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Abstract

We consider a one-dimensional Gaussian process having exponential covariance
function. Under fixed-domain asymptotics, we prove the strong consistency and
asymptotic normality of a cross validation estimator of the microergodic covariance
parameter. In this setting, Ying [39] proved the same asymptotic properties for the
maximum likelihood estimator. Our proof includes several original or more involved
components, compared to that of Ying. Also, while the asymptotic variance of maxi-
mum likelihood does not depend on the triangular array of observation points under
consideration, that of cross validation does, and is shown to be lower and upper
bounded. The lower bound coincides with the asymptotic variance of maximum like-
lihood. We provide examples of triangular arrays of observation points achieving the
lower and upper bounds. We illustrate our asymptotic results through simulations.
To our knowledge, this work constitutes the first fixed-domain asymptotic analysis of
cross validation.

Keywords: Kriging, cross validation, strong consistency, asymptotic normality, spatial
sampling, fized-domain asymptotics

1 Introduction

Kriging models |31, 27] consist in inferring the values of a Gaussian random field given
observations at a finite set of observation points. They have become a popular method
for a large range of applications, such as geostatistics [24], numerical code approximation
[28, 29, 8] and calibration |26, 9] or global optimization [19].

*Corresponding author. francois.bachoc@math.univ-toulouse.fr, Institut de Mathématiques de
Toulouse, Université Paul Sabatier, 118 route de Narbonne, 31062 TOULOUSE Cedex 9



One of the main issues regarding Kriging is the choice of the covariance function for the
Gaussian process. Indeed, a Kriging model yields an unbiased predictor with minimal
variance and a correct predictive variance if and only if the true covariance function is
used. The most common practice is to statistically estimate the covariance function, from
a set of observations of the Gaussian process, and to plug |34, Ch.6.8] the estimate in the
Kriging equations. Usually, it is assumed that the covariance function belongs to a given
parametric family (see [1] for a review of classical families). In this case, the estimation
boils down to estimating the corresponding covariance parameters. For covariance param-
eter estimation, maximum likelihood (ML) is the most studied and used method, while
cross validation (CV) [35, 12, 5] is an alternative technique. CV has been shown to have
attractive properties, compared to ML, when the parametric family of covariance functions
is misspecified |5, 7].

ML has been subject to the most theoretical investigation, and several results are available
regarding its asymptotic properties. When addressing these asymptotic properties, one
usually makes the distinction between increasing-domain and fixed-domain asymptotics
[31, p.62]. In increasing-domain asymptotics, the average density of observation points is
bounded, so that the infinite sequence of observation points is unbounded. In fixed-domain
asymptotics, this sequence is dense in a bounded domain.

Consider first increasing-domain asymptotics. Generally speaking, for all (identifiable)
covariance parameters, the ML estimator is consistent and asymptotically normal under
some mild regularity conditions. The asymptotic covariance matrix is equal to the inverse
of the (asymptotic) Fisher information matrix. This result was first shown in [23], and
then extended in different directions in [11, 12, 30, 6, 15].

The situation is significantly different under fixed-domain asymptotics. Indeed, two types
of covariance parameters can be distinguished: microergodic and non-microergodic param-
eters [17, 31]. A covariance parameter is microergodic if, for two different values of it, the
two corresponding Gaussian measures are orthogonal, see |17, 34]. It is non-microergodic if,
even for two different values of it, the two corresponding Gaussian measures are equivalent.
Non-microergodic parameters cannot be estimated consistently, but have an asymptotically
negligible impact on statistical inference [31, 32, 33, 41]. On the other hand, it is at least
possible to consistently estimate microergodic covariance parameters, and misspecifying
them can have a strong negative impact on inference.

Under fixed-domain asymptotics, there exist results indicating which covariance parameters
are microergodic, and providing the asymptotic properties of the ML estimator. Most of
these available results are specific to particular covariance models. In dimension d = 1
when the covariance model is exponential, only a reparameterized quantity obtained from
the variance and scale parameters is microergodic. It is shown in [39] that the ML estimator
of this microergodic parameter is strongly consistent and asymptotically normal. When
d > 1 and for a separable exponential covariance function, all the covariance parameters
are microergodic, and the asymptotic normality of the ML estimator is proved in [40].
Other results in this case are also given in [36, 2, 10]. Consistency of ML is shown as well
in [22] for the scale parameters of the Gaussian covariance function and in [21] for all the
covariance parameters of the separable Matérn 3/2 covariance function. Finally, for the
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entire isotropic Matérn class of covariance functions, all parameters are microergodic for
d > 4 [3], and only reparameterized parameters obtained from the scale and variance are
microergodic for d < 3 [11]. In [20], the asymptotic distribution of the ML estimators for
these microergodic parameters is provided, from previous results in [13] and [38]. Note
finally that, beyond ML, quadratic variation-based estimators have also been extensively
studied, under fixed-domain asymptotics (see for instance [18]).

In contrast to ML, CV has received less theoretical attention. Under increasing-domain
asymptotics, the consistency and asymptotic normality of a CV estimator is proved in
[6]. Also, under increasing-domain asymptotics, it is shown in [7] that this CV estima-
tor asymptotically minimizes the integrated square prediction error. To the best of our
knowledge, no fixed-domain asymptotic analysis of CV exists in the literature.

In this paper, we provide a first fixed-domain asymptotic analysis of the CV estimator
minimizing the CV logarithmic score, see [27] Equation (5.11) and [12]. We focus on
the case of the one-dimensional exponential covariance function, which was historically
the first covariance function for which the asymptotic properties of ML were derived [39].
This covariance function is particularly amenable to theoretical analysis, as its Markovian
property yields an explicit (matrix-free) expression of the likelihood function. It turns out
that the CV logarithmic score can also be expressed in a matrix-free form, which enables
us to prove the strong consistency and asymptotic normality of the corresponding CV
estimator. We follow the same general proof architecture as in [39] for ML, but our proof,
and the nature of our results, contain several new elements.

In terms of proofs, the random CV logarithmic score, and its derivatives, have more compli-
cated expressions than for ML. As a consequence, the computations are more involved, and
some other tools than in [39] are needed. In particular, many of our asymptotic approxi-
mations rely on Taylor expansions of functions of several variables (where each variable is
an interpoint distance going to zero, see the proofs for details). In contrast, only Taylor
approximations with one variable are needed in [39]. In addition, we use central limit
theorems for dependent random variables, while only independent variables need to be
considered in [39].

The nature of our asymptotic normality result also differs from that in [39]. In this ref-
erence, the asymptotic variance does not depend on the triangular array of observation
points. On the contrary, in our case, different triangular arrays of observation points can
give rise to different asymptotic variances. We exhibit a lower and an upper bound for
these asymptotic variances, and provide examples of triangular arrays reaching them. The
lower bound is in fact equal to the asymptotic variance of ML in [39]. Interestingly, the
triangular array given by equispaced observation points attains neither the lower nor the
upper bound. The fact that equispaced observation points need not provide the smallest
asymptotic variance for covariance parameter estimation is also pointed out in [6].
Finally, the fact that the asymptotic variance is larger for CV than for ML is a stan-
dard finding in the well-specified case considered here, where the covariance function of
the Gaussian process does belong to the parametric family of covariance functions under
consideration. In contrasts, as mentioned above, CV has attractive properties compared
to ML when this well-specified case does not hold [5, 7].
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The rest of the paper is organized as follows. In Section 2, we present in more details
the setting and the cross validation estimator under consideration. In Section 3, we give
our strong consistency result for this estimator. In Section 4, we provide the asymptotic
normality result, together with the analysis of the asymptotic variance. In Section 5, we
present numerical experiments, illustrating our theoretical findings. In Section 6, we give
a few concluding remarks. All the proofs are postponed to Section 7.

