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Abstract. We consider the Carleson embeddings of the classical Hardy spaces (on the disk)
into a LP(u) space, where p is a Carleson measure on the unit disk. This includes the case of
composition operators. We characterize such operators which are r-summing on HP, where p > 1
and r > 1. This completely extends the former results on the subject and solves a problem open
since the early seventies.
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1 Introduction

In this paper, we investigate Carleson embeddings on classical Hardy spaces H? when p > 1.
In the following, the unit disk of the complex plane is denoted D = {z € (C‘ |z| < 1}. Its boundary,
the torus, is denoted: T = {z € (C‘ |z| =1} = OD. We denote by H(ID) the class of holomorphic
functions on the unit disk. At last the Hardy spaces are defined by

Hp:{fGH(ID))’ sup/’f(rz)‘pd)\<oo}
r<1JT

and
» 1/p
171 =suw ([ 17620 an)"" = sup | looe
r<l T r<l
Here A stands for the normalized Haar measure on the torus (it is the normalized arc length), and
fr(z) = f(rz) with r € (0,1) and z € D.

_ Now, let us turn to our main subject. Given a positive Borel measure p on the closed unit disk
D, we consider the formal identity J,, from the Hardy space H? into LP(u) (we keep the notation
J,, instead of J,, ,, in the sequel for sake of lightness):

Ju HY  —  LP(p)
o= 7

This is well defined and bounded if and only if u is a Carleson measure, i.e.

igu(w(& h)) = O(h),

when h — 0, where W(¢, h) is the Carleson window

W(ERh)={z€C|1-h<|z|<1 and |arg(zf)| < h}.



Let us recall that J, is compact if and only if p is a vanishing Carleson measure:

Supu(W(E, h)) = o(h),
EET
when h — 0.

Moreover let us mention that there is no real restriction in assuming in the sequel of this paper
that p is actually a measure carried by the open unit disk: let us assume a priori that p is carried
by the closed unit disk and that J, is either order bounded or r-summing for some r > 1, then in
both cases, J,, is actually compact and a necessary condition is that x(T) = 0. Hence from now
on to the end of the paper, we are going to assume that p is actually a positive Borel measure p
on the open unit disk D.

One motivation to get interested in the Carleson embedding is that it allows to treat the case
of composition operators on HP.

Let us recall that, given a symbol, i.e. an analytic function ¢ : D — D, the composition
operator Cy, : H? — H? is well defined and automatically bounded (see the monographs [CmC] or
[S1] for example). Moreover many operator properties of Cy, can be expressed in terms of Carleson
measures thanks to the transfert formula. Indeed, since ¢ € H, it admits boundary values almost
everywhere: 11111 p(ré) exists for almost every £ € T. We shall write simply ¢(£) in the sequel

r—1-

(although in the literature, it is often denoted ¢*(§)). The pullback measure of A associated to ¢
plays now a crucial role:

Ao (E) = ({E eT|p€) € E}) where E is a Borel subset of D.

The transfer formula gives

Vfe HP, 1 foellar =1fllLrma,)

hence many properties of the operator C, are common with the ones of the operator J,,, in
particular compactness, r-summingness,...

The case of weighted composition operators can also be treated in the same manner.

We are going to characterize those operators J,,, which are r-summing for some r > 1. Before
standing the results, let us recall the definitions

Definition 1.1 Suppose 1 <r < 400 and let T: X =Y be a (bounded) operator between Banach
spaces. We say that T is a r-summing operator if there exists C > 0 such that

n 1/r n
(ZHT%HT) <C sup (Z| ¥, ;) ) =C sup Za]—sz
= G,GBET/ j=1

for every finite sequence x1, xa,...,x, in X.

The r-summing norm of T, denoted by m,(T'), is the least suitable constant C' > 0.

The class of summing operators forms an operator ideal (for instance see [DJT] for more details).

We shall use several time the following well known fact about summing operators (see [DJT]):
a bounded operator T : X — Y is r-summing if and only if for every X-valued random variable F’
on some measured space (€2, ), we have

/QHT( D" dv < C sup /|§ w))|" dv (1.1)

EEBxx



for some constant C' > 0. Actually the best admissible C' is (7,(T))".

Very few results are known on absolutely summing composition operators: there is a character-
ization of r-summing composition operators on H? due to Shapiro and Taylor in [ST| only when
r = p > 2. The same result (with an obviously adapted proof) is actually valid for general Carleson
embeddings:

Theorem 1.2 [ST] Let p > 2.
Jy s p-summing on HP if and only if

1
—dp < oo (1.2)
/]D)1 = |2l

Moreover, for every p > 1, the condition (1.2) is sufficient to ensure that .J, is a p-summing
operator on H?. When 1 <p < 2, J, is actually even absolutely summing since H? has cotype 2.

A natural question then arises: is (1.2) the good condition (i.e. a necessary condition) when
1 < p <27 This is false in general: Domenig proved in [Do| that, given p € [1,2) there exists an
absolutely summing composition operator on H” which is not order bounded. He was able to give
some sufficient condition for the construction of his example, but without any characterization.
Let us mention that, in this case, it is equivalent to be an order bounded Carleson embedding
and to verify condition (1.2). Indeed, the following is known from the specialists (see for instance
[LLQR1] in the case of composition operators).

Proposition 1.3 Let p be a Carleson measure on the open unit disk D and p > 1.
Ju: HP — LP(u) is order bounded if and only if (1.2) is satisfied.

Proof. By definition, J,, is order bounded if and only if there exists some h € LP(u) such that for
every f in the unit ball of H?, we have |f| < h a.e. on D. Since HP? is separable, it suffices to test
this control on a dense countable subset of the unit ball de H”. Hence J, is order bounded if and
only if

sup | f(2)|? dp < o0
HT)

fe
lFlI<1
which is equivalent to
L1 ds < o
where §, is the evaluation at the point z € D, viewed as a functional on HP.
1
It is well known that ||0.|| = W and the result follows. H
— |z

As far as we know, there is no other result on the characterization of summing composition
operators (or merely Carleson embeddings). In particular, the following problem was fully open
(except when r =p > 2).

Problem:
Given p,r > 1 and p a Carleson measure on the unit disk, which condition on p characterizes
the fact that J,, is a r-summing operator ?

In this paper, we are going to solve completely this problem for p > 1 and » > 1. Our
characterizations involve Carleson windows when p > 2 and r > p’, or integral conditions when
1
p € (1,2) or r < p'. Here, as usual, p’ is the conjugate exponent of p > 1: — + — = 1.

Concretely, let us describe the organization of the paper. The first section is devoted to the
introduction of the notions and questions. In the second one, we state our main results and
specify the special case of composition operators. We finish with a few examples enlightening our



statements. The third one treats what we call the diagonal case: we restrict the domain to the space
spanned by the monomials V1, ... 22"V and the measure to the corona |z| € (1—1/N,1—1/2N).
It turns out that in this framework, the embedding acts as a diagonal operator on the classical ¢P
space. The difficulty is now to glue the pieces: section 4 provides some tools to do so and section
5 makes explicits some consequences for our purpose. In section 6, we focus on the case p > 2:
most of the cases follow the results obtained in the previous sections, but the case r < p’ requires
a specific approach. The case p > 2 cannot be treated following the same ideas and we treat it in
the section 7. At last section 8 is devoted to some examples and remarks. For instance, we focus
on the (formal) identity from the Hardy space H? to the Bergman space BY, and on the other
hand we compare the different classes of r-summing composition operators.

We state here a first statement which is an elementary necessary condition when 1 < p < 2
and has a double interest: it first gives a useful (practical) test in some cases. On the other hand,
this necessary condition is a step, which turns out to be mandatory for a step in the proof of our
characterization. Without waiting for the right characterization, we can notice that this is surely
not a general sufficient condition.

Proposition 1.4 Let 1 <p < 2.

1. Let 1 < g < 2. We assume that the formal identity f € HP — LI(D, pu) is a r-summing

d
operator for some r > 1. Then the measure ﬁ s finite:
— 123
/ ! dp < (1.3)
— dp < . .
p (1 —z[)2

In particular, if we assume that J,, : HP — LP(u) is an r-summing operator for some r then

1

2. When 1 < p < 2, the preceding condition 1.4 is not sufficient in general.

For instance, applying this result to the normalized (area) measure 4 on D, we can already
point out that the formal identity from HP to the Hilbert Bergman space is not r-summing for any
p €[1,2] and any r > 1.

Proof. 1. Since HP and L7(u) have cotype 2, the operator is actually r-summing for every
r > 1. In particular, it is a g-summing operator. Thanks to the Pietsch domination theorem, there
exist C' > 0 and a probability measure v on the unit ball of (H?)* such that, for every f € H?, we
have

[uranzc [ lapa).
D Bup-

We apply this inequality to
N
fulz) = Z rn(w)z"
n=0

where N > 1 and (r,,) is a sequence of i.i.d. random variables (Rademacher). Then we can take
the expectation with respect to w to obtain via Fubini and the Khinchin inequalities:

/D (i |Z|2n)‘1/2 du < C’/B Elo(f0)|? dv ().
n=0

(HP)*

for some constant C’ depending only on ¢ and C.



But the duality between (HP)* and HP can be written: a(f) = a * f(0), so that

q/2
< lafl3.

Ela(f.)| < (Elax £.(0))

As p' > 2, every a € By~ belongs to Bpp.
We get for arbitrary large INV:
1 Jo2+) g
—— ) du <.
/D ( 1— [z ) =

Taking the limit when N — 400, the conclusion follows.

2. We consider the examples contructed in Lemma 4.3.[LLQR3|. There exists some function
¢ : D — D analytic where |p(e)| = e=/®) with f(t) ~ [t| for ¢ in the neighborhood of 0 and
’(p(e”)’ < 1 out of this neighborhood of 0. Since p/2 < 1, it is clear that condition 1.4 is fulfilled
although C, is not summing on H”: indeed it would be compact on H? (thanks to Sarason’s result
in [Sa| for p = 1), equivalently, compact on H? which is not. m

2 The main results.

We state below our main results which characterize any absolutely summing Carleson embed-
ding. As usual, the notation A ~ B means that there exist two constants ¢,¢’ > 0 (depending on
r and p only) such that A < ¢B < A.

In addition to the Carleson windows, these characterizations involve special domains. We first
divide the open unit disk D into dyadic annuli
where n =0,1,2,---

1 1
FnZ{ZGD’1—2—n§|Z|<1_ﬁ}’

Then each T, is divided into 2" similar pieces R, ;, 0 < j < 2", that we call Luecking boxes:

Ru;={zeD|1- 2% <|z|<1-— and arg(z) € (2mj/2",2n(j +1)/2"] }.

2n+1

So clearly the family of the R, ; with n > 0 and 0 < j < 2", forms a partition of I.
We will also use the Stolz domain ¥¢ at ¢ € T which is the interior of the convex hull of

D(0,1/2) U{&}-
Characterization of absolutely summing Carleson embeddings:

Let i be a Carleson measure on .

