N
N

N

HAL

open science

Heavy-tailed random walks on complexes of half-lines
Mikhail V Menshikov, Dimitri Petritis, Andrew R Wade

» To cite this version:

Mikhail V Menshikov, Dimitri Petritis, Andrew R Wade. Heavy-tailed random walks on complexes of
half-lines. Journal of Theoretical Probability, 2018, 31 (3), pp.1819-1859. 10.1007/s10959-017-0753-

5. hal-01376077

HAL Id: hal-01376077
https://hal.science/hal-01376077
Submitted on 4 Oct 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01376077
https://hal.archives-ouvertes.fr

Heavy-tailed random walks
on complexes of half-lines

Mikhail V. Menshikov*  Dimitri Petritis'  Andrew R. Wade*
4 October 2016

Abstract

We study a random walk on a complex of finitely many half-lines joined
at a common origin; jumps are heavy-tailed and of two types, either one-
sided (towards the origin) or two-sided (symmetric). Transmission between
half-lines via the origin is governed by an irreducible Markov transition mat-
rix, with associated stationary distribution py. If xi is 1 for one-sided half-
lines k and 1/2 for two-sided half-lines, and aj is the tail exponent of the
jumps on half-line k, we show that the recurrence classification for the case
where all a;x; € (0,1) is determined by the sign of Y yy cot(xx e ). In the
case of two half-lines, the model fits naturally on R and is a version of the os-
cillating random walk of Kemperman. In that case, the cotangent criterion for
recurrence becomes linear in a1 and ay; our general setting exhibits the essen-
tial non-linearity in the cotangent criterion. For the general model, we also
show existence and non-existence of polynomial moments of return times.
Our moments results are sharp (and new) for several cases of the oscillating
random walk; they are apparently even new for the case of a homogeneous
random walk on R with symmetric increments of tail exponent « € (1,2).

Key words: Random walk, heavy tails, recurrence, transience, passage time mo-
ments, Lyapunov functions, oscillating random walk, cotangent criterion.

AMS Subject Classification: 60J05 (Primary); 60]J10, 60G50 (Secondary)

1 Introduction

We study Markov processes on a complex of half-lines R x S, where § is fi-
nite, and all half-lines are connected at a common origin. On a given half-line, a
particle performs a random walk with a heavy-tailed increment distribution, un-
til it would exit the half-line, when it switches (in general, at random) to another
half-line to complete its jump.

To motivate the development of the general model, we first discuss informally
some examples; we give formal statements later.

*Department of Mathematical Sciences, Durham University, South Road, Durham DH1 3LE,
UK.
fIRMAR, Campus de Beaulieu, 35042 Rennes Cedex, France.
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The one-sided oscillating random walk takes place on two half-lines, which we
may map onto R. From the positive half-line, the increments are negative with
density proportional to y~!~*, and from the negative half-line the increments are
positive with density proportional to y~!=#, where a,8 € (0,1). The walk is
transient if and only if « + 8 < 1; this is essentially a result of Kemperman [15].

The oscillating random walk has several variations and has been well studied
over the years (see e.g. [16-19]). This previous work, as we describe in more detail
below, is restricted to the case of two half-lines. We generalize this model to an
arbitrary number of half-lines, labelled by a finite set S, by assigning a rule for
travelling from half-line to half-line.

First we describe a deterministic rule. Let T be a positive integer. Define a
routing schedule of length T to be a sequence o = (iy,...,ir) of T elements of S,
dictating the sequence in which half-lines are visited, as follows. The walk starts
from line i1, and, on departure from line i; jumps over the origin to i, and so on,
until departing it it returns to i1; on line k € S, the walk jumps towards the origin
with density proportional to y~1~% where a; € (0,1). One simple example takes
a cyclic schedule in which ¢ is a permutation of the elements of S. In any case, a
consequence of our results is that now the walk is transient if and only if

Y py cot(may) >0, (1.1)
keS
where i is the number of times k appears in the sequence ¢. In particular, in the
cyclic case the transience criterion is ) s cot(may) > 0.

It is easy to see that, if S contains two elements, the cotangent criterion (1.1)
is equivalent to the previous one for the one-sided oscillating walk (a1 + ap <
1). For more than two half-lines the criterion is non-linear, and it was necessary
to extend the model to more than two lines in order to see the essence of the
behaviour.

More generally, we may choose a random routing rule between lines: on de-
parture from half-line i € S, the walk jumps to half-line j € S with probabil-
ity p(i,j). The deterministic cyclic routing schedule is a special case in which
p(i,i") = 1 for i’ the successor to i in the cycle. In fact, this set-up generalizes
the arbitrary deterministic routing schedule described above, as follows. Given
the schedule sequence ¢ of length T, we may convert this to a cyclic schedule on
an extended state-space consisting of yj copies of line k, and then reading ¢ as
a permutation. So the deterministic routing model is a special case of the model
with Markov routing, which will be the focus of the rest of the paper.

Our result again will say that (1.1) is the criterion for transience, where iy is
now the stationary distribution associated to the stochastic matrix p(7,j). Our
general model also permits two-sided increments for the walk from some of the
lines, which contribute terms involving cot(7ta;/2) to the cotangent criterion
(1.1). These two-sided models also generalize previously studied classical mod-
els (see e.g. [15,16,22]). Again, it is only in our general setting that the essential
nature of the cotangent criterion (1.1) becomes apparent.

Rather than R x §, one could work on Z x § instead, with mass functions
replacing probability densities; the results would be unchanged.

The paper is organized as follows. In Section 2 we formally define our model
and describe our main results, which as well as a recurrence classification in-
clude results on existence of moments of return times in the recurrent cases. In
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Section 3 we explain how our general model relates to the special case of the os-
cillating random walk when S has two elements, and state our results for that
model; in this context the recurrence classification results are already known, but
the existence of moments results are new even here, and are in several important
cases sharp. The present work was also motivated by some problems concern-
ing many-dimensional, partially homogeneous random walks similar to models
studied in [5, 6]: we describe this connection in Section 4. The main proofs are
presented in Sections 5, 6, and 7, the latter dealing with the critical boundary case
which is more delicate and requires additional work. We collect various technical
results in Appendix A.

2 Model and results

Consider (X, u;n € Z), a discrete-time, time-homogeneous Markov process
with state space R x S, where S is a finite non-empty set. The state space is
equipped with the appropriate Borel sets, namely, sets of the form B x A where
B € B(R4) is a Borel setin Ry, and A C S. The process will be described by:

e an irreducible stochastic matrix labelled by S, P = (p(i,j);i,j € S); and

e a collection (w;;i € S) of probability density functions, so w; : R = R isa
Borel function with [ w;(y)dy = 1.

We view R4 X S as a complex of half-lines Ry x {k}, or branches, connected at a
central origin O := {0} x S; at time 7, the coordinate ¢, describes which branch
the process is on, and X, describes the distance along that branch at which the
process sits. We will call X, a random walk on this complex of branches.

To simplify notation, throughout we write P, ;[ - | for P[- | (Xo,&o) = (x,1)],
the conditional probability starting from (x,i) € R4 x S; similarly we use E, ; for
the corresponding expectation. The transition kernel of the process is given for
(x,i) € Ry x S, for all Borel sets BC Riandallj € S, by

P [(Xnt1,8nt1) € BXAj} | (Xu, &) = (x,0)] = Py [(X1,61) € B x {j}]
= p(i,j) /B wi(—z—x)dz+1{i = j}/Bw,-(z —x)dz. (2.1)
The dynamics of the process represented by (2.1) can be described algorithmically
as follows. Given (X, ¢,) = (x,1) € R4 x S, generate (independently) a spatial

increment ¢, from the distribution given by w; and a random index 7,41 € &
according to the distribution p(i, - ). Then,

o if x + @11 >0, set (Xy41,Cnt+1) = (X + @py1,0); Or

o if x + @ui1 <0, set (Xuy1,Gnt1) = (| + @usal, nr1)-

In words, the walk takes a wg, -distributed step. If this step would bring the walk
beyond the origin, it passes through the origin and switches onto branch #,,41 (or,
if 77,41 happens to be equal to ¢y, it reflects back along the same branch).



The finite irreducible stochastic matrix P is associated with a (unique) positive
invariant probability distribution (yy; k € S) satisfying

Y uip(j, k) — e =0, forallk € S. 2.2)
jes

For future reference, we state the following.

(A0) Let P = (p(i,j);i,j € S) be an irreducible stochastic matrix, and let (yy; k €
S) denote the corresponding invariant distribution.

Our interest here is when the w; are heavy tailed. We allow two classes of
distribution for the w;: one-sided or symmetric. It is convenient, then, to partition
Sas S = S U SW™ where S$°7¢ and S%Y™ are disjoint sets, representing those
branches on which the walk takes, respectively, one-sided and symmetric jumps.
The wy, are then described by a collection of positive parameters (ay; k € S).

For a probability density function v : R — R, an exponent a € (0,00), and a
constant ¢ € (0,00), we write v € D, to mean that there exists ¢ : Ry — (0, 0)
with sup, ¢(y) < oo and limy e c(y) = ¢ for which

11— if
= {5

If v € Dy is such that (2.3) holds and c(y) satisfies the stronger condition
c(y) = c+O(y~?) for some § > 0, then we write v € D .
Our assumption on the increment distributions wj is as follows.

(A1) Suppose that, for each k € S, we have an exponent o € (0,00), a constant
cx € (0,00), and a density function vy € D, ,. Then suppose that, for all
y € R, wy is given by

v(—y) ifk e Sone
= 24

We say that X, is recurrent if liminf, ., X, = 0, a.s., and transient if
lim, 00 Xy = 00, a.s. An irreducibility argument shows that our Markov chain
(Xn, Gn) displays the usual recurrence/transience dichotomy and exactly one of
these two situations holds; however, our proofs establish this behaviour directly
using semimartingale arguments, and so we may avoid discussion of irreducibil-
ity here.

Throughout we define, for k € S,

_141{kes™) [l ifkesym;
k= 2 |1 ifke seme

Our first main result gives a recurrence classification for the process.

Theorem 2.1. Suppose that (A0) and (A1) hold.

