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SPECTRUM OF LARGE RANDOM MARKOV CHAINS:
HEAVY-TAILED WEIGHTS ON THE ORIENTED COMPLETE GRAPH

CH. BORDENAVE, P. CAPUTO, D. CHAFAI, AND D. PIRAS

ABSTRACT. We consider the random Markov matrix obtained by assigning i.i.d. non-
negative weights to each edge of the complete oriented graph. In this study, the weights
have unbounded first moment and belong to the domain of attraction of an alpha-stable
law. We prove that as the dimension tends to infinity, the empirical measure of the
singular values tends to a probability measure which depends only on alpha, characterized
as the expected value of the spectral measure at the root of a weighted random tree. The
latter is a generalized two-stage version of the Poisson weighted infinite tree (PWIT)
introduced by David Aldous. Under an additional smoothness assumption, we show that
the empirical measure of the eigenvalues tends to a non-degenerate isotropic probability
measure depending only on alpha and supported on the unit disc of the complex plane.
We conjecture that the limiting support is actually formed by a strictly smaller disc.
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1. INTRODUCTION

A natural way to construct a random n x n Markov matrix is to assign i.i.d. (indepen-
dent and identically distributed) non-negative weights X; ; with a given law £ to each
ordered pair (i,7), ¢,j = 1,...,n, and then consider the stochastic matrix M obtained by
normalizing each row with the corresponding row sum:

Xij

(3

Mi,j =

n
where p; = ZXM . (1.1)
j=1

Date: Summer 2016. Compiled October 6, 2016.

2000 Mathematics Subject Classification. 47A10; 15A52; 05C80.

Key words and phrases. Spectral theory; Objective method; Operator convergence; Logarithmic poten-
tial; Random matrix; Random Graph; Heavy tailed distribution; Stable law.

Support: A*MIDEX project ANR-11-IDEX-0001-02 funded by the “Investissements d’Avenir” French
Government program, managed by the French National Research Agency (ANR).



2 CH. BORDENAVE, P. CAPUTO, D. CHAFAI, AND D. PIRAS

If p; = 0 for some 4, it is understood that M;; = 1 and M;; = 0 for all j # i. The
random matrix M has independent rows but non-independent columns. The eigenvalues
of M, that is the complex roots of det(M — z), are denoted by A1,...,\,. Since M is
a stochastic matrix, one has Ay = 1 and [\;| < 1, j = 2,...,n. If the symmetry of the
weights X; ; = X ; is imposed, then the resulting Markov chain is reversible with respect
to the row sum measure p;, and has real spectrum. Such reversible models have been
studied in [4, [5]. Here we consider the case where X; ; and X;; are independent. In this
case the Markov chain is non-reversible and has complex eigenvalues.
If £ has finite second moment, it was shown in [7] that the spectrum is asymptotically
uniformly distributed in the disc of radius o /y/n, where 02 denotes the variance of £, i.e.
1 n
— 1) ~ U, (1.2)

where U is the uniform law on the unit disc D = {z € C : |z|] < 1} and ~» denotes
the weak convergence of probability measures with respect to continuous and bounded
test functions. Similar results were recently obtained for discrete matrices with given row
sums [I5], for the ensemble of uniformly random doubly stochastic matrices [12] [14] and
for random matrices with exchangeable entries [1].

In this paper we consider the infinite variance case. We shall actually restrict our
attention to the particularly interesting case where the law £ of the entries has infinite
first moment. Our main results can be formulated as follows. We assume that for some
a € (0,1), the random variables X; ; are i.i.d. copies of a random variable x satisfying the
assumptions below:

(H1) x is a non-negative random variable such that

¢:= lim t*P(x > t) > 0. (1.3)

t—o0

(H2) x has a bounded probability density function.

It is well known that a random variable satisfying (H1) is in the domain of attraction of an
a-stable law. An example of random variable satisfying both (H1) and (H2) is x = U~/
where U is any bounded non-negative random variable with continuous probability density
¢ on [0,00) such that ¢(0) > 0.

We recall that for every fixed i, the ordered rearrangement of the random row vector
{M;;, 5 =1,...,n} converges weakly to the Poisson-Dirichlet distribution with parameter
a € (0,1); see [16], [, Lem. 2.4]. Thus, one expects that the distribution of eigenvalues of
M converges to a nontrivial probability measure on the unit disc D without any further
rescaling. This is what we prove in Theorem [[L2] below. The proof, following the “objective
method” philosophy [3], will be based on the construction of an infinite random tree that
can be identified as a suitable local limit of the random matrix M.

As usual for the non Hermitian setting, the analysis of the eigenvalues starts with the
understanding of the asymptotic behavior of the singular values of M — z, for z € C. Here
and below, if no confusion arises, we write z for the diagonal matrix zI. Consider the
singular values sy ., k =1,...,n, that is the eigenvalues of /(M — 2)(M — z)*, and write
v, for the associated empirical distribution:

1 n
UM,z = — Z s, .- (1.4)
M=

Theorem 1.1 (Singular values). If (H1) holds, then for each z € C there exists a proba-
bility measure v, , on [0,00) depending only on o and |z| such that almost surely

VM,z nr;oo Va,z- (15)
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For any z € C the measure v, . has unbounded support and satisfies, for all X > 0,

oo
/ My . (ds) < oo. (1.6)
0
The proof of Theorem [[.1] is based on the local convergence of the 2n x 2n Hermitian
matrix
0 M-z
B. = (MT M > (1.7)

to the self-adjoint operator associated to a rooted random weighted infinite tree. In par-
ticular, the measure v, . will be interpreted as the expected value of the spectral measure
associated to this random rooted tree. While this line of reasoning is entirely parallel to
the arguments introduced in [6], an important difference here is that the resulting tree is
the outcome of a branching process where two distinct offspring distributions alternate at
each generation; see Section 2 below. In contrast with [6], the row sum normalization in M
introduces dependencies in the random weights of the limiting tree, making the recursive
distributional equation characterizing the spectral measure harder to analyze; see Section
3.4 below.

Note that in contrast with the eigenvalues, the distribution of the singular values of M
has unbounded support. On the other hand, unlike the case of singular values of i.i.d.
heavy tailed matrices [6], it has finite exponential moments.

Next, we turn to the empirical distribution of the eigenvalues of M:

1>
MM = — Z 5)% . (18)
"=

Theorem 1.2 (Eigenvalues). If (H1) and (H2) hold then there exists a probability measure
Lo on the unit disc D, depending only on o, such that almost surely
B~ M- (1.9)

Moreover the probability measure o, is isotropic and non-degenerate.

The proof of Theorem is based on Girko’s Hermitization method [I3], that is we
use logarithmic potentials together with the convergence of the singular values of M — z
expressed by Theorem [T} see [10] for a survey of the method. A crucial point of this
approach is the uniform integrability of the logarithmic function for the measures vy ., as
n — o0o. Two key facts are needed to establish this property. The first step is the proof
that for almost all z € C the smallest singular value of M — z is bounded below by an
inverse polynomial of n with high probability; see Theorem below. This estimate uses
the assumption (H2). The second step is an adaptation of the Tao and Vu analysis [19] of
the singular values in the bulk. These steps are approached by a combination of methods
introduced in [6] and [7]. In both cases, however, the present setting requires a nontrivial
extension of the known arguments.

We refer to Figure [l for simulation plots of the spectrum of M.

Remark 1.3 (Edge behavior: conjectures). The pictures in Figure[dl prompt the conjecture
that the spectral measure p, is supported on a disc Dy, := {2z € C: |z] < 1o} for some
re € (0,1), where ro, > 1 as a« — 0 and ro, — 0 as a — 1. A closer look at simulations
actually suggests an even stronger conjecture, namely that with high probability, except for
the eigenvalue \1 = 1, the Markov matrix M has a spectral radius strictly less than 1:

max{|Aa|, ..., [\n|} < 70, (1.10)

for some constant r, € (0,1) as above. Heuristic arguments seem to suggest that rq ~
V1 —a. A somewhat related question is the long time behavior of the Markov chain with
transition matriz M. This question is addressed in [9]; see also [8] for related recent
progress concerning sparse random directed graphs.
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Eigenvalues modulus for n = 30000 and alpha = 0.2
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F1GURE 1. Histogram of the modulus of the spectrum of a single simulation
of M in dimension n = 30000 and with tail index « equal to 0.2, 0.5, and
0.9 respectively, from top to bottom. The simulation uses x = U~/
where U is uniform in [0, 1].
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A remark concerning the case where the variable x satisfies (H1) with o € (1,2):
in analogy with results from [5, 6] we expect that in this case the rescaled eigenvalues
Ny, = nlle satisfy

1 & ,
LS 0y ot (1.11)
k=1
where p, is the isotropic probability measure with unbounded support on C, associated
to the i.i.d. matrix X; see [6 Th. 1.2]. The case @ = 1 should require a logarithmic
correction.

