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A SCALING ANALYSIS OF A STAR NETWORK WITH
LOGARITHMIC WEIGHTS

PHILIPPE ROBERT AND AMANDINE VEBER

ABSTRACT. The paper investigates the properties of a class of resource alloca-
tion algorithms for communication networks: if a node of this network has L
requests to transmit and is idle, it tries to access the channel at a rate propor-
tional to log(14L). A stochastic model of such an algorithm is investigated in
the case of the star network, in which J nodes can transmit simultaneously, but
interfere with a central node 0 in such a way that node 0 cannot transmit while
one of the other nodes does. One studies the impact of the log policy on these
J4+1 interacting communication nodes. A fluid scaling analysis of the network
is derived with the scaling parameter N being the norm of the initial state. It
is shown that the asymptotic fluid behavior of the system is a consequence of
the evolution of the state of the network on a specific time scale (Ntt€(0,1)).
The main result is that, on this time scale and under appropriate conditions,
the state of a node with index j>1 is of the order of N% (%) with 0<a;(t)<1,
where t—a;(t) is a piecewise linear function. Convergence results on the fluid
time scale and a stability property are derived as a consequence of this study.
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1. INTRODUCTION

This paper is an extension of the study of algorithms of resource allocation
with logarithmic weights started in Robert and Véber [8]. For the architectures
of communication networks considered (in a wireless context for example), if two
nodes of the network are too close then, because of interference, they cannot use
the local communication channel at the same time. For this reason, an algorithm
has to be designed so that nodes can share the channel in a distributed way in
order to transmit their messages. A natural class of algorithms in this setting are
random access protocols, which work as follows. Each given node waits for some
random duration of time before attempting to transmit. If the channel is free at
that time, then it starts transmitting. Otherwise, if the channel is busy because a
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communication is already under way in the neighborhood, then the node waits for
another random amount of time. For the algorithms investigated in this paper, the
waiting time is exponentially distributed with a rate proportional to the logarithm
of the number L of pending requests at the node, i.e., of the form K log(1+L),
where K is some large constant. These algorithms are now quite popular, see
Shah and Wischik [9], Bouman et al. [1] and Ghaderi et al. [3]. They have nice
properties in terms of fairness and efficiency. See [8] for a discussion of their use in
communication networks.

Interaction of Communication Channels. The results obtained in our previous
work [8] mainly deal with a network with two nodes. In this case, there is a single
communication channel which can be used by only one of the two nodes at any given
time. The impact of a log-policy was investigated in this case. Here one considers
an additional important feature, with several communication channels which can
be used at the same time provided that they do not interfere. The network analysed
has a star topology with J+1 nodes: there are J nodes, numbered from 1 to J,
which can transmit at the same time, i.e. their local communication channels do
not interfere, see Figure 1), and a central node with index 0 which interferes with
the communication channels of all the other nodes. Note that the star topology
mentioned in the paper refers to the graph of interference relating the nodes, and
not to flows of requests between nodes. As it will be seen, the fact that queues with
index from 1 to J compete as a group for the communication resource with the
central queue with index 0 complicates a lot the mathematical analysis compared
to our previous work.

An extension of these results to the complete graph with J nodes, in which all
nodes of the network use the same communication channel, is also formulated in [8]
without proof. The proof of this statement can be easily derived from the proofs
of the main results expounded in the present paper. Although the access to the
communication medium is slightly different, our model is closely related to models
of linear-bandwidth sharing for which a class of connections use several nodes at
the same time and, at each node, there are “local” connections competing for the
bandwidth. See Fayolle et al. [2].

Coming back to our description of the procedure, node 0 thus cannot transmit at
the same time as any of the other nodes. One now gives a quick, rough, description
of how the bandwidth is shared. Let L; be the current number of pending messages
at node 7. In idle state, node 0 tries to transmit after an exponentially distributed
random variable (the backoff time) with parameter K log(1+4Lg), for some K > 0.
The attempt is successful only if all the channels are free at that time. Similarly,
in idle state any node j, 1<j<J, tries to transmit at rate K log(1+L;) and the
attempt is successful if node 0 is not transmitting at this moment. Hence, in
idle state, node 0 transmits if its backoff time is smaller than the minimum of .J
exponential random variables, i.e. with probability

log(14Lo)/ [log(1+Lo)+ log(14+Ly )+ - - - +log(1+Ly)],

provided that the values of L; do not change too much meanwhile. This is the case
if the constant K is large.

This situation will be represented formally as follows. Suppose the transmission
times of requests at node j are exponentially distributed with rate u; and the state
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of the network of J+1 queues is L=(L;,0 < j < J). Then in our model, any non-
empty node with index greater than or equal to 1 receives the instantaneous capacity
W(L) to transmit and node 0 receives 1-W (L) (the total available capacity is
assumed to be 1), where

log(14-Ly) + - - - 4 log(14L )
log(1+Lo) +log(14+L1) + - - - +log(1+L)

In particular, node j > 1 (resp., node 0) completes a transmission at rate p; W (L)
(resp. po(1—W(L))). This model assumes in fact that the constant of proportion-
ality K is sufficiently large so that the waiting times to try to access the channel are
negligible and that a small fraction of a message is transmitted when transmission
is successful. This is reminiscent of the usual representation of the round robin
policy by the processor-sharing policy in queueing theory. See Kleinrock [5] for
example.

(1) W(L) &

"
N

FIGURE 1. Star Network with J=5.

Assumptions and Notations. Requests arrive at node 0<j<J according to a
Poisson process with rate A; and their transmission times are exponentially dis-
tributed with parameter p;. The quantity p; is the load of node j, pj=A;/p;.
Throughout the paper, without loss of generality one assumes that p;<pa<---<pj.
That is, excluding node 0, node J is the most loaded. One also defines

(2) O‘J‘_lfpj’ 1<j<J

For ¢t > 0, L;(t) denotes the number of requests at node j at time ¢. In what follows,
the convergence of a sequence of processes on a time interval I is that associated
to the topology of uniform convergence on compact subsets of I.

Scaling analysis. The purpose of this paper is to provide a fluid analysis of this
network. This amounts to investigating the convergence properties of the following

sequence Of processes:
L;j(Nt) .
———=0<5<J
( N 3 — .] — 9

where N is the norm of the initial state and tends to infinity. It was shown in
Section 7 of [8] that such an analysis of the evolution of the state of the network
with a fluid scaling also leads to results on the asymptotic behavior of the invariant
distribution in a heavy traffic regime, and also on the transience properties of the
overloaded network.
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Among all possible large initial states, one will consider the most interesting (i.e.
difficult) case in which the central node, with index 0, has N requests and all the
other nodes are initially empty:

(3) Lo(0)=N and L;(0)=0 for 1<5<J.

In the sequel, a superscript N will be used to recall the dependency on N and the
process with initial condition (3) will thus be denoted by

LN(@t) = (LY (), LY (v),..., LY (1)), t>0.

The other cases for the initial state can be treated in a similar (sometimes easier)
way. See the discussion at the end of Section 4. The main problem is to describe
how the numbers of requests at the initially empty nodes increase with time and
the scaling parameter N.

To stress the differences with our previous analysis in [8], let us review the main
results obtained on the time evolution of the network with two nodes, or J = 1. In
all that follows, one uses the notation Ay = min{xz,y} and 2= max{z,0}.

1.1. Results for the network with two nodes. This is the case J=1 with
only one communication channel. It was shown in [8] that two other time scales
have to be investigated to understand the convergence properties of the fluid scaling
properly. It turns out that the most interesting case is when p; <1/2, or equivalently
when af defined by Equation (2) satisfies aj<1.

1) The time scale t—N* for t<aiAl.
If the initial state is (L' (0), LY (0)) = (N, 0), the convergence in distribution

LN (Nt
(4) lim ( 1( ),0<t<0é1</\1>:</\1—,u1

T ,0<t<0[>{/\1>

_t
t+1
holds and, at the first order in IV, the state LY’ of node 0 stays at N on this

time scale.

2) The time scale t—N1 (log N)t.
If (LY (0), LY (0)) = (N, [N°1]), the convergence in distribution

lim
N —+o00

N of o _ NoT
(L1 (N Eéag;]i)gt])\; N ):(Z(t))

holds, where (Z(t)) is an Ornstein-Uhlenbeck process. On this time scale,
LY stabilizes around the value N1 and the process LYY still remains at N.

3) The fluid time scale t—Nt.
The relation

lim ((L(]’V](VM), L{]\i;(i\;[t))t > 0) = ((»y(t),y(t)“’f),t > 0)

N—+oc0

holds for the convergence in distribution, with

() = (14 (Ao — po(1 — p1))t)*.



1.2. Evolution of the state of the network with a star topology. The results
on the fluid time scale obtained in this paper are essentially done via a precise
analysis of the network on the time scale (N*,t€(0,1)). In our previous work [8],
the asymptotic analysis of the behavior on this time scale, case 1) of Section 1.1, was
quite easy in fact. This is not at all the case for the network investigated below,
for which most of the difficulties appear precisely on this time scale. Once the
asymptotic behavior of the process (Lé\' ) on this time scale is derived, the behavior
of the full network on the fluid time scale (Nt,t>0) can be obtained by using some
of the results of [8].