2 The context and the cross-validation estimators
We consider a centered Gaussian process Y on [0, 1] with covariance function
Ko(tl, tg) = O'S eXp{—90]t1 — tg‘}

for some fixed and unknown parameters 6y > 0 and o2 > 0. This process is commonly
known as the Ornstein-Uhlenbeck process. It satisfies the following stochastic differential
equation, called the Langevin’s equation,

dY (t) = —6oY (t)dt + \/20000dB(1),

where (B(t)); denotes a standard Brownian motion process. The Ornstein-Uhlenbeck pro-
cess has been widely used to model physical, biological, social, and many other phenomena.
It also possesses many useful mathematical properties that simplify the analysis.

We introduce the parametric set of covariance functions {Kjp,2,a < 0 < A,b < o? < B}
for some fixed 0 < a < A < +oo and 0 < b < B < +0oo where

KQ’O.Q (tl, tz) = 0'2 exp{—9|t1 — tQ‘}

For any n € N, we consider a design of observation points {sq,...,s,}. Without loss of
generality, we may assume that 0 = s; < ... < s, = 1. As mentioned in [39], there is
no need to assume that the sequences of observation points are nested. We consider the
observed sample (Y (s1),...,Y (s,))? which is the vector of observations at times sy, ..., S,.
Now let A; := s; — 8,9, for i = 2,...,n, and y; := Y(s;), for i = 1,...,n. For ease of
redaction, we do not mention in s; and A; the dependency in n. We define Ry as the
variance-covariance matrix of (y1, ..., y,)" under covariance function Ky 1,

0 A
1 679A2 [ e =2
0 A
—0Ag i=
Ry = e 1 e
O A0S A
e 1=2 e 1=3 1




From [1], we have

N

—€
1_e—204% 1_e—204% 0 e 0
_e—0hg 1 2083 .
1_6—28A2 1_6—26A2 + 1—6_29A3 : .
-1 _ . .
. 1 e—20An _e—0An
1 _o—205,_1 T oAy Toc—2an
_e—0An 1
€
0 e 0 1—e—204n, 1—e—2048n
We now address the cross-validation estimators of 6y and o2 considered in [27, 42]. Let

Yo_i(5:) = Boor (Y ()Y (51), o, Y(8i21), Y (Si41), o Y (50)),

where the conditional expectation [y ,2 is calculated assuming that Y is centered and has
covariance function Ky ,2. Note that Yy _;(s;) does not depend on 0. We define similarly

Ug o2 72( ) Var@ 02( (Si)|Y(Sl>7 ceey Y<Si—1)7 Y(Si-i-l)v ceey Y(Sn))
Then, the cross-validation estimators are given by

(0,6%) € argmin S,(0,0?),

a<0<AW<o%2<B

where

3

(yi — Ye —i(sz‘))Q
log( &2 (s;)) +
— g 90’2 )) 0_302 71(Si>

(2)

is the logarithmic score. The rationale for minimizing the logarithmic score is that log(2m)+

log (&5 52 _i(5i)) + w is equal to —2 times the conditional log-likelihood of y;,

09’02 _ (s1)
given (Y1, ..., Yi—1, Yis1, - Yn) . , with covariance parameters 6, 0. The term cross-validation
underlines the fact that we consider leave-one-out quantities.
As already known [17, 39, 11], it is not possible to consistently estimate simultaneously
0y and o2 (note that the ML estimator of 6, is a non-degenerate random variable, even if
(Y (t))tefo,1) is observed continuously [13]), but it is possible to consistently estimate fyog.
As a consequence, we have considered three different cases as done in [39]. (i) Set 0 = 07 in
(2) with 67 > 0 being a predetermined constant and consider the cross-validation estimator
0, of 0; = 002 /o? that minimizes (2) with 0 = ¢2. (ii) Set 6 = 6, in (2) with 02 > (0 being
a predetermined constant and consider the cross-validation estimator 63 of o3 = 0000 / 92
that minimizes (2) with 6 = 6. (iii) C0n51der the estimator 062 of fyo2, where 0 and &2
are the cross-validation estimators of 6y and op.
Note that Ying [39] considers the maximum likelihood estimators of # and o2 and estab-
lishes their consistency and asymptotic normality. In this paper, we carry out a similar
asymptotic analysis for the above cross-validation estimators. More precisely, we prove
that 662 (resp. 0; and 62) converges almost surely to 6yo2 (resp. 6y and o2) in the next
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section. In section 4, we establish that, for a sequence 7, which is lower and upper-bounded,
(vn/[017]) (01 = 01), (v/n/[037]) (63 — 03) and (v/n/[0oo5Ta]) (062 — Boo) all converge in
distribution to a standard Gaussian random variable. Note that the asymptotic variance
72 depends on how the underlying design points {sy, ..., s,} are chosen. On the contrary,
considering the maximum likelihood estimators [39], the asymptotic variance is the same
whatever the choice of the design points.

3 Consistency

In this section, we establish the strong consistency of the cross-validation estimators él, o5
and 062 of 0y, 02 and o2 as described in the previous section. In that view, we consider
S,(0,0?) defined by (2). As done in [39], we base our analysis on the Markovian property
of the Ornstein-Uhlenbeck process in order to handle the fact that, as n increases, the

observed sample (yi,...,¥y,)? becomes more and more correlated. We have
. (Rg )i
Yo-ilsi) = - Z BRI, i
j=1,..,n; ( 0 )“
J#i
and )
.2 o
Og 02,—i(8i) -
7 (Re i’
from [12, 5, 11]. Then, using Equation (1), we get the following lemma after some tedious

computations.

Lemma 3.1 (Logarithmic score). The logarithmic score S, (0, 0?) rewrites in the following
way

S,(0,0%) = nlog(c?) +log(1 — 6729A2) + log( M")
— 6_9A2 2 i n—1 6—29Ai+1
+(1121 - Y2) N (Y — €2y _1) Zlog N .
o (1 —e 20A2) 02(1 — e 20/, — e 20A; 1—e 20041

=

e— 04 [AVER ] 2

Z e 208i+1 T_o—20a; Yi-1 —1 208,41 Yit+1
T3 oA, T ] oA, | | 1 e 208011

1_e 204, + —e 20811

Based on Lemma 3.1, we prove the following theorem in Section 7.2.

Theorem 3.2 (Consistency). Assume that

limsup max A; = 0. (3)

n—-+oo ’L:2,...,n



Let J = [a, A] x [b, B], where a, A, b and B are fized and have been defined in the previous
section. Assume that there exists (0,52) in J so that 05° = 6y03. Define 6,6%) € J as a
solution of

S.(0,6%) = min S,(6,0%). 4
(6,67) S (6,0%) (4)
Then (6,62) exists and

06% 43 0402, (5)

In particular, let o3 > 0 and b2 >0 be predetermmed constants satisfying 020y /0? € [a, A]
and 0200/0, € [b, B]. Define 0 € [a, A] and 62 € [b, B as solutions of

Su(1,07) = ,in, S w(0,07) (6)
and
Sp(0s,63) = UQIIQl[lan]S (02, 07). (7)

Then 01 %3 0, := 0200 /0? and 62 =3 02 := 020, /6s.