(a) Suppose that maxyes Xk > 1. Then X,, is recurrent.
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(b) Suppose that maxges xxx < 1.

(i) If Y kes Mr cot(xxmay) < O, then X, is recurrent.
(ii) If Yres px cot(xgmay) > 0, then X, is transient.
(iii) Suppose in addition that the densities vy of (A1) belong to ® . for each k.

K ,Cl

Then Y yes pr cot(xxmay) = 0 implies that X, is recurrent.

In the recurrent cases, it is of interest to quantify recurrence via existence or
non-existence of passage-time moments. For a > 0, let 7, := min{n > 0: X, <
a}, where throughout the paper we adopt the usual convention that min@ :=
+o00. The next result shows that in all the recurrent cases, excluding the boundary
case in Theorem 2.1(b)(iii), the tails of 7, are polynomial.

Theorem 2.2. Suppose that (AQ) and (A1) hold. In cases (a) and (b)(i) of Theorem 2.1,
there exists 0 < g, < oo such that forall x > aandall k € S,

IEx,k[T,?] < oo, forq < q,. and ]Ex,k[rj] =00, forq > q,.

Remark 2.3. One would like to precisely locate g,; here we only locate g, within
an interval, i.e., we show that there exist gp and q; with 0 < gp < g7 < oo such
that B, x[1]] < oo for ¢ < qo and E,[t]] = oo for g > ;. The existence of a
critical g, follows from the monotonicity of the map g — [, x[t¢], but obtaining
a sharp estimate of its value remains an open problem in the general case.

We do have sharp results in several particular cases for two half-lines, in which
case our model reduces to the oscillating random walk considered by Kemper-
man [15] and others. We present these sharp moments results (Theorems 3.2
and 3.4) in the next section, which discusses in detail the case of the oscillating
random walk, and also describes how our recurrence results relate to the known
results for this classical model.

3 Oscillating random walks and related examples

3.1 Two half-lines become one line

In the case of our general model in which S consists of two elements, S =
{—1,+1}, say, it is natural and convenient to represent our random walk on the
whole real line R. Namely, if w(x, k) := kx for x € Ryand k = £1, we let

Zn — C(J(Xn, én).
The simplest case has no reflection at the origin, only transmission, i.e.
p(i,j) = 1{i # j}, so that u = (3, 3). Then, for B C R a Borel set,

]P[Zn—H €B | (anén) = (xri)] =
P, i[(X1,81) € BY x{+1}] +P;[(X1, 1) € B-x{-1}],

where BY = BNRyand B~ = {—x : x € B, x < 0}. In particular, by (2.1),
writing w for wyq, for x € Ry,

P[Z,.1 € B| (Xy, &) = (x,+1)] = /B+ w4 (z—x)dz+ /B w4 (—z—x)dz
5



= / wy(z —x)dz
B

and, similarly, writing w_(y) for w_;(—y), for x € R,
P[Zyi1 € B | (Xp, &) = (x,—1)] /w z+x)d

For x # 0, w is invertible with

W (x) = (]x|,+1) %fx >0
(Jx|,—-1) ifx <0,

and hence we have for x € R\ {0} and Borel B C R,

Jpwi(z—x)dz ifx>0

3.1
fB (z—x)dz ifx <O. (31

]P[ZnHeB|Zn:x]:{

We may make an arbitrary non-trivial choice for the transition law at Z, =
0 without affecting the behaviour of the process, and then (3.1) shows that
Zy, is a time-homogeneous Markov process on R. Now Z, is recurrent it
liminf, ,o |Z,| = 0, as., or transient if lim, e |Z,|] = oo, a.s. The one-
dimensional case described at (3.1) has received significant attention over the
years. We describe several of the classical models that have been considered.

3.2 Examples and further results
Homogeneous symmetric random walk
The most classical case is the following.

(Sym) Let a € (0,00). For v € Dy, suppose that wy (y) = w_(y) = ov(|y|) for
yeR.

In this case, Z, describes a random walk with i.i.d. symmetric increments.

Theorem 3.1. Suppose that (Sym) holds. Then the symmetric random walk is transient
ifa < 1and recurrent if « > 1. If, in addition, v € D, ., then the case x = 11is recurrent.

Theorem 3.1 follows from our Theorem 2.1, since in this case

Y px cot(xprmay) = cot(ma/2).

keS
Since it deals with a sum of i.i.d. random variables, Theorem 3.1 may be deduced
from the classical theorem of Chung and Fuchs [7], via e.g. the formulation of
Shepp [22]. The method of the present paper provides an alternative to the clas-
sical (Fourier analytic) approach that generalizes beyond the i.i.d. setting. (Note
that Theorem 3.1 is not, formally, a consequence of Shepp’s most accessible res-
ult, Theorem 5 of [22], since v does not necessarily correspond to a unimodal
distribution in Shepp’s sense.)

With 7, as defined previously, in the setting of the present section we have

T, = min{n > 0 : |Z,| < a}. Use E,[-] as shorthand for E[- | Zyg = x]|. We
have the following result on existence of passage-time moments, whose proof is
in Section 6; while part (i) is well known, we could find no reference for part (ii).

6



Theorem 3.2. Suppose that (Sym) holds, and that « > 1. Let x ¢ [—a, a.
(i) Ifa > 2, then By[t]] < oo ifg < 1/2and Ey[t]] = coifg > 1/2.
(i) Ifa € (1,2), then Bx[1]] < c0if g <1— 1 and Ex[t]] = c0if g >1— 1.

Our main interest concerns spatially inhomogeneous models, i.e., in which wy
depends on x, typically only through sgn x, the sign of x. Such models are known
as oscillating random walks, and were studied by Kemperman [15], to whom the
model was suggested in 1960 by Anatole Joffe and Peter Ney (see [15, p. 29]).

One-sided oscillating random walk

The next example, following [15], is a one-sided oscillating random walk:

(Osc1) Leta,p € (0,00). Forvy € Dy, and v_ € Dp,c_, suppose that
W (y) = v+ (—y), and w_(y) = v_(y).

In other words, the walk always jumps in the direction of (and possibly over) the
origin, with tail exponent a from the positive half-line and exponent B from the
negative half-line. The following recurrence classification applies.

Theorem 3.3. Suppose that (Oscl) holds. Then the one-sided oscillating random walk
is transient if « + B < 1 and recurrent if x + p > 1. If, in addition, vy € Df. and

o,C+
v_ € @ch_, then the case a + B = 1 is recurrent.

Theorem 3.3 was obtained in the discrete-space case by Kemperman [15, p.
21]; it follows from our Theorem 2.1, since in this case

The special case of (Oscl) in which « =  was called antisymmetric by Kemper-
man; here Theorem 3.3 shows that the walk is transient for « < 1/2 and recurrent
for « > 1/2. We have the following moments result, proved in Section 6.

Theorem 3.4. Suppose that (Oscl) holds, and that « = > 1/2. Let x & [—a, a.
(i) Ifa > 1, then By[1]] < 0 if ¢ < wand Ey[1]] = 0 if g > a.
(i) Ifa € (1/2,1), then Ex[1]] < o0if g <2 — L and E,[1]] = 0 ifg >2 - L.

Open Problem. Obtain sharp moments results for general a, € (0, 1).

Two-sided oscillating random walk

Another model in the vein of [15] is a two-sided oscillating random walk:
(Osc2) Leta,p € (0,00). Forvy € Dy, and v € Dg_, suppose that

w.(y) = 3o+(lyl), and w_(y) = 50~ (ly))
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Now the jumps of the walk are symmetric, as under (Sym), but with a tail expo-
nent depending upon which side of the origin the walk is currently on, as under
(Oscl).

The most general recurrence classification result for the model (Osc2) is due
to Sandric¢ [19]. A somewhat less general, discrete-space version was obtained by
Rogozin and Foss (Theorem 2 of [16, p. 159]), building on [15]. Analogous results
in continuous time were given in [4,11]. Here is the result.

Theorem 3.5. Suppose that (Osc2) holds. Then the two-sided oscillating random walk
is transient if &« + B < 2 and recurrent if « + B > 2. If, in addition, vy € D7, and

o,Ct
v_ € @;L, then the case o + = 2 is recurrent.

Theorem 3.5 also follows from our Theorem 2.1, since in this case

sin(t(a+ B)/2)
2sin(7mta/2) sin(7tf/2)’

Y pgcot(xpmay) = 1co’c(7wc/2) + 1cot(7t/3/2) =
keS 2 2

Open Problem. Obtain sharp moments results for o, p € (0,2).

Mixed oscillating random walk

A final model is another oscillating walk that mixes the one- and two-sided mod-
els:

(Osc3) Leta,p € (0,00). Forvy € Dy, and v € g, suppose that

Wi (y) = 30+ (1)), and w_(y) =o_(y)

In the discrete-space case, Theorem 2 of Rogozin and Foss [16, p. 159] gives
the recurrence classification.

Theorem 3.6. Suppose that (Osc3) holds. Then the mixed oscillating random walk is
transient if « + 2B < 2 and recurrent if « + 2B > 2. If, in addition, vy € DF, and

o,C+
v_ € ’D/chi, then the case x + 2 = 2 is recurrent.

Theorem 3.6 also follows from our Theorem 2.1, since in this case

T A

3.3 Additional remarks

It is possible to generalize the model further by permitting the local transition
density to vary within each half-line. Then we have the transition kernel

P[Zys1 € B | Zn = x] = /B wy(z — x)dz, (3.2)

for all Borel sets B C IR. Here the local transition densities w, : R — IR are Borel
functions. Variations of the oscillating random walk, within the general setting of
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(3.2), have also been studied in the literature. Sandric’: [18,19] supposes that the w,
satisfy, for each x € R, wy(y) ~ c(x)|y| 7% as |y| — oo for some measurable
functions ¢ and «; he refers to this as a stable-like Markov chain. Under a uniformity
condition on the wy, and other mild technical conditions, Sandri¢ [18] obtained,
via Foster-Lyapunov methods similar in spirit to those of the present paper, suf-
ficient conditions for recurrence and transience: essentially liminfy_ e a(x) > 1
is sufficient for recurrence and limsup, _,  a(x) < 1 is sufficient for transience.
These results can be seen as a generalization of Theorem 3.1. Some related results
for models in continuous-time (Lévy processes) are given in [20,21,23]. Further
results and an overview of the literature are provided in Sandri¢’s PhD thesis [17].

