
of the real manifolds into that of two families {71,..., 7} (1 = 1,2)
of commuting involutions satisfying 79; = p71jp for an antiholomorphic
involution p. Let us recall the anti-holomorphic involution

(23) po: (Zlvw/) — (Wa ?)

Proposition 2.1. Let M, M be formal (resp. real analytic) real sub-
manifolds of dimension 2p in C?P of the form (2.1)-(2.2). Suppose that
M, M satisfy condition D. Then the following hold :

(1) M and M are formally (resp. holomorphically) equivalent if and

only if their associated families of involutions {Ti1,...,Tip, po} and
{711, ..., Tip, po} are formally (resp. holomorphically) equivalent.
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(13) Let Ty = {711,...,Tip} be a family of formal holomorphic (resp.
holomorphic) commuting involutions such that the tangent spaces
of Fix(m11),...,Fix(7ip) are hyperplanes intersecting transversally
0. Let p be an anti-holomorphic formal (resp. holomorphic) invo-
lution and let To = {121, ..., Top} with To; = pr1;p. Let [93?21,]{’7—"
be the set of linear functions without constant terms that are in-
variant by LT;. Suppose that

(2.4) [93?210]1”’1 N [931217]1”’2 = {0}.

There exists a formal (resp. real analytic) submanifold defined by
(2.5) 2" =(B},... ,Bg)(z’,f’)

for some formal (resp. convergent) power series By, ..., B, such

that M satisfies condition D. The set {Ti1,...,Tip,po} of invo-
lutions of M is formally (resp. holomorphically) equivalent to

{TH,... ,Tlp,p}.

The above proposition is proved in [12, Propositions 2.8 and 3.2].
Since we need to apply the realization several times, let us recall how
(2.5) is constructed. Using the fact that 711,..., 7y, are commuting in-
volutions of which the sets of fixed points are hypersurfaces intersecting
transversally, we ignore p and linearize them simultaneously as

Z] Zp+j = —Zp+iy i 7 Zi, ) 75_]

for 1 < j <p. Thus in 2z coordinates, invariant functions of 71,..., 71,
are generated by 21, ..., 2, and zg TP z%p. In the original coordinates,
zj = A;(€,m),1 < j < p, are invariant by the involutions, while z,,; =
Bj(&,n) is skew-invariant by 71;. Then Ajop(§,n) are invariant by
the second family {72;}. Condition (2.4) ensures that ¢: (2/,w’) =
(A(&,m), Ao p(&,m)) is a germ of formal (biholomorphic) mapping at
the origin. Then

M:zpj=Bjop ' (2,7), 1<j<p

is a realization for {71, ..., T1p, p} in the sense stated in the above propo-
sition.
Next we recall the deck transformations for a product quadric from [12].
Let us first recall involutions in [19] where the complex tangents
are elliptic (with non-vanishing Bishop invariant) or hyperbolic. When
~v1 # 0, the non-trivial deck transformations of

Qui: 22 = 21 +m(ef +70)

for w1, ™9 are 71 and Ty, respectively. They are

A I -1_ . _
T1: 21 =21, W;=—W1—7 Z1; T2=p71p
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with p being defined by (2.3). Here the formula is valid for v; = oo (i.e.
v L= 0). Note that 7 and 75 do not commute and o = 7179 satisfies

oV =nom=pop, TP=1, p*=1I

When the complex tangent is not parabolic, the eigenvalues of o are
w, b with 4 = A% and ¥A2 — A + v = 0. For the elliptic complex
tangent, we can choose a solution A > 1, and in suitable coordinates we
obtain

=M+ O0(EnP), 7 =2+ 0(En)),
T2 = PT1P, p(é?ﬁ) = (ﬁv E)7
o€ =pe+ 0D, 0 =p"n+0(E )Y, p=I\

When the complex tangent is hyperbolic, i.e. 1/2 < v < oo, 7; and o
still have the above form, while |u| =1 = || and

p(&:m) = (&,7).
We recall from [19] that

- 1
A+
Note that for a parabolic Bishop surface, the linear part of ¢ is not

diagonalizable.
Consider a quadric of the complex type of CR singularity

7

(2.6) Q23 = 2122+ %zg +(1- '73)2%, 24 = Z3.

Here v, is a complex number.
By condition B, we know that vs # 0,1. Recall from [12] that the
deck transformations for 7 are generated by two involutions

r_ r_
zZ1 = 21, 21 = Z1,
) 25 = 2, ) 2 = 2,
T11: , N1 T12: ,
wi = —w; — (1 —7,) 29, wy = wi,
wh = wa; wh = —wy — ;21

We still have p defined by (2.3). Then m; = p7ijp, j = 1,2, are given
by

I -1 /I
2= —z1— (1 —s) " w, 71 = 21,
/I _ /I ~—1
. Rg = 22, . RZg = —&2 — 7 Wi,
721 I 722 I
wy = wy, wy = wq,

/A . -
Wy = W2; Wy = W2.
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Thus 7; = 7;17;2 is the unique deck transformation of m; that has the
smallest dimension of the fixed-point set among all deck transforma-
tions. They are

;o r_ —1
21 = 21, 2] =—z1— (1 —75) wa,
! _ ! _ =——1
%2 T 22 Zy = =2 =75 wi,
T f i Ty f
w) = —w; — (1 —7,) " 22, w) = wy,
/ —1_.. I
Wy = —W2 — Vg 21, Wy = W2.

Also 01 := 711722 and g := T137T01 are given by

wh =5 e+ (1 = 92) 7! = Dwo

And o := T1T9 = 04102 18 given by

Zi = =21 - (1 - 78)_1w27

oo Z%: —22 —7757111)1, -
wy = (1=7,) 22+ (7, = 72) 7" = D,
wh =75tz 4 (s —72) 7 = Dwe.

Suppose that s # 1/2. The eigenvalues of o are

(27) S R %

(2.8) ps =7, — L.

Here if s = @i, and p; ' = fi; ' then each eigenspace has dimension

2. Under suitable linear coordinates, the involution p, defined by (2.3),
takes the form

(29) P(§1=§277717772) = (EQ?El?ﬁQ?ﬁl)‘
Moreover, for j = 1,2, we have m; = p7i;p and
T & =N = A E=6, =m0 # b
~1
A=A, A=, , ps=AL

By a permutation of coordinates that preserves p, we obtain a unique
holomorphic invariant ps satisfying

(2.10) ls| > 1, Imps >0, 0<arghs <7/2, ps#—1
By condition E, we have |us| # 1.
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Although the case s = 1/2 is not studied in this paper, we remark
that when 5 = 1/2 the only eigenvalue of og is 1. We can choose
suitable linear coordinates such that p is given by (2.9), while
(2.11)

Os1- gi = 517 77/1 = 771+§17 fé = 627 775 = "2
O0s2: gi = 517 773 =M, gé = 527 77§ = _£2+7727
o5t & =&, m=&+m, & =&, np =&+

Note that eigenvalue formulae (2.7) and the Jordan normal form (2.11)
tell us that 71 and ™ do not commute, while 051 and o5 commute and
they are diagonalizable if and only if v5 # 1/2. We further remark that
when s satisfies (2.10), we have

(2.12) Revys <1/2, Im~vs >0, if |us] > 1, Imps > 0;
(2.13) Revs =1/2,Imys > 0,95 # 1/2, if |us| = 1, Im ps > 0, ps # 1;
(214) 7. <1/2, % #0, ifpi>1 e =1/2, ifp=1

We have therefore proved the following.

Proposition 2.2. Quadratic surfaces in C* of complex type CR sin-
gularity at the origin are classified by (2.6) with s uniquely determined
by (2.12)-(2.14).

The region of eigenvalue p, restricted to E := {|u| > 1,Im u > 0}, can
be described as follows: For a Bishop quadric, u is precisely located in
w:={p e C: |u| =1} UL, 00). The value of p of a quadric of complex
type, is precisely located in Q := E \ {—1}, while w = 0F \ (—o0, —1).

In summary, under the condition that no component is a Bishop
parabolic quadric or a complex quadric with v, = 1/2, we have found
linear coordinates for the product quadrics such that the normal forms
of S, Tj;, p of the corresponding o, oj, 7;;, po are given by

S: & =&, =y g

Ty & = Xgnjs 05 =256, &=E& =1 k#J;
, { (&Ml &) = (Tes Ecs € Tin)

. (e Mo Moy s,) = (Eopsnr Eor Tsrsns Tls)-

Notice that we can always normalize py into the above normal form p.

For various reversible mappings and their relations with general map-
pings, the reader is referred to [20] for recent results and references
therein.

To derive our normal forms, we shall transform {71, 72, p} into a nor-
mal form first. We will further normalize {7}, p} by using the group
of biholomorphic maps that preserve the normal form of {7y, 79, p}, i.e.
the centralizer of the normal form of {71, 72, p}.
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3. Quadrics with the maximum number of deck
transformations

In Proposition 2.1, we describe the basic relation between the classi-
fication of real manifolds and that of two families of involutions inter-
twined by an antiholomorphic involution, which is established in [12].
As an application, we obtain in this section a normal form for two fam-
ilies of linear involutions and use it to construct the normal form for
their associated quadrics. This section also serves as an introduction
to our approach to find the normal forms of the real submanifolds at
least at the formal level. At the end of the section, we will also intro-
duce examples of quadrics of which S is given by Jordan matrices. The
perturbation of such quadrics will not be studied in this paper.

3.1. Normal form of two families of linear involutions. To formu-
late our results, we first discuss the normal forms which we are seeking
for the involutions. We are given two families of commuting linear in-
volutions 71 = {111,...,T1p} and To = {151, ..., To,} with To; = pTijp.
Here p is a linear anti-holomorphic involution. We set

Ty =TTy, Tz=plip.

We also assume that each Fix(77;) is a hyperplane and NFix(7%;) has
dimension p. By [12, Lemma 2.4], in suitable linear coordinates, each
T1; has the form

Zj: € =¢ ni=mn (i #£35), 1=
Thus combining with (2.4) gives us

(3.1) dim[?ﬁ%]z—i =D [937210]? = [Z)n?p]lTiv
(3-2) dim[fm%]r{i =D pﬁ?p]{l N [9322],]?2 = {O}

Recall that [92,]1 denotes the linear holomorphic functions without
constant terms. We would like to find a change of coordinates ¢ such
that ¢ ~1T1;¢ and ¢ ~!pp have a simpler form. We would like to show
that two such families of involutions {77, p} and {77, 5} are holomorphi-
cally equivalent, if there are normal forms are equivalent under a much
smaller set of changes of coordinates, or if they are identical in the ideal
situation.

Next, we describe our scheme to derive the normal forms for linear
involutions. The scheme to derive the linear normal forms turns out to
be essential to derive normal forms for non-linear involutions and the
perturbed quadrics. We define

S =N1T.

Besides conditions (3.1)-(3.2), we will soon impose condition E that S
has 2p distinct eigenvalues.
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We first use a linear map v to diagonalize S to its normal form
S: & =mw& ny=up;'n;, 1<i<p
The choice of 1 is not unique. We further normalize 11,75, p under
linear transformations commuting with S , i.e. the invertible mappings
in the linear centralizer of S. We use a linear map that commutes with
S to transform p into a normal form too, which is still denoted by p.

We then use a transformation vy in the linear centralizer of S and p to
normalize the T7,T5 into the normal form

Tp: & = Xgmy, ) = MG, 1<j<p.

Here we require \y; = )\Ijl. Thus p; = )\%j for 1 < j < p, and
A1, ..., A1p form a complete set of invariants of 74,75, p, provided the
normalization satisfies

Ae > 1, ImAy >0, arghis € (0,7‘(‘/2), |)\s’ > 1.

This normalization will be verified under condition E.

Next we normalize the family 77 of linear involutions under mappings
in the linear centralizer of T3, p. Let us assume that 71, p are in the
normal forms T}, p. To further normalize the family {77, p}, we use the
crucial property that T71,...,77, commute pairwise and each T4, fixes
a hyperplane. This allows us to express the family of involutions via a
single linear mapping ¢;:

Ty = 1612507 o1
Here the linear mapping ¢ depends only on Aq,...,\,. Expressing
¢1 in a non-singular p X p constant matrix B, the normal form for
{T1,...,Thp, p} consists of invariants A,..., A\, and a normal form of
B. After we obtain the normal form for B, we will construct the nor-

mal form of the quadrics by using the realization procedure in Proposi-
tion 2.1 (see the paragraph after that proposition or the proof in [12]).

We now carry out the details.
Let Th = T ---Thyp, To = pTip and S = T1T5. Since T; and p are
involutions, then S is reversible with respect to T; and p, i.e.

STH =T8T, ST =p"'Sp, TP=1I p'=1

Therefore, if k is an eigenvalue of S with a (non-zero) eigenvector u,
then

Su=ru, S(Tw)=r T, S(pu)=7 ‘pu, S(pTiu)=rRpTiu.

Following [19] and [St07], we will divide eigenvalues of product quadrics
that satisfy condition E into 3 types: p is elliptic if u # £1 and p is
real, p is hyperbolic if |pu| = 1 and p # 1, and p is complex otherwise.
The classification of ¢ into the types corresponds to the classification
of the types of complex tangents described in section 2; namely, an
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elliptic (resp. hyperbolic) complex tangent is tied to a hyperbolic (resp.
elliptic) mapping o.

We first characterize the linear family {77, 7%, p} that can be realized
by a product quadric with S being diagonal.

Lemma 3.1. Let {T1,T>} be a pair of linear involutions on C? sat-
isfying (3.2). Suppose that Ty = pTip for a linear anti-holomorphic
involution and S = T1Ty is diagonalizable. Then {T1,T1,p} is real-
ized by the product of quadrics of type elliptic, hyperbolic, or complez.
In particular, if S has 2p distinct eigenvalues, then 1 and —1 are not
etgenvalues of S.

Proof. The last assertion follows from the first part of the lemma
immediately. Thus the following entire proof does not assume that S
has distinct eigenvalues. Let E;(v;) with ¢ = 1,...,2p be eigenspaces of
S = T1T5, with eigenvalues v;. Thus

2p
C2p = @Ez(l/z)a CQp@Ei(l/Z') = @Ej(l/j).
i=1 j#i
Fix an i and denote the corresponding space by E(v). Since o~ =
TyoTy, then T1E(v) = ToE(v), which is equal to some invariant space
E(v~!). Take an eigenvector e € E(v) and set ¢’ = The.

Let us first show that 1 is not an eigenvalue. Assume for the sake of
contradiction that E(1) is spanned by a (non-zero) eigenvector e. Then
Ty preserves E(1). Otherwise, ¢/ and e are independent. Now The =
Tie =€ and T;(e + €') = € + e, which contradicts Fix(77) N Fix(Ts) =
{0}. With E(1) being preserved by T;, we have Tje = ee and € = +1,
since T; are involutions. We have € # 1 since Fix(T1) N Fix(T2) = {0}.
Thus The = —e = The. Then Fix(T1) and Fix(7%) are subspaces of
C?’ S E(1) and both are of dimension p. Hence Fix(Ty)NFix(Ty) # {0},
a contradiction.

Since S~! = p~'Sp and S™' = T, 'ST; then Ty sends E(v) to some
E(v~') as mentioned earlier, while p sends E(v) to some E(7~!). Thus,
each of Tj, p yields an involution on the set {E(v1),..., E(vp)}.

Let Ei(—1),...,Er(—1) be all spaces invariant by 7. Since Th =
115, they are also invariant by T5. Then none of the k spaces is invariant
by p. Indeed, if one of them, say E; generated by ej, is invariant by p,
we have Tie; = eej and pe; = be; with €2 = 1 = [b]. We get The; =
(pT1p)ej = ee; and oe;j = e, which contracts that o has eigenvalue —1
on E;. Furthermore, if F(—1) is invariant by 77, then pE(—1) is also
invariant by T1 as T1 = pT3p. Thus we may assume that pE; = Ey; for
1 <j<{l:=k/2 Foreachjwithl <j </, either Ty =1 = —T5 on Ej
and Ty = plsp = —I on Eyyj,or Ty = —I on E; and Th = I on Ej .
Interchanging F;, Ey,; if necessary, we may assume that 77 = I = —15
on Ej and T1 = —I = —T15 on Ey;;. We can restrict the involutions
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Ty, Ty, p on C? := E; ® Eyyj as it is invariant by the three involutions.
By the realization in [19], {11, T», p} is realized by a Bishop quadric; in
fact, it is Qoo. Assume now that E(—1) is not invariant by 7;. Thus 7;
sends E(—1) into a different F(—1). Assume first that E(—1) is invariant
by p. Then E(—1) is also invariant by p as p = TypT;. Thus as the
previous case {T1, Ty, p}, restricted to E(—1)® E(—1) is realized by Q.

Suppose now that p does not preserve E(—1). Recall that we already
assume that T1(E(—1)) = E(—1) is different from F(—1). Let us show
that E(—1) # pE(—1). Otherwise, we let & = pe with e being an
eigenvector in E(—1). Then Tie = aé. So Tre = pTipe = a 'é and
TiTee = |a|2e. This contracts Se = —e. We now realize E(—1) @
pE(—1)®& E(—1)® pE(—1) by a product of two copies of Qoo as follows.
Take a non-zero vector e € E(—1). Define e; = e + Tie. So Tie; =

e1, Seg = —ey, and They = T1Se; = —ey. Define €1 = pey; then
Tlél = pTgpél = *él. Define ég = €1 — T1€1; then Tlég = *ég and
Thés = €9. Define eg = péa; then Ties = pTapes = ea. In coordinates
z1e1 + w1€1 + zoex + woés, we have Ti(z;) = z; and T1(w;) = —wj

and p(zj) = w;. Therefore, {1, T, p} is realized by the product of two
copies of Q.

Consider now the case v, denoting some v;, is positive and v # 1. We
have

(3.3) T,: E(v) = E(v™), i=1,2.

There are two cases: pE(v) = E(v™!) or pE(v) := E(v™') # E(v1).
For the first case, the family {7}, Ty, p}, restricted to E(v) ® E(v~1), is
realized by an elliptic Bishop quadric @, with v # 0. For the second
case, we want to verify that {71, T3, p}, restricted to E(v) ® pE(v) ®
E(v Y@ pE(v1), is realized by a quadric of complex type singularity.
Write v1 = v = )\%, Ay = Xl_l, and vy = ﬁfl. (The redundant
complex conjugate is for the rest of cases.) Let u; be an eigenvector
in E(v). Define v1 = \iTiu; € E(v~!). Then Tjuy = )\;101. Define
ug = puy and vy = pvi. Then Tius = pIspus = plou; = )\2_11)2. Thus
ou; = vju; and ov; = V._lvj. We now realize the family of involutions
by a quadratic submanifold. For the convenience of the reader, we repeat
part of argument in [12]; see the paragraph after Proposition 2.1. In
coordinates & ug +&aug + 1101 + 1202, we have T;(€, 1) = (A, )\;15) and
P(fﬂ?) = (527517ﬁ27ﬁ1)' Let

zj =& +Anj, wj=7%zop, j=12
z3=(m =A% 2= — A &)
Expressing &;,n; via (21, 22, w1, w2), we obtain

23 = L3(21, 20, w1, wa), 24 = L3(21, 22, w1, w3).
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Setting wy; = Z; and wy = Z3, we obtain the defining equations of
M C C* that is a realization of {T},T5, p}.

