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A note on simple randomly switched linear systems

Gabriel LAGASQUIE
December 6, 2016

Abstract

We construct a planar process that switches randomly between the flows of two linear
systems built from two Hurwitz matrices (all eigenvalues have negative real parts). The goal
here is to study the long time behaviour according to the switching rates. We will see that,
even if the two systems are stable, it is possible to obtain a blow up if we choose the switching
rates wisely. Finally we will see a connection, between the tail of the invariant measure (when
the switching times follow an exponential law) and the existence of a deterministic control
that makes the process explode.

AMS Classification: 60J99, 34A60

1 Introduction

Piecewise Deterministic Markov Processes (PDMPs) is a huge class of stochastic processes in-
troduced by Davis [8]. In this note we are studying a particular subclass of these processes. we
consider (X¢, I;)¢>0 evolving on the space R? x {0,1} solving the equation:

X, = F(X4, I)

where F' is a smooth function and (1I;) is a jump process on {0,1}. We call A; the jump rate of
the process (I;) from state i to state 1 — i. Such processes play a role in modeling problems in
various fields such as molecular biology [13], population dynamics [7], Internet traffic [10]. Even
if these processes are easy to define, their stability is never clear.

More precisely, we are here interested in the long time qualitative behaviour of the planar
randomly switched process (Xy, I;)¢=0 € R? x {0, 1} solving the equation
Xp = A, X, W

XO = Zo,

where Ay, A; are d x d real matrices, and (I;) is a Markov process on E = {0, 1} with constant
jump rates:

)\0 = 5“’7

)\1 = 5 (1 — u)
where § > 0 and uw € (0,1). The process ((Xt,It))t>0 is a piecewise deterministic Markov
process as defined in [8] and several examples have been studied in [I2] or [5]. It appears

that the following quantity dictates the large time behaviour of this process according to the
parameters Ag, A1, § and u:

. 1
X = x(Ao, A1, B,u) = tl}eroozlog(HXtH) a.s.



Figure 1: Example of a trajectory of the process .

Indeed if y is positive then the system explodes almost surely whereas if x is negative the system
is stable and goes to zero almost surely.

The asymptotic behaviour of such processes when (I;) is any deterministic process and d = 2
is now understood. Given two matrices in Ma(R), [3] gives a necessary and sufficient condition
for the existence of a deterministic function (I;) that produces a blow up. But the articles [12]
and [6] have shown that the behaviour of planar randomly switched systems may be surprising:
according to the value of the switching rate §, the process can either blow up or go to zero
even if each system is stable. In [I2], the authors build a randomly switched system living in
the space R?" which behaviour comes down to alternating blow up periods and stable periods a
finite number of times as the jump rate grows.

A question raised from these works is the existence of a planar randomly switched system
which behaviour is also alternating between blow up periods and stable periods. The goal of
this note is to construct such a process.

Our idea is the following: put a stochastic control in a deterministic planar switched system
which satisfies the qualitative long time behaviour condition (using the criteria in [3]). For a > 0
and b > 1, we define two real matrices as follow:

— — 1
AQ = <_? _ba> and A1 = (_Z _ba> .
b

Thanks to these two matrices, we define the continuous process ((X¢, It))t>0 € R? x {0, 1} so-
lution of . The path of X; follows a spiral clockwisely during a random time with exponential
law of parameter \; before switching on an other spiral as described in Figure

We also define:

o1
¥ = x(a,b, o) = Tim g (1X)  as

which sign gives the long time qualitative behaviour of our process as said before.

The main result of this note is the following which is similar to the main result in [12]:
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Figure 2: The function x for a = 0.15, b = 3 and u = 0.5.

Theorem 1.1. For any u € (0,1),

(1) Va,b>0, x(a,b,pB,u) — —a when f — 0 or  — +o0.
(ii) For every B,u > 0 there exist a > 0 and b > 0 so that x(a,b, 5,u) > 0.

In Section 2, we establish an explicit expression of the function y. In Section 3 we use it to
prove Theorem 1.1.