4 Many-dimensional random walks

The next two examples show how versions of the oscillating random walk of
Section 3 arise as embedded Markov chains in certain two-dimensional random
walks.

Example 4.1. Consider ¢, = (67(11),@(12)), n € Z.4, a nearest-neighbour random
walk on Z? with transition probabilities

Plgni1 = (y1,¥2) | &n = (x1,%2)] = p(x1, 2,91, 2).
Suppose that the probabilities are given for x, # 0 by,

1
P(xlz X2; X1, X2 + 1) = P(Xl, X2;X1,Xp — 1) = 5;

1
p(x1,x2; %1 +1,x2) = §l{x2 < 0};
1
p(x1,x0;,%1 —1,x0) = 51{962 > 0}; (4.1)

(the rest being zero) and for x, = 0 by p(x1,0;x1,1) = 1 for all x; > 0,
p(x1,0;x1,—1) = 1 for all x; < 0, and p(0,0;0,1) = p(0,0;0,—1) = 1/2. See
Figure 1 for an illustration.

Set 1p := 0 and define recursively 1.1 = mm{n > T Cn =0} fork > 0;
consider the embedded Markov chain X,, = §Tn . We show that X,, is a discrete

version of the oscillating random walk described in Section 3. Indeed, \C,Sz)\ is
a reflecting random walk on Z with increments taking values —1,0,+1 each
with probability 1/3. We then (see e.g. [9, p. 415]) have that for some constant
€ (0,00),
Pt > 1] = (c+0(1))r V2, asr — co.
Suppose that ij(()l) = x > 0. Since between times 1y and T, (;(11) is monotone, we
have

Pl ) <~ > Plm >3+ —pell) gl > .

Here, by the Azuma-Hoeffding inequality, for some ¢ > 0and all r > 1,

I[)[gér—i—ﬂ/él é(o = r]gexp{—grlm},
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Figure 1: Pictorial representation of the non-homogeneous nearest-neighbour random
walk on Z? of Example 4.2, plus a simulated trajectory of 5000 steps of the walk. We
conjecture that the walk is recurrent.

Similarly,

Pl — el < 1) <Plm >3-4 4Pl |, el <,

where ]l’[ég)_r3 = C(()l) < —r] < exp{—er!/?}. Combining these bounds, and

using the symmetric argument for {r’jg) > r} when (’j(()l) = x < 0, we see that for
r>0,

P[Xy41— Xpn < —1| Xy =x] =u(r), if x >0, and
PXys1—Xn>1 | Xy =x] =u(r), ifx <0, 4.2)

where u(r) = (c+ o(1))r /2. Thus X, satisfies a discrete-space analogue
of (Oscl) with « = B = 1/2. This is the critical case identified in Theorem 3.3, but
that result does not cover this case due to the rate of convergence estimate for u;
a finer analysis is required. We conjecture that the walk is recurrent. A

Example 4.2. We present two variations on the previous example, which are su-
perficially similar but turn out to be less delicate. First, modify the random walk
of the previous example by supposing that (4.1) holds but replacing the beha-
viour at x = 0 by p(x1,0;x1,1) = p(x1,0;x1,—1) = 1/2 for all x; € Z. See the
left-hand part of Figure 2 for an illustration.

The embedded process X;; now has, for all x € Z and forr > 0,

PXpi1—Xn < —1| Xy =x] =P[Xyy1 — Xy >71| Xy = x] = u(r), (4.3)

where u(r) = (c/2)(1+ 0(1))r~'/2. Thus X, is a random walk with symmetric
increments, and the discrete version of our Theorem 3.1 (and also a result of [22])
implies that the walk is transient. This walk was studied by Campanino and
Petritis [5,6], who proved transience via different methods.

Next, modify the random walk of Example 4.1 by supposing that (4.1) holds
but replacing the behaviour at x, = 0 by p(x1,0;x1,1) = p(x1,0,x1, —1) = 1/2

10
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Figure 2: Pictorial representation of the two non-homogeneous nearest-neighbour ran-
dom walks on Z? of Example 4.2. Each of these walks is transient.

if x1 > 0,and p(x1,0;x1,—1) = 1 for x; < 0. See the right-hand part of Figure 2
for an illustration. This time the walk takes a symmetric increment as at (4.3)
when x > 0 but a one-sided increment as at (4.2) when x < 0. In this case the
discrete version of our Theorem 3.6 (and also a result of [16]) shows that the walk
is transient. A

One may obtain the general model on Z, x S as an embedded process for a
random walk on complexes of half-spaces, generalizing the examples considered
here; we leave this to the interested reader.

5 Recurrence classification in the non-critical cases

5.1 Lyapunov functions

Our proofs are based on demonstrating appropriate Lyapunov functions; that
is, for suitable ¢ : Ry x & — Ry we study Y, = ¢(X,,§n) such that Y, has
appropriate local supermartingale or submartingale properties for the one-step
mean increments

Do(x,i) := E [@(Xnt1,8nr1) — @(Xn, Cn) | (Xn,Sn) = (x,1)]
= Ey;i [¢(X1,81) — ¢(Xo,80)] -

First we note some consequences of the transition law (2.1). Let ¢ : Ry x § —
R be measurable. Then, we have from (2.1) that, for (x,i) € R+ x S,

Do(x,i) = X pif) [ (o(=x—y.) — 9, i)) wi(y)dy
j€S -

+ [ (e(x+y,1) — @(x,1)) wi(y)dy. (5.1)

—X

Our primary Lyapunov function is roughly of the form x — |x|", v € R, but
weighted according to an S-dependent component (realised by a collection of
multiplicative weights A); these weights provide a crucial technical tool.

11



Forv € R and x € R we write

fo(x) = (1 |x])"

Then, for parameters Ay > 0 for each k € S, define for x € Ryand k € S,

fu(x, k) == Apfu(x) = Ae(1+x)". (5.2)

Now for this Lyapunov function, (5.1) gives

Dfy(x,i) = Zpu/ (Aifu(x +y) = Aifu(x)) wi(y)dy

jeS
4 [ ulx+y) = ) wil)dy. (5.3)

Depending on whether i € %™ ori € §°"¢, the above integrals can be expressed
in terms of v; as follows. Fori € S%™,

Df(ei) = L pl 3 [ fuly—oatdy -2 [~ fuy

jes
+)£/ (fv(x+y)+fv(x— )_zfv(x))vl(y)dy
+ 5 [T Rty - ) i)y, (5.4)

Fori € S°ne,

Dfy(x,i) =) p(i,j)A / fuly — x)vi(y)dy — A /xoofv(x)vi(y)dy

jes

F40 [ (ulx =) = fu(x) 0i(y)dy. (5.5)

5.2 Estimates of functional increments

In the course of our proofs, we need various integral estimates that can be ex-
pressed in terms of classical transcendental functions. For the convenience of the
reader, we gather all necessary integrals in Lemmas 5.1 and 5.2; the proofs of
these results are deferred until Section A.2. Recall that the Euler gamma func-
tion T satisfies the functional equation zI'(z) = I'(z + 1), and the hypergeometric
function ,, F, is defined via a power series (see [1]).

Lemma 5.1. Suppose that « > 0 and —1 < v < a. Then

(14u)Y 1 1
—/ u”"‘ du: “_VzFl(—v,zx—v;ac—v—kl;—l)——;

1
X
150 1= du = —;
2/0 /1\ u1+06 DC’

v ® (4 — 1)"d T +v)I'(a—v)
/1 ylta w= T(1+a)

12



Suppose that « € (0,2) and v > —1. Then

du =
ul+0€ 2 —

. / (I4+u)+(1—u)¥-2 v(iv—1)
Suppose that o € (0,1) and v > —1. Then
. / (1—u)¥ u—l 1_F(1+v)1"(1—tx)
. u”"‘ o rl—a+v) )

Recall that the digamma function is ¢(z) = £ 1ogT(z) = I'(z)/T(z), which
has (1) = — where ¢ ~ 0.5772 is Euler’s constant.

Lemma 5.2. Suppose that o > 0. Then
. ® log(1+u) 1 B
Jo = /1 —dre U= (¥(a) —9(3));
oL oolog(u_l) _ _1
ji= [ B du= —(r+9(@))

Suppose that « € (0,2). Then

«  [Ylog(1—u?) 1 .
jri= [ o=~ (y+p(1-9)).
Suppose that « € (0,1). Then

% Hog(1 — 1
fo= [ B = (91 ),

Remark 5.3. The j integrals can be obtained as derivatives with respect to v of the
i integrals, evaluated at v = 0.

The next result collects estimates for our integrals in the expected functional
increments (5.4) and (5.5) in terms of the integrals in Lemma 5.1.

Lemma 5.4. Suppose that v € Dy . For x > 0and —1 < v < « we have

/ fuly — x)o(y)dy = cx" iy 7 +o(x""); (5.6)
/ fo(x)o(y)dy = ex'~ ”‘158‘4—0( X', (5.7)
| Fulx ) = ful)) o)y = e iy 4 o(x ). 68)

Forwa € (0,2) and v > —1 we have

[ Gulx ) + ol = ) = 26,0 o)y = x5 +o(x ). (59)

Fora € (0,1) and v > —1 we have

[ Gl —y) ~ fole oty = e T 4ol 610

Moreover, if v € D, then stronger versions of all of the above estimates hold with
o(xV%) replaced by O(x"~%=%) for some & > 0.

13



Proof. These estimates are mostly quite straightforward, so we do not give all the
details. We spell out the estimate in (5.6); the others are similar. We have

| Aty =xotidy = [ (M -1) ey,

With the substitution u = y, this last expression becomes
o0
14+v 1\, —1l-ar,. o —1\—1—ua .
X /1 (u—1)"u (x —u"") c(ux — 1)du.