Assume now that v < 0 and v # —1. We still have (3.3). We want
to show that p(E(v)) # E(v~!) where E(v~!) is in (3.3), i.e. the above
second case in which v > 0 occurs and the above argument shows that
{Ty, Ty, p}, restricted to E(v)DpE(v)® E(v~Y)@pE(v—1), is realized by
a quadric of complex type singularity. Suppose that pE(v) = E(v1).
Take e € E(v). We can write € = pe € E(v~!). Then Tie = aé. We
have The = T1Se = vaé and The = pTipe = p(a~'e) = a~'é. We obtain
v = |a|=2 > 0, a contradiction.

Analogously, if v has modulus 1 and is different from 41, we have two
cases: pE(v) = E(v=') or pE(v) :== E(v™') # E(v~'). In the first case,
{T1,T5, p} restricted to the two dimensional subspace is realized by a
hyperbolic quadric @), with v # co. In the second case its restriction
to the 4-dimensional subspace is realized by a quadric of complex CR

singularity with |v| = 1. In fact the same argument is valid. Namely,

—1 _ .
let )\% =v =uv. Let Ay = Ay and 1n = 7] 1 Take an eigenvector

e1 € E(v). Define é; = A\jThe1,ea = pep and éa = pé;. Then define
zj,wj and L; as above, which gives us a realization. We leave the
details to the reader. Finally, if v,7~!,»~1, 7 are distinct, then we
have a realization proved in Theorem 3.7 for a general case where all
eigenvalues are distinct. q.e.d.

Of course, there are non-product quadrics that realize {17,Ts, p} in
Lemma 3.1 and the main purpose of this section is to classify them
under condition E. We now assume conditions E and (3.1)-(3.2) for the
rest of the section to derive a normal form for 77; and p.

We need to choose the eigenvectors of S and their eigenvalues in such
a way that 77,75 and p are in a normal form. We will first choose
eigenvectors to put p into a normal form. After normalizing p, we will
then choose eigenvectors to normalize 77 and T5.

First, let us consider an elliptic eigenvalue p.. Let u be an eigenvector
of pie. Then u and v = p(u) satisfy

(3.4) S() =pto, Ti(u) = Ao, pe =Myt
Now Ts(u) = pTip(u) implies that
~1
A=A, e =M%

Replacing (u,v) by (cu,cv), we may assume that A\; > 0 and Ay = )\fl.
Replacing (u,v) by (v, u) if necessary, we may further achieve

plu) =v, M =X>1, pe=X\>1.

We still have the freedom to replace (u,v) by (ru,rv) for r € R*, while
preserving the above conditions.
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Next, let pup, be a hyperbolic eigenvalue of S and S(u) = ppu. Then

u and v = Tj(u) satisfy
p(u) = au, p(v) =bv, l|a|=[b]=1.
Replacing (u,v) by (cu,v), we may assume that a = 1. Now Th(v) =
pTip(v) = bu. To obtain b = 1, we replace (u,v) by (u,b~/?v). This
give us (3.4) with |\j] = 1. Replacing (u,v) by (v,u) if necessary, we
may further achieve
p(U) = u, p(U) =, AL = )\h7 Hh = )\}217 arg An € (0771—/2)

Again, we have the freedom to replace (u,v) by (ru,rv) for r € R*,
while preserving the above conditions.

Finally, we consider a complex eigenvalue ps. Let S(u) = psu. Then
@ = p(u) satisfies S(@) = @i '4. Let u* = Ty(u) and @* = p(u*). Then
S(u*) = pgtu* and S(a*) = f a*. We change eigenvectors by

(u, a,u*,a*) — (u,a, cu™,cu”)
so that
plu) =1, p(u’)=17a",
Tj(u) = A tu®, Ty(a) = Aa*, A=A
Note that S(u) = Mu, S(u*) = \[?u*, S(@1) = XIQQ, and S(u*) = X%ﬁ*.
Replacing (u, 4, u*,a*) by (u*,a*, u,u) changes the argument and the
modulus of A\; as )\1_1 becomes A;. Replacing them by (a,u, a*, u*)
changes only the modulus as A\; becomes ){1 and then replacing them
by (u*,u*, —u, —u) changes the sign of A;. Therefore, we may achieve
s = A2 N =), argys € (0,7/2), |\ >1.

We still have the freedom to replace (u,u*,a,u*) by (cu,cu*,cu,ca*).
We summarize the above choice of eigenvectors and their correspond-
ing coordinates. First, S has distinct eigenvalues

2 _ 32 -2 2 32 -2 2 -2 3
AL =, AT Ay A=A Ay AT, A
Also, S has linearly independent eigenvectors satisfying

Sue = Nue,  Su = \2ul,

—2 ~2
s )‘5 :

Svp, = Navp,  Svj = N, ),
Swy = Nws,  Sw=Awk, Sy =X, W5, SW = Ao’
Ws = AgWs, Wg = Ag "Wy, Ws = Ag Ws, Wg = AgWs-
Furthermore, the p, T7, and the chosen eigenvectors of S satisfy
—1 %,
pue =us, Tiue = A, ul;
—1 .
pop = vp,  pup =y, Tivp = A vp;

~ * ~ % -1, = ~ Nk
pws = Ws, pw, =W,, Lws=A; w;, Tiws= AW,.
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For normalization, we collect elliptic eigenvalues p. and p- !, hyper-
bolic eigenvalues pup and ,ugl, and complex eigenvalues in jg, p; ', 715"
and 7i,. We put them in the order

Pe = Hes  Hpte = Me_la
Hhs  Pptheth = B
1 -1 _
Msy  Hsts, = MHs 5 Hpts = Hg 5 Hptsi+s = Mg
Here and throughout the paper the ranges of subscripts e, h, s are re-
stricted to
1<e<e, ex<h<ei+hs ex+he<s<p—s,.
Thus e + hs« + 25, = p. Using the new coordinates

Z (geue +"76Uz ) +Z (ghvh +77h'U;;) +Z (gsws FEsts, Ws+1s w: F1s+s, ’LZJ: ) >

we have normalized o,T1,T> and p. In summary, we have the following
normal form.

Lemma 3.2. Let T),T be linear holomorphic involutions on C?P
that satisfy (3.2). Suppose that To = poTipg for some anti-holomorphic
linear involution py. Assume that S = TiTo has n distinct eigenvalues.
There exists a linear change of holomorphic coordinates that transforms
11,75, S, po simultaneously into the normal forms Tl, Tg, S, p:

(3.5) Tyi: & =Nmy, mj=X"¢ 1<j<p;
(3.6) Ty: & =N my=Ng, 1< <p;
(3.7) S: & =&y, wy=pitn, 1< <p;
€ = T, e = e,
(3.8) o 4 Sh="En M =TT,
§o=Cotsr  Coran =8
Ts = Totsar  Mats, = Tls:
Moreover, the eigenvalues ji1,. .., p, satisfy
(3.9) =25, 1<j<p;
(3.10) N> Dul =10 > 1 e = A
(3.11) arg \p, € (0,7/2), arg)s € (0,7/2);
(3.12) Aet < Aerg1, O <arg\y <arg\piq < 7/2;
(3.13) argly < argAygyq, or arg Ay = arg Ay y1 and |[Ag| < [Agy1]-

Here 1 <€ < ey, e <h < ex+ hy, and ex +hy < 8 < p— s4. And
1<e<es, e <h<eithy, ande,+hye < s < p—s,. Ifg is also in the
normal form (3.7) for possible different eigenvalues fiy, . .., fi, satisfying
(3.9)-(3.13), then S and S are equivalent if and only if their eigenvalues
are identical.
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The above normal form of p will be fixed for the rest of paper. Note
that in case of non-linear involutions {711,...,7ip, p} of which the linear
part are given by {T11,...,T1p, p} we can always linearize p first under
a holomorphic map of which the linear part at the origin is described in
above normalization for the linear part of {i1,...,71p, p}. Indeed, we
may assume that the linear part of the latter family is already in the
normal form. Then ¢ = (I + (Lp) o p) is tangent to the identity and
(Lp)otpop =1, ie. ¢ transforms p into Lp while preserving the linear
parts of 7i1,...,71p. Therefore in the non-linear case, we can assume
that p is given by the above normal form. The above lemma tells us
the ranges of eigenvalues p., pp, and us that can be realized by quadrics
that satisfy conditions E and (3.1)-(3.2).

Having normalized 77 and p, we want to further normalize the family

{Th1,...,Tp} under linear maps that preserve the normal forms of T
and p. We know that the composition of 77; is in the normal form, i.e.
(3.14) Ty Ty =T

is given in Lemma 3.2. We first find an expression for all T7; that com-
mute pairwise and satisfy (3.14), by using invariant and skew-invariant
functions of Ty. Let

(&n) =wi(2",27)
be defined by

(3.15) 7 =t Aene, Ze =1 = A e,
(3.16) zE =&+ A, 2 = — M,
(3.17) 5 =&+ A, 25 =ns — A ',
(3.18) Zhe, = Eoren + Xs_lnerS*a Zots. = Mstss — Assts,-

In (2F,27) coordinates, ¢ 'T1¢;1 becomes
Z:zt =2, 27— -z
We decompose Z = Zy - - - Z}, by using

Zi: (2%,27) = (z+,zf,...,z;_l,—z;,z;rl,...,z;).

To keep simple notation, let us use the same notions x,y for a linear
transformation y = A(x) and its matrix representation:

Az — Azx.

The following lemma, which can be verified immediately, shows the
advantages of coordinates 2T, z7.

Lemma 3.3. The linear centralizer of Z is the set of mappings of
the form

(3.19) ¢: (21,27) = (AzT,Bz7),
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where A, B are constant and possibly singular matrices. Let v be a
permutation of {1,...,p}. Then Zjp = ¢Z, ;) for all j if and only if ¢
has the above form with B = diag, d. Here

(320) diagl,(dl, cee ,dp) = (bij)pxp, bjl/(j) = dj, bjk: =0 Zf]{? 7& I/(])

In particular, the linear centralizer of {Z1, ..., Zy} is the set of mappings
(3.19) in which B are diagonal.

To continue our normalization for the family {77;}, we note that
cpl_lTHgol,..., gol_lTlpgol generate an abelian group of 2P involutions
and each of these p generators fixes a hyperplane. By [12, Lemma 2.4],
there is a linear transformation ¢ such that

o1 T = 012507, 1<j<p.

Computing two compositions on both sides, we see that ¢; must be in
the linear centralizer of Z. Thus, it is in the form (3.19). Of course,

#1 is not unique; ¢; is another such linear map for the same 7 1; if and
only if ¢1 = ¢1¢n with ¢ € C(Z4,...,Zp). By (3.19), we may restrict

ourselves to ¢ given by
(3.21) #1: (27, 27) — (27, Bz7).

Then ¢ yields the same family {T;} if and only if its corresponding

matrix B = BD for a diagonal matrix D.

In the above we have expressed all T11, ..., 711, via equivalence classes
of matrices. It will be convenient to restate them via matrices.

For simplicity, 7; and S denote Ti, S', respectively. In matrices, we
write

() m () () (o () 5(5)

Recall that the bold faced A represents a linear map A. Then

0 A A2 0
e ), o0,
Al 0 2px2p 0 A1 2px2p

We will abbreviate

£e* = (617 s age*)7 Sh* = (ge*Jrl?' o a£6*+h*)7 523* = (58*+h*+17' . agp)'

We use the same abbreviation for . Then (&, ,m.,), (§,.,Mp, ), and
(€25, , M2, ) subspaces are invariant under Ti;, 77, and p. We also de-
note by Tf*,Tlh*,Tf* the restrictions of 77 to these subspaces. Define
analogously for the restrictions of p,S to these subspaces. Define di-
agonal matrices Aje,, Aip,, A1s,, Of size ex X ey, hy X hy and s, X Sy
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respectively, by

A, O 0 0 A, O 0 0
0 Ay, O 0 _ 0 A, 0 0
A=l o 0 AL o0 |"MT| o 0 F. o

o 0o o0 A, 0 0 0 Al

154

Thus, we can express 17" and S% in (2s,) X (2s4) matrices

0 0 Ay, O Al 0 0 0
_— ——2
TS* — 0 O O Alsl* Ss* — 0 Als* 0 0
! Al 0o 0o o [’ 0 0 A2 O
0 A, 0 O o o o0 A

Let I, denote the k x k identity matrix. With the abbreviation, we can

express p as
0 I
pe* <Ie E*> ’ ph* IQh*7

0 I, 0 O
I, 0 0 O

Sx Sy
P =10 0o o I,
0 0 I 0

*

Note that p is anti-holomorphic linear transformation. If A is a complex
linear transformation, in (§,n) coordinates the matrix of pA is pA, i.e.

o (- (9

with
0 0 0 0 L O 0 O
o0 I, 0 0 0 0O O O
0 0 0 I 0 O 0 O
o o1, o 0 0o o0 o
P11, o o0 o 0 0 0 O
0 0 0 0 0 I, 0 O
0 0 0 0 0 0 0 I,
0 0 0 0 0 0 I O

For an invertible p x p matrix A, define an n x n matrix E5 by

171, -A -1 I, A
(322) EA «.— 5 <A_1 Ip ) 3 EA = <_A_1 Ip .

For a p x p matrix B, we define
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Therefore, we can express
(3.23) Ti; = EA,B.Z;B.'Ey;, Ty = pTyp,
(3.24) Z; =diag(1,...,1,-1,1,...,1).

Here —1 is at the (p+ j)-th place. By Lemma 3.3, B is uniquely deter-
mined up to equivalence relation via diagonal matrices D:

(3.25) B ~ BD.

We have expressed all {T11,...,T1p, p} for which Ty =Ty Ty, and p
are in the normal forms in Lemma 3.2 and we have found an equivalence
relation to classify the involutions. Let us summarize the results in a
lemma.

Lemma 3.4. Let {T11,...,Tp,p} be the involutions of a quadric
manifold M. Assume that S = T1pT1p has distinct eigenvalues. Then
in suitable linear (§,m) coordinates, Th1,...,Ty, are given by (3.23),
while Ty --- Ty = Ty and p are given by (3.5) and (3.8), respectively.
Moreover, B in (3.23) is uniquely determined by the equivalence relation
(3.25) for diagonal matrices D.

Recall that we divide the classification for {111,...,T1p, p} into two

steps. We have obtained the classification for 777 o --- 0Ty, = T7 and
p in Lemma 3.2. Having found all {T'1,...,T1,, p} and an equivalence
relation, we are ready to reduce their classification to an equivalence
problem that involves two dilatations and a coordinate permutation.

Lemma 3.5. Let {Tj1,...,Tp, p} be given by (3.23). Suppose that
Tl = Ty ---Tip, p, Tg = pTlp, and S = T1T2 have the forms in
Lemma 3.2. Suppose that S has distinct etgenvalues. Let {TH, e ,Tlp, o}
be given by (3.23) where \j are unchanged and B is replaced by B. Sup-
pose that RflleR = Ty for all j and Rp = pR. Then the matriz
of R is R = diag(a, a) with a = (a,,ay,,as,,4, ), while a satisfies the
reality condition
(3.26) a., € (R)®, ay, € (RO, a= a, € (C")*.
Moreover, there exists d € (C*)P such that for 1 <i,j <p
(3.27) B = (diaga) 'B(diag, d), i.e., ai_lbiyfl(j)dyfl(j) = byj.

Conversely, if a,d satisfy (3.26) and (3.27), then R™'Ty;R = Th,(j) and
Rp =pR.
Proof. Suppose RflleR = T\l,j(j) and Rp = pR. Then RIT\R=T,

and R~1SR = S. The latter implies that the matrix of R is diagonal.
The former implies that

R: & =a;&;, ;= azm;
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with a; € C*. Now Rp = pR implies (3.26). We express R~!Tj,;R =
T1,(j) via matrices:

(3.28) EAlf’)*Zy(j)ﬁ*_lEE =R 'E;,B.Z;B.'E R.

In view of formula (3.22), we see that Ex, commutes with R = diag(a, a).
The above is equivalent to that 1 := B;'RB, satisfies 2, = ¢_1Zj1/).
By Lemma 3.3 we obtain ¢ = diag(A, diag, d). This shows that

A 0 \_(I 0\ '[(diaga 0 (T 0
0 diag,d/ \0 B 0 diaga/ \0 B/’

The matrices on diagonal yield A = diaga and (3.27). The lemma is
proved. q.e.d.

Lemma 3.5 does not give us an explicit description of the normal
form for the families of involutions {T%1,...,Tp, p}. Nevertheless by
the lemma, we can always choose a v and diag d such that the diagonal
elements of B, corresponding to {Th,(l), e ,Tl,j(p), p}, are 1.

Remark 3.6. In what follows, we will fix a B and its associated
{T1,p} to further study our normal form problems.

3.2. Normal form of the quadrics. We now use the matrices B
to express the normal form for the quadratic submanifolds. Here we
follow the realization procedure in Proposition 2.1. We will use the
coordinates 2T, 2~ again to express invariant functions of T7; and use
them to construct the corresponding quadric. We will then pull back
the quadric to the (£,7n) coordinates and then to the z,Z coordinates to
achieve the final normal form of the quadrics.

We return to the construction of invariant and skew-invariant func-
tions 2, 27 in (3.15)-(3.18) when B is the identity matrix. For a general
B, we define ®; and the matrix fIlfl by

1 A
R —1._ p-lp-1 _ !
©(ZF,Z27)=(&m), B =B E, = <_B—1A1_1 B—1>'

Note that Z+ = 2 and ®;'Ty;®; = Z;, by (3.23). The Z+,Z; with
i # j are invariant functions of 71, while Z; is a skew-invariant function
of T1;. They can be written as

(3.29) Z* =&+ A, Z7 =BT (=ATE+).
Therefore, the invariant functions of 71 are generated by
Z7 =&+ Ay, (Z7)?=(B;(-ATE+n)?, 1<j<p.

Here Bj is the jth row of B~1. The invariant (holomorphic) functions
of T2 are generated by

(3.30) Wi =2ZFop, (W7 =(Z;0p)? 1<j<p
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Here W,” = Z; o p. We will soon verify that

m: (&n) = (2, w') = (Z7(&,n), WF ()

is biholomorphic. A straightforward computation shows that mpm™
equals

1
po: (2, w') — (W', 2).
We define

M: zy ;= (Z; o m~(2,2))%

We want to find a simpler expression for M. We first separate B from
Z~ by writing
(3.31) 77 :=(-A{'I), Z-=B7'Z".