The main convergence results are for processes associated to the exponents of
the state vector, (log(1+L}')/log N,1<j<.J), on the time scale (N*,£€(0,1)). They
turn out to be quite challenging to prove. If stochastic calculus and estimates for
reflected random walks are, as in [8], important ingredients to prove our convergence
results, a novel invariance relation has to be established, namely Proposition 5 of
Section 3 in the case J=2 and Theorem 3 of Section 4 in the general case. In
fact, this relation implies that the sum of the exponents (log(L;(N*))/log N, j>1)
is constant on specific time intervals. To prove it, one introduces a key technical
tool, a family of space-time harmonic functions (10) in Section 3 which is used to
derive Lo-estimates of the scaled processes (L;(N')), see Relation (19). In spirit,
it is connected to some perturbation techniques although it does not seem to be
directly related to this framework, see Kurtz [6] for example. This is the main
technical difficulty of the paper. The desired convergence results are then proved
in Section 3 using stochastic calculus and several technical estimates related to the
behavior of reflected random walks.

The main results. One of the consequences of our work is that, under appropriate
conditions, the fluid analysis of the network can be reduced to the study of a
network with two nodes, or J=1, which is precisely the configuration studied in
our previous work [8]. Hence, once the behavior of the star network on the time
scale (N*,t € (0,1)) is understood, its fluid analysis simply follows from the results
in [8]. In particular, one obtains the result conjectured in Wischik [10] that under
the condition
po +max(p;,1 < j < J)=po+ps <1,

the Markov process (L;(t),0<j<J) is ergodic. It should be noted that Section 9
of [8] gives a presentation without proofs of the slightly different (but easier) case
of a network with J nodes and the same communication channel, so that only one
node can transmit at a time. As we already mentioned, the techniques which are
developed in the present paper can in fact be used to establish these results.

Some transient behaviors of these networks are also obtained. Recall the quan-
tities (o) defined by Relation (2) and set

B; def. Ja_]j’ 1<j<J, and K 4t sup {j >1: J:.[]?-i-l < 1},
with sup(@)) = 0. It is shown that, on the fluid time scale, the states of the nodes
with indices between 1 and k—1 behave ultimately like k—1 ergodic M /M /1 queues.
In particular, if kK = J, nodes 0 and J are then the only nodes with a non-negligible
number of pending requests (with respect to some power of N). The main results
on the fluid behavior are gathered in Theorem 5 of Section 4. They are summarized
more precisely as follows.
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The following results of convergence in distribution hold on a time interval (0, to),
where tg € (0, 00] depends on the parameters of the network. Recall that in all that
follows, the convergence of a sequence of processes is that associated to the topology
of uniform convergence on compact time intervals (of (0, %) here).

1) If k=0,

N N
Jim (X EEED (0,020 0)

2) In the case 1 <k < J,
(a) If B < 1,
(DY DYV LYV LY (V) EY (VY
N "(logN)3"" " (logN)* N 77 N
= (Vo(t)v O(K)7’YH+1 (t)’ s ”YJ(t))'

N —oc0

(b) If B2 > 1,

LY(Nt) LN(Nt) LY (Nt) LN(Nt) LY. (Nt)  LY(Nt)
N ,(IOgN)?””" (logN)B 7Na:7,]+,ia N geey N

lim
N—oo

= (70(070(&—1)7 ’YK+1(t)’YK+21(t) ; ”,YJ(t)foH»l(t)? ce 7’7J(t)) .
3) Ifk=1J,
_ LY(Nt) LN(Nt LY [(Nt) LYN(Nt . o
Nlinoo( Oj(v )’(lég(N):Z"“’ (i]oglN)3 ’ fv(a; )) = (205,077, 30(t)*).

The functions (y;(t)) are deterministic, non-trivial, affine functions. They are de-
fined in Theorem 5 in Section 4. The constant ¢y is the first instant on the fluid
time scale when the central node empties, i.e. vo(to)=0. Its expression is also given
in the statement of the theorem.

The expression given by Relation (1) of the capacity W (LY (N-)) allocated to the
nodes with positive indices and the above results of convergence in distribution show
the following property. If k>0, the states of the nodes whose indices are between
1 and x—1 do not have an impact on the quantity W (LY (N")), and therefore on
the asymptotic behaviour of the other nodes. The order of magnitude of the states
of these nodes is negligible with respect to any power of NV in the fluid regime. As
one will see, they behave locally like ergodic M/M/1 queues. Hence, on the fluid
time scale only a subset of the nodes remain non-negligible. For example, when
1<k<J and B%>1, the state of the central node is of the order of IV, the state of
the node with index « is of the order of N ~(/=%) and all the nodes whose indices
lie between k+1 and J have a number of pending requests which is of the order
of N. The other cases exhibit similar behaviors. Figure 2 corresponds to the case
k=J for J=3, but on the time scale (Nt t€(0,1)).

Discontinuity on the fluid time scale. The convergence results for the fluid scaling
are valid on an open interval (0,%y) excluding 0, i.e. on time intervals of the
form [aN,bN] with 0<a<b, hence “after” the time scale (N*,t€(0,1)). In fact the
process exhibits a kind of discontinuity at 0 on the fluid time scale, for example
in the above case 3) where k=J. Indeed, initially L} (0)=0 but LY (e N)~N<7 for
£>0 arbitrarily close to 0. In other words, the Jth coordinate jumps to N®7 at
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t=07". This phenomenon can be explained on the time scale (N*,t€(0,1)), which
is one of the reasons why this time scale plays a major role in the analysis.

Time Varying Exponents in N with Piecewise Affine Behaviors. From the as-
sumption (3) on the initial state, only the state of node 0 is not zero, and is equal
to IV initially. Under appropriate conditions on the o defined by Equation (2), the
remarkable feature of the evolution of this network is as follows: on the time scale
(Nt,t€(0,1)), the state of a given node with index 1<j<J—1 grows like a power of
N until an instant after which it starts decreasing and finally stabilizes in a finite
neighborhood of 0. This is in fact the most difficult technical point of the paper.
See Figure 2. Section 3 is essentially devoted to the proof of this result.

Let us describe the phenomenon more precisely. Recall that the load p; of node 1
is such that p;<pa<---<py. If J>2 and «f/J<1, then

LY(N?Y) o Jt *
( ) = <)\1—M1Jt+170<t<J) )

—, << —
Nt J
which is a more or less straightforward analogue of Relation (4). More interesting
and technically challenging is the behaviour of the process on the “next” time
interval (N®1/7 N1/(/=1)) on the time scale (N*,t € (0,1)). If ot /(J—1)<1, the
convergence in distribution

LY(NY) o3 af ! 1 af o
5 lim (Ao Mg M) (T ————— e
(6)  plm (Nai‘—w—l)t J ST gui(pi—pl) J ST

holds on this time interval. In contrast with the static equilibrium value o] reached
by the exponent in N of LY (N?) in the case J=1 investigated in [8], this equilib-
rium value is now time-dependent and stabilizes at 0 after some time. Thus, at
“time” N1/7 LY is of the order of No1/7 but just after the exponent in N starts
decreasing and is 0 at “time” N®1/(/=1)_ Furthermore, at that time the process Ly
behaves like an ergodic M/M/1 queue and therefore does not scale with any power
of N on the time scale (N, t€(aj/(J—1),1)), while the states of the other nodes
are still of the order of a power of N. Consequently, the component log(14+L;) in
the expression (1) of W (L) can be discarded. In other words, after time N1/(/=1)
the system behaves like a network without node 1. See Figure 2 for a representation
of the evolution of the queues on the time scale (N, ¢ € (0,1)).

lim
N——+oo

Outline of the paper. The model and notation are introduced in Section 2,
as well as a technical result, Proposition 1, which will be used repeatedly in the
subsequent sections. The case of the network with three nodes, or J = 2, is studied
in detail in Section 3. It contains the main ingredients to extend the analysis to
the general case J > 3 in Section 4.

2. THE STOCHASTIC MODEL

In this section, one introduces the main stochastic processes and some notation.
For £>0, N¢ (resp. ./\/'52) denotes a Poisson process with rate £ on Ry (resp. R%).
For any 0<a<b, the quantity Ne([a,b]) denotes the number of points of Ng in the
interval [a,b]. The Poisson processes on R2 are used as follows. If 2>0, then
Ng([O,x] x -) is a Poisson process on R, with rate z. Throughout the paper,

the Poisson processes used are assumed to be independent. If f is an R%valued
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N
4 — L(]JV
S 7
1 - Lé\'
— ¥
*
oy -
ol |
J—1
ay
J L
! | \ -
o] oy a3 aj 1
J J-1J-1 J=2

FIGURE 2. Evolution of log(Lév(Nt))/log N, the exponent in N
of LY on the time scale (N*,t€(0,1)). Here J=3, p1<py<ps and
the initial state is (V, 0,0, 0).

function on Ry, f(t—) denotes the limit of f to the left of ¢ > 0, provided that it
exists.

The evolution of the Markov process (L(s)) = (L;(s),0 < j < J) can be de-
scribed as the solution to the following system of stochastic differential equations
(SSDE)

) {dLO(S) = N (ds) = Liz(s)>03 N5, (W (L(s)), 1], ds),
Li(s) =Ny, (ds) = Lz, s)»0p N, ([0, W(L(s=))),ds), 1<j <,
where L(s) = (Lo(s), L1(s), ..., Ly(s)) and W(.) is defined by Equation (1).

For 0<j<J, one denotes by (L;V(s)) the solution to the SSDE (6) with initial
state (N,0,...,0), and YjN(s) describes the exponent in N of L;-V(s):
1og(1+L§v(s))

log N '
Recall that p; = A;/p;. Without loss of generality, one assumes that nodes 1,...,J
are ordered so that p;<pa<---<pj;.

The following result is a simple consequence of a result of Kingman [4] in the
case of birth and death processes. It will be used repeatedly.

