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CONCENTRATION FOR COULOMB GASES
AND COULOMB TRANSPORT INEQUALITIES

DJALIL CHAFAI, ADRIEN HARDY, AND MYLENE MAIDA

ABSTRACT. We study the non-asymptotic behavior of Coulomb gases in dimen-
sion two and more. Such gases are modeled by an exchangeable Boltzmann—Gibbs
measure with a singular two-body interaction. We obtain concentration of mea-
sure inequalities for the empirical distribution of such gases around their equi-
librium measure, with respect to bounded Lipschitz and Wasserstein distances.
This implies macroscopic as well as mesoscopic convergence in such distances. In
particular, we obtain for the first time a concentration inequality for the empirical
spectral distribution of Ginibre random matrices. Our approach relies crucially
on new inequalities between probability metrics, including Coulomb transport
inequalities which can be of independent interest.

1. INTRODUCTION

The aim of this work is the non-asymptotic study of Coulomb gases around their
equilibrium measure. We start by recalling some essential aspects of electrostatics,
including the notion of equilibrium measure. We then incorporate randomness and
present the Coulomb gas model followed by the natural question of concentration
of measure for its empirical measure. This leads us to the study of inequalities
between probability metrics, including new Coulomb transport type inequalities.
We then state our results on concentration of measure and their applications and
ramifications. We close the introduction with some additional notes and comments.

In all this work, we take d > 2.

1.1. Electrostatics. The d-dimensional Coulomb kernel is defined by

log — ifd=2,
e R g(z) =

When d = 3, up to a multiplicative constant, g(x) is the electrostatic potential at
x € R3 generated by a unit charge at the origin according to Coulomb’s law. More
generally, it is the fundamental solution of Poisson’s equation. Namely, according
to [Lieb and Loss, 1997, Th. 6.20], if we denote by A := 97 + --- + 97 the Laplace
operator on R? and by &y the Dirac mass at the origin then, in the sense of Schwartz
distributions,

Ag = —Cd(S(], (11)
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where ¢g4 is a positive constant given by

o if d=2 2md/2
= ’ ith |S™!|:= :
¢ {(d o)t ifd>3, 5™ T(d/2)

The function g is superharmonic on R?, harmonic on R?\ {0}, and belongs to the
space L%OC(Rd) of locally Lebesgue-integrable functions.

Let P(R%) be the space of probability mesures on R?. For any u € P(R?) with
compact support, its Coulomb energy,

£ = [[ 9w~ pu(a)n(dy) € RU (+o0}, (1.2)

is well defined since g is bounded from below on any compact subset of R? (actually
we even have g > 0 when d > 3). Recall that a closed subset of R? has posi-
tive capacity when it carries a compactly supported probability measure with finite
Coulomb energy; otherwise it has null capacity. We refer for instance to [Helms,
2009, Landkof, 1972] for d > 2 and [Saff and Totik, 1997] for d = 2.

The quantity £(u) represents the electrostatic energy of the distribution p of
charged particles in R?. Moreover, given any pu,v € P(R?) with compact support
and finite Coulomb energy, the quantity £(u—v) is well defined, finite, non-negative,
and vanishes if and only if u = v, see [Saff and Totik, 1997, Lem. 1.1.8] for d = 2
and [Lieb and Loss, 1997, Th. 9.8] for d > 3. In particular, for such probability
measures, the following map is a metric:

(1, 0) > € — )2 (1.3)
One can confine a distribution of charges by using an external potential. More
precisely, an admissible (external) potential is a map V : R? — RU{+o0} such that:
1. V is lower semicontinuous;
2. V is finite on a set of positive capacity;
3. V satisfies the growth condition
lim (V(x)—2log|z|14—2) = +00.

|z|—o00

Now, for an admissible potential V', we consider the functional

evwi= [[ (s -+ 3V + VW) ) ndou@y). (1)

Note that, thanks to the assumptions on V', the integrand of (1.4) is bounded from
below. Thus £y (i) is well defined for every p € P(R?), taking values in R U {+o0}.
Moreover, when p € P(R?) with d > 3 or d = 2 and g2 log(1 + |z|)pu(dz) < oo, the
Coulomb energy £(u) is still well defined and in this case one has

Evim) = + [ V(@)p(da) (1.5)

It is known that if V is admissible then £y has a unique minimizer uy on P(R?)
called the equilibrium measure, which is compactly supported. Moreover, if V' has a
Lipschitz continuous derivative, then puy has a density given by

1
= —AV 1.6
=5 (1.6)
on the interior of its support. For example when V = ||2 this yields together with

the rotational invariance that the probability measure py is uniform on a ball. See
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for instance [Lépez Garcia, 2010, Prop. 2.13], [Chafal et al., 2014], and [Serfaty,
2015, Sec. 2.3].

1.2. Coulomb gas model. Given N unit charges z1,...,zxy € R? in a confining
potential V| the energy of the configuration is given by
N
Hy(x1,...,2N) ::Zg(xi—xj)%—NZV(xi). (1.7)
i#j i=1

The prefactor NV in front of the potential V' turns out to be the appropriate scaling in
the large N limit, because of the long range nature of the Coulomb interaction. The
corresponding ensemble in statistical physics is the Boltzmann—Gibbs probability
measure on (R?)V given by

1 p
d[P’gﬂ(xl, ce TN = ZN exp ( — §HN(561, e ,xN)>d:U1 <o-day, (1.8)
where 8 > 0 is the inverse temperature parameter and where Z v isa normalizing
constant known as the partition function. To ensure that the model is well defined,
we assume that V' is finite on a set of positive Lebesgue measure and

/ o S(V(@)~Lamzlog(1+22) g < oo (H,)

This indeed implies that 0 < Z‘J/\fﬁ < 00. The Coulomb gas or one-component plasma

stands for the exchangeable random particles z1, ..., zy living in R? with joint law
Py g We refer to [Forrester, 2010, Serfaty, 2015] and references therein for more
mathematical and physical aspects of such models.

It is customary to encode the particles x1,...,xn by their empirical measure

1N
==Y 6,
N;*‘

It is known, at least when V is admissible and continuous, that for any g > 0 satis-
fying (Hpg) we have the weak convergence, with respect to continuous and bounded
test functions,

:ELN — v,
N—o00
with probability one, in any joint probability space. This weak convergence fol-
lows from the I'-convergence of L Hy towards Ey, or from the large deviation

principle at speed N? and rate functlon 5(5 v —Ev(py)) satisfied by fin, see [Ser-
faty, 2015, Chafal et al., 2014]. Beyond this large deviation principle, one may
look for more refined statements concerning the closeness of iy to py. For the
Coulomb gas with d = 2 but restricted to the real line, also known as the one-
dimensional log-gas popularized by random matrix theory (see [Forrester, 2010] and
references therein), a central limit theorem has been obtained by Johansson [1998],
providing the asymptotic fluctuations of jin around py . Moreover, a concentration
inequality has been established by Maida and Maurel-Segala [2014], quantifying non-
asymptotically the closeness of fin to py in the Wasserstein W1 metric. As for the
usual two-dimensional Coulomb gases, a central limit theorem has been first proven
when 8 = 2 by Rider and Virdg [2007], Ameur et al. [2011, 2015] and very recently
extended to any § > 0 by Leblé and Serfaty [2016], Bauerschmidt et al. [2016].
As for the higher dimensional Coulomb gases, the fluctuations around gy remain
largely unexplored. Besides, no concentration inequality is available in the literature
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yet except for one-dimensional log-gases. A related topic is the meso/microscopic
study of Coulomb gases, which has been recently investigated by several authors
including Sandier and Serfaty [2015], Bauerschmidt et al. [2015], Leblé [2015] for
d = 2, Rougerie and Serfaty [2016] for d > 3, and Petrache and Serfaty [2015], Leblé
and Serfaty [2015] in any dimension.