The rest of this article is organized as follows. In Section 2] we obtain some preliminary
properties of the model and describe the alternate Poisson weighted tree that will be used
in the proof of Theorem [[LT. The latter is given in Section Bl Finally, in Section M we
prove Theorem

2. LOCAL CONVERGENCE TO THE ALTERNATE POISSON WEIGHTED TREE

The key conceptual step is to associate to our matrix M a limiting random weighted
tree. We follow what is by now a well established strategy; see [2] B 11, 5]. We start
with some facts on convergence to Poisson point processes for sequences of heavy tailed
random variables; see e.g. [I8] for more background.

2.1. Convergence of rows and columns of the Markov matrix. If 0 < xqy < a0 < -+
is distributed as the Poisson point process with intensity 1 on [0, 00), then

& =a; (2.1)
is distributed as the Poisson point process with intensity ¢(t) = at=*~! on [0,00). In this
case we say that the ranked vector {¢;} has law PPP(«). Moreover, for a € (0,1), the
variable S = Y72, & has the one sided a-stable law, with Laplace transform

Elexp (—05)] = exp (-I'(1 — a)0%), 6 > 0. (2.2)
The law of the normalized ranked vector

(<13<2a"') = 5_1(51,52,---), (23)

is called the Poisson-Dirichlet law with index «; see [16] for a detailed account. We shall
refer to it as PD(a). The next lemma summarizes the key convergence results for the
rows of the matrix M. We recall that here convergence in distribution of a ranked vector
coincides with weak convergence, for every fixed k € N, of the joint law of the first k
maxima of the vector. We write [n] for the set {1,...,n}.

Lemma 2.1 (Poisson Point Processes and Poisson Dirichlet distributions). Let X; ;, i,j €

[n] be i.i.d. copies of a random variable x satisfying (H1). Define p; = 377 1 Xi; and

M; ;= p; Xi;. Set ap := (cn)Y*, where c is as in (L3). Then

1. The ranked rearrangement of {a, ' X1 j, j € [n]} converges in distribution to {&;} which
is a Poisson Point Process PPP(a);

2. The random variable a,,*p1 converges in distribution to S given in (Z2);

3. The ranked rearrangement of {M j, j € [n]} converges in distribution to {(;} which
follows the Poisson-Dirichlet law PD(a).

The above lemma is well known; we refer e.g. to [5, Lem. 2.4] for a proof. We turn to
column vectors. Here the convergence result is less immediate. We start with an auxiliary
lemma. While Lemma [ZT] does not require the full strength of the assumption (H1), the
usual regular variation assumption being sufficient [5], below we do use (H1) in a more
stringent way.
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Lemma 2.2. In the setting of Lemma 2], for all fized t > 0 one has
1115&711? (X171 > %th ,01) =yt~ (2.4)
where v is the constant
1
7= = e )
Proof. For u > 0, write P(x > u) = L(u)u~?, for some function L(u) such that L(u) — ¢,
u — oo, as in ([3). Denote by u, the law of the variable a,,!p1, where p1 = 37 5 X1 ;.

Since X751 > 1L+t p1 is equivalent to X171 > tp1, by the independence of X7 ; and p; one
has

o
nP (Xl,l > 1%—15 ,01) =nlP (X1 >tp) = cfltfa/o s~ “L(anpts)pn(ds). (2.5)

From Lemma [Z1] we know that p, converges weakly to p, the law of S in ([22)). We are
going to prove that for any ¢ > 0:

lim ¢* /OOO sTYL(ants)pn(ds) = /OOO s %u(ds). (2.6)

n—oo

Notice that (Z8) proves (Z4]) since by direct computation, using ([Z2) and ol'(a) =

I'l+ a),
/OOO s %u(ds) = ﬁ /OOO dz 2ot /OOO e " u(ds)

1 o0 o
_ dr ¢ le™® M(l—a) _ ]
NMA 7

To prove (Z6]), fix € > 0 and start by observing that

[e 9] [e. 9]

lim sTYL(ants)pn(ds) = c/ s~ “u(ds), (2.7)

n—oo e e

Indeed, |L(ants) —c| — 0 as n — oo, uniformly in s > e. Also, [>°s™%u,(ds) —
J2° s7*u(ds) by weak convergence. This implies (Z7).
Next, we show that for any constant K > 0,
Ka;1
lim s~ *L(ants)pn(ds) = 0. (2.8)

n—o0 0

The obvious bound L(u) < u®, u > 0, yields L(a,ts) < c¢s*t*n. Therefore,

Ka;t Ka;t
/ s"L(ants)pn(ds) < cto‘n/ fn(ds). (2.9)
0 0

-1
Now, foKa" pn(ds) = P(p1 < K), and p1 > max;—s ., X1, so that

Ka;1
/ 1in(ds) < P(x < K)", (2.10)
0

which decays exponentially in n for any fixed K > 0. This, together with (29]), implies

23).

Finally, consider the integral
&

/ $TYL(ants)pun(ds). (2.11)

Kafll
Since s > K/ay, (L3) shows that L(a,ts) < 2c if K = K(t) is large enough. Therefore
(2:11)) is bounded by

£ &€
20/ 5 “un(ds) < 20/ 8 “un(ds).

Ka;, Kay
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Thus, the proof of (2.6]) is complete once we show

£
lim lim sup s “up(ds) =0. (2.12)

e=0 n—oo JKaj!

From (H1) and [6, Lem. 3.5, there exists n > 0, p € (0,1) such that x dominates
stochastically the product nD.S where D is a Bernoulli(p) variable independent of S defined
in (ZZ). Thus a,, *p; stochastically dominates S, = a1 (D1S1+- - Dy_18,_1) where {D;}
and {S;} are independent, D; are i.i.d. copies of D, S; are i.i.d. copies of S. If fi,, denotes
the law of S, then /i, = S5 p(k,n)vy where p(k,n) = ("gl)pk(l —p)" 17k and v, is
the law of na;'(S1 4 --- + Si). By stability S; + --- 4 S has the same law of k/*S, so
that v, is the law of n(k/cn)/*S. Let E be the event that Dy +--- 4+ D,_; > pn/2. We
estimate

n—1 e

[ s mn(ds) < (Kfa) “PE) + 3 plkn) [ 57w (213)

—1 —
Ka, k=pn/2 Ka,

P(E®) decays to zero exponentially in n from the Chernoff bound. Thus the first term
above vanishes in the limit n — oco. We now consider the second term. For any k €
[pn/2,n — 1] one has that v}, is the law of AS, for a constant A\ = 7(k/cn)Y/® such that
A € [a, b] for some constants 0 < a < b < co. Then, uniformly in k € [pn/2,n — 1],

€ e/a

/ s y(ds) < afa/ x~ *p(dx).
Kajt 0

Since [5 2~ *u(dz) — 0 as € — 0, (2I3) implies ([2I2). This ends the proof of [Z6). O

We can now state the main results concerning convergence of columns of M.

Lemma 2.3 (Ranked rearrangements). In the setting of Lemma 21, let X;1, j € [n]

denote the ranked rearrangement of {X;1, j € [n]}, write 7 = ™ for the permutation of

[n] such that X;1 = Xy, for all i € [n] (use e.g. lexicographic order to break ties if

necessary), and define Mj,l = M-

1. For any k € N, (]\2[171, e ,Mkﬂ) converges in distribution to (©1,...,0k), defined by

o S
TG+ S

where {&;} is the sequence in (2.1)) with law PPP(a), and {S;} is an independent se-
quence of i.i.d. copies of the random variable S in (2.2]).