1) Let 1 < p < 2. The natural injection J,,: H?(D) — LP(p) is 2-summing if and only if
D: & —d
3 rrdn(z)

belongs to L*/P(T, d)\), where Y¢ Is the Stolz domain at point £ € T. Moreover we have

1 1
ma(Ju) ~ [[®]l5)0 ~ |1 ]5P, (2.1)

1
where ¥ (§) = / = du(z), for every & € T.
D £ — 2|2

2) Let p>2 andr > 1.



e When1<r <p' , we have

SIS

1/2
T (Ju) = mi(Jy) = ||FHLP/(T), where F(& [Z 22"( W (¢, 2_")) ] (2.2)

n>0
e When p/ < r < p, we have
/ 1/r
r/p
=[S 5 (un)”] 23)
n>0 0<j<2n
e When p < r, we have

7 (J) () ~ [Z S 2%u(Ray)

n>0 0<j<2n

1/p

1/p
1

Before giving the corollaries for composition operators, let us mention several remarks:

i) In the case p = 2, we recover the characterization of 2-summing operators (i.e. Hilbert-Schmidt
operators):

1
———zdp dN(§ / / ———5d\(§) du ~ / —— du
//Es 1—|z))? (el zezey ( |Z|) p1— 2]
thanks to Fubini’s theorem and since {{| z € ¥¢} is an interval of length ~ 1 — |z|.

ii) On the other hand, we recover the necessary condition given by Prop 1.4: when p < 2, we
have p/2 > 1, and hence, by Fubini’s theorem,

1 2/p p/2 1
S | d\ > // 7 dpd)
(/qr</z:5 (1—|z?)t*+2 u) ) se (1—[2[2)'2 :
du
//{52625} 1*IZIQ)

o (T—:PE "

Q

ili) Our characterizations show that the r-summing character of J,, depends only on the sequence

of values {M(Rn7j)}n>0_]<2"- More precisely, we point out that when two positive (finite)

measures y and v satisfy 1(Rn;) < v(Ry,;) for every Luecking rectangle Ry, j, then m,(J,) <
T (JV) for any r > 1. This can be checked from our characterizations: it is obvious when
p > 2 and r > p’. In the other cases, just use the fact that the Luecking rectangles forms a

partition of the unit disc. For instance, the function ¥ in (2.1) is equivalent to

3 (€ Rug) P (Ray).

n>0
j<2n

In particular, when M(Rn,j) = Z/(Rnﬁj) for every n and j, then J, is r-summing if and only if
Jy, 18 r-summing.



iv) This leads to the natural question to wonder whether the characterizations depend on the
order of enumeration of the values M(Rn,j)- More precisely, when p > 2 and r > p’, the
r-summing character of .J,, is clearly invariant by permutation of the values of { u(Rm j) }j con

(for each fixed integer n). It turns out that it is no more true in the other cases. We have the

following examples

e Example 1. Let p > 2. There exist two (finite) measures p and v on ID such that

— For every n > 1, the sequence {M(Rn,j)} is a permutation of the sequence

()},
— Ju : H? — LP(p) is 1-summing.
— J, : H? — LP(v) is not p/-summing.

j<an

Consider the centers z, ; of the R, ; and two sequences: (m,,) is defined as the integer
n

part of 2 and a, = 27"Pn"? with v fixed in the interval (1%, % — %)

Now our measures are

Mn

n= Z Qi n where o = Qlp Z 6zn7j
n>ng 7=0
and
lp+my,
V= Z anVy, Where v, = o, Z 0z
n>ng 7=ln

where ng is large enough and /,,41 = 2(ln + mn).
Let us point out that the radial projection on T of the rectangles R, ; charged by v are
pairwise disjoints arcs whereas for the measure pu, these projections are arcs tending to
the point 1, when n tends to infinity.
e Example 2. Let p € (1,2). There exist two (finite) measures p and v on D such that
— For every n > 1, the sequence {u(Rn;)}
{V(anj) }j<2n'
— Ju : HP — LP(p) is 1-summing,.

j<an is a permutation of the sequence

— J, : H? — LP(v) is not r-summing for any r > 1.

The construction is similar to the previous one but we have to interchange the way we
define p and v in order to get now that the radial projection on T of the rectangles
R, jcharged by ;1 are pairwise disjoints arcs whereas for the measure v, these projections
are arcs tending to the point 1. Also the parameters «,, have to be adapted.

We leave the check of the details to the reader.

As an immediate corollary, we can characterize r-summing weighted composition operator for
any r > 1 and any p > 1. Indeed, dealing with the operator f — w(f o ¢), it suffices to consider
the measure 1 = v, where dv = |w|? d\. Nevertheless, we state precisely these particular results
only for composition operators. One involves the Nevanlinna counting function:

(? log ﬁ if w # ¢(0) and w € (D)
wy={

0 else.

where the sum runs over the roots counted with multiplicity.



Characterization of absolutely summing composition operators:

Let ¢ : D — D be an analytic map such that its boundary values satisty |p(w)| < 1 for almost
every w € T. If C,, is the composition operator from H? to HP, we have

1) When 1 < p <2, for any r > 1:

2/p 1/2
7 (Cyp) = m(Cyp) = l/ </ lo(w §|1+P dA(w)) d)‘(‘f)]

2) When p > 2,

o forl1 <r <y,
,71/2
7(Cp) ~ m(Cy) ~ ||F| o iry  where F(& [222”( W, 2™ ”))] (2.5)
n>0
o forp <r <p,

ﬂ'T(Csa)

Q

= 5 ()]

n>0 0<5j<2n
1/r

/ N\ da

p \1—[2 (1 —1z?)
1 1/p

m(C,) ~ </T - d>\> (2.7)

In the case p’ < r < p (see (2.6)), the equivalence with the integral quantity comes from the
fact that the r-summing norm of C, (on HP), thanks to Luecking’s characterization [Lul|, turns
out to be equivalent (up to an exponent) to the 2--Schatten norm (on H?) . Then we use the
characterization of the membership of C, to the Schatten classes, given by Luecking and Zhu
[LZ] and involving the Nevanlinna counting function. We could also use directly the results on
equivalence between the measure of Carleson’s windows and the Nevanlinna counting function, see

[LLQR2| and [LLQRA].

o forp<r,

3 The diagonal case

In this section, we fix an integer N > 1 and we characterize the absolutely summing norm in
the case of a measure concentrated on the N** corona. More precisely, we consider the restriction
un of p to the corona Gy, defined by un(A) = u(ANGy), where

1

1
ng{ZG]D)|1f—<|z|<172N

We are then interested in the behavior of the operator J,,. It turns out that r-summing norm
of J,, is equivalent to that of its restriction to the space spanned by the monomials 2* . where
N <k <2N.

Our characterization will rely on the values of the measure of the boxes

1 1
RN, = {z € ID)‘ 1- N <zl <1-— IN and arg(z) € (2mj/N, 27 (j + 1)/N}}



Of course Gy = Up<;j<nRn,;. Later we shall use the results of this section with the dyadic version
N = 2" recovering the Luecking boxes since we have R, ; = Ran~ ; and I';, = Gan.

The following proposition makes the link between the behavior of the restricted Carleson em-
bedding and a suitable diagonal operator on classical £%; space. We define the multiplier operator
M from £5; to €5, by Ms(e;) = Bje; where B € CVN and {e;}o<j<n is the canonical basis of /4.

Proposition 3.1 For every r > 1 and p > 1, we have
7o (S ) = 7 (M)
where B; = (Nu(Ry;))"/", for0<j <N.

In the previous statement, the underlying constants depend only on p and r. Actually we are
able to prove a more general statement. Before stating it, we shall give some other definitions.

Definition 3.2 We say that a norm a of operator ideal is a monotone ideal norm if the following
property is fulfilled: whenever we have three Banach spaces X, Y1 and Ys and two operators T :
X =Y, and S : X = Y, such that || Tx| > ||Sz||, for every x € X, we have o(T) > a(S).

All r-summing norms are monotone. If a is monotone, we have in particular «(T) = a(j o T'),
for every T' : X — Y and any isometry j : ¥ — Z. We will need the following result about
monotone norms.

Lemma 3.3 Let & be an operator ideal with a monotone norm «. Let X, Y be Banach spaces
and (2,3, 1) a measure space. Assume that we have defined operators S: X —Y andT,: X =Y,
w € Q, such that the map w — T, is measurable (with values in 7 (X,Y)) and we have

[|Sz| < / ([T du(w), for every x € X. (3.1)
Q

Then a(S) < /Qa(Tw)du(w).

Proof. We can assume that [ a(7,)du(w) < 4oco. Let Z = L'(u,Y) be the space of Y-
valued Bochner integrable functions defined on (€2, X, 1), and define T: X — Z by Tz(w) = Tz,
w € Q. Condition (3.1) means that ||Sz|| < |[|[Tz||, for every x € X. Since « is monotone we have
a(S) < a(T). We finish because it is not difficult to see that

o(T) < / o(T,) du(w) .
Q
In fact, this is clear if w + T, is a step function and the general case follows by density. [ |

We denote by HY, the subspace of H? spanned by {1,. .., 2N=1} and by f{\g = zNHJ’z, the space

spanned by {zV,...,22N=1}. Clearly H % and HY, are isometrically isomorphic via the mapping
feHY —Nf

Theorem 3.4 Let p > 1 and a be a monotone norm on an operator ideal . Let N be an integer,
with N > 1 and consider the following operators:

(a) Juy: feHP — fe LP(D, un).
(b) T,NZ fEH%’HfGLp(D,,U,N).



(C) Tp,N: fef—f\g»—>f€Lp(ID),,uN).

1
(d) Mg (a;)o<jen € L — (Bja;)o<jen € LF, where B; = (Nu(Rn ;) &

We have
o Juy) = a(Tp N) ~ a(Tp,N) ~ a(Mp)

where the underlying constants are independent of N and «.

We shall need some lemmas. The following one is an obvious extension of a classical result (see

2179
7.10[Z], p-30). We shall write §; = exp( N ) for any j € {0,.. —1}.

Lemma 3.5 Let 1 < p < co. Then we have, for every f € HY,,

| Nl 1/p
1£llp ~ (N > |f<9j)}”> :
j=0

Note that the estimations are uniform on N and depend only on p.

Lemma 3.6 Let 1 < p < 0.

Let us define Q(2) =1+ ---+ 2NV~ and Q;(2) —-1/p’ Q( z)
Then, there exist ap,b, >0 such that for every ug,...,uny—1 € C:
N-1 1/p N-1 N-1 1/p
ap< > |uj|z)> < Do wQ| < bp< 3 |uj|p>
j=0 j=0 Hr j=0

Proof. Point out that Q;(6;) = N'/?§;, (the Kronecker symbol) for all 5,1 € {0,..., N — 1}.
Using Lemma 3.5, we get

N-1 | N-1 N1 , N1
SuiQi| o~ YD Qi = Y
=0 Hr =0 j=0 1=0
|
Proof of Theorem 3.4.
It is obvious by restriction that oa(J“N) > oz(TpﬁN).
The fact that a( s N) (Tp7 N) follows from the fact that there is an isometric isomorphism

between H and HY, (described above) and the fact that for any f € H?, the LP(ID, uy)-norm of
f and sz are equivalent since |z|" belongs to (1, %) when z € Gy (and N > 1).

Let us prove that a(JHN) < a(TnN)- For every f € HP, we consider y,, which is the projection
Tm(f) of f on the space Z,,, spanned by the z* when k runs over {mN,...,(m+1)N —1}. Since
p > 1, the Riesz projection is bounded and there exists a constant 7, > 0 depending on p only such
that ||ym||ge < rp||f|lar. So, the operator m,,: f € H? +— y,,, € Z,, C H? is uniformly bounded
by 7.

Now there exists f,, € HX such that 2™ f,, = y,,. Moreover the correspondence y,,, € Z,, C
H? + f,, € HY, defines an isometric bijection R,,. We have

HZmemHLP(D UN) se m/QHmeLP(Dv“N) ’

10



for every N > 2. It means that the operator
Mp: g € LP(D, pun) — 2™V g € LP(D, )

has norm less than e~ ™/2.
Therefore, the sum o, of the operators Jm)

= M,, o T, y o Ry, © mp, acting from H? to
(D, un) converges. Using the ideal property, we have for any ideal norm « (and in particular

for the operator norm):

—m/2 Tpy/e
OZ(ZMmOprNORmOﬁm)SZTPe ™/ a(TPvN)—\/é 1 (pN)
m>0 m>0
Since the operators o, and .J,, coincide, for instance on polynomials (hence on H?), the operator

Juy may therefore be written as the sum of the operators J (™) moreover

() = T2 a(T),

Let us prove that a(Qﬁg) < a(TpﬁN). We will assume that y(Ry ;) > 0, for every j, the general
case can be easily deduced from this one. From 3.6, we know that HY, is isomorphic to £5; (with

constant not depending on N) via the mapping

_a1=2N
On the other hand, since Q;(z) = N~ #’ ( —
1— 9]'2

), we have |Q;(z)| < NP, for every z € D,

and for every z € Ry j,

(1 — L)N—l/p/
NP S - <1Qs(2)]-
|0 — z| ’
This implies that
1 Nu(Ra))
HQJ Rl Looun) ( n N’])) '

Let us consider the “diagonal” operator

A=DoMgo¥~t: HY — LP(D, un)

where
N—-1 “1/p
D:ue E?V — Z (N/L(RNJ)) Uij][RNJ S LP(D,MN)
7=0

Claiml:  «(Mg) = a(A).
It is clear by the ideal property that
() < [IDfle(Ms) [T 7] S () 1Dl

But, for every u € £%;, we have

N-1

~ [lully

1 p
.|P .
D (u) LP(JDJ I (N,LL RN J ) [l HQJ 1R Lr(D, )

Jj=0

11



hence a(A) < a(Mp).
Actually since ¥ is an isomorphism (with uniform constants) and D is an isomorphism on its
range, we also have a(smﬁ) < a(A). Claim 1 is proved.