In this work we provide concentration inequalities for the empirical measure fin
of Coulomb gases in any dimension d > 2, with respect to both bounded Lipschitz
and Wasserstein W1 metrics. Our concentration inequalities are new, even for the
empirical spectral measure of the Ginibre random matrices. Our bounds are precise
enough to yield a local law for the arbitrary Coulomb gas, although not up to optimal
order.

More precisely, the large deviation principle yields the convergence, for any r > 0,

1 N ~ /8 .
N2 lOg V,B( BL(MN,ML ) - T) N 2 /JGI (f ay ( V (IUJ) V (ML ))a

dBL (t,pv ) >r

where the bounded Lipschitz (Fortet—Mourier) distance is defined by

dpr(p,v) := sup /f dz), (1.9)
e

which metrizes the weak convergence of P(R?), see [Dudley, 2002]. We used the

notation || f||Lip = sup,, %

that there exist some constants Ny, C1,Cy > 0 depending on 5, V and r > 0 such
that, for every N > Ny,

. From this asymptotic result we can deduce

N2 R N2
e C1NT < Pgﬂ(dBL(,uN,uv) > 7") < e C2NT, (1.10)

With a quadratic dependence of C5 in r, the upper bound in the right hand side of
(1.10) would become a sub-Gaussian concentration of measure inequality. The aim
of our work is to provide answers to the following natural questions:

- Can we make explicit the dependence of Ny and Cy in r, 3,V in (1.10)7

- Can we replace the bounded Lipschitz distance dpp, by stronger distances,
such as the Wasserstein distances W),?

- Can we control the support of fiy, in particular the tail of maxj<;<n |z;|?

A key observation is that the energy (1.7) is a function of the empirical measure
fin. Indeed, with the identity (1.5) in mind, we can write

1
dPY y(z1, ... ay) = e (—émﬁ(w))dxl ey (L1D)

where

et = [ ol =y (dn)iin(dy) + [V@axo). (1

The quantity E‘f(ﬂN) — Ev(uy) is an energetic way to measure the closeness to
wy of iy under IP"]\,{ g- With a concentration of measure inequality as a target, it is
natural to seek first for inequalities between the Coulomb energy &y or the Coulomb
metric (1.3) and standard probability metrics such as the bounded Lipschitz metric
or Wasserstein metrics. Such inequalities are our first results and play an essential
role in our derivation of concentration of measure inequalities.
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1.3. Probability metrics and Coulomb transport inequality. For any p > 1,
the Wasserstein distance of order p between u € P(R?) and v € P(RY) is defined by

W, (1, v) ::(inf // |z — y|Pm(dz, dy))l/p, (1.13)

where the infimum runs over all probability measures 7 € P(R? x R?) with mar-
ginal distributions p and v, when ||’ is integrable for both p and v. We set
W, (1, v) = +00 otherwise. Convergence in the W, metric is equivalent to weak con-
vergence plus convergence of moments up to order p. The Kantorovich-Rubinstein
dual representation of Wy [Villani, 2003, Rachev and Riischendorf, 1998] reads

Wi(p,v) = sup /f(m)(u— v)(dx). (1.14)

IfllLip<1
In particular, we readily have, for any u,v € P(R?),

dpL(p, v) < Wi(p,v). (1.15)

Our first result states that the Coulomb metric (1.3) locally dominates the Wy
metric, and hence the bounded Lipschitz metric as well. In particular, once restricted
to probability measures on a prescribed compact set, the convergence in Coulomb
distance implies the convergence in Wasserstein distance.

Theorem 1.1 (Local Coulomb transport inequality). For every compact subset
D C RY, there exists a constant Cp > 0 such that, for every p,v € P(RY) supported
in D with E(n) < 0o and E(v) < oo,

Wi(u,v)? < Cp E(n—v).

We provide a proof for Theorem 1.1 in Section 2.

As we will see in the proof, a rough upper bound on the optimal constant Cp is
given by the volume of the ball of radius four times the one of the domain D.

When d = 2 and D C R, Theorem 1.1 yields [Popescu, 2013, Th. 1], up to the
sharpness of the constant; we can say that Theorem 1.1 extends Popescu’s local free
transport inequality to higher dimensions.

How to go over the case of compactly supported measures and get rid of the
dependence in the domain D of the constant Cp? To avoid restricting the distribu-
tion of charges p to a prescribed bounded domain D, we add a confining external
potential to the energy, namely we consider the weighted functional £y introduced
in (1.4) instead of £. This will provide inequalities when one of the measure is the
equilibrium measure py; this is not very restrictive as any compactly supported
probability measure such that g * u is continuous is the equilibrium measure of a
well chosen potential, see for instance [Landkof, 1972]. Our next result is a Coulomb
transport type inequality for equilibrium measures.

Theorem 1.2 (Coulomb transport inequality for equilibrium measures). If the po-
tential V : RY — R U {+o0} is admissible and satisfies the growth condition

lim (V(x)—4log|z| 14-2) = +o0, (HpL)

|z| =00

then there exists a constant Cy, > 0 such that, for every u € P(RY),

i (1 pv)* < CFL (v () = Ev(v)). (1.16)
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If one further assumes that V' grows at least quadratically,

lim inf Viz)

|z|—o00 ’1"2

> 0, (HW1)

then there exists a constant C\‘z/v . > 0 such that, for every p € P(RY),

Wi, pv)* < Oy, (Ev (i) — Ev (). (1.17)

Theorem 1.2 is proved in Section 3.

Given a potential V, one can obtain rough upper bounds on the optimal constants
Cl‘s/La C'\‘,/v1 by following carefully the proof of the theorem.

The growth condition (Hpr,) in Theorem 1.2 is slightly stronger than the one
imposed by the admissibility of V', but it is likely that this limitation is technical.

Remark 1.3 (Free transport inequalities). A useful observation is that the problem
of minimizing Ev (i) over p € P(S), where S C R has positive capacity, is equiv-
alent to consider the full minimization problem but setting V = +oo on R*\ S. In
particular, by taking any admissible V on R and setting V = 400 on R2\R, Theorem
1.2 with d = 2 yields the free transport inequality obtained by Maida and Maurel-
Segala [2014], without the restriction that V is continuous, and Popescu [2013]. No-
tice that although the lower semicontinuity of V' is not assumed in [Popescu, 2013],
it is actually a necessary condition for the existence of puy in general.

Remark 1.4 (Optimality of the growth condition for Wy). Following [Maida and
Maurel-Segala, 2014, Rem. 1], one can check that (1.17) cannot hold if V is admissi-
ble but does not satisfy (Hw, ). Indeed, letting v, be the uniform probability measure
on the ball of R of radius one centered at (n,0,...,0), then W1 (vp, puy)? grows like
n? as n — oo, whereas Ey (vy) grows like [Vdu, = o(n?).

Equipped with these metric inequalities, we are now in position to state the
concentration inequalities.

1.4. Concentration of measure for Coulomb gases. Our first result on con-
centration of measure is the following.

Theorem 1.5 (Concentration of measure for Coulomb gases). Assume that V is C
on R and that its Laplacian AV satisfies the following growth constraint

1
lim sup sup AV (y) | <2(d+2). (1.18)
|z| =00 V(:E) yeR?
ly—z|<1
IfV satisfies (Hgr,) then there exist constants a > 0, b € R, and a function 8+ c(3)
such that, for any > 0 which satisfies (Hg), any N > 2, and any r > 0,

PY 5 (dpL(in, py) > 7) < ¢ @OV LGN Is NN BN (g 1)
Vv
If there exists k > 0 such that lim inf (2)

2|00 |T|®

_ JO(logB), asp —0,
«(h) = {0(5), as i — o0.

> 0, then

(1.20)

If V satisfies (Hw, ), then the same holds true when replacing dpr, by Wi .
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Theorem 1.5 is proved in Section 4. The proof relies on the Coulomb transport
inequality of Theorem 1.2, hence the assumptions (Hpgy,) and (Hyy, ). The constraint
(1.18) in Theorem 1.5 that AV does not grow faster than V' is technical. It allows
potentials growing like |-|* for any & > 0 or exp |-|, but not exp(|-|*). As for the reg-
ularity condition, we assume for convenience that V' is C? but much less is required,
see Remark 1.10.