2. The ranked rearrangement of {M;1, j € [n]} converges in distribution to the ranked
rearrangement of {&;}. The latter, in turn has the same law of the ranked sequence

&i

(2.14)

wy = 2.15
Gty (2.15)
with {&} as above, and q is the constant ¢ = v~ /% = (T(1 4+ a)I'(1 — a))/*.
Proof. Define p; :=>71" 5 X ;, so that
X
= 25l (2.16)

My Xja+pj
It follows that 5
MjJ = Xt ﬂ(ﬁ{ —
w(j),1 T Pr(j)
Since { X (jy,0,¢ # 1,j € [n]} are independent of { X(;) 1,7 € [n]}, parts 1 and 2 of Lemma
[T imply convergence in distribution of (My1,..., My 1) to (@1,...,@) for any fixed k.
Note that these sequences are not necessarily ranked.
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To prove part 2, for any £,k € [n], £ < k, let E; ;(n) denote the event that the largest ¢

values of {M 1, j € [n]} are not included in the sequence (MM, e ,Mk,l), and call pg x(n)
its probability. Below, we observe that for any fixed £ € N,

lim lim suppy r(n) = 0. (2.17)
k—oo n—oo ’

Once (2ZI7) is available, then it is not difficult to see that the largest ¢ values of {M; 1, j €
[n]} and the largest ¢ values of {M i1, j € [n]} have the same limit in distribution, for any
fixed ¢. It follows from part 1 that the ranked rearrangement of {M; 1, j € [n]} converges
in distribution to the ranked rearrangement of {@;}.

To prove (ZI7), we observe that the event E ;(n) implies that there exists j, € [n] such
that Mj, 1 is larger than the /-th maximum of {M ;1,4 =1,...,k} and Xj, 1 < X1
In particular, there must be j. € [n] and i, € {1,...,¢} such that M;, 1 > My, and
Xj.1 < Xz(),1- Therefore, see (2.I6]), one must have

N

A Pr(i)
X, '
Piv < Xget DX 5 o

From part 1 of the lemma it follows that max;—; _ , ;"((2)1 converges in distribution to

max;—i,.. ¢ %, and therefore, for all fixed £ € N:

lim limsup P <'max RO > t) =0.

t—00 n—oco i=1,...,0 ﬂ(i),l
Thus, it suffices to prove that for any ¢ > 0:

lim limsup P (Hj* €n|: pj, <tXj;,1 and X; 1< Xw(k),l) =0. (2.18)

k—00 n—oo

From Lemma 2.1 for any € > 0,

lim P(Xr)1 > can) = lerr;OIP(fk >e)=0.

n— o0

Thus, using a union bound, to prove (ZI8]) we can restrict ourselves to the proof that for
any fixed ¢t > 0:

lim limsupn P (p1 < X1, < ea,) = 0. (2.19)
E—r

n—oo

However, as in (2.7) we have
&
nP(p1 <tXi1 < eap) < c_lto‘/ STOL(t Y ans) pun(ds). (2.20)
0

From the estimates (Z.8)) and (ZI2]) one obtains (2I9]). This concludes the proof of (ZIT).
It remains to prove that the ranked values of the limiting sequence have the same law

of {w;} in (ZI3)). To this end, define W; := X 1/p;, so that
Xj 1 1

j1= — = - (2.21)
X. . .
The Wj are i.i.d. random variables. From Lemma 2.2 we know that, as n — oo,
nP(Wy >t) — (gt)~%, t>0. (2.22)

Then, by a well known criterion, see [I8, Th. 5.3], the ranked rearrangement of {q W;, j €
[n]} converges in distribution to {&} with law PPP(«), and from (Z2I]) it follows that
the ranked rearrangement of (M;1,j = 1,...,n) converges in distribution to {w;} as
claimed. O
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2.2. The alternate Poisson weighted tree. Here we define the limiting random rooted
tree to be associated to the matrix M. We start with some standard notation. The vertex
set V' of the tree is deterministic, and it is defined as the countable set of all points k
of the form k = (ky,...,ky,) for some m € N and k; € N, for all i = 1,...,m, together
with the root vertex @. If k = (k1,...,ky) € V, and j € N, we write (k,j) or simply
kj for the vertex (k1,...,kmn,7) € V. The interpretation is that kj is the j-th child of
vertex k. Thus, if k = @ is the root, then @5 or simply j denotes the j-th vertex in the
first generation. Note that for any k € V| k # &, there is a unique pair (vy,iy), with
vk € V, and i € N, such that k = vy ix. The vertex vy is called the parent of k. If
k = (ki,..., kn) for some m € N, we write d(k) := m, and say that k belongs to the m-th
generation, or equivalently that k is at distance m from the root.

Let ¢ = {51-(1()}, k € V, denote independent copies of the Poisson process {§;} with
law PPP(«), as in (2I)). We can now define a random rooted tree 7y as the undirected
weighted tree with vertex set V', with root at @, with edges connecting vertices k, k' € V
if and only if k' = kj or k = k’j for some j € N, and with edges {k,kj} carrying the
weight fj(-k). We often use the notation

To(k. kj) = To(kj. k) = £, (2.23)

for the weight along the undirected edge {k,kj}.

Next, let us define Sy = > 72, §i(k). Clearly, Sy, k € V are independent copies of the
one sided random variable with law (Z2). Let us modify the tree 7y as follows. We say
that k € V is even (respectively odd) if d(k) is even (respectively odd). The root counts
as an even vertex. Let 7, denote the tree with the same vertex set and edge set as Ty but
with weights

Ti(k, kj) = To(kj, k) = E;k)l{k even} T @§k)1{k odd}s (2.24)
where
(k) (k)
M = LA TR (2.25)

e +s T g0 sg

As before, in ([2:25]) the pair (v, ix) is defined by the relation k = (v, ix), and we use the
convention that if k = &, then §§:k) = 0. In particular, the weights of the edges from the

root to the first generation have the law PD(«a) as in (Z3]). We remark that with these
definitions one has

5 (2.26)

1k

¢ = (1 - o)

Also, remark that the weights {(Dj(-k), j € N} are independent of all weights of the form

T+ (v, vi) for any v such that d(v) < d(k). In particular, the randomness starts afresh at
every odd generation.

For any k € V one has 6 j(»k) > f ](i)l. On the other hand the values c?)](k), 7 € N are not
necessarily ranked. As in Lemma 2.3] we may consider the ranked rearrangement of the

weights {djj(»k)}. Proceeding top to bottom from the root one can then define a new tree

T+ isomorphic to 7: and such that all weights are ranked in the sense that
T (k,kj) > T (kk(j+ 1)), keV,jeN
In a similar fashion, we may define the weighted rooted tree

7\-— (k7 k]) = ?—(kc% k) - Ej(k)l{k odd} + w_gk)l{k even}s (227)
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where 6j(k) and djj(»k) are defined by (Z25). Then, by taking ranked rearrangements one
defines the tree 7_ such that

T(kkj) > T-(k(j+1), keV,jeN

2.3. Adjacency operators on trees. Consider the Hilbert space £2(V) of square inte-
grable sequences ¢ : V +— C, with the scalar product defined by

(0, ¢") = > 2k)¢ (k).

keV

The indicator functions 1y defined by 1y (k') = g form an orthonormal basis. The
weights ([2:23) produce almost surely a densely defined symmetric operator 7y acting on
?2(V) by the formula

Tolk,kj) if K =kj
(L, Tolw) := { To(K, K'j) if k = K'j (2.28)
0 if k £ K

where k 7 k’ indicates that (k,k’) is not an edge of the tree, that is k’ # kj and k # k'j
for all 5 € N. In the same way, using the matrix elements (224)) and (Z27) we define
the operators 7A'+ and T respectively, together with their ranked versions 7, and 7_. All
the operators defined above have dense domain D, defined as the set of finitely supported
vectors, and are symmetric in £2(V). With a slight abuse of notation we identify them with
their closure. It is crucial for our purposes that these operators are actually self-adjoint;
see e.g. [17] for background on self-adjointness of a symmetric unbounded operator.

Lemma 2.4. The operators Ty, ’7A'i, and Ty are almost surely self-adjoint.