Note that m does not depend on B. To compute Z o m~L, we will use

matrix expressions for (&, ,nc,), (&n..Mp,) and (§aq,, M2, ) subspaces.
Let me,, mp,, mg, be the restrictions m to these subspaces. In the ma-

trix form, we have by (3.30)
Wt=Z%p, W =Zp.
Recall that A; = diag(A.,, Ap., A1s., Ay, ). Thus

m [T Ay, N I Ay,
ex _Ale* I ; he — I Al_hl* )
T 0 Ay, 0
|01 o AL
=0 I 0 Al
I 0 Ay, ©
ml = [ 1 —Aqe, (I—A%e*)‘1 0
Cx __Ale* I 0 (I_A%e*)_l ’
mo! — 1 —A3 ] [@—-AT ) 02 X
he = =Aqn, Adp, 0 T—A5 )]
_A;si 0 0 _Als*
— —1
m—l — 0 A15* _Als* 0 Ls* 9 7
S -1 0 0 I 0 —Ls,
| O —1I I 0
(A7 = Ay,) ! 0
L, = * — ~—1._1] -
L 0 (Als* - Als*)

Note that I — A? is diagonal. Using (3.31) and the above formulae, the

matrices of Z;'om™, Z; om™!, and Z; ' om™! are respectively given
* * *



REAL SUBMANIFOLDS AT A CR SINGULAR POINT, II 27
by
—1 —1\—
v/ m, ' =L, [T —2(A, +AL)7Y,
2 —1 —1
Le* = (I - Ale*) (_Ale* - Ale*)7

Z, m; =L, [T —2Ay, (A, + A7),
Ly, = (I—A},) (—An, — AL,

S | -I-A2 0 0 2I|[L,, O
s, Mg~ = * —2 =
we 0 —I—-Aj, 2I 0|0 -Lg
i (L O 0 —2(I+ A7)
T o 1T 2@+ AT, ) 0 ’
S (I + Afsi)(Als* - Afsi)_l 0
" 0 (1+ A5, )AL, = Ag) |

Combining the above identities, we obtain

7-lm1— diag(Le*,Lh*,is*) <Ip7 —2diag (I‘e*,Am*l"h*, [I‘O I‘S*} >>
with f‘s* =1- fs* and

Fe* == (Ale* -+ Afei)_l’ I‘h* = (Alh* + A;hl*)—l’

(3.32) -2 _
Ls, = (I + Als*) !

We define Bj to be the j-th row of

(3.33) B := B !diag(L,,,Ly,, Ls,).
With 2z, = (2p—s,+1,---,2p), the defining equations of M are given
by
p+] {B — 26, Zc, ,2h, — th*Alh*Zh*a
2
—21“3* oo Zs, = 2(1-T4)Zs,)}"

Let us replace z; with j # h and z, by iz; and i/ A2, respectively for
1 <j <p. Replace z,y; by —2,¢;. In the new coordinates, M is given
by

= {B; - (2. + 2T¢.Z,, 24, + 2T, 7,

_ = 2
ZS* + 2’73*ZS*’ZS* + 2(1 - 75*)Z5*)} .

p+]



28 XIANGHONG GONG & LAURENT STOLOVITCH

Explicitly, we have

€*+h*
(3.34) QBA~: 2p+j = ( Z bie(ze + 2veZy)
=1
P—Sx N . 2
+ Z bjs(zs + 2’75§s+8*) + bj(s—l—s*)(szrS* + 2(1 - 75)23))
5:5*+h*+1
for 1 < j < p. Here
1 _
Ny =—>5 =T.
IRE VR

By (3.33), we also obtain the following identity
B = B~ diag(Le,, Ln.A})>, Ls.).

The equivalence relation (3.27) on the set of non-singular matrices B
now takes the form

~

(3.35) B = (diag, d) !B diaga,

where a satisfies (3.26) and diag, d is defined in (3.20).
Therefore, by Proposition 2.1 we obtain the following classification
for the quadrics.

Theorem 3.7. Let M be a quadratic submanifold defined by (2.1)-
(2.2) satisfying condition D. Let Ty, Ty = pTip be the pair of Moser-
Webster involutions of M. Suppose that S = 1115 has 2p distinct
eigenvalues. Then M is holomorphically equivalent to (3.34) with B e
GL(p, C) being uniquely determined by the equivalence relation (3.35).

Note that the holomorphic classification of {71, p} agrees with its
linear classification, while the holomorphic classification of the quadratic
manifolds cannot be restricted to linear transformations.

When B is the identity, we obtain the product of 3 types of quadrics

Qvet Zpye = (2e + 27eZe)’;
Q. Zpin = (2n + 29nZn)%;
(3.36) Qe Zpts = (2s + 2’7555+s*)27 Zptsts. — (Zs4s, +2(1 — 75)55)2
with
1 1 1

3.37 = ——
B30 = M 14+ 2

Note that arg As € (0,7/2) and |\s| > 1. Thus
(338) 0<ve<1/2, v, >1/2, 7s€{2€C: Rez<1/2,Imz > 0}.
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Remark 3.8. By seeking simple formulae (3.29) for invariant func-
tions Z1 of {T1;} and (3.30) for invariant functions W of {T5;} =
{pT1;p}, we have mismatched the indices so that W, (£, n), instead
of Wi, is invariant by Ths. In (3.36) for p = 2 and h, = e, = 0, by

interchanging (zs, zp+s) With (2gys,, Zp+sts.) We get the quadric (1.2),
an equivalent form of (3.36).

We define the following invariants.

Definition 3.9. We call (v1,...,7p—s,), given by formulae (3.37)-
(3.38), the Bishop invariants of the quadrics. The equivalence classes
B of non-singular matrices B under the equivalence relation (3.27) are
called the extended Bishop invariants for the quadrics.

Note that I'c, has diagonal elements in (0,1/2), and I';, has diagonal
elements in (1/2,00), and Ty, has diagonal elements in (—oo,1/2) +
(0, 00).

We remark that Z;" is skew-invariant by Th; for ¢ = j and invariant
by 71;. Therefore, the square of a linear combination of Z,..., 2
might not be invariant by all 77;. This explains the presence of B as
invariants in the normal form.

It is worthy stating the following normal form for two families of linear
holomorphic involutions which may not satisfy the reality condition.

Proposition 3.10. Let 7; = {Ti1,..., Tip}t,i = 1,2 be two fami-
lies of distinct and commuting linear holomorphic involutions on C?P.
Let Ty = Tj1 - - - Ty Suppose that for each i, Fix(T;1), ..., Fix(Ty,) are
hyperplanes intersecting transversally. Suppose that Ty, Ty satisfy (3.2)
and S = T1T5 has 2p distinct eigenvalues. In suitable linear coordinates,
the matrices of T;, S are

0 A A2 0
e (a 9) s (640

with Ay = Al_1 being diagonal matriz whose entries do not contain
+1,+i. The A% 1s uniquely determined up to a permutation in diagonal
entries. Moreover, the matrices of T;; are

(3.39) Tij = Ea,(Bi).Z;(B:), 'Ey!

for some non-singular complexr matrices B1, Bo uniquely determined by
the equivalence relation

(3.40) (B1,B3) ~ (B, By)
= ((diag a)*lBl diag,, di, (diag a)*lBg diag,, d2),
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where diag,, di,diag,, d2 are defined as in (3.20), and R = diag(a, a)
s a non-singular diagonal complexr matrixz representing the linear trans-
formation ¢ such that

e ' Tijo =Ty, 1=1,27=1,...,p.

Here T; is the family of the involutions associated to the matrices B,,

and Ep, and B, are defined by (3.22)-(3.23).

Proof. Let k be an eigenvalue of S with (non-zero) eigenvector wu.
Since T;ST; = S~!. Then S(T;(u)) = x~'T;(u). This shows that x~ ! is
also an eigenvalue of S. By Lemma 3.1, 1 and —1 are not eigenvalues of
S. Thus, we can list the eigenvalues of S as p1, .. ., ip, ufl, e ,,u]jl. Let
u; be an eigenvector of S with eigenvalue ;. Fix \; such that )\? = [j.
Then v; := A\;jT1(u ) is an eigenvector of S with eigenvalue uj_l. The
Y- &uj + njv; defines a coordinate system on C?? such that T}, S have
the above matrices A; and S, respectively. By (3.21) and (3.23), Tj;
can be expressed in (3.39), where each B; is uniquely determined up to
B; diag d;. Suppose that {7 15} {T nj} are another pair of families of lin-
ear involutions of which the corresponding matrices are Bl, B.. If there
is a linear change of coordinates ¢ such that go_lTijgo = Til,i(j), then in
the matrix R of ¢, we obtain (3.40); see a similar computation for (3.27)
by using (3.28). Conversely, (3.28) implies that the corresponding pairs
of families of involutions are equivalent. q.e.d.

Finally, we conclude the section with examples of quadratic manifolds
of maximum deck transformations for which the corresponding o is not
diagonalizable.

Example 3.11. Let K be a p x p invertible matrix. Let T, p,To =
pT1p, S have matrices

0 K o K'
T1:<K1 0)7 T2:<K 0 )7

(0 1, S_KK 0
=\, 0)0 "7l o k'K')

One can verify that the sets of fixed points of 771,75 intersect transver-
sally if

(3.41) det(K —K ') #£0.

We can decompose 11 = 111 --- 11, where T11,...,T}, are commuting
involutions and each of them fixes a hyperplane by using

(& 6)- (6 D)6



REAL SUBMANIFOLDS AT A CR SINGULAR POINT, II 31

In coordinates, we have Ty: (£,1)" — T1(&,n)". Thus the linear invari-
ant functions of {771, ...,T},} are precisely generated by linear invariant
functions of 77, and they are linear combinations of the entries of the
column vector ¢! + Kn'. On the other hand, the linear invariant func-
tions of {11, ..., Tsy} are linear combinations of the entries of the vector

&+ Kﬁlnt. The two sets of entries are linearly independent functions;
indeed if there are row vectors a, b such that

a(e' + Kn') + b(e' + K ') =0

then a = b and a(K — K_l) = 0. Thus a = 0 if (3.41) holds. Thus
condition (3.41) also implies (3.1)-(3.2). By Proposition 2.1, the family
of {T1,...,Thp, p}, in particular the matrix S, can be realized by a
quadratic manifold.

For a more explicit example, let J, be the p x p Jordan matrix with
entries 1 or 0. Then K = AJ,, satisfies (3.41) if A is positive and X # 1,

——-1 1
as K ' =\ J, L. For another example, set

[0 A, —— (NI 0
KA_()\Jq 0)’ KAKA_(O X2

with ¢ = p/2 and p even. If A € C and X # 0,+1 then K satisfies (3.41)

as
1 0o A1J!
Ky, =|-— 7.
A </\ 31 o )
When A =1 and ¢ = 2, we obtain S in (2.11) if the above J3 is replaced
1/2

by J, 7, the Jordan matrix with eigenvalue 1 and off-diagonal entries
1/2.

4. Formal deck transformations and centralizers

In section 2 we describe the equivalence of the classification of real
analytic submanifolds M that admit the maximum number of deck
transformations and the classification of the families {7i1,...,7ip, p}
of involutions that satisfy some mild conditions (see Proposition 2.1).
To classify the families of involutions and to find their normal forms,
we will also study the centralizers of various linear maps to deal with
resonance. This is relevant as the normal form of o will belong to the
centralizer of its linear part and any further normalization will also be
performed by transformations that are in the centralizer.

In this subsection, we describe centralizers regarding S , Ty and T:. We
will also describe the complement sets of the centralizers, i.e. the sets of
mappings which satisfy suitable normalizing conditions. Roughly speak-
ing, our normal forms are in the centralizers and coordinate transforma-
tions that achieve the normal forms are normalized, while an arbitrary
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formal transformation admits a unique decomposition of a mapping in
a centralizer and a mapping in the complement of the centralizer.

Recall that
(4.1) S:& =&, ny=p;'n, 1<j<p,
(4.2) Tp: & = Mgy, =X;'6 1<j<p
with p; = A, and Ay = Ay = A
Definition 4.1. Let F be a family of formal mappings on C" fixing
the origin. Let C(F) be the centralizer of F, i.e. the set of formal

holomorphic mappings g that fix the origin and commute with each
element f of F,ie.,, fog=gof.

Note that we do not require that elements in C(F) be invertible or
convergent.
We first compute the centralizers.

Lemma 4.2. Let S be given by (4.1) with [, by being non-

A~

resonant. Then C(S) consists of mappings of the form

(4.3) Ve &= ai(Eng,  m;=bi(Enmny, 1<5<p.

Let 11,19 be formal holomorphic involutions such that S = 7175. Then
i & = Aj(Emny,  my = A (En)E;, 1< <p

with AleQ_jl = pj. The centralizer of {Tl,Tg} consists of the above

transformations satisfying

(4.4) bj=aj, 1<j<p.

Proof. Let e; = (0,...,1,...,0) € NP, where 1 is at the jth place.
Let 1 be given by

&= a;pt™?, ni=> bires %

By the non-resonance condition, it is straightforward that if @bS’A: S¢,
then ajpq = bjop = 0 if P~ Q # e;. Note that S~! = TpSTy for
To: (§,m) — (n,€). Thus 1Ty commutes with S. So 717p has the form
(4.3) in which we rename a;,b; by Ayj, A1j, respectively. Now 72 = I
implies that

Arj(A1Aan)(Q)Cr, - (ApAip) (Q)G)AL () =1, 1< <p.
Then Ay;(0)A1;(0) = 1. Applying induction on d, we verify that for all

J
A (OA(O) =14 0(¢Y), d>1.

Having found the formula for 77y, we obtain the desired formula of 7
via composition (717p)7Tp. q.e.d.
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Let Dy := diag(p11,-- -, f1n), - - -, Dg := diag(per, - - -, fien) be diago-
nal invertible matrices with complex entries. Set D := {D;z}i=1 .

Definition 4.3. Let F' be a formal mapping of C” that is tangent
to the identity.

(i) Let n = 2p. F is normalized with respect to S, if F = (f,g) is
tangent to the identity and F' contains no resonant terms, i.e.

fiAvea = 0= gjaate;), |Al>0.

(i4) Let n = 2p. F is normalized with respect to {1}, Ty}, if F = (f, g)
is tangent to the identity and

fiAvea = —GjA(Ate;)s 1Al >0.

(#i7) F' is normalized with respect to D if it does not have components
along the centralizer of D, i.e. for each @ with |Q| > 2,

fio =0, if uf = p; for alli.

Let CS(S) (resp. C°(Ti,Ts), C5(D)) denote the set of formal mappings
normalized with respect to S (resp. {171, T3}, the family D). For conve-
nience, we let C5(S) (resp. C§(T1,Th), C5(D)) denote the set of formal
mappings F — I with F € C¢(S) (resp. C<(11,T3), C5(D)).

Let F = (Fy,...,F,): C" — C" be a formal mapping. Define a
formal mapping Fyyp,: C* — C" by

(Fsym)i,P = 133'?3565” |{FJ © V}P|>

where Sy, is the set of permutations v of coordinates z; — 2,(;). Let us
recall the following lemma from [12, Lemma 4.3].

Lemma 4.4. Let H be a real subspace of (53}%)” Let 7 : (ﬁ%)” —H
be a R linear projection (i.e. % = ) that preserves the degrees of the
mappings and let G = (I —W)(ﬁ%)" Suppose that there is a positive
constant C' such that m(E) < CEgyy, for any E € (/93}721)” Let F be a
formal map tangent to the identity. There exists a unique decomposition
F=HG ' withG—T€G and H—1¢eH. If F is convergent, then G
and H are also convergent.

Lemma 4.5. Let v be a mapping that is tangent to the identity.
There exist unique g € C(11,T2) and 11 € C(T1,Tz) such that ¢ =
¢17,Z)al. Moreover, if 1 is convergent, then g and {1 are convergent.

Proof. Let G = Co(Ty, Ts) and H = C§5(T1,T2). We need to find a R-
linear projection such that H = 7(92)", G = (I—x)(M2)", and n(E) <
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CEgym. Note that g € Cg(Tl,’fg) and h € Cg(Tl,Tg) are determined by
conditions

9jvrey = 9Gtmatrte)  NiGrey = MG atrre), 1 <7 <P,
95,PQ = 9+p)op =0, P —Q Fej.
Thus, if h — g = K, we determine g uniquely by combining the above
identities with

-1
Ii(vteiy = o~ {Kj’(’YJFej)’Y + K(J’+p)ﬁ('v+ej)} ’
1
R (ytes)y = 9 {Kj7(7+€j)7 - K(J'+P),’Y(’Y+€j)}
for 1 < j < p. For the remaining coefficients of h, set h; pg = K; pg-
Therefore, m(K) := h < Kyym and the lemma follows form Lemma 4.4.
q.e.d.

Analogously, for any formal mapping 1 that is tangent to the identity,
there is a unique decomposition ¢ = 111, with ¢y € C5(S) and 1y €

C(S). If 4 is convergent, then 19,1 are convergent.
Recall that for j =1,...,p, we define

We have seen in section 3 how invariant functions of Z; play a role in
constructing normal form of quadrics. In section 7, we will also need a
centralizer for non linear maps (see Lemma 7.2) to obtain normal forms
for two families of involutions. Therefore, let us first recall the following

lemma on the centralizer of Z1,..., Z,.
Lemma 4.6. The centralizer, C(Z1,...,Zy), consists of formal map-
pings

(57 77) — (U(§7 77)7 771V1(§7 77)7 cee 77727‘/;7(57 77))
such that U(&,n), V(&,n) are even in each n;. Let C°(Z1,...,Z,) denote
the set of mappings I + (U,V') which are tangent to the identity such
that for Q,Q" € 2NP,|P| 4+ |Q| > 1, and |P| +|Q’| > 0,

(4.5) Uj,pq =V} pe,+q) = 0.
Let 1) be a mapping that is tangent to the identity. There exist unique

Yo € C(Z1,...,2Zy) and ¢y € C(Zu,...,7Z,) such that 1 = 19y
Moreover, if ¥ is convergent, then 1y and 11 are convergent.

Proof. The lemma follows immediately from Lemma 4.4 in which H
is the R linear space of mappings (U,V') without constant or linear
terms, which satisfy (4.5). The projection 7 is the unique projection
onto H (i.e. 72 = 7, and 7 is the identity on ﬁ) such that 7 is linear
and preserves degrees, and 7(E) = 0 if E(¢,n) = O(|(&,1)]?) and E €
CQ(Zl, ey Zp) q.e.d.
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5. Formal normal forms of the reversible map o

Let us first describe our plan to derive the normal forms of M. We
would like to show that two families of involutions {7i;,72;,p} and
{71, T2, p} are holomorphically equivalent, if their corresponding nor-
mal forms are equivalent under a much smaller set of changes of coordi-
nates. Ideally, we would like to conclude that {71;,72;, p} are holomor-
phically equivalent if and only if their corresponding normal forms are
the same, or if they are the same under a change of coordinates with
finitely many parameters. For instance the Moser-Webster normal form
for real analytic surfaces (p = 1) with non-vanishing elliptic Bishop in-
variant falls into the former situation, while the Chern-Moser theory [7]
for real analytic hypersurfaces with non-degenerate Levi-form is an ex-
ample for the latter. Such a normal form will tell us if the real manifolds
have infinitely many invariants or not. One of our goals is to understand
if the normal form so achieved can be realized by a convergent normal-
izing transformation. We will see soon that we can achieve our last goal
under some assumptions on the family of involutions. Alternatively and
perhaps for simplicity of the normal form theory, we would like to seek
normal forms which are dynamically or geometrically significant.