If B > 0 is fixed, then under the last set of assumptions of Theorem 1.5, there
exist constants u,v > 0 depending on  and V only such that, for any N > 2 and

log N . o
> vy R ifd=2, (1.21)
oN~Vd if d >3,
we have
P]\\/{g(wl(ﬂN”U/V) > 7“) < 67UN2T2. (1.22)

Such a bound has been obtained in [Maida and Maurel-Segala, 2014, Th. 5] for the
empirical measure of one-dimensional log-gases.

Remark 1.6 (Sharpness). The concentration of measure bound (1.22) is of optimal
order with respect to N, as one can check using (1.10) and the stochastic dominance

P]\Xﬁ(dBL(ﬂN,MV) > 7“) < PQB(WN,&N,MV) > 7“)-

The concentration inequalities provided by Theorem 1.5 are much more precise than
the large deviation upper bound in (1.10) since it holds for every N > 2 and the
dependence in r, 3 is explicit.

Combined with the Borel-Cantelli lemma, Theorem 1.5 directly yields the con-
vergence of fiy to py in the Wasserstein distance even when one allows  to depend
on N, provided it does not go to zero too fast, thanks to (1.20).

Corollary 1.7 (W, convergence). Under the last set of assumptions of Theorem 1.5,
there exists a constant By > 0 such that the following holds: Given any sequence of
positive real numbers (Bn) such that

log N

BN > By N

for every N large enough, then under ]P’]‘XBN,
lim Wl(ﬂN,M\/) =0
N—oo

with probability one, in any joint probability space.

Moreover, if one keeps g > 0 fixed and lets » — 0 with N, then Theorem 1.5 is
precise enough to yield the convergence of iy towards puy at the mesoscopic scale,
that is after zooming on the particle system around any fixed zy € R? at the scale
N~* for any 0 < s < 1/d. More precisely, set 720 (z) := N*(z — x9) and let 72"
be the the push-forward of € P(R?) by the map 7Y

xo

[ #a) 7 ntda) = [ £V = 0))n(da) (123

for any Borel function f : R — R.

characterized by
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Corollary 1.8 (Mesoscopic convergence). Under the first set of assumptions of
Theorem 1.5, for any B > 0 satisfying (Hg) there exist constants C,c > 0 such that,
for any xo € R, any s > 0, and any N > 2, we have when d = 2,

. . [log N
PY s ((dae (72 v, 7oy mv) > CN*® %) < e Nloa N, (1.24)

and we have instead when d > 3,
S A s _ _ 2—2/d
P (dsr (70 o, 700 ) > CN7YE) < emeN* Y (1.25)

Under the last set of assumptions of Theorem 1.5, the same holds true after replacing

dBL by W1 .

The proof of the corollary requires a few lines which are provided at the end of
Section 4. In particular, if B(xg,r) stands for the ball of R? with radius r > 0
centered at xg, then (1.24)-(1.25) yields that, for any fixed 2o € R? and s > 0,

v (B0, N7°)) = juv (Blao, N79) + O(N*- o) (1.26)

with high probability. When g belongs to the interior of the support of uy, at least
for C? potentials V we have puy (B(xg, N7%)) ~ AV (29)N %, and we see that (1.26)
is only accurate when s < 1/d(d + 1), in which case we obtain,

i (Beo. N79)) = v (Blao, N7 (1 + o(1)). (1.27)

In random matrix theory, an asymptotic result like (1.27) is usually referred to as
a local law, see for instance the works [Bauerschmidt et al., 2015, Leblé, 2015] and
references therein, which prove (1.27) when d = 2 up to optimal order s < 1/2.

One may also look for a concentration inequality where the constants are explicit
in terms of V. We are able to derive such a statement when AV is bounded above.
Recall that the Boltzmann-Shannon entropy of u € P(R?) is defined by

o du du
S(u) = —/dx log 2 da, (1.28)

with S(u) := 400 if p is not absolutely continuous with respect to the Lebesgue
measure. Note that S(u) takes its values in R U {400} and is finite if and only if u
admits a density f with respect to the Lebesgue measure such that flog f € L' (R%).
In particular, if V' € C2(R?) then S(uy ) is indeed finite.

Theorem 1.9 (Concentration for potentials with bounded Laplacian). Assume that
V is C? on R? and that there exists D > 0 with

sup AV (y) < D. (1.29)
y€R4
Then Theorem 1.5 holds with the following constants: Under (Hpy,),
1
a= @,
1,1 D
b= i(C—gL +EN) + m),

o) = § / V(@)uy (dz) — S(uy) + log / R
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where the constant CYy is as in Theorem 1.2, and where £(\1) is the Coulomb energy
of the uniform law \; on the unit ball of R?,

i ifd=2,
E(Al):{g—d ifd>3
d+2 =9

Under (Hw, ), the constants a, b, ¢(f) are given by the same formulas after replacing
the constant C}‘B/L by C\‘//Vf

Theorem 1.9 is also proved in Section 4.

Remark 1.10 (Regularity assumptions). The assumption that V is C? in theorems
1.5 and 1.9 is made to ease the presentation of the results and may be considerably
weakened. As we can check in the proofs, if we assume for instance that V' is finite on
a set of positive Lebesgue measure and satisfies the growth assumption (Hgy,), if the
Boltzmann—Shannon entropy S(uy) of the equilibrium measure py is finite, and if
V =V +h where h : R? — RU{+00} is superharmonic and V is twice differentiable
such that AV satisfies the condition (1.18), resp. (1.29), then same conclusion as in
Theorem 1.5, resp. Theorem 1.9, holds for the dgr, metric. If moreover V satisfies
the growth assumption (Hw,), then they also hold for W .

A remarkable consequence of Theorem 1.9 is a new concentration inequality in
random matrix theory. Indeed, when d =2, V = |-|2, and S = 2, the Coulomb gas

1 N 2
N H 2 NSV |z
dPHQ,Z(xl" .. ,l'N) = m |xl — l“j| e ZZ:I |4 dCEl . ‘de
=1 4<y

coincides with the joint law of the eigenvalues of the Ginibre ensemble of N x N
non-Hermitian random matrices, after identifying CV ~ (R?)", see [Ginibre, 1965].
The associated equilibrium gy measure is the circular law:

fio(dw) :=

We also refer to [Khoruzhenko and Sommers, 2011], [Mehta, 2004, Forrester, 2010,
Ch. 15], [Bordenave and Chafai, 2012] for more information. The following result is a
direct application of Theorem 1.9 together with easy computations for the constants.

1iere: j2<1) e

Corollary 1.11 (Concentration for eigenvalues of Gaussian random matrices). Let
X and Y be independent real Gaussian random variables with mean 0 and variance
1/2. For any N, let My be the N x N random matriz with i.i.d. entries distributed
as the random complex variable X +1iY . Let Py be the joint law of the eigenvalues
T1,...,ZN of \/_INMN’ and consider the empirical spectral measure

1N
N = — Z O, -
N3
Then, for any N > 2 and any r > 0, we have
Py (Wiljuv, o) 2 1) < e NN NN G loerl (1 30)
where C' is the constant C"\_)‘vg1 as in Theorem 1.2 for d = 2.

In particular this provides the almost sure convergence in the Wassertein Wy
metric of the empirical spectral measure to the circular law. We refer to [Meckes
and Meckes, 2016] for a survey on empirical spectral measures, focusing on coupling
methods and Wasserstein distances, and covering in particular the Ginibre ensemble.
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We do not know how to deduce the concentration inequality provided by Corollary
1.11 from the Gaussian nature of the entries of M. Indeed, the eigenvalues of a
non-normal matrix are not Lipschitz functions of its entries, in contrast with the
singular values for which the Courant—Fischer formulas and the Hoffman—Wielandt
inequality hold, see [Bordenave and Chafai, 2012] for further details.

