N

N

A two player zerosum game where only one player
observes a Brownian motion
Fabien Gensbittel, Catherine Rainer

» To cite this version:

Fabien Gensbittel, Catherine Rainer. A two player zerosum game where only one player observes a
Brownian motion. 2016. hal-01378499v2

HAL Id: hal-01378499
https://hal.science/hal-01378499v2

Preprint submitted on 16 Mar 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01378499v2
https://hal.archives-ouvertes.fr

A two player zerosum game where only one player observes a
Brownian motion.

Fabien Gensbittel and Catherine Rainer®

(1) TSE (GREMAQ, UT1),
(2) Université de Bretagne Occidentale, 6, avenue Victor-le-Gorgeu, B.P. 809, 29285 Brest cedex, France
e-mail : Fabien.GensbittelQut-capitole.fr, Catherine.Rainer@univ-brest.fr

March 16, 2017

Abstract

We study a two-player zero-sum game in continuous time, where the payoff -a running
cost- depends on a Brownian motion. This Brownian motion is observed in real time by one of
the players. The other one observes only the actions of his/her opponent. We prove that the
game has a value and characterize it as the largest convex subsolution of a Hamilton-Jacobi
equation on the space of probability measures.

Key-words : Zero-sum continuous-time game, incomplete information, Hamilton-Jacobi equa-
tions, Brownian motion, measure-valued process
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1 Introduction.

In this paper, we consider a two-player zero-sum game in continuous time. Given some finite
time horizon T' > 0, some initial time ¢ € [0,7] and a probability measure m on R?, the payoff
consists in a running cost of type

T
Em |:/ f(SvBS7usavs)d8 ’
t

where (us) (resp. (vs)) is the control played by the first (resp. second) player, and (Bs) is a
standard R%valued Brownian motion, which, under P,,, starts with the initial law m at time t.
Player 1 wants to minimize this payoff, while player 2 wants to maximize it. This is a game with
asymmetric information: the first player observes in real time the Brownian motion and the
controls of the second player, while the second player cannot see neither the Brownian motion
nor the payoff of the game, but only the controls of the first player. The game is approximated
by a sequence of discrete time games with vanishing time increments, i.e. where the players play
more and more frequently.



A first result is that, under Isaacs’ assumption, the sequence of the values for the discrete games
converges to some function (t,m) — V (¢, m) which is equal to the value of a control problem

T
inf E[/ H(s, My)ds], (1.1)
MeM(t,m) t

where H(t,m) = inf, sup, [ga f(t,x,u,v)dm(z), and M(t,m) is the set of measure valued pro-
cesses (M;)qepr, ) Which satisfy

[ ] Mt:m,

e for all t <t; <ty <T and all continuous, bounded function ¢,

M
E[ / ¢th2mAf]= / gt M
R4 R4

with p2™ the law at time r of the Brownian motion (Bs) starting with law m at time t
and FM the filtration generated by M.

Our second and main result is that this value function V' can be characterized as the largest
bounded and continuous function of (¢,m) which is convex in m and subsolution of the following
equation :

QU(t,m) + & [pa div[DyU)(t, m, z)m(dz) + H(t,m) = 0, (t,m) € [0,T] x Py,
(1.2)
U(T,m)=0, me Ps.

Here the derivative with respect to the measure m, D,,U, is defined in Cardaliaguet-Delarue-
Lasry-Lions [6]. Concerning the notion of subsolution, in this case, a naive extension of the
classical notion of viscosity subsolution as it can be found in Crandall-Ishii-Lions [12] is suffi-
cient.

Dynamic games with asymmetric information were introduced in the framework of repeated
games by Aumann and Maschler in the 1960th (see [1]) and much later -in 2007- in continu-
ous time by Cardaliaguet. In his seminal paper [5], the asymmetrically observed parameters
belong to some finite sets I and J and are fixed before the game starts. It is shown that the
game has a value which is solution in some dual sense of a Hamilton-Jacobi-Isaacs’ equation (see
Cardaliaguet-Rainer [8] for a generalisation to stochastic differential games and Oliu-Barton [22]
for correlated information).

In Cardaliaguet-Rainer [9], in the case of only one non-informed player and without dynamics,
an alternative formulation of type (1.1), in terms of an optimization problem over the belief
process of the uninformed player, is given (see Griin [16] for stochastic differential games and
[15] by the authors for its extension to lack of information on both sides). This alternative
formulation permits firstly to derive some optimal strategy for the informed player. Further, in
cases where the dual approach of [5] isn’t possible (typically when the distribution of the asym-
metrically observed parameters has a continuous support), it provides an new angle of attack
for the PDE-characterization.

However, since the reinterpretation in terms of a control problem with respect to measure-valued
processes is possible only for the upper value of the game, it doesn’t permit to prove the ex-
istence of a value. This is one of the reasons why we focus here on the interpretation of the
continuous game as a limit of a sequence of discrete time games. On the other hand, it permits



us to contribute to the growing interest for the interactions between discrete and continuous time
games: Rather simultaneously Cardaliaguet-Laraki-Sorin [7] and Neyman [21] firstly investigate
this area, showing that continuous time games may be interpreted as limits of discrete time
games where the players play more and more faster (see also a very recent paper of Sorin [24]).
This approach is then used in Cardaliaguet-Rainer-Rosenberg-Vieille [11] and Gensbittel [14] for
the asymmetric observation of a Markov process. These last two references are concerned with
the asymmetrical observation in real time of a continuous time, random process. In both, it is
a Markov process with finite state space. Our paper provides a first step to the observation of
a Markov process with continuous support.

But several problems remain open: Since, in the present work, the associated PDE has a clas-
sical solution, there is no need of a comparison theorem for viscosity solutions in the measure
space, for which a suitable definition is still to find. In the general case of the observation of an
arbitrary diffusion process, one cannot avoid this difficulty. The second open question is how to
tackle directly the continuous game and the existence of its value.

The paper is organized as follows: In Section 2, we introduce the notations relative to the
Wasserstein space, the Brownian motion and Gaussian kernels and introduce the continuous
time game and the approximating discrete time games. In section 3, the alternative formulation
(1.1) is established. Finally, in section 4, we introduce the PDE (1.2) and state and prove the
characterization of the value of the game.

2 Model: notations and reminders.
2.1 Wasserstein space and Wasserstein distance.

For fixed d, let P be the set of all probability measures on R%. On P, we introduce, for all p > 1

the normalized pth moment
1
nly = ([ lelram(a) )"
R4

P,={meP,|m|p <oc},p>1

The associated subspaces are :

For all p > 1, we define on P, the p-Wasserstein distance:

1
dy(m,m') = inf (/ | — y|Pr(dx, dy)> ’ ,m,m’ € P,
R xR4

wel(m,m’)

where I'(m, m’) is the set of probability measures 7 on R? x R? with first (resp. second) marginal
m (resp m’). Recall that for p = 1, there is a dual formulation:

di(m,m’) = sup {/ ed(m —m'), ¢ 1-Lipschitz} .
R4

For the above result as well as for the statements of the following Lemma 2.1 and their proofs,
we refer to Villani [25].

In this paper, we will place us mainly on the space Po, sometimes endowed with the correspond-
ing do-metric, but more frequently seen as a subset of Py, endowed with d.

Let us state some useful standard results.



Lemma 2.1.

1. For all p > 1, it holds that, for some well known constant C,,

dh(m,m') < Cy(lml + 7).
2. Let m,m' € Py. We have
di(m,m’) < / |z||[m — m’|(dz).
Rd
In particular, if m (resp. m') has a density p (resp. p'), then
di(m,m') < [ lallo — pl(w)ds.
R

3. The balls Ba(R) = {m € P,|m|a < R} are di compact.

4. For all ¢ continuous with |¢p(x)| < a(l + |z|P) for some constant o, the map Py > m
Jga #(x)dm(x) is d,, continuous. If ¢ is non-negative, it is dy lower semicontinuous (l.s.c.)
foralll1 <q<p.

5. A sequence of measures (ji,) converges in Py if and only if it converges weakly and admits
uniformly integrable p-moments.

2.2 Law of the Brownian motion, Gaussian kernel

We fix a dimension d € N* and a finite time horizon 7. For any § > 0, we denote by ps the

Gaussian kernel ) ,
—lz|

ps(z) = €% , e Rd,

(279)

[NJIH

and, for any (t,m) € [0,T] x P, and s € [t,T], by pi™ the law of the d-dimensional Brownian
motion at time s, starting at time ¢ with law m :

p™ =m and, for s € (t,T], pt™(dzx) := pt™(x)dz = ps_s * m(z)dz. (2.1)

It is well known that (p?m) se(t,7) satisfies the heat equation
t,m 1 t,m
Ospg™ — éAps’ =0,s € (t,T). (2.2)

Recall also the Markov property: for all ¢t <ty <ty <T,

t t,m
17pt1

pi;m =Dy, ) (2.3)

In the sequel, we shall repeatedly use the following estimations :

Lemma 2.2. 1. For all0 <t <s<T and m,m’ € P1, it holds that

dy (pi™, pb™) < di(m,m’) < dy (ph™, ph™) +24/d(s — 1), (2.4)



2. More generally, for all t € [0,T] and all k > 1, the map (s,m) 5™ from ([t,T] x
Py M) @ di) to (P, dy) is continuous: The following estimation holds

(™, ™ ) < O (di(m, )+ |5 = 7/2), (2:5)

where the constant Cy, depends only on k and the dimension d.