(7) Yi¥(s) =

Proposition 1.
1) If (X(s)) is a birth and death process on 7 starting at 1 with birth rate A
and death rate p > A, then for any integer x > 0,

® P(roza)=()

2) If (X4(s)) denotes the process with the same transitions as (X(s)) but with
a reflection at 0, then for any T > 0,

z—1
IP’( sup X4(s) > z) < (AT +1) ()\)
0<s<T 7



and

E( sup X (s)2> < %()\T—F 1) (1)2
o<s<T - A2 log(u/\)

Proof. Relation (8) is Relation (3.3) in Theorem 3.5 of Robert [7] for example. The
second and third relations follow by remarking that the sample paths of (X (s)) can
be obtained as a concatenation of excursions of (X (s)) above 0. The estimate (8)
is in fact an upper bound on the probability that the supremum of an excursion is
greater than x. Two excursions are separated by at least an exponential random
variable with parameter A, so that the total number N of such excursions in the
interval considered is stochastically bounded by 1 plus a Poisson random variable
with parameter AT. Thus,

Nt
P ( sup X+(3) > {E> <E (Z 1{i—th excursion exceeds z})

0<s<T =
< (AT +1)P (Sup X(s) > x) .
s>0

Finally, since A < p one has for every x € Ry

A\ Vo
u) '

IP’< sup X, (s)? >9:) P( sup X4 (s) > L\/Ej) < ()\T+1)<

0<s<T 0<s<T

Consequently,
E( sup X+(s)2) :/ IP( sup X, (s) > a:) dz
0<s<T 0 0<s<T

(AT + 1)/000 (2)ﬁ_2dx

2/112 VY Y 2/112
T+1 Z =—=N'+1)—F——.
v AT )/o (u> v =07 AT Dy

The proposition is proved. ([l

IN

Let us begin with the case of a network with three nodes, or J = 2. The general
case is analyzed in Section 4.

3. THREE NODE NETWORK

In this section one assumes that J = 2 and p; < p2. Recall that the initial state
is given by L{(0) = N and LY¥(0) = 0 = LY (0). The main results of this section
can be summarized briefly as follows.

1) On the time interval (0, (af/2) A1), LY (N?*) and LY (N?) grow like C(t)N*,
for some linear functions C1(t) and Cy(t).
2) If af/2<1, on the time interval (af/2,af A1),

(a) (LY (N?)) decreases like ¢; N1~ for some constant ¢; > 0. If af < 1,
then it reaches a neighborhood of 0 in which it remains for the rest of
the evolution.

(b) (LY (N?)) still grows like ca N* for some constant ¢y such that c¢ycp = 1.
If aj < 1, then it remains in a close neighborhood of N2 until ¢ = 1
when the fluid time scale “begins”.
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In this section again, the convergence of a sequence of processes is that associated to
the topology of uniform convergence on compact time intervals. First, the following
proposition gives the behavior of the network up to time N®1/2. Its proof is identical
to that of Proposition 2 of Robert and Véber [8], and is therefore omitted.

Proposition 2. The convergence of processes
LY(N?) LY (N? 2t 2t
YO O (2
N N 142t 14+2¢

holds on the time interval (0, /2 A1).

lim
N —o0

If o} /2>1, for a suitably small £>0 then one has that LY (eN) is of the order of
N for every i € {0, 1,2}, and the fluid analysis of this network is straightforward.
See 1) of Theorem 2 below.

The first theorem describes the network on the time scale t — N? on the time
interval (a3/2,af A1).

Theorem 1. Under the assumption that af/2 < 1, the convergence
) LY(NY) LY(N? 1
lim : (*—t)’ 2 (t ) = aIU/Q(pQ_pl)
N—oo \ N% N p2(p2 — p1)

holds on the time interval (o /2, a7 A1).

In particular, (LY LY (N*)/N°7) converges uniformly to the process constant
equal to one on this time interval.

When af<1 one shows that after “time” N1, LY remains of order (log N)?
at most, so that the system (L}, L) is indeed equivalent to the 2-queue system
analyzed in [8].

Proposition 3. Under the condition aj<1, if
00 =inf{t >0: LY (t) = 0},
then
1) for >0, one has

lim P(6) < N°Tlog N + N¢log N) = 1.
N—oc0
2) For £>0 sufficiently small, one has
lim P sup LY(t) < (logN)? | = 1.
N—o00 te[eé\]’N(a;/\l)—a]

3) The convergence of processes

. LY(NY) t
NI (N> = (AQ e 1+t>

holds on the time interval (af,a A 1).
Finally, the second theorem gives the fluid limit of the network with three nodes.

Theorem 2 (Fluid Limits). The following convergences of processes hold on the
time interval (0,1o).
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1) If af/2>1, then to=3/(po—3Xo)™ and
i LY (Nt) LY(Nt) LY (Nt)
N ° N ' N
1 2 2
= <1+uo (po—g)t,m (pl—g)t, 2 (Pz—3>t)-
2) If o;/2<1<af, then to=1/(1—po—p1)* and
- (ngm) Ly (V1) LéV(Nt))

N —oo

N—oo N 7 Neitl’ N

1

m’ 2 (P2—Pl)t) .

= <1+M0(00+P1—1)t,

3) If at<l<al, then to=1/(uo(1/2—po))T and
N N N
dm (0 ) = (e )0 (pe-3)0)
4) If as<1, then to=+o0 and
<L6V(Nt) Li'(Nt) LéV(Nt))
N " (logN)3" No
with y(t)=(1+po(po+p2—1)t)*.

The rest of this section is devoted to the proofs of these results. Theorem 1 is
proved in Section 3.1, Proposition 3 in Section 3.2 and Theorem 2 in Section 3.3.

lim

N—o0

= ((v(1),0,7(£)*)),

3.1. Proof of Theorem 1. This is done in several steps. Since L} (0) = N and
one is concerned with the time scale (N*, 0<t<1), the fluctuations of the process
(LY (t)) around N are negligible for our purpose. It will be implicitly assumed that
LY = N on this time scale. To make this rigorous, one can proceed as in the proofs
of related results in [8] (see the proof of Proposition 1 in this reference for example)
and use a coupling of LY’ with its arrival process and with its departure process to
establish that the results below hold in these worst-case scenarios.

First, from Proposition 2 one sees that at time N1/2 the drift term of node 1
cancels while that of node 2 is still positive. This suggests that, at least for a small
amount of time after N®1/2, (LY (t)) keeps on increasing. The following lemma
establishes a preliminary result in this direction.

Lemma 1. For v€(aj/2,a3/2 A1), the relation

1 2 Ly Ly
lim P = ()\g—ugfy) < inf 2 (5) < sup ﬁ<2)\2 =1,
N—o0 2 1+2'}/ SE[NGT/2,N'Y] S SE[NQT/Q’N,\/] S

holds and there exists some A, > 0 such that

lim P ( sup L{V(s)<A7N°‘I/2> =1
N—o00 SE[NQT/Q)NW]

To clarify the exposition, Lemma 1 is proved in Appendix A.1.

Theorem 1 states in particular that the sequence of processes (LY (s) LY (s)/N°1)
converges to the constant process (1), uniformly over compact sub-intervals of the
time interval (af/2,a5/2AaiAl). The following result gives a weaker version of
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that. It shows that it is true for (Y{V(s)) and (Y3 (s)), the exponents in N of
(L{'(s)) and (L3'(s)).

Lemma 2. For every vy € (of/2,05/2 Aaj A1) and every e > 0, one has

lim ]P’( sup YV (N') + YV (N') —of| > s> =0.
N=eo N telag/2.]
Again, the proof of Lemma 2 is postponed until Appendix A.2 .

Lemmas 1 and 2 show that, for t € (a}/2,a5/2Aaj A1), LY (N?) is of the order
of N* while LY (N*)~N®i~t. The following proposition gives a more precise result,
on the (larger) interval (af/2,a] A 1).

Proposition 4. For the convergence of processes, the relation

, LY(N? .
A <Y1N(Nt), 2]5“)> = (a7 —t, pa(p2 — p1))

holds on the time interval (o /2, af A 1).

Proof. One shows instead the equivalent statement

: N t N t Lé\f (Nt) *
]\}EHOO YN (NY) + Y5 (NY), Nt )T (af, pa(p2 — p1))-
Let us start by fixing a constant 7 such that

o ag .

— <7< =ANaj N1,

2 STS M
and show the desired convergence on the interval (af/2,~]. The convergence of the
first coordinate is then a direct consequence of Lemma 2.