It is quite natural to ask about the behavior of the support of the random empirical
measure iy under P]‘X 3 when N is large. The following theorem gives an answer.

Theorem 1.12 (Exponential tightness). Assume V is admissible, finite on a set
of positive Lebesgue measure, and that py has finite Boltzmann—Shannon entropy
S(uv). Then, for any B satisfying (Hpg), there exist constants ro > 0 and ¢ > 0
which may depend on B and V' such that, for any N and r > rg, we have,

P s (supp(iin) ¢ Br) = P ( max foi] = 7) < om0,

where B, := {x € R : |z| <7} and Vi(r) == minmz,,V(:c).

The proof of Theorem 1.12 is given in Section 5.

Since for any admissible V' we have Vi (r) — 400 as r — 00, the theorem states
that the maximum modulus max |x;| is exponentially tight at speed N. In particular,
the Borel-Cantelli lemma gives that

limsup max |x;| < oo
N—oo 1SiSN
holds with probability one in any joint probability space.

Theorem 1.12 allows to obtain W, versions of Theorem 1.5, without much efforts.
Indeed, Theorem 1.12 allows to restrict to the event {max;<;<n |z;| < M} with
high probability. On the other hand, the distances dg;, and W), for any p > 1 are
all equivalent on a compact set: for any p > 1 and any probability measures u, v
supported in the ball of R? of radius M > 1,

W (1,0) < (M) VW, (1,v) < M@M)L dg (1, ).
For example, for p = 2, this gives, under (Hy, ), an inequality of the form

PY s (Wa(in, pv) > 1) < 2e

The same idea allows to deduce the almost sure convergence of the empirical measure
to the equilibrium measure with respect to W, for any p > 1.

—cN3/2p2

1.5. Notes, comments, and open problems.

1.5.1. Classical, free, and Coulomb transport inequalities. The inequalities involving
the Wasserstein W1 metric in Theorem 1.1 and 1.2 can be seen as Coulomb analogues
of classical transport inequalities, hence their names. Recall that Kullback-Leibler
divergence of p with respect to v is given by

d
H(p | v):= /d'ulog 'udy (1.31)

with H(p | v) := 400 if p is not absolutely continuous with respect to v. This
functional is also known as relative entropy or free energy, see for instance [Chafai,
2015]. A probability measure v € P(R?) satisfies the transport inequality of order p
when for some constant C' > 0 and every p € P(R?),

W (1) < CH(u | v). (T)
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A vast vast literature is devoted to the study of transport inequalities, see the
surveys [Gozlan and Léonard, 2010] and [Villani, 2003] for more details. Following
for instance [Gozlan and Léonard, 2010], we want to emphasize the deep link between
(T) and Sanov’s large deviation principle for the empirical measure of i.i.d random
variables with law v, where the rate function is given by p — H(u | v) and the
speed is N. Similarly, as already mentioned, the empirical measure of a Coulomb
gas in any dimension d > 2 has been shown by Chafai et al. [2014] to satisfy a
large deviation principle, this time with rate function £y — &y (uy) and speed N2.
Moreover, one can check that if the support of i is contained in the one of py, then
Ev(p)—Ev(py) = E(p—py), and the squared Coulomb metric £(pu—v) can also be
seen as the counterpart of the Kullback-Leibler divergence H(u | v). Inequalities of
the same flavor for probability measures on the real line, linking the Wassertein Wy
or Wy metrics with the functionals £(u — v) or Ev () — Ev(uy) with d = 2, have
been previously obtained in the context of free probability by Biane and Voiculescu
[2001], Hiai et al. [2004], Ledoux and Popescu [2009], Maida and Maurel-Segala
[2014], Popescu [2013]. In this setting, these functionals are usually referred to as
free entropies and are related to the large deviation principle due to Ben Arous and
Guionnet [1997] for the one-dimensional log-gas associated to unitarily invariant
ensembles in random matrix theory.

There is also a deep connection between the inequality (T) and concentration
of measure for Lipschitz functions. In particular, Marton [1986] and later Bobkov
and Gotze [1999] have shown that (T) with p = 1 is equivalent to sub-Gaussian
concentration, while Gozlan [2009] has shown that (T) with p = 2 is equivalent
to dimension-free sub-Gaussian concentration. However, the way we deduce the
concentration of measure for Coulomb gases from the Coulomb transport inequality
is of different nature, and is inspired from Maida and Maurel-Segala [2014].

Ledoux and Popescu [2009] and Popescu [2013] provide W5 free transport inequal-
ities. It is therefore natural to ask about a W5 variant of Theorem 1.2. In the same
spirit, one can study Coulomb versions of related functional inequalities such as the
logarithmic Sobolev inequalities (not the Hardy-Littlewood-Sobolev inequalities). It
is not likely however that Theorem 1.1 has an extension to other W, distances, as
Popescu [2013] showed this is not true in the free setting.

1.5.2. Varying potentials and conditional gases. Theorem 1.5 still holds when V'
depends mildly on N. This can be useful for conditional Coulomb gases. Indeed,

the conditional law IP){X 5(- | zn) is again a Coulomb gas Pg El with potential

) N 2
Vis g7V + g9l =)

which is covered by our results since g is superharmonic, see Remark 1.10.

1.5.3. Weakly confining potentials. The condition (Hpy,) does not allow the weakly
confining potentials considered in [Hardy, 2012], in relation in particular with the
Cauchy ensemble of random matrices studied by Forrester and Krishnapur, see [For-
rester, 2010, Sec. 2.8]. In this case the equilibrium measure py is no longer compactly
supported. The derivation of concentration of measure inequalities for such Coulomb
gases is still open.

1.5.4. Random matrices. It is likely that the concentration inequality provided by
Corollary 1.11 remains valid beyond the Gaussian case. This is still open, even when
the entries of My are i.i.d. &1 with probability 1/2.



12 DJALIL CHAFAI, ADRIEN HARDY, AND MYLENE MAIDA

1.5.5. Inverse temperature and crossover. With the parameter 5 depending on N,
Corollary 1.7 states that Wy (fin, py) — 0as N — oo provided that 5 > [y log N/N.
Maybe this still holds as long as NS — oco. However, when (8 is of order 1/N, we
no longer expect concentration around gy but, having in mind [Allez et al., 2012],
it is likely that there is still concentration of measure around a limiting distribution
which is a crossover between py and a Gaussian distribution.

Notations. We denote by B = {z € R? : |z| < R} the centered closed ball
of radius R of R? by Ap the uniform probability measure on Bpg, by vol(B) the
Lebesgue measure of a Borel set B C R, and by supp(u) the support of u € P(R%).

2. PROOF OF THEOREM 1.1

2.1. Core of the proof. We now give a proof of Theorem 1.1 up to technical
lemmas. We postpone their proofs to the next subsection.

The starting point is the Kantorovich-Rubinstein dual representation (1.14) of
the Wasserstein W1 metric, namely

Wi(p,v) = sup /f x)(p —v)(dx).
IfllLip<1
A theorem due to Rademacher states that if || f||1ip < oo then f is differentiable
almost everywhere and || f||rip = ||V f|lo, Where |||, stands for the L> norm.
The following lemma shows that we can localize the functions in the supremum,
provided the measures are supported in a compact set.

Lemma 2.1 (Localization). For any D C R? compact, there exists a compact set
D, c R? such that:

(a) D C D+

(b) vol(D4) >0

(c) for every u,v € P(R?) supported in D,

Wi(p,v) = sup /f dx), (2.1)
feC(Dy)
fllLip<1

where C(D..) is the set of continuous functions f : RY — R supported in D .

Next, let y and v be any probability measures supported in a compact set D C R?
satisfying £(u) < oo and £(v) < oo, where the Coulomb energy € has been defined
n (1.2). Assume further for now that g — v has a C* density h with respect to
the Lebesgue measure which is compactly supported; we will remove this extra
assumption at the end of this section.