Recall that for each real analytic manifold that has 2P, the maximum
number of, commuting deck transformations {7y;}, we have found a
unique set of generators 711, ..., 71, so that each Fix(7;) has codimen-
sion 1. More importantly 71 = 711 - - - 71p is the unique deck transforma-
tion of which the set of fixed points has dimension p. Let 75 = p11p and
o = 1172. To normalize {71}, T2j, p}, we will choose p to be the standard
anti-holomorphic involution determined by the linear parts of o. Then
we normalize ¢ = 772 under formal mapping commuting with p. This
will determine a normal form {7{, 75, p} and o* = 7{7*. This part of
normalization is analogous to the Moser-Webster normalization. When
p = 1, Moser and Webster obtained a unique normal form by a simple
argument. However, this last step of simple normalization is not avail-
able when p > 1. By assuming u associated to o* satisfies condition L,
we will obtain a unique formal normal form &, 7y, 79 for o, 71, 0. Next,
we need to construct the normal form for the families of involutions. We
first ignore the reality condition, by finding ® which transforms {7;}
into a set of involutions {7;} which is decomposed canonically accord-
ing to 71. This allows us to express {7i1,...,T1p, p} via {71, 72, ®, p},
as in the classification of the families of linear involutions. Finally, we
further normalize {71, 72, ®, p} to get our normal form.

Definition 5.1. Throughout this section and next, we denote {h}q
the set of coefficients of hp with multiindices P satisfying |P| < d if h(z)
is a map or function in z as power series. We denote by Ap(t), A(y;t),
etc., a universal polynomial whose coefficients and degree depend on a
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multiindex. The variables in these polynomials will involve a collection
of Taylor coeflicients of various mappings. The collection will also de-
pend on |P|. As such dependency (or independency to coefficients of
higher degrees) is crucial to our computation, we will remind the reader
the dependency when emphasis is necessary.

For instance, let us take two formal mappings F,G from C" into
itself. Suppose that F' = [+f with f(z) = O(|z]?) and G = LG + g
with g(x) = O(|z|?) and LG being linear. For P € N" with |P| > 1, we
can express
(5.1) (FYp =—fp+Fr({f}p-1);

(5.2) (GoF)p=gp+((LG)o f)p +Gp(LG;{f, 9} P|-1);
(5.3)  (Fl'oGoF)p=gp—(fo(LG)p+((LG)o f)p
+Hp(LG;{f, 9} 1p|-1)-

5.1. Formal normal forms of pair of involutions {7, 7% }. We first
find a normal form for o in C(S).

Proposition 5.2. Let o be a holomorphic map. Suppose that o has
a non-resonant linear part

S: & =p&, myj=p'n, 1<j<p

Then there ezists a unique normalized formal map U € C*(S) such that
o* = \Iltla\ll € C(S) Moreover, & = Lbo_la*wo € C(S’), if and only if
o € C(S) and it is invertible. Let

0" & = (En&,  ny = Vi(Enny,

a: &= (Eng, 0y =viEnny,

bo: & = a;(Em&;, ;= bi(En)ny-

(i) Assume that 71,72 are holomorphic involutions and o = T7s.
Then o* = 1{'15 with
(5.4) T =W &= N (Enny, = A (En)Es;

vi=u = AAy
Let the linear part of 7; be given by
Tp: & = Nijnys 15 = 254

Suppose that )\;jl = Aij. There exists a unique g € CC(Tl,Zf’g)
such that

Ti =g mvo: § = Nj(En)my,  my = AN (€&
1

(5.5) = AL =Vl Ay = Ay
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Let Y1 be a formal biholomorphic map. Then {2/)1 T, ¥y Tg¢1}
has the same form as of {71, 72} if and only if ¢ € C(T1,Ty);
moreover, Aw (&n), wj(§n) are transformed into

(56) A’Lj o 172}17 ﬁ] o 12;17

for $1(¢) = (diag e(¢))*¢, ¥1(&,m) = ((diag c(én))E, (diag c(én))n).
(ii) Assume further that 9 = pT1p, where p is defined by (3.8). Let

pz5Cj_>Zjv 1<j<es+thyg CS%ZHS*, ex + he <5 <p— s

Then p¥ = Wp, 75 = prip, and (c*)~' = po*p. The last two
identities are equivalent to

(5.7) Ayl =RKicop., Wops=h., 1<e<es

(5.8) A =Aypop., Wop:=m', e <h<h,+es

(5.9) Ay = Ais,4s) © P2

(5.10)  Ags.ts) = Ars 0 2, ulop, = Mg, s Metex <8< p—si

Let g and 7; = "gbg_lTi*w() be as in (i). Then py = op, and 71,72
satisfy
(5-11) ]\ie = ]\ie O Pz, ]\z_hl = ]\ih O Pz, ]\is—&-s* = ]\Z_Sl O Pz
Proof. We will use the Taylor formula

Flo+9) = £&)+ 3 1 Duf i) + Fons f(:9)
k=1""

with Dy f(a;y) = {0f f(z + ty)}i=o and
1
1
(5:12) R flasy) = (m+1) [((1=0" 30 0% f(a+ ty)y .
0 |a|=m-+1 o
Set D = D;. Let o be given by
& =ui(Eme + f(&m), = vi(Enn; + gi(€n)
with
(513) (fa ) ECQ( )7 Ord(fag) =d2=>2.
We need to find ® € C°(S) such that ¥~1oW¥ = o* is given by
& =w; (g, = vi(Enn;
By definition, ¥ has the form
§=&+Ui&n), m=n+Vi(&n), Uj(pre)p = Vj,p(pte;) =0
The components of Wo* are
(5.14) & = m;(En)&; + Us(n(En)€, v(Emn),
(5.15) = v (Emm; + Vi(r(Em)&, v(Emn).
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To derive the normal form, we only need Taylor theorem in order one.
This can also demonstrate small divisors in the normalizing transfor-
mation; however, one cannot see the small divisors in the normal forms.
Later we will show the existence of divergent normal forms. This re-
quires us to use Taylor formula whose remainder has order two. By the
Taylor theorem, we write the components of oW as

(5.16) & = (U3 (En) + Duj(Em (U + EV +UV)) (& + Uj)
+ £ (& n) + Dfi (& mU V) + A;(&m),
(5.17) iy = (Vi(€n) + DV (En)(nU + &V +UV)) (1 + V;)
+gg(§,n) + Dyg;(&n)(U,V) + B;(&,n).
Recall our notation that UV = (U1(&,n)Vi(€,n),...,Up(&,n)Vp(&,m)).
The second order remainders are
(5.18) Aj(&,n) = Ron(€n; €U +nV + UV)(&5 + Uj)
+ Raf;(§,m; U, V),
(5.19) Bj(&,n) = RaVy(§n; €U +nV + UV)(n; + V)

+ Rag;(&,m; U, V).

Note that the remainder Rou® is independent of the linear part of u’.
Thus

Rgu? = Rg(u? — Lp?), szg = RQ(V? — Lv?).

Calculate the largest degrees w, d’ of coefficients of u® — Lu®, (U, V, £, g)
on which A; pg depend: It is easy to see that d>d>2and w> 2.
We have
2w —2)+2(d+1)+1<|P|+|Q];
3+d+d <|P|+|Q| or 2d+d —2<|P|+]|Q|,
where the first two inequalities are obtained from the first term on the

right-hand side of (5.18) and its second term yields the last inequality.
Thus, we have crude bounds

< IPIHQ[+1-2d

= 2 9
Analogously, we can estimate the degrees of coefficients of v?. We obtain
(5.20)  Ajpo = Ajre({n’ - LHO}W; {£,U.V}pl4iQ-d):
(521) Bj,QP = Bj,QP({VO — LVO} ‘P|+|Q2H—1—2d; {g, U, V}|P|+|Q\—d>-

Recall that {f,U,V}q is the set of coefficients of fpg,Upq,Vpg with
|P| +|Q| < d. Here A; pq(t';t"), Bjop(t';t") are polynomials of which
each has coefficients that depend only on j, P,Q) and they vanish at
t" =0.

d <|P|+]Ql -
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To finish the proof of the proposition, we will not need the explicit
expressions involving Du?, DV?, Df;, Dg;. We will use these derivatives
in the proof of Lemma 6.1. So we derive these expression in this proof
too.

We apply the projection (5.14)-(5.15) and (5.16)-(5.17) onto C5(5),
via monomials in each component of both sides of the identities. The
images of the mappings

(&n) = (UmEME v(EN), V(m(ENME, v(EnN)),
(& m) = (WO ENUE M),V ENV(E )

under the projection are 0. We obtain from (5.14)-(5.17) and (5.18)-
(5.19) that dp = d. Next, we project (5.14)-(5.15) and (5.16)-(5.17) onto
C»(9), via monomials in each component of both sides of the identities.
Using (5.13) and (5.20) we obtain

(5.22) Wip= H?,P +{Dfj(U,V)}pie,.p
+ MP({HO}Wv {f’ Uv V}P(d))v
(5.23) vjp =V} p+{Dgi(U,V)}ppic,

+ Np({\/o} 2|P\2172d ; {g, U, V}p(d))

with
P(d) =2|P|+1—d.

Here M p, Np are polynomials of which each has coefficients that depend
only on P, and {u°}, stands for the set of coefficients u% with |Q] < a
for a real number a > 0. Note that U; pg = V;op = 0 when |P|+|Q| =
2, or ord(f,g) > |P|+|Q|. And Mp = Np =0 when ord(f,g) > P(d),
by (5.13). We have

{U;(nEmE, v(Emn)trg =
1" =CU; pg + U po ({1, v} LRI {Uhp1iQ1-2)-

Comparing coefficients in (5.14), (5.16), and using (5.20), we get for
t=|P|+Q

(179 = 1j)Ujpq = {fj + Df;(U, V) pg
+ Z/{%PQ({HD}Zqude, {u, V}%; {f, U, V}g,g).

2
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We have analogous formulae for Vjop. Using (5.22), we obtain with
[Pl +1Q| =¢
(5.24) (W% = w)Ujpq = {f; + Df;(U,V)}rq

+ U pQU{n’ V'  ai {£,9,U. Vi),
(5:25) (" = ;" Viop = {g; + Dg; (U, V)}rg

+ VJ,QP({HOa ‘VO}%; {f’ g, Uv V}f—2)-
for u’=@ % p;, which are always solvable. Inductively, by using (5.25)-
(5.26) and (5.22)-(5.23), we obtain unique solutions U, V,u,v. More-

over, the solutions and their dependence on the coefficients of f,g and
small divisors have the form

(5.26) (179 — p)Ujpq = {f; + Dfj(U,V)}pq
+ U po(0o—2, {1’ VO}%; {f 9}e—2),
(5:27) (7" = u;YVigr = {g; + Dg;(U,V)}rq
+ V;,QP((S@—% {uov ‘VO}Z*TCI; {f7 9}6—2),

where ¢ = |P| + |Q| and pP~@ # p;, and
P 1
(5.28) 0p = U{Mpﬂj_l,P:PeZp,P#ej,\P\gﬁ}.
i1 L

This shows that for any u°, v" there exists a unique mapping ¥ trans-
forms o into o*. Furthermore, LlijQ(t'; "), ;‘,Qp(t’; t") are polynomials
of which each has coeflicients that depend only on j, P, ), and they van-
ish at ¢ = 0.

For later purpose, let us express u, v in terms of f,g. We substitute
expressions (5.27)-(5.28) for U,V in (5.22)-(5.23) to obtain

(5.29) wjp =Wy p +{Df(U,V)}pic;p
+ M p(0pay, {1°, VO}@; {f:9}pPay);
(5.30) Vjp =V p +{Dg;i(U.V)} ppie;

+ N p(6pa), {1, VO}@; {f,9}p(a))-

with f, g satisfying (5.13).

Assume that ¢ = 1, Lo*4pg commutes with S. By Corollary 4.5,
we can decompose ¢y = HG™! with G € C(S) and H € C(S). Fur-
thermore, G™16G commutes with S and H 1o*H. By the uniqueness
conclusion for the above 1y, H must be the identity. This shows that

o € C(S).
(7). Assume that we have normalized 0. We now use it to normalize
the pair of involutions. Assume that ¢ = 717 and Tj2 = I. Then
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o* = 115, Let To(€,m) := (n,€). We have Ty(o*) 1Ty = Torfo* i To.
By the above normalization, Tp(0*) ™7y commutes with S. Therefore,

71Ty belongs to the centralizer of S and it must be of the form & n) —
(€A1(€n),nA%(€n)). Then (77)? = I implies that

A1 (En(ALAT)(Em))AT(En) = 1.
The latter implies, by induction on d > 1, that AjA] = 1+ O(d) for all
d>1,1ie. AlAy{ =1. o
Let 77 be given by (5.4). We want to achieve AjjAy; = 1 for 7 =
Yo 7710 by applying a transformation 1y in C¢(77,Ty) that commutes
with S. According to Definition 4.3, it has the form
do: & =&(1+a;(0), m=m(1 = a;(0))
with a;(0) = 0. Here C] = fjn] and ¢ := (Cl, e ,Cp). Computing the
products ¢ in C and solving C in ¢, we obtain
Yo G =&+ bi(Q) 7N = n(1—=b;(0))
Note that (a?)p = Aj p({a}p|-1), and
&nj = &1 —a3(Q), &y = &mi(1—b3(O) ™"
From zpo‘lwo =1, we get
(5.31) b;j(¢) = a;(C), bjp =ajp+Bjp({a}p-1).
By a simple computation we see that 7; = 9 1Ti*1/10 is given by
& =ik (), iy = GALH(C)
with o 3
A1jAz;(C) = (AijAz) (O (1 +b;(¢N) 72 (1 = a;(0)*.
Here (; = (j(1— a? (). Using (5.32) and the implicit function theorem,
we determine a; uniquely to achieve Alj]\gj =1.
To identify the transformations that preserve the form of 71,7, we

first verify that each element 11 € C (T 1,T2) preserves that form. Ac-
cording to (4.4), we have

P 5] 5]a3(5)7 nj = ~j~j(C)a
Yt € = @ b

This shows that ¢, '7; is given by
& = Ay (Ob(Omy, 15 = A1 (OB (O

Then ), *71b1 is given by
& = MOy, 1 = 051 (O&-
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Since (; = fjd?(f), then ¢f1ﬁw1 still satisfy (5.5). Conversely, sup-
pose that ¥, preserves the forms of 71,7. We apply Corollary 4.5 to
decompose ¥ = gbl(;ﬁgl with ¢g € C(Tl,Tg) and ¢ € CC(Tl, Tg) Since
we just proved that each element in C (T 1, Tg) preserves the form of 7;,
then ¢1 = ¥1¢g also preserves the forms of 7, 7. On the other hand,
we have shown that there exists a unique mapping in CC(Tl, Tg) which
transforms {7}, 75} into {71,72}. This shows that ¢9 = I. We have
verified all assertions in (7).

(i). It is easy to see that C°(S) and C(T1,T3) are invariant under
conjugacy by p. We have U"lo¥ = ¢* and ¥ € CC(S). Note that
pop = o~ and po*p have the same form as of (0*)71, i.e. they are in
C(S‘) and have the same linear part. We have pWpop¥~1p = p(c*)~!p.
The uniqueness of ¥ implies that p¥Up = ¥ and 75 = p7{p. Thus, we
obtain relations (5.7)-(5.10). Analogously, piop is still in CS(T7,Th),
and pggp preserves the form of 71, 7o. Thus piop = ¥y and T» = pTip,
which gives us (5.11). q.e.d.

We will also need the following uniqueness result.

Corollary 5.3. Suppose that o has a non-resonant linear part S,
Let W be the unique formal mapping in CC(S’) such that ¥~ loW €
C(S) IfU e CC(S) is a polynomial map of degree at most d such that
T LoW(E,n) = 6(€,m) + O((€,n)|4) and & € C(S), then W is unique.
In fact, ¥ — ¥ = O(d+1).

Proof. The proof is contained in the proof of Proposition 5.2. Let us
recap it by using (5.27)-(5.28) and the proposition. We take a unique
normalized mapping ® such that 10 ~16¥d e C(S). By (5.27)-(5.28),
® = I 4+ O(d+1). From Proposition 5.2 it follows that g := UdW ! €
C(S). We obtain U® = ¢o¥. Thus 100U = ¥ + O(d + 1). Since
Yo € C(9), and ¥, ¥ are in C¢(S), we conclude that ¥ = ¥ + O(d 4 1).

q.e.d.

For clarity, we state the following uniqueness results on normalization.

Corollary 5.4. Let o have a non-resonant linear part and let o be
given by

& =u)(En& + 17Em), 0= Vi€ + 45 (& n).
Let @ =1+ (U, V) € CS) and let o* = U~ aW be given by
& =1, (EmE + fi&,m),  m; = vi(€mny + g; (&)
Suppose that (f°,¢°) and (f,g) are in CS(S), and
ord(f°,¢% >d, ord(fj,g;) >d, d=>2.
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Then ord(U, V) > d and
(5.32) Wip=ulp, Vip=Vip, 1<2/P|+1<2d—1

Proof. By Corollary 5.3, we know that ord(U,V) > d. Expanding
both sides of oW = Wo* for terms of degree less than 2d — 1, we obtain

ul (En)(&5 + U;(€,m) + Dud(En)(EV +nU)E; + £7(€m)
= (EnE; + fi(&m) + Ui(u(EnE, v(Enn) + O(2d — 1).

Note that &V;(¢,n)¢; and n;U;(€,n)¢; and Uj(n(€n)€, v(§n)n) do not
contain terms of the form §Q77Q§j. Comparing the coefficients of £¢7n’ &

for 2|P| +1 < 2d — 1, we obtain the first identity in (5.33). The second
identity can be obtained similarly. q.e.d.

When p = 1, Proposition 5.2 is due to Moser and Webster [19]. In

fact, they achieved

B1(Gr) = e’
Here § = 0,+1 for the elliptic case and § = 0, +¢ for the hyperbolic
case when pp is not a root of unity, i.e. v is non-exceptional. In par-
ticular the normal form is always convergent, although the normalizing
transformations are generally divergent for the hyperbolic case.

Let us find out further normalization that can be performed to pre-
serve the form of o*. In Proposition 5.2, we have proved that if o is
tangent to S, there exists a unique ¥ € C¢(S) such that ¥~—'oW is an
element o* in the centralizer of S. Suppose now that o = 7179 while 7;
is tangent to T;. Let T = U1, ¥, We have also proved that there is a
unique by € C<(T1,T») such that 7; = Vo Lo, i = 1,2, are of the form
(5.5), i.e.

i & = Nij(Omy, mj = MO
5: & =1;(Q8, nj=n;"(n;-

Here ¢ = (&imi,---,&mp), ./~X2j = ./NXl_jl and p; = A%j. We still have
freedom to further normalize 71, 7o and to preserve their forms. However,
any new coordinate transformation must be in C(71,75), i.e. it must
have the form

Ui: & = ai(€n)€,  my — ai(En)ny.
When 19; = p71p, we require that 1)1 commutes with p, i.e.
(e = Qe, Ap = Qp, Qs = s,
In ¢ coordinates, the transformation 1, has the form
(5.33) ¢ = bi(0)G, 1<j<p
with b; = ajz. Therefore, the mapping ¢ needs to satisfy

be >0, by>0, by=bys,.
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Recall from (5.7)-(5.10) the reality conditions on p;

1 <e<ey;

Il
=

He 0Pz
ﬁhopz

e’

}:1, ex < h < hy + ey

Il
=

ﬁs*-i—s = ﬁ;lopm hi +ex <5< p— 84
Here
pz: G — ij Cs = Zs-i—s*? Cogsr — Cs
for 1 <j<e,+heand e, + he < s < p— s,
Therefore, our normal form problem leads to another normal form

problem which is interesting in its own right. To formulate a new nor-
malization problem, let us define F' = (F1,...,F)) by

(6531 F(Q):= {105“‘3'@/ W), 1] e
—ilog(p;(€)/1;(0)), ex<j<p.
Then the reality conditions on g become
(5.35) F=p,Fp,.
The transformations (5.34) will then satisfy
pzppz =, b;(0)>0, 1<j<e+hs.