The explicit expression of x obtained in Proposition 2.2 allows us to calculate numerically
the function x at u constant (see Figure. It is also interesting to show the sign of the function
x according to § and u as we can see in Figure [3| In this figure, we can see that for (5,u) in
a compact, our system explodes when t goes to +00. We can see the same behaviour in the
process studied in [12]. But this is different from what we can observe in [7] and [6] where the
explosion happens for § large enough.

This graphics combined to Theorem 1.1 shows us that this process does not meet our ex-
pectations. There is a unique area of blow up whereas the deterministic periodic process has
several blow up periods (see Section 4). It seems that, in the case of the random process, the
variance of the waiting time in each state is too high to select precisely the good jump times
that would allow it to have several blow up periods.

We will see in Section 5 a simple way to lower the variance of the waiting time without
complicate too much the process, but first, in Section 4 we will give an interesting result about
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Figure 3: Sign of the function x for a = 0.10, b = 2.5. Positive inside and negative outside.

the deterministic process associated to our system.

In the last section we focus on the decentered switched system defined as follow:

Xt = AIt (Xt - blt)
XO = Zo,

(2)

where by, by are two different vectors of R%.
There is a connection between the existence of an explosive trajectory (with a deterministic
control) and the properties of the invariant measure, if it exists, in the random case (exponential
switch times).

Let us call Ty = 0, T1, ..., T), the jumping times of the process (X;) and 79, 71, ..., T, the
interjump times following an exponential law of parameters Ag and A; alternatively. Let us
define Y,, = Xr,,,. By simply solving the equation [2] between each jumping times we obtain:

Y, = eT”JrlAleT"AOYn_l — e thg + by.

This kind of stochastic equation have been the object of numerous research. Applying Kesten’s
renewal theorem to the discrete process (Y;,) will give some informations about the tail of the
invariant measure of (X;) (see [I1] for the main article, see [I], [9] for different formulations of
the same theorem).

Theorem 1.2. If there is no deterministic control that makes the deterministic process associ-
ated to (Y;) explodes, it means that there exists an invariant measure p for our process and the
support of u is necessarily bounded.

In the other hand, we assume that x < 0 and that there exists a deterministic control such
as:

Jk € 2N + 1 such as V& € Sq_1, 3o, t1, ..., t > 0 such as || et Anetodog| > 2|  (3)

We call B = ™k ...eTAn ¢™ALy gpd By, Bi, ..., By, n random variables i.i.d following the law
of B. We also assume that:

< B ..BQ$

max P [ =0
[Bo-rBog|

n=0

€ U> >0 for all x € Sq_1 and any open ) # U C Sq_1. (4)

4



P(By,..-Bo € .) = Y0lp, o)A for some T'g € GL4(R), ng € N and ¢,v > 0. (5)

where A is the Lebesgue measure on R™ . Under these assumptions, there exists a unique invari-
ant measure [ for the process (Y;) and it has an heavy tail:

Ip1 >0 such as VO <p <p1 E,[[|[Y|P] < 400 and Vp > p1  EL[|Y|]P] = +oo.

2 Study of the angular process

In order to study our process ((X¢,It)):>0 we use the polar coordinates for X;. As a start, and
as in [12], let us look at the case of the deterministic process. Let A be a 2-sized squared matrix
and z € R?\{0}. We set (x;)¢>0 the solution of the ODE:

@y = Axy  for all t > 0,
Trog = 2.

If z is nonzero, then it is also true for any x; with t positive. So we can define the polar

coordinates (74, 0;) of x;. We call e the unitary vector (cos#,sin#) and u; = ep,. Then z; = rpu;.

As 7?2 = (x4, 7;), we obtain the relations:

Ty = (x4, Axy)

A(rtut) = i?t = i'tut + Ttl'l,t.