1+x
x

Let ¢ € (0,c). Then there exists y9 € R4 such that |c(y) —c| < e forall y > yo,
so that |c(ux — 1) — ¢| < ¢ for all u in the range of integration, provided x > vp.
Writing

fu)=(u—1)"u"17% and g(u) = (x —u~ 1)1 *c(ux — 1),

for the duration of the proof, we have that

/ fuly —x)o(y)dy = x'F 1: f(u)g(u)du. (5.11)

For u > HTX and x > yo, we have

g = (c—ex Tt <gu) < (c+e)(x—1) " = gy,

sothatg, — g < 2e(x —1)717* 4+ C;x~27% for a constant C; < co not depending
on x > yo or &. Moreover, it is easy to see that [, |f(u)|du < C, for a constant Cy
depending only on v and «, provided v € (—1,a). Hence Lemma A.3 shows that

< 2Coe(x — 1)1 + G Cox 27",

" F(w)g(u)du — (c —e)x !

14+x
X

~ f(u)du

1+x

for all x > yp. Since also

1+x

< [ Ifwldn o,

*© V,K
1ﬂf(u)du — iy]
X

as x — oo, it follows that for any ¢ > 0 we may choose x sufficiently large so that

< 8x71*0(’

" F(w)g(u)du — cx 1w

1+x
X

and since ¢ > 0 was arbitrary, we obtain (5.6) from (5.11). O

We also need the following simple estimates for ranges of « when the asymp-
totics for the final two integrals in Lemma 5.4 are not valid.

Lemma 5.5. Suppose that v € D .

(i) For & > 2 and any v € (0,1), there exist ¢ > 0 and xo € Ry such that, for all
X > Xo,

—ex'2logx  ifa =2,
—exV 2 ifa > 2.

[ e+ + fulx =) =2 0) 0 (My<{
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(ii) For « > 1 and any v > 0, there exist ¢ > 0 and xo € R4 such that, for all x > x,

x —exVllogx ifa=1,
/ (fv(x—y)—fv(x))v(y)dyé{_gxy1 ool

Proof. For part (i), seta,(z) = (14+2z)" + (1 —z)" — 2, so that

[ e+ folx =) = 2600 o)y = 1+ [ () ey

Suppose that « > 2 and v € (0,1). For v € (0,1), calculus shows that a,(z)
has a single local maximum at z = 0, so that 4,(z) < 0 for all z. Moreover,
Taylor’s theorem shows that for any v € (0,1) there exists §, € (0,1) such that
a,(z) < —(v/2)(1 —v)z? for all z € [0,6,]. Also, c(y) > ¢/2 > 0 forall y > yo
sufficiently large. Hence, for all x > /4y,

Syx

X
/ “V(T%z)C(y)y‘l‘“dyfilA; ay (o) cy)y ' ~dy

cv(l—v) [ox |,
T A+ x)? Jy vy
which yields part (i) of the lemma.

For part (ii), suppose that « > 1 and v > 0. For any v > 0, there exists
oy € (0,1) such that (1 —z)" —1 < —(v/2)z for all z € [0, ,]. Moreover, c(y) >
c/2 > 0 for all y > yo sufficiently large. Hence, since the integrand is non-
positive, for x > /6y,

u+xy/

0

and part (ii) follows. O

Lemma 5.6. Suppose that (Al) holds and x;a; < 1. Then forv € (=1,1A«;), b €
{one,sym}, and i € S°, as x — oo,

- (PA);
ny(x, i) = Xi/\icjxy_aii;:i‘l (( /\‘)1 —|—Rb(0ci,1/)> +0(xv—ai)’
i

where A = (A k € S),

VN UK ey
Rsym(“ 1/) _ ‘o +11 2,0
,V) =

g

one 1 2,0

VB , and R°™ (a,v) = —wa
2,1 2,1

Moreover, if v; € @tji,ci then, for some 6 > 0,

[ (PA);
Dfoi) = e i (VT R () ) + 0+
1

Finally, asv — 0,

R (a,v) = {Rsym(zx,v) = —1+vmcot(ma;/2) +o(v) if b=sym (5.12)

R°"(a,v) = —1 + v cot(ma;) 4+ o(v) if b= one.

15
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Proof. The above expressions for Df,(x,i) follow from (5.4) and (5.5) with
Lemma 5.4.

Additionally, we compute that R%™(«,0) = R°*¢(«,0) = —1. For v in a neigh-
bourhood of 0 uniformity of convergence of the integrals over (1,c0) enables us
to differentiate with respect to v under the integral sign to get

X

a S ‘X
v 1 1

=y(1-3)-v(3)
= mreot (&),
using Lemma 5.2 and the digamma reflection formula (equation 6.3.7 from [1, p.

259]), and then the first formula in (5.12) follows by Taylor’s theorem. Similarly,
for the second formula in (5.12),

iRone(oc V)|y=o = f—% — R (« O)ﬁ
v s
= (1 —a) — p(a)
= 71 cot(ra). O

We conclude this subsection with two algebraic results.

Lemma 5.7. Suppose that (A0) holds. Given (by;k € S) with by € R for all k, there
exists a solution (6;k € S) with 6 € R for all k to the system of equations

Y plk )0, — b =bi, (k€S), (5.13)
jes

if and only if } s by = 0. Moreover, if a solution to (5.13) exists, we may take 6 > 0
forallk € S.

Proof. As column vectors, we write u = (py; k € S) for the stationary probabilit-
ies as given in (A0), b = (by;k € S), and 0 = (6;k € S). Then in matrix-vector
form, (5.13) reads (P — I)0 = b, while u satisfies (2.2), which reads (P —I)'u = 0,
the homogeneous system adjoint to (5.13). (Here I is the identity matrix and 0 is
the vector of all 0s.)

A standard result from linear algebra (a version of the Fredholm alternative)
says that (P — I)0 = b admits a solution 6 if and only if the vector b is orthogonal
to any solution x to (P — I) 'x = 0; but, by (A0), any such x is a scalar multiple of
. In other words, a solution 0 to (5.13) exists if and only if #'b = 0, as claimed.

Finally, since P is a stochastic matrix, (P — I)1 = 0, where 1 is the column
vector of all 1s; hence if 8 solves (P — I)0 = b, then so does 6 + 1 for any ¥ € R.
This implies the final statement in the lemma. O

Lemma 5.8. Let U = (U ;k, ¢ = 0,..., M) be a given upper triangular matrix hav-
ing all its upper triangular elements non-negative (U, > 0 for 0 < k < £ < M and
vanishing all other elements) and A = (A k = 1,..., M) a vector with positive com-
ponents. Then there exists a unique lower triangular matrix L = (L ;;k, ¢ =0,..., M)
(so diagonal and upper triangular elements vanish) satisfying
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(i) Lm’m_l — (UL)mlm + AmeT’ m = 1, PPN ,M;

(ii) Lo = Yo g ' Leprsresr = Lopre+ -+ 4 Lig1 for 0 < € < k < M.
Also, all lower triangular elements of L are positive, i.e. Ly > 0for 0 < £ < k < M.

Proof. We construct L inductively. Item (i) demands

M M
Lm,m—l - Z um,ﬂLE,m + Am - Z um,ﬁLE,m + Am- (5-14)
(=0 f=m+1

In the case m = M, with the usual convention that an empty sum is 0, the de-
mand (5.14) is simply Lyrm—1 = Am. So we can start our construction taking
Ly am—1 = Apm, which is positive by assumption. (Item (ii) makes no demands in
thecasek =M,/ =M —1.)

Suppose now that all matrix elements Ly , have been computed in the lower-
right corner Ay, (1 <m < M):

Lm,m—l

Lm+1 m—1 Lm+1 m
Am = .’ . '

Lvm—1 Lmm - Lmm-—1

The elements of L involved in statement (i) (for given m) and in statement (ii) for
¢ = m — 1 are all in A,;; thus as part of our inductive hypothesis we may suppose
that the elements of A, are such that (i) holds for the given m, and (ii) holds with
¢ =m—1and all m < k < M. We have shown that we can achieve this for A,,.

The inductive step is to construct from A, (2 < m < M) elements Ly ,,,_, for
m —1 < k < M and hence complete the array A,,_; in such a way that (i) holds
for m — 1 replacing m, that (ii) holds for £ = m — 2, and that all elements are
positive. Now (5.14) reveals the demand of item (i) as

M
Ly—tim-r2=Y_ Up_1/Lom1+ An-1,

{=m

which we can achieve since the elements of L on the right-hand side are all in A,
and since A,,_1 > O0weget Ly,_1,—2 > 0.
The ¢ = m — 2 case of (ii) demands that for m < k < M we have

k—m+1

Lim—2= Y. Lm—1trmo+r=Lu—tmo—+ -+ Lix_1
r=0

which involves only elements of A in addition to L,,_1,,—2, which we have
already defined, and positivity of all the Ly ,,_, follows by hypothesis. This gives
us the construction of A,,_1 and establishes the inductive step.

This algorithm can be continued down to A;. But then the lower triangular

matrix L is totally determined. The diagonal and upper triangular elements of L
do not influence the construction, and may be set to zero. O

Corollary 5.9. Let the matrix U and the vector A be as in Lemma 5.8. Let L be the set
of lower triangular matrices L satisfying
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(1) Lym-1> (UL)ym+ Apform=1,...,M;

(i) Lie = Y5 Lovrsrpnr = Logap+ -+ Lo for 0 < £ <k < M,

. Ly M(M-1) .
viewed as subset of the positive cone V = (0,00)~ 2z . Then L is a non-empty, open

subset of V.

5.3 Supermartingale conditions and recurrence

We use the notation

= PR = Py = A (1 da™:= A (1 .
o= mina; & = maxag; o, = min {ag A (1/xe)} and a” := max {ae A (1/x:)}

We start with the case maxycs xrax < 1. We will obtain a local supermartin-
gale by choosing the Ay carefully. Lemma 5.7, which shows how the stationary
probabilities i enter, is crucial; a similar idea was used for random walks on
strips in Section 3.1 of [10]. Next is our key local supermartingale result in this
case.

Proposition 5.10. Suppose that (AQ) and (A1) hold, and that maxgcs xxax < 1.

(i) If Yres Hr cot(xxrta) < O, then there exist v € (0,a), Ay > 0(k € S), ¢ > 0,
and xg € R such that

Dfy(x,i) = Ey;[fo(X1,&1) — fu(Xo,&0)] < —ex'™%, forall x > xgandalli € S.