Proof. Self-adjointness of 7y is shown in [5, Prop. A.2]. To prove the other statements
we may adapt the same argument. Let us consider the case of 7T, the others being very
similar. Notice that for any even vertex k one has

S Tilk,v) =1 (2.29)

veV

On the other hand, for k odd and x > 0, define the variables

re(k) =inf {t>0: > wl <}, (2.30)
j=t+1

where {wj(»k), j € N} denotes the ranked rearrangement of {djj(»k), j € N}. For any k > 0,
the random variables {7, (k), k odd} are independent and identically distributed. Thus,
the very same proof of [5, Prop. A.2] applies, provided we prove that for fixed k odd, one
has E7,(k) < oo for all kK > 0 and E7.(k) — 0, as K — oco. Now, by Lemma 23] 7. (k)

has the same law of the first ¢ > 0 such that >72, ., gf—iq < k; see (ZI5). In particular, it
is stochastically dominated by the random variable

o= inf{t >0 i & < qﬁ},
j=t+1

which satisfies [E7, < co and E7, — 0, kK — oo, by [5, Lem. A.4]. O
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2.4. The unfolding map. Fix a vertex iy € [n] and two integers b,h € N. Let V), C V
denote the set of k € V of the form k = (k1,...,k¢), where k; € {1,...,b}, and £ < h,
together with the root vertex @. That is, V} 5, is the finite subset obtained from V' by
considering only the first b children of each node, and stopping at the h-th generation. As
usual if k, k' € V;,;, we write k ~ k" iff k" = kj for k = k’j for some j. We now define
a map ¢4 : Vp, — [n] (respectively ¢_ : Vi, — [n]) revealing the alternating ranked
rearrangements of rows and columns of the matrix X starting with the row labeled ig
(respectively, starting with the column labeled iy). The map

¢+ 2 Vo — [n],

is defined as follows. Start with ¢, (@) :=ig. Let X;) (j), = 1,...,b, denote the first b
terms of the ranked rearrangement of the row (Xj, j,j € [n],j # i) (as usual we break ties
using the lexicographic ordering if necessary). Set ¢4 (j) := 7(j), j = 1,...,b. Thus far we
have defined the map ¢4 on the root vertex and the first generation vertices. To uncover
the second generation, set I = {ip}, and let Xri(), ,T(l) j=1,...,b, denote the first b terms
of the ranked rearrangement of the column (X »(1),j € [n], ] gé I), and set ¢4 (17) := m1(j),
j=1,...,b. Rename I = {ig,m1(1),...,m1(b)}, let Xra()m2)> J = 1,...,b denote the
first b terms of the ranked rearrangement of the column (X r(2),j € [n],j ¢ I), and
set ¢4 (2j) = m2(j), j = 1,...,b. Repeating this procedure for the columns labeled
7(3),...,m(b) one completes the definition of ¢, for second generation of V4, . To complete
the definition of the map ¢, we proceed recursively (redefining at each step the set I so
that all rows revealed so far are excluded from the ranking) in the same way, with the
rule that if we are revealing the m-th generation, then we look at rankings of the rows
labeled by the vertices revealed in the (m — 1)-th generation if m is odd, and rankings
of the columns labeled by the vertices revealed in the (m — 1)-th generation if m is even.
This ends the definition of ¢. To define the map ¢_ : V, j, — [n] we proceed in the exact
same way, with the role of rows and columns exchanged. Equivalently one may define ¢_
as the map ¢, obtained by replacing X with X .

Example 2.5. Let us give the explicit values of ¢+ in a simple example. Suppose n =5
and consider the realization
0.1 32 21 4 0.2
0 12 33 34 17
X=104 103 0.1 2 3 1. (2.31)
02 31 167 5 11
8 47 12 198 2

Suppose ig = 3 so that ¢4 (&) = 3. The highest value in row 3 is 10.3 corresponding to
column 2, thus ¢4 (1) = 2. The second highest value in row 3 is 3 corresponding to column
5, thus ¢4 (2) = 5. The two highest values in column 2 are 4.7 and 3.2 corresponding to
row 5 and row 1 respectively, thus ¢4 (11) =5 and ¢4(12) = 1. Next, if we eliminate row
1 and row 5, the two highest values in column 5 are 11 and 1.7 corresponding to row 4
and row 2 respectively, thus ¢, (21) = 4 and ¢ (22) = 2. On the other hand, scanning
first columns and then rows gives the map ¢_ depicted below.

k |o|l1|2/11]12|21]|22

o k) [ 3255 |1 ]4]2 (2.32)
o_(k)|[3]2][1[4 5] 21

We now go back to the general setting. To link our original matrix X with the limiting
tree Ty we need a further step, namely bipartization. Let A denote the 2n x 2n bipartite
symmetric matrix

A= (;T )0(> (2.33)
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FIGURE 2. The network Ai’i—] corresponding to the matrix X in Example

If the bended edges are removed, then one obtains the network gi%
used in the proof of Lemma 2.0l

For any k € V5, set

o+ (k) k even
¢4+(k)+n kodd

o (k) k odd

Yarlk) = ¢—(k)+n keven

and ¢_(k):= { (2.34)
The above defines two injective maps ¥4 : V4, — [2n]. A network is a collection of ver-
tices together with undirected weighted edges between them. Consider the finite random

network Ai]fn with vertex set Vj; and with weighted edge between vertices u,v € Vp,

defined by a,, ' Ay, where u := 14 (u) and v := 14 (v). Notice that the network Ai]fn has
a fixed number of vertices but the value of edge weights depends on n. See Figure 2] for
an explanatory example. At any finite n the network can well have cycles, but these tend
to disappear as n — oo as the next lemma shows. Weak convergence of finite random
networks is defined as weak convergence of the joint law of edge weights in the natural
way.

Lemma 2.6 (Convergence of i.i.d. networks to trees). The random networks Ai’fln and

Alﬁ]fn both converge weakly, as n — o0, to the restriction of the random tree Ty to the
vertex set Vi, p,, for any fized b,h € N, and for any choice of the initial vertex ig.

Proof. By symmetry, Alffn and Alﬁ]fn have the same law, thus it is sufficient to prove the
statement for Ai’?n only. Let E{t]fn denote the sub-network obtained from Ai’?n by giving
weight zero to all edges of the form {u, v} such that u ¢ v. See Figure [2 for an example.
Then, by construction, and using repeatedly part 1 of Lemma 2Tl one has that the sequence
ﬁl_’;]fn converges weakly to the restriction of 7y to the vertex set Vj, ;. To prove the desired
convergence then it suffices to prove that the discarded weights in Ai’fln converge to zero

in probability. This can be checked by a stochastic domination argument as already done
in [5, Prop. 2.6]. O

Next, we turn to our matrix M with normalized rows. Let B denote the 2n x 2n
bipartite symmetric matrix

B = (]\;)T ]‘04) (2.35)

Let ¢4 denote the same maps defined in ([2:34]), and consider the networks Bihn defined
by the vertex set V,; as above but with a weighted edge between any pair of vertices
u,v € Vpp, defined by B, ,, where u := 14 (k) and v := 4(v). Note that we do not
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require any rescaling now. Also note that in contrast with the case of the matrix A, the

law of the finite networks Bi’fln and Bi’fln do not coincide.

Lemma 2.7 (Convergence of Markov networks to trees). The random network Bifln con-

verges weakly, as n — oo, to the restriction of the random tree T+ to the vertex set Vo s
for any fized b, h € N, and for any choice of the initial vertex ig.

Proof. As in the proof of Lemma 2.6] we identify a modified network B » Which is easily
seen to converge to the desired limit by an application of Lemma [QZ{I and then prove
that the difference between Bif‘n and Bi’fln vanishes in probability. Let us start with Bﬁ_’ﬁl

Consider the modified network Eﬁ_’f; obtained from Bi’hn by giving weight zero to any edge
of the form {u, v} such that u ¢ v. Now, a recursive application Lemma [Z3] 1mphes that
the network B +hn converges weakly, as n — oo, to the restriction of the random tree T+ to
the vertex set Vj, j,. There is a delicate point here due to the fact that while rows of M are
independent, the columns are not. The dependence stems from the normalizing sums p,,,
but with a little care it can be shown to be negligible in the limit. We carry out the detaﬂs
below for the first two generations of the tree. Notice that once the convergence of B

is established, one can conclude by the same stochastic domination argument mentloned
in the proof of Lemma 2.6l above.