And then we have:
7;'t = rt<ut,Aut) (6)

’llt = Aut — (ut, Aut>ut. (7)

Let us write the equation (2) with the angle 6;. As u; = étegﬁw /2, by making the scalar product
of (2) with eg, /2, we obtain:

b, = <A€9t, 60t+7r/2>‘ (8)

We use now the polar coordinates in order to study the process ((Xi, It))t>0. Between the
jumps, the process follows the flow determined by A € {Ap, A1}. From Equation (3), the
development of 6 is deterministic and does not depend on r. As a consequence, the processes
(O, It))e>0 and ((U, It))e>0 are piecewise deterministic Markov processes on R x {0,1} and
S1 x {0,1} respectively. The principal interest of the study of these processes lies in the fact
that the development of (R;);>o is determined by that of the process ((O¢, I})):>0 as shown by
Equation (1). Indeed, by solving (1) between the jumps and by calling A(6,7) = (A;ep, eg), we
obtain:

R, = Ry exp </Ot./4((“)s,fs)d8> . (9)

So, as suggested by Equation (4), in order to study the behaviour of (R;):>0 we are going to
study the process ((©¢, It))t>0 and particularly its invariant measure.

Lemma 2.1. The invariant measure pu of the process ((O¢, It))i>0 is given by,

p(d, i) = pi(6)do



where:
D C — podo
Pozdfo and PlZT;
1 1
do(0) = —bsin?(9) — 3 cos?(0) and di(0) = ~% sin?(0) — bcos?(6);
4 1
_ _ —Bv(a) Bu(0).
o(0) (K+/() BC(1 u)dl(a)e da) e’

v is the primitive null in zero of the function — (dg + ] );
0 1

K and C are two explicit constants.

Proof. We define, for i € {0, 1},

dl(g) = <Ai69, 60+7r/2>-

We call L the infinitesimal generator associated to the semi-group P; of the process ((©¢, I}))¢>0-
Remind that P, = E[f(©y,1;)|© = 0,1y = i|. L is given by:

LI0,1) = di(8) 92 (0.0) + X (10,1~ 5) — 1(6.) (10)

for any smooth function f.
In our study case, the functions d; are given by,

1 1
do(0) = —bsin?6 — 3 cos’f and dy(0) = ~3 sin? 6§ — beos? 6.

We notice that the functions d; are negative. This obviously implies that the process ((Ut, It))t>0
is recurrent, irreducible and it has a unique invariant measure. We want to write it as follows:

u(d8, ) = pi(6)do. (11)

where pg and p; are two 27-periodical continuous functions.
In this case, for every good functions f defined on S; x {0,1}, we will have:

[ LF@.i)du(e.i) = o.
SlX{O,l}

Let f be a C! function defined on S; x {0,1}. Injected in the previous formula, the expression
(6) allows us to obtain:

/27r Lf(6,0)p0(6)d6 + /27r Lsf(0,1)p1(0)d0 = 0. (12)
0 0

Assume initially that Vi, f(6,7) = f(6). So, by injecting in (6), and after integrating by parts,
we obtain:
dopo + dip1 =C (13)

where C is a negative constant depending only of the parameters of the problem a, b, v and S.
Assume now that f(0,0) = f(#) and f(#,1) = 0. The same way, we obtain the relation:

(dopo) = (1 —u)Bp1 — uBpo.

Set ® = dypg. By using the relation (7), we can write the last equation as a linear differential
equation:

1—u +,6’C'(1—u).

i) a (14)

P = —Bo(L
8 (do+
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This differential equation is easily solved, we obtain:

I
e
di(a)
where K is an integration constant and v is the primitive null in zero of the function — (- + 1;—1“)

We can calculate v explicitly on the interval (=3, §):

o(0) = (K + /0 ’ BO(1 — ) ﬁv(a)da> 0

v(0) = warctan(btan(6)) + (1 — ) arctan(% tan(0)).