As a first step, one shows that for any ¢ € («}/2,7], the convergence

- LY(NY)
(9) i = = pa(p2 = 1)

holds for the Lo-norm.
Define the function F' by

def. 1 [ 12 2ol (s

Using the SSDE’s (6), trite calculations give that the infinitesimal generator GV
associated to the process (LY (N?), LY (N?),t), applied to the function F is given
by

l 2 log N
GV F(ly,lz,t) = —(log N) (Nzt — pz(p2 — P1)> + O (I 2, 1) Nt
l i1
N 1 N 1 02
+02 (ll7l2,t)ﬁ10gN+Cg (ll,lQ,t)ﬁﬁlogN,

and there exists K > 0 such that, for i€{1,2,3}, the relation |C¥ (I1,l2,t)| < K
holds for any I3, I3 € N, t € (a}/2,7] and N € N. Define
log N

l
WV (U, 1o, t) = C{V(ll,lg,t)WnLCéV(ll,lg,t)ﬁlt log N +C¥ (13,1, t)

Iy 1o
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Then

(1) (MM (1) < (F (LY (N, LY (N'), 1) = F (LY (N37%), LY (N3/?), a3 /2)

*
1

t N ¢ )
+/a /2 llOgN(LQJ\(]]:L[)“Z(PQF)l)) —p (LJlV(Nu)vLéV(Nu)vu)‘| du)

is a zero-mean martingale on the time interval (aj/2,v]. Taking the expectation
and reordering the terms conveniently, one obtains that

E ( <L§V]\(]]tvt) —N2(P2—P1)> 2) =—2(log N) /(;/;E ( (Lé\;\(ﬁm)—m(ﬂz—m)) 2) du

+2B( (L (VLY (), 012)) + 22 (B (U0, )

t
+2/ E(y™N (LY (N*), LY (N*),u))du.
i /2

Now, let (X (s)) be the process introduced in the proof of Lemma 1. A slight
adaptation of the arguments given there shows that one can couple (LY (s)) and
(2AN N®1/2 4 X, (s)) in such a way that LY (s) < 2AN\ N®1/2 4 X, (s — N®1/2)
for every s € [N®1/2,N7). Using this fact together with the Cauchy-Schwartz
Inequality, one can write

(12)
LN(N?Y) / LY(Nt
’]E( 1]5]t )< 2]\(]t )_“2@2_/)1)))‘
1/2
LN(N? 2 LV (Nt 2
= E((lA(]t)) >E<(2A(]t)—/12(/’2—,01)> )]
. . 1/2
2A)N Na1/2+X Nt_Nai/2 2 NZO,Nt 2
<[5 (R D () +itonn?)
o\ 71/2
1 . .
<Cy |E ~N7 <2A)\1Na1/2—|- sup X+(N“_NO‘1/2>>
N at/2<u<ly

1/2
sup X+(N“—ND‘I/2)2> .

aj/2<uly

2AN N*1/2 Oy
= C‘*T T e E

Using the second part of Proposition 1 with A = Ay and u = Ay + C/log N, one
can then write that

at/2<uly

1/2
IE( sup X+(NU—NQT/2)2> < '/ (M N7+ 1)(log N)2,

and since v < aj by construction, one can conclude that the quantity in the left
hand side of (12) is bounded by

Cs Noc’{/th,
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where the constant C5 is independent of ¢ and N. Likewise, there exist some
constants Cg and C7 such that for any u € [af/2,7),

log N log N
%2 L0, %

E(|¢N(L{V(Nu)’LéV(NU)’u)|) < Cs Noi/2 7Nu7af/2 ’

Since

t
du 1
UOgN)/aT/zwlw’

the process
t
(2 [ BN @, ov.u)) du>
ai/2

is bounded by a constant uniformly in ¢ € [a}/2,v] and N. Finally, similar argu-
ments give the existence of a constant Cg such that

B(|F(LY (N2, L5 (N*/2), a1 /2)]) < Cs.

One can now use Gronwall’s Lemma to conclude that there exists Cy > 0 indepen-
dent of N such that for every t € [a]/2,7],

LN Nt 2 _ % Cg
(13) E((Z\(ﬁ)—m(m—pl)) )che 2log N)(t-ei/2) = = N2t—ap

which proves (9).

As a second step, one now shows the uniform convergence of (LY (N')/N?)
towards the constant process pas(ps — p1), over any time interval of the form
[a3/2 + &,7]. By Doob’s Maximal Inequality applied to the martingale (M¥ (t))
defined by Relation (11), one has for every n > 0

P s 1Y) 0) < DE(MYO)
o /24e<t<y

1 LN NY LN Na1/2+s 2
SnE<( 2]\(/.7 )—M2(P2—P1 > ]E< —Naize ) Mz(P2—P1))

l N LN N%)
E (G
T/2+e

l K N(rN u N u U
H/lmf“" (LY (N), L5 (N*), u)]) du,

— p2(p2 — Pl))2> du

The quantity in the right hand side above converges to 0 as IV tends to infinity, by
all the estimates obtained so far and by using Lebesgue’s Convergence Theorem.
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Consequently, using Relations (10) and (11), one obtains that

IP’( sup (W—uz(pz—p1)>2>6n)

af /2+e<t<y Nt
L Na1/2+a 2
e =) (St =00) =)
i3 LN Nt Ly
+IP’( */Qiusgm o t —uz(pz—m) n

LY (N®) 2
+ (IOgN/ < —Mz(P2—P1)> dU>77>
aj/2+e

+P(/;0+JwNUﬂ%N“%L§UWﬁw)du>n>

Again, by the Markov Inequality and the estimates obtained before, each of the six
terms in the right hand side of the last relation converges to 0 as N becomes large.
This shows the desired uniform convergence on the time interval (af/2,7].

The third and last step extends the convergence result to the whole interval
(af/2,05 A1) Let € € (0,05 — af) and n € (0,¢). Let v}’ be defined by

vy def- inf{s >~: LY(N®) < N*7"}.
The results of the first part of this proof show that, for some constant Cg,

lim P (LN (N7) > C1oN?, LY (N7) € [N =7, N“T*’”E]) ~ 1.
N ——+oc0o
Thus, ¥ > 7 and the process (LY (s), N7 < s < N”év) is stochastically bounded
from above by [N®1=7+¢] 4 X3 , (- — N7), where (X3 (s)) is a birth and death
process reflected at 0 for which the transition z +— x + 1 occurs at rate A\; and
T — x — 1 at rate
(@ —7+e)+(=n) il

=\ + )
11—1—04{—7—1-5—1-7 n m(l—ka{)(l—i—a’{—i—a—n)

since p1af/(1 + «f) = A1. Since € < 5, the drift of X is negative and one can
conclude that

lim IP’< sup LY(N?) > 2Nai‘7+5> =0.
N=oo Nveprmd)

As a consequence, the process (LY (N7 +5),0 < s < Nvo' — N7) is stochastically
bounded from below by the birth and death process (X4(s)), with X4(0) = C1oN?,
birth rate Ay and transitions  — x — 1 occurring at rate

(af —y+e)+t
Traf —y+ett

Let A % o — (af 4+ €). By our choice of ¢, A > 0 and

(af —y+e)+
I+af—v+e+t

Ao > g as long as t—v < A.
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Hence, there exists C11 > 0 such that

LY(N?Y)
lim P(  inf 22 <(Cyy)=0,
N (te[¢g+A] Nt 1
and in particular 18" > v+ A. Now that it has been proved that, with probability
tending to 1, LY (N?) > C11 N for any ¢ € [y, y+A], one can adapt Lemmas 1 and 2
and the first part of the proof of Theorem 1 to show that the uniform convergence
holds on the time interval (o /2, (v + A) A af A1) too.
Finally, since the definition of A does not depend on -y, one can proceed by

induction (in finitely many steps) and conclude that

. LY (Nt .

i (V70 + 1500, 2G5 ) ) = (il = )

N—oco N

for the convergence in distribution of processes on (a3 /2, af A 1). The proposition
is proved. O

Proposition 4 establishes the behavior of L} stated in Theorem 1. It remains to
show that, on this interval of time, the convergence

o () = (=)
lim — =
N—+oo \ N p2(p2 — p1)

holds. Equivalently, one shows the following important result.

Proposition 5. The convergence in distribution of processes

(Lfv (v Y9 g

lim
N—o0

holds on the time interval (o /2, af A 1).

The proof uses several technical lemmas, whose proofs are given in the Appendix.
It is based on the idea that, for a given value of LY, if LY moves too far apart
from its equilibrium value N1 /LY (corresponding to the point where the drift of
LY cancels), then it is driven back to this value in much less time than LY needs
to change.

More precisely, for 7 € (0, % /2), the time interval [N®1/2+1 N(@iAD=1] can be
covered by N®1/2 (at most) sub-intervals of length N1/2, One will first consider an
interval of the form [Ty, Ty +N1/2] and >0 such that LY LY (Ty)<(1+3¢/2)Ne1.
As one will see, with probability tending to 1 the process (LY LY (s)) does not exceed
the value (1 +2¢)N°T on the time interval [T, Ty 4+ N®1/2].

In a second step, one will show that LY LY (T + N®1/2)<(143¢/2)N“1, so that
the same result can be applied to the next time interval of width N®1/2,

First, let 7V (T) be the stopping time defined by

(14)  7N(Ty) %L inf {s > Ty« LV(s)LY (s) < (1 + g)Nai‘} A (T + Ni/2),

Of course, when LY LY (Ty) < (1 4+ )N one has 7V (T) = Tx. On the other
hand, when LY LY (Tw)/N®1 € (1 +¢,1 4+ 3¢/2), the following lemma controls the
probability that LY LY exceeds (1 +2¢)N°1 on the time interval [T, 7V (Ty)].
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Lemma 3. Assume that LY LY (Tn)/N®t € (1+¢,143¢/2). Then, there exists a
constant Cy(g) > 0 which is independent of the value of LY LY (Ty) and such that

. Ned
P sup LYLY (s) > (14 2¢)N* <exp(—C).
(se[TN,-rN(TN)] v La(s) 2 ) 1TN log N

The proof of this lemma is given in Appendix A.3.

The next lemma shows that 7 (T ) is negligible compared to N1/2.

Lemma 4. Suppose that LY LY (Tn)/N°1 € (14,14 3¢/2). Then there exists
Ca(g) > 0 independent of the value of LY LY (Ty) and such that

NQI/Z NaI/Q
P(N(Tyn) =T < —Cy—-— .
(T () =Ty > 1ogN> —exp< 2(logN>2)

Lemma 4 is proven in Appendix A.4.
The third lemma controls the probability that (LY LY (s)/N®1) reaches again
the value (1 + 3¢/2) when it starts below 1+ ¢.