Claim 2: alA) < a(Tp7N).

To prove the claim, we shall use the underlying unconditionality, so we incorporate a random
perturbation in some of the previous operators. More precisely, let us consider a random choice of
signs o = (0g,...,0n_1) € {1}V and define

Ay =M,o0T, Note: Hy — LP(D, pin) ,
where

N—-1

M,: f S LP(D,MN) — Z (O'k]IRN,k)f S LP(D,MN>
k=0

and v, is defined by its action on the basis {Q;};: ¥»(Q;) = 0;Q;.
Clearly, for any o, M, is an isometry and ¢, is an isomorphism with norms not depending on
o; actually 1, is conjugated (via ¥) to the diagonal operator on ¢4, associated to the o, which is
an isometry.
It is easy to check that for every j € {0,...,N —1}: E;A,(Q;) = Q;Ir, ;. So we have for
every f € HY:
E.Aq(f) = A(f).

By convexity and the properties of an ideal norm, we get that a(A) < Ega(Ag). But

a(Ag) < [T la(Tp,n)

o
)< a( N)-

At last let us prove that a(Tp N) < a(imﬂ) We again assume p(Ry,;) > 0, for every j. We
first concentrate our attention on the box Ry o and we consider a Jordan curve v C D surrounding
R0 such that the length of 7, denoted by ¢(v), satisfies £(y) < 1/N and satistying d(z,v) 2 1/N,
for every z € Ry, 0. By the Cauchy formula, we can write for any analytic function f on D and

any z € R ,o:
f(w
2271'/ -z

——d|w| on v, we obtain

Claim 2 is proved and we conclude that (90

Introducing the probability measure dP =

5(7)

A5 [ 1w d(w)

Now, when z € Ry j, clearly |f(2)] < / |f(0;w)|dP(w). Introducing the operator
gl

N-1

Uw: f € Hﬁf — Z f(ekw)]:[RN,k € Lp(DaMN)
k=0

we have then for every z € Gn

SIS [ V)] dw

12



In particular,
19050 S [ 101,10y 2BC0)
Yy

and, by Lemma 3.3,

o(Tyn) S La(Uw) dP(w).

To conclude, we shall now concentrate our attention on Oé(Uw), where w € « is fixed. The
operator U,, is the composition of three operators: A,,, Mg and B,,, with
Ay: f € HY — (f(ij)N_l/p)

P
o<jen €N

and
N—1 Ly
By:u e lh — Z up (R k) PIgy, € LP(D, un).
k=0
As soon as the proof that A, and B, are bounded (with bounds independent from w) will
be done, we shall get that a(Uw) < a(img) and the conclusion of our assertion. B,, is obviously
isometric.
Writing w = re’® and denoting by P, the Poisson kernel and by 7, the translation on the circle
group T, we notice that

Ay(f) = (Pr* Taf(@j)N_l/p)ogkN‘

Since, f € HY + P, x7,f € HY is a contraction, it suffices to invoke Lemma 3.5 to conclude that
A, is bounded (with bound independent of w). This ends the proof of the theorem. MW

4 Toolbox: how to glue summing operators

4.1 Summing multipliers

The results of this section are certainly well known from the specialists. Nevertheless, most of
them do not appear easily in the literature (actually we did not find some of them). For sake of
completeness, we state and prove all of them. In this section 8 = (8,) is a bounded sequence of
complex numbers. In the following result, 91z stands for the multiplier operator on ¢#, with p > 1,
defined by Mg(e,) = Bnen, where (e,) denotes the canonical basis of (7.

Proposition 4.1 With constants only depending on p and r, we have:

1. For1 <p<2and everyr > 1,

- (Mg) ~ |82 (4.1)
2. Forp>2andr <yp,

T (Mg) ~ || 8| (4.2)
3. Forp>2andyp <r <p,

m-(Mg) = |18 (4.3)
4. Forp>2andr >p,

- (Mg) ~ 1By (4.4)

13



Proof. 1) Since ¢P has cotype 2, an operator from (P to itself is r-summing operator for some
r > 1 if and only if it is r-summing for every r > 1. Hence it suffices to treat the case r = 2.
We have two different arguments. The first one follows from the fact that the composition of two
2-summing operators is nuclear. Here this gives that 0z o Mg = Mp= is nuclear. It is then easy
to conclude that 32 € (1.

Another argument uses only the Pietsch domination theorem: we are given C' = ma(Mg) > 0
and a probability measure v on the unit ball of (£2)* = ¢ such that, for every a € ¢7, we have

[a@lp < [ | Y amatm)| i)

B“)/

We apply this inequality to
N
a, = Z rn(W)upe,
n=0

where N > 1, (r,) is a Rademacher sequence and v is a norm 1 multiplier from ' to 2, or
equivalently, belongs to the unit ball of £¢ with ¢ = 2p/(2 — p). Then we can take the expectation
with respect to w to obtain via Fubini:

[ (a)]2 < C2 / - w2 dv(a) < C2 / a2 o2 di(a) < 2.

op’ B[p/

Hence f is actually a multiplier from £¢ to /7 (with norm less than C): we obtain that 8 belongs
to £ (with norm less than C).

Conversely, when 3 € ¢, we can factorize Mg through the identity from ¢! to ¢2. Indeed,
writing ¢ = 2p/(2 — p) € [2,+oc], it suffices to write 3 = be, where b € ¢ (hence it induces a
multiplier from ¢ to ¢!), ¢ € £7 (hence it induces a multiplier from ¢ to %) and || 3|, = ||b||, -[Ic|l4-

2) When 95 is r-summing, its adjoint Mg : 7 — £¢" is order-bounded (see [DIT] p.109),
which is equivalent to 8 € (7. Conversely, when g € ¥, we can factorize in an obvious way
9M s through the identity from ¢! to £2, which is absolutely summing thanks to the Grothendieck’s
theorem.

3) The sequence (e,) is weak-¢" (with norm 1 actually) since £ C ¢?. Hence by definition
18llr < 7 (9Mg). Conversely, when 5 € ¢, thanks to the fact that » < p, the operator Mg
factorizes through the multiplier by 5, viewed from ¢°° to ¢". But this multiplier is r-summing
with norm less than [|3]],.

4) When 3 € (P, the operator Mg factorizes through the multiplier by 3, viewed from £ to
7, which is p-summing with norm less than ||3]|,. A fortiori, m(Mg) < m,(Mg) < ||5]|p-

On the other hand, since ¢? has cotype p, we deduce from [DJT| p.222, that the operator Mg
is (p,2)-summing as soon as it is r-summing. Now, the canonical basis is clearly weak-£? because
p>2,s03€lP. B

Even without having the full characterization yet, we are now ready to exhibit an example of a
composition operator on H?, with p € (1,2), which is order bounded but not absolutely summing
(recovering the result of Domenig [D]). Indeed, we consider the symbol constructed in [LLQRS3,
proofs of Th. 4.1 and Lem. 3.7] with 8 € (1,2/p). With this symbol, the size of the Luecking
boxes is controlled as follows: for every n, j:

Ap(Rpj) m 27 (0F5),

Applying both (4.1) and Th. 3.4, we get that the operator J,,, has a 2-summing norm of the order
of 2(n/2=n/P8) Gince it is summable, it implies that J, is 2-summing.
On the other hand, J, is not order bounded since

1 1 \
D= —— Do~ 2N (R, )~y 27075 = .
/1—|Z| 2 /]D)l_lzl 2 nzj <P(R J) ; oo

D
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4.2 Some glue-lemmas for summing operators

Lemma 4.2 We firr > 1 andn € (0,1). Let S: X — Y be an r-summing operator. There exists
a step function F': [0,1] — X such that

1
° / ’X(F(t))’T dt < 1 for every x in the unit ball of X*.
0

e For everyt € [0,1], ||S(F ()| = nm(S).

Proof. By definition of the summing norm ,.(S), we can find a finite number of vectors
Z1,...,2n € X such that S(z;) # 0 and

wp Y et <1

£€Bxx1<j<n

and Y
(X IS " =0 m ().
1<j<n
Now, choose a mesurable partition A;,..., A, of [0, 1] such that each A; has measure
sl
Al = =0 -
> @l
1<i<n
Now define
1
F = Z VL Ta,.
7j=1
It is now very easy to check that F' works. [ |

Proposition 4.3 We fitp > r > 1. Assume that for everyn > 1, there is an r-summing operator
T, : X =Y, such that (ﬂr(Tn))n>1 € (". Then the operator

T:X — B,

is an r-summing operator and we have

@) < (Smay)”

Proof. Let us fix vectors x1,...,x, € X such that

We have

r/p
> Jrel = ¥ (Slnw])

1<j<m 1<j<m \n>1

Since p > r, we get

> e < Y|

1<j<m 1<5<m
- n>1

T (z5)

<>y s Y et

£€Bxx 1<j<m
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Proposition 4.4 We fit p > 1 and r > 2. Assume that for every n > 1, we have a bounded
operator T, : X,, — Y,. We assume that the operator

T X=@®pX, —  ®pYe
(zn)n — (Tn(zn))nzl

is an r-summing operator. Then each T, is r-summing and we have
1/p
k() = (2 m(Ta)?)
n>1
where k, is the constant given by the L"-L?-Khinchine inequality.

Proof. We fix n € (0,1). Thanks to Lemma 4.2, we have, for each n > 1, a function
F, :]0,1] — X, such that

/ ’x "dt <1, for every y in the unit ball of X,

e For every t € [0,1], || Tn(Fu(t))|| = n - m(T0).

Now we consider a Rademacher sequence (ry,),>1 (viewed on [0,1]) and we can define the

function
F: (0,1 — @DpX,

(tw) —  (Fu(t)r (w))nZI

On one hand, we have for every £ in the unit ball of X*: £ = (&,),>1 where &, belongs to X and
Z l€4]1% < 1. Thanks to the Khinchine inequality:

n>1

//[07”2 yg(F(t’w))‘Tdtdw:/01/01‘grn(w)fn(Fn(t))‘rdetSkr/ (3 len(Fu )/th

n>1

Invoking the triangular inequality in L"/? (recall that r > 2), we get

//[01 NI dtdww(;(/ol EaBa(E)]" dt)z“)w.

We can write &, = ||&,]|xn where x,, belongs to the unit ball of X*. We obtain

J[L, el ao < i (3 el ([ tmonr ) ”)”E:(Znsnw)

n>1 n>1

1/r
(// w))|" dtdw) < k.
[0,1]2
On the other hand,

r N ; , /p
//[O,I]ZHT(F(t,w))H dtdw//[O,I]Q(ZHTTL(Fn(t))H) it = o (Y nm)”.

n>1 n>1

r/2

Therefore

At last, it suffices to observe that

1/r 1/r
(// |7 (F(t,w)||" dtdw) < (T (// w))|" dtdw) :
[0,1]2 &eBx* 0, 1]2

Since 7 is arbitrary, we get the conclusion. [ |
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The following result is a variant of the preceding one.
Proposition 4.5 We fit ¢ > 1 and r > 1. Assume that for every n > 1, we have a bounded
operator T, : X,, — Y,. We assume that the operator
Tr"X=,X, — D~ Yn
(xn)n — (Tn(z"))nzl

is an r-summing operator. Then each T, is r-summing and we have
1/r
m(T) > (Z WT(TH)T) when r > ¢’
n>1

and

@) (Y m@)) whenr <4

n>1

Proof. The proof is straightforward: fix n € (0,1) and for each n > 1, choose a finite family
of vectors (zF) such that

sup Z |X($ﬁ)|r <1 and Z HTn(xﬁ)Hr > (Th)"
k

Ixllxx <17%

Now consider a norm one multiplier a from ¢4 to ¢" and the family of vectors of X defined by

Uk = On (0, . ,xfw 0,.. ) (the a priori non zero entry is placed at the nth place). For every ¢ in
the unit ball of X*, we have £ = (&,) with Y _ [|&,]|* <150
n>1

S le(ni)|" =D laal lea )] = X lanl"lleall” (X 16 (=5)])
n,k n,k n k
where {n lies in the unit ball of X . Hence
r r r N/
> lelenn)]" < Xlanl ol < (X llenl”) ™ <1
n,k n n>1