Remark 3.3. It is worth noticing that the asymptotically preponderant terms in Lemma
3.1 are the same as those obtained in the context of the maximum likelihood estimation
(see [39] and Section 7.2 for more details).

4 Asymptotic normality

Once the consistency has been established, the natural question of the convergence speed
arises. We address this point in this section. We first provide a central limit result in the
following theorem.

Theorem 4.1 (Central Limit Theorem). Consider the same notation and assumptions
as in Theorem 3.2. Assume further that either aB < 6y02; Ab > yo2 or aB > 0yo3;
Ab < 0y0 hold. Then the estimators are asymptotically normal. More precisely, we have

Vn (QA — 0yol) —>N(0 1). (8)

«900'0 Tn n—oo

Also, when (c26y)/0? € (a, A) we have

VG, — 6) —2s N(0,1). ©)

917—71 n—00



Finally, when (026y)/62 € (b, B) we have
Vn

(63— 03) —— N(0,1). (10)
0-27_” n—oo
The quantity 72 depends on how the underlying design points {s1, ..., s} have been chosen.
More precisely,
2 = A, A, 2 AA,
S Il e ey I e e | ()
ns A+ Ay A+ A (A; + Aig1)

Remark 4.2. The condition aB < 6yog; Ab > yog or aB > Oyo5; Ab < Oyoj ensures that
(0/00)S,(0,62) or (0/05%)S,(0,5%) will be equal to zero for n large enough almost surely,
by applying Theorem 3.2. This is used in the proof of Theorem 4.1. Note that a similar

assumption is made in [39], where the parameter domain for (6,0?) is (0,00) X [b, B] or
la, A] x (0, 00).

In the following proposition, we show that the quantity 72 in Theorem 4.1 is lower and
upper bounded, so that the rate of convergence is always y/n in this theorem.

Proposition 4.3. We have, for any choice of the triangular array of design points {s1, ..., S }
satisfying (3),

2 < liminf7r? < limsup7? < 4. (12)
n—o0 n—00
Remark 4.4. 1. The asymptotic variance of the limiting distribution of 52 — o2

can be easily estimated. By the previous proposition, this asymptotic variance is
always larger than the one obtained considering the maximum likelihood estimators.
Indeed, with 6,7, and 63;; the ML estimators of § and o we have (y/n/[0y03]) (062 —

0o0?) ﬁ) N(0,2), see [39]. This fact is quite expected as ML estimates usually

perform best when the covariance model is well-specified, as is the case here.

2. As one can check easily, the regular design A; = ﬁ for all ¢ = 2,...,n, does
not realize the limiting variance of the maximum likelihood estimators. Instead, we
have 72 —,,_, 3 for this design. However, in Proposition 4.5, we exhibit a particular

design realizing the limiting variance of the maximum likelihood estimators: lim 72 =
n—oo
2.

In fact, the bounds in (12) are sharp as shown in the following proposition.
Proposition 4.5. (i) Let {s1,...,s,} be such that s; =0, fori=2,...n—1,

A = {(1 — )2 if i is even,

Q’Y . . .
= if 1 1s odd,



where 7y, € (0,1), and A, — S0 A, Moreover, taking v, = 1/n, we get 72 — 4.

n—oo
(i1) Let {s1,...,8,} and 0 < o < 1 be such that s; =0, A, —1/(2‘) forz—L “I+1,.
and Ny = -+ = Appo) = (L= 1,) /(0] = 1) with 1, := Z A;. Then ZA =1 and
i=|n>|+1
2 = 2.
n—oo

Remark 4.6. Intuitively, in Proposition 4.5 (ii), A;4; will be much smaller than A; for

most of the indices 4, so that the quantities Aﬁfﬂ and 75 iil“ 7 in (11) will be negligible.

We refer to the proof of Proposition 4.5 for further detalls

5 Numerical experiments

We illustrate Theorem 4.1 by a Monte Carlo simulation. We set y = 3 and o2 = 1 and we
consider three sample size values, n = 12,50, 200. For the sample size n = 12, we address
three designs {si,...,$,}. The first one is the ‘minimal’ design given by Proposition 4.5
(ii) with a = 0.5, which asymptotically achieves the minimal estimation variance. The
second one is the ‘regular’ design given by {si,...,s,} = {0,1/(n—1),...,1}. The third one
is the ‘maximal’ design given by Proposition 4.5 (i) with 7, = 1/n, which asymptotically
achieves the maximal estimation variance. For the sample sizes n = 50 and n = 200, the
‘minimal’ design is not amenable to numerical computation anymore, as the values of A;
become too small; so that we only address the ‘regular’ and ‘maximal’ designs.

For a given configuration of n and a given design {sy, ..., s,}, we repeat N = 2.000 data
generations and estimations. That is, we independently sample N Gaussian vectors of
size n with zero mean vector and covariance matrix [aoe bolsi=sil]) ; icn. For each of these
Gaussian vectors, we compute the CV estimators 6 and 62 , with parameter space [0.1, 10] x
0.3, 30], so that we consider case (8) of Theorem 4.1. Then, we compute the N values of
(\/—/ [0002]) (62 — 6y02). In Figure 1, we report the histograms of these N values, for the
seven configurations under consideration. In addition, we report the probability density
functions of the seven corresponding Gaussian distributions with mean 0 and variance 72,
to which the histograms converge when n — oo, in view of Theorem 4.1.

In Figure 1, we observe that, for n = 12, the asymptotic Gaussian distributions are already
not poor approximations of the empirical histograms. For n = 50, the asymptotic distribu-
tions become very close to the histograms, and for n = 200 the asymptotic distributions are
almost identical to the histograms. Hence, the convergence in distribution of Theorem 4.1
provides a good approximation of the finite sample situation already for small to moderate
n. The case n = 12 illustrates the benefit of the ‘minimal’ design for estimation, as the
histogram is most concentrated around the true product 8yo? for this design. Similarly, the
value of 73, is the smallest for this design, compared to the ‘regular’ and ‘maximal’ designs.
For n = 50 and 200, we also observe that the estimation is more accurate for the ‘regular’
design than for the ‘maximal’ design, which also confirms Remark 4.4 and Proposition 4.5.
Finally, we have obtained similar conclusions for the case where either 6y or o is known



in the computation of 8,62 (cases of (9) and (10)). We do not report the corresponding
results for concision.

n=12, minimal n=12, regular n=12, maximal
< < <
o S g
@ @] @ |
o o =]
~ o~ o~
o o o
- — -
=} S =}
o o o
ST : : ‘ SR : : ‘ st : : :
-5 0] 5 10 -5 0] 5 10 -5 0 5 10
n=50, regular n=50, maximal
~ =
o o
™ [s2}
o o
N N
o o
— —
o =
o o
o o :
-5 0 5 10 -5 0 5 10
n=200, regular n=200, maximal
< <
o o
[32} ™
o o
o~ ~
o o
- -
o =}
o o
o o "
-5 0 5 10 -5 0 5 10