Under condition L on @, we have transformed the reality condition on p
into a linear condition (5.36). This will be useful to further normalize f.
Therefore, when F”(0) is additionally diagonal and invertible and its jth
diagonal entry is positive for j = e, h, we apply a dilation ¢ satisfying the
above condition so that F' is tangent to the identity. Then any further
change of coordinates must be tangent to the identity too. Thus, we
need to normalize the formal holomorphic mapping F' by composition
F o p, for which we study in next subsection.

5.2. A normal form for maps tangent to the identity. Let us
consider a germ of holomorphic mapping F'(¢) in CP with an invertible
linear part A( at the origin. According to the inverse function theorem,
there exists a holomorphic mapping ¥ with ¥(0) = 0, ¥/(0) = I such
that F o ¥(¢) = A¢. On the other hand, if we impose some restrictions
on ¥, we can no longer linearize F' in general.

To focus on applications to CR singularity and to limit the scope
of our investigation, we now deliberately restrict our analysis to the
simplest case : F'is tangent to the identity. We shall apply our result to
F' as defined by (5.35). In what follows, we shall devise a normal form
of such an F' under right composition by ¥ that preserve all coordinate

hyperplanes, i.e. ¥;(¢) = (V;(¢), j=1,...,p.

Lemma 5.5. Let F' be a formal holomorphic map of CP that is tan-
gent to the identity at the origin.
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(i) There exists a unique formal biholomorphic map 1 which preserves
all ¢; = 0 such that F := F o1 has the form
(5:36) F(Q)=¢+ Q). FQ) =0l d,f=0, 1<j<p.

(13) If F is convergent, the v in (i) is convergent. If F commutes
with p,, so does the 1.
(tit) The formal normal form in (i) has the form

(5.37) fiqo=tio—{Dfi-flo+FioUfho-2): ¢ =0, Q> 1L

Here Fjq are universal polynomials and vanish at 0.
Proof. (i). Write F'(¢) = ¢+ f(¢) and
¥ (=G +¢Ggi(C), g;(0)=0.
For F' = F o1, we need to solve for f, g from

15(0) = ¢igi(Q) + fi 0 w(Q)-
Fix Q = (q1,...,¢p) € NP with |Q| > 1. We obtain unique solutions

(5.38) 9i.Q-¢; = —{fiW(O)}e: ¢ >0,

(5:39) fie =@}, ¢ =0

We first obtain gj g, = —fi.0 + Go({f}1g-1,{9}0—2)- This deter-
mines

(5.40) 9i.0-e; = —fi@ + Go{ S Hgi-1)-

Next, we expand f;(¢(C)) = f;(¢) + Df;(C) - (Qg1(C),- -, pgp(C)) +
Raf;i(¢;Cg(C)). The last term, with ord g > 1, has the form

{R2£(¢:¢9(O)}o = Fio({fHoi-2: {9}01-2) = Fio({f}ig1-2)-

Combining (5.40), the expansion, and (5.41), we obtain (5.38).

(43). Assume that F is convergent. Define h(¢) = 3 |hgl¢?. We
obtain for every multi-index @ = (q1,...,¢p) and for every j satisfying
g =1

gj,Qfej < {T](Cl + Cl§1(<)7 SER) Cp + Cpgp(g))}Q :
Set w(¢) =Y (xg;(¢). We obtain
w(() <Y FilG +w(Q), -, G+ w(())-

Note that f;(¢) = O(|¢|*) and w(0) = 0. By the Cauchy majorization
and the implicit function theorem, w and hence g, ¥, f are convergent.

(¢i1). Assume that p,Fp, = F. Then pzﬁpz is normalized, p,¥p,
is tangent to the identity, and the jth component of pZFpZ(C) —( is
independent of ;. Thus p.1p. normalizes F' too. By the uniqueness of
1, we obtain p,¥p, = 1.
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By rewriting (5.40), we obtain

(5.41) fiq=fio+{fi®) - fite = fio + Flol{f o1 {9}0-2)-
From (5.39), it follows that

IkQ—er = —J1,Q T Gk.@—er {f H1Q1-15 19} 1Q|-2); Q] > 1.

Note that {g}o = 0 and {f}1 = 0. Using the identity repeatedly, we
obtain gi.q—e, = —fk,Q + 9% g—e, ({f}@/-1). Therefore, we can rewrite
(5.42) as (5.38). q.e.d.

5.3. A unique formal normal form of a reversible map o. We
now state a normal form for {7, 72, p} under a condition on the third-
order invariants of o.

Theorem 5.6. Let 71, 75 be a pair of holomorphic involutions with
linear parts T;. Let o0 = 11719. Assume that the linear part of o is

S: &=k, mi=pi'n, 1<i<p

and pi,. .., 1y are non-resonant. Let W € C°(S) be the unique formal
mapping such that

T =W U &= Ay, ) = Ag(En) T
oF =UoW: & =)&) =w(En) '

with p; = Alele. Suppose that w satisfies condition L.

(1) Then there exists an invertible formal map 11 € C(S) such that
o=yt & = Nj(€nmy, = Ay (Em) ;s
(5-42) 6=yt g = y(Eng, 0= iyEn) ;.

Here AQJ' = Afjl, and T; is the linear part of 7;. Moreover, o
satisfies (1.7).

(73) The centralizer of {71, T2} consists of 2P dilations (&,m) — (a&, an)
with aj = £1. And Aij are unique. If A;; are convergent, then
18 convergent too.

(ii7) Suppose that ¢ is divergent. If o is formally equivalent to a
mapping & € C(S) then & must be divergent too.

(iv) Let p be given by (3.8) and let 7o = pr1p. Then the above ¥ and
1 commute with p. Moreover, 7;, 6 are unique.

Proof. Assertions in (7) are direct consequences of Proposition 5.2 and
Lemma 5.5 in which F is the M in Proposition 5.2. The assertion in (i)
on the centralizer of {71, 72} is obtained from (5.6) of Proposition 5.2
in which Aij = Aw Indeed, by (5.6), if ¢ preserves {7i,72}, then
»(&m) = (c(&n)S, c(§n)n) and fi;(c*(€n)én) = f1;(&n). This shows that
i 00 = iy, for $(C) = A(O)C. Since fi; — ;(0) = ;¢ + o(|¢?) then



REAL SUBMANIFOLDS AT A CR SINGULAR POINT, II 47
1 is the identity, i.e. ¢; = £1. Now (ii7) follows from (7i) too. Indeed,
suppose o is formally equivalent to some convergent

5: & =m(EnE, = 1;(En) .
By Lemma 5.5, there exists a unique convergent mapping ¢: Cj’~ =

b;(¢)¢; (1 < j < p) with b;(0) = 1 such that fto ¢ is in the normal
form (1.7). Then

(&) = (0> (em)&;, b (Enyny), 1<j<p

transforms & into a convergent mapping o,. Since the normal form for
u is unique, then 6 = o,. In particular, ¢ is convergent.

(iv). Note that pop = o~1. Also p(c*)~!p has the same form as o*.
By (p¥~1p)a(p¥p) = (po*p)~t, we conclude that p¥Up = ¥. The rest
of assertions can be verified easily. q.e.d.

Note that (u;!,--- ,u;l) is also normalized in the form (1.7). Under
condition L, the above theorem completely settles the formal classifica-
tion of {71, 72,p}. It also says that the normal form 7,72 can be
achieved by a convergent transformation, if and only if ¢* can
be achieved by some convergent transformation, i.e. the ¥ in
the theorem is convergent.

5.4. An algebraic manifold with linear o. We conclude the section
showing that when 71,72 are normalized as in this section, {7;;} might
still be very general; in particular {71, p} cannot always be simultane-
ously linearized even at the formal level. This is one of main differences
between p =1 and p > 1.

Example 5.7. Let p = 2. Let ¢ be a holomorphic mapping of the
form

p: & =&+ qi(&n), n=mn+N"G(TiEn), i=1,2.

Here ¢; is a homogeneous quadratic polynomial map and

Ti(€,m) = (Mim1, Aama, AL 1, Ay H6a).

Let m; = gZ)legb_l and m; = pr1jp. Then ¢ commutes with 77 and
71 = T1. In particular 79 = pT1p and 0 = 772 are in linear normal
forms. However, 717 is given by

€1 = Mm — (i, A7) + a1 (\am, &2, A7 €1, m) + O(3),

& =& — (&) + 2(Mim, &2, AT &, me) + O(3),

o= A6 = A @ (Em) A @ (€, damz, m, Ay 6e) + O(3),
mh =n2 — Ay q2(An, A7) + Ay Tqa (&, Aam, i, Ay &) + O(3).
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Notice that the common zero set V' of &1 and &a1o is invariant under
71, 72,0 and p. In fact, they are linear on V. However, for (¢',7n) =
711(€,1), we have

&t = —ma1(0,&,m) + 111 (0, Aanz,m, A3 €2) — AT 1qa(0, Aamz, A1)
+ A 6qi(0,&, A7, m2)  mod (&im1, Eama, O(4)).
For a generic ¢, 71 does not preserve V.

By Proposition 5.2, {711, 712, p} is not linearizable, when the above
linear ¢ is non-resonant. By a simple computation, we can verify that
oj = 7725 for 7 = 1,2 do not commute with each other. In fact,
we proved in [12] that if the puq,...,p, are nonresonant, o; commute
pairwise, and o is linear as above, then 71; must be linear.

6. Divergence of all normal forms of a reversible map o

Unlike the Birkhoff normal form for Hamiltonian systems, the normal
form of Poincaré-Dulac is not unique for a general o; it just belongs to
the centralizer of the linear part S of . One can obtain a divergent
normal form easily from any non-linear Poincaré-Dulac normal form of
o = 1172 by conjugating with a divergent transformation in the central-
izer of S; see (5.6). We have seen how the small divisors enter in the
computation of the normalizing transformations via (5.27)-(5.28) and
(5.22)-(5.23) in the computation of the normal forms. To see the effect
of small divisors on normal forms, we first assume a condition, to be
achieved later, on the third order invariants of o and then we shall need
to modify the normalization procedure. We will use two sequences of
normalizing mappings to normalize 0. The composition of normalized
mappings might not be normalized. Therefore, the new normal form
¢ might not be the ¢* in Proposition 5.2. We will show that this &,
after it is transformed into the normal form & in Theorem 5.6 (7), is
divergent. Using the divergence of &, we will then show that any other
normal forms of o that are in the centralizer of S must be divergent too.
This last step requires a convergent solution given by Lemma 5.5.

Our goal is to see a small divisor in a normal form &; however they
appear as a product. This is more complicated than the situation for
the normalizing transformations, where a small divisor appears in a
much simple way. In essence, a small divisor problem occurs naturally
when one applies a Newton iteration scheme for a convergence proof.
For a small divisor to show up in the normal form, we have to go be-
yond the Newton iteration scheme, measured in the degree or order of
approximation in power series. Therefore, we first refine the formulae
(5.22).

Lemma 6.1. Let o be a holomorphic mapping, given by
=)+ fEm), ny=V)(Enm+g5(&n), 1<j<p
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Here u?(()) = [j = V?(O)_l. Suppose that ord(f,g) > d > 4 and I +
(f,g) € C(S). There exist unique polynomials U,V of degree at most
2d — 1 such that W =1+ (U, V) € CS(S) transforms o into

0% € = u(EnE+ f(&m), 0 =vEnn+gEn)
with I+ (f,§) € CS(S) and ord(f,§) > 2d. Moreover,

(6.1) Uipg = (172 — 1)~ (fj.rq
+ uj*,PQ<5€727 {on VO}%v {f7 9}8—2)),
(6.2) Viar = (" = 17" giqr

+ V;,QP((SK—% {uoa Vo}d; {f7 9}3—2))7
for2 < |P|+|Q| = £ < 2d—1 and u"=@ # ;. In particular, ord(U, V) >
d. Also,
(6.3) wip=ulp 2/P[+1<2d-1,
(6.4) wip =Wy p +{DfU V) preyp, 2P| +1=2d—1.
Assume further that u° satisfies condition L. Then for 2|P|+1 = 2d+1,
we have
(6.5) Wip= U?,P + 1y {2(UjVj)PP + (UJ’Q)(PJrej)(P—ej)}
+{Dfi(U,V)} (e, p-

We recall that ¢; is defined by (5.29).

Remark 6.2. Note that (6.3) follows from (5.33). Formulae (6.3),
(6.4), (6.5) give us an effective way to compute the Poincaré-Dulac
normal form. Although (6.4) contains small divisors, it will be more

convenient to associate small divisors to (6.5) when we have 3 elliptic
components in o.

Proof. Let D; denote O¢,. Let Du(§,n) and Dv(¢) denote the gradi-
ents of two functions. Let us expand both sides of the {; components
of Wg* = oW for terms of degree 2d + 2. For its left-hand side, Corol-
lary 5.3 implies that ord(U, V) > d and we can use ord DU, - (f,§) >
2d—1+d > 2d+2 as d > 3. For its right-hand side, we use (5.16)-(5.19).
We obtain

(6.6)  w& + fi(€.n) +Uj(ue, vn) = fi(&n) + Df;(&,n)(U, V)
+A;(En) + (M? + Dud(nU + €V + UV)) (& + Uy) + O(2d + 2),

where p, v, u%, v9 are evaluated at &n and U,V are evaluated at (€, 7).

Since f(u(¢n)&, v(Emn) = O(I¢,n*%), then (6.1)-(6.2) follow from
(5.27)-(5.28), where by Definition 5.1

U pg(50) =V op(::0) =0.
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Next, we refine (5.30) to verify the remaining assertions. We recall from
(5.18) the remainders

Aj(&,n) = Rot)(En; €U +nV + UV)(&5 + Uj) + Rofi(€,m; U, V).

Here by (5.12), we use the Taylor remainder formula

1
Rof(ziy) =2 /O (-1 32 0" o+ )y dr.

|a|=2
Since ord(U,V) > d, ord(f,g) > d, and d > 4, then Aj;, defined by
(5.18), satisfies

Aj(&.n) = O(|(&n)[4H2).

(€
Recall that f;(&,n) and U;(€,n) do not contain terms of the form &;¢Fn?,
while g;(&,m) and V;(€,m) do not contain terms of the form n;¢Fnt.
Comparing both sides of (6.6) for coefficients of &;¢n? with |P| = d—1,
we get (6.4).

Assume now that condition L holds for u°. Assume that i # j. Then

Dipd(én) = O(Ién)). Thus, Dud(En)nUi(€,m) and Dind(En)&Vi(€,m)
do not contain terms of ¢Fnf, and

Dind (En)&EU (€, mVi(€,m) = O(2d + 3).

Since (f,g) € C5(S) and (f,g) = O(2d), then f;(w(€n)€, v(Enn) does
not contain terms £'nf¢; for 2|P|+1 = 2d+ 1. Now (6.5) follows from
a direction computation. q.e.d.

Set |dn(p)| := max {|v|: v € dn(u)} for

p
_ 1
on(w) = U {ﬂjﬁﬂjlvp_.: PeZl, P #ej|P| SN}-
j=1 K = Hj

Definition 6.3. We say that p/>—@~ — p; and p @b —u;l are small
divisors of height N, if there exists a partition

P
{1772 = uls P.Q € NP, |P|+|Q < N, u"=9 # i} = S§ U Sk
i=1
with |pf>~@ — ;] € S% and S} # 0 such that
max S < Cmin SY, max S < (min Sy)EY < 1.
Here C' depends only on an upper bound of |u| and |u|~! and
Ly > N.

If ],uP**Q* — 5| is in S?V and if Py, Q. € NP, we call | P, — Q.| the degree
of the small divisors p* =@~ — p; and pQs =P _ uj_l.
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To avoid confusion, let us call pf>~@ — p; that appear in S the
ezxceptional small divisors. These small divisors have been used by Cre-
mer [8] and Siegel [21]. The degree and height play different roles in
computation. The height serves as the maximum degree of all small
divisors that need to be considered in computation.

Roughly speaking, the quantities in S?V are comparable but they are
much smaller than the ones in S}V. We will construct p for any pre-
scribed sequence of positive integers Ly so that

max S% < (min S)XV < 1
for a subsequence N = N tending to oco. Furthermore, to use the
small divisors we will identify all exceptional small divisors of height
2Nk + 1 and all degrees of the exceptional small divisors with Nj being
the smallest.

We start with the following lemma which gives us small divisors that
decay as rapidly as we wish.

Lemma 6.4. Let Ly be a strictly increasing sequence of positive inte-
gers. There exist a real number v € (0,1/2) and a sequence (pk, q) € N?
such that e, 1,v are linearly independent over Q, and

(6.7) e — pr. — €| < A(pg, g) “rrtar,
. 1
(68)  Alprsar) = min{ 5, lav = p —rel: 0 < |r] + || < (a5 + 1),
(p7 q, T) 7& Oa i(pka gk, 1)7 :l:2(pk‘a dk, 1)}

Proof. We consider two increasing sequences {my}2,{ni}p>, of

positive integers, which are to be chosen. For £k =1,2,..., we set
V_Vk+yk7 Vk}_g § |’ § § |’
0 mﬁ 0J’
>k
Q= mk!-

We choose my, > (my)!(ng!) for k > ¢ and decompose
QK = Pk + ex + €,

o =mplv_1 €N, e = Z o e, = myluy.

/
We have e} < my!} . ) 57 and

oo

1
Qv =pr + e+ €) — Z ik
é*nk—ﬁ—l

(6 9) ‘QkV — Pk — 6‘ < mk'Vk + Z < {12 Qk + 1)3)!}*ka+qk )
= nk-‘rl
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Here (6.9); is achieved by choosing (ma,n1), ..., (Mg41,n) succes-
sively. Clearly we can get 0 < v < 1/2 if m; is sufficiently large.

Next, we want to show that re+p+qr # 0 for all integers p, ¢, r with
(p,q,7) # (0,0,0). Otherwise, we rewrite —mg!p = my!(qv + re) as

mi o0
my,! mk
—milp = qpr 1Y - +ge+q (e — Y j +r E

The left-hand side is an integer. On the right-hand side, the first two
terms are integers, qe is a fixed irrational number, and the rest terms
tend to 0 as kK — co. We get a contradiction.