We extend v to RT by continuity.
The constants C' and K are left to calculate in such a way that u is a probability measure. So:

2m 2m
(i) po and pp are non negative, (ii) po(0)dl + p1(0)do = 1.
0 0

The condition (i) gives us the following condition on ®: C < ® < 0. By developping this
inequality, we obtain:

Y 1 K 0 1
0 c RY, e 00) _ / - u)— e PO g > 2 s / - w) e PO gq,
Vo € , € ; B( u)dl(a)e o > c > : B( u)dl(a)e o

As § — +00, we obtain:

1 K
= e Bv(a)
K C / d1 da

In order to find K, we use the condition (ii) and we get easﬂy:

L P ee® (14 s — ) [ e—Bel@ a) 11 B 11
=, [ (” su-0 [ zme ) (76~ a@) + aw) #

We finally get expressions of pg and p;. Reciprocally, we check that the functions we obtained
are solutions of our problem (one has to check the 2m-periodicity of these functions). O

We want now to be able to describe the stability of our switched process according to the
jump parameters u and 3, and to the parameters of our matrices a and b. It appears thanks to
Formula (4) that the following quantity:

B 1. (RN . 1/t
x(8) = tim 7 og (1) = tim 7 ([ A 1)s)

is worth studying because not only its sign gives the behaviour in large time of our process
but also, thanks to the Ergodic Theorem and the previous Lemma, we will obtain an explicit
expression of .

Proposition 2.2. The function x can be calculated explicitly according to the data of the prob-
lem:

——a—(1- =35 > 1L Y e [
Xx=—-a—(1—uprK 217/0 s1n(29)(d0(9)+d1(0))e /9 e )da do.

Proof. Since we have:
11og(Rt (/ Al @s,I)ds>
Ro

The Ergodic Theorem tells us that (we identify 6 with ep):
1 t 2m
([ a@nryas) = [T G000 =
0

t—o0 Jo

Lemma 2.1 gives us the explicit formulation of the invariant measure of the process ((©¢, It))t>0
which allows us to obtain the claimed expression for Y. O



3 Stability of the switched process

In the last section, we obtained the explicit expression of xy. We are now going to give some
results on some of the asymptotic values of x.

Theorem 3.1. For any u € (0,1),

(i) Ya,b>0 x(a,b,B,u) — —a when B — 0 or  — +oc.
(ii) For every B,u > 0 we can choose a >0 and b > 0 so that x(a,b, B,u) > 0.

Proof. (i) One can find an other way to prove this result in [I2] in a more general way.
In order to study the limit of x in 0, we study the limit of —1 = B(1 —u) J5° egf?;(;) do in 0. We
notice that:

da

/+oo e—Bv(a) too /(i+1)7r e—Bv(a)
0

dl(a) d1 (CM)

i=0 /i
Too . 7T efﬁv(a)

= Z e fim da because v(a +7) = v(a) + 7
i=0 0 dia)

1 ™ e_B’U(Oé)

= do.
1—e A7 Jo di(a) “

Multiplicating by 5(1 — u) and observing the presence of a rate of increase we get:

00 o—Bu(a) 1—u ™ 1
1—u / ——doa —> / da =1.
A ) o di(a) m  Jo di(a)

We finally can say that:

Vo 1 e )
) /8( _U)/G dl(O[) o 8—30 :
Moreover, as:

/027r sin(20) (Clot@) + dlt@) dg =0

and the product KK is bounded as 8 — 0, we deduce that x(8) — 0 when 3 goes to 0.
The limit of x at 400 is obtained using the Laplace method:

oo g—Au(e) (1 — u)e @
V6, Bl _“)/9 i) % T oo

From this relation, we obtain that x and K converge when 8 goes to +o0o and, by dominated
convergence,

21 ) 1 1 ; 00 e*ﬁv(a)
f; o (G + ) 00w </a e do‘) A

So we finally conclude that y goes to —a when 3 goes to +oo.