Proof. On an arbitrary probability space (2, F,P), let (X, X’) be a couple of random variables
with marginals m and m’ respectively, and (Bs)s>0 a standard d-dimensional Brownian motion
independent of (X, X’). Then the marginals of the couple (X + Bs, X' + By) are pm™ (resp.

pts’,ml) and we can write
di (5™, P )F <E[|(X + By) — (X' + By)|"]. (2.6)
1. For k =1, it follows that
di(ps™,pg" ) S E[X = X'+ /dls — ],
and, since the couple (X, X’) has been chosen arbitrarily,

dy(pb™, pi™ ) < di(m,m!) + /d]s — §']. (2.7)

s

The relation (2.4) follows using the estimation (2.7) for ' = s and s’ = ¢ and the triangular
relation
dy(m,m') < dy(m,pi™) + di(pg™, p5"™ ) + di(pg™ ,m').

2. Let us come back to the general case. From (2.6), we get

di(pt™, P )F <2* (E[lX — X" + El|B, - By [))

s

<Cy (EUX —X'F) 4 s — s']k/2> .
Again, since the couple (X, X’) has been chosen arbitrarily, the result follows. O

2.3 The Brownian motion and the parameters of the game

Given the finite time horizon T, we fix an initial time ¢ € [0, T]. On the set ©; := C([t, T], R?) we
denote as usual by Bg(w) = w(s),w € Q, s € [t,T] the canonical process. The set € is endowed
with [F;, the o-algebra generated by (Bs)gcf,7)- Finally, for a fixed probability measure m € P,
IP: ,,, denotes the probability on ; such that, under Py ,,, (Bs) se[t,T) 18 a Brownian motion such
that B; is of law m.

Let U and V' be two compact metric spaces.

Let f:[0,7] x R x U x V — R be a map, which we suppose to be bounded, continuous in all
its variables, Lipschitz in (t,7) € [0,7] x R? with constant Lip(f), uniformly in (u,v), i.e.:

\V/(’LL,’U) € UXV7 Vt7t/ € [OvT]7 V:Ev:E/ S Rd7 |f(t,ZE,’LL,’U)—f(t/,ZEI,’LL,’U,)| < LZp(f)(|3§‘—:E/|—|—|t—t,|)

Set C = max{Lip(f), |[fllco}-

As already explained in the introduction, the idea of the game is that, for any fixed initial condi-
tion (¢,m) € [0,T] x P, two players aim to optimize the cost function E; ,, [ftT f(s, Bs, us, vs)ds]

5



where player 1 plays (us)sep,r) With values in U and tries to minimize the cost function, while
player 2 plays (vs) se[t,r] With values in V' and tries to maximize it. Player 1 observes in real
time the Brownian motion (B;s) and the controls of player 2, while player 2 only observes the
controls of player 1.

We do not go more into details, because we won’t analyse this continuous time game but rather
approximate it by a sequence of discrete time games. Indeed, as in former works ([10],[11],[15]),
while the analysis of the upper value function of the continuous game would be close to what
is presented here, there is actually no way to handle its lower value function. In particular we
don’t know if the continuous time game has a value. By working on repeated games, we get
around this difficulty thanks to the minmax theorem of Von Neumann: it guaranties that a
value exists for each finite-step game. The function we call the “value of the game” will be the
limit of them.

Assumption: Throughout the paper, we suppose that the following Isaacs assumption holds:
For all (t,m) € [0,T] x Pa,

inf sup ft,z,u,v)dm(x) = sup inf ft,z,u,v)dm(z), (2.8)
uelU veV JR4 veV uel JR4

and we denote by H(t,m) the common value.

Remark 2.3. Under Isaacs assumption, H(t,m) is the value of the infinitesimal game. It is
also possible to work without Isaacs assumption. In this case H(t,m) has to be replaced by

H(t,m)= inf sup / /( flt,z,u,v)dm(z))do(u)dr(v), (t,m) € [0,T] x Pa,
ceA(U) TeA(V)JU JV JRA

with A(U) (resp. A(V)) the set of probability measures on U (resp. V). Remark that, since,
by assumption, f is continuous in all its variables and U,V are compacts, the infimum and
supremum commute in the above definition.

Lemma 2.4. The function H is continuous, bounded and Lipschitz in t and m € Pa (with
respect to the di-distance), with constant C.

Proof. The Lipschitz regularity of H with respect to t follows classically from the Lipschitz
regularity in ¢ of f. To prove that H is Lipschitz in m, let’s write the dual characterization of
the Wasserstein distance: For all m, m’ € Py, for all (u,v) € U x V, it holds that

| / F(t 2, 0)dm (z)— / F(t 3,0, 0)dm’ (dz)] < C sup ( / odim — / gpdm’) — Cdy (m, m).

¢ 1-Lipschitz
It follows that the same inequality holds for H. O
2.4 The discrete time game

Fix ¢t € [0,7]. To each partition 7 = {t = t; < t3 < ... < ty = T’} we can associate, as a
discretization along 7 of the continuous time game, the following stochastic game I'z(t,m):

e The variable By, is observed by player 1 before stage ¢ for ¢ =1,..., N — 1.

e At each stage, both players choose simultaneously a pair of controls (uq,vs) € U X V.



e Chosen actions are observed after each stage.
e Stage payoff of player 1 equals f(tq, By,, uq,vq) (realized stage payoffs are not observed).
e The total expected payoff of player 1 is

N-1

Etym Z(tQ'f‘l _tq)f(tQ7th7uquvq)
q=1

The description of the game is common knowledge and we consider the game played in behaviour
strategies: at round ¢, player 1 and player 2 select simultaneously and independently an action
uq € U for player 1 and v, € V for player 2, using some lotteries depending on their past
observations. Note that even if the realized stage payoffs are not observed, Player 1 can deduce
the value of f(t,, By,,uq,ve) from his/her observations after stage ¢, which is not possible for
Player 2 as he/she does not observe the trajectory of the Brownian motion.

Formally, a behaviour strategy o for player 1 is a sequence (04)4=1,.. N1 of transition probabil-
ities:

o (REX U x V)7L xR — A(U),

where o4(By,,u1,v1,..., By, 1, Uq—1,Vq—1, By,) denotes the lottery used to select the action ug
played at round ¢ by player 1, when past actions played during the game are (uy, v, ..., ug—1,Vg—1)
and the sequence of observations of player 1 is (By,, ..., By, ). Let () denote the set of behaviour

strategies for player 1. Similarly, a behaviour strategy 7 for player 2 is a sequence (74)g=1,... N—1
of transition probabilities depending on his/her past observations

7 (U x V)T A(V).

Let T (7) denote the set of behaviour strategies for player 2.

Let Pyonror € A(C([t, T],RY) x (U x V)¥~1) denote the probability on the set of trajectories
of (By) and actions induced by the strategies o, 7. The payoff function in 'z (¢, m) is defined by

N-1
Vr (t7 m,ao, T) = Et,m,w,a,r (tq-i-l - tq)f(tqy th , Ugs Uq)
q=1
It is well known that the game has a value
Ve(t,m):= sup inf ~.(t,m,o,7)
TET (7) oceX(n)

= inf sup Y (t,m,o,7).
oeX(n) T€T ()

3 An alternative formulation of the value function

We use the notation m(¢) := [ ¢dm.

On a sufficiently large probability space (2, F,P) we introduce the following set of measure-
valued processes:

For any fixed (¢, m) € [0,T]xPy, we define M(t,m) as the set of cadlag processes M = (M) epi1)
with values in the complete separable metric space (P, d;) which satisfy:



(i) For all ¢ € Cy(R?), E[M;(¢)] = m(o),
(ii) for all t <ty <ty < T, for all ¢ € Cy(R?)

E [My, ()| FM] = pi ™1 (9),

where (FM),<s<7 denotes the filtration generated by M, completed and made right-continuous,

and Cy(R?) the set of continuous, bounded functions from R? to R.
Remarks 3.1.
1. These two properties imply:
Vo € Cy(RY),Vt' € [t,T], E[My ()] = p™(9). (3.1)
Indeed, we have

My ()| 7] = Elp"" ()]

E[My(¢)] = E[E]
= E[/Rd My(p(x + ) pr—t(x)dx] = /Rd E[Mi(¢(z + )] pr—t(z)dz

= | m(o(x +)py—i(z)dz = p;™ (9).

Rd

2. The equalities (i), (i7) as well as (3.1) extend to any measurable functions with at most
quadratic growth using monotone convergence.

3. In particular, (3.1) implies that the process M takes values in P, almost surely. Indeed,
for ¢ € [t,T] and 9 (z) = |z|*:

E[Mys ()] = pj™ (¥) < oo,
and thus My (1)) < oo almost surely.

4. The cadlag property (for di) of the process M and point 4 of Lemma 2.1 imply that
€ [t,T] = My(¢) :== [gap(x)dM(x) is a cadlag process for all continuous functions ¢
with at most linear growth.

5. Later in the paper, we need following Jensen’s-type inequality:
for 0 <ty <ty <t3<T,

t2,

di(p2 ™2 My,) < E [dy (Mg, My,)|F] . (3.2)

This relation can easily derived from the dual formulation of the d;-distance, (i) and
Remark 2.: for all 1-Lipschitz map ¢,

to, M,
[t vy =5 | [ ot - Mo)iR | <l (08, 20)15).

The result follows by taking the supremum over all 1-Lipschitz maps .
We set
V(t,m) = inf {/ H(s, Mj) } (3.3)

(Ms)eM(t,m)

8



Remark 3.2. Let D([t,T],P1) be the set of cadlag trajectories with values in the complete
separable metric space (P1,d1) and denote (ms)scpe ) the canonical process on D([t, T, P1).
Then an equivalent formulation for V' holds:

V(t,m) = HGMW [ / H(s,ms)d ] (3.4)

where M(t,m) is the family of probability measures on D([t, T, P;) under which the canonical
process (ms)gc,7] satisfies the items (i) and (ii) of the definition of M(t, m).

Let us state the first standard property of V.

Proposition 3.3. The function V is convex in m.