Let us check the convergence of BY + » in more detail. For simplicity of exposition we
take b = h = 2. Here the network consists of 7 vertices, namely the @,1,2,11,12,21,22.
Let G,, denote the network B2 + ., and let Gy, (u, v) denote the weight of edge {u,v}. Then
by definition

Gn(2,1) = Xiy 1)/ Pio>
Gn(92,2) = Xiy x(2)/ Pio>
Gn(1,11) = X (1) (1) / Py (1)
Gn(1,12) = X7 2) 7(1)/ Py (2)5
Gn(2,21) = Xoy(1),r(2)/ Pra (1)
Gn(2,22) = Xry2) 7(2)/ Pra(2)-

All other edges have weight zero. Set p) := p; — X, r1), i € [n], and define a new
network G, such that G/, coincides with G,, except that on edges {2,21} and {2,22} one
has G} (2,21) = X7r2(1)77r(2)/p;2(1) and Gp(2,22) = X,Q(Q),,T(Q)/p;Q(z). Then there are no
dependencies anymore and an application of Lemma 23] yields the desired convergence for
the network G7,. It remains to show that G,,(2,21) — G/,(2,21) and G, (2,22) — G/,(2,22)
converge to zero in probability. However, this follows from the fact that a,; 1X7r2 ()1 — 0
in probability for j = 1, 2.

O

2.5. Operator convergence. We recall a notion of local convergence that we already
used in [5 6]. Let D denote the dense subspace of finitely supported vectors in £2(V).
Given a sequence of bounded self-adjoint operators T),, a self-adjoint operator T such that
D is a core for T, and a sequence of vertices u,, € V, we write (T),,u,) — (T, @) if there
exists a sequence of bijections o, : V — V such that 0,,(&) = u,, for all n and such that

o Thone — T, n — 0o, (2.36)

in ¢2(V), for any ¢ € D. With slight abuse of notation, above we have used the symbol
on to indicate both the bijection on V and the isometry acting on ¢2(V) induced via
only = 15, (v)- In Section B.I] below, the convergence of self-adjoint operators defined
above will be used to derive convergence of the corresponding spectral measures.
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Given the matrix A in ([2:33), we define the operator T,,(X) as follows. As usual, let
j € N denote the elements of V' belonging to the first generation. Then, set

(1, To(X)1j) == Aijhicij<on,  HJ €N, (2.37)

and (14,7,(X)1y) = 0 for all u,v € V that are not both in the first generation. By
linearity, for every fixed n, (Z37) defines a random bounded self-adjoint operator T,,(X)
on £2(V). Similarly, we define the random bounded self-adjoint operators T, (M) by

<1i, Tn(M)1J> = B@'7j11<i,j<2na i, € N, (238)

for all 7,7 € N, and (14,7, (M)1y) = 0 for all u,v € V that are not both in the first
generation, where B is the matrix in (2.35]).

Theorem 2.8. It is possible to realize the random operators Tp(X), TE(M) and To, Tx, T+
on the same probability space in such a way that the following holds almost surely, for all
10 €N, asn — oo:

1) (To(X),i0) = (To, 2); )
2) (Tn(M),i0) — (T4, 2) and (To(M),io +n) — (T—, D).
3) (To(M),io) — (T4, @) and (To(M),io +n) — (T_, D).

Proof. We proceed as in [6, Th. 2.10]. By Lemma and Skorokhod’s representation
theorem one can realize the operators T,,(X) and Ty on the same probability space in such
a way that for all b, h € N, for all u,v € V5, as n — oo, almost surely

<1¢+(u),Tn(X)lzp+(v)> - <1u,761v>’ (2'39)

where the injective map 14 : Vj, — [2n] depends on b, h, and n. Thus, by a diagonal
extraction, one can find a sequence of bijective maps o, : V + V such that o, (&) = ig,
the fixed initial index, and almost surely

<]‘Un(u)’Tn(X)]-an(v)> — <]-Ua761v>- (240)

Thus, (240) expresses the convergence o, 'T,,(X)o, — To, in the usual sense of weak con-
vergence of operators on a Hilbert space. To turn this into the required strong convergence
in ([2.30) it is then sufficient to prove almost sure uniform (in n) square-integrability of
the vector {(1y,0, T (X)o,1y), u € V} for any fixed v € V. The latter can be obtained
as in [6, Th. 2.10]. This ends the proof of part 1.

To prove part 2, we proceed in a similar way. By Lemma 2.7 and Skorokhod’s rep-
resentation theorem one has that for all b,h € N, for all u,v € V;; as n — oo, almost
surely

<1¢+(u),Tn(M)1w+(v)> - <1u,7®+1v>- (2-41)

As above one can find a sequence of bijective maps o, : V +— V such that 0,,(&) = ip, and
almost surely

(Lo (ays T (M), () = (1, T4 1y). (2.42)

Now, (Z42) proves that o, 'T,(M)o, — T; weakly. The same integrability as above
applies here and strong convergence follows. To prove that (7,,(X),ip +n) — (7A1, ), we
repeat the steps above, recalling that now ¥_ (&) = iy + n and therefore the bijection o,
satisfies 0,,(9) = ig + n.

To prove part 3, observe that from the argument in the proof of Lemma [2.3] we know
that there are bijections my j, : Viy , +— Vi, such that, as b' — oo, for any fixed b,h € N,
the restriction of 771;71,17}771,/7;1 to V5 converges to the restriction of 7+ to V4. One can
then repeat the argument in (Z40) and (2:42]) with ¢4 replaced by the composed map
Y4 oMy, with ' = ¥/ (n) a sequence with b'(n) — oo as n — oo. O
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3. CONVERGENCE OF SINGULAR VALUES

Here we prove Theorem [[LTl We shall need the following extension of Theorem 2.8l For
any z € C, let A(z) and B(z) denote the matrices (cf. (Z33]) and (2.35]))

Az) = (XTO_Z Xo—z) ’ B() = (MTO_Z MO— z)

Let also T),(X, z) and T,,(M, z) denote the associated adjacency operators defined as in
237) and (Z38)) respectively with A replaced by A(z) and B by B(z). To describe the
local convergence of these new networks we proceed as follows. Let us start with A(z). We
define the limiting tree 7g(z) recursively. Consider the previously defined tree Ty rooted at
@. Call T'(z) the new tree obtained by appending an outgoing directed edge with weight
—z (respectively —Z2) to every even vertex (respectively, odd vertex) of the tree, including
the root. Thus 7 (2) is a tree with pending nodes (leaves) at the endpoints of the added
directed edges. Next take i.i.d. copies of 7y and append one of them to each pending node
in 75t (z). Now, call 72(z) the tree obtained by appending an outgoing directed edge with
weight —z (respectively —Z) to every new even vertex (respectively, odd vertex) of the
tree, where new means that it was not a vertex of 7 (z) (the leaves of 7' (z) do not count
as new). Next take i.i.d. copies of Ty and append one of them to each pending node in
T&(2). Recursively, we then construct trees 7¢(z), k = 1,2,.... Repeating ad libitum
this procedure yields the random tree that we call To(z).

The trees 7+(z) are defined in a similar way. For 74 (2), we start with 75 and produce
the tree Tﬁ(z) by appending an outgoing directed edge with weight —z (respectively —z)
to every even vertex (respectively, odd vertex) of the tree, including the root. Then we
append i.i.d. copies of 7'+ (respectively 7'_) to every even (respectively odd) pending
node, and we proceed recursively as above. Here a leaf is even (respectively odd) if it is
the endpoint of a directed edge emanating from an odd (respectively even) vertex. To

(3.1)

define 7'_(z) we proceed exactly as above with the role of even and odd interchanged. If
instead we use T4, the ranked versions of 7}, we obtain trees that we will call T (z).

All the above defined trees naturally define, via adjacency, linear operators on the
Hilbert space £2(V'). To ensure the symmetry we use the convention that when there is a
directed edge (k,k’) with weight z there is also the opposite edge (k’,k) with weight Zz.
The following theorem is a direct generalization of Lemma 2.4l and Theorem 2.8 We omit
the details of the proof.