Lemma 5. Suppose that LY LY (Ty) < (1 +¢)N®i. Then, there exists C3(g) > 0
independent of the initial value of LY LY and such that

3 « Nt
IP( sup LYLY (s) > <1+5>NQ1> Sexp(—C’;;).
SE€[Tn, Ty +N*1/?] 2 Tnlog N

The proof of this lemma is given in Appendix A.3.
These lemmas are used as follows. If

ex S {LYLY (Tn) < (14 32/2)N"1 |,

and if one defines Iy = [Ty, Ty + N1/?] and Jy = [N (Ty), 7V (Tn)+N1/2),
then

IP( { sup LY LY (s)>(142e) N1 } U {L{VLQV(TN+NC‘T/2)> (14% 5) } ‘&V)

seln
Na’{/Q
log N

).

The first term in the right hand side of the above relation is controlled by the
inequality of Lemma 3, the second term by Lemma 4 and the third one by Lemma 5
with Ty replaced by 7V (Tx). One finally obtains the existence of a constant
C4(g) > 0 such that

<IP>( sup  LVLY (s)>(14+2e) N1

s€[Tn, 7N (Tn)]

5N> +P (TN (Tn)—Tn>

)

3 «
—HP’( sup LY LY (s)> (1—}—5) N*
seJn 2

IP( { sup LY LY (s) > (1 + zs)NaT}

seln

a8 52 (5 ) <o (i)

log N



18 PHILIPPE ROBERT AND AMANDINE VEBER

holds for N sufficiently large. Since [N*1 17, N(@iAD=7] can be covered by at most
N*1/2 intervals of length N®1/2, it follows that

IP’( sup LYLY(s) > (1 + 25)Naf>

SE[NQT+7]7N(QI/\1>7"]
< P(L{VLQ’(N“T/“") > (1+ 3 g)N@1‘> + NOi/2=CaN"/log N
= SRS

It remains to show that the first term in the right hand side of the inequality just
above converges to 0 as N tends to infinity. This corresponds to the following
result.

Lemma 6. The convergence

lim P(L{VL;V(NQT/M) > (1 + SE)NQT> -0
N —o0 2

holds.

See the proof of this lemma in Appendix A.5.
One can therefore conclude that

(15) lim P sup LNLY(s) > (1+25)N°1 | =o.
N—oo se[N“T"'",N(“IM)_"]
Similar arguments give an estimation for the lower bound:
lim IP’( inf LYLY (s) < (1 - 25)Nai‘> =0,
N—oo Se[NOLT+T}7N(ai‘/\1)—7]]

and since this conclusion holds for any € > 0, Proposition 5 is proved. Combining
Propositions 4 and 5, Theorem 1 is proved.

3.2. Proof of Proposition 3. Again, one starts by establishing some crude bounds
on the number of pending requests in nodes 1 and 2 over the time interval of interest.
Recall the notation k = pa(p2 — p1).

Lemma 7. For e > 0 sufficiently small there exists C. > 0 such that

L
lim P (sup Li(s) < N¢, inf ﬂ > Ce) =1,
N—oo seln seln S

with Iy = [Naf—8/27N(a;A1)—2a]'

As before, for the sake of clarity the proof of this lemma is postponed until Appen-
dix A.5.
One can now complete the proof of Proposition 3.

Proof of a) of Proposition 3. Let ¢ > 0. From Lemma 7, one knows that with
probability tending to 1, LY (s) remains below N¢ and L} (s)/s remains above C.
on the time interval [N®1—¢/4 N(ezAl)=2e],

Hence, on the sub-interval [N®ilog N, N(@2A)=2¢]  (LN(t)) is stochastically
bounded from above by N¢ 4+ X (- — N log N), where X is a birth and death
process starting at 0, reflected at —N¢, with birth rate A\; and death rate

aj +1log(CclogN)/log N Mt C

loglog N
M a7 T log(Colog N)/log N

log N
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for some C > 0. Standard estimates on random walks thus yield
]\}im P((X4(t)) does not hit (—N*) before N°log N) = 0,
—00
from which the result follows. O

Proof of b) of Proposition 8. The same coupling as in the proof of a) of Proposi-
tion 3 still holds on the interval [#)', N(®2A1=2¢] (replacing the initial value N by
0 and reflecting X at 0 instead of —N¢). In particular, by Proposition 1b)

lim P ( (X4 (¢)) reaches M before time N*1+¢ ) =0
N—+00 + vl1oglog N .

Next, since (LY (s)) increases linearly on the time interval [N@i+e N(ezAl)=2e]
another coupling in which (X (¢)) has infinitesimal drift —Ce (due to the fact that
s > N®1t¢) and the initial value is (log N)?/1/loglog N) shows that

lim P < sup LY (s) > (logN)2> =0,
s€|

N—o0 NQTJFs,N(a;m)fzs]
by Proposition 1. These two facts combined give the result. O

Proof of ¢) of Proposition 3. Fix e > 0 small. Since 6 < N®it¢ with probability
tending to 1 by a) of Proposition 3, by b) of Proposition 3 one has that (LY (t)) is
bounded by (log N)? on the time interval [N®1 ¢ N(@2AD)=¢] A proof similar to
that of Proposition 2 in [8] then gives the result. O

3.3. Proof of Theorem 2. Fix ¢ > 0 small. Since (L{'(t)) is stochastically
bounded from above by a Poisson process with rate )y, and from below by NV
minus a Poisson process with rate p, if 7 < min{e/(2X),e/(2u0)} one has

(16) lim 1P>< sup ’Lév(s) —1’ §s> = 1.

Noooo \selonny| N

Suppose the conditions of case 1) Theorem 2 are satisfied. It is easy to see that
Proposition 2 holds on the interval (0,1 + (logn)/log N]. Hence,

. L(I)V(W“) L{V(UN) 2
< —_— 7 R <
J\;un IP’(’ N 1 £, N wil p1 3 nl <e,
l/év(nN) 2
— —= <e|=L
‘ N H2 P2 3 =

From 7N on, the processes (LY (t)), (LY (t)) and (LY (t)) are all of the order of N.
Recalling the definition (1) of the quantity W (L), one can thus conclude that the
processes of the number of requests (LY (¢)) and (LY (t)) receive a fraction 2/3 of the
available capacity, while the number of requests in the central node (LY (t)) receive
1/3 of the available capacity. By coupling (L (nN + Nt), LY (nN + Nt), LY (nN +
Nt)) with the solutions to the system (6) starting from the extremal values

(Lte, mlpr —2/3)n+e, pa(p2 — 2/3)n £ ¢),
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one obtains that for any T € [n,to — 1),

LY (Nt) 1
li P( s lURSA LA, P —— )t <2
i P( s [S 1 (g )| < 2
LY (Nt) ( 2) ‘
sup | ————p1| pr—z Jt| < 2,
1l N A\
Etom(m )] <)
sup |————=—pua| p2—= |t| <2 | =1.
1| N 3

This result shows in particular that L) (Nt) becomes negligible compared to N
when t approaches %, hence the bound on the interval of time considered. Since 7
can be chosen as small as one wants, this proves the desired uniform convergence
on (0,1p).

Suppose now that the conditions of case 2) of Theorem 2 are satisfied. Using Re-
lation (16), Theorem 1 can be extended to the time interval [a] /2, 14+(log 1)/ log N].
Consequently, with probability tending to 1, L (nN) and LY (nN) are both of the
order of N while LY (nN) is of the order of N®1~!. Then a close look at the proof
of Proposition 5 reveals that LY LY /N1 converges to 1 as long as L} is of the
order of N. Consequently, one obtains that, on the time interval of interest, node 0
receives a fraction 1/(1 + af) = 1 — py of the available capacity, and nodes 1 and
2 receive a fraction af/(1 4+ af) = p;. Using the coupling with the system (6)
starting at the extremal values mentioned in the previous paragraph, one can then
conclude.

Assuming that the conditions of case 3) of Theorem 2 are satisfied, Proposition 3
can be extended to the time interval (af,1 + (logn)/log N], showing that this
time L) (nN) and LY (nN) are of order N while LY (nN) < (log N)? is negligible
compared to any power of N. Thus, as long as (L} (t)) and (LY (t)) remain of order
N, the same proof as that of b) of Proposition 3 guarantees that with probability
tending to 1, (LY (¢)) remains below (log N)2. In particular, by the definition (1)
of W(L), this means that each of the nodes 0 and 2 receives a fraction 1/2 of the
available capacity. The conclusion follows from the same arguments as above (see
the proofs of Theorem 4 and Proposition 8 in [8] for more details).

Finally, the same reasoning together with Theorem 3 in [8] prove the result of
case 4) of Theorem 2.

4. GENERAL CASE

In this section, one extends the results of Section 3 to the case J > 3. As before,
jobs arrive at each queue ¢ according to a Poisson process with rate A; and each job
has an exponential service time with parameter p;. Recall that when the Markov
process is in state L = (L;), for every i € {1,...,J}, queue i receives the fraction
of available capacity

J J
W(L) = Zlog(l-i—Lj)/Z log(1+L;)
j=1 §=0
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while queue 0 receives
J
1—-W (L) = log(1+Lo) /Zlog(H—Lj) .
§=0

The initial state is (LY (0),..., LY (0)) = (N,0,...,0) and «} denotes p;/(1 — p;),
where p; = A\; /i The nodes with indices greater than or equal to 1 are numbered
so that p1<pa<---<py.