To verify (6.7), we need to show that for each tuple (p, ¢, r) satisfying
(6.8),

1
(6.10) lqv — p —re| > |qpv — pr — e| Prtax .
We first note the following elementary inequality

1

1
6.11 > mi —e, —
( ) ]p+qe|_(q_1)!m1n{3 e,q+1

}, pg€sd, q=1
Indeed, the inequality holds for ¢ = 1. For ¢ > 2 we have gqle = m + ¢
with m € N and

-> 4

k= q+l

2 —

_ _ 1
Furthermore, 1 — e > 1 s

»—w—-

We may assume that ¢ > 0. If q = 0, then |r| < 3¢x + 3 by condition in
(6.8) and hence |p + re| > Gar +4) by (6.11). Now (6.10) follows from

(6.9). Assume that ¢ > 0. We have

te e+ pr — qrV
(6.12) | —qu+ptre>|— g2 " +p—{—re|—q|p’:]qk|
K
|ap—ape | rar—q le + pr — qi|
= + el —qg——"——.
ak ak k

We first verify that qixp — qpr and ¢ — rqx do not vanish simultaneously.
Assume that both are zero. Then (p, q,7) = r(pg, gk, 1). Thus |r| # 1,2,
and |r| > 3 by conditions in (6.8); we obtain |r| 4+ |q| > 3(|gx| + 1), a
contradiction. Therefore, either gpp — gpr or rqr — q is not zero. By
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(6.11) and (6.12),

1 1 1 le + pr — qiv|
—qu+pt+rel> —- - —q
| | a 3 (Irax —ql +1)! Qk
1
Zm—‘l‘e‘ﬂ%—qw‘-

Using (6.9) twice, we obtain the next two inequalities:

1 _ 1
| —av+ptrel 23 {Bas + 427" > |pp + e — gr| raton.
The two ends give us (6.10). q.e.d.

We now reformulate the above lemma as follows.

Lemma 6.5. Let L be a strictly increasing sequence of positive in-
tegers. Let v € (0,1/2), and let pp and g be positive integers as in
Lemma 6.4. Set (u1, 2, p3) == (e 1, e, e®). Then

(6.13) [ — pal < (CA(P)™, Pr= (i, 0),
6.11)  A(B) = min{[p" — )z R € 2%, R < 20gs +pi) + 1

R — €; 7é O? :t(pkh gk, _1)7 iZ(pk, gk, _1)}

Here C does not depend on k. Moreover, all exceptional small divisors
of height 2|Py| 4+ 1 have degree at least |Py|. Moreover, u — us3 is the
only exceptional small divisor of degree |Py| and height 2| Pg| + 1.

In the definition of A*(Py), equivalently we require that
R # Py, Ry, R;, Rj
with R}, := —Pj, + 2e3, R} := 2P, — e3, and R} := —2P; + 3e3. Note
that |RL| = |Py| + 2, |R;| = 2|P| + 1, and |R}| = 2|P;| + 3 are bigger
than | Py, i.e. the degree of the exceptional small divisor u* — 3. Each

uRi — p3 is a small divisor comparable with puf* — 3. Finally, A*(Py)
tends to zero as |Py| — oo. Let us set N := 2|P;| + 1, and

1 2 3
St = {1 = gl It — g, 1 — o), 1% — s}

Sk = U{“‘R_Mj‘: Re Z3|R| < 2(qr + pr) + 1,

J
R—e; #0, £(pr, qr, —1), i2(pk,qk,—1)}-

This implies that the last paragraph of Lemma 6.5 holds when the Ly
in Definition 6.3, denoted it by L'y, takes the value L’y = Lon41, while
Ly is prescribed in Lemma 6.5.
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Proof. By Lemma 6.4, we find a real number v € (0,1/2) and positive
integers pg, gx such that e, 1, v are linearly independent over Q and

(6.15) lqev — e — prl < Apg, qr) 175!,
A(pg,qr) = min{|qv —re — p|: 0 < |r| + |g| < 3(gx + 1),
(pu q, T) 75 07 :l:(pk’ dk, ]-)7 i2(pka dk, 1)} .

Note that p1, pa, us3 are positive and non-resonant. We have
0% — as] = ] - Jet P 1)

Let v* := (—1,v,e). If [R-v* — vj[ <2, then by the intermediate value
theorem

e 2ll|R- v — | < I — | < Pyl [R- v — ).

IfR-y*—V;.‘>20rR-V*—1/j’f<—2,wehave

R -2
W™ = il = eyl
Thus, we can restate the properties of v* as follows:

= #o00) — pg| < C'(C"Alpr ai) "1

A(pry ) = min { |79 = 1: 0 < |r| + la] < 3(ax + 1),
(p7Q7T) 7é 07 :l:(pkv qk; _1)7 i2(pk7 dk; _1)} .

Recall that 0 < v < 1/2. By (6.15), we have |gxv — e — pg| < 1. Since

Pk, Qi are positive, then pp < vqr < qp/2. Assume that |uf — il =
A*(Py), |R| < 2(pr + qx) + 1, and

R — €j 7& 07 :t(pka dk, _]-)a iQ(pka dk, _]-)

Set R’ := R—e¢j and (p,q,7) := R'. Then A*(Py) = ||| —1|. Also,
Ir| + g < [R'| <Rl +1<2(pk +aqr) +2 < qr +2q +2 < 3(qr +1).
This shows that |u? — 1| > A(pk, ¢). We obtain A*(P;,) > i A(p,qr)-
We have verified (6.13). For the remaining assertions, see the remark

following the lemma. q.e.d.

In the above we have retained p; > 0 which are sufficient to realize
11, 2, 143, ul_l, o L 3 ! as eigenvalues of o for an elliptic complex tan-
gent. Indeed, with 0 < p; < 1, interchanging &; and n; preserves p and
changes the (£1,7;) components of ¢ into (uy &1, p1m1).

We are ready to prove Theorem 1.4, which is restated here:

Theorem 6.6. There exists a non-resonant elliptic real analytic 3-
submanifold M in CS such that M admits the mazimum number of deck
transformations and all Poincaré-Dulac normal forms of the o associ-
ated to M are divergent.
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Proof. We will not construct the real analytic submanifold M directly.
Instead, we will construct a family of involutions {711, .., Tip, p} so that
all Poincaré-Dulac normal forms of o are divergent. By the realization
in Proposition 2.1, we get the desired submanifold.

We first give an outline of the proof. To prove the theorem, we first
deal with the associated ¢ and its normal form &, which belongs to the
centralizer of S, the linear part of ¢ at the origin. Thus ¢* has the form

o & =g, ny=vi€nm;, F=1,....p.

We assume that p satisfies condition L. We then normalize ¢* into the
normal form & stated in Theorem 5.6 (7). (In Lemma 6.1 we take F
to be (5.35) and E to be defined by (5.35) with M; replacing M;.) We
will show that & is divergent if o is well chosen. By Theorem 5.6 (i),
all normal forms of ¢ in the centralizer of S are divergent. To get o*,
we use the normalization of Proposition 5.2 (7). To get &, we normalize
further using Lemma 5.5. To find a divergent &, we need to tie the
normalizations of two formal normal forms together, by keeping track
of the small divisors in the two normalizations.

We will start with our initial pair of involutions {70, 79} satisfying
79 = prp such that o¥ is a third order perturbation of S. We require
that 70 be the composition of 79, ... ,T{)p. The latter can be realized
by a real analytic submanifold by using Proposition 2.1. We will then
perform a sequence of holomorphic changes of coordinates ¢y, such that
= @kaflgplzl, 8 = prfp, and 0% = 7f7¥. By abuse of notation,
Tf,ak, etc. do not stand for iterating the maps k times. Each ¢y is
tangent to the identity to order di. For a suitable choice of ¢g, we
want to show that the coefficients of order dj, of the normal form of o*
increase rapidly to the effect that the coefficients of the normal form
of the limit mapping ¢* increase rapidly too. Here we will use the
exceptional small divisors to achieve the rapid growth of the coefficients
of the normal forms. Roughly speaking, the latter requires us to keep
track the rapid growth for a sequence of coefficients in the normal form
in a sequence of two-step normalizations. Recall from Lemma 6.1 that
if we have

o: & =wi(En&+ fi(&n), ny=vi(Emny +gi(&n), 1<j<p
with ord(f,g9) > d > 4 and (f,g) € C5(S), then there is a polynomial

mapping U: & =&+ U(E,n),7 = n+ V(€,n) in C(S) that has order d
and degree at most 2d — 1 such that for the new mapping

6:=V"toW: & = [,(En& + fi(&m), ) =Vi(Enn; + ;€ n),
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the coefficients of p;(£n)¢; of degree 2d + 1 have the form

(6.16) fjp=w;p+ iy {2(Ujvj)PP + (sz)(PwLej)(P—Ej)}
HDF (U, V)Y pre,)p-

It is crucial that for suitable multi-indices, both Uj, \7j contain the ex-
ceptional small divisors of degree d as formulated in Lemma 6.5 (see
also Definition 6.3). Although D fj(ﬁ ,V) contains (exceptional) small
divisors, they can only appear at most once in each term, provided f;
contains no small divisor of degree d. The formula (6.16) appears as
simple as it is, it requires that ¢ has been normalized to degree d. To
achieve such a o, we need to use a preliminary change of coordinates
O: ¢ =¢+U(,n),n =n+V(En) via polynomials of degree less than
d. The ® depends only on small divisors of degree < d, but none of
them are exceptionally small. Therefore, by composing Y®, we obtain
(6.16) where small divisors of degree < d are absorbed into terms p; p
and the products of two exceptional small divisors in (6.16), if they ex-
ist, dominate the other terms in fi; p. Of course, we need to apply a
sequence of transformations ®, ¥ and we should leave the coefficients
of a certain degree unchanged in the process once they become large,
which are possible by Corollary 5.4.
We now present the proof. Let 0¥ = 770, 79 = pr{p, and

& =AY Emmny, = (AL (Em) 1,
0%: & = (AL (En)*¢,  my = (AY;(Em) " (Emny-
Since we consider the elliptic case, we require that (A(l)j(ﬁn))2 = ;%M.

So ¢ — (A9)2(¢) is biholomorphic. Recall that o can be realized by
{1, ,T?p,p}. We will take

(6.17) pr: &= (E—hP©),m), ordn® =dy >3,
(6.18) dp > 2di_y, W) <1

(k)
J

A? denote the polydisc of radius 7. Let || - || be the sup norm on C3.
Let H®) (¢) = ¢ — hF)(€) and we first verify that Hy = H® o...0 H1)
converges to a holomorphic function on the polydisc A,, for r; > 0
sufficiently small; consequently, ¢ o --- o @1 converges to a germ of
holomorphic map ¢ at the origin. Note that H®*) sends A, into

We will also choose each k() to have one monomial only. Let A, :=

Apyyy for g =+ r,‘i’“ . We want to show that when r; is sufficiently
small,

)7’1.

1
(619) Tk < Sk = (2 — E
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It holds for k = 1. Let us show that rgiq/rp — 1 < Ok := skr1/sK — 1,
i.e.

1
(k+1)(2k—-1)

We have (2r1)% =1 < (2r1)* when 0 < r; < 1/2. Fix 7 sufficiently small

such that (2r1)* < m for all k. By induction, we obtain (6.19)

for all k. In particular, we have || (&)|| < ||€]| + [|H®) (€)|| < 2rps1
for ||€|| < 7. To show the convergence of Hy, we write H, — Hy_1(£) =
—h®) o Hj._1. By the Schwarz lemma, we obtain

<O =

di—1
Tk

27rk11
1M 0 Hia ()l < —g=lgl™,  llell <.
1

Note that the above estimate is uniform under conditions (6.17)-(6.18).

Therefore, Hy, converges to a holomorphic function on [|£|| < 7.
Throughout the proof, we make initial assumptions that dj, and h(*¥)

satisfy (6.17)-(6.18), e ™1 < p; < ef, and p@ # 1 for Q € Z3 with Q # 0.

Set 0% = 7f7¥, 78 = prfp, and

k k-1, _—1
T = PET] P -

We want o* not to be holomorphically equivalent to o*~!. Thus we have
chosen a ¢y, that does not commute with p in general. Note that o¥

is still generated by a real analytic submanifold; indeed, when Tik_l =

Tfl_l e TZ-I;_l and ng_l = ,07'{“]-_1 p, we still have the same identities if the

superscript k — 1 is replaced by k and Tfj equals g@kaflcp];l. It is clear
that of = oF~1 4+ O(dy). As power series, we have

(6.20) ol =" 1+ O0(dy), k<l<oo.

. . . oo 1 k oo 12 k
Note that as limits in convergence, Ty = limyg oo T Tio = limy o0 7;

and 0™ = limy_,o oF satisfy

oo (o¢] oo oo (o.¢] o oo oo (o ejiNe o)
Toj = P70, Ty =T " Tip, Tg =PTL P, 0 =Ty Ty .
Of course, {711,...,Tip, p} satisfies all the conditions that ensure it can

be realized by a real analytic submanifold.

We know that o does not have a unique normal form in the central-
izer S. Therefore, we will choose a procedure that arrives at a unique
formal normal form in S. We show that this unique normal form is
divergent; and hence by Theorem 5.6 (iii) any normal form of o that is
in the centralizer of S must diverge.

We now describe the procedure. For a formal mapping F', we have a
unique decomposition

F=NF+N°F, NFecC(S), NFecCS).
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Set 65 = 0. For k = 0,1,..., we take a normalized polynomial
map ®; € C5(S) of degree less than dj, such that op° := @,;1&,3011% is
normalized up to degree d — 1. Speciﬁcally, we require that

Take a normalized polynomial map Wy, such that \Ika and o7 | =

v 1% CWy4 satisfy

deg \I’k—i-l < 2dy —1; \I’k+1 € Cg(S), Ncﬁgi_l = O(Qdk)

We can repeat this for £ = 0,1,.... Thus we apply two sequences of
normalization as follows

- -1 -1 g1
Uk—i—l ‘I’k+1°‘1’k W 0Py 0o o®PyoWy - PpoWgyy.

We will show that ¥y = I 4+ O(dg) and @ = I + O(2di—_1). This
shows that the sequence ®oW; --- Py Wy defines a formal biholomor-
phic mapping ® so that

(6.21) 6% =3 160

k+

is in a normal form. Finally, we need to combine the above normalization
with the normalization for the unique normal form in Lemma 5.5. We
will show that the unique normal form diverges.

Let us recall previous results to show that &, Uy, are uniquely
determined. Set

¢ =i en)g; + £ e,m),

(022 = 0 + a0 e,
(6.23) (f %, g®)) e c5(9).

Recall that 69 = 0*°. Assume that we have achieved
(6.24) (.59 = O(2dy—y).

Here we take d_; = 2 so that (6.22)-(6.24) hold for £ = 0. By Propo-
sition 5.2, there is a unique normalized mapping &, that transforms
0p° into a normal form. We denote by ®; the truncated polynomial
mapping of @, of degree dj, — 1. We write

o & =+ UNEn), 0 =n+VH(E ),
U®, V) =0(2), deg(U®,V®)<dy—1.
By Corollary 5.3, ®;, satisfies
L & =ueng + £ e,

o =@, o7 Py
v emm; + g (€.,
(6.25) (f®,9%) e cs(S), ord(f™,g"™) > dy.
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In fact, by (5.27)-(5.28) (or (5.25)-(5.26)), we have
k — — Ak
(6.26) Ul = (" — )~ { £,
IO (R A PR VAN P
k — — k
(6:27)  Vigp =" —p;")" {gj( op
+ ViarGat ABY YPa {(FO, 5000 |
for |P| +1Q| = d < di and pf=@ # p;. By (5.30)-(5.31) (or (5.22)-
(5.23)), we have
(6.28) uﬁa) = HSJ) + Mp(d91p|-1, {a® (k)}|P|—1§ {F®, 5% p121),
(6.29) ng) = Vp +NP(52\P\ 1 {H )}|P\_1; {f(k)7§7(k)}2|13|—1)
for 2|P|—1 < dj. Recall that U; pq, Vj,Qp, M, p, and Nj p are universal
polynomials in their variables. In notation defined by Definition 5.1,
Ujpq(*;0) = Viqr(+;0) =0, Mp(+;0) = Np(+;0) = 0.
We apply (6.26)-(6.27) for d < 2d;_1 < dj, and (6.28)-(6.29) for 2|P| —
1 < 2dj,_1 < dj to obtain

(6.30) @, — 1= U® VFEY = 0©2d,_y),
(6.31) up =g, vp) =9 [P <di,

In fact, by Corollary 5.4, the above holds for |P| < 2dj_1 — 1.
By Lemma 6.1, there is a unique normalized polynomial mapping

\I]k-‘rl(gv 77) = (g + U(kJrl) (57 77)’ n + V(k+1) (5) 77))7
(UED, VET) € 5(5),
(D yEDY — 0(2),  deg(U*+D, VE+DY < 24, — 1
such that 675, = \Ifk+1<I> 0°® W11 satisfies the following:

oo . (k k k (K
63 &= i Eme; + 1D, = v ey + g,

(Mﬂ(ﬂme@w»ommﬂﬂ“ﬂbzwh
By (6.1)-(6.2), we know that

(K — — k
632)  Ufg = "2 — ) {1
+ Ui poBe1, An® VO (9, g ) |
~ (k _ o _ k
633)  Vior' =" — ) {ale

+ Vip(Ge1, 10, v s 10, g0}, )}
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for d, < |P|+|Q| = ¢ < 2d; — 1 and puP~9 # ;. Recall that U pg and
V> op are universal polynomials in their variables. In notation deﬁned
by Definition 5.1, U po(0) = Vi op(;0) = 0. Thus
(6.34) Upyq — I = (UFD VERD) = O(dy,),
f(k) (k)
(6.35) oo = 1iPQ D _ 95.QpP

7»PQ uP—Q — 1 7,Q QP — ’uj—l
for |P| + |Q| = dy. Here u~@ # u;. By (6.3)-(6.5), we have
(6.36) @\'mt =pl% 1P <dp -1

(6.37) ugklj,l) = 51)3 + {Df (5’77)(0(1%1)7 V(k+1))}

(P+ej)P’
|Py| =di, — 1
(6.38) 5; ) §k1)a+uj {Q(Ujgkﬂ)vj(kﬂ))]jp
(K
+ (O preype) |
(k) F(k+1) (k1) B
Df! Pl
D@ ) e =,

As stated in Corollary 5.4, the coefficients of ﬂg.kﬂ)(rfn)ﬁj of degree

2d;, + 1 do not depend on the coefficients of f*), g(%) of degree > 2dy,
provided (£, g®)) = O(dy) is in C§(S) as it is assumed.

Next, we need to estimate the size of coefficients of u*) that appear
n (6.36)-(6.38). Recall that we apply two sequences of normalization.
We have

~ 00 1 — —1 —1 00
Opr1 = \I/kJrlo(I) WU o® oo oPgo Wy PpoWy .