(it) If Y res pk cot(xxmay) > 0, then there exist v € (—=1,0), Ay > 0(k € S), e >0,
and xg € R such that

Dfy(x,i) = Eyi[fo(X1,&1) — fu(Xo,&0)] < —ex'™%, forall x > xgandalli € S.

Proof. Write a, = mcot(xxmay), k € S. First we prove part (i). By hypothesis,
YiesHxay = —0 for some 6 > 0. Set by = —ay — for all k € S, so that
Y kes Hkbx = 0. Lemma 5.7 shows that for these by, we can find a collection of
0 € (0,00) so that

Z p(i,j)ej —0;,+a;, = —90, foralli € S; (5.15)
jes

fix these 6y for the rest of the proof. We then choose A = (Ay; k € S) of the form
A= Ar(v ) =1+ 6y, forsomev € (0,1 A a).

Since iy > 0 foralla > 0 and all v € (0,a), Lemma 5.6 shows that Df, (x, i)
will be negatlve for all i and all x sufficiently large provided that we can find v

such that (P)C)’ + R’(aj,v) < 0 for all . By (5.12), writing 0 = (6;k € S),

(PA)i | o (PA)i

A + R’ (aj,v) = A 1+va;+o(v)
_1+V(P0)i_ '
= Tgg L TveTol)
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=v((PO); —0;) +va; +o(v) = —vé+o(v),

by (5.15). Therefore, by Lemma 5.6, we can always find sufficiently small v >
0 and a vector A = A(v) with strictly positive elements for which Df, (x,i) <
—exV~% for some € > 0, all i, and all x sufficiently large. Maximizing over i gives
part (i).

The argument for part (ii) is similar. Suppose v € (—1,0). This time,
Y kes Hkax = 6 for some § > 0, and we set by = —ax + 5, so that ) csuxby = 0
once more. Lemma 5.7 now shows that we can find 6; so that

Y p(i,j)0;—6;i+a; =0, foralli € S. (5.16)
jES
With this choice of 6; we again set Ay = 1 4 6;v; note we may assume Ay > 0 for
all k for v sufficiently small.
Again, Df,(x,i) will be non-negative for all i and all x sufficiently large
provided that we can find A and v such that (PA—/})’ + R’(a;,v) < 0 for all i. Follow-

ing a similar argument to before, we obtain with (5.16) that

% + R (a;,v) = v((P8); — 0;) + va; +o(v) = v5+o(v).

Thus we can find for v < 0 close enough to 0 a vector A = A(v) with strictly
positive elements for which Df,(x,i) < —ex"~% for all i and all x sufficiently
large. [

Now we examine the case maxycgs xxax > 1.

Proposition 5.11. Suppose that (AO) and (A1) hold, and maxycs xxox > 1. Then there
exist v € (0,ax), Ay > 0(k € S), ¢ >0,and xg € Ry such that foralli € S,

Df,(x,i) = By i[fo(X1, &) — fu(Xo, &0)] < —exV™%, forall x > xo. (5.17)

Before starting the proof of this proposition, we introduce the following nota-
tion. For k € S denote by a; = 7 cot(xax) and define the vectora = (a5 k € S).
Fori€ Sand A C S, write P(i, A) = Ljea p(i,]). Define So = {i € S : x;a; > 1}
and recursively, form > 1,

Swi={i € S\ULLS : P(i, 1) > 0}

Denote by M := max{m > 0 : S,, # @}. Since P is irreducible, the collection
(Sm;m =0,...,M) is a partition of S.

Proof of Proposition 5.11. Tt suffices to find xg € R4, ¢ > 0, v € (0,a,), and an
open, non-empty subset G of the positive cone C := (0, 0)!Sl such that

G C Njes{A € C: Df,(x,i) satisfies condition (5.17).}

Now for i € Sy, inequality (5.17) is satisfied thanks to (5.4), (5.5) and Lemmas 5.4
and 5.5 for every choice of A (with positive components) and v € (0,«). Hence
the previous condition reduces to the requirement

G C Nies\sy1A € C: Dfy(x, i) satisfies condition (5.17).} (5.18)
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The rest of the proof is devoted into establishing this fact.

Suppose thati € S, withm = 1,..., M. Then x;a; < 1 by construction, and
Lemma 5.6 shows that condition (5.17) will be satisfied if the system of inequalit-
ies (PA);

Ai
have non-trivial solutions A for sufficiently small v. Thanks to the Lemma 5.6, we
have R”(a;,v) = —1 + va; 4 o(v). We will obtain (5.17) if, for v sufficiently small,

+R(a;,v) <0,i=1,...,.M (5.19)

M
R =R(P,v,a) := ﬂ {A eC: (P/\A) <1-—wva;ic Sm} # Q. (5.20)

m=1 !

We seek a solution A € R (for sufficiently small v), under the Ansatz that the A;

are constant on every Sy, i.e., the vector A has the form A with }A\j = A for all
j €Sy Suppose thati € Sy. Then p(i,j) = 0forj € Sy with £ < m — 1, so that

ZPZJ

/\1 jeSs

M A0

A0
ZP i,Sy) ol P(i,Sp) =— CIL (5.21)
f=m—1

>>| >

We introduce the auxiliary matrix p = (pi sk, £ € {0,..., M}) defined by py, :=
(k) yA(0), By construction, pxx = 1 and pyp = 1/py . Let

1 1 1
Lo = 7 logpre = ——logprr = <log AR _1og A(@) . (5.22)

It suffices to determine the upper triangular part of p, or, equivalently, the lower
triangular array (L ;0 < £ < k < M). We do so recursively, starting with
Ly pm—1. In the case i € Sy, the condition in (5.20) reads, by (5.21),

_1-P(,Sm)—va; _ PGSYy) a4 4
PM-1,M P, Sm_1) P(i,Sm-1)  P(i,Sy-1) P(i, Sm-1)

On introducing the constant Ay = maxcg,, P(i“—éM), it is enough to choose

ov—1m < 1—vAym = exp(—vAm) + o(v). In other words, with p;, =
exp(—vLy ), we see that the choice Ly p—1 > A satisfies the condition in (5.20)
fori € Spy.

Suppose now that we have determined the condition in (5.20) fori € Uéw: L
Then, for i € §,,_1 the condition amounts, via (5.21), to

M
pm—l,mp(i/ Sm—l) <1-— va; — P(Z,Sm) — Z pglmp(i,Sg).
l=m+1

Using the fact that for £ < m we have p;,, = exp(—vL,, ;) and for £ > m we have
pem = exp(vLy,,), the above expression becomes, up to o(v) terms

P(i, (UL, S0)°) & PG, S)

a:
1—vL < - —v L ' i
= P(l/Sm—l) 52;—‘,-1 (1 Sm 1) tim P(l,Sm_l)
M .
P(Z, Sg) a;
=1-v <Ly — V5.
g_%l P(i,Sp_1) ™ "P(i,Sp_1)
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Introducing the upper triangular matrix U = (Uy,,;0 < m < n < M) defined

P '/S}’l i
by Uy, = maXxes,, ﬁ for m > 1, and the vector A, = max;cg,, m for
m=1,..., M, the condition in (5.20) is satisfied if we solve the recursion

Lm’m_]_ > (uL)m,m +Am, fOI‘m = M,M_ 1,. . .,1,

with initial condition Ly p1—1 > Ap and condition Ly, > 0for 0 <m < ¢ < M.
Additionally, we have from (5.22) that

Ly = Lgk—1+Li—1g—2+---+Lpp1p 0SL<k< M.

Hence by Corollary 5.9, there exist non-trivial solutions for the lower triangular
matrix L within an algorithmically determined region £. The positivity of the
lower triangular part of L implies that the components of A are ordered: A("™) <
Am+1) for 0 < m < M — 1. By choosing A(M) sufficiently large, we can guarantee
that the first term (and consequently the entire sequence) satisfies A(0) > 1. [J

We are almost ready to complete the proof of Theorem 2.1, excluding part
(b)(iii); first we need one more technical result concerning non-confinement.

Lemma 5.12. Suppose that (A0) and (A1) hold. Then limsup, _, X, = oo, a.s.

Proof. We claim that for each x € R, there exists e, > 0 such that
P[Xyi1— Xn > 1| (Xy, &) = (y,i)] > €y, forally € [0,x] and alli € S. (5.23)

Indeed, given (x,i) € Ry x S, we may choose j € S so that p(i,j) > 0 and we
may choose zp > x sufficiently large so that, for some ¢ > 0, v;(z) > ez~ 1% for
all z > zy. Thenif y € [0, x],

PXyi1 > y+ 1] (X a) = (40)] = plio) [ o271 7dz = 0, >0,
2zp+1

which gives (5.23). The local escape property (5.23) implies the lim sup result by
a standard argument. O

Proof of Theorem 2.1. We are not yet ready to prove part (b)(iii): we defer that part
of the proof until Section 7.

The other parts of the theorem follow from the supermartingale estimates in
this section together with the technical results from Section A.1. Indeed, under
the conditions of part (a) or (b)(i) of the theorem, we have from Proposition 5.11
or Proposition 5.10(i) respectively that for suitable v > 0 and A,

E[fy(Xnt1,6n) — fu(Xn, &n) | Xu,Gn] <0, on {Xy > xo}.

Thus we may apply Lemma A.1, which together with Lemma 5.12 shows that
liminf, ,e X, < xo, a.s. Thus there exists an interval I C [0, xo + 1] such that
(Xn,1n) € I x {i} i.0., where i is some fixed element of S. Let 15 := 0 and for
k € N define 7, = min{n > 11+ 1: (X, yn) € I x {i}}. Giveni € S, we may
choose j, k € S such that p(i,j) > 61 and p(j, k) > 61 for some ; > 0; let v =
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a; V aj. Then we may choose &, € (0,1) and zy € Ry such that v;(z) > &z 177
and vj(z) > 8z 177 for all z > zy. Then for any ¢ € (0,1),

I[)[X’Ck+2 <e ’ XTk] > ]P[XTkJrZ <g, XTk-‘rl € [ZO + 1/ Z0 +2]/ No+1 :] ’ XTk]
> (5%5%8(20 + 3)_1_7(9(0 + zp + 3)_1_7,

uniformly in k. Thus Lévy’s extension of the Borel-Cantelli lemma shows X, < ¢
infinitely often. Thus, since € € (0,1) was arbitrary, liminf,_,. X, = 0, a.s.