(ii) We will now show that for any parameter §, we can choose b large enough and a small
enough so that the process goes to 400 almost surely (ie x(/3) > 0). We can write the function
x as follows:

(@)= —a+K | " £(0)9(0)d0



because the function under the integral is m-periodic and where:

1. . 1 1
F(8) = (b~ ) sin(20) (do(e) * d1(9)) ’

+o0 e_BU(a)d
v d
9(0) = e ?ﬁui)d :
0 di(a)

Finally we write x as follows:

(9 = —at K [ 110)(00) — g0 —0)) a0

A straightforward computation leads to:

2 4025 ~v—1
o~ 0= (51)

We then conclude that:

where v =, /1 + = 1)

/E f(0)d0 — —oo when b goes to + oo.
0

In order to determine the limit of ¢ when b goes to 400 we rewrite g as follows using the same
method as before:

L _o—Bv(a) gq
0(0) = o520 (1 1 - om0 A
Jo aaye P @da

f() cos?(a 1isin2 o eiﬁv(a)da
— PO [ 1 (1 — P (@) + 5z sin*(a)

—Bv(a) dey

J . €
0 cos2(a)+b% sin? ()

Using the fact that:

T T
U(Q) b_>—+>oo Z if 0 € (0, 5)

3T s
U(g) b:)oo Z if 0 e (O 5),

it is now easy to see that:
g(0) — PTifge(0,5)
b—+o0 2

glr—0) — e P ifo e (0, —)

b—+400

Since K < 0, we can conclude that for b large enough,

K [ 10)(6(0) ~ gtn ~0)) a0 > 0.
0

So for an appropriate choice of a, we see that x(5) > 0 inducing that the process explodes
almost surely for this § and a with b large enough. O



4 A quick look at the associated deterministic process

The deterministic switched system can be introduced as follows:

{a:o € R?\(0,0) (15)

Ty = Ay, Tt

where (v;) € F(R4,{0,1}) is the control function. The behaviour of these systems is well known,
see [3] for more details. Consequently, for our choice of matrices, we know that there exist a
worst trajectory, that is to say, a choice of the control function v that makes the system explode,
and this control is periodic.

Let us define (v;) a m-periodical process satisfying:
vt e [0, ) 0
il Uy —
) ’LLIB ) t
1 1
vVte |l —, ———), =1.
[uﬁ u(1 —u)ﬁ) vt

We denote x4(B) = tgn Log (letll)'

llzoll
By simply solving the equation for the process (z;) and calculating the matrices exponential we
obtain:
Ty = e_atBSN(t>+1 (at)BEN(t) (")) -+ By (1)

where

Bo(t) = et = ( cos(t) bsin(ﬂ) and Bi(t) = el = ( cos(t) })sin(t)) 7

—%sin(t) cos(t) —bsin(t) cos(t)

N(t) is the number of jumps of the deterministic process before ¢ and 11, 7o, - TN(¢) the time

spent in the states &1, &2, ..., Ene)s En(e)+1 DY v(t).
We have the surprising following result:

Proposition 4.1. x%(3) almost surely does not depend on the initial value xq.

Proof. Although this result is true for any u € (0, 1), for sake of simplicity, we will prove it only
for the case u = % where the computation is not heavy. In order to prove this result, we first

notice that:
1 (H [Bo(7)B1(7)]" Xo

—1
Gy og %ol > n_>—+>oo Xd(B)

where 7 = % Let us calculate the matrix:

cos?(1) — b2 sin?(1 sin(271
Bo(r)B1(7) = ( (—é’siﬁ@r) 7 cos2(f; - 1(712251)112(7')>

where C' = (b + %) > 1. We calculate the characteristic polynomial of this matrix and we
obtain:
X% 4+ X(4C?%sin®(1) —2) + 1 =0.

By a simple analysis of this polynomial, we can show that there exists two real eigenvalues if
202 sin?(7) — 1 > 0 and two joint complex eigenvalues if 2C2sin?(7) — 1 < 0, concluding that
our matrix is diagonalisable in C. So there exists P € GL2(C) such that:

(Bi(r)Bo(r))" = P! (AO? A%) P

10



Let us now write:

1 log <”[BO(T)B1(T)]nXOH> = Llog (H (AO? /\03> PXO”) +o0(1)

2nt | Xoll 2nt

= o log (u (AO? ;’2) (;”) ||> +o(1).