Theorem 3.1. It is possible to realize the random operators T (X, z), T (M, 2) and To(2),
Ti(z), Te(2) on the same probability space in such a way that the following holds almost
surely, for all fized z € (C 0 €N, asn — oo:

1) The operators To(2), T (2), T+ (2) are self-adjoint;

2) (Tn(X, 2),i0) = (To(2), 2); )

3) (Ta(M, 2),i0) = (T4 (2), @) and (Tn(M, 2),io +n) = (T-(2), 2).

4) (Ta(M, 2),i0) = (T4-(2), @) and (Tn(M, 2),i0 +n) = (T-(2), ).
(2)

3.1. The spectral measure. For every z € C, let puy’ denote the spectral measure at

the root of the self-adjoint operator 71(2’) This is the unique probability measure on R
such that for every n € C4 := {w € C: Jm(w) > 0}:

(2)
N _ py’ (dx
(0o (Ti(2) =)0 = m o) = [ 220, 32)
+ x—n
where (71(z) — 1)~! denotes the resolvent of 7:(z) at n € C, and for any probability
measure g on R we let m, : C; — C, denote the Cauchy-Stieltjes transform defined by

p(dz)

e With these notation, mﬂ(z)(n) is a bounded random variable for each n € Cy.
+
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From elementary spectral theory we know that for each fixed n € N one has
2n
1

o5 20 (Tn(M, 2) — )0 = tr[(Tu(M, 2) — ) ™' = m e (), (3.3)
i=1
where M,SM’Z) denotes the empirical spectral distribution of T,,(M, z), i.e.
1 2n
MgM,z) - Z 5%2, (3.4)
s
if Ai» > Xij1,. are the ranked eigenvalues of B(z) from (3I]). Moreover, it is well known
that ugM’Z) is symmetric on R and the singular values s; , of M — z satisfy s;, = A .,
1=1,...,n.

From [I7, Th. VIIL.25(a)], see also [5, Th. 2.2], it is known that the local convergence
(T (M, 2),i0) = (T4(2),2) and (T,,(M, z),ip +n) — (T-(z), ) expressed in Theorem BT
implies convergence of resolvents, i.e. almost surely

(00, (To(2) = m)10g) = lim (b1, (Tu(M, 2) — )~ 'é1) (3.5)
(G, (T(2) = 1) 265) = X (B, (T(M. 2) = 1) 140 (3.6)

In particular, the above convergence holds in distributions. Since the random variables
are bounded, one has convergence of the expected values. Thus, using linearity and
exchangeability in ([B3)), it follows that for any n € C

My o (1) = Em o (1)
= SE(01, (T(M, 2) — 1) 61) + $E(S14m, (T (M, 2) — 1) S14m)
= 3Em () + 3Em o () =mze (), n— oo, (3.7)
+ —
where i(*) denotes the probability measure
i =SBl + 1B P (3.8)
3.2. Proof of Theorem 1.3l From (B.7) we know that
my o) (1) = mge (),

for all n € C,.. It is well known that convergence of the Cauchy-Stieltjes transform implies

weak convergence. Therefore E,uglM’z) ~ 1% as n — oo. Since M has independent rows,
thanks to the general concentration result in [6, Lem. C.2], it follows that uﬁlM’Z) s i?)

as n — 00, almost surely. Finally, as observed after (8.4)), vas, is the image of M,SM’Z)

under reflection. Letting v, . denote the image of A*) under reflection, we have proved
that var, ~ Vo, as n — oo, almost surely, for each z € C. That v, . depends on z € C
only through the absolute value |z|, and has bounded exponential moments is shown in
Lemma below. Unbounded support is proven in Lemma B3l This will complete the
proof of Theorem [Tl In Section B4l we shall discuss the recursive distributional equations

satisfied by the Cauchy-Stieltjes transforms ,ugf )(77).

3.3. Properties of the singular values distribution. Here we use estimates on mo-
ments of v, , to prove that all exponential moments of v, , are finite, that v, . depends
on z € C only through the absolute value |z|, and that the support of v, . is unbounded.

Lemma 3.2 (Singular values moments). For any A > 0 and any z € C, o € (0,1),

/ My . (dt) < co. (3.9)
0

Moreover vy, , = Vo for all z,w € C such that |z| = |w|.
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Proof. Define the moments
o
my, = / "vg . (dz).
0

For n even, we have

e 1 A 1 .
My = / ") (dz) = 5 Eldo, T4 (2)"00) + 5 B, T3 (2)"02). (3.10)

—o0
Let 'y denote the set of all paths of length n = 2k on the tree which start and end at the
root. Let also w4 (y) denote the weight of one path v € T'y, so that

E(So, T2 (2)*05) = Y Elwi(y)].
vely

The weight w4 () can be written as the product

T (2,7)T2(1,72) - T (1, @), (3.11)

where ~1,...,7,—1 denote the ordered vertices visited by the path after leaving @ and
before returning to &, and for simplicity we have omitted the explicit dependency on z
from our notation.

We are going to prove that for any k£ € N,

mo, <2HC(2,k),  C(zk) :==E[ (|2 + (1 vV ©))], (3.12)
where W := 722, wJQ-, and {w;} is defined in (ZTI3]).
Once (312 is established we may write

/ Mz (dt) < 2 / cosh(At)va, . (dt)
0 0

0 Amegy, L (20)2%RC (2, k)
N 2;:% (2k)! S 2; (2k)!
From the definition of C(z, k) one has C(z, k) < C(z,2k) and therefore
(202 C (2, k)
= (2k)!
where we use cosh(t) < e, t > 0, and (1V ¥) < 1+ Y ,wg. On the other hand, from
Campbell’s formula we have, for any A € R:

<E |eosh(2A(|2[2 + (1 V )] < ePHEIE [ 20x]

2Xt

E [QQAkak} = exp (/OOO (qu — 1) ﬁfi) < 00,

which proves (3.9]).
It remains to prove ([BI12). To illustrate the computation, let us first consider the cases

n = 2,4 in detail. When n = 2,

S Efur () = 2+ S B, Y Ew_(v)] = 42 + Y Elwdl,
k=1

yel'y yel'y k=1
where {(x},{wr} are defined in (23] and (ZI5) respectively. Since 0 < (p,wi < 1,
Y G =1and E[U] < X, E[wg] = 1, it follows that

Z Elw(y)] < |2|> + E[1V ¥] = C(z,1).
yeTl'2

If n = 4 we can partition the paths in I's into two families: the ones that reach distance
2 from the root, say I'z, and the ones that do not, say I'}. The first term gives

oo o0 oo
> Ew ()] = PYE W] + 2P E[G}] + Y B[R],
j=1 k=1 k=1

2 -
"{GFQ J=
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where {(;}, {wk} are independent, and

S Elw_(7)] = [P ZE{CJ}H 2 zE[wk}+ z E[(M) (;)]

2
~€ers k,j=1

where {&}, {§J(k)} are independent processes with laws PPP(a), and Sg = 3272, §](~k)
(Z25). In particular, using £J(k)/(§k +S) < £§k)/5k, one has

3 Elws(1)] < 14202 < C(2,2)
ver3

The second family of paths contributes

> Elwp(7)] = [2]* + 2|2 ZECk + Z [GEG51s

"{GFI 7.] 1
> Elw- = |2|* + 2|2|2 ZEwk + Z Ewkw]
ver} kg=1

Using again 0 < (g, wi < 1,

> Elwe()] <E[(27 + 1V ®))?] = C(2,2).

ver}

To estimate the general case n = 2k, let D denote the set of Dick paths of length 2k,
i.e. the set of all Z, paths staring at 0 and ending at 0 after 2k steps. In particular,
|Dy| = ﬁ_l(zkk) The set I'y, can be partitioned according to the distance from the root at
each step. This is encoded by a single element of Dy, with the natural correspondence:
say I'}, where n = (0,7m1,...,m2k-1,0) € Dy, is the set of all paths v € I'y such that after
J steps, v has distance 7; from the root, for all j =1,...,2k — 1. Then

> Ewe(l= > > Efw

7
~€ET n€Dy el

For a fixed 1, we can write the path v € T as v = (&,71,...,%2%-1,9) where ~; is the
label of the vertex after ¢ steps, so that ~; is at distance 7; from the root. Now consider
the set of indexes i1,...,4p such that n;,, = max{n,...,n%_1}. Reasoning as above we
can write

' Z ' E[wi(ry)] < E[wi(ry ~ (r)/il’ s ,’}/Z'Z))]C(Z,f),

where we use the notation v~ (74, ..., 7:,) for the path v once the vertices 7;, ...,7;, have
been removed. Notice that this is now a path of length 2k — 2¢. Then we may proceed
by recursion. Using C(z,¢)C(z,m) < C(z,£ 4+ m), which follows by Hélder inequality, we
obtain

> Elws ()] < Clz,k),
yery
for every fixed 17 € Dy. In conclusion this proves
mgk "Dk’ C(Z k) (3.13)

This ends the proof of (3.9).