Thus, M®*) N®) depend only on ¢, &g, Uy, ®1, ..., Uj_q, By

Recall that if uy, ..., u,, are power series, then {u,...,un}q denotes
the set of their coefficients of degree at most d, and [{u1,...,um}4|
denotes the sup norm. We need some crude estimates on the growth of
Taylor coefficients. If F' = I+ f and f = O(2) is a map in formal power
series, then (5.1)-(5.3) imply

(6.39) {E bl < @+ H{fImD)™
{G o Flml < 2+ [{f.G}m|)'
(6.40) {F ' oGoF}ul <2+ {f.Glnl)™

In general, if F; are formal mappings of C" that are tangent to the
identity, then

{E - FUIGF - Fiyl < 4+, o Fr, Gl )ome, 1<k < o0
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In particular, if F; = I +O(j) for j =1,...,m, then for any k > |P| :=
m we have

(F,;1~~-Ff1GF1---Fk)p = (F,ZI'--FflGFr“Fm)P,
{F7 - FUYGE - Bl < Q4+ 1{F1, oo Foy Gl), 1<k < 0.

We may take £, by ¢,,, while ¢,, depends only on m. We have similar
estimates for Fj, - ~-F1GF1_1 . -Fk_l. Recall that 1/\/5 <A< e/? <
4. Using Tfj = kaTfj_lgolzl = <pk...<p17{)jg01_1...90]:1 and hence 7§ =
k- o1mer oot and oy = TF(p7Ep), we obtain |[{Tf}m| < (2 +
{2, 01, @mtm|)fm < 6% and |{o},,] < (8%m)fm. Thus we obtain

(6.41) [{o" Yl < 8, {0 }m| < 81 n.

Here we have used (6.17)-(6.18).
For simplicity, let ¢; denote §;(t). Inductively, let us show that for
k=0,1,...,

(6.42)  {a®™ VOV p| <164, 1), m=2|P|+1 < 2dg_q — 1,
(6.43) {68 }pol < [82q_,—1"™, m=|P|+|Q| > 2dj_y — 1.
(6.44) W+ V) < 6P, m=2|P| 4 1,

(6.45) 0ol + 190 bl < [8ae—1lF™, m=|P|+ Q| > dy.

Note that the last inequalities are equivalent to [{o°},| < |8a,—1]5™.
Here and in what follows L,,, does not depend on the choices of 1, di, h(k)
which satisfy the initial conditions, i.e. 1/e < pj < e® and (6.17)-(6.18)
but are arbitrary otherwise. However, it suffices to find constants L, j
replacing L,, and depending on k such that (6.42)-(6.45) hold. Indeed,
by (6.30) and (6.34) we have ¥y = I +O(dy) and & = I+ O(2di—1).
Since 675, = U, 1,051 and 0f° = @, '67°®;, then

1 =05 +02dg—1), o33 =op +O(dg)

as dj > 2dj_1. Since dj, increases to oo with k, then (6.42)-(6.45) with
L., i, in place of L,, imply that they also hold for

L, = mlgnmax{Lm,l, cois Ly : (070 —63°,0° —63°) = O(m), £ > k}.

Therefore, in the following the dependence of L,, on k£ will not be in-
dicated. The estimates (6.42)-(6.43) hold trivially for 65° = >, k =0
and d_; = 2 by (6.20) and (6.41). Assuming (6.42)-(6.43), we want
to verify (6.44)-(6.45). We also want to verify (6.42)-(6.43) when k is
replaced by k 4+ 1.

The ®;, = I + (U®, V(*) is a polynomial mapping. Its degree is at
most dj, — 1 and its coefficients are polynomials in {64 }4,—1 and dg,—1;
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see (6.26)-(6.27). Hence
(6.46) U ol + Vol < l8aal"m m =Pl +Ql.

Applying (6.40) to o° = &, 167°®, we obtain (6.44)-(6.45) from
(6.42)-(6.43). Here we use that fact that since dy > 2di_1, the small
divisors in 624, ,—1 appear in d4,—1 too. To obtain (6.42)-(6.43) when
k is replaced by k + 1, we note that WUy,; is a polynomial map that
has degree at most 2d; — 1 and the coefficients of degree m bounded by
55&:_1; see (6.32)-(6.33). This shows that

(k+1) k+1) m —
(6.47) |U] PO |+ IV;(QP | < [6agy 1|, |P|+1Q| =

We then obtain (6.42)-(6.43) when k is replaced by k + 1 for 675, by
applying (6.40) to 675, = ¥, | 07°Ws4q and by using (6.44)-(6.45) for
o and (6.47) for V4.

Let us summarize the above computation for 6°° defined by (6.21).
We know that 6°° is the unique power series such that 6% —63° = O(dy)
for all k, and 6°° is a formal normal form of ¢°°. Let us write

soc. & = 1 (En)g;,
=V Enmy.

Let [P| < dy,. By (6.31), we get @5 = u¥ ™ by (6.36) in which k
(12 (k1)

is replaced by k + 1, we get [, = up as |P| < di < dg41 — 1.
Therefore,

~ (k+1
(6.48) i =i, [P < dy.

For |P| < di, — 1, (6.36) says that §k+1) = ugf); by (6.44) that holds
for any P, we obtain
(6.49) || =[5V < |da 1P, m=2(P|+1, |P|<dp—1,
(6.50) 65| < 10a, 1" (1 + [6a,]), m=2|P|+1=2dy — 1.
We have verified (6.42)-(6.45). The sequence L, depend only on
(6.51) m=dy+1, dgdg_1,...,do, dj>2d;j—1, d;j>3.

(k+1)

To obtain rapid increase of coefficients of ﬁj p , we want to use both
small divisors hidden in U jﬁ’in and VJ'EIZ?)P in (6.38). Therefore, if ug.?g
is already sufficiently large for |P| = dk that will be specified later, we

take o to be the identity, i.e. Tf = 7'1 ~1. Otherwise, we need to achieve

it by choosing
K k=1 _—1
T = $YkTy P -
Therefore, we examine the effect of a coordinate change by ¢y on these
coefficients.
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Recall that we are in the elliptic case. We have p(&,n) = (77,€) and
¥ = prFp. Recall that
s &= (€= nM(E)m), ordh® =dy > 3.

By a simple computation, we obtain

€ n) =71 & n) + (=hP (), ATTRB(€)) + O(| (€, )|+,
(&) = 157HE ) + (AP (), —hEN(AE)) + O(|(€,m)| %),

Then we have
(6.52) of =oF 4 (0 <k>) + O(dy, +1);

"(g,n) = —AhBI(XE) — ) (A%¢),
Mg, n) = A2 () + Ylh( J(A1n).

k

Since ¢” converges to o, from (6.52) it follows that

(6.53) o® =" 14+ (r® Py L O®dy +1).
For |P| + |Q| = di, we have

ride = {—Ajhf’(x&) - hﬁ-’“)(v&)} ,
PQ

k k — k
We obtain

(654)  rlF = —aPrepE) _ x2PpE)
(655) s, = a2 a-Pmen®) p— g,
(6.56)  rio = sg.fgp =0, 1P|+ Q| = di, Q #0.

The above computation is actually sufficient to construct a divergent
normal form & € C(S). To show that all normal forms of o in C(S) are
divergent, We need to related it to the normal form & in Theorem 5.6,
which is unique. This requires us to keep track of the small divisors in
the normalization procedure in the proof of Lemma 5.5.

Recall that F*+1) is defined by (5.35) in which u; are replaced by

ﬁ§k+1) . Thus

(6.57) FFY0) =g +al©), 1<j<s.

We also define F° by (5.35) in which [1; are replaced by ﬁjoo Then
F2(¢) = ¢j +a5°(¢). Then by (6.48),

k+1
(6.58) % =alg ", |P| < dy.
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By (6.57) and log(1 + z) =z + %2 + O(3), we have for |P| > 1
k+1 —1q (k1 14 (k1 ~ (k41
(6.59)  al'FV(Q) = u Y+t alE + A p (Y ).
By (6.49)-(6.50), we estimate the last two terms as follows
k *
(6:60) [ A5 p({B)" ™} pi2)| < [8aa|"Er, |P] = d, m = 2P| +1,
(6.61) [0V < [dg [P (L4 10a, ), m=2|Q| +1 = 2dy — 1.

Here L;, > 1 is independent of k£ and depends only on the degrees of the
polynomials \A; p. Recall from the formula (5.38) that F(**1)| F> have

the normal forms F*+1 = J 4 a(k+1) and F>™ = I + 4>, respectively.

The coefficients of a'* 5 ) and &fQ are zero, except the ones given by

(k k k
it = aé 51 —{Da{" B} 4 B o ({a®tD} o)),

a\%) = d\%) —{Dal™ - g + B o({a™) g -a),

for @ = (q1,...,qp),q; = 0, and |Q| > 1. Derived from the same
normalization, the B; g in both formulae stands for the same polynomial

and independent of k. Hence &g.?;;) = dgfﬂ) for |P| < di, by (6.58).
Combining (6.38) and (6.48) yields ag%, = &ggl) and

k k ~(k
(6.62) asQ = 2TV 0 + (0 +1))2)(Q+63)(Q—es)
4z YD (€@ VEDY o+ Ag({RF DY 0-0)
g g + 5 G e — {Daf -t g,

The above formula holds for any @ with |Q| = dk. To examine the effect
of small divisors, we assume that

Py = (pk,qx,0), |Px| = di

are given by Lemma 6.5, so are u1, uo, and usz. However, P, and p
depend on a sequence L,, (to be renamed as L/) in Lemma 6.5.
We will determine the sequence L], and hence P, and y; later.

Note that the second term in (6.62) is 0 as the third component of
Py — e3 is negative. We apply the above computation to the Py. Taking
a subsequence of Py if necessary, we may assume that d > 2d;_1 and
dp—1 > 3 for all £ > 1. The 4 exceptional small divisors of height
2|Pg| +11in (6.14) are

2P —e3 —2Pg+es _ ,,—1

P — g, pm =gt op —p3, R i3
The last two cannot show up in as’p, , since their degree, 2d;+1, is larger
than the degrees of Taylor coefficients in ag p, . We have 3 products of
the two exceptional small divisors of height 2|P;| + 1 and degree |Pg|,
which are

(0P —pa) (e =gy, (% = pg) (7 —pg), (= =gy (=

—pz )
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The (Uékﬂ)ffékﬂ)) P, P, contains the first product, but none of the other
two. The third term and fék) in a3°%, do not contain exceptional small
divisors of degree |Py| = dj, > 2dj—1 — 1. Since fék) = O(dg) by (6.25),
the exceptional small divisors of height 2|P;| + 1 can show up at most
once in the fourth term of asp, - Therefore, we arrive at

1
M, 9M}a,)

~ 00 (k1) ¢ (B+1 -

as p, = 2U§7;;€0)‘é(70;k) + ‘A}Dk (5dk—17 ﬂ

| -1, (k N
+ AR, (0a,—1: L™, 0% Ya,) + 13 1ué}k + Ap, (0" VY 5 2)

_ k k
+ g gy — (DafY g
. 1 2(k+1) (k1
.A;lﬁ(5dk71a m; {f(k)yg(k)}dk) = (Ué,]j,;o)a ‘/})(,O;F%))

) A?jDk (5dk—1; {f(k)’g(k)}dk)
Note that fl}pk and Ap, are polynomials independent of k. Set
m = Qdk + 1.

In the following we can increase the value of L}, in (6.60) or when
it reappears for a finite number of times such that the estimates in-

volving L7 are valid for all k. By (6.44) and (6.60), we obtain |uék},k] +

|A?j3k (ﬁl(k+1)}|pk|,2)| < 55}?}{". By (6.59), the smallest |Q| for which a; ¢
contains an exceptional small divisor in d4, is 2|Q|+ 1 = 2d, — 1. Now,

{Dagkﬂ) -a**11 p is a linear combination of products of two terms and
at most one of the two terms contains an exceptional small divisor; if
the both terms contain an exceptional small divisor, one term is aékg,l)

with 2|Q'[+1 > 2d; — 1, while another is a{,) with 2/Q"|+1 > 2d;—1.

(Here Q' —e; + Q" = Py, and the ith component of @’ is positive.) Then
di = |Ps] = |Q'| +|Q"]| — 1 > 2dj, — 2, a contradiction. Therefore, by
(6.59)-(6.61), we have

k *
{a{™ a0y b | < (8PP (1 + 64, ]).

By (6.61), we also have [u\’3" | < |34, 1" (1 + |04,]). Omitting the

arguments in the polynomial functions, we obtain from (6.46)-(6.47),
and (6.48) that

~ ~ k+1 k k+1
WA |+ A2 |+ IS0 4 6l |+ [Ap ]+ {Daf™ ) - a® D5 |

|01 ()| P

| — s

for m = 2|Py| + 1 and a possibly larger L,,. We remark that al-
though each term in the inequality depends on the choices of the se-
quences i, d;, h® the L,, does not depend on the choices, provided

<
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that g, di, h(") satisfy our initial conditions. Therefore, we have
035, > 2108 VA B = 10, ()| o 2md P g =1,
Recall that of° = &, 10, 1 - ;10D - - - By Set
G =0, 0 BT DT - By
By (6.53), we get
(6.63) o =6 + (r® s®)) L O(dy, +1).

Recall that ®; depends only on coefficients of 67| = \111;_110,2‘12‘11143_1 of
degree less than dj, while ¥;_; depends only on coefficients of o2, =
@,;_11@_1(1%_1 of degree at most 2d;_; — 1 which is less than d; too.
Therefore, ., Vi_1,..., Py depend only on coeflicients of 0> of degree
less than dj. On the other hand, 0> = o*~1 + O(dy). Therefore, 55°

depends only on ¢!, and hence it depends only on h¥) for ¢ < k. By

(6.63), we can express

k k
660) S =i e 9= s,

where |P| + |Q| = di and fjva,g(’gP depend only on h(®) for ¢ < k.
Collecting (6.35), (6.64), and (6.54)-(6.56), we obtain

T | |61 (1) | 2w P21

P — gl P — pug| | — ]

lasp, | > 2
with

T, = (_)\Pk-i-egh:(;f) >‘2th3k1)3k i f(kpk})>
—2p (k) —Pp—eszp (k k—1
X ()\3 2hé}k + AP Shé,l)?k + éOPk)>
e (e BT st )

e k k—1
(/\ P+ b, + 3 z(%OPk))

Set Tk(hékgpk) = =227, We are ready to choose h:(,)k;)k to get

a divergent normal form. We have |A\*=¢ 4+ 1| > 1. Then one of

|T3%:(0)], | Tk (1)|, | Tk (—1)| is at least 1/4; otherwise, we would have
2N 4 12 = |Th(1) + Th(—1) — 27%(0)] < 1,

which is a contradiction. This shows that by taking hékl)pk to be one of

0,1, —1, we have achieved

T4l > Jus.
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Therefore,
MPk_e3 B lédkfl(ﬂ)’L;dk+lL2dk+l
D |uFe — ]

Recall that puz = e®. If |u* — p3| < 1 then 1/2 < pf*=* < 2. The
above inequality implies

(665) |ap,| >

,LLQPk
~ OO0
(666) |a37Pk’ > m7

provided
1 —L%, L
% = ] < 10 ()72 | Py = de
For the last inequality to hold, it suffices have

_L* L - _
(6.67) " — prg| < |01 ()| e 2T gy ()T < 1/4.

When (6.66), we still have (6.65). Thus we have derived universal con-
stants Log, 11, L5, 1 for any P = (Pk, qx,0) as long as |Py| = di > 3.
The sequence L7, L,, do not depend on the choice of A and they are
independent of k; however it depends on dy,dy,...,d; as described in
(6.51). Let us denote the constants Log,+1, L3, ., in (6.67) respec-
tively by (Lag,+1(do, ..., dk), L;dk+1)(d0, ...,dg). We now remove the
dependence of L,, on the partition dg,...,d; and define L,, for m > 7
as follows. For each m > 7, define

Dm:{(doaadk) 3<d0 Sdl/2§ Sdk/2k7
2y +1<m,k=0,1,...},

/N =N+ 2maX{(L2dk+1L§dk+l)(d0a SRR dk‘) : (d()a SRR dk) € D2N+1}‘
Let us apply Lemma 6.5 to the sequence L'y,. Therefore, there exist p

and a sequence of P, = (py, qx, 0) satisfying |u* —pus| < (CA*(Pk))L‘Pk‘.
Taking a subsequence if necessary, we may assume that d = |Py| >
2d;_1 and di > 3. Thus

1P — pg] < (CA*(P)) 17l < (A*(Py)Y/2) i

< (a1 ()P < (54 ()| ot

< fédk_l(p)\_L;DK“(do""’dk)Lz‘ik+1(do’""dk)_l

)

which gives us (6.67). Here the second inequality follows from
C(A*(P)Y? < 1

when k is sufficiently large. The third inequality is obtained as follows.
The definition of A*(Py) and |Py| = dj, imply that any small divisor in
dd,—1(p) is contained in A*(Py). Also, A*(Py) < u;l for i =1,2,3 and
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k sufficiently large. Hence, A*(Py) < 5;;71(,@, which gives us the third
inequality. We have that Ly > k. From (6.66) and (6.67) it follows that
N di+1 P |+1
655, > 63 o) = 6317 (),
for k sufficiently large. As ég4, (1) — +00, this shows that the divergence
of F3 and the divergence of the normal form &.
As mentioned earlier, Theorem 5.6 (i¢7) implies that any normal form
of ¢ that is in the centralizer of S must diverge. q.e.d.

7. A unique formal normal form of a real submanifold

Recall that we consider submanifolds of which the complexifications
admit the maximum number of deck transformations. The deck trans-
formations of 7, are generated by {71, . .. ,Tlp}. We also set 7o = p7yp.
Each of 71, ..., 7 fixes a hypersurface and 7; = 71 - - - 71p is the unique
deck transformation of m; whose set of fixed points has the smallest
dimension. We first normalize the composition ¢ = 7 79. This normal-
ization is reduced to two normal form problems. In Proposition 5.2 we
obtain a transformation ¥ to transform 71, 7, and ¢ into

& = N (Emng, = AN (€M),
o & =wiEng,  my=w;Enny, 1<j<p.

Here Ay; = Al_jl and p; = A%j are power series in the product ( =
(&m, ..., &mp). We also normalize the map u by a transformation ¢
which preserves all coordinate hyperplanes. This is the second normal
form problem, which is solved formally in Theorem 5.6 under condition
L on u. This gives us a map ¥y which transforms 7,79, and o into
71, T2, 6 of the above form where A;; and p; become Aij, (.

In this section, we derive a unique formal normal form for

{T11,- -+, T1p, p}

under the above condition that i is in the norm form (1.7). In this case,
we know from Theorem 5.6 that C(¢) consists of only 27 dilatations

(7.1) Re: (&,m5) — (€&, €5m5), € ==+1, 1<j<p.