On the other hand, by definition of the r-summing norm, we have

w0 2 ST ) = 30 Y Jaul - [T )7 = S nfanl (T3
n,k n k n

Taking the supremum over the norm one multipliers from 07 o0 (" and n < 1, we get the result. W
For convenience, we state now three corollaries (these are the versions we shall actually use).
Corollary 4.6 We fixp <2 and r > 2. Assume that for every n > 1, we have a bounded operator
T, : X, — Y,. We assume that the operator
T X=,X, — D, Yn
(Tn)n (Tn(’r"))n21

is an r-summing operator. Then each T, is r-summing and we have

b (1) = (S m(?) .

n>1
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Proof. For every scalar sequence (ay, ), which represents a norm one multiplier from £P to £2,
we can apply Proposition 4.4 to the sequence of operators (a,T},), and we get

kpmn(T) > (Z |an|p7TT(Tn)p) v .

n>1

The result follows taking the supremum over all the norm one multipliers (ay, ). [ |
Next result is a direct consequence of Proposition 4.5 for ¢ = 2, and the fact that the injection
of @,, Vs into @, Y, is a norm one operator.
Corollary 4.7 We fixp > 1 andr > 1. Assume that for every n > 1, we have a bounded operator
T, : X, — Y,. We assume that the operator
T X=X, — D, Yn
(Tn)n (T"(‘T"))n21

is an r-summing operator. Then each T, is r-summing and we have

- (T) > (Z WT(Tn)T) v when r > 2

n>1

and s
ﬂ-T(T) > (Z ﬂ-r(Tn)2) when r < 2

n>1

Using Proposition 4.3 in one direction and Proposition 4.5 and the norm one injection of @Zp Y.
into @, Y5, in the opposite direction, we get the last corollary:

Corollary 4.8 We fitp > 2 and p > r > p'. Assume that for every n > 1, we have a bounded
operator T, : X,, — Y,,. Consider the operator

T: @pXn — D, Yn
(Tn)n (Tn(xn))nzl

()~ (3 m (T v

n>1

We have

5 Consequences for Carleson embeddings

In this section, we will obtain some estimates about summing norms of Carleson embeddings
exploiting the results obtained for the diagonal case (see Section 3) and “glueing” the partial
operators Tp, ~ or J,. In some cases they provide us with characterzations of r-summingness. Of
course the space LP(ID, i) is the ¢P-sum of the spaces LP (DD, uan ), so it is rather easy to glue the
range. One of the main difficulty is that, except for p = 2, HP is not an ¢?-sum of a sequence of
spaces H %n, whatever may be the value of q. Nevertheless the Littlewood-Paley theorem implies
that we can write any f € H? as an unconditional sum of f;’s, with f; € HJ,.

According to the values of p relatively to 2, we can then exploit the type and cotype properties
of the spaces HP. In particular:

When p < 2, the space HP has cotype 2 and type p so we have:

1/2

(For -+ 050) " 2 15l 2 (1002 + X 14:12)
Jj=0

J=20
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When p > 2, the space HP has cotype p and type 2 so we have:

(F0P+ S 1502) " <171 5 (1002 + 3 1512)
Jj=0

Jj=0

v (5.2)

Another difficulty we must take care of is the fact that summing up the operators Tvpﬁgj, we
shall not get precisely the operator J, but its diagonal version. More precisely, let us compare the
operator J,, and the operator

—+oo
Tp: f € HP — > fillp,, € LP(D, ).

j=0
Lemma 5.1 Letp > 1 and r > 1. If the operator J,, is r-summing, then T, is r-summing and
T (Tp) S 7 (Jp)-

Proof. We first point out that, for every f € HP,

+o00 p 1/p
T P - ‘ ’
1T (H)llz (D, 1) (Jz_; LP(]D),uzj))

For the proof of the lemma we shall invoke a random perturbation argument like in the proof
of Proposition 3.4: let o = (0g,01,...) be a sequence of Rademacher variables (i.e. independent
Bernoulli variables over a probability space (£2,P), taking their values in {£1}). We introduce a
function ¢, € L>®(D, ) and an operator R,: HP — HP by

T (f5)

+oo too
ZUj]IF2j and Rgf:ZO'jfj, feHP.
=0 )

We have ||¢s||co = 1, for every o, and, thanks to the unconditionality of Littlewood-Paley decom-
position, the operator R,: HP — HP is an isomorphism with bounds not depending on o.
It is easy to check that:

EU(-’_ijfj) (fa'k]ll“zk) = -’ffj]lrgj :
j=0 k=0 7=0

So we have for every f € HP: E;q,J, 0 Ro(f) = Tp(f) and this implies that for every r > 1,
T (Tp) S ()

Now we are going to apply the results of the previous section to get some estimates of the
r-summing norms of the Carleson embeddings.

5.1 Some estimates for 1 < p <2

Since H? and L?(p) have cotype 2, we recall that, for any r > 1, an operator T : H? — LP(u)
is r-summing if and only if it is 2-summing.

Proposition 5.2 Let 1 < p <2 and p be a positive measure on the unit disk D. We have

21 2/p 12 2" -1 2/ps p/2 1/p
[Z Z (2"(0.)) /] Sma(Ju) 3 [Z ( z_: (2" 1(Ra ) ! ) /]
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Proof. From (4.1) and Theorem 3.4, we have the following estimate for the 2-summing norm
of the operators J,,,, and T} 2n,

on_q 2/p 1/2
FQ(JMWL) ~ 7T2(Tp72n) ~ [ Z (QHM(RMJ)) ‘| .

Jj=0

We apply (5.1) and Prop. 4.3 (with r = p) to the sequence of operators (J,,. )n to get the upper
estimate for the p-summing norm (which is equivalent to the 2-summing norm) for J,.

Now let assume that J, is 2-summing. A fortiori the diagonal operator 7T}, is 2-summing with
mo(Tp) < m2(Jy) (cf Lemma 5.1). Now applying Corollary 4.6 and (5.1), we get

T2 (Tp) 2 ( Z T2 (TPQ”’)Q) v

n>0

thanks to the factorization €, ffgi v LP(D, p) — @,» LP(D, pon) which acts on each

HY, as T on. This gives the minoration. [ |

5.2 The case r >p>2

Proposition 5.3 Let r > p > 2 and u be a positive measure on the unit disk D. We have

T (Jy) = (/D : j|z| du)l/p.

Proof. From (4.4) and Theorem 3.4, we know that 7, (Tp,gn) is equivalent to the ¢P-sum over

jof (27u(Rn ;)"

Now let assume that J, is r-summing. A fortiori the diagonal operator 71}, is 7-summing
with 7,.(Tp) S m(J,) (cf Lemma 5.1). Now reasoning as in the second part of the proof of
Proposition 5.2, but this time using (5.2) and applying Proposition 4.4, we get

() 2 7 (B) 2 (D ('va)p)l/p_

n>0
This gives the lower estimate
2 1/p 1 1/p
)z (X X 2un) "~ ([ =)
n>0 j=0 D

The other inequality is clear: the order boundedness easily implies the p-summingness, hence
the r-summingness since r > p. |

5.3 Thecase2<r<p

Proposition 5.4 Let p > r > 2 and u be a positive measure on the unit disk D. We have

2m_1 1/r
Wr(Ju) ~ [Z Z (QnM(Rn,j))T/pl .

n>0 j=0
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Proof. From (4.3), Theorem 3.4 and Prop. 4.3, we get in the same way as before

7 (J) < (ZQTf (2”M(Rn,j))r/p> W.

n>0 j=0

Now we assume that .J, is r-summing and we use the same idea than in the previous case,
replacing Proposition 4.4 by Corollary 4.7. We get

w0 2 (D) = (L @) ~ [Z Qi (Q"H(Rw))r/p}

n>0 n>0 j=0

1/r

This gives the minoration. W

5.4 An estimate for p’ <r <2

We can apply (4.3), Theorem 3.4 and Proposition 4.3 to get

Lemma 5.5 Let p’ <r <2 and p be a positive measure on the unit disk D. We have

1r on_1 /p 1/r
() < (X)) = (z S (ut)” ) |

5.5 Some estimates when 1 <r <yp/

In the case p < 2 we proved in Proposition. 5.2 that the r-summing norm of J, is between the
¢P-sum and the ¢2-sum of the r-summing norm of the pieces J,,,, . Following the same ideas one can
prove the following estimates providing some easy to handle necessary and sufficient conditions.
Now the the r-summing norm of J,, turns out to be between the ¢"-sum and the ¢*-sum of the
r-summing norm of the pieces J,,, .

Proposition 5.6 Let p > 2, p' > r and p be a positive measure on the unit disk D. We have

T

2m 1 R Y on_1 o 2 71/2
5 (5 i) )] zmz [5 (X Euina) )]

n>0 =0 n>0  j=0

Nevertheless this result can also be deduced from the exact charaterization of the r-summnig
norm that we will give in Theorem 6.2.

6 The proof when p > 2

In the previous section we gave some partial results when p > 2 that, in the case r > 2, provided
a full characterization for the membership of J, to the class of r-summing operators. In this section
we deal with the remaining cases, namely r < 2. The glueing technics are not enough in this cases
and some new ideas are necessary.
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6.1 The proof in the case p' < r <2
We already got an inequality in Lemma 5.5 and we shall now prove the reverse inequality.

We are going to define a HP-valued function ® which will play a key role in the proof. We
denote a« =1/p' —1/r >0 and p, =1 —27", for n > 1. Define ®: [0, +00) — H? by

2—77/(1

D(t)(z) = eI foreD, ten—-1,n), n>1.

We need the following lemma, where for f € H? and g € H? the duality (f,g) has the meaning
(19) = [ 729 ).
T

It is known that this makes H?' isomorphic to the dual of HP.

Lemma 6.1 There exists C' > 0 such that, for every g € H?':

“+o0
| 1@, d < Clgl
0
Proof of Lemma 6.1. For every ¢t € [n — 1,n), we have by definition of ®:

(®(t),g) = 27""g(pae” 2" (=M) .

We get:

+oo
/O (@ (1), 9)] dt =32 /T|g(pne)\ d)\(e):/D\g| dv,

n>1
where the measure v is defined for every Borel subset B of D by

v(B)=>» 27" / 15 (pnb) dA(0).

n>1 T

We point out that the statement of our lemma means exactly that, for the measure v, we have
H? (D) C L"(v). In other words (cf. |[D, Th. 9.4]), we have to prove that there exists constant
C > 0 such that

v(W(ER)) <ChP | forall¢ e Tand 0 < h <1, (6.1)

which is usually known as v to be a (r/p’)-Carleson measure.
In order to get that, we fix £ € T and h € (0,1). We can write 2-("+1) < h < 2=™ (for some
integer m > 0) and we compute

V(W(&h)) => 2"”%({0 €T pab € W(g,h)}) < Y omren S prett = /Y

n>1 n>m

We have (6.1) and the lemma follows. [ |

Proof of (2.3). It remains to prove the inequality

on 1 1/r
<Z Z (QHN(RWJ)) / ) S e (Ju) for p" <r < 2. (6.2)

n>1 j=0
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Considering the intervals I, j = [n 142" n—14+2""(+ 1)), n>0,0<j<2" we have,
for every t € I, ; and every z € R, ;,

2—77/(1

—no
> 2

~ 9-n

_ 2n(1—oz) )

[o(1)(2)] = |

pn2672iﬂ(t7n)

Hence, for every t € I, ;:
@)l rgey 2 2707 (1(Rni) "

and we get
+oo 2" 1 2n_1 )
JARECIREED DD DY AN CCIFATED DD BE s U
0 n>1 j=0 YIn n>1 j=0
Since —1 + (1 — ) = r/p, we obtain
oo 2= r/p
|1z 35 (2n(r.) "
n>1 j=0

Now, thanks to the described isomorphism between H- ?" and the dual of H P our r-summingness
assumption on J, implies that

“+o0 —+o0
ﬂ@)pr wwwﬂmzA 12 ()5

llgll <1

At last, Lemma 6.1 gives (6.2). [ |

Observe that the given argument to prove (6.2) is still valid for 2 < r < p and could have been
used in the proof of Proposition 5.4.

6.2 The proof when 1 <r <yp/

Our characterization and the proof in that case are different in nature compared to the preceding
ones. In Proposition 5.6 we already mentioned some lower and upper estimates for the r-summing
norm. At the end of this section we will see two examples showing that none of these estimates
are equivalent to the r-summing norm in general. Hence we cannot obtain a formula looking like
in the previous cases.