Theorem 5 at the end of this section summarizes the results obtained on the
fluid time scale. Because most of its proof consists in using or slightly adapting
the arguments presented in Section 3, below one only details the reasoning for the
particularly interesting case when only queues 0 and J are non trivial in the fluid
regime. One will first analyze the network on the time interval [0, N®1/(/=D] and
then on [N®1/(7=1 400). Concerning the first interval, the results are analogous
to those obtained in Section 3 and their proofs are very similar (if not identical).
For this reason, only the non-obvious modifications will be given. Concerning the
second time interval, assuming that af/(J—1)<1, one will show that after time
Nei/(J=1 " the process (LY (t)) remains negligible compared to the sizes of the
other queues and therefore does not contribute to W(LY). As a consequence, the
impact of queue 1 on the other queues can be ignored, one is left with a system of
J queues, and a simple recurrence then concludes the study.

The results concerning the first phase on the time interval [0, N®1/(/=1)] are the
following. Their proofs are sketched towards the end of this section.

Proposition 6. The convergence in distribution

LY (Nt LY(NY) Jt Jt
li ! s = (- e A=y ———
Nllréo( Nt TN ) ( g T 1+Jt>

holds on the time interval (0, ai/J N 1),

Next, assuming that af/J < 1, once again there exists v € (af/J, (a5/J) A 1)
such that the infinitesimal drift of each of the queues with index between 2 and
J remains positive up to time N7. As in Section 3, this leads to the following
theorem.

Theorem 3. The convergence in distribution

o (LIFON) IF(NY LYV
WMo\ Nei—G=De> Nt T N

N —oc0

J
1
- (gug‘(m—m)’M(m p1)s - 1 (pa P1)>
holds on the time interval (o /J, a5 /(J—1) A 1).

Finally, concerning the second phase [N®1/(/=1) 400) one has the following ana-
logue of Proposition 3.

Proposition 7. Under the condition o /(J — 1) < 1, if
0 =inf{t > 0: LY (t) = 0},
then
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1) fore >0, one has

lim P (eév < N°i/U=D g N + N log N) —1.

N—o00

2) Fore € (0,a3/(J —1) A1), one has

(17) lim P ( sup LY (s) < (log N)2> =1

N—o00 Se[eé\f’N(aé/(J—l)/\l)—Zs]
3) The convergence of processes
- (LY(NY) L} (NY)
(18) ngnoo< Nt TN
(J—1)t (J—1)t
=X —po—r— . A g
<2 H21+(J_1)t7 s NJ .[‘LJl_I_(J_l)t
holds on the time interval (a5 /(J —1),a5/(J — 1) A1).

Consequently, Relations (17) and (18) tell us that from time N®1/(/=1) on,
queue 1 does not contribute to the quantity W (LY). One is thus left with a
network with J nodes indexed by 0, 2, ..., J and starting from the state

LY ~ N and Lj»v ~ u;i(p; — pr)Nei/U=1 9 < i<

Under the condition aj/(J—1) < 1, at time N®2/(/=1) the infinitesimal drift of L
cancels while the infinitesimal drifts of the processes (LY (¢)), ..., (LY (t)) remain
positive for some time. Consequently, the processes (LY (NY)), ..., (LY (N?)) grow
proportionally to N'. At the same time, the product (LY --- LY (N?)) remains
close to N2, and so (LY (N*)) decreases like N®2~(/=2) - Ag before, once (LY (t))
has reached 0, it remains below (log V)? with probability tending to 1. From time
N22/(7=2) on, one is left with a system of J—1 queues, and so on.

As mentioned earlier, the following theorem describes the most interesting case,
in which only queues 0 and J are non trivial on the fluid time scale. Its proof is
similar to that of Theorem 2 and is therefore omitted.

Theorem 4. Under the condition o<1, the convergence in distribution

lim
N—oo

N N LN Nt N )
(LO ](\[Nt)7 (I{:)g(x;)ﬂ’ ey ({Oglj(\/)g)v Ljv(i?;t)) — (’Yo(t)70> . .,O,VO(t)aJ)

holds on the time interval (0, 400) with ~o(t)=(14wo(po+ps—1)t)".

Before formulating the most general result that can be obtained in the case
J > 2, let us give the main modifications to the proof of Theorem 1 required to
prove Theorem 3.

Sketch of the proof of Theorem 3. The analogue of the function F(-) of the proof
of Proposition 4 is given by the functions

1/ 1 2o b (L
(19) Fi(tt) =5 <]\;Uj(ﬁ'jp1)> 7171 ﬁ (A?tuj(,ﬂjpl))
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for j >2,¢=(ly,...,l;) € N/ and t > 0. The infinitesimal generator G of the
Markov process (L1 (N*),..., L;(N?),t) applied to this function F} yields

2
11l;
G (5)(0.0) = ~(Qou ) (g -mlpsp0) ) +CL01) 1 Tou N

l1 logN
+CN (4, t) ~ log N + C%5(¢,1) N

where the functions C| (-), C1(-) and C5(-) are bounded by some constant K > 0,
uniformly in their arguments and in N > 1. Using the corresponding martingale
problem for each j € {2,...,J} separately, the same arguments as in the proof of
Proposition 4 carry over and lead to the uniform convergence of each coordinate.
From this, it is straightforward to conclude. O

One concludes by gathering some of the results of the paper into the following
theorem. It is restricted to the time interval where the central node is still in the
fluid scale regime, i.e. of the order of N. The quantity x defined in this theorem
is related to the number of nodes which can be removed without changing the
behavior of the other nodes on the fluid time scale.

If the central node 0 becomes empty, the formulation of the results after that
instant is not difficult. It corresponds to the case where the central node and a
subset of the other nodes are at equilibrium, in the sense that their numbers of
requests are o((log N)?) on a finite time interval on the fluid time scale. Analogous
results can be stated when the initial state L (0) given by Relation (3) is changed
in the following way:

LY(0)=(L}(0)) = N - (o, ..., £5) + o(N),
where (£;) € R7! and lo+ -+ - +£,=1.
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Theorem 5 (Convergence on the Fluid Time Scale). Suppose that p1<pa<---<py,
recall that

«__Pj
aj_il—pj ,
and let, for 1 <j < J,
o def. O def. aj,
K= = k- <1
b= Sup{ J—k+1 }
with the convention that sup(()=0. Condition (C) is that either k=0 or that 1<k<J

and Bri<1.
For j>1 and t>0, define

1 J—kK
14 e Vit (===t if (©) holds
(0 (8),75(8)) = ( po <p° J—n+1> i ('OJ J—n+1)> /(¢
(1+ 10 (o0 + P — 1)t 1 (pj—pw) )., otherwise,

and
J—k+1
def. Mo(l—po(J—/i-Fl))"‘
to = 1
to(L=po—pr) ™
The following convergences in distribution of processes hold on the time interval
(Oa tO) .

if (C) holds,

otherwise.

1) If k=0,
N N
Jim (B EEE) (0,020 (0

2) In the case 1<k<.J, there are two possible behaviors depending on B,
(a) If B2<1,
(LéV N LYWV LN(NO LY (NY) LY 0)
N  "(logN)3"" " (logN)3’ N 7777 N
= (9(£), 0%, yuq1 (), - .., 7 (1)),
where 0% is the kth dimensional zero vector;
(b) If 21,

LY(Nt) LY (Nt) Ly (Nt)  LY(Nt) LY (Nt)  LY(Nt)
N (logN)? "7 (logN)® 'Nei-(7—%’' N ' N

lim
N—o0

lim

N —oc0

= <7O(t>70(n_1), ’YK+1(t)’YK+21(t) ; ”’YJ(t)a’YfH»l(t)? ce 7’7J(t)) )
3) Ifk=1J,
, LY(Nt) LY(Nt LY (Nt) LY (Nt 1 o
]\;gnoo( OJ(V >’(log(N)2’"”’ ({ogEV)g)’ ng*f )) = (0(8),007Y,30()7).

Note that, by definition of x, we have

a* o o a*
A <1< A oand B € £ ntl )
J—r+1 - J—kK and fi; J—r+1 J—k
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Cases 2a) or 2b) depend on 3} being before or after 1 in the last time interval.
Either the queue with index x has the time to come back to 0 on the time scale
(N*,t€(0,1)), corresponding to case 2)a), or it does not, and this is case 2)b). All

ot

10.

her results are direct consequences of Theorems 2 and 4.
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APPENDIX A. TECHNICAL RESULTS

A.1. Proof of Lemma 1. The processes (LY (s)) and (LY (s)) are stochastically
bounded from above by their arrival processes, which are Poisson processes with
respective rates A\; and As. Hence, by the Ergodic Theorem for Poisson processes,
for each i € {1,2} one has limsup,_,., LY (s)/s < \; and so

2

LN
0) lim P sup 2 (s)<2/\2
N—00 sE[N”T/4,N7] S

LN
= lim P sup ﬁ<2)\1 =1.
N=eo A sevei/s Nol

Recall the notation Y;¥ introduced in (7). Thus, for every s € [Nei/4 N7] and

SO

me appropriate C' > 0, one has

YN (s) + Y&V (s) < log(2A1 N7) + log(2Xa N7) 2y N C
1+ YN(s) +YN(s) = logN +1og(2A1N7) +log(2AaN7) = 142y log N
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with probability tending to 1. As a consequence, on the time interval [N®i/4, N7]
the process (LY (s)) is stochastically bounded from below by the process

(N/\z [NO‘T/47 S] - N2'yu2/(1+2v)+CM2/logN[NQT/ZL’ 5]) .

Since y < p2/(2(1 — p2)) by assumption, one has g > 2u9y/(1 + 27), which enables
one to conclude that

Ly 1 2
(21) lim IP’( inf 2(s) J 1 (AQ . )) -1
N—oo  \ gg[Noi/2 N2 S 2 142y

Together with (20), this proves the first statement of the lemma. Furthermore, the
event

def. LY (s) : LY (s) 1 2y
EnN = —— 2 f — | Ao—
N { ub s <Ml et s 2\,

s€[N®1/% N7

has a probability arbitrarily close to 1 for N large enough.