Figure 1: Tllustration of Theorem 4.1. Histograms of N = 2.000 independent realizations of
(v//[0002)) (052 — 402), together with the corresponding asymptotic Gaussian probability
density functions with mean 0 and variances 72 (red lines). The sample size is n = 12 (top
row), n = 50 (middle row) and n = 200 (bottom row). For the top row, the designs are
the ‘minimal’ design (left), achieving the smallest asymptotic variance; the ‘regular’ design
(middle), with equispaced observation points; and the ‘maximal’ design (right), achieving
the largest asymptotic variance. For the middle and bottom rows, the designs are the
‘regular’ design (left) and the ‘maximal’ design (right).
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6 Concluding remarks

We have proved the consistency and asymptotic normality of the CV estimator of the
microergodic parameter fyoz, based on the logarithmic score. While the ML asymptotic
variance of (v/n/[0002])(0r162,; — 0po?) is 2 for any triangular array of observation points,
the corresponding CV asymptotic variance is simply bounded between 2 and 4, those
bounds being tight. The triangular array we exhibit, achieving the asymptotic variance 2
for CV, is based on some ratios between interpoint distances (of the form (s;41—5;) /(841 —
s;)) going to zero as n — oo, which makes it too challenging to simulate numerically for
large n. It would be interesting to investigate what is the smallest possible asymptotic
variance for CV, when the ratios between interpoint distances are bounded away from
zZero.

One interesting agenda for future research would be to extend this asymptotic analysis
of CV in the other settings where such an analysis was possible for ML. These settings
include the case of the separable exponential covariance function in higher dimension [10]
(consistency and asymptotic normality), of the separable Matérn 3/2 covariance function
[21] (consistency) and of the Gaussian covariance function [22] (consistency). In these
references, tractable approximations of the inverse covariance matrices are provided, which
could also be exploited in the case of CV. Finally, using techniques which are more spectral
in nature, |13, 38| prove central limit theorems for the ML estimation of the microergodic
parameter in the isotropic Matérn model. An extension to CV would also be valuable.

7 Proofs

7.1 Notation and auxiliary results

Remind that A; = s; — s;_; and introduce W; := [y; — e ®?iy; 1] and its normalized
version W, := [y; — e iy 1]/[0?(1 — e 292)]Y2 for i = 2,...,n (the dependency in n is
not mentioned in W; and W; to lighten notation). When (6,0%) = (6, 02), the random
variables will be denoted W;, and Wi,o- By the Markovian and Gaussian properties of
Y, it follows that for each i > 2, W, is independent of {y;, j < i — 1}. Therefore,
{Wio, 2 <i < n}isan iid. sequence of random variables having the standard normal
distribution N (0, 1).

It is convenient to have short expressions for terms that converge in probability to zero.
We follow [37]. The notation op(1) (respectively Op(1)) stands for a sequence of random
variables that converges to zero in probability (resp. is bounded in probability) as n — co.
More generally, for a sequence of random variables R,,,

X, = op(R,) means X,=Y,R, with Y, 50
X, = Op(R,) means X, =Y,R, with Y, =Op(1).

For deterministic sequences X,, and R,,, the stochastic notation reduce to the usual o and
O. Throughout the paper, by K, we denote a generic constant (i.e. K may or may not be
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the same at different occurrences) that does not depend on (Y, 6, 0% n).
We also denote by 9,, and 4,, two sequences of random variables satisfying

sup |6, = Op(1)
(0,02)eJ

and

sup |4, = o(n), a.s.
(0,02)eJ

The definition of 4, and §,, may change from one line to the other. Similarly, we denote

by d;, a triangular array of deterministic scalars satisfying

sup || < K.
neNji=1,...,n
(0,02)eJ

The definition of ¢;,, may change from one line to the other. We also use several times
that,

n—1
a1 (13
=2
sup |Y(t)| < +oo a.s. (14)

te[0,1]

Before turning to the proof of Theorems 3.2 and 4.1, we state five auxiliary lemmas that
will be required in the sequel.

Lemma 7.1. (i) Let \; >0, i = 1,2 be fized. Then as x — 0,

1— €_>\1x )\1
1 oer )\—2 + O(z).

(ii) Let X\ > 0 be fized. Then as z,y — 0,

1l—e ™ 4+
1+e*Ay1 i y(l + O(z +y)).

Lemma 7.2. For any constant 6 > 0, there exists a constant n > 0 such that

inf —1-1 >n. 15
oof 0gT) =1 (15)
>0
Lemma 7.3. Suppose that for each n, the random variables Z, Z,,, ..., Z,, are inde-

pendent and identically distributed and centered. Suppose also that for some t > 0 and
p >0, Elexp{t|Z|P}] < co. Then for all « >0, a.s

sup |Zgn| = o(n®) (16)
1<k<n
> Zw = o(nl/PFe), (17)
k=2
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The proof of Lemma 7.1 is direct and these of Lemmas 7.2 and 7.3 can be found in [39].

Lemma 7.4. Let for any i € {2,....,n — 1},

mi = ﬁ (1+ Gin(A; + Air))
and
T = m(lJrém(A + A1)
Then
() S >0 niWioyi| = Op(1);

(ii) (esg? > iy niWiyi| = Op(1);

(111) sgp ’ZZ o TiWit1,09i- 1|—OP 1);
(0,0%)eJ

(M}) Sup ‘Z 27—1 z+1y1 1}—OP )

(0,02)e

Proof of Lemma 7.4. We only prove (iii) and (iv), the proof of (i) and (ii) being similar.
(iii) We have

n—1
ZTz i+1,0Yi-1| < Z AT A Wiproyia |+ KA [Wigioyia| =t Ly + L.
i=2
Using the fact that AT A < 1 and that for i # 7,
E[WHLO%JVVJH,OZ/J'A] =0,
we get
n—1 n—1
E[L]] < Z E[M/iil,oy?fl] = Z E[yz?fl]E[Wiil,O]
i=2 =2
n—1 n—1
SK (1 o 67290Ai+1) < KZAi+1 — O(l),
i=2 i=2

using the fact that W;,10 and y;_; are independent and a Taylor expansion of A, —
1 — e 2021 Now, by Cauchy-Schwarz,

n—1 n—1
E(|Lal) <K Y AE(Wigrollyial) < K> A /B 0)y/Ew2,) = O(1).
=2

1=2

13



Hence, since L; and L, do not depend on # and o2, we have sup |Z?:_21 TiWis10Yio1| =

(6,02)eJ
Op(1).
(iv) Now, we use the decomposition
Wip1 = Wigro + (e 081 — 0%y, (18)

to get

n—1 n—1 n—1

N —6A,
E TiWit1yiz1| = E TiWis1,0Yi-1 + E T (e — e gy g
i—2 i—2 i—2

n—1 n—1
N —0A,
< E TiWit1,0%i-1 +E T;|e” 0% — e TR gy .
=2 =2

The first sum is Op(1) by (iii). The second sum is Op(1) by using the fact that sup,c (o ;) Y() <
oo a.s. and

Nlp—=00liy1 _ =04
sup |7ille ¢ <K
neNi=2,....n—1,(0,02)eJ Ai—l—l
Hence sup ’Z;:; TiWityio1| = Op(1). O

(0,02)eJ

We can show, after some tedious but straightforward calculations, the following Taylor
expansions.