For proving the characterization (2.2) stated in section 2 we will use the Poisson integral or
Poisson transform P defined, for any f € L'(T,d\), by

1|22

P[f](z) = /]1‘ m f(H)) d)\(w), z e D.

It is known that P[f] is a harmonic function on D. In fact, if f € C(T), P[f] is the solution to
the Dirichlet problem with boundary value f; i.e., it represents, for z € D, the value of the unique
continuous function on D and harmonic on D that extends f.

We also know that P realizes an isometry from the space

HP(T) = {f € L’(T) : f(m) =0,¥m < 0}

onto H?(D), and so, for any measure p on D, the inclusion J, of H?(D) in L” () is a r-summing
operator if and only if the Poisson transform P: HP(T) — LP(u) is r-summing.
Moreover, for 1 < p < oo, HP(T) is complemented in LP(T) by the Riesz projection whose
kernel is A
Y={feLP(T): f(m)=0,Ym >0} ={Df: fe H(T)},
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where Df(z) = zf(z), for every z € T. It is plain that
PIDf1(z) = zP[fl(2), for every z € D, and every f € HP(T).

It follows that P: HP(T) — LP(u) is r-summing if and only if P: Y — LP(u) is r-summing, and
therefore if and only if P: LP(T) — LP(u) is r-summing. As a consequence next theorem implies
(and in fact it is equivalent to) the characterization (2.2).

Theorem 6.2 Let p > 2 and let p be a finite measure on the unit disk D. For £ € T define

=

1 1/2
Fo(§) = (n(D))? . Fu(§) =2"(pW(E27M)", forn>1, and F(é){ZFn(é)Q} :

n>1
Then the following facts are equivalent:
(a) The Poisson transform P, viewed from LP(T) to LP(D, u), is a p'-summing operator.
(b) F e L (T).
(¢) The Poisson transform P, viewed from LP(T) to LP(D, u), is a 1-summing operator.
Moreover, m(P) = m1(P) = | F|| 1o (1y-

In order to prove this theorem, first we have to state and prove several results.
The following one is probably known from the specialists but it seems not to appear under this
form in the literature.

Lemma 6.3 Assume 1 < p < oo and let H be a Hilbert space and T: LP(T) — H an operator
such that T is order bounded. Then T is an absolutely summing operator. Moreover

m(T) < Kg

sup |T*(@)|(-)

r€EBy

L' (1)’
where Kq is the Grothendieck constant.

Proof. Let g € L¥' (T) be a function such that g > |T*z| a.e., for every # € By. Then one can
factorize T* = Bo A, where A: H — L™ is defined by Az = T*z/g, and B: L*>® — L¥ by Bf =
g - f. It is clear that ||A|| < 1 and ||B|| = ||g||,>- The result follows since B*: LP — L' C (L>)*
has norm |\g|,/, T'= A*|p1 0 B*, and A*: L' — H is 1-summing thanks to Grothendieck theorem.

|

The following lemma is a substitute to the glue lemmas used for the other cases (r > p’).
Instead of gluing some absolutely summing (partial) operators, we are going to glue some order
bounded (partial) operators.

Lemma 6.4 Let (U,v) and (2, ) be two measure spaces, p > 2, and T: LP(U,v) — LP(Q, u) a
bounded operator.

We assume that there exist sequences of pairwise disjoint measurable subsets ()., of ), of Hilbert
spaces Hp,, of operators A, : LP(U,v) — H,,, of contractions By,: Hy, — LP(Q,pu) and of
functions F,, € Lp/(U, v) with the following properties:

e O =Q.
o For every f € LP(U,v), we have By, o Ap(f) = T, T(f).

e For every x in the unit ball of Hy,, we have |A} (z)| < F,, v-a.e. on U.
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1 ’
e The function F = (ZF,EL) * belongs to LP (U, v).
Then, the operator T' is absolutely summning and 71 (T') < KG||F|| 1o (-

Proof. Tt is natural to consider the Hilbert space H = @2 H,, and the (diagonal) operator
B: H — LP() defined by B((zn)) = X, Ia,, - Bm (). This operator is clearly bounded and
actually it is a contraction since

1@, = (210, -5 Nen ik < (Xl @n)]?)’ (Zuwmuﬂ) = |zl

On the other hand, the operator A : LP(U,v) — H defined by A(f) = (Am(f))m is bounded as
well since its adjoint is so. Indeed, we claim that A* is even order bounded: for every y = (ym) € H,

we have A*(y) = >, Ar,(ym) and for a.e. £ € U, we have

AW < ) O] < 3 I e (Z||:cmHH)(ZF )" = IulF©.

which was our claim, since I’ € Lp,(U, v) by hypothesis.
It is easy to check that T'= B o A, and, by Lemma 6.3, we get that A is absolutely summing
and
m(T) < [|Bl[m1(A) < KallFll v )

We need now some more specific estimates on the Poisson transform. Recall that, for a € D,
we have P,(£) = (1 —|a|?)/|1 —@&|?, for £ € T.

Proposition 6.5 Let i be a finite measure on the unit disk D, p > 2 and a € D. Assume E is a

Borel subset ofD(a, 1_2|a|). Then there exist a Hilbert space H, an operator A: LP(T) — H and a

contraction B: H — LP(D, u) such that

o For every f € LP(T), we have B o A(f) = IgP(f).

B =

e For every f in the unit ball of H, we have |A*(f)(§)| < 100(u(E))* Pa(€), for almost every

€eT.

Proof. Let v be the boundary of the disk D (a, W) Our Hilbert space H will be L? (7, mv)

where m., is the normalized arc length measure on «. Let By: H — LP(E, 1) be the Poisson

operator associated to the domain D(a, 3A-laDy,

For the classical Poisson transform P, we have, if |z| < 2/3,

[P(f)(2)] < \/§|\f|\L2(T), for every f € LQ('H‘). (6.3)

Indeed, if |z| < 2/3, it is easy to check that || P, ||L2(T) < 13/5 < 3. The translation of (6.3) to our
setting yields
|B1(9)(2)| < V3lgllz, for every g € H and every z € E.

Hence

1
1B1(9) | Loz < V3llgllu (m(E),  for every g € H.

Therefore defining Bg = (1p-B1g)/v3(w(E)) Up, g € H, we have a contraction from H to LP(ID, 11).
Now we define the operator A : LP(T) — H as the (classical) Poisson integral (restricted to )

up to a constant. More precisely A(f)(w) = \/g(u(E))l/p’P[f](w), for every w € v and f € LP(T).
Clearly we have B o A(f) = IgP(f), for all f € LP(T).
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It is easy to check that the adjoint of A is given by
A€ = VB [ Pu(e)- o) dmow), g H
When w € v and £ € T, we have
la — ¢

7 3 1
1—|w| < =(1— —¢>la—€ -1 —la) > =
ol < 7 (1 ~lal), =&l 2 la—¢ -1 ~lal) 2§

nd - w2 32(1— Jul)
Pw _ — W — W
O =g = TP

We then obtain the order boundedness of A*. Indeed, for £ € T and g € H, we have

< 56.P,(€).

A" (9)(€)] = V3(u(E) " / P (©)lg(w)] dmy, < 56V3(u(E)) """ Pul&)Ngll 11 (3

~
Therefore Y
sup |A*(9)()] < 100(u(E)) " Pa(f).
ge€EBH
|
For the next result, we need some notations: for n > 1, we define &, = {anﬁl, R anﬁmn} as

a maximal 2~("*?-net in the dyadic corona I';, = {z € D; 1 —27" < [z < 1 —2-(FD} We
also define & = {0} and Ey = %ID). We will assume that, for n > 1, {E, j }i<j<m, is a family of
pairwise disjoint subsets of D(anﬁj, 2_(”+2)) N T, whose union is the corona I',,.

Proposition 6.6 Let p > 2 and let p be a finite measure on the unit disk D. For £ € T define

Gol©) = ((ip)* . G =( D (B (Pu,)) forn=1,

2 .
1<j<mn,

and
1/2

G = (D Gnl&)?)

n>1

If G € LP'(T), then P: LP(T) — LP(D, u) is absolutely summing and moreover
m(P) SIGllp -

Proof. Observe that D(a, ;,2~"*2)NT, C D(an,;, %) Then, for each fixed (n,j),
Prop. 6.5 applies with £ = E, ; and ¢ = a, ;. Lemma 6.4 can be applied to the (countable)

1
collections of the sets 2, = E,, ; and functions £}, = 100 (,u(En])) »P, to get the result. [ |

An,j
At last, we can prove Theorem 6.2. One of the key point will be to show that the function G
of Proposition 6.6 is equivalent to the function F' of Theorem 6.2.
Proof of Theorem 6.2.
(c) = (a) is obvious.
(a) = (b) We are going to use some dyadic test functions: let us consider for £ € T and z € D,

the sequence of functions

ontl_g

Ku62)= Y (8 = (:0)

j=2n

ol — (ZE)Qn
1—z€ '
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Let » > 2 be such that 1% = % + % With such a choice of r, since £2 is isometric to the space

of multipliers from ¢" to ¢¢', we can choose, for each ¢ € T, a sequence of positive functions g, (&)
(measurable as functions of £) such that

Y@ =1, and Y (9a() (P = (F(E)"
n>0 n>0
Now, we test the p’-summingness of P on the random (LP(T) valued) function

(n,§) € NXT = Kn(,-)gn(S).-

We get
) P P I
> [rae@l], ,  axe <) LY > [] [rem@REa ae| ae.

But [ h(2)gn(§)Kn (&, 2) dN(2) = gn(§)Qn(h)(§) where Qy(h) is the n’th dyadic projection of h,

ie.

ontl_q
Q) = S h(jE.
j:2n,
Now we use the Holder inequality to majorize ), - |gn( )Qn(h |P by (Zn>0 |Qn(h)(§)|2)p’/2.
This yields = >
p, , p//2
Kn(&,-)gn ax(€) <zt (P N AN (E),
S [ amol,,, a0 <@ o [ (Slewier) " oo

and, thanks to the Littlewood-Paley inequality (introducing a constant C' depending only on p’),

g/THKn(s Jon (©)

On the other hand, we notice that | K, (&, z)| = 2™ when z € W(£,27"). So the left hand term
is bounded below by

L3 e )

n>0

p/ ’
d\(€) < Ont, (P sup /
Lr(D,p) J 2 )thle/(Tr)SlH oo

) < Cr?, (P).

/

)" ).

B =

LP(D,H) /’]]‘Z g" (W(§’2_n))

Then, by the choice of the g,’s, we have

S 1o ©F (27(W(6,27) 7)) = S (9 (Fa(€) = F¥'(6),

n>0 n>0

Therefore we have F € L?' (T) and (b) is proved.

(b) = (c) Let us assume that F' € L? (T). Assertion (¢) will be proved by Prop. 6.6 as soon as
we show that G < F a.e. on T. Obviously Gy < Fp.
We fixn >1and ¢ € T. Forl € {1,...,n}, weset I, = {j € {1,...,m,}| E,; C W(&27)}.
Clearly,
I.CcIl,1C...Cly={1,...,mp}.

It is easy to see that m, ~ 2" and that, for every £ € T and [ € {1,...,n}, the cardinality of
En NW(E,27Y) is less than 27! (up to a universal constant). Now we make these sets disjoints:
let J, = I, and J; = I; \ I;; for 0 <[ < n. We have in particular |.J;| < 2"~
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Moreover, for any [ € {1,...,n} we have the following estimate using the Holder inequality:

2

S (B <1 (X (ulEy)

jed; Jje

and since ZJEJZ ( (En ;) = '“(Ujer En,j) < M(W(«E,Q_l), we get by the definition of Fj:

S (1(Bny))? 200002722 g,

JEN

When [ = 0, it is actually still valid.

Now, by definition, for any j € J;, with [ < n, we have E,, ; ¢ W(g, 2_(l+1)), so there exists
some z € E, ; such that either 1 — |z| > 27(FY or |arg(2£)| > 2=+, But, since z € E,, ; C Ty,
we have 1 — |z| < 27" < 27(+1 because n > | + 1. Therefore, we have | arg(z€)| > 2-(¢+1), We

obtain: l

2

»27*2) and 272 < 271/8, because | < n. Therefore
. The Poisson kernel is then majorized:

2 =&l = |z = [2[€] = [2]. —Iarg(zf >

N3

since |z| > 3. But z € E,, ; C D(a
€ —anjl > |2 =€l = |z —an;[ 227

|an]| 27"
|‘£_an,3|2 =

Pan,j (5)

for every j € J;, when 0 <[ < n. Actually, the same estimate is valid when [ = n.