If the factor 4C? sin?(7) — 2 # 0 then one of the eigenvalues is superior to the other in absolute
value, for example |A1]| > |A2|. In this case, if © # 0 ie Xy ¢ E), the characteristic space of the

eigenvalue Ag:
110g(||[30(7)31(7)] Xo\l)
2nT | Xoll

Ifx=0ie Xp€ E)\Q:

1 (BB X
ml"g( %ol )

1
= EIOng’ +o(1).

1
= Elog|)\2| +o(1).

If the factor 402 sin?(7) — 2 = 0 then for every Xo:

1 (BB Xoll\ _ 1
108 () = 57 sl ol

Figure [] illustrates Proposition 4.1.

5 A way to obtain several blow up areas

One of the expectations of this article was to get a planar linear switched system whose x
function admits several blow up areas. A quick look at the deterministic case allowed us to
believe that it could be possible with our system. Unfortunately the simulation we can see in
Figure [2] seems to show that we did not manage to succeed. We slightly modify the jump times
in order to mimic the deterministic evolution .

Let u = % (for sake of simplicity) and let n be a stricly positive integer. We now define the
piecewise deterministic Markov process ((X}, I]"))i>0 as follows: (I;)i0 is a continuous time
Markov process defined on the state space {0,1,2,...,2n — 1} with a constant jump rate % and
a jump mesure:

Q(Z,) = 5@'-{-1 if i<2n-—1,
Q(2n - 1, ) = 50.

And we define (X{")¢>0 as the solution of:
t
X, = X0+ / Ar, . X0ds.
0

This process looks like . The difference lies in the fact that, instead of waiting for an expo-

nential time of parameter g before jumping from a matrix to the other, the process waits for a
time following a Gamma law of mean 2 and variance %52.

The next result compares the stochastic process to the periodic one.

Lemma 5.1. For every T > 0, the process (X}")o<i<T uniformly converges to the deterministic
process (X¢)o<i<r solution of ([L5)).

11
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Proof. Let us call N"(t) the number of jumps before ¢ of the process (I}*), 7', 73, ...,T}\‘,(t)

are the interjump times, they follow a gamma law of mean % and variance %52 We denote

ap =t — Z,iv:(? - We finally call £, &3, ....& ()11 € {0,1} the states.
By simply solving the equation for the process (X;") and calculating the matrices exponential
we obtain:

Xi' = e_atBﬁz"vn(wﬂ () Be,, (Thngey) -+ Bep (1)

Bo(t) = ( cos(t) bsin(t)> and By (t) = < cos(t) isin(t)) |

—%sin(t) cos(t) —bsin(t) cos(t)

where

Let us call N(t) the number of jumps of the deterministic process. We have:

_ 1 1
Xi=e atBﬁN(t)H (at)BEN(z) (7)) Be(3)-
B B
We form the difference:
1
1X¢ = Xell < Anny=no 1 Bez,,, (@) -+ Bep (1) = Beyy1a (1) - "B&(B)HHXoH
1
Flnn@2n ) 1 Beg g, (@) - Bep (1) = Beyy i (at) B&(g)” | Xol|-

We can prove by induction on N (t) that:

1 . .
1Ber i (@) -+ Bep (1) = Beygy (ar) - Bey (5)” — 0 in probability.

The case N(t) = 1 shows us what happens:

1 1 1
HBEz(t - 7—1)351 (Tl) - B€2(t - E)B&(B)” < ||B£2 (t - Tl)H”Bfl (Tl) - B§1(B)||
1
+ ||B§2(E) — Be, (12) || Be, (1)
<Cim - ;\

By using the inequality of Bienaymé-Tchebychev, we gain the claimed convergence. Moreover
we can say that this convergence also holds in L' as the random variable is bounded because
our process does not explode in a finite time.

