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Abstract

State-of-the-art methods for solving smooth optimization problems are nonlinear conju-
gate gradient, low memory BFGS, and Majorize-Minimize (MM) subspace algorithms. The
MM subspace algorithm which has been introduced more recently has shown good practical
performance when compared with other methods on various optimization problems arising
in signal and image processing. However, to the best of our knowledge, no general result ex-
ists concerning the theoretical convergence rate of the MM subspace algorithm. This paper
aims at deriving such convergence rates both for batch and online versions of the algorithm
and, in particular, discusses the influence of the choice of the subspace.

Keywords: convergence rate, optimization, subspace algorithms, memory gradient methods, descent
methods, majorization-minimization, online optimization, learning.

1 Introduction

The Majorize-Minimize (MM) subspace algorithm [1] is based on the idea of constructing, at the
current iteration, a quadratic majorizing approximation of the cost function of interest [2], and
generating the next iterate by minimizing this surrogate function within a subspace spanned by
few directions [3-5]. Note that the MM subspace algorithm can be viewed as a special instance
of nonlinear conjugate gradient (NLCG) [6] with closed form formula for the stepsize and con-
jugacy parameter, or as a particular low memory BFGS (L-BFGS) algorithm [7] with a specific
combination of memory directions. The MM subspace algorithm enjoys nice convergence prop-
erties [8], and shows good performance in practice, when compared with NLCG, L-BFGS, and
also with graph-cut based discrete optimization methods, and proximal algorithms [1,9, 10].
It has recently been extended to the online case when only a stochastic approximation of the
criterion is employed at each iteration [11]. All these works illustrate the fact that the choice
of the subspace has a major impact on the practical convergence speed of the algorithm (see,
for instance [1, Section 5], [8, Section 5.1]). In particular, it seems that the best performance
is obtained for the memory gradient subspace [12], spanned by the current gradient and the
previous direction, leading to the so-called MM Memory Gradient (3MG) algorithm. However,
only an analysis concerning the convergence rates of half-quadratic algorithms (corresponding
to the case when the subspace spans the whole Euclidean space) is available [13,14].

Section 2 describes the general form of the MM subspace algorithm and its main known prop-
erties. In Section 3, a convergence rate analysis is performed for both batch and online versions
of the algorithm for minimizing a wide class of strongly convex cost functions.
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emilie.chouzenoux@univ-paris-est.fr. This work was supported by the CNRS Imag’'In project under grant
2015 OPTIMISME, and by the CNRS Mastodons project under grant 2016 TABASCO.



2 MM subspace algorithm

2.1 Optimization problem

In this paper, we will be interested in the minimization of the penalized quadratic cost function:

1
F:RN—>R:h»—>§hTRh—rTh+\I/(h), (1)

where r € RY, R € RV*Y is a symmetric positive definite matrix, and ¥ is a lower-bounded
twice-continuously differentiable convex function. In this paper, it will be assumed that F' is
only accessible through a sequence (F),),>1 of approximations estimated in an online manner,
such that, for every n € N*,

1
F,: RN 5 R: hthTRnh—r;fh—i—\IJ(h), (2)

where the vector r, and the symmetric nonnegative definite matrix R,, are approximations of
r and R. For simplicity, we will suppose that

Assumption 1.
(1) (lrn — rrt1ll)n=1 and (|| Ry — Rusti||)n>1 are summable sequences,
(i1) (rn)n>1, and (Ry)n>1 converge to r and R, respectively.
It is worth emphasizing that Assumption 1 encompasses the batch case when F,, = F.
Moreover, it should be pointed out that all the results presented subsequently can be easily

extended to a stochastic framework where r,, and R,, are consistent statistical estimates of r
and R, and convergence arises almost surely.