Set 1 := p — v for convenience. We first gather a few properties of the Coulomb
potential of n defined by

U@) = g4 n(@) = [ gla—phlpdy, xR

Since g € L (R?), we see that U" is well defined. Since moreover h € C>°(R?) so
does U". We claim that VU" € L?(R%). Indeed, if we set oy := max(d — 2,1), then
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Using that 1 has compact support and that n(R?%) = 0, we have as |z| — oo,

" ~ 2) o
VU = o ([ 7 1(dy)n(dz) =~ 1+ o(1),
|z — yl Il’ z| |z|
from which our claim follows. Finally, Poisson’s equation (1.1) yields
AU (z) = —cq h(z), z € RY. (2.2)
Indeed, (1.1) states that for any test function ¢ € C>°(R%) with compact support,
/Aw y)dy = —ca p(0),

see [Lieb and Loss, 1997, Th. 6.20], and (2.2) follows by taking ¢(y) = h(x — y).

Now, take any Lipschitz function f € C(D. ), where the compact set D, has been
introduced in Lemma 2.1. We have by (2.2) that

/f(m)( —))(dw) /f dx———/f VAU (z)dz.  (2.3)

Because VU,V f € L*(R?%) and AU € C*®(R?%) with compact support, one can use
integration by parts (see for instance [Lieb and Loss, 1997, Th. 7.7]) to obtain

/f VAU (2 dx—/Vf VU (z)dz (2.4)
By using the Cauchy-Schwarz inequality in R? and then in L?(R?), we have
/Vf VU (2)de < / IV (2)||VU" (2)|da
<y [ VU @)lda
Dy

< Wl (vol(Dy) [ [v0n@paz) ™ (25)

By using again an integration by parts,
/ VU (2)da = — / U (2) AU (2)dez = cq / U (2)h(z)de = cg E(n).  (2.6)

Finally, by combining (2.1)—(2.6) and Lemma 2.1 we get a proof of Theorem 1.1
under the extra assumption that p and v have a C* density, with Cp := vol(D4.).

We finally remove this extra assumption by using a density argument. Assume pu
and v are probability measures supported in a compact set D C R? with £(u), E(v) <
0. Let ¢ : R — R be such that

0 EC®(B1), >0, /w(w)dmzl,

d 1

and set p.(z) = e %(e 'x). Then both ¢, * u and ¢. * v have a C* density
supported on an e-neighborhood of D. Thus, by the previous step, if D? stands for
the d-neighborhood of the set D, then for every 0 < e < 4§ < 1,

Wi (pe * 1, 0z % v)? < vol(DY) E(pe # 1 — e * w). (2.7)
The probability measures ¢, * p and ¢, * v converge weakly to p and v respectively
as € — 0. Since all these measures are moreover supported in the compact set D!,
Wi(pe*p, pexv) = Wi(p,v) as € — 0. Thus, letting 6 — 0 in (2.7), it is enough to
prove that (e * p — @ *v) — E(p — v) as € — 0 in order to complete the proof of
the theorem with Cp := vol(D4). This is a consequence of the next lemma, which
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is proven at the end of the section and may be of independent interest. Consider
the bilinear form

Emv) = [[ 9@ ~ puidzv(ay). (28)
which is well defined for any p,v € P(RY) with compact support.

Lemma 2.2 (Regularization). Let p,v be two positive finite Borel measures on R?,
with compact support, and satisfying E(u,v) < oo. Let p € L*(By) be positive,
satisfying [ o(x)dx = 1, and set p.(x) = e~%p(c ™ x). Then, we have

lim E(pe * 1, 0= ¥ v) = Ep, v).

Now, since u and v have the same total mass, compact support, £(u), E(v) < oo and,
as mentioned right after (1.2), £(u—v) > 0, we have that 2&(u,v) < E(u)+E(v) <
0o. Thus Lemma 2.2 applies and gives that

E(pe* pt— e *v) = E(pe * 1) —2E(pe * p, e ¥ V) + E(pe * V)

converges to E(pn) —2&(u,v) +E(v) = E(p —v) as € — 0 and the proof of Theorem
1.1 is therefore complete up to the technical lemmas 2.1 and 2.2.

2.2. Proof of the technical lemmas 2.1 and 2.2.

Proof of Lemma 2.1. Let R > 0 be such that D C Bg. Given any function f such
that || f|lLip < 1 and f(0) = 0, we claim one can find a function f with support in

Bypg such that f|p = f|p and || f||lLip < 1. Indeed, define the function f as follows:
for any 7 > 0 and § € S¥1 .= {2 € R? : |2| = 1},

f(ro), it r <R,
Firy = 1 1) if R<r<?2R,
T F(RO)AE-r . if 2R <r < 4R,
0, if r > 4R.

By construction the only non trivial point to check is || f||Lip < 1, namely
[ (r0) = F(r'0")| < |r — "0 (2.9)

for every 7/ > 1 > 0 and 6,6’ € S¥!. It is enough to prove (2.9) when both r and r/

belong to the same interval in the definition of f. But the latter is obvious except
when 2R < r <1/ < 4R. In this case, we use that |f(Rf)| < R, because f(0) = 0
by assumption, in order to get

[ (r0) = F('0)| < |F(r0) = F(r'O) + | F (') — F(r'8")]

< 0oy 4 (o) — pimory T

= 2R
1
Sl —rl+RI6— ¢

IN

IN

1 1
§|r/ —r|+ §T|9 — ¢
<|rf —r"0|.

We used in the last inequality that [rf — 6’| < |rf — 0’|, which holds true since r6¢’
is the orthogonal projection of 7’6’ onto B, and r0 € B,.
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As a consequence, for any u,r probability measures supported in D, we obtain
from (1.14),

sup /f w—v)(dz) < Wi(u,v) = sup /fx —v)(dz)

feC(Bar) [ fllLip=<1
[ flip<1
[
||f||L1p<1
f(0)=
= sup / e dz)
|f||L1p<1
f(0)=
B
fEC Bar)
I fllLip<1
Thus,
Wiv) = sup [ fla)(u v)(do) (2.10)
J€EC(B4r)
[ fllip<1
which proves the lemma with D, = Byp. O

Before going further, we show a simple but quite useful lemma, in the spirit of
Newton’s theorem, see e.g. [Lieb and Loss, 1997, Th. 9.7]. Recall that Ap is the
uniform probability measure on the ball By in R

Lemma 2.3 (Superharmonicity). For every x € R,
/ g(x +u—v)A\r(du)A\r(dv) < g(x).
Proof. Since g is superharmonic, we have

/9(90 + u)Ar(du) < g(x), z € R4

As a consequence,
// g(x +u —v)Ag(du)Ag(dv)
= /g(m +u) — (g(m +u) — /g(m +u— v))\R(dv)> Ar(du)

>0

< /g(m + u)Ar(du) < g(x).

Proof of Lemma 2.2. We set for convenience
ge(x —y) = //g(m —y+u—v)p:(u)p:(v)dudo,

J[ @ =y +=tu = v)e(iplo)dudo,

which is positive when d > 3. When d = 2, by dilation we can assume without loss
of generality that y and v are supported in By 54, so that both g(x —y) and g.(z —y)
are positive for every (x,y) € supp(u) X supp(v) and every ¢ < 1/4.
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First, Fubini—Tonelli’s theorem yields

E(pe * i, e ¥ V) = // (//g(u —v)pe(u — z)pe(v — y)dudv) p(dz)v(dy)
— [[ s-ta ~ yntaxv(ay).