On the other hand, under the conditions of part (b)(ii) of the theorem, we have
from Proposition 5.10(ii) that for suitable v < 0 and Ay,

E[fo(Xns1,8n) — fu(Xn,Gn) | Xn,Cu] <0, on {Xy > x1},

for any x; sufficiently large. Thus we may apply Lemma A.2, which shows that
for any € > 0 there exists x € (x1,00) for which, for all n > 0,

P|inf X, > x ‘ Fa| 21-¢ on {X, > x}.
m>n
Set oy = min{n > 0: X;, > x}. Then, on {0, < oo},

P| inf X, > ¥ ’ Fo|21-¢ as.

m>0y

But on {0y < oo} N {infy;>¢, X > x1} we have liminfy, o0 Xim > X1, SO

lP[limianm > xl} > E {113[ inf X, > 1 ‘ ]:Ux}l{ax < oo}]
m—»00 M=oy

> (1—e)Ploy < o] = (1—¢),

by Lemma 5.12. Since ¢ > 0 was arbitrary, we get liminf,;, . X > x1, a.s., and
since x1 was arbitrary we get lim;; ;00 X; = 00, a.s. l

6 Existence or non-existence of moments

6.1 Technical tools

The following result is a straightforward reformulation of Theorem 1 of [2].

Lemma 6.1. Let Y, be an integrable F,-adapted stochastic process, taking values in an
unbounded subset of R, with Yy = x fixed. For x > 0, let 0, := inf{n > 0:Y, < x}.
Suppose that there exist 6 > 0, x > 0, and v < 1 such that for any n > 0,

E[Y,ui1— Yo | Fu] < =6Y,], on {n < oy}. (6.1)
Then, for any p € [0,1/(1 — 7)), E[o}] < .

The following companion result on non-existence of moments is a reformula-
tion of Corollary 1 of [2].
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Lemma 6.2. Let Y, be an integrable F,-adapted stochastic process, taking values in an
unbounded subset of R, with Yy = x fixed. For x > 0, let 0y := inf{n > 0:Y, < x}.
Suppose that there exist C1,Cy > 0, x > 0, p > 0and r > 1 such that for any n > 0,
on {n < oy} the following hold:

E[Yyy1 =Y | Ful > —Cy; (6.2)
E[Y) =Yy | Fu] < G575 (6.3)
E[Y] - Y} | Fu) > 0. (6.4)

Then for any q > p, E[o}] = oo for xg > x.

6.2 Proof of Theorem 2.2

Proof of Theorem 2.2. Under conditions (a) or (b)(i) of Theorem 2.1, we have from
Propositions 5.11 or 5.10 respectively that there exist positive Ay and constants
e >0,8>0and v € (0,B) such that,

Df,(x,i) < —ex""P, forall x > xp and all i.

Let Y, = fu(Xn,&n). Then Y, is bounded above and below by positive constants
times (1 4 X,)", so we have that (6.1) holds for x sufficiently large with v =
1— (B/v). It follows from Lemma 6.1 that E[c}] < oo for p € (0,v/B), which
gives the claimed existence of moments result.

It is not hard to see that some moments of the return time fail to exist, due to
the heavy-tailed nature of the model, and an argument is easily constructed using
the ‘one big jump’ idea: a similar idea is used in [12]. We sketch the argument. For
any x, i, for all y sufficiently large we have P, ;[X; > y — x| > ey~ *. Given such
a first jump, with uniformly positive probability the process takes time at least of
order yf to return to a neighbourhood of zero (where  can be bounded in terms
of «); this can be proved using a suitable maximal inequality as in the proof of
Theorem 2.10 of [12]. Combining these two facts shows that with probability of
order y~* the return time to a neighbourhood of the origin exceeds order y#. This
polynomial tail bound yields non-existence of sufficiently high moments. O

6.3 Explicit cases: Theorems 3.2 and 3.4

We now restrict attention to the case S = {1,2} witha; = ap =aand x; = 2 =
X, so both half-lines are of the same type. Take Ay = A, = 1and v € (0, «), so that
fu(x,i) = (1+ x)". Then Lemma 5.6 shows that, for i € S?,b € {sym, one},

Df,(x,i) = xcix" ~*C’(v,a) + o(x™%), (6.5)
where
CY™(v,a) = 112/1“ + iy + i — i
C"(v,a) = i;ﬁ‘ + 7{"" — iy

The two cases we are interested in are the recurrent two-sided symmetric case,
where x = % (ie, S = &™) with « > 1, and the recurrent one-sided antisym-
metric case, where y =1 (i.e., § = §°¢) with a > %
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Lemma 6.3. Let b € {sym,one} and xa € (1,1). The function v — C’(v,a) is
continuous for v € [0,&) with C(0,a) = 0 and lim,, C’(v,&) = co. There exists
vy = vj(a) € (0,a) such that C’(v,a) < 0 for « € (0,13), C’(v3, &) = 0, and
C’(v, ) > 0 fora € (v}, )

Proof. We give the proof only in the case b = sym; the other case is very similar.
Thus x = %, and, for ease of notation, we write just C instead of C b,

Clearly C(0,«) = 0. For v > 1, convexity of the function z + z” on R4 shows
that (1+u)" + (1 —u)" =2 > 0forall u € [0,1], so that i;"* > 0; clearly, i’y and

iy are also non-negative. Hence, by the expression for i in Lemma 5.1,

. 1 . . Tw+D(a—v)
>
hrﬂinfC(v,uc) “—i—hrﬂinf T+ a)

7

which is +-co. Moreover, by Lemma 5.2 and the subsequent remark,

)~ 9(8)) = *cot(%),

0 1
%C(V,(X) = E (770(1 — X

v=0

NR

which is negative for « € (1,2). Hence C(v,«) < 0 for v > 0 small enough.

Since v — C(v,a) is a non-constant analytic function on [0, «), its zeros can
accumulate only at «; but this is ruled out by the fact that C(v,a) — coasv — a.
Hence C( -, «) has only finitely many zeros in [0, «); one is at 0, and there must be
atleast one zeroin (0, ), by Rolle’s theorem. Definev_ := v_(a) and v := v4 («)
to be the smallest and largest such zeros, respectively.

Suppose 0 < 13 < 1p < a. By Jensen’s inequality, E,;[(1 + X;)"2] >
(Ex[(14 X71)"1])"/". Hence

(1+2)"2 4 Dfoy(x,1) > ((1+x)"1 + Dfy, (x,1))">"
= (1+x)" (1+ (1+x)Df, (x,1))"*"
= (14x)2+ z—?x"z"lD For (1) + o(x27%),

using Taylor’s theorem and the fact that Df,, (x,i) = O(x"17%), by (6.5). By an-
other application of (6.5), it follows that

xcix2*C(vp, ) +o(x"27%) > %XcixVT“C(vl,oc) +o(x"27%).
1
Multiplying by x*~"2 and taking x — oo, we obtain

C(vp, ) > %C(vl,oc), forO0 < vy <y <.
1

In particular, (i) if C(vy,«) > 0 then C(v,a) > 0 for all v > v; > 0; and (ii) if

C(vy,«) > 0 and v, > v, we have C(vp, &) > C(vy,«). It follows from these

two observations that C(v,a) = 0 for v € [v_, v, ], which is not possible unless

v_ = v4. Hence there is exactly one zero of C( -, «) in (0, a); call it vp(a). O

Lemma 6.4. The positive zero of C*( -, &) described in Lemma 6.3 is given by v§"® (a) =
20 —loroy " (a) =a—1.
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Proof. First suppose b = one. Then from Lemma 5.1 we verify that for a € (%, 1),

one CT@@o)r(l1—a) T'Q2o)I(1—a)
CHRa—Le)=—Ta Ty T g

since al'(a) = T'(1 4 «).

Now suppose that b = sym and a« € (1,2). To verify CY™(a —1,a) = 0
it is simpler to work with the integral representations directly, rather than the
hypergeometric functions. After the substitution z = 1/u, we have

1 2% 2
v—1,0 a—1 _ _a—1 —
iy = /0 ((1 +2z) z ) dz T

Similarly, after the same substitution,
e A (e s S L

which we may evaluate as

x—1,0 __ qs Y x—1 _1\ya—1_ »a—1
i —yll_I)I;lo : ((2—1—1) +(z—-1) 2z )dz
- 2. - 20‘ ]- N o —1\«x -1\«
=— Tylmy (A+y D +a—y ) -2)
2o
=—.
Finally we have that i5; """ — iy = % — 1 =0, so altogether we verify that
CYM(ax—1,a) = 0. O

We can now complete the proofs of Theorems 3.2 and 3.4.

Proof of Theorem 3.2. Let Y, = f,(Xy,&n). First suppose that « € (1,2). Then we
have from (6.5) together with Lemmas 6.3 and 6.4 that, for any v € (0, — 1),

E[Yy1 — Yo | Fu] < —eYe ™Y on {Y, > o},

for some ¢ > 0 and yp € Ry It follows from Lemma 6.1 that E[c?] < oo for
p < v/w and since v < « — 1 was arbitrary we get E[c”] < oo for p <1 — (1/a).

For the non-existence of moments when « € (1,2), we will apply Lemma 6.2
with Y, = fi(Xu,én) = (1 + Xy)" for some v € (0,a). Then condition (6.2)
follows from (6.5), which also shows that for r € (1,a/v),

. Ci _ m B
IE[ 12—!—1 - Y;Z | (angn) = (x,l)] = Elxﬁ/ xSy (1’1/,06) —|-0(er uc),

v — Yo | Fu] < ciCSYm(rv,u()Y;*(“/v), for all Y, sufficiently large.
Since a/v > 1 condition (6.3) follows. Finally, we may choose v < « close
enough to « and then take v € (a —1,v) so that from (6.5), with Lemmas 6.3

and 6.4, E [valj —Y"" | Fu] >0, forall Y, sufficiently large. Thus we may apply

n
Lemma 6.2 to obtain E[¢c”] = oo for p > /v, and taking < close to « — 1 and v

close to « we can achieve any p > 1 — (1/«), as claimed.

so that E[Y”
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Next suppose that « > 2. A similar argument to before but this time using
Lemmas 5.4 and 5.5 shows that for any v € (0,1),
2/U)/ on {Yn Z yO}l
for some ¢ > 0 and yp € Ry. Lemma 6.1 then shows that E[c?] < oo for p < v/2
and since v € (0,1) was arbitrary we get E[o?] < oo for p < 1/2.