2.2 Majorant function

At each iteration n € N* of the MM subspace algorithm, the available estimate Fj, of I is
replaced by a surrogate function ©,(-,h,) based on the current point h, (computed at the
previous iteration). This surrogate function [15-17] must be such that

(Vh € RY)  F,(h) — Fy(h,) < O,(h, h,) — O,(hy, hy). (3)
We assume that ©,(-, h,) is a quadratic function of the form
(Vh € RY)  Op(h, hy) = F(hy) + VFu(hy) " (h— hy)

()T AR (h— ), (4)

where A, (h,) = R, + B(h,) and B(h,) € RV*V is some symmetric nonnegative definite
matrix (see [18-22] for examples).

2.3 MM subspace algorithm

The MM subspace algorithm consists of defining the following sequence of vectors (hy)n>1:

(Vn € N¥) h,t1 € Argmin O, (h, h,), (5)
heran D,



where hi is set to an initial value, and ran D, is the range of matrix D, € RN*Mnr with
M,, > 1, constructed in such a way that the steepest descent direction —V F,,(h,) belongs to
ran D,,. Several choices have been proposed in the literature for matrices (D,,)pen+. On the
one hand, if, for every n € N*, rank(D,,) = N, Algorithm (5) becomes equivalent to a half-
quadratic method with unit stepsize [13,23,24]. Half-quadratic algorithms are known to be
effective optimization methods, but the resolution of the minimization subproblem involved in
(5) requires the inversion of matrix A, (h,) which may have a high computational cost. On the
other hand, if for every n € N*, D,, reduces to [~V F,,(hy,), hy], then (5) reads: for every n € N*
Rnt1 = upohy — un 1V, (hy,), where (up 1,u,2) € R% In the special case when u, 2 = 1, we
recover the form of a gradient-like algorithm with step-size u, 1 [25,26]. An intermediate size
subspace matrix is obtained by choosing, for every n > 1, D,, = [-VF,(hy,), hy, by, — hy_1].
This particular choice for the subspace yields the 3MG algorithm [8,11].

2.4 Convergence result

The convergence of the MM subspace Algorithm (5) has been studied in [1,8,11] under various
assumptions. We now provide a convergence result which is a deterministic version of the one
in [11, Section IV]. This result requires the following additional assumption:

Assumption 2.
(i) For every n € N*, {VFE,(hy),h,} C ran D,

(ii) There exists a positive definite matriz V' such that, for everyn € N*, V2W¥(h,,) < B(h,) =<
V', where V2V denotes the Hessian of ¥, !

(iii) At least one of the following statements holds:

(a) r, =7 and R, = R,
(b) h+— B(h)h — VVU(h) is a bounded function.

Remark 1. Note that the convezity of ¥ and Assumption 2(ii) implies that VU is Lipschitz dif-
ferentiable on RY | with Lipschitz constant |||V|||. Conversely, if ¥ is B-Lipschitz differentiable
with B €)0, +oo[, Assumption 2(ii) is satisfied with V' = B(hy) = BIy [27]. However, better
choices for the curvature matriz are often possible [20,22]. In particular, Assumption 2(iii)(b),
required in the online case, is satisfied for a wide class of functions and majorants [1,11].

Proposition 1. Assume that Assumptions 1 and 2 are fulfilled. Then, the following hold:
(i) (IVFu(hp)|Dn>1 is square-summable.

(ii) (hp)n>1 converges to the unique (global) minimizer h of F.

Proof. See Appendix A. O

!< and < denote the weak and strict Loewner orders, respectively,



3 Convergence rate analysis

3.1 Convergence rate results

We will first give a technical lemma the proof of which is in the spirit of classical approximation
techniques for the study of first-order optimization methods (see [28, Section 1]):

Lemma 1. Suppose that Assumptions 1 and 2 hold. Let € €]0,+o0] be such that eIn < R.
Then, there exists n. € N* such that, for every n > ne, V2Fy(hy,) = R — eIy and
1 _
F,(hy) —inf F,, < 5(1 + e)(VFn(hn))T(v2Fn(hn)) 'VE,(hy). (6)
Proof. See Appendix B. O

We now state our main result which basically allows us to quantify how fast the proposed
iterative approach is able to decrease asymptotically the cost function:

Proposition 2. Suppose that Assumptions 1 and 2 hold. Let e €]0, +o0[ be such that eIy < R.
Then, there exists n. € N* such that, for every n > ne, V2Fy(h,) = R — eIy and

Fp(hpt1) — inf Fy, < 0, (Fy(hy) — inf F,) (7)
where 0, = 1 — (1+ €) 716,

5 _ (VE(n) C(hn)VEn () .
" (VEu(h))  (V2Ea(hy)) 'V Ey(hy)

C,.(h,) = D,(D!A,(h,)D,)'D,, and ()7 denotes the pseudo-inverse operation. Further-

more, some lower and upper bounds on 0,, are given by

Qn =1- (1 + 6)71ﬁ7;1> 0, (9)
_ T, — 2
p=1— (146 7 (1 - (=) ) <1, (10)
Un + gn
where K, > 1 (resp. Rn) is the minimum (resp. mazximum) eigenvalue of

(An(hn))%(VQFn(hn))fl(An(hn))%, and o, (resp. Tp) is the minimum (resp. mazimum)
eigenvalue of V2F,(hy,).

Proof. See Appendix C. O

3.2 Discussion on the choice of the subspace

Let us make some comments about the above results. First, as enlightened by our proof, at
iteration n > ne, the upper value of 6,, (i.e. the slowest convergence) is obtained in the case of a
gradient-like algorithm. As expected, 6,, has a larger value when the eigenvalues of the Hessian
of F,, are dispersed. Note that, according to (50),

ont+o, h n+n

(11)

where 1 > 0 is the minimum eigenvalue of R and 7] is the maximum eigenvalue of R+ V. Since

1 _ 1
((An(hy)) 2 (V2E,(hy)) 1(An(hn)) 2),,>,,. is bounded, there exists Fmax € [1,+00[ such that
(Vn = ne) Bn < Fmax. All these show that the decay rate is uniformly strictly lower than 1.



In contrast, when the search subspace is the full space, the lower value of 6,, (i.e. the fastest
convergence) is obtained. The expression 6,, in (9) shows that the decay is then faster when the
quadratic majorant constitutes a tight approximation of function F,, at h,. Ideally, if A, (h,)
can be chosen equal to V2F),(h,) and D, is full rank, then 6,, = O(¢). Such a behavior similar
to Newton’s method behavior leads to the best performance one can reasonably expect from
the available data at iteration n.

Finally, when a mid-size subspace is chosen (as in the 3MG algorithm), an intermediate
decay rate is obtained. Provided that D,, captures the main eigendirections in A, (h,), a
behavior close to the one previously mentioned can be expected in practice with the potential
advantage of a reduced computational complexity per iteration.

3.3 Batch case

The case when F' = F), is of main interest since it is addressed in most of the existing works.
Then, Proposition 2 and (11) lead to

(Vn =>ne¢) F(hyp)—inf FF < po", (12)

where pu = (F (hy,) —inf F ) /U< and the worst-case geometrical decay rate ¢ €]0, 1] is given by

n— 2e
=1 e (- () @)

Since F' is an n-strongly convex function, the following inequality is satisfied [27, Definition
10.5], for every a €]0, 1],

F(ah, + (1 - a)h) + %a(l —a)nllhy — h|* < aF(h,) + (1 — a)F(h), (14)

or, equivalently,

%oz(l — )l — Bl < a(F(hy) — F(R)) + F(h) — Fah, + (1 - a)h).  (15)
Thus, )
5 (1= )b = hl|* < F(hy) — F(h). (16)

Letting o tend to 0 in the latter inequality implies that
1 ~ ~
P — h||*> < F(h,) — F(h) < pd™. (17)

This shows that the MM subspace algorithm converges linearly with rate /0.

4 Conclusion

In this paper, we have established expressions of the convergence rate of an online version of
the MM subspace algorithm. These results help in better understanding the good numerical
behaviour of this algorithm in signal/image processing applications and the role played by the
subspace choice. Even in the batch case, the provided linear convergence result appears to be
new. In future work, it could be interesting to investigate extensions of these properties to more
general cost functions than (1).