Proof. Fix t € [0,T] and let mi,mz € Py and A € (0,1) Set m* = Amq + (1 — A\)ma. For
€ > 0 let M (resp. M?) be e-optimal for V(t,my) (resp. for V(t,mz)). Up to enlarge the
probability space, we may assume that there exists A € F such that P(A) = XA and (A4, M*, M?)
are mutually independent. Define now M?* by

M) = MM 4+ M 4o, s e[t T
At first, note that M* € M(t,m*). Indeed for all ¢ € C,(R?), we have:
E[M9)] = E[M, (§)La] + E[M} (#)Lac] = Mma(9) + (1 = Nyma(9) = m(9).

For t < t; < t9 < T, denoting cr(]:tj‘l/[1 }}];/[2, A) the o-field generated by ]:%1 ,]:tj‘fz and A, we
have

E[MD()|o(FM FM, A)] = E[ML (¢
= E[Mtlg(¢

2
o(FM, FM AL + EME ()| (FM, FM AL ac

F A+ EME (9)| Fy e
t ,M t ,M2 t ,M
=p, @Latpy " (O)la=p, (@)
By taking conditional expectation given O'(Ms)‘, s € [t,t]) C o(FM -7:t1 *, A) on both sides, we
obtain

~—  —

EDMA(@)o(M s € [t.42])] = i (4).

Thus equality being true for all t < t; < to < T, it can be extended to the right-continuous

LA
filtration generated by M* using that the processes M*(¢) and pt’QM‘ (¢) are cadlag and using
the backward martingale convergence theorem. This concludes the proof of property (iz) of the
definition of M(t,m).

We deduce that
E[f H(s, MY)ds| = A [ [ H(s, MD)ds| + (1= NE [ ] H(s, M?)ds
AV (t,mb) + (1 — NV (t,m?) + 2e.
The result follows by letting € go to zero. U

IN

We state now the main result of this section. It explains why we may consider V as a natural
definition of a value for the continuous-time game described in the introduction.

Theorem 3.4. For all (t,m) € [0,T] x Py, the limit lim|;_,o Vx(t,m) exists and coincides with
V(t,m), where for a partition 7 = {t =t < ... <ty =T}, |w| denotes its mesh, i.e.:

|7| = sup{|tix1 —t;|, i=1,...,N —1}.

The proof requires several preliminary results, which are presented in the next subsections.



3.1 A generalized splitting lemma

In order to compare the limit points of (Vx(t,m))z—o and V(t,m), we have to make corre-
spond strategies in o € 3(m) and elements of M(¢,m). A classical tool for this, the so called
“splitting argument” is well known for games where the asymmetrical observed parameter has
a finite support (see the elementary version in Aumann-Machler [1] or Sorin [23], and in [11] its
adaptation to a dynamic setting). Here we need a more general version.

Let us recall a fundamental result of Blackwell and Dubins.

Theorem 3.5. (Blackwell-Dubins [3])
Let E be a polish space, A(E) the set of Borel probabilities on E, ([0,1], B([0,1]),\) the unit
interval equipped with Lebesque’s measure, and U the canonical element in [0,1]. There exists a

measurable mapping
Op: A(E) x[0,1] — E

such that for all p € A(E), the law of ®g(p,U) is u.

Proposition 3.6. Let M in M(t,m) and 7 = {t = t; < ... <ty = T} a partition of [t,T].
Given a Brownian motion (Bs)sey, ) with initial law m, and (Uy,...,Un—1) some independent
random variables independent of (Bs), all uniformly distributed on [0,1] and defined on a same
probability space (Q, F,P), there erist variables (Mt’q)qzl,m,N_l defined on §, having the same
law as (My,)q=1,...N—1, and such that for all¢q =1,...,. N — 1:

° Mt’q is measurable with respect to (By,, Uy, ..., By,,Uy).

e The conditional law of By, given (M, ..., M| ) is precisely Mj .

17"

Proof. At first, let us assume that M is defined on a probability space (£2, F,P) sufficiently large
so that there exists a family (U Lon U ~—1) of independent uniform random variables independent
of M, all defined on Q. Define the variable B;, = ®ga(M;,,U;), so that the conditional law of
By, given M;, is almost surely equal to M;,. Let f;, (By,) denote a version of the conditional
law of M;, given By, , meaning that f;, is a measurable map from R? to A(P;). Define then on
the probability space Q the variable M/ = ®p, (fi,(B,),U1), so that (By,, M/, ) has the same
law as (Btl,Mtl), implying that the conditional law of By, given M, is almost surely equal to
M, .

We proceed by induction. Let us assume that the variables (M{l,....,Mt’qil) are defined on
Q for some 1 < ¢ < N — 2, and have the required properties. Define th = (IDRd(Mtq,Uq),
so that the conditional law of th given (My,,...., My, ) is almost surely equal to M; . Let
ftq(th, My, ..., My, , ) denote a version of the conditional law of M, given (th, My, My, ),
meaning that f;, is a measurable map from R x (P)?~! to A(P;). Define then, on the probabil-
ity space §, the variable M = ®p, (fi,(Bt,, Mj,,..... M; _),Uy), so that (By,, My, ..., Mj ) has
the same law as (By,, My, ..., My, ), implying that the conditional law of By, given (M, ..., M)
is almost surely equal to Mt’q. O

3.2 Compactness and continuity

The next step is to show that, up to enlarge the underlying probability space, the infimum in
the formulation (3.3) is attained for some law in M (¢, m). This statement is equivalent to claim

10



that the space of probability measures M(t, m) defined in (3.4) is compact for the appropriate
topology.

For that, we endow the set D([t, T'], P1) with the topology x1 of convergence in measure together
with the convergence of the value at time 7. It means that a sequence h™ converges to h if

n— o0

Ve > 0, / ]ldl(h"(s),h(s))>ed3 njgo 0, dl(hn(T),h(T)) — 0.

)

This topology is metrizable, and makes the space (ID([t,T],P1),k1) a separable metric space
which is not topologically complete. Let L£(k1) denote the associated convergence in law on
A(D([t, 7], P1)).

The following lemma is a corollary of the main result in Kurtz [18] which extends the classical
result of Meyer-Zheng [20] to measure-valued processes:

Lemma 3.7 (Consequence of Theorem 1.1 and Corollary 1.4 in [18]). Consider a sequence of
processes (M™)p>0 C M(t,m) for m € Py. Then the set of laws of the processes (M")n>0 s
L(k1)-relatively compact.

Proof. In order to exactly fit in the framework of [18], one may extend the definition of the
processes to (M")ct,400) by Mg = Mp for s > T'. We have to verify the condition C1.1(i)
(compactness containment) of Theorem 1.1 in [18], i.e. that for all € > 0, there exists a compact
K C P; such that

liminf P(M}' € K,Vs € [t,T]) > 1—e.

n—oo

Let ¢(x) = |x|?. Note that, using the properties of the Gaussian kernel, for all s’ > s,

EMIW)IF] = p3"" () = MP(®) +d(s' — 5).
This implies that M"™ (1)) is a non-negative submartingale.
Using Doob’s inequality, we have therefore

E[Mp ()] _ m(y) +d(T" —t)

P( sup M}(¢) > C) < =
Lo, M= =76 c

As the set {p € P1|u(y) < C} is compact in (P1,dp) (see Lemma 2.1), the condition holds by
choosing C' > w.

We verify now the condition of Corollary 1.4. in [18], i.e. that there exists a countable separating
subset {f;}icr in Cp(P1) such that for all ¢ € T

N-1
sup sup E [Z ‘E[fZ(M{;H) — f,(Mg)\ftAfn]‘ < 400. (3.5)
k=0

n 0=tp<...<tp<..<tny=T

For this, we can choose a sequence (¢;) in C°°(R?) which separates points in P; (for example,
one may choose the maps cos((t;,-)) and sin((t;,-)) when ¢; varies in a countable dense subset
of R%), so that the maps f; : u — | ¢idp are separating in C,(P1). Moreover for these maps,
the quantity (3.5) is bounded by (T — t)||D?¢;||s since for all 4, k, It&’s formula implies:

n k> tn n d
BRIV, (60) — M (00| FE" )] = oy (86) — M2 (80)] < S1D%6illothss — 1),

11



The result of Kurtz implies (see point (b) of Theorem 1.1 having in mind that Lebesgue-almost
sure convergence of trajectories implies convergence in measure) that there exist a process M
and subsequence of M"™ which L(k1)-converges to M. The result follows. O

A similar result for martingales can be found in Cardaliaguet-Rainer [10] with a proof based on
the method of Meyer and Zheng [20].

Proposition 3.8. M(t,m) is L(k;) compact in AD([t,T],P1)).

Proof. Using the preceding lemma 3.7, it remains to prove that M (t,m) is closed in A(D([t, T, P1)).
Let (1) be a sequence in M(t,m) that converges for £(r1) to some law p in A(D([t, T],P1)).
Using Skorokhod representation Theorem for separable metric spaces (see Theorem 11.7.31 in
[13]), we can find on some probability space (£2, F,P) a sequence of processes (M™),>1 of law p™

and a process M = (Mjs),e[,7) of law p such that (M") “ M almost surely. Up to extracting a
subsequence, we can also assume that there exists a subset R of full Lebesgue measure in [t, T

and containing 7" such that for all s € R, M} V) s almost surely.
Let ¢ € Cy(RY). Then, for all s € R, we have almost surely

M (¢) = My(9).

Given some bounded continuous maps fi,..., fr : P1 — R and t1,...,t, < s < s’ in R, we have

¥ >0, E[fy(MP)... frl( M )ME(6)] = E[f1(M])... fu (M )%™ ()

Taking the limit as n goes to 400, we deduce that
E[fi(My,)... fe (M, ) My ()] = E[f1(My,)... fr(My, )05 ()],

since the map m' — pz;ml is dy-continuous. Recall now that, by definition, M is cadlag. This
implies that o(M,,r € [t,s]) = o(M,,r € RNt s]). It follows that

E[My(¢3)|o (M., € [t s])] = p3""* ().