We are now in position to conclude:

Q26 =3 (1B P2 (©) =3 (u(Fuy))* P2 (€)
j=0 =0 jeJ;

Using the preceding estimates, we get

n 27271

GLE £ Y G 2T () = S VFRE)

=0

where a = 27D < 1. At last, we have

n —+o0
2O SY Y a" IR =D > a"TVF) S F(©) = FA(9).

n>0 1=0 1>0 I=n 1>0

It is natural to wonder whether there is a “continuity" in 7 = p’ in our characterizations. More
precisely, do we have

. 7
n>0 0<j<2n

The answer is negative as soon as p > 2 and we shall even prove that it is negative for some pull
back measure associated to a symbol . In other words, it is false even in the class of composition
operators.
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Example 6.7 For every p > 2 there exists a symbol ¢: D — I such that C,: H? — HP is
1-summing but
p'/p
>y (2")\ )) = +o0.
n>0 0<j<2n

Proof. We shall choose a rotation invariant probability measure on D, i.e. p(0B) = p(B), for
every Borel B and every 0 € T, satisfying the condition

/Dlog(l/|z|) du(z) < +oo. (6.4)

Then, thanks to [B, Th. 1.1] there exists a symbol ¢ : D — D with ©(0) = 0 whose associated pull-
back measure is A, = p. To obtain condition (6.4) it is enough that ;2 to be null in a neighbourhood
of 0.

So our purpose is reduced to find a probability measure o on (0, 1), the measure satisfying
o((a,b)) = p({z € D| a < || < b}), which allows to describe x in the following way:

1
B) = / / T (rz) d\(z) do(r), for every Borel set B.
o JT

In particular, for £ € T, n > 0, and 0 < j < 2™, we have

—n

nOV(E,2™) = 270([1 -27"1),  and  p(Rn)=2""c([l-27"1-27""1).

Then, if we call 2, = o([1 —27",1—27"71)), we need
400 = Z Z (2"u( p /e Z 2" zP /p (6.5)
n>0 0<j<2n n>0
On the other hand, if we call y,, = 0([1 — 27" 1)), we have, for every £ € T,
1 2 - 2 2n/p’, 2 1/2
7r/pF {Zgng /p} :[Zgn/pyn/p}
n>0 n>0

Consequently, as F' is a constant function, if we have

3222 < oo, (6.6)

n>0

by Theorem 6.2, the operator J,, (and then C,) is 1-summing.
We are going to choose the probability o, given a positive decreasing sequence (v, ) and putting
zpn =1 —27" by the sum
o= Z 27"p/p/an5z
n>1

Then z,, = 2_"1’/1’/an, and it is clear that y, = > T < CQ‘"p/p/an. Therefore

m>n
Z 2k /P = Z ol /P and Z 22n/v" 20 < C2/p Z a?/P
n>1 n>1 n>1

So, in order to have (6.5) and (6.6) it suffices to choose the sequence (), in £2/7\ £7'/? and this
is possible since 2 > p'. [ |
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The previous example also show that the upper estimate in Proposition 5.6 is not equivalent
to the r-summing norm in general. In the next example we show that the same happens with the
upper estimate given in Proposition 5.6.

Example 6.8 For every p > 2 there exists a finite measure p on D such that

(S5 run))

n>0 =0

<o

1/2
] < o0, (6.7)

but J,: HP — LP(u) is not p’-summing.

Proof. The measure yu is going to be supported in a radius of D, concretely in the segment
[0,1]. Moreover p will be of the form

p=>_an.,,

n>1

where a,, >0, Y o, < 400, and z, =1 — 27", In this case we will have (6.7) as soon as

to0> 3 (2"(Ru0)) " = (2an) 7. (6.8)

n>0

To find a,’s for J, not to be p’-summing, we could use the characterization in Theorem 6.2,
but we are going to provide a different argument. Consider, for the points z,, their reproducing

kernels
1

Kal) =100

w e D,

and define f, = 2-"/?' K .- We claim that the sequence (f,,) is weakly p’-summable in HP. Then,
if J,, is p/-summing, we have

100> > I allfagy = D0 falza)Pah /P 2y @27P 2" all/P = (2"an)’ /P, (6.9)

n>1 n>1 n>1 n>1

Then it is clear that we can choose «;,’s satisfying (6.8) and not (6.9) since p’ < 2.
For proving our claim, take into account that (g, K,,) = g(z,), for every g € HP . Then

Sl = 3 27 gzl = / 9" dv,

n>1 n>1

Where v is the measure v = ., 270, . It is easy to see that v is a Carleson measure and then
there exists C, such that B

/|g|p/ dv < C’p/||g|\zp, , for every g € H” .

The claim and the example follow. [ |

7 The case 1 <p <2

Before giving the main results of this section let us state a proposition which yields in particular

the equivalence ||<I>||;§Z ~ HWH;;Z in (2.1).
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Proposition 7.1 Let v be a positive finite measure on the unit disk D, v > 1 andn > 1. We have
the equivalences

5 1/~ ) 1/~
[ ) wie) = (L g o) o)
'y 1/~
%(A(Lwa—%g;wuﬂ wwﬂ ,
with constants depending only on v and 7.

Let us remark that when v = 1, we have by Fubini and [HKZ, Th. 1.7]:

| [ om0~ [ i m

Proof of Prop 7.1.

Of course, we always have 1—|z|* < 2(1—|z|) < 2|1 —wz| but we point out that these quantities
are equivalent on the Stolz domain %,,: for every z € %, we have 1—|z|? &~ |1 —wz| (up to numerical
constants). This proves that the two last quantities in the statement are equivalent. We also get
obviously that the first integral is greater (up to constants) than the second one.

Now let us prove the converse. We wish to prove that B, < A, where

= (L ) ) = ([ ([ aee) )

First we linearize (7' is the conjugate exponent of ):

_ _ Hg)=) .
‘gﬁ‘// g 9w @MW*Qggﬁﬂ,pm%d“

where BZ‘W, stands for the positive part of the unit ball of LV/('H‘) and

1

H(g)(z) = EI“IQPSE'J£w|Zezw} g(w) dA(w)

In the same way,

= su z w) = su M 14w
fgeyp //|1—wz|77 w) dv(z)d\(w) geBi,/D(l—lzIQ)g dv(z)

mwwzﬁ(%%%ﬁ glw) dA(w)

Claim: there exists some C' > 0 such that, for every positive function g and every z in D,

where

K(g)(2) < CH(M(9))(2)

where M(g) is the Hardy-Littlewood maximal function associated to g.
We postpone the proof of the claim and we now get (via Fubini):

M vz H(M(g ; e y
/Du_|z|2)gd()§/D 0 12p) g /M /Ew(l_|z|2)nd()d)\( ).

31



Thanks to Holder inequality, we get

/D (HA dv(2) S A M)l < Aullglly

1|22
since 7/ > 1. Passing to the supremum over g, we get
B, <A,

up to constants depending on v and 7 only.

Now we prove the Claim. We write z = re? with # € R and 0 < r < 1. Point out that z
belongs to ¥, with w = ', as soon as t € (0 — c¢(1 —),0 + ¢(1 —r)), where c is a (numerical)
constant. Therefore,

1 0+ 1 ]
M) 2 iy [ o) @) 2 e <o(e”)

where e = c(1 —r) &~ 1 — |2|%
Besides the Hardy-Litlewood maximal function defined by

M(g)(e”) = sup ﬁ/jgdk,

e®cICT

we consider also

: 1
M ) = — / dA.
E(g)(e ) esiygl )‘(I) Ig
A1I)>2¢

It is easy to see that

n
2

M = Mg(g)(ew) < M(g) = é][(_gja) (ew) = s%_l./\/l(g) * (é][(_gja) (ew))

Indeed: by definition, there is an interval I with length larger than 2¢ realizing (almost) the upper
bound for the definition of M. This interval I contains either the first half (0 — ¢, 0) or the second
half (6,0 + ), and any s in the contained half realizes now M_.(g)(e”?) < M(g)(e**). This is a
fortiori true for its mean. The last equality is trivial.

We wish to bound
K(g)(z) = P % (™) = / PA () dv(t)

(_77171—)

where v is the measure "
dv(t) = g(e0=D) =,

v(t) = g(e )27T

We compute

n
1Pl n
K(g)(2) = / o({P? > x}) dz.
0
but we already know that v(I) < MA(I) for every interval containing 0 with length larger than
2¢ (by definition). The set {P, > z} is actually an interval I = (—a,a) C (—m, 7) symmetric with

respect to 0 (thanks to the usual properties of the Poisson kernel: parity and monotony). We shall
use either the fact v(I) < MA(I) when a > ¢, or v(I) < 2¢e M when a < e. We get

v({P? > o)) < M (26 + \{PF > 2})).
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Since n > 1, we have

+oo n n n
/ A(PE > o)) de = ||P||} ~ -
0 2
and we obtain
K(9)() < M (26| P& + 1P ) S M2 S H(M(9))(2)

which is the conclusion of the claim. [ |

The next theorem is the main result in this section and it finishes the proof of (2.1) and
completes our characterizations of r-summing Carleson embeddings.

Theorem 7.2 Let 1 < p <2 and p be a finite measure on the unit disk. Let J,,: H? — LP(u) be
the Carleson embedding, and define

@(«5)=/2 i), e,

+Z
NTSINDEE
where Y¢ is the Stolz domain at point & € T. Then, for every r > 1, we have

1
T (J) = ma () ~ @40,

Let us mention that the case p = 2 in the previous theorem is already known: the Hilbert-
Schmidt norm of a Carleson embedding is equivalent to

1 1/2
T du) ,
</m> (1-1=?)
and, using (7.1), this is equivalent to

<// ﬁ du(2) dA(S))W — ]},

Theorem 7.2 will follow from the next more general statement.

Theorem 7.3 Let 1 < p < 2,1 < q < 2 and p be a finite measure on the unit disk . The
following assertions are equivalent:

o The natural injection J,,: H? — L9(p) is 2-summing

o The natural injection J,,: H? — L9(p) is r-summing for every r > 1.

1 2p
o {i— ————— du(z) belongs to LY(T,dN), where y = ————
e (1—22)'"2 ( ( ) 2p —2q + pq

Stolz domain at point £ € T.

and ¢ is the

Moreover

¥ /gy
mo(Ju: HP — L9(p)) ~ (/T (/Eg W du(z)) d)x(&)) .

The heart of the proof of Theorem 7.3 is actually the following proposition which is interested

1 1
in the particular case ¢ = 2. In the following, p’ is the conjugate exponent of p given by — + — =1
p
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Proposition 7.4 Let v be a positive (finite) measure on the unit disk and 1 < p <2. TFAE

1. J,: H? — L*(D,v) is 2-summing.

1 p'/2 . ‘
2. /E(/H) 1wl du(z)) d\(w) is finite.

3. The Poisson transform, viewed from LP(T,d\) —s L?(D,v), is 1-summing.
“f A= ) )" argw) i
v )
M wit z w) s finite
Moreover

i o= ([ ([ b w0} o)

Proof of Proposition 7.4. _
(1) = (2) Fix for a while 0 < r < 1, define for every w € D the function K,, € HP by

1 _
z € D.

Ku(z) = 1—rwz’

Now take z* in the unit ball of the dual of HP. Considering H? as a subspace of LP(T), there
exists ¢ in the unit ball of L¥' (T) such that

(K, ") /K = i = g1(rw)

where g is the Riesz projection of g € L?' (T) onto H?'.
We have then, if 5, is the norm of this Riesz projection on L? (T), for every =* in the unit ball
of the dual of HP,

p/
([ @)™ = ([l i3)"" < ol < Bl

hence

sup (/Jl‘ |(Kw,gg*>|P' d)\(w)) v <Bp.

I*EB(Hp)*

Therefore, since J, is p’-summing (p’ > 2 and J,, is 2-summing), we have,

1/p’
Bpma(Jy) = Bpmy (J, /HK HL2() ) !

and as |1 — rwz| = |w — rz| (when w € T),

p'/2 1/p
bma) > ([ ([t i) oxw)
for every 0 < r < 1.

We get our implication of the statement taking limits when » — 1~ and using Fatou’s Lemma.
(2) = (4) is clear as well since 41 fwz|2 >4(1- |,z|)2 > (1- |z|2)2 for any z € D and w € T.