To show the last assertion in the lemma, notice that it suffices to show that g?) = (),
for all z,w € C with |z| = |w|. Clearly, odd moments of i(*) are equal to zero. Since i(*)
has finite exponential moments, it is uniquely determined by the numbers m,,, n even, as
in (BI0); see e.g. [17] for sufficient conditions in the classical moments problem. From
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the expression of the path weights wy () in (BI1]), we see that each edge weight u of the
tree appears only through the value |u|?. Therefore, the moments m,, do not change if we
replace z by w with |z] = |w|. O

Lemma 3.3 (Support). For any z € C, a € (0,1), the support of v, . is unbounded.

Proof. 1t suffices to show m;,/ck — 00, k — 0o, where m,, is defined in ([B:I0). Notice that

o> 5 Y Elw(7)] > SE[V)

v€lk
where the bound is obtained by restricting to paths that are always at distance at most
1 from the root and we write ¥ = 3272, wjz as before. Now, W is an unbounded random
variable, and P(¥ > ¢) > 0 for all ¢ > 0. Indeed, a simple estimate on P(¥ > ¢) can be
obtained by observing: for any n > 1, ¥ > nw?, and w2 > (1+q) 2 if &, = qun/(1—wy) >
1; from (ZII) one has that the event &, > 1 has probability at least e~ /n! so that for all
n € N,

1
PO >n(l—q) ) > —.
(> n(1-q)?) >
Therefore mo, > %P(\If > t)tF, and liminfj_ m%ék > t. Letting ¢ — oo proves the
claim. O

3.4. Recursive distributional equations. Let us first recall some important formulas
for resolvents on a tree. Let A denote a self-adjoint operator defined by a weighted tree
via adjacency; see Section [Z3l In particular, we write A(u,v) = A(v,u) for the complex
valued weight of the directed edge (u,v) if v.= uj or u = vj for some j € N and
A(u, v) = 0 otherwise. For n € C;, we let

R" = (65, (A —n)""0g)
denote the resolvent’s diagonal entry at the root. Let also u; = A(&, j) denote the weight
from the root to the j-th child. If we remove the j-th edge from the root, i.e. the edge
with weight u;, we are left with two disconnected weighted trees, one rooted at & and one
rooted at j. Let .%Ij and A; denote the associated self-adjoint operators respectively. For
any n € C,, we let R? and R? denote the corresponding resolvent’s diagonal entries at
the respective roots. We refer to [0, Th. 4.1] for a proof of the following lemma.

Lemma 3.4 (Resolvent recursion). For any n € C, the resolvents entries R", R? and R;’

satisfy the following relations. For any j € N

R
J

RM=—
1-— ]ujPR?R?

(3.14)

Moreover,

—1
R"=— (n +2 \ujPR?> : (8.15)

j=1
We are interested in the law of the random variable
W (0, 2) = (0o, (Te(2) — n) " '00) (3.16)
It is convenient to introduce also the modified tree 7 (z) defined as the connected com-
ponent at the root obtained from the tree ﬁ(z) after the removal of the edge with weight
—z emanating from the root. Note that this tree still depends on z since all remaining

children of the root have an edge with weight —z emanating from them, and so on; see

the definition of 7(z) after BI). Set
R (1, 2) = (0, (Te(2) —n)"'62) (3.17)
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Proposition 3.5 (Recursive distributional eguations). For any n € C, z € C, the ran-
dom variables h\F) := p&) (n,2) and ACORES h(i)(n, z) satisfy the following distributional
equations:

(= 7 (+
po) 4 W B 4 M
— |22 R’ 1 — |z]2h( R’
where h=) W) are taken independent. Moreover, if ¢(x) := —(n+ z)~', then

B 2 (Z ¢2hi” ) (3.19)

and (h(*), B(*)) satisfy the system of distributional equations

(3.18)

i\ d 0 . 0 5(-k) B
W Sy (;fo@)% (wh( )+ zl<m>%§. >)) (3.20)
=1 ji=
B 4 e

2RO (T )
where {h,(;)}, h(=) are independent such that {h,(;)} are i.4.d. copies of h\~), and
k) .
{ék,k € N}a {é‘g )a] € N}kEN’ {Ck,k € N}

are independent processes with laws PPP(a), PPP(«), and PD(«), respectively.

Proof. In the setting of Lemmal[3.4labove, with A given by 71(2), we may identify R" with
hF)(n, z) and R;Z with h)(n, 2), if j represents the child associated with the weight —z
emanating from the root. Notice also that in this case one has that R;’ is an independent

copy of the random variable A(F)(n, z). Thus from (3I4) one finds the distributional

identities (318).
Next, observe that from (BI5]) one has

-1
R,z (77 + Z Ck n,z ) (3.21)
where {(;} has law PD(«a), while {hkf (n,2),k € N} is a set of i.i.d. copies of h(7)(n, 2),

independent of {(j}. This proves (3.19]).
Finally, again by (3.I5)) one has

—1
W (n, 2) (n+z 2R (6, )) (3.22)

where {&;} has law PPP( ) Sk =32724 §j where {éj( , J € N}gen are all i.i.d. processes
with law PPP(«a), and h (fk, 7, z) is the resolvent entry associated to the sub-tree rooted
at vertex k obtained from the tree 7_(z) by deleting the root @ and all its descendants
except for k. We remark that in ([8:22]), given {}, the variables {h;(gﬂ(fkﬂ% z), k € N}

are independent but their law depends on {} in a non trivial way. We can however apply
one more time the tree recursion (3.I5]) and obtain, for each k € N:

-1
+)(£k,77> Z) (77+ |Z| h Z fk‘f'sk n, )) ) (323)

where Bg_)(n, z) and hg»_)(n, z), j € N, are independent copies of h{~)(n, z) and h{)(n, 2)
respectively. Using (3.I8)—(3.23]), one obtains the system of distributional equations (3.20)).
U
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In principle, the system (320) should determine the law of A=) and, via (3I8)-@BI9),
also the law of h(t). However, we do not have a proof of the uniqueness of the solutions
to these distributional equations.

We remark that in the special case z = 0, one has h(~)(5,0) = h(=)(,0) and the above
equations reduce to the following recursive distributional equation:

WO Loy (igﬁsy v (i(%)zhé’» , (3:24)

where {h,(;)} and {&},{gj(k)} are as above. Once we have the law of h(7)(n,0), then
h{+)(n,0) is determined by the equation (3:2I)) which, in the case z = 0, becomes

K 2y (i g,%h,@) . (3.25)
k=1

4. CONVERGENCE OF EIGENVALUES

Here we prove Theorem Once the convergence of singular values in Theorem [T
has been obtained, we may follow the well known Hermitization strategy, see e.g. [19] and
[10], which allows one to prove ups~>puq as n — oo, for some probability measure p, by
showing the uniform integrability of the function R > z +— |log(z)| with respect to the
family of measures vj;_,. More precisely, we shall establish the following lemma.

Lemma 4.1. For any a > 0, z € C, there exists b > 0 such that for all n € N:
P (supp(uM,Z) Z [n_b,nb]) <n % (4.1)

Moreover, for any e > 0, for a.a. z € C

lim lim sup P (/ |log(z)|var—z(dz) > 6) =0, (4.2)
K

0—0 n
where K5 = [§,071].

From (£2) and Theorem [[I] as shown in [I0, Lem. 4.3], one has that pp~pe in
probability, where u,, is the probability measure on C that satisfies

Upo (2) = — /Ooo log(x)va,-(dx), (4.3)

for almost all z € C. Here, for any probability measure 1 on C, the function

Up(2) = = [ log w = slu(dw)

denotes the logarithmic potential.