Set n = ()\2 — 2vuq/(1+ 27))/2 and fix A > 1 such that An > 1. On the event
En, if at some instant t, > AN®1/2 one has LY (to) > N®i/2 then the total service
rate of class 1 jobs at that time is bounded from below by

log(N®1/2) + log(nAN®1/2)
Mg N + log(N®i/2) + log(AnN*i/2)
af log(nA) log N
_ > A4 ——
gy af i (af + 1) log N log(nA) + log(N) — Lt log N’

for all N > 2 and some constant C. Since An > 1, one can choose C' > 0 here.
Hence, on the time interval [AN®1/2, N7], when the process (LY (s)) is above the
level N®1/2 it is stochastically bounded (from above) by the process N®1/24+ X (s),
where (X (s)) is a birth and death process reflected at 0 with birth rate A; and
death rate f1=X; + C/log N. From the second part of Proposition 1 one obtains

Noi/2q
A )

22) P X >NY2 ) < (N +) [ — 2L
(22) (SE[ wp Xy(5) 2 )u )

AN®1/2 N7

In particular, on the event £y none of the excursions of (LY (s)) above N®1/2 will
exceed the value 2N1/2 with a probability bounded by the quantity in the right
hand side of (22). This yields

limsup P sup LY (s) > 2N®1/?
N—+o0 SE[AN1/2 N7

zlimsupIE”<{ sup LY (s) >2NO‘;/2}OSN>
s€|

N—4o0 ANO‘T/Q’N"/]

A\ Nei/2q
<limsup N7 [ —— 2L =0.
_N—>+£ ! <A1+C/logN)
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It remains to control (LY (s)) on the time interval [N®1/2, AN®1/2]. This is done
with the help of Relation (20), which gives the identity

lim P sup LY (s) < 20 AN®1/2 | =1,
N—+o0 se[N1/2 ANei/2]

Taking A, = 2+ 2\ A4, the lemma is proved.

A.2. Proof of Lemma 2. We first consider the initial time N®1/2. By Lemma 1,
there exist some constants Cq, Cy and C% > 0 such that

Nlim P(L{V(NQI/Q) < Oy N“1/2 and CéNaI/Q < Lév(Na’{/g) < CQNO‘I/Q) 1
—00

Let us first complete this result by showing that for every 0 < € < o /4, one has
(23) lim P(LY(N°I/%) > CIN©i/2) =1

for some constant C] = C7(g) > 0. By Proposition 2, there exists C = C(g) > 0
such that

: N al/2—¢ > aj/2—e\ _
Jlim PLY (Y )>CN ) =1

Another use of Proposition 2 and Lemma 1 shows that the process LY has transi-
tions such that

r — x+ 1 at rate \y

o
r—zx—latarate < pyj———< =X\
= (14 aF) !

on the time interval [N®1/2=¢, N1/2]. Consequently, the process (LY (s+N®1/2-¢))
is stochastically bounded from below by (CN®1/27¢4+X(s)) on the time interval
[0, NO‘I/Q—NO‘I/%E], where X denotes a symmetric random walk starting at 0 and
jumping up and down by 1 at rate \; in each direction. If Iy=[0, N®1/2 — No1/2=¢],
Chebishev’s and then Doob’s Maximal Inequality applied to the martingale (X (s))
show that, for any k>0,

IP’( inf LY (s + No1/27¢) < CNQT/Q—E—NH) < 11»( inf X(s) < —N"‘)

seln seln
1 2 2 . N 2 .
- e al/2 _ aral/2e AL arai/2
= N%]E(@eu}; X)) ) < N2~E(X(N o)) < REC
where the last inequality is obtained by recalling that the quadratic variation of X
at time s>0 is A\1s. Since € < af /4, k can be chosen so that o} /4 < kK < af /2 — ¢,
and then

lim IP’( inf LY (s) < ON®i/27% _ N”) —0.
N—+oco seln

Relation (23) follows.
The next step is to show that

lim P inf YN (s)+ YV (s <a*—5>:0.
Jm (e ()4 9) <o

From Lemma 1, we know that, with a probability converging to 1, the relation
Ci1 N <LY (N')<CyN? holds for every t€[a}/2,~], which implies that

YN (N =t+O(1/logN), Vte[al/2,7]
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holds with a probability tending to 1 as N tends to infinity. Hence, all one has to
prove is that

24 lim P( inf (V{V(N)—af+c+t)<0)=0.
( ) N—+o00 (te[a’l‘/Q,'y]( 1 ( ) 1 )
Let
N inf { > a7/2: VPV (NY) < af —t—e/2}.

By Relation (23), necessarily v~ >aj /2 with probability tending to 1 as N becomes
large. On the event {v"V < 4} and on the time interval [N”N , N”N+E/4], the process
(LY (s)) is stochastically bounded from below by (LN"‘T_”N_E/ZJ—X2,+(s—1/N)),
where (X3 4+(s)) is a birth and death process starting at 0 and reflected at 0, for
which the transition x — £—1 occurs at rate A\; and x — z+1 at rate
af —vN —¢/24+ 0N +¢/4

1+of—¢/4
for some constant C' > 0. Consequently, setting 7o = (a3/2 +¢/4) A~ and using
Proposition 1, one obtains

:)\1—66

251

IE”( inf YlN(Nt)—af+t+ago)

ay/2<t<yo

:}P’( inf  (YN(N') —af +t+e) <0,0N < (a}/2+¢/4)
at/2<t<yo

A
S IP( sup (X27+(NtNVN) . LNQT*7N75/2J + "Na’{tg—|>

N <t<yo

< IP’( sup Xo (s)>Noi=1=</2 <1N€/2)>
S<N70

A1—05>N“T“/2/2

< (AN +1) (

1
The quantity in the right hand side of the last relation provides an upper bound on
the probability that an excursion of (Y1 (N?')) exceeds af —t — ¢ for ¢ in the time
interval (af/2,af/2 + ¢/4). By repeating the procedure a finite number of times
to cover the time interval (N®1/2, N7), one finally obtains Relation (24).

Similar arguments show that

lim IF’( sup YN(s) + YN (s) > af + 5) =0,

N=oo N sevei’2 N
and the lemma is proved.

A.3. Proofs of Lemmas 3 and 5. Both proofs use the same idea. Let us start
by the proof of Lemma 3.

First, recall from the paragraph before the statement of Lemma 3 that one has
fixed some 7, > 0 and one considers a time interval of the form [T, Ty + N1/2]
with Ty € [N®1/2+1 N(@iAD=1) " Recall also the definition of the stopping time
7N (T ) given in (14). One wants to show that if LY LY (T ) /N € (14¢,14-3¢/2),
then the probability that LY LY exceeds (14-2¢) N1 before 7V(Ty) is exponentially
small. From Proposition 4, one knows the behavior of LY over this interval of time
and, in particular, we can bound the values it takes over [Ty, 7™ (Ty)] with a
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probability arbitrarily close to 1. Hence, the proof essentially consists in showing
that LY does not depart too much from N1 /L.
A
def.

Let § > 0 and define
As det sup
se[N"‘T/”",N("‘TM)*”]
where k =" ua(p2 — p1). By Proposition 4, this event has a probability tending to
1 as N goes to infinity.

Let us work conditionally on the event that LY LY (Tx) = [(1 + 3¢/2)N1|. A
simple coupling argument shows that it is enough to consider this case. To ease
the notation, one does not mention this conditioning in the notation. On the event
As, one thus has

L3 (s)

S

— K

- (1+3¢/2) N1
IN(Ty) < £y 4 (LE3e/2) N
v (Iwv) < by k—0 Tn

Again by a coupling argument, one can assume that LY (Tl) is equal to this upper
bound, which is the worst-case scenario. Because on A5 one has LY (s) < (k + §)s
for every s, the relation LY LY (s)<(1+2¢) N1 will holds for any s < 7V (Ty) if

142 Net
(25) swp L) < EE__ N
s€[Tn, 7N (Tw)] (k4+9) Tn + N

where the expression for the denominator uses the fact that by construction, one
has the relation 7V (Ty) < Tn 4+ N®1/2. Hence, Relation (25) is what is proved
below. Observe that Ty > N1/247 > N®1/2 and so, such an inequality is possible
for N large enough whenever § is chosen small enough so that

14+3/2  1+2¢
<

26
(26) k—20 k406

holds. Now, the definition of 7%V(T) and the bounds on LY imply that for every
ERS [T[\[,TN(T]\])]7

~ def. 1+e)N“i
LN(s) > 7y % ( d IN(s) > (k- T
1 (8) Z AN (K: + 6) (TN + N(XT/Q) an 2 (3) — ('K‘: ) N>

(LY (s)) is therefore stochastically bounded by ({5 + X, (s — Tw)), where (X, (s))
is a birth and death process reflected at ¢ —£x, with birth rate A\; and a death
rate given by

log (¢n) +log((k — 6)Tn)
M log N + log ({n) + log((rk — 6)Tw)
af  Golog ((k—0)(1+¢)/(k+9)) o Ce

:ml—&—a’{—’_ log N :M11+af+logN’

for some positive constants Cy and C. by definition of aj, one has the relation
of /(1+aj)=p1=A1/p1, the infinitesimal drift of X is thus equal to —Ce/(log N).
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By Proposition 1 (by writing (A/u)*= exp(—log(u/A)z)), one thus has
(1+2e)N
P sup Xi(s 7
<S€[017N(TN)TN] +(e) (k+6)(Tn + Na1/2) N
< ()\1 (TN(TN) — TN) + 1)

“ oxc {lo <1+ Ce >( (1+2e)N~ , 2)}
PUT% T Niog N ) (k1 ) (T + Noi2) Y '

But by definition,

Y

TN(TN)fTN S Nat/z,

and

(1+2e)Ne1 y N« 1+ 2 _ 143¢/2
(k+0)(Ty + Noi/2)y N7 Ty |(k+06)(1+Ni/2/Ty) k-6 |’

in which the term within the square brackets tends to a positive constant as N
tends to infinity by (26). Thus, up to taking a smaller constant to accommodate
the power of N multiplying the exponential, and performing a Taylor expansion of
log(1+ Ce/(A1log N)), one can deduce that there exists a constant C7(g) > 0 such
that

1+ 2)N1
P s X UEEINT
s€[0,7N (T )—Tw] (k4 0)(Tn + Noi/2)
N
Sexp(—C’l)_

Tnlog N

(Formally, C; also depends on § which itself depends on €.) This implies (25) and
proves Lemma 3.