For every =,y € R? satisfying = # y, the map (u,v) — g(z —y+e(u—v)) is bounded
on By x Bj for every e small enough and converges pointwise to g(z — y) as € — 0.
Moreover, since £(u,v) < oo yields p @ v({x = y}) = 0, by dominated convergence,
g:(x — y) converges p ® v-almost everywhere to g(x — y). Next, we have

(@ =) = [[ ol =+ u =) lu)pe(e)dudy

< el vol(B)? [[ oo = y+u- oA @rdd), @11

where A. is the uniform probability measure on B.. Thus, by Lemma 2.3, we obtain
2
9:(z = ) < [lll5, vol(B1)* g(z — )
and, since g(z—y) is p®v-integrable by assumption, the lemma follows by dominated
convergence again. O

3. PROOF OF THEOREM 1.2

We first prove Lemma 3.1, which is a weak version of Theorem 1.2 restricted
to compactly supported measures. This is an easy corollary of Theorem 1.1 and
the Euler-Lagrange equations which characterize the equilibrium measure. The
latter state that, if we consider the Coulomb potential of the equilibrium measure
UMV = g« uy, then there exists a constant ey such that

=ey for qe. x € supp(uy)
20" (z) + V(z) {> ev  for qo. o € RY (3.1)

where “q.e.” stands for quasi-everywhere and means up to a set of null capacity.
Conversely, py is the unique probability measure satisfying (3.1). This character-
ization goes back at least to Frostman [1935] in the case where the potential V is
constant on a bounded set and infinite outside. For the general case, see [Saff and
Totik, 1997], [Chafai et al., 2014], [Serfaty, 2015, Th. 2.1}, and references therein.

Lemma 3.1. If D C R? is compact then for any u € P(RY) supported in D,
dBL(M> ,U'V)2 <W, (M> ,U'V)2 < CDUsupp(uv)(gV(lu) - EV(MV))a

with Cpusupp(uy) a8 in Theorem 1.1.

Proof. Since the statement is obvious when () = +00, one can assume & (u) < oo.
By integrating (3.1) over uy, we first obtain

ev =2 Eu) + [ Vi (da). (3.2)
Integrating again (3.1) but over u, we get together with (3.2),
28, mv) + [ V(@)plda) = 28Gu) + [ Vi@ (do)

where we used the notation (2.8). This inequality provides

E(p—pv)=Ep) —2&(u,pv) +E(pv) < Evp) — Evipy) (3.3)
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and the result follows from Theorem 1.1 and (1.15). O

We are now in position to prove Theorem 1.2. We follow closely the strategy of
the proof of [Maida and Maurel-Segala, 2014, Lem. 2].

Proof of Theorem 1.2. Let u € P(R?). We can assume without loss of generality
that p has unbounded support and finite Coulomb energy. The strategy consists
in constructing a measure i with compact support, with smaller Coulomb energy,
together with an explicit control on the distance of interest between p and fi, and
then to use Lemma 3.1. To do so, given any R > 1 consider the probability measures

1 1
Heore ‘= —IUJ|BR’ Htail = EMRUZ\BR where «a := N(Rd \ Br),

1—«
so that u = (1 — @) picore + fitail. We then define the probability measure
= (1 - O‘)#core + ao,

where ¢ stands for the uniform probability measure on the unit sphere S¥~!. In
particular, i is supported in Bp.
First, we write

Evin) — Evi) = a{ [ V(@) (uar — 7)(de) + o E(pran) — a €(0)
+2(1 = @) E(Hteorer ftail — 0) ], (3.4)
where we used the notation (2.8). Note that, for any z,y € R?,

(log(1 + [z[*) + log(1 + [y[*)) La=o- (3.5)

DO | =

g —y) > —

so that
E(ptian) > — / log(1 + |[2) 14— ueain(dz) (3.6)

and similarly

1
g(ucorm ,U'tail) > _5 /1Og(1 + ’x‘2)1d22 (Mcore + Mtail)(dx)
> / log(1 + |]%) Lazs ptran(dz). (3.7)
Next, according to [Helms, 2009, Lem. 1.6.1], we have

0 if |zg] <1landd=2,
U(x) =gxo(x) =11 if || <1 and d > 3,
g(x) if |z| > 1.

In particular, U%(z) < 1 for every € R? and thus
E(fteore, 7) = / U (2) eore(da) < 1. (3.8)
By combining (3.4)—(3.8) and using that 0 < a < 1, we obtain
Ev(p) —Ev(i) 2 a [ {V() = 2108(1 + o laca + Chua(de)  (39)

for some C' > 0 which is independent on pu.
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Next, using that

don(o) = sup [ f(@)(uan — 0)(do) < 20,
Ifllip<1
Il <1

we obtain
Ev(p) — Ev (i) — dr(p, 1)* > a/{V(ﬂf) — 2log(1 + |z*)1g=2 + C — 4} p1gait (da).
Since by assumption (Hgy,) the map

x = V() — 2log(1+ |z)*)1gen + C — 4

tends to 400 as |z| becomes large, it follows that there exists R > 0 large enough
so that this map is positive on R? \ Bg. Since by construction pu,; is supported on
R?\ Bp, this yields

Ev(p) — Ev(p) — dpL(p, i)* > 0,
and in particular,
dpr(p, i)* < Ev(p) — Ev(py) and  Ev (i) < Ev(n).

This yields inequality (1.16) since, by the triangle inequality and Lemma 3.1, we
have
dpr(p, pv)® < (dp (p, f1) + dBL (72, pv))?
< 2dpr (1 ) + 2dpL(R, pv)°
<2(&v(k) = Ev(uv)) + 2CB,Usupp(uy) (Ev () = Ev ()
<2 (1 + Copusupp(un)) (Ev() = Ev (). (3.10)

V
CBL

Note that since by construction R is independent on y, so does CI‘B/L-

We now turn to the proof of inequality (1.17). Under (Hw,) we can assume that
1 has a finite second moment

[1aPutde) < oo

and in particular that Wi (u, uy) < oo. Indeed, because of the growth condition
(Hw, ), we have otherwise

/V(w),u(dx) = +o0

so that the right hand side of the inequality to prove is infinite. Now, let v > 0 be
such that

lim inf M

> 1,
|00 4ry|z|?
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whose existence is ensured by (Hw,). Using the representation (1.14), we have the
upper bound,

Wil i) = sup [ (@)~ ) da)

Il fllLip<1

=a sup /f(x)(,utaﬂ —o)(dr)

[l fllip<1

=aqa sup /f(x)(,utaﬂ —0)(dx)
Il fllLip<1
f(0)=0

< 04/ || (ptait + o) (d)

< 206/‘35’/%@1((1%)

1/2
<20 (/ |x|2,utaﬂ(dx)) . (3.11)
Combined together with (3.9) this gives
v () ~Ev ()~ Wi (1) = o [ {V (@)~ 1laf? ~21om(1+ ol Ly +C) ().

Therefore, using the definition of v and (Hw, ), this yields as before that there exists
R > 1 independent on p such that

YW, 1)* < Ev(p) —Ev(pyv) and  Ev(i) < Ev(p).
As in (3.10), this gives the upper bound,

1
Wl (M?/’LV)Q <2 (; + CBRUsupp(uv)) (gV(lu') - gV(:U'V))a

\4
Cw,
and the proof of the theorem is complete. O

4. PROOFS OF THEOREM 1.5 AND THEOREM 1.9

We start with the following lower bound on Z‘]/\f - Recall the definition (1.28) of
the Boltzmann—Shannon entropy S.

Lemma 4.1 (Normalizing constant). Assume that V is admissible, finite on set of
positive Lebesque measure, and that S(uy) is finite. Then for any N > 2,

Z{ 5 > exp {—N2§ Ev(pv)+N (g E(pv) + S(Mv))} :

Note that it is compatible with the convergence lim y_ o0 ﬁ log Z{/\f 5= —g Evuy)

from [Chafal et al., 2014] and with the more refined asymptotic expansion from [Leblé
and Serfaty, 2015, Cor. 1.5].