This property holds true almost surely for all s, s’ in a countable dense subset of [t, T'] containing
T. It can therefore be extended to all s, s’ € [t,T] when replacing o(M,,r € [t,s]) by its right-
continuous augmentation FM.

Similarly, for all n > 0 and all s € R, we have

E[M(9)] = pi™(6)-

We deduce that E[Mg(¢)] = pg’m(qb) by taking the limit, and the property extends to all s € [¢, T
by right-continuity. This also implies that E[M;(¢)] = m(¢). It follows that M(t,m) is closed.
This fact, together with Theorem 3.7 gives the compactness of M(t, m). O

3.3 dj-variation of belief processes.
Lemma 3.9. Given any partitions m = {t = t; < .... <ty =T}, we have
N—-1

1im sup E[Z (tq+1 — tq)dl (Mtq, Mtq)] = 0,

|7|—=0 MeM(t,m) —l

12



N-1
lim sup [Z (tq—i‘l B tQ)dl(Mtq+17Mtq+1 )] =0,
[7[—=0 AreM(t,m) =1
» q 17Mt 1
where we have set My, =m and for ¢ =2,...,N, Mtq =Dy, .

Proof. We only prove the first assertion as the proof of the second is completely similar.

Let £* denote the set of 1-Lipschitz functions on R? taking value 0 at 0. Define the norm
| fll« = sup,epad H_(‘x)“g on the vector space of continuous functions with at most quadratic

growth. The space L£* is compact for the norm ||.|.: for all € > 0, there exists a finite family
{fi;i = 1,...., No} such that, for all f € L£* there exists f; such that ||f — fi|l < e. Let
(Ui)i=1,....n. denote a measurable partition of £* such that

VieUslf = fil« <e.

Note that for all f € £*, E[M; (f )].FM | = Mtq(f) for g =2,..., N —1 and E[M;, (f)] = My, (f).
For all pu, ' € Py1, we have by deﬁmtlon

di(p, 1) = sup p(f) — p'(f)-
fecx

If we endow Ps with the distance da (which induces the same Borel structure as d;) and £* with
the norm ||.||«, then, using point 4 of Lemma 2.1, one easily checks that the map

(1,1, f) € Pax Pox L* = p(f) — ' (f),

is jointly continuous. Applying Proposition 7.33 in Bertsekas-Shreves [2], there exists a measur-
able selection ® : Py x Py — L* such that

Vi, i € Pa, di(p, 1) = /<I>(u,u')du—/<1>(u,u’)du’-

Define the random functions x — g,(x) = (M, Mtq)(:n)]l(Mt NI, e Py x P, SO that
q> q
N—1
B[ (tg1 — tq)di(My,, My,)] Z g+1 — tg) (M, (9q) — My, (gq)))-
q=1 q=1

We have, for all g,

My, (gq) = My, anqemfz )+ My, Zﬂgqem — £)).

Using that, for P-almost all w € §,

Vo € RY, D 1g,er;l94(w,7) — filw)] < e(1+ [2f),

i
we deduce that

33, (00) = M3, (3 Ly )| < & [ 1+ fa )i o).
Finally, this implies that

([0, (9,) — Mi, (3 Lyern Sl < € (14 o)l &) < (1 4 C),

13



for some constant C depending on m and (7 — t). The same argument leads to
B (00) = My (3 Mol < 2 [+ oP)ast @) <=+ o).

We obtain:

B[S0ty — ) (M, (00) ~ M, (0)] i A
<2Te(1+C) +E[ o (tq+1 t )Ei—i Ugev; (M, (fi) = My, (fi))] - (3.6)

< 2Te(1+Ch) + vagl B[00 (b1 — tq) [ M, (fi) — My, (£:)]]
Note that the second inequality is far from being precise, since we just have bounded the indicator

functions by 1. Its advantage is that the integrands are now all deterministic.

Now, for n > 0 and ¢ = 1, ..., N, we define the mollification f;! = f; * p,, (recall that p, denotes
the Gaussian kernel, see section 2.2). Using that f; is 1-Lipschitz, it is then well-known that f’
is smooth and that

1fi = floe < Cov/s IV Flloo <1, 1D flloe < —,
with Cy = [pa |2|p1(x)dz. We deduce that, for all ¢ = 1,..., N.:

E[305" (tar1 — t) [ My (£) = M, ()] < ELZ05 (bgan — )| Mo, (f7) — My (F1)] + 202{@
3.7
Now, by Cauchy-Schwarz, we have

E[ N (tgrn — to) [ My, () — My, (PN < VIRIEIS NS o = 8 My, (f]) — M, ()] »
< VIVE (& [ (om0 - 3, (20)°] )

(3.8)

Then, using that (M, (f;") — M, (f;")) is a sequence of martingale increments, we have

N-1 A ) [ /N-1 A 2
E Y (M, () - ¥,(5) | = (M, (1) = N, (1))

q:1 L q:l

[ N-2 2
=B | Moy, () =)+ > (Miy () = My ()
L q:1
Therefore it holds that
1/2
N-1 R ) 571/2
(E (a1 =31, 0)° || i+ | (e ()]
q=1
N9 A 2 1/2
+|E (M1, () = Nt (£)
q=1

Since f;! is smooth, using It6’s formula, for all u € Py and all ¢ < 51 < s9 < T', we have:

s 1 52

ps;’u(fzn) = Eshﬂ[fin(BSz)] = Esh,u [ 81 / vfn 5/ tr(szf(Br))dr} .
51

14



Since ||V f|ls < 1, the stochastic integral is a martingale, and thus

U — D] = B |5 [ 0D 5B | < 52 (52— 51
p B sl,u281 i (Dr _2\/72 1)-
This formula holds in particular for p = M; ,q=1,..., N —2:
tq,Mtq dOQ

| My, (F71) = Mgy (F7)] = 1M, (F7) = pil " (P <

This leads to the following estimation:

24\ 1/2

N—-2
E M, (f1Y = M n < .
( q§::1 tq(fz) tq+1(fz) — 2\/5

On the other hand, Jensen’s inequality implies

Mthl(fi)2 < Mthl(fi2)7

which in turn implies (with ¥ (z) = |z|?, recall that f;(0) = 0 so that |f;|> <))

E[My , (fY? < Com+E[Myy , (fFHY? < Coy/m+E[Mey_, (¥)]Y? = Con/mt/m(y) + (T -

Summing up, we proved that

= 1\ dCyT
(E [Z (Mtq(fi) - Mtq(fi)> ] ) <m(fi) + Vm) + (T —t) + 5= +4Ca/7.  (3.9)

q=1

Resuming (3.6)-(3.9), we get finally

N—-1
E Z g+1 — tq) (M, (9q) — M, (94))
q=1

dCyT
2/

< 2Te(1+ Cy) + NA/|7|T <\m]2 +v/m@p) + (T —t) + + 402\/7_7> +2N.CoT /1.

This implies that for all € > 0 and 1 > 0,
N-1

limsup sup E Z (tg+1 — tq)dl(Mtq,Mtq) <2Te¢(1+ Cy) +2N.CoT\/n,

7|=0 MeM(tm) | o=

and the result follows by sending 7 and then ¢ to zero. O

We now state a corollary of the previous Lemma.

Lemma 3.10. Let M™ be a L(k1)-convergent sequence in M(t,m) with limit M. Then for any
sequence of partitions m" = {t =t < .. <t} =T} with |t"| = 0, we have

Np—1

E | D (tge —t)H(ty, M) %E[/tTH(s,MS)ds].

q=1
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Proof. At first note that P — Ep[ ftT H (s, M;)ds] is L(k1)-continuous by construction since
x(s) € D([t,T],P1) — ftT H(s,z(s))ds is k1-continuous. It follows that:

E MT H(s,Mg)ds} —E UtT H(s,Ms)ds} : (3.10)

On the other hand, since, by Lemma 2.4, H is C-Lipschitz, we have, for all n and all g,

n
tq

+1
(tnyy — t0VH (1, M) — H(s, M™)ds

n
tq

tn
<0 [ s -t + di (M ME)ds  (3.11)

n
tq

Using that, by Lemma 2.2, it holds for all s € [ty, t4+1]

7M;L
dl(Mgth?;) < dl(p:g+1 7Mt7’§) + \/ d(tZL—i—l - 8)7

we get
t7l
(tgy — () H(E, M) — [ H (s, M7)ds
tn 7M;L
< O (Jut ™™ Mg s + (0 — ) (17" + /A7)

Now remark that for all 4 € P;, the map v € P; — di(p,v) is convex. Therefore, taking

. . . . . . ~ tQ7Mt
conditional expectations given FM" and using the notation M[}LH =p a
q

. . , it follows from
q+1
Remark 3.1 5. that:

s, Mg n n n
Eldy (ptgH ) Mtg)] §E[d1(Mtg+1, Mtg)]

<E[di(Mfs M )]+ \/d(ty, — ).