Lemma 7.5. Let

o = (0%(1 — e 20271, fori=2 ..n, (19)
Qg = (08 (1 — e 2B~ fori=2..n, (20)
AV JAVES} ,

= + , fori1=3,...,n—1, 21

4 Ai+Air A+ A J (21

A = oy + e R fori=2,..,n—1, (22)
B, = — =3,...,n—1 2

Ci = (aiai+1€*9Ai+1)/Ai7 fOT’i = 2, = 1. (24)

Let o), = 0a; /00, A, = 0A;/00, Bl = 0B;/00 and C! = 0C;/00 . Note that we have
, e 0t aiaiHAfL-

(25)

/ /
{Oél-OéH_l + Q0 — aiai+1Ai+1 — A
i

14



We have,

1
i———— | <K 26
L L =Ty (26)
(0,0%)ed
1
R P 27
e | e, (21)
(0,0%)eJ
1 1
2 _
Q; = —0492A2 5inz (28)
1
sup A; — YT ( > <K (29)
neN;i=2,...,n—1, 0
0,0%)eJ
1
su Al - <K 30
nEN,i:Z,I.)..,n—l, 20262 < ; z+1> (30)
(0,02)eJ
A1 A
L= 31
A0 A T Ay (31)
1
;B; = g +0in(Ais + A+ Ajyy) (32)
1
o B; = 5%’ + 0in(Aic1 + A+ Aipq) (33)
1 1
o < K. 34
nEN,iiIQJP.,n—l, 20202 A+ Ay (34)
(0,0%)eJ

7.2 Proof of Theorem 3.2

The existence of 8 and 62 is a consequence of the fact that S, is a continuous function
defined on a compact set. Now, it suffices to show (5) since 6; — 6 (resp. 62 — 02) is a
particular case of (5) with b = B = o (resp. a = A = 0,). Moreover, in view of (4), the
result (5) holds if we can show that for every ¢ > 0, a.s.

inf  {S,(0,0%) — 5,(6,5%)} — oo (35)
(0,0%)eJ,
|002—052| >

where (5, o%) € J can be any non-random vector such that 052 = Opol.

Let us compute the difference S, (6, 02) — S, (6, 52) and determine the preponderant terms.
After some computations, we naturally have

—BAl —0A1 1
aje iy + e iy 1 N
Yi — 1 =1 (Wi — e "2 Wiyy)
(] 1

15



where a; and A; have already been defined in Equations (19) and (22). Hence, from Lemma
3.1,

S, (60, 0%) =nlog(c?) + log(1 — e~2%42) 4 log(1 — e 2%) — Z log (O‘2Ai) (36)

_ —0A9 2 W2
+ (1 —e Y2) n (37)
02(1 _ 6—29A2) 02(1 _ 6—29An)
n—1
1
+ 57— (Wi — aie W) (38)

7

I
N

7

In the following, we prove that the terms in (37) and those obtained by developping (38),
except one, are o(n) uniformly in (0, 0?) € J, a.s. More precisely, we establish the following
lemma (see the proof in Section 7.3).

Lemma 7.6. One has

S, (0,0%) =nlog(c?) + log(1 — e 2%42) 4 log(1 — e 204» Z log (02 4;)
+ Z aZBWE + 8,

As a consequence, we find that,

) ~ 0.2 1— —20A5 1— 672 An
n—1
i=3

where a;, B; and A; are the analogs of «;, B; and A; defined in Equations (19), (22)
and (23) with # = 6 and 0? = 2. More precisely, they are naturally defined by a; =

(72(1 — e 22)) 1 A, = & + Gipre 92+ and éi:[ n 3%}

z 1

Using the fact that (,52) has been chosen such as #52 = o2 and making some more
computations, we get the following lemma (see the proof in Section 7.3).

Lemma 7.7. Uniformly in (0,0%) € J, a.s.

600'(2)_1_1 2

S,(0,0%) — S,(0,5%) =n {w 08 5 } + o(n).

16



Hence by Lemma 7.7, a.s.

~ 900.2 o 2
inf S, (0,0%) — S, (6,5%)} > inf n 0 _1-1 91 + o(n
(0,02)€, {5 ) ( ) (6,0%)eJ, Oo? Ho? (n)
|002—052| > |002—052| 2

which by Lemma 7.2, for every € > 0, is strictly positive, for n large enough, a.s. Then the
proof of Theorem 3.2 is now complete.

7.3 Proofs of the lemmas of Section 7.2

Proof of Lemma 7.6. (i) First, we study the terms in (37). We have, from (26)

(yl — 67%2.@2)2 (yl — 67%2.@2)2

(1= e by S B T (40)
_ 2 _ oA 2
K (?J1 —e 90A2y2) K (6 0oldo e 9A2) )
S ey TR
< K sup I/T/fo + KA, sup Y2(t)
25i<n te[0,1]
=o(n) as. (41)

from Lemma 7.3. The random variable W?2/(c%(1 — e~2%An)) can be treated in the same
manner leading to the same result.

(ii) Second, we turn to the term in (38) that we aim at approximating by a sum of inde-
pendent random variables. In this goal, we first show the relation

W2 = W2 [0 — 02y 4 2l 0% — Py Wi, (42)
Hence, by (42), one has

n—1

1 2
—0A,;

E T (Wi — aipre™ "2 Wiy )

=2 O

n—1 2 n—1 2 —29Ai+1 n—1 —QAZ‘ 1
— ﬂw2 + LWQ _9 Mw.w.
- 7 i+1 1 VVai+1

— A; ; A; : A;

1=2 1=2 =2

n—1 n—1

1 o200 o2 o2e—20n

_ 2 2 21172 n 2
= E lo% |:Z + ) Wl + A—W2 + A—Wn -2 E C/LW/LWZ+1

P i i—1 2 n—1 P

n—1 n—1 n—1
2 2 2 N —OAN\2, 2 2 0o —0A,;
= E o; BW; + E a; Bi(e7°% —e Yy, +2 E a; Bi(e7% —e YWioYiz1
i=3 i=3 i=3

a% , 22080 ) n—1
=W+ 2—W7 -2 C;W,W;
+ A2 2 + Anfl n Zz:; +1
::21 -+ 22 -+ 223 + T2 + Tn - 2247 (43)
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where «;, A;, B; and C; have been defined in (19), (22), (23) and (24). We prove that all
the previous terms are o(n), uniformly in § and o2 a.s, except ¥; that still appears in the
expression of S, (#,c?) in Lemma 7.6.

e Term 75: For n large enough, since * < 1, we get
a2
Ty = |-2W2| < Wi
Ay
Hence, we can show sup |T»| = o(n) a.s. in the same way as for (40).
(0,02)eJ

. —20Ap
e Term 7,,: For n large enough, since a"fx—l < 1, we get

n—

2 ,—20A
aie 208n
"
Hence, we can show sup |7,| = o(n) a.s. in the same way as for (40).