We prove now that P[N"(t) = N(t)] — 1 when n goes to +oco. First, let us write that N(t) =p

andt:%+nwher60<n<%. We have:

PIN"(t) =p] =P+ 7o+ . + 7 <t <71+ oo + 7 + Tpii]

[ P p+1
=P Ogt—ZTiandt<ZTi
i=1 i=1

- p )
=P ZTZ‘**<TI
Le=1 B

The first probability goes to 1 when n goes to +o0o thanks to the Bienaymé-Tchebychev inequal-
ity and the other probability is nonzero. This means that we have the claimed convergence:
P[N™(t) = N(t)] — 1 when n goes to +oo.
Back in the inequality, we take the expectation and using the previous results we prove that
E[|| X7 — X¢||] goes to 0 uniformly on [0, 7.

p+1 p
]P)|:t<z7'i|0<tz7'i] .
=1

i=1

O]
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6 Behaviour of the switched system with two centers of attrac-
tion

We slightly modify our initial system by shifting the centers of attraction of each flow. Assume
that Ay and A; are Hurwitz matrices and by and by in RY (with by # by). For i = 0,1 and
z € RY let t > 0 i(x) the solution of &y = A;(x; — b;) with z = .

Remark 6.1. There exists C > 1 and n > 0 such that, for allt > 0,

|

The goal of this section is to discuss the long time behavior of (X;) if (I;),5q jumps from 1
to O (resp. from 0 to 1) with rate A1 (resp. Ag) i.e. (X;) solution of @).
Let us couple two paths (Xy,I;) and (X, I;) starting from (z,7) and (Z,1) choosing the same
jump times i.e. the same process (It)t>o- Then, the difference Dy = X; — X; is solution of
Dy = Ay, Ds.

pi(x) = bil| < Ce™™|lz = bil.

Remark 6.2. If the initial discrete components are different, one has to wait for a random time
T following an exponential law of parameter A\g + A1 and then, they can be chosen equal for all
t>T.

One can write D; = R,U; with R, > 0 and U; € S'. Recall that

t
Ry = Rpexp (/ A(US,Is)ds).
0

U,(t) = sup {E(u’i) <exp (p /Ot A(Us, Is)d,s))} 1/10.

ueS1i=0,1

Let us define

Thanks to Markov property, the function ¥, satisfies W,,(t+s) < ¥, (¢)¥,(s). As a consequence,
there exists x, such that

.1
Xp = tlggo n log W, ().

Moreover, Jensen’s inequality ensures that x, > x. As a consequence, it is possible that X; — 0
a.s. with x, > 0 for some p > 0.

Remark 6.3. It is not easy to determine the sign of the Lyapunov exponent xp.

Lemma 6.4. When Ao, \1 and p are sufficiently small, there is convergence in Wasserstein
distance for (Dy) after the coupling of the discrete components.

Proof. Once again, we assume that the initial discrete components are equal. Denote by N; the
number of jumps for (I;),, before time t. One has I; = (=) I,

Dy = exp ((t - TNt)ATNt) exp ((TNt - TNt—l)AINt_l) ©r-exp ((T2 - T1)A1T1) exp (T1Aj,)Do.

Using Remark one has
1D]| < CMH e Dy

If the jump rates of I are equal, (Ag = A1 = A), then (V) is a simple Poisson process and

(DI < Cexp (— (- 2XE=D )oY (ool

This ensures that when A and p are sufficiently small one can establish convergence in Wasserstein
distance, after the coupling of the discrete components (see [4]).
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If the jump rates are not equal, (Nt)t>0 is not a Poisson process. For a fixed ¢ € R, let us
define G;(t) = E;(c™t). Then, if T is the first jump time,

Gi(t) = B (M Tz ) + Er (Ml yrsyy)

t
= / cGo(t — s)A\e M3ds + e M1,
0
As a consequence, thanks to an integration by parts,
t
G (t) = cGo(0)Aje Mt + c/ Gyt — s)Ae M8ds — A\je M
0

t t
= chje M4 c{—Go(t - s))\le_’\lt}o - c/ Go(t — s)X2e M3ds — Aje !
0
= —)\1G1(t) + Acho(t).