We deduce that:

tg1 -
|ty — ) H (1, M)~ | 7 H(s, M2)dsl) < Cltyea—t3) (1] + Eldy (M, N33 )] +2y/d] )

tn Y
and finally
Np—1 T T T
LY (g~ g M)~ B s 0] <[ [ s 0apds — 61| (s, 08
o t t t
Np—1 A
+CT [E ) (tr, —t)di(Mgn | M )]+ 7" +2¢/dl7"] |
q=1
The result follows by (3.10) and Lemma 3.9. O

3.4 Proof of the alternative formulation

We are now ready to establish Theorem 3.4 : lim ;o V" exists and is equal to the value of
the martingale-optimization problem V', as a consequence of the two propositions 3.11 and 3.12
below.
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Proposition 3.11.
limsup Vi (t,m) < V(t,m). (3.12)

|7|—0

Proof. We denote by (€2, F,P) an extension of the canonical Wiener space (Q4, Ft, Pt ) which
supports also a family (Uy, Vg)g=1,....n—1 of independent random variables with uniform law on
[0, 1], independent from (Bs).c,17-

Consider an arbitrary element M in M(¢,m) and a partition 7 = {t =¢; < ... <ty = T}. Using
the splitting proposition 3.6, we can define some sequence of measure valued random variables
on (2, (M{q)q:17...7N_1, with same law as (M, )q=1,....nv—1, having the following properties

a) M{q is measurable with respect to (By,, U, ..., By, Uy).
b) The conditional law of By, given (Mj,, ..., Mj ) is precisely Mj .

Let (s,m) — u*(s,m) be a measurable selection of Argmin,cyy max,cy [pa (5,2, u,v)dm(x)
(which exists by Proposition 7.33 in [2]). Note that we have for all (s,m) € [t,T] x Pa:

Yv eV, /Rd f(s,z,u*(s,m),v)dm(x) < H(s,m). (3.13)

With these ingredients, we shall compose a strategy o* for player 1: at each step ¢, the action
of player 1 is given by
u; = u”(tg, Mt'q)

Thanks to property a), this definition induces a behavior strategy o* € Y(m) that does not
depend on player 2’s actions, where ag(Btl,...,th,ul,...,uq_l) is simply a version of the
conditional law of uy given (By,, ..., By, uf, ..., uy 1)

Let player 2 chose some arbitrary strategy 7 € 7 (7). Without loss of generality, we can compute
the payoff associated to the strategies o* and 7 on the probability space €. Precisely, using the
notations of Theorem 3.5, we define the actions of player 2 by:

U; = ¢V(Tq(u/17vlly ---aug—hvg—l)’ V;])a

so that the joint law of (th,u;,v;)q:L,,,,N_l defined on (92, F,P) is the same as the law of
(Bt tg, Vg)g=1,...N—1 under Py, 7 o+ .

Thanks to property b) the conditional law of By, given (Mt’i,u;, v})i=1,...q equals the conditional
law of By, given (Mj,,..., M ) and thus is exactly M; . To prove this, we use first that the
actions of player 2 are maps depending on (u;)izl,m,q_l and auxiliary variables (V;);=1, 4 that
are independent of (B, (M., u;)i=1,.q), implying that the variables (v})i=1,... 4 can be removed
from the conditioning. Then, the variables (u;)izl,m,q can be removed as well since they are
maps depending on (M )i=1,...q.
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Using the above-mentioned properties and inequality 3.13, we obtain:

N-1

Wﬂ(t,m,a*,T) :I_E Z qg+1 — tII7th7uq7 q)
q:

=

(tq-l-l_tq)E[f(t%thv Ugs q)|(Mt/7u7,7Uz) =1,.. ,q]

Il
=
M

=

q+1 _t / f t .’L’,Uq,Uq)th,q(x)

Il
=
7

i
=

-1

<E (tq—irl - tq)H(tq: Mt/q) =E (tq—irl - tq)H(ttp Mtq)
| a=1 q=1
Since the strategy 7 was chosen arbitrarily, it follows that
v
Va(t,m) <E Z (tg+1 — tq)H(tq, My,)
q=1

Letting tend |7 to zero on both sides of the latter inequality and using Lemma 3.10, the relation
(3.12) follows O

Proposition 3.12.
liminf V. (t,m) > V(t,m). (3.14)

|7|—0

Proof. For some given partition 7 of [t,T], let 0 € 3(m) be an arbitrary strategy for player 1.
We shall define recursively an answer 7 € T from player 2. Since it will be a pure strategy for
each ¢ € {1,...,N — 1}, 7, will be identified with a map from (U x V)7~! to V.

o let v*: (s,m) € [t,T] X P2 — v*(t,m') € U be a measurable selection of

Argmax,cy min [ f(ty, x,u,v)dm’ (x).
uelU JRd

e For g =1, set 71 = v*(t,m).

e Suppose that, for some g € {2,..., N}, 71,...,7,—1 is defined. Remark that, for any couple
(0,7) € () x T (), the restriction of IP’t ,m,m0,r on the coordinates (B, , u1,v1, ..., By, ug)
depends on 7 only through 7,...,7,—1. Therefore it makes sense to define 7, as

Tq = 0" (tg, M),
where M{; is the conditional law of By, given (u1,v1,...,uqg—1,0q—1) under Py, - , = for
q=2,..,N —1, and Mﬁ =m.

We also need to define for all ¢ = 1,..., N — 1, the variable M[; as the conditional law of of

By, given (u1,vy,...,uq,vg) under Py, 7, 7. Note that the variables M{; and Mg; correspond
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respectively to the belief of player 2 on By, before and after playing round ¢, when knowing that
the strategy o is used by player 1. Note also that by construction, for ¢ =2,.., N — 1,

N tg—1,M[
T _ q
Mtq =D,

—1
a .

At last, we extend the definition of the process (M) ¢ as follows:

tg, M tn_1,MT
Vg=1,...N —1,Vs € [tq7tq+1), M7 :psq tq7 M :pTN 1 o1

By construction, the law of M™ belongs to M(t, m).
Let us start the computations. For all g =1,...., N — 1

Et,m,mcrf[f(tqa thvuqv Uq)] = Et,mm,o,? [Et,m,mcrf[f(tqy th,uq, Uq)|u1’ U1y .., Ug, Uq]]

- Et,m,w,a,? /]Rd f(tQ7 xz, um 'Uq)thZ (.Z'):|

2 Et,mﬂr,oﬂ_’ /]Rd f(tqa €, uq7 Uq)thZ (l‘) - C’dl (Mtz ) MZ;):|

> Byyn o7 | H(tq, M) — Coly (M, NI

> Etmror | H(tg, M) — 20dy (M, V)]

Taking the sum over all ¢, we have proven that, for all o € ¥(x), there exists 7 € T (7) and
M™ e M(t, m) such that

et m,0,7) 2Bt mm [Z(zam —t,) (H(ty, MT) — 20d1<Mg,Mz;>)] .
q

Let (m,)n>1 denote a sequence of partitions such that |m,| — 0 and

lim Vy, (t,m) = liminf V. (¢, m).

|7|—0

Let (en)n>1 a sequence of positive numbers with limit 0 and for all n > 1, let o, € X(7m,)
be an e,-optimal strategy in the game I'z, (¢,m). Thanks to the above analysis, there exists
Tn € T () such that

V7rn (t, m) +en > Yrn (t7 m,on, Tn)

> By tamorns [Z(m — 1) (H(ty, M) — 2Cay (M Mgn))] .
q

By Proposition 3.8, there exists a subsequence of (M™),,>; which converges for £(x1) to some
process M with law in M(t,m). After some eventual enlargement of (2, F,P) we may consider
representations of M and the sequence (M7 ) on this same space. Using Lemmas 3.9 and 3.10,
we get finally
T
liminf V;(¢t,m) > E[/ H(s, M)ds] > V(t,m).
t

|7|—0
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4 Characterization of the value function

The main result of this paper is the characterization of the value function V as the largest
subsolution, in some class of functions, of a Hamilton-Jacobi equation. In contrast with previous
works, V' depends here in a dynamic way on the probability measures m € P, which are no more
of finite support, neither can be forced to have a density with respect to the Lebesgue-measure.
We have found the appropriate framework in the paper [6].

For technical reasons (see Remark 4.1 below), we need to consider the two metrics dy and do
on the space P5. The reference metric is dy and is used implicitly everywhere, and we will
say explicitly do-continuous, do-convergent, etc... whenever we need to use the metric ds. In
particular, functions defined on Py or [0,7] x P, [0, T] x Py x R? are do-continuous if they are
globally continuous when P5 is endowed with the metric do and the other spaces with the usual
topology.

Given a map F' : [0,T] x P2 — R, we consider the following equation:
QU (t,m) + 3 [pa AV[Dy U](t, m, z)m(dz) + F(t,m) = 0, (t,m) € [0,T) x Po,

(4.1)
U(T,m) =0, m e Ps,

where the divergence operator div acts on the spatial variable z and D,,,U(t, m, z) is defined in
[6] (Definition 2.2.1) as follows:

At first, a map g : P2 — R is said to be differentiable if there exists a measurable map g—%
Py x R — R with at most quadratic growth with respect to the spatial variable and such that,
for all m, m’ € Po,

< (m, x)d(m’ — m) (),

iy 10t o) _ [ o
r—0+ T Rd OM

and (as a normalization convention)

og
d .
/R“Sm(mx) m(z) =0
As a consequence of the definition, if ¢ is differentiable, the map

€ 0,1 = g((1 —r)m +rm’) € R,

is differentiable on (0, 1) with derivative [, (g_gv,((l —r)ym—+rm/,x)d(m’ —m)(z). If moreover, g—g%

is do-continuous and with at most quadratic growth with respect to z, uniformly in m, the above
derivative is C'' (using dominated convergence) and we may apply the fundamental theorem of
calculus, yielding the relation

g(m’) — g(m) = / /R (=t )’ — ) ) (4.2)

Then, if (;S—T‘Zb(m, r) is C! in x, we define the intrinsic derivative D,,g by

om

Dg(m, ) := D, (‘5—9) (m, ).
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We refer to [6] for the interpretation of D,,g, which is related to the geometry of the Wasserstein
space, coincides with the L2-derivative considered by Lions [19] and appears quite naturally as
a measure derivative along vector fields (see Proposition 2.3 in [6]).