(0,02)ed

—600A; e—@Ai)Q

e Term ¥,: The deterministic quantity 3 (e is bounded for n large enough,

uniformly in (6, 0%) € J (trivial inequalities and (26)) while §- < 1 and % < 1. Then,
we are led to

n—1
2 008 _ =0 (e 008 _ o=0Ai)2,2
E a; By(e Yy, = E Ajo; B N ) Yia

n—1
< K sup Y () ZA K sup Y (t)*
t€[0,1] i—3 t€[0,1]

from which, by (14), we deduce sup Y5 = o(n) a.s.
(0,02)eJ

e Term >3: By the Cauchy-Schwarz inequality,

n—1 4 1/2 n—1 1/2
o —
4] < (}j LB (e~ e“i)z) (} jyflwio> . (44)
1=3

i=3 40
As already mentioned, the deterministic term
a; ) _OA;
Qi (00Di _ =02
A;

is bounded uniformly in (6, 0?) € J. Furthermore, o;/a; ¢ is bounded uniformly in (6, 0?) €

J from (26). Finally, o?B? < Ka?(1/a;)? = K. Hence the first term on the right-hand side
of (44) is bounded uniformly in (6, 02) € J. Now Lemma 7.3 yields that > 7~ (W?,o —-1) =

o(n/2+e) as. for any a > 0 leading to S~ W?,o = O(n) a.s and

1/2 1 1/2
(Z i W, 0) < (SUP Y2(t 2_10> = 0(n'?) a.s.

tel0,1 i

18



As a consequence, sup |¥3| = O(n'/?) a.s. and naturally sup |Z3|= o(n) a.s.
(0,02)eJ (0,02)eJ

e Term Y,;: Using the trivial equality ab = ab — apbo + agby = agbo + ao(b—bo) + b(a — ayp),

one gets

0A _ b0

Tyl =y Yio1l[yir1 — e 0% y,]
+ [y — e "By (e — e TRy - [y — e PRy ] (en % — ey,

= W; o Wit1,0 + (e7foRirr 6_0Ai+1)m,oyi + (e7P% — TR, Ly . (45)

WiWiir = [yi — e "y ][yins — e

Thus ¥, rewrites

n—1 n—1 n—1
Z CiWioWis10+ Z Ci(e PR — e 02, gy, + Z Ci(e % —e P20, 1y, 1. (46)
i—2 i—2 i—2

We can show that

& a5t VAL,
12 12 g g = + 0in (A + Ajir).
A YR 0> A + Aia

Hence the first random variable of (46) rewrites

n—1 n—1
C; —
sup Cim,OWi—i-l,O = sup wai,owi+l,0
(6,0’2)6.] i= (Q,UQ)EJ =2 az’o a74+170
n—1 o n—1
o500 VAA — — —
< sup 2 WioWitio| + Gim(Di + A1) |WioWit1 0
(0,02)e] ; g2 A+ Ay Z_ZQ
n—1 n—1
AN — — .
K| Wi oWipio| + ) 0in(As + D) [Wi oW,
2 A+ A, oWitip ; al 1) Wi oWis1ol
n—1
AAit — — =
=K —W,; oW, + 0,
2 A+ A oWitip
from (16). Now, we have
— VAA
it = =
R e
2 A+ A, oWiti10
VAAL — — VAA L — —
< W, oW, + — W, W; )
i=2,..n—1 Ai+ Aiga S i=2,...n—1 Ai+ A S
7 odd 7 even

19



In each of the two sums above, the summands constitute two triangular arrays of indepen-
dent random variables. Thus, applying Theorem 2.1 in [10] With an n, each of the two

sums is a o(n) a.s. Hence finally sup |Z :21 CiWi Wit 0‘ = o(n) a.s.

(0,02)eJ
Let us now address the second term in (46) that by the Cauchy-Schwarz inequality is
bounded from above by

n—1 02 1/2 n—1 ) 1/2
(Z L (g7 O0Rir _ eeA”l)Q) (Z W, 0) =o(n) as.
&0 i=2 7

=2 ’

where the last equality comes from similar computations as from the term Y3 above, and
from the fact that

2
CZ (e—eoAi+1 _ 6—9A¢+1)2

< K.
ai,OAi—H

sup sup  sup
neN 2<i<n—1 (6,02)eJ

The third term in the right-hand side of (46) yields

n—1
sup Z Cile PR — e 2O\ W 1y | <
(0,02)eJ i—2
n—1 n—1
sup Zcz‘(e_eoAi — e Y Wi ovia |+ sup Ci(e™®% — e %%y, 4| . (47)
(0,02)ed | (0,02)eJd |5

Since trivially C;(e~%%i —e=92i) = §, ., the second term in (47) is bounded by K Z;:; Ailyiyioi| =
O(1) as.
The first term in (47) is bounded by

n—1 -1
KZ |Wis1.0¥i-1] < K sup |Y(¢) Z i+l 0|Oé_1 /2
i—2 t€[0,1] i—2

-1

<K sup [Y(1)] Z Za

te(0,1] —
= O0(y/n) as.

since S0 W21 =0(n) as. has been shown when handling X3 after (44).

One may conclude that sup >4 = o(n) a.s. The proof of Lemma 7.6 is then complete. [J
(0,02)eJ

Proof of Lemma 7.7. We address each of the terms in (39).
e Using Lemma 7.1(i), we get that

1 — 6—20A2

sup |log

0€(a,A]

= 0(1).

1 _ 6_2§A2
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1_6729An
1_672§An

= 0(1).

In the same way, Supgej, 4] ‘log

e We have, using Lemmas 7.1 (i) and (i),

_ 1 20011 1 20811
log(Ai/A;) = log <1 — 204 + 1— 6_29Ai+1> / 1 — 204 + 1 — e—200i11

—20A —20A _ L —20A
¢ 1+ 6_29Ai+1—1 c /| 1+ 6_20Ai+1—1 c_
1 — e—20Ai41 1 — 20001

0
= log 9 + 05 (A + Aip).

= logm + log

Thus, by summation we have,

n—1
A; 0
sup log — —nlog—| = O(1) = o(n).
b, 2 log 7~ mlog 5| = O(1) = o(n)
e We want to show that
nz_l 2B W2 0008 ( )
sup a;BW:, —n =o(n) a.s.
(00%)e) v b
By (23), one has
n—l Tb—l n—l 2 29A
2 2 az 1 72 az € ' 2
P “ BZWL B ; Qi 0 Ewi’o * ; a0 Ao WZ’O
:n_2 (041-2 iWQ n o7 6729A"+1W; ) n Qe 2043 W2 4 ap W2
= \Qio A M0 aip10 A L0 A, 300 A,

Then we use (26) to develop «; /v o (respectively a;+1/a;41,0) and Lemma 7.1 (ii) to develop
a;/A; (respectively ;e 2%+1/A)). We get

2 2
Q; 1 o 900’0 Ai—i—l

— = Oin(A; + A 48
aio A 00 A+ A T 0in(Bi + Bin) (48)
2 2A, 2
= 0in (A + Aji1). 49
Qir10 A 0o A+ Ajp T 0in(Bi + Bin) (49)
In addition, we easily show, as in (40), that sup @Wio‘ = o(n) a.s. and that
(0,02)eJ
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n 1

sup W 10)—0 n) a.s. Then,
(6,02)eJ "
n—1 n—2 2
Oyl a? 1 of e o 2%’“ 2
2 2 0“0 i i+1 0
“B;,W2, — = — W
_ — ( o 1 W azy e_QGAiHW? ) B 19002 -— ( AVER] n Ai ) s
— \ip A O e A o I = \Ai+ A A+ A !
< 2 Oé? i _ 900’8 Ai+1 =2 i nz2 CYZ-2+1 6_26’Ai+1 _ 000'3 AZ WQ
= i3 Q0 Az 0?02 Az + Ai+1 s Q41,0 AZ f202 Al + Ai+1 i+1,0
9003 — Aip1 = Oyl = A — _
0 W —1 W -1 On
90_2 Zz: A +Az+1( 4,0 ) + 0o2 - Az +Ai+1( i+1,0 ) +| |
n—2 n—2
K (A + M)W + K3 (A + M) Wiy o + 16, (50)
=3 =3
n—2
900’0 H—l 2 900'(2) Az —52
—1 Ww. —1)].
00'2 Z A + AZ+1 ) + 90'2 ; A’L + A,H_l ( +1,0 )

n—2
(A + A )W, s < K sup Wio 1+ sup |Wi0 1| = o(n),
i—3 1=3,...,n—2 1=3,...,n—
a.s. from Lemma 7.3. Similarly
n—2
Z(A + A’H‘l)Wz—i-l o =o0(n)
=3
a.s. Also, using theorem 2.1 in [16] with a, = n, we have
n—2
A/L'Jrl —2
— W,y —1) =
— Az +Ai+1( 1,0 ) O(’I’L)
a.s. and
T8
Z A + A H—l,O - 1) - O(n)
a.s. Hence finally
n—1 0 0_2
sup a?BW?2, — n— 20 =o(n) a.s.
(0,02)eJ i—3 ' 0o
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e We can now conclude the proof. We have