We will consider two cases. In the first case, we impose no restriction
on the linear parts of {7;;} but the coordinate changes are restricted to
mappings that are tangent to the identity. The second is for the family
{7i;} that arises from a higher order perturbation of a product quadric,
while no restriction is imposed on the changes of coordinates. We will
show that in both cases, if the normal form of o can be achieved by a
convergent transformation, the normal form of {r1,..., 7, p} can be
achieved by a convergent transformation too.
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We now restrict our real submanifolds to some classes. First, we
assume that ¢ and 7,7y are already in the normal form & and 71,7
such that

(7.2) 708 =N(&nm, ' =Ni(€n)TE, A= AT,
(7.3) o1& =nEnE 0=y, =A%

Let us start with the general situation without imposing condition
L on 1. Assume that ¢ and 7; are in the above forms. We want to
describe {715, p}. Let us start with the linear normal forms described in
Lemma 3.5 or Proposition 3.10. Recall that Z; = diag(1,...,—1,...,1)
with —1 at the (p + j)-th place, and Z := Zy ---Z,. Let Z; (resp. 2)
be the linear transformation with the matrix Z; (resp. Z). We also use
notation

I 0 I A
w ome(3 ) ma- (LR,

Here B, as well as A; given by (7.2), is a non-singular complex (p x p)
matrix. Assume that By and By are invertible p x p matrices. Define

(By). g s (By). f; -

(75) EM($%<4ﬁm>M?v@>

Let us assume that in suitable linear coordinates, the linear parts L7;; =

T;; of two families of involutions {71, ..., T} for i = 1,2 are given by
(7.6) Tj = En.B, 0 Zjo By 5.,
(7.7) Ep, B, = Ea, 0 (B)s, A= Ay(0).

Note that (B;). commutes with Z. Also, Ej o7; = Z o Eg . We have
the decomposition

(7.8) i =Ti1 Tip,

(79) EAhBi = EAz 9} (BZ)*, 7A'Z‘j = EAi,Bi ©) Zj o EIA_\iBz
As before, we assume that .S is non resonant. For real submanifolds, we
still impose the reality condition 9; = p7i;p where p is given by (1.3).
Then we take Ty; = pT'jp, B1 = B in (7.4)-(7.9). The following lemma
describes a way to classify all involutions {71, ..., 7ip, p} provided that
o is in a normal form.

Lemma 7.1. Let {71} and {2} be two families of formal holomor-
phic commuting involutions. Let 7; = T;1 -+ Tip and 0 = T172. Suppose
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that

=70 & = Nij(€n)my, = Ay (En) 15
=6 §§ = ﬁj(fn)ij, 773' = ﬁj(én)’lm

with [; = A%J and p;(0) = pj. Suppose that ul,...,,up,ul_l,...,,ugl
satisfy the non-resonant condition (1.4). Assume further that the linear
parts Tj; of i; are given by (7.6). Then we have the following :

(i) Fori = 1,2 there exists ®; € C(7;), tangent to the identity, such
that ®; '7;;®; = 75 for 1 < j < p.

(17) Let {T1;} and {T2;} be two families of formal holomorphic com-
muting involutions. Let T, = T;1--- Ty and 6 = T1T2. Suppose
that 7, = 7; and 6 = & and (i)i_lﬂj(i)i = ;‘N\ij with éz € C(ﬁ) bez’ng
tangent to the identity and

Tl] = E/L,E 9] Z OEA“BZ.

Here for i = 1,2, the matriz B, is non-singular. Then

T =T, =12 j=1...p

if and only if there exist X € C(71,72) and Y; € C(7;) such that

(7.10) d;=T'od,0Y;, i=1,2,
T = %yi(j)» 1<7<p.
Here each v; is a permutation of {1,...,p}.

(tii) Assume further that To; = PTIP. with p being defined by (1.3).
Define 715 by (7.8) and let 7 Toj 1= pTUp Then we can choose ®9 =
p®1p for (i). Suppose that Dy = p®1p where By is as in (ii). Then
{715, p} is equivalent to {T1;, p} if and only if there exist X;, v; with
vy = v, and Y satisfying the conditions in (ii) and Yo = pYqp.
The latter implies that Tp = pY.

Proof. (i). Note that 7;; is conjugate to Z; via the map ER, g, Fix
i. Each 7;; is an involution and its set of ﬁxed—pomt is a hypersur—
face. Furthermore, Fix(11),...,Fix(7ip) intersect transversally at the
origin. By [12, Lemma 2.4], there exists a formal mapping 1; such
that ;" 1Tijwi = L7;j. Now L1p; commutes with L7;;, Replacing 1); by
i (Lap;) L, we may assume that v; is tangent to the identity. We also
find a formal mapping M, which is tangent to the identity, such that
1/1 1%”% = L7;; = L7;;. Then ®; = wlw ! fulfills the requirements.

(74). Suppose that

_ ~ —1 P |
Tij = q)iTijq)i 5 T’L’j = (I)iTij(I)i .
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Assume that there is a formal biholomorphic mapping T that transforms
{7i;} into {7;;} for i = 1,2. Then

(7.11) Y'Y =), J=1,....p, i=12

Here v; is a permutation of {1,...,p}. Then

(7.12) #Y =7T#, &1 =76

Set Y; := ®;'T®;. We obtain

(7.13) Y% = Ty 1<5<ps

(7.14) Q; =Ty, i=1,2.

Conversely, assume that (7.12)-(7.14) are valid. Then (7.11) holds as
Tl Y =T 7107,0, 1 = Y a0 =),

)

(73i). Assume that we have the reality assumption m; = p7i;p and
Toj = pT1;p. As before, we take @1, tangent to the identity, such that
T = (]:)1721]'(1)1_1. Let &3 = pP1p. By 7A'2j = p7A'1j,0, we get To; = pT1p =
Do7o; Py Y for vy = 1. Suppose that ‘i%' associated with 71; and p satisfy
the analogous properties. Suppose that T_lTijT = Tiv(j) With va = vy,
and Yp = pY. Letting T = <I>1_1T<i>1 we get To = pY1p. Conversely, if
T, and Ty satisfy To = pY1p, then

pTIO = p<I>1T1<i>1’1p = ¢2T2(i51 =T7.
This shows that T satisfies the reality condition. q.e.d.

Now we assume that [t is in the normal form (1.7). We assume that
the linear part T;; of 7;; are given by (7.6), where the non-singular
matrix B is arbitrary. As mentioned earlier in this section, the group
of formal biholomorphisms that preserve the form of ¢ consists of only
linear involutions R, defined by (7.1). This restricts the holomorphic
equivalence classes of the quadratic parts of M. By Proposition 3.10,
such quadrics are classified by a more restricted equivalence relation,
namely, (B1,By) ~ (By, By), if and only if

B; = (diaga) 'B; diag,. d, i=1,2.

To deal with a general situation, let us assume for the moment that
B, By are arbitrary invertible matrices.

Using the normal form {71,72} and the matrices B1, By, we first
decompose 7; = 711 - - - T1p. By Lemma 7.1 (i), we then find ®; such that

iy = 7, 1< <p.

For each i, ®; commutes with 7;. It is within this family of {B;, ®;;i =
1,2} with ®; € C(7;) for ¢ = 1,2 that we will find a normal form for
{7i;}. When restricted to m; = pri;p, the classification of the real
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submanifolds is within the family of {71, p} as described in Lemma 7.1
(iii).
From Lemma 7.1 (i7), the equivalence relation on C(7;) is given by
o, =Y7'9, Y7, i=1,2
Here T; and Y satisfy
Y =Ty, 1<i<p Y '#Y =%, i=1.2

We now construct a normal form for {7;;} within the above family.
Let us first use the centralizer of C°(Z1, ..., Z,), described in Lemma 4.6,
to define the complement of the centralizer of the family of non-linear
commuting involutions {711,...,71,}. Recall that the mappings F A,

and (B;).« are defined by (7.5). According to Lemma 4.6, we have the
following.

Lemma 7.2. Let i =1, 2. Let {71,...,Tip} be given by (7.9). Then
C(ﬁ'l, - ,7A'ip) = {EAi,Bi o (;50 o Eng D Qo € C(Zl, ce Zp)} ,

C() = {Ea,p, 0000 B}y s o €C(2)}.
Set

Co(Fits s Fip) = { Bp,p, 0 10 By + 61 € C( 21,0, Z) )

For each i, every formal biholomorphic mapping ¥ admits a unique
decomposition 11y L with

@Dl Ecc(ﬁ'l,...,ﬁp), 1/)06C(7A'2'17...,7A'ip).
If 7;j and v are convergent, then 1,1 are convergent.

When m; = p7ijp, only C(711,...,71p) and its complement will be
used in the normal forms constructed in Propositions 7.4 and 7.6 and
Theorem 7.7.

Proposition 7.3. Let 7;,6 be given by (7.2)-(7.3) in which [ is in
the formal normal form (1.7). Let {7;;} be given by (7.9). Suppose that
(7.15) Tij = (I)iﬁ‘j(pi_l, 7~'ij = (i)z%zy(i)l_l 1 S] < b,

(7.16) @, €C(), ;i eC(r), P0)=}0)=1, =12

7

Then {Y7'1;;X} = {7j} for i = 1,2 and for some invertible T €
C(71,72), if and only if there exist formal biholomorphisms Y, Y7, Y5
such that

(7.17) YT o (Bi)soZjo(Bi), o = (Bi)so Zy,g) o (Bi).
(7.18) ;= Y'OTIY, YPEC(Fin,. . Tp), i=1,2,
(7.19) Y61 ! =5,
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where each v; is a permutation of {1,...,p}. Assume further that 7o; =
pTijp and o = pP1p and ®y = pPi1p. We can take Y5 = pYip and
vo = vy, if additionally

Tp=pT.

Proof. Recall that

Tij = (I)Z‘f'ijq)i_l, P, € C(ﬁ), 7~'ij = i)ﬁ'\ijq)»_l, P, € C(f‘l)

7
Suppose that

(7.20) Tl = j=1,...,p, i=1,2.

NiVi (4)

By Lemma 7.1, there are invertible Y; such that

(7.21) Y75 = Ty, 1<J <,
(7.22) d;=T"lodoY;, i=12

Let us simplify the equivalence relation. By Theorem 5.6, C(71,72)
consists of 2P dilations T of the form (&§,7) — (a&,an) with a; = £1.
Since ®;, ®; are tangent to the identity, then DY;(0) is diagonal because

LY; = .

Clearly, T commutes with each non-linear transformation F A Simpli-
fying the linear parts of both sides of (7.21), we get

(7.23) T 'o((Bi)soZjo(Bi) ') o X = (B0 Zy, 0 (Bi)i "

From the commutativity of T and Ej again and the above identity, it
follows that

(7.24) T lofoX =7, j=1,...,p, i=1,2.

i)
Using (7.15) and (7.24), we can rewrite (7.20) as
Til@ifijq)i_lfr = 7~—Wz(]) = &)ZTilﬂjTéz—l
It is equivalent to Y;7;; = 7;; 17, where we define
;=& 'To, v
Therefore, by (7.10), in C(7;), ®; and ®; are equivalent, if and only if
O, =Y 1OYIY, TP EC(Fin,. .o Tip), i=1,2.

Conversely, if Y7, T satisfy (7.17)-(7.19), we take T; = T;T to get
(7.22) by (7.18). Note that (7.19) ensures that T commutes with 7; and
Eg,. Then (7.24), or equivalently (7.23) (ie. (7.17)) as T commutes
with Eg , gives us (7.21). By Lemma 7.1, (7.21)-(7.22) are equivalent
to (7.20). q.e.d.
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Proposition 7.4. Let {7;;}, {7i;}, ®i, and ®, be as in Proposi-
tion 7.3. Decompose ®; = <I>iloCI>i_01 with ®;1 € C(T41, ..., Tip) and Py €
C(#i1,--.,71p), and decompose ®; analogously. Then {{r1;},{m2;}} and
{71}, {72;}} are equivalent under a mapping that is tangent to the
identity if and only if &1 = Dy for i = 1,2. Assume further that
Toj = pT1;p and T2 = pT1p. Then two families are equivalent under a
mapping that is tangent to the identity and commutes with p if and only
if @11 = P11.

Proof. When restricting to changes of coordinates that are tangent

to the identity, we have T = [ in (7.20). Also (7.17) holds trivially as v;

is the identity. By the uniqueness of the decomposition ®; = <I>i1<1>;01,

(7.18) becomes ®;; = ;. q.e.d.
We consider a general case without restriction on coordinate changes.

Lemma 7.5. Let ¥ = diag(a,a) with a € {—1,1}. Let B be a
nonsingular p X p matriz and let v be a permutation of {1,...,p}. Then
(725) Y 'oB,oZjoB 'oY=DB,oZ,;oB;", 1<j<p
if and only if
(7.26) B = (diaga) ' B(diag, d).

In particular, if B is an upper or lower triangular matriz, then v = I

and d = a.

Proof. Let Zj = diag(1,...,—1,...,1) be the matrix where —1 at
the j-th place. Set C := B~!diagaB and C = (c¢;;). In 2 x 2 block

matrices, we see that (7.25) is equivalent to CZ,,(J-) =7Z;C, ie.

~Cin) = s TF T
Therefore, C = diag, d with d; = ¢;,(;), by (3.20). q.e.d.
We will assume that M is a higher order perturbation of non-resonant

product quadric. Let us recall 6 be given by (7.3) and define 7;; as
follows:

= IA}z'j(fﬁ)ﬁj
5. {5; = i (6n)é; )= A5 e
my= 0t Emm, T | G= 6
M ="Mk k#J
with Ag; = [\1—]1 and {i; = A}, Let # = #1--- 71, Recall that E3 in
(7.5).

Proposition 7.6. Let {7i1,...,T1p,p} be the family of involutions
with p be given by (1.3). Suppose that the linear parts of T1; are given
by (7.6) and associated o is non-resonant, while the associated matriz B
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for {T;} satisfies the non-degeneracy condition that (7.26) holds only
forv =1. Let & be the formal normal form of the o associated to M that
is given by (7.3) in which [ is in the formal normal form (1.7). Let 74
be given by (7.9) and 725 = pT1jp. Then in suitable formal coordinates
the involutions 7;; have the form

T = ViU = prip,
U c C(7A'1) N CC(%H, ... ,’f‘lp), \I//(O) =1

Assume further that 7i1,...,7T1p have the form (7.27) in which ¥ is
replaced by V. Then there exists a formal mapping R commuting with

(7.27)

p and transforming the family {7i1,...,T1p} into {T11,...,71p} if and
only if R is an R, defined by (7.1) and

(7.28) ¥ =R'WR., R.p=pR..

In particular, {T11,...,Tip, p} is formally equivalent to {711,...,T1p, p}

if and only if U in (7.27) is the identity map.

Proof. We apply Proposition 7.3. We need to refine the equivalence
relation (7.17)-(7.19). First we know that (7.19) means that ¥ = R, and
it commutes with p. It remains to refine (7.18). We have ®3 = p®;p.
By assumption, we know that v; in (7.17) must be the identity. Then
®; € C%(#11,. .., 71p) implies that Y101 T € C(f11,...,71,); indeed by
(7.26) we have
YE,0(Bi)s = Ep,0To(B;). = Ep,0(B;).0D, D = diag(diag a, diag d).

Note that g = (U, V) is in Co(Zn, . .., Zp) if and only if
UEn) =UEnt,...,m),  Vil&n) =nV;(&nt.....n5).
Let ¥ = (U, V) be in C5(Zy, ..., Zp), i.e.

UEn) =Y nU(&nt,....m0),
Vi(&om) = Vi(&m) +m > mVil&nt, o),

where V*(§,n) is independent of n;. Since D is diagonal, then Dy D71
is in C5(Z1, ..., Zp). This shows that conjugation by Y preserves the set
C(711,...,71p). Also T commutes with each 71;. Hence, it preserves
C(711,...,T1p). By the uniqueness of decomposition, (7.18) becomes

Oy =TT, b =T IE T,

The second equation defines Y7 that is in C(711,...,71p) as T, @1, 10
are in the centralizer. Rename ®11,®{; by ¥, U. This shows that the
equivalence relation is reduced to (7.28). q.e.d.

We now derive the following formal normal form.
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Theorem 7.7. Let M be a real analytic submanifold that is a third
order perturbation of a non-resonant product quadric. Assume that the
formal normal form & of the map o associated to u satisfying condition
L and the [ associated with & is in the formal normal form (1.7). Let
Ex, be defined by (7.4). Then M is formally equivalent to a formal
submanifold in the (z1, ..., z9p)-space defined by

M: 2y = (AU (Em) = Vi(6m)?, 1<j<p,
where (U, V) = E[\l(O)E]_hl\Iﬁl; U is tangent to the identity and is in
C(71)NC(T11,...,T1p), defined in Lemma 7.2, and &,n are solutions to
2 = Ui(&m)+NVi(&m),  Zj =Ujop(§,m)+AViop(&,m), 1<j<p.
Furthermore, the ¥ is uniquely determined up to conjugacy RV R by

an involution Rc: & — €;&;,m; — €;m; for 1 < j < p that commutes with
p, i.6. €5y, = €5 and e? = 1. The formal holomorphic automorphism

group of M consists of involutions of the form
L.: Zj = €%,  Zp+j —7 Zp+j, 1<j<p
with € satisfying RV = VR, and €515, = €5. If the o associated to M is

holomorphically equivalent to a Poincaré-Dulac normal form, then M
can be achieved by a holomorphic transformation too.

Proof. We first choose linear coordinates so that the linear parts of
{m1,...,T1p, p} are in the normal form in Lemma 3.2. We apply Propo-
sition 7.6 and assume that 7;; are already in the normal form. The rest
of the proof is essentially in Proposition 2.1 and we will be brief. Write

Tij = Ex, () °Zj© EI{II (o Let v = (U, V) with U,V being given in the

theorem. We obtain
Ty = ViU =y T, 1< <p.

Let f; = & + A\jn; and hj = (\;& — n;)?. The invariant functions of
{Th1,...,Thp} are generated by fi,..., fp,h1,...,hp. This shows that
the invariant functions of {71,..., 71} are generated by fio%,..., fyo
Y, hiot), ... hyot). Set g:= f o) op. We can verify that ¢ = (fo1),g)
is biholomorphic. Now ¢pp~!' = po. Let M be defined by
Zp+j = Ej(zla§,>7 1<j<p,

where E; = hj o ¢~ L. Then Ejo ¢ and zj o ¢ = f; are invariant by
{71} This shows that {¢7;j¢~1} has the same invariant functions as
deck transformations of 71 of the complexification M of M. By Lemma
2.5 in [12], {¢71;¢ "} agrees with the unique set of generators for the
deck transformations of m1. Then M is a realization of {711,...,7ip, p}.

Finally, we identity the formal automorphisms of M, which fix the
origin. For such an automorphism F on C", define

F(Zw') = (F(Z,E(Z,0"),Fw,E W', 2))
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on M. Then ¢ 1F¢ preserves {m1,...,71p,p}. By Proposition 7.6,
¢ 'F¢ = R., Rp = pR., and R¥ = UR,. Given (7.1), we write
R, = (LL,L)). In view of (U V) = EA1(O)E1{11\II_17 we obtain that
LU = UR. and LV = VR.. Since z; = U;(&,n) + A\;V;(&,n) and
Zptj = (/\]._lUj(f,n) — Vi(&,m))%, then 2/ o F = L2 and 2" o F = 2" as
functions in (2/,w’). This shows that 2’ o F'= L.z’ and 2" o F = 2" as
functions in (2/, 2”). Therefore, F' = L. q.e.d.

Remark 7.8. Let b be on the unit circle with 0 < argb < 7. Let
1 b ~ ~
= (= <
B (b 1), b <1, bb#1.
One can check that (7.26) admits a solution v # I if and only if b = —b.
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