The proof of Lemma 5 is similar. Indeed, to obtain the desired upper bound,
this time one starts from LY (Ty)=(14+¢)N1/[(k—06)Tx] and shows that on the
time interval [Ty, Ty + N®1/2], the process (LY (t)) never exceeds the quantity
(14+3¢/2)N°1 /[(k+6)Tn] with a probability that has the required form. The only
difference here is that one has to control the number of excursions of (L{(t))
above (14+¢)N®1 /[(k—8)Ty] on the time interval [T, Ty + N®1/2]. This number
is obviously bounded by the number of jumps of size +1 performed by (L (t))
during this lapse of time, which itself is stochastically bounded by a Poisson random
variable with parameter Ay N®1/2. Thus, for any Cy > )1, there exists C5 > 0 such
that

P (at least CyN1/2 excursions on [T, Ty + NO‘T/Q]) < e~ CaN®i/2
Consequently,

IP( sup LYLY (s) > (1+35/2)N‘XI>
sE€[TNn,Tn+N*1/2

ot . Nt
< o~ CsN 1/2+02N“1/2 exp (04 1 >

Tnlog N
N
< —C5 —/——
= &P < g TNlogN>



31

for some positive constants Cy(g),C5(e) > 0 depending on e, where the last in-
equality uses the fact that N“T/TN < N@i/2=1_ The proof of Lemma 5 is thus
complete.

A.4. Proof of Lemma 4. The worst case to consider here is when

~ aef. (1+3e/2)N1
LN(Ty) = 0y (—
v (Tw) = by (k—0)Tn

Since LY (s) < (k+6)(Ty +N*1/2) on the time interval considered, the probability
to estimate is bounded from above by the probability that (LY (¢)) does not go
below
def. (1+e)Nei
[(k+ 0)(Ty + N@i/2)]

my =

on the time interval [Ty, Ty + N®1/2/(log N)]. Using the same type of coupling as
before, on [T, 7V (Tn)], (LN (t)) is stochastically bounded by ({x + X, (t — Tn)),
where (X (t)) is a birth and death process reflected at my—Cy < 0 with birth rate
A1 and death rate

logmpy + log((k — 6)Tn) o Ce Ce
M+
log N

i log N +logmy +log((k — 6)Tn) My o + log N -

where C > 0. One denotes by (X (s)) the non-reflected birth and death process
with the same initial point. In particular, (X(s)) is a random walk whose drift is
equal to —Ce/(log N). Consequently,

log N s€[0,N*1/2/log N]

P(X Wi/ l
< _
B < (logN> e N)

Noi/2 Noi/2 _ Noi/2 Noi/2
—P(x 7 2 V< Oy
< <1ogN>+CE<1ogN>2>mN N+CE<1ogN>2>—‘”‘p< CQ(logzv)?)

al /2 ~
P (TN(TN) — Ty > N ) <P ( inf X, (8) >mpy — £N>

for some Cs(e) > 0, where the last line uses standard large deviations principles
applied to the centered random walk

Ce
X e
(xO gay)
and the fact that

Na{ Nozi‘/Q ] i g Noq/Q
Tn —"<<1ogN>2) P 'mN‘N|‘O<<logN>2>'

A.5. Proof of Lemma 6. The proof is a combination of the arguments used in
the proofs of Lemmas 3, 4 and 5. Indeed, let s, be defined by

i log(1 — N—/2
oy = O gy logL = N7V

N$n — NOi/24n_pei/24n/2 ..
o e 2 log N
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Since s, > aj/2, by Theorem 1, for a given small § > 0, the event

Noi/2—n—=6 Na’{/?—n+6:| }

1—-N-7/2"1-N-1/2
U {LQN(S) € [(H — §)N*, (k + §)NC“T/2+"} Vs € [NSn,NaT/2+"]}

{L{V(NS”) c |:No¢’1‘—s"—67Na1‘—s,,,+6] _ |:

has a probability converging to 1 as N becomes large. Recall that x = pa(p2 — p1).
As before, via a coupling, one can assume that LY (N*7) is equal to the maximal

value N1 5710 For & > 0, define
1 * ef. .
In def. %N’llﬁ*n and oy def 1nf{s > N Liv(s) < EN}.
K

One first shows that oy <N®1/2+7 holds with probability tending to 1 as N becomes
large. On the time interval [N*7, oy], the process (LY (s)) is stochastically bounded
by
Noi/2=n+8 .
(1]\7’7/2 + X(s—=N )> )

where (X (s)) is a birth and death process on Z starting at 0 with birth rate A; and
a death rate given by

log (£) + log((s — )N/21(1 — N-1/2))
- log N + log (ZN) +1log((k — §)Ni/2+1(1 — N—1/2))
o Ce Ce
:Mlm+@=)\1+m,

for some constant C' > 0. Hence, as in the proof of Lemma 4, one has

. 1+e¢ . N%—n%
IP( >Nal/2+") <P inf  X(s)> - Nei/zmn L
oN - SE[O’N{P{ /24n/2) () K446 1—N-/2

a¥/2 2 e ,
=F (X(Naf/“””) | N Nei /2t W)

log N log N

This last term converges to 0 as N tends to infinity whenever § < 31/2, since
then N®1/2-1%9 ig negligible compared to N®1/27/2/1og N. As before, one uses
standard large deviation estimates on centered random walks.

Secondly, one can see that conditionally on the event {crN<N‘q/2‘“7}7 the pro-
cess (LY (s)) stays below the value (14-3¢/2)N®1/2=7/(k+8) on the time interval
[on, N ai/ 2+1] with a probability tending to 1. It is proved using exactly the same
method as in the proof of Lemma 5.

The quantity § > 0 is chosen sufficiently small that (1+¢)/(k+d)>1/k. One just
has to prove that

. 1+3¢/2 .-
m P oy < NOU2qup LN(s) < 2532 nat/een) Z
N—+4o0 Th<s<Noi/2+n K+0

hence, with probability tending to 1,
< 1+3¢/2

LNLN NQI/2+T]
1 +2 ( ) —= :‘€+6

NOT/270 5 (4 4 §)NOT/24n = (1 n gs)NaT.

Lemma 6 is proved.
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Proof of Lemma 7. Let us define
oN = inf{s > Noi—e/2 Liv(s) > NE}.

One knows from Theorem 1 that o > N~ for any n > 0. Besides, a simple
coupling argument shows that with probability tending to 1, LY (s) < 2\ys for every
5 € [0,N]. Hence, on the time interval [N®1=%/2 on], (LY (t)) is stochastically
bounded from below by the birth and death process (LY (¢)) such that

Eév (Na’ffa/2> s (Naffa/Q) ~ KNOI=E/2,
and for which transitions x — x + 1 occur at rate Ay and = — = — 1 at rate

e+[log(s)+log(2\2)]/log N e+log s/log N C
> T4e+[log(s)+ log(2A2)]/ logN_'u2 14+e+logs/log N log N’

But since log s/log N
e+log s/lo
A2 > o 8 5/08
1+e+log s/log N
is equivalent to
IOgS P2 %
log N < 1—ps € = Qy—¢,

the infinitesimal drift of (LY (t)) is bounded from below by some ¢, > 0 on the
interval [N®1=¢/2 g5 A N(@2A)=2¢] The Ergodic Theorem for Poisson processes
thus guarantees that L (s)/s remains greater than C.=k+c./2 with probability
tending to 1 as N — oo, and so

(27) lim P( inf Ly (s) > Cg> —1.

N—o0o se[Ncyf75/2,O_N/\N(a§/\l)725] S

Now, using this first result together with Theorem 1, for N large enough one
can write that on the smaller time interval [N“I_E/‘l7 on A\ N(az/\l)_ge], the process
(LN (t)) is stochastically bounded from above by N¢/2 4+ X (- — N®1=¢/4) where
(X4 (t)) is a birth and death process reflected at 0, with birth rate A\; and a death
rate equal to

g/2+ af —e/4+logC./log N
i 14+¢/2+af —e/4+logC:/log N
* 11 1

:mi—i—C’a—i— =\ +Ce+

1+ af log N log N’
for some constants ¢’ and C” > 0. Hence, the second part of Proposition 1 enables

us to conclude that oy > N(@3A1=2¢ holds with probability tending to 1. Recalling
Relation (27) and the fact that o > N(®2AD=2¢ is equivalent to

sup LY(s) < N°¢,
SG[NQ’I‘—E/2’N(Q§/\1)—25]

Lemma 7 is proved.
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