2 0 2 2 2
9 5 ooy o 0 00§ 9000 B o0 byo;
Sn(0,0%) — S,(0,5°) —nlogﬁ —nlogg—l—n—eg2 s +6, =n <log% 0 + O,
by reminding that fo2 = Oool. The proof of Lemma 7.7 is thus complete. ]

7.4 Proof of Theorem 4.1

Let us first prove (8) in the case aB < 6yo3; Ab > 6yo;. We shall then discuss the other
cases at the end. In that view, let

$(6,0%) = 2-5,(0,0%). (51)

00

Then from Theorem 3.2, a.s. for n large enough, 6 c (a, A). Thus a.s. for n large enough
(0,62) satisfies ¥(0,6%) = 0. We shall approximate (6, 0%) uniformly in (6,0%) € J.
Starting from (36), (37), (38) and (43) we can write

20ge 2082 QN em20Bn 2N e P2, (y; — e7PP2y)

¥(0,07) = 1 — 02085 ' ] _ g—20A, 72(1 — e—2082)
B 20 e~ 2082y — e70R2y)2 QN e 0By, W, B 20, e 208012
o2(1 — ¢ 20822 o2(1 — ¢ 208n) o2(1 — e 2080 )2

—Z—+2’ + Y, 425, + T+ T — 25,

where
0 2.
o E,l = —21 = E aiDiWi,07
KA

o Xy =ZNy = Zai [Di(e_eoAi —e ) ¢ 2aiBiAie_9Ai} y2 | (emhBi — 708,

0 ¥p = 2%3 = Zaz‘ [Di<€_00Ai —e ") + aiBiAie_eAi] Wioyi-1;

90
W2 2A2€ oA 2y1W2 A,
) TQI = %TQ 2@2042 A2 + (67 ( A2 - W2 A2
o (079 —284n / A;l 1 —0A
oT) = 5T, = —— | (20}, — 20, A, — =00 )Wy + 20, A6 """yt | Wi
Any Apa
n—1 n—1 n—1
o) =L2%, = Z CiWiWig + Z CilNe "X Wi 1yio1 + Z Cilipre "2 Wy,
=2 =2 =2
where C/ is the derivative of C; w.r.t. 6 defined in (25) and
D;:=2d;B; + a;B., fori=3,...,n—1. (52)

First, we consider the terms ¥} and 3 in the following lemma (proved in Section 7.6).
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Lemma 7.8. We have

9 n—1
, 900’

1_92022 W0+6

and

000‘
/ 0 % H—l
i 7 +5n7
Xy = 9202ZA + Ait WioWito

where g; and C] have been defined in (21) and (25).

Now we prove that the remaining terms in ¢ (0?2, 0) are Op(1), uniformly in (0,0?%) € J, at
the exception of > ", ' Al /A;, leading to the following lemma (proved in Section 7.6).

Lemma 7.9. We obtain

n—1
er Y AiAi
0252 — trr 4,0 Az +Ai+1

— n
(0, 02) = Wi,OWi+1,O:| — — 4+ 0.

0

Since 6262¢(6, 6%) = 0 with probability going to 1, and since we can show that 21_3 g =
n+ O(1), we have

n—1 N —
n(06* — 0yo?) = (Z)Z [qZ Qﬁw

TV, 1).
A+ A 1,0W1+1,0] + Op(1) (53)

=3

We want to establish a Central Limit Theorem for /(052 — 0,02). In that view, we define
— VA,

X = q(Wiy—1) =2 o L

dependent variables (since X is not necessarily independent with X;_; and X;,; but is

independent with Xy, for |i — k| > 2).

WzOWiJrl,O and we apply Theorem 2.1 in [25] for weakly

Note that we can show easily that 72 = £ Var(32[, ' X;), and assume

NA2 2
M 72 /\/’(()’ 1)_

2
9000 Tn n—o00

vn

By Proposition 4.3, we can extract a subsequence €, so that 72 — 72 with 72 € [2,4]

n—oo
and so that

NA2 2
(05" — boop) 72 N(0,1).

2
8o 00Te, n—o00

Jen
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The triangular array (X;/ w/een) _, satisfies the conditions of [25, Theorem 2.1], thus

.....

we obtain

en—1

\/_ZX njooMO 7).

Now, from (53),

A -1 en—1
(062 — 0y0?) 1 TS X, X 1y 1 %
Veén = — — —_— == E X; 1).
‘ QOJgTsn €n i3 Teyn * OP i—3 T Tep €n i3 - OP( )

Since \f St X = Op(1) and (L - l) = o(1), we get by Slutsky’s lemma

Ten T

062 — 0y03
A W (B}

Op0dT.,  nooo

Jen

which is contradictory and ends the proof of (8).

Now (9) is under consideration only when b = B = 0% and so when aB < 6y03; Ab > 6y03.
Thus (9) is a special case of (8). Now, when aB > 6y02; Ab < 9000, we have almost
surely for n large enough (8/802)S, (6, &2) = 0, so that the estimator 63 can be expressed
explicitly, by differentiating the terms in (36), (37) and (38) w.r.t. o Hence, (8) can
be proved in the case aB > 0yo2; Ab < 0yof by using identical techniques as in the
case aB < Oyo?; Ab > Oyof. We omit the details to save space. Finally, (10) is under
consideration only when a = A = 65 and so when aB > 0y02; Ab < 6yo2. Thus (10) is a
special case of (8).

7.5 Proof of Propositions 4.3 and 4.5
Proof of Proposition /.3. We have

2 AN,
=g +2 =
Ai Ai—
(i) Upper bound for 72. Let a; = AH_—ZM, note that m =1—a;_; and ¢; =

a; + 1 — a;_1. First, we have after some trivial computations,

n—1

2
Ti :E Z[(CLZ + 1-— ai_1)2 + 2@1(1 — CLl)]

=3
n—1

2

=— Z(l + 2&7; — Qaiai_l) + 0(1) (54)

n

=3

<2+ 4m+ o(1),
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Also, since for k = 5, won—1,0< a, <1, we have 1 4+ 2(1 — a;_1)a; < 3 — 2a;_;. Thus,
from (54),

(3 — 2@1;1) -+ O(l) =6—4m+ O(l)

Finally, 72 < min (2 + 4m,6 — 4m) + o(1). Since sup min (2 +4m,6 —4m) = 4, 72 <
me(0,1]
4+ o0(1).

n—1
1
(ii) Lower bound for 72. Note that — E ¢ =14 o(1). Since
n

=3

n—1 n—1 2
2 1
2> 2>2( - ; 1) =2 1).
T nE q; <HEQ> +0(1) =24 0(1) (55)

O

AiAip

m 20, we get

Proof of Proposition 4.5. (i) After some computation, we have

72 =472 — 4y, + 4+ o(1).