We sketch the argument for E[o7] = co when p > 1/2. For v € (1,a), itis not
hard to show that Df,(x,i) > 0 for all x sufficiently large, and we may verify the
other conditions of Lemma 6.2 to show that E[c”] = oo for p > 1/2. O

E[Y, 41— Yy | Fu] < —eYp

Proof of Theorem 3.4. Most of the proof is similar to that of Theorem 3.2, so we omit
the details. The case where a different argument is required is the non-existence
part of the case « > 1. We have that for some ¢ > 0 and all y sufficiently large,
P.;[X1 > y] > e(x+y) * A similar argument to Lemma 5.5 shows that for
any v € (0,1), for some C € Ry, E| w1 — X | X = x] > —C. Then a suitable
maximal inequality implies that with probability at least 1/2, started from X; > y
it takes at least cy” steps for X, to return to a neighbourhood of 0, for some ¢ > 0.

Combining the two estimates gives

(x+y)™

N~

]Px,i [‘7 > Cyv] >

which implies E[o?] = oo for p > /v, and since v € (0,1) was arbitrary we can
achieve any p > «. O

7 Recurrence classification in the critical cases

7.1 Logarithmic Lyapunov functions

In this section we prove Theorem 2.1(b)(iii). Throughout this section we write
ay = cot(xxmay) and suppose that maxges xxx < 1, that Y jcs prar = 0, and
thatv; € ©; . foralli € S, thatis, fory > 0, v;(y) = ci(y)y~ 1%, with a; € (0,00)
and c;(y) = ¢; + O(y~°), where § > 0 may be chosen so as not to depend upon i.
To prove recurrence in the critical cases, we need a function that grows more
slowly than any power; now the weights A are additive rather than multiplicat-
ive. For x € R write ¢(x) := log(1 + |x|). Then, for x € Ryand k € S, define

g(x, k) = g(x) + Ap = log(1 + |x|) + Ay, (7.1)
where A > 0 forall k € S. Also write
B, k) = (3(x,K))'% = (log(1+ [x]) + Ax)" 2.
Lemma 5.7 shows that there exist A, > 0 (k € S) such that

a+ ) pi, ))(Aj—A) =0; (7.2)
jes

we fix such a choice of the A; from now on.
We prove recurrence by establishing the following result.
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Lemma 7.1. Suppose that the conditions of Theorem 2.1(b)(iii) hold, and that (Ai; k €
S) are such that (7.2) holds. Then there exists xy € R such that

E[h(Xy41,Ent1) — (X, Cn) | Xn =x,80 =1 <0, forx > xpandalli € S.

It is not easy to perform the integrals required to estimate Dh(x, i) (and hence
establish Lemma 7.1) directly. However, the integrals for Dg(x, i) are computable
(they appear in Lemma 5.2), and we can use some analysis to relate Dh(x,1) to
Dg(x,i). Thus the first step in our proof of Lemma 7.1 is to estimate Dg(x, 7).

For the Lyapunov function g, (5.1) gives for x € Ryand i € S,

Dg(x,i) = B [g(Xnt1,Gnt1) = 8(Xu, Gn) | (X, Cn) = (x,7)]

= L —A) [ wilndy+ [ (gle+y) - gx) wily)dy
jeS - -
=2 2 P ) = A)Ti() + Gl(x), (7.3)
j€

where we have used the fact that g(x) is defined for all x € R and symmetric
about 0, and we have introduced the notation

o0 Ci _,. e
i) = [ oily)dy = Lx 40,

L%

and
vy 3 S (8(x+y) —g(x) vi(lyDdy  ifb = sym
Gl {fo"" (g(x —y) — g(x)) vi(y)dy if b = one. 74

The next lemma, proved in the next subsection, estimates the integrals in (7.4).

Lemma 7.2. Suppose that v; € D, ... Then, for b € {one,sym}, for a € (0,1/x;), for
some 1 > 0,as x — oo,

Gb (x) = Xicix*txigcot(xin—ai) + O(xﬂxifr]).

i
i

Note that Lemma 7.2 together with (7.3) shows that

1

Dg(x,i) = X ( + Y pli ) (A - m)) x N O(x M) = O(x ), (7.5)
jeS

by (7.2). This is not enough by itself to establish recurrence, since the sign of the

O(x~%~7) term is unknown. This is why we need the function h(x, 7).

7.2 Proof of recurrence in the critical case

Proof of Lemma 7.2. To ease notation, we drop the subscripts i everywhere for the
duration of this proof. From (7.4) we obtain, for x > 0,

svm 1 [ 1+y—x
GY (x)zi/x log (Lyk—x) o(y)dy
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2/ (1+x+y> v(y)dy
2/ [ (1+x+y) +log <1T+L;y)] o(y)dy.  (76)

Let a € (0,2). The claim in the lemma for b = sym will follow from the estimates

© 1
/x log (%) v(y)dy = cx " %jg +O(x~471);

o0 1 _
/x log (%) v(y)dy = cx j5 +O(x~471);

* I+x+y I+x—y R 2" —a—1\.
/0 {log ( 5 x ) + log ( 5% ﬂ v(y)dy = cx *ji + O(x ), (7.7)
since then we obtain from (7.6) with (7.7) and Lemma 5.2 that

GIM(x) = Sx 7 (y (1-8) — ¥ (§)) + O ),

o

which yields the stated result via the digamma reflection formula (equation 6.3.7
from [1, p. 259]). We present here in detail the proof of only the final estimate
in (7.7); the others are similar. Some algebra followed by the substitution u =
y/ (1 + x) shows that the third integral in (7.7) is

x 2 -
/0 log <1 - ﬁ) c(y)y 'y = (1 +x)_“/0 log(1—u?)c(u(1+x))u ' "*du.

There is a constant C € IR, such that for all x sufficiently large,

N
/1+r
0

using Taylor’s theorem for log and the fact that c(y) is uniformly bounded. On

the other hand, for u > 1% we have c(u(1+x)) = c + O(x~%/?), so that

VE
log(1 — u?)c(u(1+x))u= ¢ ey = O(x@/2)=1y,

T 2 —1-u _ T 2\, 1 —0/2
/ﬁ log(1 —u)c(u(l+x))u du —c/ﬁ log(1 —u“)u du+ O(x~°/7).

Tix Tix
Here we have that

. 2 log(1— u?)u"*du = jf + O(x*/271) + O(x log x).

1+x

Combining these estimates and using the fact that « € (0,2), we obtain the final
estimate in (7.7). The claim in the lemma for b = one follows after some analog-
ous computations, which we omit. [

Now we relate Dh(x,i) to Dg(x,i), by comparing the individual integral
terms.
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Lemma 7.3. Suppose that v; € D, .. Then, for all x and all i,

7 ) =t )ity < Zh& 5 [ sty — st )y

[ =) =)o)y < 5o /x< (x — y) — 8()) vily)dy;
and /Ox(h(x+y,i) + h(x —y,i) — 2h(x,1))v;(

gE%;Sﬁwﬂx+w+g@—y%4%&MWWMM

Finally, there exists € > 0 such that, for all i,j € S and all x sufficiently large,

[ty =) =) oty < s [ (s =) = (1) ()
_’lagy;x

Proof. The proof is based on the observation that, since ((x,1))? = g(x,i),

. N _ 8(z)) —g(xi)
Mz j) = h(xi) = h(z,j) +h(x,i)

Thus, fory > 0,

e e

since ¢(x +y) — g(x) > 0and h(x +y,i) > h(x,i). This gives the first inequality
in the lemma. Similarly, for y € [0, x],

: N 8lx—y)—g(x) _ glx—y)—gx)
Mx =y i) = hd) = e N T = 2D

since g(x —y) — g(x) < 0and h(x —y,i) < h(x,i). This gives the second inequal-
ity, and also yields the third inequality once combined with the y € [0, x] case
of (7.8).

Finally, for y > x note that

e —h(x i) = 8= x ) —g(xi)
h(y x/]) h(x,z) - h(y—x,])—l—h(x,z) (79)
Also note that, fory > x >0, g(x,i) = g(x) + A;and g(y — x,j) = g(y — x) + A},
S0
ity —x
1+x )
So the sign of the expression in (7.9) is non-positive for y < i(x) :=x -1+ (1 +
x)e’~" and non-negative for y > (x), and

g((x) —x,j) — g(x,i) = 0. (7.10)

gy —x,j)— g(x,i) =log ( j
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By the monotonicity in y of the denominator, the expression in (7.9) satisfies

s —xj)—gxi) _ 8y—x7j)—gxi
Wy —x,j) +h(x,i) = h(p(x) = x,j) + h(x,i)

both for y € [0,¢(x)] and for y € [¥(x), o). Here h(y(x) — x,j) = h(x,i), by
(7.10). Hence we obtain the bound

/xoo (ly =) = hlx i) wity)y < [

X

B e K

To improve on this estimate, suppose that y > Kx where K € IN is such that
Kx > 1p(x). Then, using the fact that the numerator in (7.9) is positive, we may
choose K € IN such that for all j and all y > Kx,

. - gy —x,j)—g(x,i) gy —x,7) — g(x,i)
My =x)) =hE D) < G D, ) 4 h(x, D) = (log @+ <) £ A + D)2 (1)’

for K sufficiently large (depending on max;A;) and and all x sufficiently large.
Here

1 1/2
(log(1 + |x|) + A + 1)Y2 = h(x, i) (1 + g(x—,i)) = h(x,i) +

1+40(1)

Zlogl/zx.

It follows that, for some ¢ > 0, for all x sufficiently large, for y > Kx,

h(y —x,7) —h(x,i) < 8y _;I;ézcl—i)g(x,l) e (8(]/ —lzgg/;xg(x,z)> .