In the sequel, we are mainly interested in the case where F' = H :

QU (t,m) + 3 [pa AiV[Dy, U](t, m, z)m(dz) + H(t,m) = 0, (t,m) € [0,T) x Pa,
(4.3)
U(T,m)=0, m € Ps.

The problem is that H isn’t sufficiently regular. Indeed a crucial tool in our argumentation
is a classical, explicit solution for some equations of type (4.1) (see Lemma 4.5), which only
exists under strong regularity assumptions. For this reason we need to approach H by smooth
functions F.

The regularity assumptions (A1) we require for the function F' in (4.1) are the following:

(A1) The map (t,m) € [0,T] x Py — F(t,m) is bounded and continuous,
oF D, (6—F) D (g—i) exist and are bounded and continuous.

sm?

We call (A2) the regularity assumptions for functions v that will play the role of a terminal
condition for equation (4.1):

The map m € Py — 1(m) is continuous with at most linear growth, i.e.:
there exists M > 0 such that Vm € Pa, [¢p(m)| < M (1 + |m|1),

LI) D, < ) D2 ( 5m) exist, are continuous,

sm?

and have linear growth in z, uniformly in m.

(42)

We introduce also the weaker assumption (A3) for test functions ¢ in order to define the notion
of viscosity subsolution for equation 4.1:

The map (t,m) € [0,T] x Py — ¢(t,m) is lower semi-continuous and ds-continuous,

(A3) %f, grfw D, (5—50 , D2 (g—m> exist and are dy-continuous on [0,T") x Py x RY,

m

(?_rfL’ D, (m> ,D? <6—‘p> have at most quadratic growth with respect to z, uniformly in (t,m)

Remark 4.1. We need to consider ¢(¢,m) = @(t,m) + €/m|3 as an admissible test function in
Lemma 4.8, where the second term is related to a compactness issue. Actually, ¢ will be more
regular than required by (A3), but note that the map 1(m) = |m|3 is only lower semi-continuous
and not continuous, but is dy-continuous. An easy computation shows that w —(m, ) = |z|? —
|m|3, and thus 1) satisfies (43). The above assumptions are thus completely tailored to the
problem, and we would like to emphasize that there are several different ways to define test
functions or classical solutions in order to obtain a coherent notion of (viscosity) solutions on
measure spaces.

Definition 4.2. 1. We call a (classical) solution of (4.1) a map U : [0,T] x P2 — R which
is continuous, satisfies assumption (A3) and for which (4.1) is satisfied for all (t,m) €
[O,T] X Pa.
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2. We call a subsolution of (4.1) a map U : [0,T] x Py — R which is upper semi-continuous
and satisfies, for all (t,m) € [0,T) x Pa, and for all ¢ satisfying assumption (A3), such
that ¢ — U has a local minimum at (t,m),

p(t, m) + % [ Dt m.2)m(d) + P(t.m) > . (4.4)

Remark 4.3. It is easy to prove that a classical solution of (4.1) is also a subsolution, but there
is no need here for this result. In the definition of subsolution, local refers to the metric d; on
Po.

We will prove in this section the following characterization of the value function V:

Theorem 4.4. V is the largest bounded and continuous subsolution of (4.3) which is conver in
m and satisfies the terminal condition V(T,-) = 0.

We start our computations with a technical lemma in which we construct smooth solutions of
(4.5) with smooth terminal conditions and compute the derivative of test functions along the
curve s — (s, pi™).

Lemma 4.5. 1) If ¢ is a test function satisfying the assumptions (A3), then for all (t,m) €
[O,T) X Po:

t,m

) — ot
iy P8 P5) — o(t,m)
s\t s—t

= Opp(t,m) + % /]Rd div[ Dy p](t, m, x)m(dzx).

2) Let F : [0,T] x Po — R be such that assumptions (A1) hold true and let 1) : Py — R which
satisfies (A2). Let t1 € [0, T]. Then the following equation

{ 81;90(75,77;) + % Jga div[Dyyo(t, m, x)ldm(x) + F(t,m) =0, (t,m) € [0,t1) X Pq, (4.5)

o(ty,m) =¥(m), m € Pa,

admits as unique classical solution the continuous map ¢ which satisfies (A3) and is defined by:

t1

o(t,m) = (P + / F(s,pl™)ds. (4.6)

t

Remark 4.6. A direct application of this lemma is that, if H satisfies assumption (A1), then
the map (t,m) — Up(t,m) := ft (s,p¥™)ds is a classical solution of (4.3). But remark that

we cannot expect this map to be convex in m, unless this holds for H itself. This implies that,
in general, Uy # V (i.e. the totally non revealing strategy is not always optimal for player 1).
Proof of Lemma 4.5.

1.1) Fix 0 < t <t/ < s < T and let us assume temporarily that m has compact support. Set
Recall that
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We have the following chain of equalities:
o(s,ms) — (s, my) / / (1 —r)ymy + rmg, ) d(ms — my)(x)dr
Rd (5777,

/ /Rd om (1= rymy +rmg,x) (p5™ — pi'™) () dadr

/ / (I =r)my +rms, x </ 8Tp7_ )d7-> dxdr
Rd 5m .
- ’ t,m
/t’ / /]Rd om (1 —r)my +rmg, ) Orp7" (z)dzdrdr

1 t,m
/t' / /Rd om (1 = 7r)my +ms, ) §APT (x)dxdrdr
2, / Aiv[Dyni] (5. (1 = r)my + rmg, 2) dply™ (z)drdr.
4 Rd

Let us justify the above computations. The first equality follows from (4.2). The second equality

follows from the definition of mg, my. The fourth equality follows from Fubini’s theorem, which

we may apply since 92 has at most quadratic growth in x, uniformly in (¢,m), and -thanks to
om

the fact that m has compact support- [pa(1 + ]az\2)\%(p?m(a;))\da: < o0. The sixth and last
equality follows from the integration by part formula which we may apply thanks to the growth
assumptions on (‘;‘2 and its derivatives.

We proved that, for m with compact support,

o(s,ms) — (s, my) = ///le m@] (5, (1 —rYmy + rmg, z) dp™(x)drdr.  (4.7)
t Rd

1.2) Let us generalize this for an arbitrary m € Ps: any m € Py is the dop-limit of a sequence
(m'™) of measures with finite (hence compact) support. Following Lemma 2.2, this implies that,

for any T € [t/, s], ptfl’mn doy-converges to ptfl’m and therefore, denoting m! = p?mn

p(s,mg) = p(s,mip) = @(s,ms) = (s, my). (4.8)

Further, the dy-convergence of (m™) implies that their second order moments are bounded and
uniformly integrable and that the sequence of measures is tight, i.e.

sup/ |z[2dm™(z) < oo, Sup/ (1+ |z>)dm"(z) — 0.
R4 |z|>K

n n K—o0

Moreover, we also have

t,00 o $2 t,00 x )
sup /$>K<1+|:c| )t <>—/ (14 [22)dpt% () —» 0

T€(t,s] |lz|>K K—o0

Thus, for any € > 0, we can find K sufficiently large such that, for all 7 € (¢, s] and all n € N,

/|| K(lﬂxlz)dpi’m"(a:) =/Rd /Rd11|m+y|>z<(1+\w+y!2)p7_t(y)dydm”(w)
x|>

: /R /Rd(ﬂ'y”/? + Lppsrego) (14 20f” + 21y[*) pr—i(y) dydm™ (),

<eg,
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as well as f‘be(l + |z[2)dpt™ () < e.
For this K > 0, we have, for some constant C’,
303 0o Soa v [Dug] (s, (0= rymip + g™ @) d(ph™ = p™ ) (@) drdr]
s rl m ,m"
< (S Sy Saore U+ 2™ (@) + pi™ ) (@) drdr
s rl m ,m"

I3 Iy e+ 220 (@) = ™ ()| dedrdr )

20Te + C [ o ajerc(1+ [22)]p2™ (@) = o™ ()| dndrdr.

(4.9)

IN

By dominated convergence, the last term of (4.9) converge to zero as n goes to infinity, and we
conclude that

IR n n
|5 / / / div[Din¢] (s, (1 = r)ym}y +rpt™" ) d(pt™ — pb™")(x)drdr| — 0.
2 Jy Jo Jra n—

Using dominated convergence, we also have

15 [t )
9 / / / le[Dm(p] (37 (1 - T)mg + Tp?m ,.Z') dp:ﬁm(w)drdT
2 t 0 Rd

n—oo Q/t, / /Rd div[Dp] (s, (1 = r)my + rpi™, ) dpt™ (z)drdr.

These two limits together with (4.8) imply that (4.7) holds true also for any m € Ps.
1.3) The next step is to prove that (4.7) still holds true for ¢/ = ¢, i.e.:

o(s,mg) — / / /Rd div[Dy ] (s, (1 — 7)ym + rmg, x) dpt™ (x)drdr. (4.10)

By Lemma 2.2, 7 — p2” is continuous from [t,T] to (Pa,ds). And by (A3), ¢ and div[D,,¢]
are dp-continuous. Therefore, letting tend ¢’ to ¢ in (4.7) , we obtain (4.10) (the right hand side
converges by dominated convergence).

1.4) Finally we shall divide (4.10) by s — ¢ and let tend s to t.
Since div[D,,¢](t,m,.) has at most quadratic growth and 7 — p2™ is continuous from [t, s] to

(P2, dy),

T div[ D) (t, m, x)dph™
Rd

is continuous. This implies that

lim ! / div[ D) (t, m, x)dph™ (z)dT = div[Dp, ] (t, m, x)dm(x).
s\t s —t1 t R4 R4

Fix € > 0. As for (4.9),using that div[D,,¢] has at most quadratic growth in x uniformly in
(t,m), we can find K > 0 such that, for all 7 € (¢, s],

/x>K

Further, by assumption (A3), div[D,, ] is de-continuous. Therefore we can choose s — t suffi-
ciently small so that for any r € [0,1] and = € R?, with |z| < K,

div[Dp, ] (s, (1 — r)m + rmg, ) — div[Dy, ] (8, m, x) ‘dpim(:n) <e/2.

|div[Dp] (s, (1 — r)m + rmg, ) — div[Dp, ] (t, m, x) | < /2.
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in order to get
1
/ |div[Dy] (8, (1 — 7)m + rmg, z) — div[Dyg] (8, m, z) |dph™ (2)dT < €.
0 Jrd

Since ¢ can be taken arbitrarily small, it derives from (4.10) that

) =gt 1/
1}1&1 - =3 L div[ Dy, ] (t, m, x)dm(z).