Proof of Lemma 4.1. We start by writing the energy (1.7) as

1 1 ol
Hy(zy,...,2n) =) (9(%’ — @)+ Vi) + §V(ﬂfj)) +Y V(). (4.1)
i i=1
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Since the entropy S(uy ) is finite by assumption, the equilibrium measure py has a
density py. If we define the event EYY := {z € (RY)N : [TV, pv(z;) > 0}, then

log Z‘]Xﬁ
B8 N .
zlog/efﬁ Zi;ﬁj( zi—2;)+ 5V (i) +5V(z;)) He sy
i=1
5 2w (a( )+ 3V (@) + 5V ( N _By
T2 2 \I\FI T @ (z)) BY (zs)
> log ENe j 1:[ ; d;

N
~ log i e_g S (9= )+ 5V @)+ 3V () =20 | (§V (@i)+Hog py (2:)) H py (da;)
Ey;

>__sz< D4 V) + g V%>Hmd@

V i#]

i=1

—N/( -H%mKOMMM)

= NV =5 ey (uy) ~ N5 [ V() + N SGw)

—N2§ Evipy) + Ng E(uyv) + N S(uy),

where (x) comes from Jensen’s inequality.
O

Before we enter into the proof of the theorems, let us first explain briefly the main
idea. It might be of independent interest, beyond Coulomb gases, for more general
sequences of Boltzmann—Gibbs measures.

The starting point is the formula (1.11) for IP’% 5 based on the fact that the energy
(1.7) is a function of the empirical measure fiy. This formula expresses ]P’{\/{ 5 in term

of the partition function Z‘]X 5 and the quantity

EG(an) — Ev(uv)

where E‘f(ﬂN) is as in (1.12). With Lemma 4.1 at hand, it is already easy to get
a quantitative estimate for this quantity. Indeed, assume for a moment that the
Coulomb gas is confined to a compact set K C R? with positive Lebesgue measure
Vol(K), by taking V = 400 on R?\ K. If we consider the event

A= {0 (an) — Ev(uy) > 7%}

for any r > 0, then Lemma 4.1 yields the quantitative estimate

1

N
*QNQ Fon 7éN22 N
:ZNﬁ/e 2 NEEL ) T 1k (i) dary < e 2NPrPHNC,

=1

where C' := log Vol(K) — gé’(,uv) — S(py). As we will see below, it is in fact
easy to deal with Coulomb gases not living on a compact set K by putting aside
a small fraction of the energy Hpy. However, the quantity E‘f(ﬂN) — Ey(py) can
be negative and is, after all, a somewhat weak way to quantify the closeness to puy .
We may circumvent this problem by replacing &£ ‘f() — &y (py) by the rate function
Ev(-)—Ev(uy), which is non-negative and only vanishes at iy, and possibly use the
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bound (3.3) to get a concentration inequality in the Coulomb distance &(- — py)'/?,
but both these functionals are infinite when evaluated at fiy. This in turn requires
to approximate the discrete measure [iy by a regular measure ﬂg\i), which is the
purpose of the regularization Lemma 4.2 below.

Next, thanks to Theorem 1.2, one can improve such a concentration inequality to
reach estimates for a distance d such as dpr, or Wy: the strategy is then to compare
Ev(ﬂg\i)) — &y (py) with d(,ug\sf),,uv) and, after a comparison between d(ﬂg\i),pv) and
d(fin, uv), to control the remaining terms in the integral. We follow this common
path to obtain both theorems 1.5 and 1.9 up to dealing with the remaining integral,
since one has to proceed differently depending on the strength of the assumption we
make on the Laplacian’s potential AV.

Lemma 4.2 (Regularization). For any e > 0, let us define

//J/Ag\i) = ,[:LN * )\67

where we recall that A\ is the uniform probability measure on the ball B.. Then,

N
Hy(1,...,2n) > N2Ev () = NEON) = NS (VA — V)(x3). (4.2)
=1

Note the latter inequality is sharp. Indeed, since g is harmonic on R%\ {0}, the
inequality (4.3) below is in fact an equality as soon as |x; — x| > ¢ for every i # j,
and so does (4.2).

Proof. The superharmonicity of ¢ yields, via Lemma 2.3,

Zg —xzj) > Z // —xj +u—v)A(du) A\ (dv) (4.3)

i#] i#]
= 25(5%. * Ay Oy % Ae)
i#]
= N2&(l)) = NEO)

= N2&y (1Y) - NE(A NZV*)\ (z:),
=1

and (4.2) follows. O

We are now ready for the proofs of theorems 1.5 and 1.9. The proofs we provide
use milder assumptions than in their statements, as explained in Remark 1.10.

Proofs of Theorem 1.5 and Theorem 1.9. Assume for now that V' is admissible (to
ensure the existence of py ), and finite on a set of positive Lebesgue measure (to
ensure that Zv > 0), and that the equilibrium measure gy has finite Boltzmann—
Shannon entropy S(uy ) (to use Lemma 4.1). Let us fix N > 2, 7 > 0and § > 0
satisfying (Hg) (to ensure that Z{¥ Vg < 00).

Step 1: Preparation. We start by putting aside a small fraction of the energy to
ensure integrability in the next steps. Namely, for any n € (0,1) and any Borel set
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A (RYN | we write

N
1
Pst) = g [ e #e o [T as
v,p /A i=1

N
_ }V/e%(1n>HN(m1,...,xN)e%nHN(xl,...,mdexi'

Next, if we set

Cr =~ Elu) ~ (), (1.4

then we deduce from Lemma 4.2 and then Lemma 4.1 that

1 ~ENA-n)(NEv(E)-ER) - (Vire—V)(x:)
v,8 /A
) N
x e~ 2N (@157 N) H dx; (4.5)
< NOHEN EQ) TGN Ey (uv) =5 N2 (1) inf 4 (Ev () v () (4.6)

X/e ( (1- n)z (Vere=V)(@i)—nHnN (x1,....2 )dez

In the second inequality we also used that £(\;) > 0 as soon as 0 < & < 1. Indeed,
by a change of variables we have

_ Jele) +EMN)  ifd=2,
—//mx—w&mm&MM—{M@guﬂ risg 7

and one can compute explicitly that

1 ifd=2,
E(M) = {42_d £d>3 (4.8)
d+2 = 9

Step 2: The remaining integral. We now provide an upper bound on the integral

/ ( (1- n)Z (Vere=V)(@i)—nHnN (z1,....2 )de

Having in mind Remark 1.10, notice that if V = V + h with h superharmonic then
we have, for every z € R,

(Ve = V)(x) < (VX — V) ().

Thus one can assume without loss of generality that h = 0. From now, assume
further that V =V is twice differentiable. Using that

(Ve = V)(x) = / (V(z —eu) — V(z)) A\ (du),

and noticing that by symmetry,

/ (VV (), 0\ (du) = 0,
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we obtain by a Taylor expansion that, for any z € R,
2

(VA =V)@) £ 5 sup / (Hess(V) (y)u, u) A (du), (4.9)
|yyf§;

where Hess(V')(y) is the Hessian matrix of the function V' at point y. Since the
covariance matrix of A; is a multiple of the identity,

/(Hess(V)(y)u u) A1 (du) Z Hess(V /uzuj A1(du)

1,j=1

= TrHess(V)(y)é / [ul? A\ (du)

1
= TrHess(V)(y)/ rdttdr
0

-

Therefore, with (AV)4(y) := max(AV(y),0), we have

2

e
(VA = V)(z) < 2y S (AV)+(y)- (4.10)

ly—z|<e

Next, we use that g(z —y) > —1log(1 + |z[?) — S log(1 + [y[*) when d = 2, and
that ¢ > 0 when d > 3, in order to get

HN(xl,..., >NZ 55@ — 1= 210g(1+|x2| ))

As a consequence, we obtain with (4.10) that, for any 0 < e < 1,

/eé(Nun)ZiN_IW*AEvxmnHN(xl,...,mN)) ﬂ .

N
- (/e—gN(n(V(ﬂﬁ)—ld_zlog(1+lwl2))—€22(%+2) Sup\yfz\<1(AV)+(y)) dx) L (a11)
In the next steps, we will use the Coulomb transport inequalities to bound the
term inf4(Ev (f (5)) — Ey(uy)) for sets A of interest depending on which growth
assumption we make on V. We will moreover bound the remaining integral (4.11)
using extra assumptions on AV. In the next step, we assume AV is bounded above

and provide a proof for Theorem 1.9. In the final step, we only assume AV grows
not faster than V' and complete the proof of Theorem 1.5.