34



(4) = (3). We are interested in the map f € LP(T,d\) — P(f) € L*(D,v) with
1|22

P(f)(2) Z/Tmf(w) dA(w).

A priori, it is not obvious that this map is even defined (and bounded). Actually, it appears as the
adjoint of the map

1|22

g€ L*(D,v) — Q(g) € LF(T,d)\) with Q(g)(w) = [ —
p |1 —wz|

9(z) dv(2).

This latter map Q is clear bounded since it is even order bounded: for almost every w € T

1—12[2)2 1/2
([ Bk g
p |1 —wzl*
is finite and, as a function of w € T, it belongs to L?’ (T, d\): it is our hypothesis.

We get that our map P = Q* is defined and bounded as well (with same norm). Moreover
Lemma 6.3 (point out that P* = Q) implies that P is 1-summing.

(3) = (1) is clear by restriction. Indeed, for every f € H? (here p > 1), P(f) = f. [

1|22

Sub p |1 —wz|?

HQHLZ(WU)Sl

9(2) dv(2)

For the proofs we need also the following lemmas:

Lemma 7.5 Leto > 0, (Q, %, 1) be a measure space and h: Q@ — [0, +00) be a measurable function.

Then h (0+1)/
inf{/ Zdu s F e L7(u), F > 0,/ Fodu<1 } :(/ po/(e+1) du) .
Q Q Q

Proof of Lemma 7.5. Take F' > 0 in the unit ball of L7 (u). Observing that (o + 1)/0 and
o + 1 are conjugate exponents, we have by Hélder,

/Qha/(oJrl) dp < (/Q(h/F) dﬂ)“/(‘”‘l) (/Q o dﬂ)l/(a-i-l) < (/Q(h/F) du)a/(a-H).

In consequence we have, for every F' > 0 in the unit ball of L7(Q, u),

(o+1)/c
( / po! (e +1) du) < / h)F dy
Q Q

Taking infimum we get one inequality.

To prove the other inequality, we may (and do) assume that ||| 1o/+1)(,) is finite. Now taking
Fy = ARM e for X > 0, we see that Fy € L7 (). If we put 8 = [|h|| po/co+1)(,,), let us adjust A to
get || Folls = 1. We should have

1= )\0’/ hU/(U+1) dﬂ _ )\Gﬂa/(a-i-l)7
Q
and therefore A = f~1/(¢*+1)  With this choice of F,, we have
/ h/FO dp = )\—1/ h/hl/(U-H) du = ﬁl/(a-i-l) / po/(e+1) dy = 61/(0+1)60/(U+1) — 3.
Q Q Q

Then the infimum in the statement is less or equal than

B :(/Qha/(a-'rl) du)(dﬂ)/a

and the lemma follows. H
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The following result is probably well known from the specialist, nevertheless we have no explicit
reference. We state it and prove it for the convenience of the reader. In the statement, we take

0
the convention that 0 =0.

Lemma 7.6 Let 1 < ¢ < 2 and let s > 1 be such that 1/s+ 1/2 = 1/q. Let X be a Banach
space, and T: X — Li(u) a bounded operator. The necessary and sufficient condition for T to be
a 2-summing operator is that there exists F € L*(u), with F > 0 p-a.e., such that T: X — L*(v)
is well defined and 2-summing, where the measure v is the measure defined by

1

dv(z) = TBE dpu(z).

Moreover, we have
7o (s X = L()) ~ inf{ma(T: X — L2(v)) : dv = du/F%, F > 0, /F dp <1},

Proof of Lemma 7.6. Suppose first that F' € L¥(u), F > 0, and that T: X — L?(v) is well
defined and 2-summing, for dv = du/F?. Now, we claim that L?(v) C LP(u), which is clear since
g+ F.g defines actually a multiplier from L?(u) to LP(u). Writing this for g = h/F, the claim is
proved. This yields

mo(T: X — LP(p)) < ||F|

Lo (T: X = L*(v)) .

For the converse implication we will use Maurey’s Factorization Theorem. Suppose that
T: X — LP(u) is 2-summing. Then by Pietsch’s factorization, there exists a Hilbert space H,
and two operators

S: X —-H and R: H— LP(u),

such that S is 2-summing and 73 (7) = m2(S), [|R|| < 1,and T = Ro S.

Given any (finite) family {h; : ¢ € I'} in the unit ball of H, and any family {«; : i € I} of real
numbers we have, for {r; : i € I'} a Rademacher family defined on (2, P),

(/ (> |aiRhi|2)p/2 du)l/p (/ (/Q‘Zam(w)Rhi 2dP(w))p/2 du)l/p

i

which is less than
P 1/p
dP(w) du)

cp(//g‘; a;ri(w)Rh;

where ¢, denotes the constant in Khintchin’s inequality.
Now using Fubini’s theorem and the boundedness of R, we get

(/(2; |OéiRhi|2)p/2 d‘u)l/p < Cp(/QHZi a;ri(w)h;

and since p < 2, we have

(/(Z|aiRhi|2)p/2 du)l/p < C;D(/QHZ a;ri(w)h;

%

dP(w))l/p

p
H

1/ 1/2

C<o(Y i)

zdP(w))

We can therefore apply Théoréme 2 in the page 12 of Maurey’s book [Ma] to the subset

{iRh;heBH}

Cp
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of LP(u), to get a function Fy, Fy > 0, such that [ F§du < 1, and
1/2
(/ |Rh/Fy|? du) <c,, forallhe By.
Namely, if dv = du/F§, we have proved that ||R: H — L*(v)|| < ¢p, and consequently, since
T =RoS, wehave T: X — L?(v) is well defined, 2-summing and
T (T: X = L*(v)) < ¢pma(S) = ¢pma(T: X — LP(p)) .
|

Proof of Theorem 7.3. The two first assertions are equivalent since the space HP and LY
have cotype 2 (see [DJT], cor. 3.16).

Let us treat the particular case ¢ = 2. This is mainly contained in Prop. 7.4 although the
conclusion of Th. 7.3 involves an integral (over some Stolz domain) of different nature compared
to the integrals in Prop. 7.4. The equivalence of these integrals is the purpose of Lemma 7.1 in the
case v =1 and n = 2.

Now, we focus on the case ¢ < 2. Applying Lemma 7.6 and Prop. 7.4, we know that
%

mo(Ju: HY = L%(p)) mf{/(/ |1 —wz|? FQ((z)))p//Qd)\( )’ FEBLS(DM)}TJ

where Bzrs D10 stands for the positive part of the unit ball of L*(ID, ).
Replacing F2 by f (and then s by o = s/2) and linearizing, we get

AR ap ()
oo g (e | ]2 G )

Lo (D,p)

/

Y Y
1= (5) =2
an 5 7o

s q
h = — =
whnere o 5 27(1

Claim. We claim now that

4= feBi?f(D,“) <g B // |1*wZ|2 (Z)) (w)>
b= geBS+up (fEBLa(M // |1—wz|2 (Z) (U})>

Lt(T,d\)

is equal to

Indeed, A > B is obvious and the other inequality is a consequence of the convexity underlying
the quantities above. More precisely, we apply the Ky Fan’s lemma to the family of functionals

M = {2, |gEBLt(’J1‘d/\)}

o) due)
n=J Lt i oo

The set C' = Bz'(, (D) equipped with weak topology, is convex and compact (o > 1) and M

where, for f € BLU(D )

appears as a set of functions on C. Since C' is convex and the mappings g — ®, are linear, the set
M itself is convex.

We assume that B is finite (else the inequality A < B is trivial) and we are going to see that
the three conditions of the Ky Fan’s lemma (as stated in [DJT] p.190) are verified. Namely:
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a) Each f € M is convex and lower semi-continuous.
b) If g € conv(M), there exists some f € M with g(z) < f(x) for all z € C.
¢) There is an 7 € R such that each f € M has a value less than r.

Fix € > 0 and consider r = B + ¢, so that (c) is verified by definition of B.

Conditions (b) is obviously verified since M is convex.

The functionals ®, are convex (thanks to the convexity of z € (0, +00) — 1/x) so the first part
of (a) is verified and we have only to check now that they are also lower semi-continuous. Fixing
A>0and g € th(T,d/\)’ we wish to prove that K = {f € C'| ®,(f) < A} is closed. Given a
sequence (f,) in K, weakly converging to some f, some convex combinations of the sequence, say
F, = Zln ¢ fj, is norm converging to f. Up to an extraction, F;, is pointwise converging a.e. to
f. Hence, by Fatou’s lemma and the convexity of ®,,

Oy(f) < imPy (F,) < lim > e;@,(f;) < A
I

The conclusion of Ky Fan’s lemma says that there exists some fy € C' such that

sup  Dy(fo) <r=DB+e.

+
gGBLt(T,dA)

A fortiori, A < B + ¢ and the claim is proved.
End of the proof. We get

73(Ju: HP — L(p)) ~  sup ( inf )/T/D% dn(z) d>\(w)>

9eBY, 0 ) \IEBiow, f(z)

which can be written (thanks to Fubini’s theorem)

m5(Ju: HP — Li(p)) ~  sup ( inf /D 2(9)() du(2)>

yen festy  Jo T-12P f(2)

+
Lt(T,dX\)

where Z(g) is the Poisson transform of g.
Applying Lemma 7.5 and replacing o by its value, we obtain

2(9)
73 (Jur HP — L9(p)) ~  sup T
9B r.ax) L3 (D,dp)

but it means that the Poisson transform

q d
g€ LAT,d\) — 2(g) € L} (D, — )
(1 —[2%)>
is bounded, with a norm equivalent to 73 (.J,: H? — L%(p)).
Since ¢t > 1 (because p > 1), the boundedness of this Poisson transform is equivalent to the fact
g d
that the Hardy space H' is sent into L2 (D, W)
—12]2)%

d
Let us check that we are actually working with a finite measure a —- Indeed, if we assume

(1—z?)2
that the embedding is absolutely summing, then this measure is finite thanks to 1.3 (cf Prop. 1.4).
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1

—————du(2)
Se (1—12[2)' "2

Conversely, if we assume that the integral condition is fulfilled: & ——

belongs to LY (T, d)), in particular it belongs to L!(T,d\):

1
— _dp(z)d\ < >
/T/E5 (1 _ |z|2)1+2

which implies that (via Fubini)

1 1
/ ——— du(2) S // ————— 57 dAdu(z) < o0
> (1= 4! »Jisenseny (1)

and the measure is finite.
We can now apply directly a work due to Luecking (see [Lu2]|, see also the paper of Blasco-
Jarchow [BJ], Th. 1.3) and the conclusion follows. H

8 Applications, examples and remarks.

The first application deals with one of the most famous injection in function theory. It is well
known that the (formal) identity from the Hardy space HP to the Bergman space B9 is defined
(and bounded) if and ounly if ¢ < 2p, and that it is compact if and ounly if ¢ < 2p. It is then a
natural question to decide when it is absolutely summing. This will be the aim of Th. 8.2. First,
we state as a lemma the particular case p = 1.

Lemma 8.1 Let ¢ < 2. The injection from the Hardy space H' to the Bergman space B? is
1-summing.

Proof. First we point out that we are in the framework of Carleson’s embeddings: our measure
4 is here the area measure A. N

Now, we observe that for every fixed N > 1, the 1-summing norm of the injection T4 y is
summable. Indeed, for any p > 1 (but we shall specify our choice of p below), it factorizes through

Hin 2% Hy v 2% Hy LS 19D, Ay).

The identity viewed from I?;]/V to I;T;jv has operator norm less than N1/ P The 1-summing norm
of the last factor is majorized by

1
2

(sgpAN(Eg)NH%)

thanks to Th. 7.3 applied to the measure Apy. Now the rotation invariance of the measure and the

1
geometric properties of the Stolz domain gives that Ay (X¢) = Ay (Z1) < cm for some numerical
c>0. We get B
1 (Tl,N) ,S N_E

1 1
where € = 3~ 4 — which turns out to be positive for a suitable choice of p > 1.

4
Now we use the same trick than in 3.4 (comparing (¢) and (a)). Of course, the Riesz transform

is not uniformly bounded anymore but for every f € H?, still using the Riesz projection ,,(f) of f
on the space Z,,, spanned by the z¥ when &k runs over {mN, ..., (m+1)N —1}, the norm ||y, || ;1
is now bounded by log(N)|| |z (up to a constant). Now the sequel of the argument follows the
same lines and we get _

m1(Jay) Slog(N)m (Th,n) S log(N)N 2.