Writing ¢(s,ms) — @(t,m) = @(s,ms) — @(s,m) + ¢(s,m) — p(t,m) and recalling that

lim (10(87 m) - (,D(t, m)

= Oip(t
AW s —t t(’D( 7m)7

we can conclude.
2.1) The function ¢ defined in (4.6) is solution of (4.5):
Remark that, for all m,m’ € P, and r € [0,1] and s € [t,T], we have the relation

t,(1—s)m+sm’ _ (1 - S)pz,m

ph + sph™

We have therefore:
1

- (o(t, 1 —r)m+rm') — o(t,m)) =

S| =

(2= o™ + ™) = (o™
+ /ttl E (F( (1 —7)pt™ + rph ) — F(s,p';’m)) ds

r

Using that 1 satisfies (A2) and that F' satisfies (A1), together with bounded convergence and
Fubini’s theorem, we deduce that g—i exists and is given by:

5(10 _ 5¢ t,m
%(t,m,x)_/deh—t(y) <%(pt1 , T+ / 5 o5 w+y)d8> dy.

We deduce easily from the assumptions on 1, F' that ¢ satisfies (A3).
It follows from point 1) that:

lim (10(87 ms) - 90(757 m)
s\t s—1t

= Oyp(t,m) + % div[ Dy, ] (t, m, x)dm(x).
Rd

Further, from the semigroup property (2.3), we get

T
o(s,ms) = h(p;™) +/ F(r,p™)dr = ¢ (py™) / F(r,pi™)dr, s € [t,T].

This implies that
@(Svms) - / F 7" pr T,

and thus:
. 1
lim
s\t 8§ —1
which implies that ¢ is a solution of (4.5).

(p(s,ms) — p(t,m)) = —F(t,m),
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2.2) The function ¢ is the unique solution of (4.5):
Let ¢’ be an arbitrary solution of (4.5). It follows from point 1) together with the semigroup
property (2.3) that the map

s € [t,T] = ¢'(s,pi™) €R,

is differentiable on (t,7') with derivative dy¢'(s,ps™) + 3 Jra div[Dp, '] (s, p5™, 1) o™ () d(y).
Using dominated convergence, it is even C' on (t,7T), and we may apply the fundamental
theorem of calculus to obtain

m h 1 .
¢ (t, ") — ¢ (t,m) =/ (@w’(s,p?m) - 5/11@ dw[Dmso’](s,pZ’m,y)dpi’m(y)> ds
t

¢ (t,m) = @ (t,m) — @ (t1,pr]") + (tr, ")
I (00 (5,28 4§ S VD) (5, 5™ )™ (v) ) s + (b2, ")
= [}" F(s,ps™)ds + v (t1,pp"),

ie. ¢ (t,m) = p(t,m). O
Here is the a first application of Lemma 4.5:

Proposition 4.7. The value function V is a subsolution of (4.3).

Proof. Fixt < s <T and m € P.
For € > 0, let M = (M,),cs1) € M(s,ps™) be e-optimal for V (s, ps™). We define another
process M’ on the time interval [t, T] by

M/ — p?m7 lf re [t,S)
" M,, ifrelsT].

Let us check that (M;),cp¢,m) belongs to M(t,m):
e It is clear that E[M]] = m.

e To prove that M’ satisfies item (ii) of the definition, let ¢ : R? — R be continuous and
bounded.

— r— M/ () is cadlag,
— for s <t1 <ty <T,

EIM},(0)| 7)) = EWLL(9)IFY)
M () = pt;’ ().

’ t,m | ..
—Ift<t; <s<ty <T, since .7-"15]‘1/[ = ]-}pl is trivial, we have

E[M;, ()| )] =E[Mi, ()]
=i (6) (by (3.1)

m t 71’ .
:pt’2 (¢) = pt; 0 (¢) (by the semigroup property (2.3))

t1,M]

=Dty " (®)-
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— Ift <t <ty <s, we have simply

t
/:| t1 7pt71m t1 7M

E[Mtlz(@’]:% Py, (¢) = Py, " (¢)

We can write now
V(t7 m) = infMEM(t m) [j;g d’f’:|

E [ftT H(r, M)) dr} = ft (r,pt™)dr + E [fsT H(r, M,)dr
S H (@ pe™)dr 4V (s,05™) + e

VARVAN

This inequality holds also without e, since it can been taken arbitrarily small.
Now let ¢ be a test function for V at (¢,m), i.e. such that ¢ —V has a local minimum at
(t,m). Suppose for instance that, for some € € (0,1), (¢,m) is the minimum over all (s, m) such
that max(|s — t|,d;(m’,m)) < e. Then by relation (2.5), we have, for all s € [0,7] such that
s —t < €2/4d?,
p(s,ps™) — w(tm) > V(s,pt™) = V(t,m)
— [ H(r,pr™)dr.

Finally, using point 1) of Lemma 4.5, we just have to divide by s —¢ and let s tend to ¢ to obtain
1
Opp(t,m) + 3 div[Dy,o(t, m, z)|dm(z) + H(t,m) > 0.
Rd
O

We already know that V is continuous and convex in m. The next step is to prove that V is
smaller than any other bounded, continuous, convex subsolution of (4.3). To this aim, we need
two lemmas. The first is a comparison theorem between a solution and a subsolution of (4.5).

Lemma 4.8. Let F': [0,T]x P2 — R be such that assumptzons (Al) hold true and let ) : P — R
satisfy (A2). Let t; € [0,T], and define ¢p(t,m) = pt1 )+ f (r, ™ )dr.

Let U be a bounded, continuous subsolution of (4.5) which satisfies, for all m € Pq, U(t1,m) <
Y(m). Then U < ¢ on [0,t1] X Pa.

Proof. Let us suppose that the assertion is wrong. Then we can find some v > 0 and ¢ > 0 such
that

sup (Ut,m) — ¢(t,m) —y(t1 —t) — elm[3) == S >0 (4.11)

(t,m)€[0,t1]x P2

Let (t",m™) be a maximizing sequence. We can extract a subsequence, without changing the
notation, such that (") — ¢ < t;.
Further, from the assumption on ¢ and F, it follows that ¢ has almost linear growth in m
uniformly in ¢: there exists C’ > 0 such that, for all (¢, m),

|6(t,m)| < C'(1+[m).

Now, since U is bounded and |m|; < |mlz, no term can compensate e|m|3, i.e. the maximizing
sequence has to be bounded : there is some K > 0 such that, for n sufficiently large, |m"|3 < K.
It follows from point 3 in Lemma 2.1 that there exists a subsequence that converges to some
m € Ps.
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Since U is upper semi-continuous by assumption, and ¢ is l.s.c. because m +—> |m|§ is lower semi-
continuous and 1) is continuous, it follows that the supremum in (4.11) is a maximum attained
at (t,m) with

U(t_7 m) - ¢(va) - ’Y(tl - E) - E‘m’% =5>0.

Set @(t,m) := ¢(t,m) + y(t1 —t) + e|m|3.
We have
U(t,m) —p(t,m) = max  (U(t,m)—p(t,m)).
(t,m)€[0,t1]x P2
Moreover ¢ satisfies the regularity assumptions (A3) ( see Lemma 4.5 and Remark 4.1). There-
fore the criterion for subsolutions applies:

8—(’0(5,771) + l/ divDp,o(t,m, x)dm(z) + F(t,m) > 0
ot 2 Jr
But P 96
P - .
2 1m) = 20 m)
and

divDp,o(t,m, x) = divD,, (¢, m, x) — 2de.
This, together with (4.6) leads to the impossible relation

—~v —de > 0.
O

The following construction shall be crucial in the elaboration of a special test function for (4.5).

Lemma 4.9. Let mq € Py and 0 > 0 be fized. For all m € Ps, we set

[S]IeH

s(m) = /R Ve 4 [al? (5 m(x) — ps + mi(2))2d — (2m)3 V3.

Then
1. s >0 and s(my) = 0.
2. 1y satisfies (A2).
3. for any v > ((277)% + 2V/d)V/6, there exists o > 0 such that di(m,my) > v = 15 > a.

Proof. 1. The first item is obvious.

2. Let us show that 5 is continuous.

For (m™,n > 1) and m € Py such that di(m”™,m) — 0, it holds that (see the proof of 1.2 in
Lemma 4.5)

K—oo n

lim sup/ |z|ps * m" (z)dz = 0.
o> K

Given € > 0, let us choose K such that

sup/ |x|ps * m" (z)dzr < € and |x|ps * m(x)dz < e.
nJla|>K |z[>K
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As m™ converge weakly to m, we have simple convergence of ps * m"(x) to ps * m(x). Remark
now that y + \/de~12l* + |y|2 is Lipschitz, uniformly in z. It follows that for some constant C’

[Ws(m™) = s(m)| < C" [galallps  m™(x) — ps * m(z)|dx
<2C"e+ C/flrISK |x||ps * m™ () — ps * m(x)|dx.

The last term goes to zero by bounded convergence and the conclusion follows as € was chosen
arbitrarily.

We also have
vstin) < [ lallos +m(a) — ps e ma(@)d < nly + ]y + 2V,
R

which proves the linear growth property required by (A2).