Step 3: Proof of Theorem 1.9. Assume in this step there exists D > 0 such that

sup AV (z) < D. (4.12)
z€RY
We then set
n:=N"1, g:= N1, (4.13)
and

Cy = log / o~ V(@) ~Laglog(LH]al2) g
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which is finite by assumption (Hg). We obtain from (4.11),

8 N - N -
/65 (N(l_n) Zizl(v*)\g—‘/)(l‘l) WHN(QU17---7$N)) del < eNCQ+§N2 2/d2(d112). (414)

i=1

If we assume (Hpy,) and set

A= {dBL(ﬂNaﬂ\/) Z 7"}, (415)

then by applying Theorem 1.2 to ,&g\a,) we obtain,

, ~(€) L. NORRY

inf (Ev(an') — Evnv)) = C—]‘nggdeL(MN V)T = o
where we used for the last inequality that

1 . 1 N .

3 dr(fin, prv)* < §(dBL(M§\€r),Mv) + dpr(fix

< dpL(aY, nv)? + dpL (A

< dBL(ﬂ%)Mv)z + &2

: ),ﬂN))z

7ﬂN)2

Setting ¢(B) := C1 + Ca + gé’v(,uv) and noticing it is the same constant ¢(f) as in
Theorem 1.9, we obtain by combining (4.5), (4.7)-(4.8), (4.14), and (4.16),

——LB  N(N-1)r2414=2(ENlog N)+EN2-2/d[ L4 D -1 e(X\;)]+Ne(B)
PYs(4) <o 4 AR .

(4.17)

Since N —1 > N/2 for every N > 2, this gives the desired constants a and b.

If one assumes the stronger growth assumption (Hyy,), then the exact same line
of arguments with A := {W;(fin, py) > r} shows inequality (4.17) holds true after
replacing the constant Cf; by CVI, which completes the proof of Theorem 1.9.

Step 5: Proof of Theorem 1.5. In this last part, we assume that

1
lim sup sup AV (y) | <2(d+2) (4.18)
|z|—00 V(.%') yeRY
ly—z|<1
in place of (4.12), and set instead,
n:= N4 g:= N4 (4.19)
so that (4.11) now reads

/eg (N(l—n) Ziil(V*Ag—V)(a:i)—nHN(xl,...,mN)) ﬁ az,

i=1

N
- (/ e—gNl_Q/d(V($)—1d:2103(1+|$|2)_2(++2)Sup\y—z\<1(AV)+(y)) dx) C(4.20)

Combining the assumptions (Hgy,) and (4.18) yields constants u > 0 and v € R such
that, for every = € R?,

V(z) — 1g=g log(1 + |z|*) — sup (AV)4(y) > 2uV (z) —v.

2(d + 2) ly—z|<1
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This provides with (4.20),
N N
/eg (N(lfn) Zizl(V*AE*V)(xi)*nHN(:v1~~~7rN)) dei < o JuN2-2/d (/ eﬁuV(x)dx)

< e%vNQ_Q/dJer(ﬁ)

where we set
w(f) = log/efﬁuv(m)dx. (4.21)
Taking A := {dpr(fin, uy) > r}, this gives with (4.5), (4.7), (4.16), (4.19),

N2 1 N R ) 1140 (BN Tog M)+ ENT R [ £y (uv ) HE (M) + = 0] N (Crw(B))
IP’%;(A) <e "“BL “BL .

Since 1 — N=%/4 > 1/2 for N > 2, we get inequality (1.19) of Theorem 1.5 with

1
a = @,
bim (&0 (i) +EO) + 4+ )
2 CYL ’

e(8) = ~Ze () — Sm) + w(B).

Taking A := {Wi(fin,uy) > r}, we obtain the same inequality for the W metric
after replacing C%/L by C\K]l in the definitions of the constants a and b.

Finally, observe that if one assumes liminf|, . V(x)/|z[* > 0 for some & > 0,
then it is easy to derive the behavior (1.20) of the function ¢(3) from (4.21). O

Proof of Corollary 1.8. Let us give the proof in the bounded Lipschitz case. If § > 0
is fixed, then Theorem 1.5 yields u,v > 0 which only depend on V, 3 such that, for
every N > 2 and r > 0,

P%&(dBL(ﬂNHUV) > 7") < o~ ulN?r?toNg(N~1/) (4.22)
Now, by a change of variables, we have for any a > 0,
Pgﬁ(dBL (TﬁsgN’Tﬁsuv) > a) < Pgﬁ(dBL (AN, ) > ozN_S),
The corollary follows by taking

CN*"1/2(log N)'/?  when d = 2,
o =
CNs—1/d when d > 3,

with C' > 0 large enough so that ¢ := uC? — v > 0. The proof of the W case is the
same. 0

5. PROOF OF THEOREM 1.12

We prove the exponential tightness for max;<;<y |;| formulated in Theorem 1.12,
in a similar way as in the proof of [Borot and Guionnet, 2013, Prop. 2.1].

Proof of Theorem 1.12. Since the law IP"]\,{ 5 is exchangeable, the union bound gives

P{}fﬁ(lglizgv |z;| > 1) < NIP)]‘XB(|3:N| >r). (5.1)
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Isolating xx in the joint law, we get for any Borel set B C R?,

ZN 1 B
vg B

x P 5 (dxy, ... doy_1)dzy. (5.2)
Since V is admissible, there exists C' € R such that,
1
9(x —y) +V(x) + §V(y) >C, Vr,yeR%

As a consequence, we obtain

Z 8 5
PN (low| > r) = V.3 efg(zvq)c/ e~ TINHDV(@w) gy
e Z) {lewl>r)

ZN-1

VB ~8(N-1)C- NV*(T)/e 4V(x)dx (5.3)
V75

where we recall that Vi(r) = minj, >, V(x). We now prove that
1 N—1

lim sup — log —22— < 00, 5.4

b 7 log 7 (5.4)

which yields the theorem thanks to (5.1) and (5.3) since Vi(r) — +o0 as r — oo.
To prove (5.4), let L > 0 large enough so that {V < +oo} N By, has positive
Lebesgue measure and use that P{}tﬁﬂx]ﬂ < L) <1 together with (5.2) to get

N
Zvs
N—-1

Zyg

N-1

Zym/e—(N—l)%wa)—% L V@t PNt @y (day, . day),

where 7y, g is the probability measure on R? with density Y—B e 2 V1 B, and Yy 3 > 0

a normahzlng constant. Applying Jensen’s inequality with respect to the probability
measure PV 5 ®@nvy, then provides

N
log N T > log Yy
ZVB
B ey s B N-1
_/ (N = )ZV( 52 (1) + g(z; — xn) | PY 5 @ yp(day, ..., day)

— log Vs — (N — 1>§ [ Vi@ msan)

/g <Z Vi(xi) +g*nva(z )) P]‘Xgl(dxl,...,dx]v_l).

Since for an admissible V' we have [V dnys = [ 1{y<io0}V dny,g < 400 and that
g * 1y, is bounded from above, it is enough to show that

1N
s%p/ (N EV(%))P]\Xﬁ(dxl’ coodey) < oo (5.5)
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in order to prove (5.4). To do so, we first use Markov’s inequality to get

1 N B Ar2 Z\]y/Qg
PUsl =D Viw)>R) <e sV 28
Vﬁ(N ; (xl) > ) Se 4 Z‘]/VB

for any R > 0. Using that g(z —y) + 2V (z) + 1V (y) > B for some B € R, we have

N
/ 07 Dip9(@imm)F 5V @)+ 5V (2) [[e 5V @dz;

i=1

N
Zyjap =

BN 8 N
< e ININ-1B (/ eZV(x)dw>

and, using Lemma 4.1, this yields some constant Ry € R such that

1 N _ B2
Pg’6<ﬁ ZV((EZ) > R> <e el (R+RO).
i=1

This yields (5.5) since V' is bounded from below, and the proof of Theorem 1.12 is
therefore complete. O
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