Specifying for values N = 2", we have that m; (J AQTL) is summable. At last, we apply Prop. 4.3
(withp=qgandr=1): J4: H' — LI(D, A) is 1-summing. ®
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Theorem 8.2 Let p,q > 1 with ¢ < 2p. The injection from the Hardy space HP to the Bergman
space B9 is r-summing for some r > 1 if and only if ¢ < max(2,p). Moreover

o When q < 2, this operator is 1-summing.

1 2
o When 2 < g < p, this operator is r-summing exactly for every r such that — + — < —-
p r q

Proof. We shall use that the injection from the Hardy space H? to the Bergman space B2 is not
2-summing. Indeed, reasoning with Taylor coefficients, it would mean that the diagonal operator
from /2 to itself with diagonal entries ¢+_ would be Hilbert-Schmidt but the eigenvalues do not

+1
belong to £2.

In the case p = 1, if the injection from the Hardy space H' to the Bergman space BY (for some
q > 2) were r-summing for some r > 1, then a fortiori the injection from the Hardy space H? to
the Bergman space B2 would be r-summing hence 2-summing, which was just shown to be false.
Hence the injection from the Hardy space H' to the Bergman space B? is not r-summing for any
r > 1. Now for every ¢ < 2, the injection H' to the Bergman space B? is g-summing, by lemma
8.1.

If1 <p<2andq =2, wecan use two arguments. First, we can use the same one as in
the case p = 1 (since the summingness from HP? to B? implies the summingness from H? to B2.
Another way to prove it is to choose u = A and apply Theorem 7.3: the 2-summingness of the

1 ’
injection implies that & — —————dA(z) belongs to L7 (T,d\), a fortiori to L*(T,d\).
ze (1-12?)
1
But using Fubini, this would imply that ﬁdA is finite, which is false. This gives also the
D — |Z
result when 2 < g < 2p. When ¢ < 2, by Th. 7.3, it suffices to see that

1
— [ ——— _dA(z) € L=(T).
TR

Actually, for every £ € T, by invariance by rotation of the measure (and the integrated function)

1 1
——dA(x) = | ————dA(z
/Eg (1—l22)" " ) /z (1—1|z2)" "2 )

which is finite since 1 + g < 2.

At last, when p > 2, the previous cases immediately give that the injection from the Hardy
space HP to the Bergman space B? is r-summing for any r > 1 when ¢ < 2 (just factorize through
the injection from H*' to B? ). Actually, when g < p, it is easy to see that the injection HP to the
Bergman space B9 is g-summing since it is order bounded. When ¢ > p, the r-summingness would
imply the r/-summingness for ¢ = p and ' = max(p,r). Then our characterization implies that it
should be order bounded (from HP to BP) which is not.

Moreover, when g < 2, a factorization through the injection from H'! to B9, which is 1-summing
gives the 1-summingness of the one from H? to B9.

Now let us focus on the case 2 < ¢ < p and assume first that the injection is r-summing for
some r > p’. Then we use Lemma 6.1 and the computation made after. The function ® satisfies
that

—+o0
sw [ @9 de<o
0

llgll (zpy= <1

for some C' > 0. Hence the r-summingness of the injection from HP to B? then implies that
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—+oo
/ [|®(t)]| 34 dt is bounded. But reproducing the computations in our framework, we get:
0

orn(5+7)

i ! 25 +e) r/q
JANCUIANTED 35 SEREE- VML Sl

n>1 j=0 n>1

1 2
So we necessarily have — + — < — We have to show that the situation 7 < p’ is not possible. But
p r q
if our operator were r-summing with » < p’ then it would be s-summing for any s > p’ and our
1 1 2
previous condition applies: — + — < — which gives (passing to the limit) ¢ < 2.
p s q
So it remains to justify that HP < B2 cannot be p’-summing. Indeed, assume the contrary. The
formal Riesz projection viewed from C(T) to H? is p-summing since C(T) < LP(T) is p-summing
and the Riesz projection is bounded from LP(T) to H? (p > 1 here). Hence the composition
with our injection is now l-summing. Using for instance the Pietsch theorem and the translation
invariance (on the torus), equivalently the rotational invariance, of this Riesz projection from C(T)
to B2, the Pietsch measure can be chosen as the Haar measure on the torus. We get for every

trigonometric polynomial f:
O
S S Il
n>0

Testing now this latter inequality for instance on the Poisson kernels P,, we get that all the sums
2n

> r+ - should be bounded independently of r € (0, 1), which is false.
n

n>0

1 1 2
Now, for 2 < g < p, fix r satisfying the condition — + — < — and consider the Poisson kernel
p r q

P, associated to p = V1 —2-(+1)_ We shall first work with a dyadic corona. The operator
f e H? — f(pz) € H® is bounded with norm less that 2"/7 (up to a constant). The injection
from H* to H" is r-summing (with norm 1). The operator f € H" — f(pz) € H? is bounded
with norm less that 2"(+ ~2) and at last the operator g € H +— g(p_Qz) € L9(Tan,.A) is bounded

with norm less than 27"/9, By composition, we get that the operator J4,, is r-summing with a

11 2
r-summing norm less than 2"? (up to a constant) where § = — 4+ = — = < 0. Since the series
p T

q
converges, we get that our injection is 7 summing. M

The following theorems states that we can separate the different classes of r-summing on H?
spaces (as soon as it is possible, according to the values of r or p) using only the composition
operators:

Theorem 8.3 Fiz p > 2. For every r,s > 1 with r > max(s,p’) and s < min(r,p), there exists a
symbol ¢ such that Cy is r-summing but not s-summing.

Recall that when p < 2, for every r,s > 1, as for any operator on H? (which has cotype 2 here),
C, is r-summing if and only if C, is s-summing. On the other hand, when p > 2 and r,s < p/,
any r-summing operator on HP is s-summing. At last, we cannot separate r-summing operators
with composition operators when r > p since they all coincide with order bounded composition
operators.

On the other hand, we have a monotonicity relatively to p for any Carleson embedding. More-
over, the class of composition operators is large enough to separate the different classes of summing
operators:
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Theorem 8.4 Fiz r > 1. The mapping p > 1 — the class of r-summing Carleson embeddings
on HP is non increasing.
More precisely:

o [or any Carleson measure p: for every po > p1 > 1, when J, is r-summing on HP?, then J,
is r-summing on HP*.

Moreover

o When 1 < p; < min(pa,r) if r > 2 and 1 < p1 < pa if r < 2, there exists a symbol ¢ such
that C,, is r-summing on HP' but not on HP?.

Now we prove the two aforementioned theorems. We have to separate the cases since our
characterization depends on the values of (p, ). Actually, we could have made a more general (and
synthetic) discussion which would rely on the distinction of cases according to where stands (p, r)

in a diagram drawn in (1, 400) x (1,+400) with the curves p - r =pand p — r =p' = —

p—
with this viewpoint the line with gradient equal to the quotient % plays a key role. Nevertheless,
we chose to focus on the distinctions fixing either r or p.

Proof of Th. 8.3. Fixp>2andp>r > s> 1.

If r > 2. We first choose some p € (max(s,2),7). So we have 2r/p > 2p/p- Now we consider
a symbol ¢ introduced in Th. 5.4 [LLQR3| in order to satisfy C, € Szp_T (H?)\ S2, (H?). But we
already noticed that C, is a r-summing composition operator on H? if and only if C; belongs to the
Schatten class Sz_pr (H?). Hence Cy is a r-summing but not p-summing, a fortiori not s-summing.

If 2 > r > p'. We first choose some p € (max(s,p’),r). Now we consider a spread lens map
associated to the parameter r/p > 0 > p/p (see [LLQR5], Th.3.2). Using the computations from
that paper, we know that 2"\, (R, ;) ~ 279 for every j € {0,...,2" — 1}. Let us mention
that, in [LLQRS5|, actually, the computations were done for the Carleson dyadic windows W, ;,
but it is easily seen that the estimations are still valid for the Luecking boxes R,, ; (hence we do
not reproduce them here). Now, thanks to (2.5), the r-summing norm of C,, is finite, but the
p-summing norms of the A -Carleson embedding restricted to corona I's» is not bounded with n,
since by Cor.3.1 and Prop.4.1 , this p-summing norm behaves like 2"(5=%3), Hence C, cannot be
p-summing, therefore it is not s-summing. B

Proof of Th. 8.4. Fix r > 1 and py > p; > 1.

e If 2 > py > p; > 1, we use the argument given in the proof of Th.7.3. Assume that
Ju: HP? — LP?(D, i) absolutely summing, then

2

5 ~ _ z " is finite
WQ(J;L%/T(/E& (17|Z|2)1+%2du( )) dA(€) s finit

dp
T1-])F

d
W) (see [BJ]), say with

which is equivalent to the fact that H =% is sent into L% (ID) ) But this is

equivalent also to the fact that H? is sent into L2 P2 (ID),

norm Kos.
Now fix a function f in the unit ball of H?, for every z € D, the evaluation | f(z)| is majorized
1

by W Therefore, using ps — p1 > 0, we point out that
— |z

/|f o /|f R C— au
B — (1 _ |Z|2 P2—P1 Pl (1 o |Z| T
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dp
(1—121)%

dp
(1—121%)%

which is equal to / |f(2)]? P2 < K.
D

Hence H? is sent into L2~ 7 (ID), ) and J,: HP* — LP*(D, i) is absolutely sum-

ming.

Now, we work with the symbol considered in Lemma 3.7, Lemma 4.3 and the proof of Th.

2

4.1. [LLQR3| associated to t? where 8 = — € (0,2]. With this symbol, the size of the
b2

Luecking boxes is controlled as follows: for every n, j,

Ao(Rn ;) = 2704,

We can now apply our proposition 5.2:
2" —1

2/p2
On one hand, the series Z Z (2”)\4,(Rn1j)) diverge so Cy, is not absolutely summing
n>0 j=0
on HP2,
2" 1
2/p1\ p1/2
On the other hand, the series Z ( (2”)\90 (R, J)) ) converges so U, is absolutely
n>0 = j=0

summing on HP*.
The case 2 > py > p1 > 1 is covered by the previous case (equivalent to r = 2).

When py > 2 > r,p; any r-summing J, on H?? defines a pp-summing operator J, on HP?,
hence an order bounded operator on HP? a fortiori on H?, which in turn, defines a r-summing
Ju, on HP*. On the other hand, it suffices to take a r-summing operator on H 2 (hence 7-
summing operator on HP!), which is not r-summing operator on HP2, but when r > p), we
already mentioned that being a r-summing composition operator on HP? is equivalent to the
membership in the class of 2r/ps-Schatten classes, therefore a counterexample is given by
the ones constructed in [LLQR3].

When r < pl, we apply the previous discussion to some 7 € (ph,2), and the composition
operator cannot be r-summing on HP? (it would be a fortiori 7-summing).

When ps > p; > 2 > r, we have to distinguish again several sub-cases. The case r > p} is

the same than the case p, > p1 > r > 2 (see below). When py > py > 2 > pj > r, if J,

is r-summing on HP2, then it is pj-summing on H?2. But the characterization (2.3) gives

that (Q”M(Rn,j)) ~belongs to P1/P2 hence to £P1/P1. Now, the sufficient condition given by
n

B

lemma 5.5 implies that J,, is p}-summing, hence r-summing by (2.2), on H?*. Moreover, the
inclusion is strict: still consider the same kind of counterexample given by [LLQR3| where
P1/p1 > P /p2 and we get a symbol ¢ such that Cy, is p}-summing on H?* (hence r-summing),
which is not p}-summing on H?? (remind py > p} > p}), hence cannot be r-summing on HP2.

If po > p1 > r > 2. The characterization of r-summing on H? involving an 0v norm, the

monotonicity is clear. On the other hand, we already mentioned that it is equivalent to the
L. 2r . r T

membership in the class of —-Schatten classes, therefore, since — > —, a counterexample

p1r P2
is given by [LLQR3].

Assume now that r > 2. If r is larger than ps and p;, we cannot distinguish the classes
of summing embeddings operators. The case ps > p; > r is already settled. One case
remains: py > r > p;. Once again the formulation in the H? framework via Schatten-classes
(r summing on HP' means order bounded and means Hilbert-Schmidt on H?) gives the
conclusion as previously. H
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