Using dominated convergence, we obtain that

5% / |z|* (p5 * m(x) — ps * ma(x))ps(x — y)
Rd

dx.
\/5e @l 4 |z[2 (pg % m(z) — ps * ma(x))®

Using that
x|(ps * m(x) — ps * my(x)

!
\/56 212 4|2 |2 (ps * m(x) — ps * ml(az))2

it is easy to see that % satisfy the regularity assumptions required in (A2).
3. By Lemma 2.2 and Lemma 2.1 it holds that

<1

)

di(m,my) < dy(pY"™, py™) + 2v/db
< Jpalallos x m(z) — ps x ma()|dz + 2Vd5
< hs(m) + ((2m)2 + 2Vd)V/6.
The result follows. -

Proposition 4.10. Suppose that F' satisfies the assumptions (A1). Let U be a bounded, con-
tinuous subsolution of (4.1). For all (to,mg) € [0,T] x P2, for all s € [to, T], we have

U (s, ps™) = Ulto, mo) +/ F(r,py?")dr = 0.
t

Proof. Let t1 € [to,T], and € > 0. We set mq := pto’ ©. Since U is continuous, there exists n > 0
such that, for all m € P,

dl(m,ml) < n = ]U(tl,m) — U(tl,ml)] <.
Let us choose § > 0 such that ((277)% +2v/d)V/§ < n and let 15 be as in Lemma 4.9. Following
Lemma 4.9, we can find a > 0 such that, for all m € Py, di(m,m1) > n = s(m) > a.
Set K := sup,ep, (U(t1,m) — U(ti,m1)) + 1 and 1(m) := £4p5(m), m € Ps, in order to get

di(m,my) >n = (m) > K.
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This implies

sup <U(t1,m) - zﬁ(m)) = sup (U(tl,m) - zﬂ(m)) . (4.12)

mePa mePa,di(m,mi1)<n

Let (m™),>1 be a maximizing sequence for the right hand side of (4.12). Since ¢ > 0 and U
is bounded, the two sequences (U (t;, m"™)), and (¢)(m™)),, are also bounded and we can find a
subsequence (still denoted by (m™)) such that a := lim,, U(t;,m") and b := lim,, ¢(m") exist.
Moreover these limits satisfy

i—b= sup <U(t1,m)—1/~)(m)).

mePs

Finally, from the fact that, for all n > 1, dy(m™,my) < n, we deduce that |U(t;,m") —
U(ty,m1)| < e as well as
|C~L — U(tl,m1)| S €. (4.13)

Now let 9(m) := @+ p(m), m € Py. Then
¢(m) - U(t17m)

> g
It follows that Lemma 4.8 applies : for ¢(t,m) = w(p,tt’lm) + fttl F(r, pfn’m)dr, we get in particular

U(to, m()) < ¢(t07 mO)

or equivalently
t1

U (to, mo) — / F(s, plom™)ds < (my ). (4.14)
to

Now remember that 1(m;) = a + 1 (m1) = a. Thus, combining (4.14) with (4.13), we obtain
t1
Ulto,mo) — [ F(s,p™0)ds < U(t1,m1) + €.
to
This last € being arbitrary, the result follows. O
Now we come back to our original equation (4.3) involving the Hamiltonian H. The purpose

of what follows is to show that the result of Proposition 4.10 holds also for F' = H even if H
doesn’t satisfy the regularity assumptions (Al).

The first Lemma is a result of type Stone-Weierstrass, which is strongly inspired by the lecture
notes of P. Cardaliaguet [4] on the lecture of P.L. Lions [4].

Lemma 4.11. Let Q be a compact set in R? and P(Q) the set of probability measures on Q. A
monomial on [0,T] x P(Q) is a map P :[0,T] x P(Q) — R of the form

P(t,m) = t"II’- /qbl Ydm(x

with k,n € N and ¢1,...,¢, € C®(Q). We call polynomial any linear combination of monomi-
als. The set I1 of polynomials is dense in C°([0,T] x P(Q)) endowed with the sup-norm.
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Proof. It is easy to see that II is a sub-algebra in C°([0,7] x P(Q)) and that II contains a
non-zero constant: P(t,m) = 1. II also separates points: indeed let (t1,m1) # (to,ma). It is
obvious that, if t; # to, P(t,m) =t gives P(t1,m1) # P(ta,m2). Now, if t; = t3 but my # mao,
we can find a smooth map ¢ such that fQ pdmy # fQ (podms. This means that the monomial
P(t,m) = fQ wdm separates the points (t1,m1) and (t2,m2). Hence the Stone-Weierstrass-
theorem applies and the result follows. O

Lemma 4.12. For any K > 0 and € > 0, there exists H : [0,T] x Py — R satisfying (A1) such
that, for all t € [0,T) and all m € Py with |m|3 < K,

|H(t,m) — H(t,m)| <e.

Proof. Take R > <K and define K, = {m € P, |Supp(m) C B(2R)} with Supp(m) the support
of m and B(2R) := {z € R%,|z| < 2R}. K, is weakly compact, and thus compact for d;. Tt
follows therefore from Lemma 4.11 that there exists a polynomial map Hg. : K, — R, such
that, for all ¢t € [0, 7] and all m € K,

| Hpelt,m) — H(t,m)| < (4.15)

N ™

Now let pr € C®(R?, RY), with

(z) = xz, if x € B(R),
PRI =90 ifx € B2R)®

and |¢gr(x)| < |z|, for all z € RY. Remark that, for all m € Py, prfim has its support in B(2R),
where @pim denotes the pushforward of m by ¢r defined by wrim(A4) = m(pp'(A4)) for all
Borel subsets A of RY,

Set ﬁRﬁ(t, m) = Hp(t, ortm). It is easy to see that

6Hp,
om

0HR
(t,m,z) = 5mR’ (t, prim, or(7)),

and therefore that H R, satisfies (Al). Since H is Lipschitz in m, we have, for all (¢,m) €
[0, T] x Py such that |m|3 < K,

|H(t,m) — Hp(t,m)| < [H(t,m) — H(t,orim)| + |H(t, prim) — Hr(t,m)]
< Cdl (m7 @Rﬁm) + %
< C fralr —pr(@)|dm(z) + §
< 20 fB(R)c |lz|dm(z) + §
< X Lo]r)Pdm(z) + 5 <e
The result follows. O

We are ready now to claim that Proposition 4.10 holds true for F' = H:

Proposition 4.13. Let U be a bounded continuous subsolution of (4.3). Then, for all (ty, mg) €
[0,T] x Pa,

Us,pp™) = Ulto.mo) + | Hr.plo™)ir 2 .
t
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Proof. Fix (tg,mg) € [0,T] x Py. It holds that, for any r € [to, T],
plomold < K = |mol3 + dT.

Using Lemma 4.12, we can find, for any arbitrarily small € > 0, a map H which satisfies (A1)
and such that |H (r, pi>™) — H(r, pi>"™)| < € for all r € [to, T).

If U is a subsolution of (4.3), then U(s,m) := U(s,m) + es is a subsolution of (4.1) for F' = H.
From Lemma 4.10, it follows that

s

U(s,plo™) — Ulto,mo) + [ H(r,plo™)dr >0,

to

and therefore 5
U(s7p1;0’m0) - U(tovm(]) + H(r7p$‘07m0)dr 2 _26(8 - tO)‘
to

Since this relation holds true for all € > 0, the result follows. O

The above result permits us finally to conclude by the main theorem, which characterizes the
value function V as the largest bounded, continuous subsolution, which is convex in m and
vanishes at time 7.

Theorem 4.14. Let U be a bounded, continuous subsolution of (4.3) which is convex in m and
satisfies U(T,m) =0 for allm € Py. Then U < V.

Proof. Let (tg,mp) € [0,T] x P2 and M € M(tg, mg). Consider the regular time grid tg < t; <

<ty =T, with t), = to + kIS0

By Proposition 4.13, we have

trt1

t, M, o, M.

U(tk-i-laptzﬂtk)—U(tk,Mtk)—l-t H(r,p
k

)dr > 0. (4.16)

From the definition of M (tg, mg) and since U is convex in m, it follows that

te, M,
U(tk+17pt:+1 tk) =U (tk-‘rlv E[Mtk+1 |]:t1‘;f]) < E[U(tk-l-b Mtk+1)|‘7:tj‘;f]'

And therefore

t
i Lo, My,

E (000, 0,) ~ Ultnon Mo )IFY) < B | [ s iz | aan
ty
Since, by Lemma 2.4, H is Lipschitz in m, with Lipschitz constant C, we have, for any r €
[tk7tk+l]7
Ly, M),

E[H(rp ™) = Hr, My || FY ] < CE [y (0" 0y )| R (4.18)

By Lemma 2.2, we have
b, M,
di(p ", My,) < \/d(r —t,).
With (4.18), this gives us for H:

B[ Bt )ar ) < B[00 B My )ar | ] 4+ 250 1y — 1)
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Coming back to (4.17), thanks to the choice of the path of the time grid, we can write

20Vd

th+1
(thy1 — )2

E [U(tg, My,) — Ultpsr, My 1)) < E [ Hi(r, Mtk)dr] +

L
Summing up over all k, we get

T 20Vd(T — tg)*/?

3vVN ’

with M, equal to My, if r € [tk,trt1), for all k. As the mesh of the grid goes to zero, the process
s — H(s, M) converges almost surely for the Skorokhod topology to s — H(s, M) (see e.g.
Proposition VI.6.37 in [17]), so that:

E [U(to, mo)] = E[U(to,mo) — U(T, Mr)] <E [ H(r, M,ﬂ)dr} +

to

T

Ulto,mo) <E [ Hi(r, M,,)dr} .

to

And, finally, since M € M(tp, mp) has been chosen arbitrarily, the result follows. O
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