Notice that, if A\; = Ao, one recovers that Go(t) = G1(t) = exp(At(c — 1)). In the general case,
Gy and (G; are solutions of

Y+ Mo+ MY + oMl —A)y=0

with respective initial conditions G;(0) = 1, G5(0) = \i(c — 1).
After solving this simple equation, it also comes that for A and p small enough, we can
establish convergence in Wasserstein distance. 0

We are now interested in the invariant measure, if it exists, of our process (X3)¢>o solution
of (2). Let us call Ty = 0, T1, ..., T,, the jumping times of the process (X;) and 79, 71, ..., Tn,
the interjump times following an exponential law of parameters Ag and A; alternatively. Let us
define Y,, = X7, . By simply solving the equation [2| between each jumping times we obtain:

Y, = GT"JrlAl eT"AOYnfl —e™H by + by.

Applying Kesten’s renewal theorem ([11]) to the discrete process (Y;,) will give some informations
about the tail of the invariant measure of (Xy).

Theorem 6.5. If there is no deterministic control that makes the deterministic process associ-
ated to (Y;) explodes, it means that there exists an invariant measure p for our process and the
support of u is necessarily bounded.

In the other hand, we assume that x < 0 and that there exists a deterministic control such
as:

Ik € 2N + 1 such as Va € Sq_1, o, t1, ..., tx > 0 such as |[e A et Anetodog|| > |lz||. (16)

We call B = €™k ..eTAn ™41 gnd By, By, ..., By, n random variables i.i.d following the law
of B. We also assume that:

B,...B
rrlllga( P (HBn-uBEiH € U) >0 for all x € Sq_1 and any open 0 # U C Sq_1. (17)
P(By,..-Bo € ) Z Y0l g,y for some T'o € GL4(R), no € N and ¢,v > 0. (18)

where X is the Lebesgue measure on R™. Under these assumptions, there exists a unique invari-
ant measure p for the process (Y;) and it has an heavy tail:

Ip1 >0 such as VO <p <p1 E,[|Y[]P] < +o0 and Vp > p1  E,[|Y||P] = +o0.
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Proof. Let © € Sg_1. There exist tg, t1,... ,tx > 0 such as:
||eF AT . et An etoAlo || > |||
Consequently, by continuity, there exist € > 0 and § > 0 such as:

Vs; € J; = (tz' —,t; + 5), HeskA[k...eslAlesvoH >1+e.

Let us write B = e™k . emA1e™040 where 79, 71,... ,7 are k + 1 random exponential variables.
We have:
E [HBHP] > E []lTkGJk"‘]lTleJl]lTOEJo HBHP]
= [P(Tk € Jk)...P(Tl € Jl)]P)(To € Jo)(l + E)p

As 19, 11,... ,7; are k + 1 exponential random variables, P(7;, € Ji)...P(11 € J1)P(19 € Jy) > 0.
Consequently:
E[[|B[] — +oo,
p—+00

meaning that there exists x; > 0 such as E[||B]|*!] = 1. Consequently, if the process (Y;) does
not explode, [I] ensures that under the invariant measure p:

C
PV > ) ~ -

It implies that p has finite moments of order p < 7. ]

Remark 6.6. In dimension 2, hypothesis (@ can be verified using the criteria in [3] which
gives the existence of an explosive control for the switched system. In higher dimension, no
general result gives this information.

Remark 6.7. Hypothesis and @), directly extracted from a version of Kesten’s renewal
theorem in [1], tells us, basically, that the process (Y:) creates density according to the Lebesgue
measure and its projection on the sphere Sq_1 is a recurrent irreducible process. These hypothesis
are not easy to check in the general case.

Corollary 6.8. If there exists a deterministic control that makes the system explode from one
of the stable point by or by, then, since Ag and Ay are Hurwitz, the invariant measure has an
heavy tail.

Example 6.9. In dimension 3, it is possible to create an erample satisfying Theorem 6.5 by
picking the following matrices:

—a b 0 -1 0 O
Ay = —% —a 0 and A1=| 0 —a b
0 -1 0 —% —a

When we consider each system X; = A;X; separately, one can check that, when a < 1, the
projection of (X;) on the sphere tends to a different ecuador. Consequently, using results in [2],
it is possible to show that the process (Xi) solution of satisfies hypothesis and (@

Acknowledgments. I acknowledge financial support from the French ANR project ANR-
12-JS01-0006-PIECE.
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