To improve the above convergence to the desired statement that ppas~>p, a.s. (almost
surely), we argue as follows. As in [10, Lem. 4.3}, it suffices to show that Uy, () con-
verges almost surely. In particular, since the above facts show that Uy, (2) = Uy, (2) in
probability, it is now sufficient to prove that for a.a. z € C there exists a deterministic
sequence L,, such that, almost surely,

lim (Uy,,,(2) — L,) = 0.

n—o0
By (&1)), and the Borel-Cantelli lemma, there exists b > 0 such that, almost surely

supp(var—z) C [n70,n?,
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if n is large enough. If f,(z) := 1,¢p,-» 50y log(x), then a.s. for every n large enough one
has the identity

= iz:log A= 2l == [Tlog(miatds) = = [T fu(s(as).

Since the total variation norm of f,, is O(log n) the concentration inequality of [6], Lem. C.2]
shows that

2

P (|Upas (2) = EUpy (2)] > €) < 2¢7cn (ogm ™,
for some constant ¢ > 0. Therefore, the conclusion follows from the Borel-Cantelli lemma,
letting L,, = E[U,,, (2)].

The above argument completes the proof of the almost sure converge s ~~ po as
n — 0o, where p,, is a probability measure on the unit disc of radius 1 that depends only
on a € (0,1). From the identity (3], and the fact that v, . depends radially on z € C
one infers that i, is a radially symmetric measure. Moreover, the finiteness of Uy, (0)
implies that u, is not a Dirac mass at the origin. Similarly, one can observe that . is
not concentrated on the unit circle |z| = 1. Indeed, by an inequality of Weyl, see e.g. [0,
Lem. B.5], the eigenvalues of M satisfy

/(C A2 ar(d)) < /OOO Pva(da).

Passing to the limit n — oo, one has

/(C|z|2,ua(dz) < /0 2%v40(dz) = my < 1,

where the strict bound my < 1 follows by direct computations as in Lemma [3.21 This ends
the proof of Theorem assuming the validity of Lemma [ZJl The rest of this section is
concerned with the proof of Lemma [£T1

4.1. Extreme singular values. Here we prove the first part of Lemma Bl Let s1, >
- > 8y, denote the singular values of M — z. We start with a simple upper bound on
s1,.. Notice that

o0
/ 22y »(dx) Z |M,; ; — z5i,j|2
0 1,7=1
Z 2022 <21+ |22, (4.4)
i,j=1

where we use >, ij < 22; M;; = 1. This implies the deterministic bound

51 < 2n(1+ [2]%).
Thus (1) follows from the lower bound on s,, , given in Theorem below. Notice that
M — z is not invertible at z = 1, i.e. 5,1 = 0. Because of the different scaling, in [7,
Th. 1.4] it was sufficient to prove a lower bound on s, , for all z = O(n~/2). In our
setting instead, we need to establish a similar bound for all z # 1.

Theorem 4.2. Assume (H2). Let s, . denote the smallest singular value of M — z. For
any ¢ € (0,1), and a > 0, there exists b = b(a,d) > 0 such that if z € C satisfies |z—1| > 9,
and |z| < 071, then for n > 1 one has

P(sn. <n %) <n " (4.5)
Proof. Fix a > 0 and z € C with |1 — 2| > §, |2] < 6~1. We write M = DX, where
D = diag(py ', ..., p;'). Thus, M — z = DY where Y = X — 2D~!, and

Sp,z = sn(Y)( max pi)il, (4.6)

i=1,...,n
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with s,(Y") denoting the smallest singular value of Y. Since p; < nmax; X; ; one has, for
any 8> 0

P( max p; > nﬁ) < n?P(x > ) < n?e2)]

i=1,...n
for all n large enough. Taking § sufficiently large ensures that n2~*#=2 < n=¢ From
(48] then we see that it suffices to prove that there exists b > 0 such that
P (sn(Y) < n_b) <n* (4.7)
A repetition of the argument in [7, Th. 1.4] now shows that for all u > 0:
P(sp(Y) <u) <3BK,u, (4.8)

where B is the uniform bound on the probability density of the random variable x, which
is available thanks to the assumption (H2), and K, is the inverse of the smallest singular
value of the n x n matrix

1 00

A, =1, —z | : :
100
Direct calculations, see e.g. [7, Lem. C.3], show that K, satisfies

o _1+m-D}P+1 -2+ VI + - D[P+ - 2)? 41— 2

K 4.9
" 2|1 — 2|2 (4.9)

Equation ([£9]) can be easily estimated to obtain e.g.

_ 2 L2
K2 < 1+ (n—=1)z"+1|1—2|
11—z
14 |z*(n—1
<1+ Lt n=1) <1+624+6n. (4.10)
52

Using (@I0), &) follows by taking v = n~? for b = b(a, ) large enough in [ZJ). O

4.2. Moderately small singular values. Here we prove (£2]), which will conclude the
proof of Lemma[Tl In view of the bound (&4), and using | log(x)| < 2P for all sufficiently
small > 0, if p > 0, we see that ([@L2]) follows if we prove

e e}
limsupE (1Gn/ x_puM_z(dx)) < 00, (4.11)
n 0

for some p > 0 and some sequence of events G,, such that P(G,) — 1, n — oo. To prove
(£11)), we shall follow very closely the strategy introduced in [6, Sec. 3]; see also [10),
Sec. 6.

The following statement can be established with a straightforward adaptation of [6,
Prop. 3.7]. Set a,, = (cn)'/* as in Lemma 211

Lemma 4.3 (Distance to sub-space). Assume (H1) and (H2) and take 0 < v < /4. Let
Ry be the first row of the matriz a,(M — z). There exists a constant C > 0 and an event
E such that for any d-dimensional subspace W of C™ with d < n —n'~", one has

E [dist_Z(Rl, W)lE} <C(n— d)—Q/Oé and P(E®) < COn—(1=2)/e

Next, we prove (LII)). Fix i > 2n'~7, and let A be the matrix of the first n —i/2 rows
of ap(M — z) and let 91 > -+ > ¥,,_;/5 denote its singular values. By the negative second
moment identity of Tao and Vu [20, Lem. A4],
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where §; is defined as the euclidean distance dist(R;, R—j), where R; is the j-th row of
A and R_j; is the span of all other rows of A. On the other hand by Cauchy interlacing

n-if2 79 2. This implies

-2 2a2
lemma, $,—; ; = Up_i/an, and therefore Spoin < =n > i
n—i/2
n—i,z < Z 5_ (412)

1S,

Reasoning as in [6, Prop. 3.3] one has that the event F' that 0; > nd=20/a for all j =

1,...,m —i/2 has probability at least 1 — e~ for some § > 0.
Taking expectation in ([@I2]), we get

E |is,?, 1r| < 2a20E [67215] , (4.13)

Moreover, if E denotes the event from Lemma [43] then since R_; has dimension d <
n—i/2<n—n'"7 we see that

E[67%15] < Ci™%/e, (4.14)
From (4I4)) it follows that
E {5;2 1F} <Ci"Ye 4K [5;2 1F0Ec}
< Cie 4 20-2/ap(gey < 032/ 4 =302 a

where we use the bound d; > n(1=2")/® on F and the bound on P(E¢) from Lemma E3l
If v < 1/6, then 3(1 — 2v)/a > 2/a and therefore n=31=20/a < j=2/@ From @I3) and
recalling that a, = (cn)'/® one then obtains

(1+2/a)
”) , (4.15)

E|: n— ZZ]'F:| \Cl (?
for some new constant C’ > 0.
From (ZIf) one can prove (IT)) as follows. Define the event G, := F N {s,, > n~’}
for some b > 0. From the above facts and from Theorem 2] we can choose b so that
P(G,,) — 1. One has, for 0 < p <2

00 L2n 1 n—1
B (16, [ o riraa) = 1 Z Bls, i do+o Y Elsde,
0 i=[2n1=7]+1
) 1 n—1 ) " %(1+2/a)
<2npn_V+E' > Els, 2 1pP? <20t 4+ = Z( > )
i=[2n1=7|+1

for some new constant C' > 0. If v € (0,1/6) is fixed, and b > 0 is given, then we choose p
such that p < v/b and p < 2a(2 + «) so that the above expression is uniformly bounded.
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