Since 7, = 1/n, then 72 — 4.
n—oo

(il) We have

, 2 & 1 i \? 20+1)
EAEDY ((i+2+i+1> +(¢+2)2>+0(1><2+0<1)'

i=|n%]+2

As a consequence, this particular design realizes 72 = 2 + o(1) by (55). O

7.6 Proofs of the lemmas of Section 7.4

Proof of Lemma 7.8. (i) From (32) and (33),

n—1 n—1
1 o —2 Q; W2
=g 2 o aWio+ D o din(Bia + A+ M)W
i=3 b i=3 "

where ¢; has been defined in (21). By (26), we have

(07 _ 900’8 +5 A

Q; 0 0262
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Moreover, since E[W?}O] =1, one clearly has

n—1
&@m(Ai—l + A+ Ai+1)Wio = Op(1)

a,
i=3 2,0

that leads to the desired result.
(i) Now we study the first sum of Y, that rewrites 1 C/(M;, + M, + M, 3) using (45)
and where C! has been defined in (25) and
My = W—f’/ozwfle’o
A0 11,0
Mo = (e PRt — e~ 0Rir) Y, gy,

o (a—00A; —OA;
M3 = (e7%% — e ")W1y

n—1

e First, we consider Z C{M; ;. By (34) and (26) we can show
i=2

CZ, . 000'(2) \/AiAi—H

/2 12 7 09252 A+ A,
Qo Xit1p i T Rt

+ 0in (A + Aiga).

Furthermore we have

n—1 n—1
— —2 . —
E|D 0in(Ai+ At )WigWisg ] <K (Ai+ Ai+1)\/E[Wz‘,O]E[Wi+1,O]
=2 =2
n—1
=K Z(Az + A1) < K.
=2
Thus
n—1 n—1
o er VAA — —
—5 5 WioWif10 = WioWig1,0 + On.
; a;,/o%‘gfl,o v 0202 i=2 Ai+ Aip ’
Hence

= WioWis10 + O

n—1 n—1
S oy, = 090 52 VARG
P LT 242 P A+ Ay

e Second, one clearly has

n—1 9 . 9 n—1 A
Z CIM; = 2620;) X +Z+A1'+1 (14 00 (A; + Ai1)) Wi oy
i=2 i=2 ! '

Hence sup |>07, C/M;,| = Op(1) by Lemma 7.4 (i).
(0,02)eJ
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e Third, we get

n—1 0—0 n—1 A,
> CiMys = 2020; A x ZA-H (1 +0in (A + Ait1)) Witayiza
i=2 i=2 " !

and sup |Z;:21 C{M; 3| = Op(1) by Lemma 7.4 (iv).
(0,02)eJ

(iii) We now consider the second and third sums in 3.

Using (26) and (29), we can show

—0A; __ 1 Az

TAY = L+ 0in (A + A
Cile 20052 Az“f‘Ai_H( + 05, ( + +1))
and
Ciddae 0t = o B (1 62+ Av)
=41 200_2 Ai+Ai+1 i,n i i+1))-
n—1
Hence by Lemma 7.4 (iv) and (ii), sup Ci(Nie " Wiyiot + A P2 Wiy)| =
(0,02)eJ i—2
Op(1). O

Proof of Lemma 7.9. « We have

2A26—20A2 2Ane—20An
1 — e—20A2 1 — ¢—20An

sup
a<O<A

= 0(1).

e For n large enough,

200e7 P2y [y; — e 022y

sup < K sup — e 2 < K sup Y(t)? = Op(1).

(0,02)eJ 0?(1 — e2042) ag@@\yzl\m v t€[0,1] " #

e Using Wf = Wfo + (6_90Ai — G_Mi)yiq W, + Wi,o(e_eoAi — e_(’Ai)yi,l we can eas-
_ - 2A e“’A”y W

1 h 2Aqe 29A2(yj_e 9A2y2)2 _ O 1 n n n — O 1 d

ily show sup STy p(1), (aig)%] 2(1 = o 20Bn) p(1) an

(0,02)eJ

2Ape” 20802

SUD | 5o 20802

(0,02)eJ
e Term Y,: First, using (32), (33) and the definition (21) of ¢;, the deterministic quantity
D; is bounded uniformly in (0,02) € J, and so is (7204 — e=2021)2q, /A, from (26). By
(14), we are led to

= Op(1).

n—1
oy, ) _OA
Al_l(e 0o\, —e QAl)QyiQ_lDi

sup A

(0,02)eJ

= Op(1).

1=3
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n—1
QQ?Bz'Ai@faAi(eieoAi - 37%2’)%’2—1
i=3

= Op(1) and thus sup [3}| =
(0,02)eJ

Similarly, sup
(0,02)eJ

Op(1).
e Term f: First, from (32), (33) and (26), we have

0 — 0,

aiDi(efeoAi _ e*@Az‘) _ W% <K

sup
neN,i=2,...n—1,(0,02)eJ

Hence, proceeding as in the proof of Lemma 7.4, we can show

n—1
a;Di(e" %% — e "2\ Wiy
=3

sup
(6,02)eJ

= 0s(1).

Second, we can show

sup
neNi=3,....n—1,(0,02)eJ

1 A, JAVE
QBZAZ —0A; i+1 i—1 < K.
i ¢ 2020 \ A, + Ay * Aj+ Ay

Hence we can show

n—1
9 N
a; BiA;e " W, 0yia
=3

= Op(1),

sup
(0,02)eJ

as in the proof of Lemma 7.4. Hence finally, sup X} = Op(1).
(0,02)eJ

e Term 77: From (22), we have
T3] < 2005 W3 + |on] Age ™22 || + W3] Ay].

We can show
sup (Jay| W5 + W3 |Ay]) = Oe(1)
(0,02)eJ
by using W3 = W3, + (e7%82 — e7082)y W, + W (e 70082 — e=082)y,.
Finally, sup |as|Ase=%22 = Op(1), which finally shows sup [T = Op(1).
(0,02)eJ (0,02)eJ

e Term 7): Using (26), (29) and (30), we get

sup  [20,A,] < K and  sup |[20,,A,e7 %A < K.

(0,02)eJ (6,02)eJ
Moreover, one has ]0‘"5(2%” | < 1. Finally, we have sup W? = Op(1)and sup |y, 1W,|=
(0,02)eJ (0,62)eJ
Op(1). Hence, in order to show sup |T/| = Op(1) it remains to show sup |o],W?| =
(6,02)eJ (6,02)eJ
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Op(1) and sup |(A!_,/An_1)a,W?2| = Op(1). This is shown by using W? = W2, +
0,02)eJ et " ' "
,0°)€E
(e700dn — e=0hn )y W, + Wi g(e~0An — e08n )y, .

n /
e Term Z % By (31),

i
L

Al n
1=2
Finally,
000’0 A; Az—l—l — — n
(o ~ 020 22 W QZA Ao zOWz'H,o—g-i-(Sn
using Lemma 7.8. O
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