The final inequality in the lemma now follows since, for all x sufficiently large,

o0 . . ¢ [ Ai—As 2+y —u:
— — . > L i — i
/Kx 8y —xj) —g(x i) vily)dy = 5 /K log (e] <1+x 1>>y dy

Ci _a /oo A\ —a,
> x4 1 i~i(u—1 id
= 5x s og (e (u )> u u,

where we used the substitution u = iriz For K sufficiently large the term inside

the logarithm is uniformly positive, and the claimed bound follows. O
Now we may complete the proofs of Lemma 7.1 and then Theorem 2.1(b)(iii).

Proof of Lemma 7.1. Lemma 7.3 together with (7.5) shows that,

i —&; —&;
Dh(x,i) < 280 x ™ %

- —&iTN <
2h(x,i)  log**x T glog3/2 X ol ) =0,

for all x sufficiently large. O

Proof of Theorem 2.1(b)(iii). Lemma 7.1 with Lemma A.1 shows that
liminf, s X,y < xp, a.s., and then a similar argument to that in the proof
of parts (a) and (b)(i) of Theorem 2.1 shows that liminf, ,. X, =0, a.s. O]
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A Technical results

A.1 Semimartingale results

Lemma A.1. Let (X, &) be an Fy-adapted process taking values in Ry x S. Let f :
R4 x § — Ry be such that limy_se f(x,i) = oo foralli € S, and E f(Xy,&y) < oo.
Suppose that there exist xg € R4and C < oo for which, for alln > 0,

Elf(Xn11,8n1) — f(Xn, En) | Fu] <0, on {X,, > x0}, as.;
]E[f(Xn-i-lf CH-H) _f(Xn, Cn) | ‘Fn] <C, on {Xﬂ < X()}, a.s.

Then
ll’[{lirnnj::p X, < 0o} U {liminf X, < x0}| = 1.

Proof. First note that, by hypothesis, E f(X1,¢1) < E f(Xo,8o) + C < oo, and,
iterating this argument, it follows that E f(X,, ;) < oo foralln > 0.

Fix n € Z. For xp € R in the hypothesis of the lemma, write A = min{m >
n: Xm < x0}. Let Yo = f(Ximpr, Cunr)- Then (Y, m > n) is an (Fyy,m > n)-
adapted non-negative supermartingale. Hence, by the supermartingale conver-
gence theorem, there exists Yo, € R4 such that limy, e Yy = Y, a.s. In particu-
lar,

limsup f(Xm, &m) < Yoo, on {A = o0},

m—00

Set {; = sup{x > 0 : f(x,i) < 1+ Yo}, which has {; < oo a.s. since
limy e f(x,i) = co. Then limsup,, .., X;» < max;{; < coon {A = oo}. Hence

]P[{lil;l_)SoL:p Xy < oo} U {nllgfn Xy < xo}] =1.
Since n € Z was arbitrary, the result follows:
ll’[{lirnnjoljp X, < oo} UHDO{"gf” Xm < xo}] =1 l

Lemma A.2. Let (X, &n) be an Fy-adapted process taking values in Ry x S. Let f :
R4 x & — Ry be such that sup, ; f(x,i) < co and limy—e f(x,7) = 0 foralli € S.
Suppose that there exists x; € R for which infy<, f(y,i) > 0 for all i and

E[f(Xn+1,8ns1) — f(Xn, Cn) | Fu] <0, on {X,, > x1}, foralln > 0.

Then for any € > 0 there exists x € (x1,00) for which, foralln > 0,
lP[inf Xm > x1 ’ ]-"n] >1—¢ on{X, > x}.
m>n

Proof. Fix n € Z,. For x; € Ry in the hypothesis of the lemma, write A =
min{m > n : X, < x1} and set Yy, = f(Xunr, Cmar)- Then (Y, m > n) is
an (F,m > n)-adapted non-negative supermartingale, and so converges a.s.
as m — oo to some Yoo € Ry. Moreover, by the optional stopping theorem for
supermartingales,

Yy > E[Yeo | Fu] > E[Yo1{A < 0} | Fy], as.
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Here we have that, a.s.,

Yol{d < o} = lim Y, 1{A < oo} = £(Xy, G0 < 0}
> min inf f(y,i)1{A < oo}.

i y<x
Combining these inequalities we obtain

min inf f(y,i))P[]A < oo | Fy] <Yy, as.

i ys<x
In particular, on {X,, > x > x1}, we have Y;, = f(X,,¢,) and so

min inf f(y)P[A < oo | Fy] < f(Xy,En) < mlaxsupf(y,i).

i ysy y=x

Since limy e f(y,1) = 0 and inf, <y, f(y,i) > 0, given e > 0 we can choose x > x;
large enough so that

max;sup,.., £(1,1)
min; inf, <, f(y, 1)

the choice of x depends only on f, x;, and ¢, and, in particular, does not depend
onn. Then, on {X,, > x}, P[A < o0 | F,,] < ¢, as claimed. O

&

A.2 Proofs of integral computations

Proof of Lemma 5.1. Consider iy*. With the change of variable v = 1/u, we get

1 1
/ u 1714 u)'du = / """ 1 4 0)Vdo
0 0

I'(a—v)I(1)
- F (- =V, 0 — 1/ -1 ’
Ta—v 1) 2 we-vie—vEl-)
by the integral representation for the Gauss hypergeometric function (see equa-
tion 15.3.1 of [1, p. 558]). The given expression for iy follows.
The integral if , is trivial. Consider i,]. The substitution v = 1/u gives

* —1-u v _ ! V. 0—V— _r(1+v)r(“_v)
/1 u %y —1) du—/o(l—v)v ldo = rita)

by the integral formula for the Beta function (see equation 6.2.1 of [1, p. 258]),

provided v > —1 and « — v > 0. Hence we obtain the given expression for zgi‘
Next consider i;*. By considering separately the asymptotics of the integrand

asu | 0and u 1 1, we see that i is finite provided « € (0,2) and v > —1.

ul F(v+1)

For u € [—1,1], we have the Taylor series expansion (1 + u)" = }_,~¢ IRRCES =L

Hence

u2n7170c T(v+ 1)
(2n)! T(v+1—2n)

(T+u)'+1—u)—2)ut"*=2 ;
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Here, the power series for n > 2 converges normally (hence uniformly) over
|u| < 1. This remark allows interchanging summation and integration to obtain
i = WY#(1), where for |z| <1 we define

v, . 2" 1 F(V+1)
Wi @) =2 ) 5 )i T + 1= 20)

(A1)

n>1
1 2—al
= 2_“1/(1/—1)2 [1+4_“a(v—2)(v—3)z
2 w52+
6 —nb!
_— v(v—1)z | ) cuz"
2—a S0 S
where ¢, = ZHZJ;"LD( (2(71}”))!(1/ —2)(v—=3)---(v—2n—1),forn > 1and ¢y = 1.

An elementary computation yields

1 (m+1—a/2)(n+1-v/2)(n+3/2-v/2)(n+1) 1

Cn (n+2—a/2)(n+2)(n+1/2) n+1
Therefore (see [3, page 10] or [13, Equation 5.81, page 207] for a more
easily accessible reference), ) ,>ocnz" = 4F(1,1 - 5,1 -3, 3%”,1;2,%,2 —

5,z).  Now, the series defining the generalized hypergeometric function
pFg(Bi,-- Bpiv1,---,vqg:2) for p = g+ 1 converges for all z with |z| < 1; for
z = 1 the series converges for Z?:l Yi > Z]l.;l Bj, a condition that reduces to
v > —1 in the present case. Hence
, v(iv—1) _
li//a — ﬁ 4F3(1,1 - %,1 - %, 3TV,1,'2, %,2 - %;1).
1nally consider 7;”". Due to the singularity at © = 0, we compute
Finally consider ;. D he singularity 0 p
1 1
/ (1—u)’ —Du 1 *du =lim [ ((1—u)" — 1)u~"*du.
0 tL0 Jt
For the last integral, we get, fora > 0and t > 0,

1—t7¢

/tl((l —u)’ — Du %y = /tl(l —u) u %y +

With the substitution v = %, the last integral becomes

[t = - [T (- o)
¢ 0

—(1_t)1+VF(1—|—oc 14+v;24v;1—1t)
- 1+ v 207 ’ 7 ’ ’
provided v > —1, by the integral representation for the Gauss hypergeometric

function (equation 15.3.1 of [1, p. 558]). Now, by equation 15.3.6 from [1, p. 559],

T(2+v)T(—a)

F(1+a,1+v,24v;1—1) = Td—atv)

F(1+a,1+v;14a;t)
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1
Y R — ey, Tl 4 ast)

_ F(2+V)F(_‘X) 1+v —u 1—a
Tl —a+4v) T2 EEHOET),

ast ] 0, provided a € (0,1). Combining these results we get

[((1 ) e = r§1(1+_v‘)xr+(;§c) +O(#7).

Letting t | 0 and using the fact that —al'(—a) = I'(1 — &) we obtain the given
expression for 7. O

Proof of Lemma 5.2. We appeal to tables of standard integrals (Mellin transforms)
from Section 6.4 of [8]. In particular, the given formulae for jj, j5, and j§ follow
from, respectively, equations 6.4.17, 6.4.20, and 6.4.19 of [8, pp. 315-316]; also
used are formulas 6.3.7 and 6.3.8 from [1, p. 259] and the fact that (1) = —v.

Lastly, for j* we use the substitution u? = s to obtain
Tlog(1—s) 1,
IX _ /2
= 2/ g1+ (w/2) 2]1 : .

Finally, we need the following elementary fact.

Lemma A.3. Let A C IRy be a Borel set, and let f and g be measurable functions from
A to R. Suppose that there exist constants g_ and g, with 0 < g_ < g4 < oo such

that g < g(u) < g4 forallu € A. Then,
-9 du.
)/ ‘f(“)| u

Proof. 1t suffices to suppose that [, |f(u)|du < oco. Then [, |f(u)g(u)|du <
g+ [4|f(u)|du < oo, and

wdu—g- [ fluadn| < (g*

u)du—g/Af(u)du =
< [ f@)l(gn) —g-)dn. O

—g-)du
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