A Proof of Proposition 1

A.1 Boundedness of (h,),>; (online case)

Assume that Assumption 2(iii)(b) holds. For every n € N*, minimizing ©,(-, h,,) is equivalent
to minimizing the function

~ 1
(Vh’ € RN) @n(h'a hn) = §hTAn(h’n)h - Cn(hn)Tha (18)
with
cn(hy) = Ap(hy)hy, — VE,(hy,)
=7, + B(hy,)h, — V¥(h,) (19)
According to Assumption 2(iii)(b), these exists n €]0, +o0o[ such that
(Vn > 1) [en(ha)ll <, (20)
In addition, because of Assumption 1(ii), there exists € €]0, +oo[ and ng € N* such that

(Vn = ng) Ay (hy,) = R—ely > Op, (21)

Using now the Cauchy-Schwarz inequality, we have

1

(Vn = no)(Vh € RY) 5hT(R — eIy)h — ||h||n < ©,(h, hy). (22)

Since R — eIy is a positive definite matrix, the lower bound corresponds to a coercive function
with respect to h. There thus exists ¢ €]0, +-oo[ such that, for every h € RV,
|h]|>¢ = (Yn>=ng) On(h,hy,)>0. (23)
On the other hand, since 0 € ran D,,, we have
On(hng1, hn) < 0,(0, hy) = 0. (24)
The last two inequalities allow us to conclude that

(i >ng)  lhasll < ¢ (25)

A.2 Convergence of (F,(h,))n>1

According to Assumption 2(i), the proposed algorithm is actually equivalent to

(Yn € N*)  hnit = hy + Dyiin (26)
u, = arg min O, (h,, + D,u, hy,). (27)
ucRMn

By using (4) and cancelling the derivative of the function u — ©,,(h,, + D,u, h,),

D/!VF,(h,)+ D, A,(h,)D,u, = 0. (28)
Hence,
Oho1, 1) = Fi () = 3] D] Au(h) Dy
= Fu(ha) — & (ot — o) Ay () (s — B, (29)



In view of (3) and (4), this yields
1
(Vn € N*) Fn(hn+1) + §(hn+1 - hn)TAn(hn)(thrl - hn) < Fn(hn) (30)
In addition, the following recursive relation holds
N T Lt
(VheRY) Fot1(h) =F,(h) — (rps1—7my) h+ §h (Ru,+1 — Ry)h. (31)

It can thus be deduced that

1
Fn+1(hn+1) + i(hn—l—l - hn)TAn(hn)(hn-l—l - hn) g Fn(hn) + Xn (32)
where 1
Xn = _(Tn - Tn+1)Thn+1 + §h;br+1 (Rn - Rn+1)hn+1- (33)
We have !
\an<§Hrn-rn+1Hth+1H+-§¢H1?n-12n+1H!th+1H2- (34)

If Assumption 2(iii)(b) holds, then, according to (25), (hy)n>1 is bounded, so that Assumption
1(i) guarantees that

+oo
> " [xnl < +oo. (35)
n=1

Otherwise, if Assumption 2(iii)(a) holds, then x, = 0 and (35) is obviously fulfilled. The lower-
boundedness property of ¥ entails that, for every n € N*, [}, is lower bounded by inf ¥ > —oo.
Furthermore, (32) leads to

1
Froi1(hpy1) —inf @ + E(hn+1 — hn)TAn(hn)(hnH —hy,) < Fu(hy) —inf U+ |x,|. (36)

Since, for every n € N*, F,,(h,,) —inf ¥ and (h;, 11 — hy) " Ay (hy)(hps1 — hy) are nonnegative,

((hn+1 —hy)TAL(hy) (Bt — h"))n>1 is a summable sequence, and (F),(h;,)),>1 is convergent.

A.3 Convergence of (VF, (h,)),>1

According to (4), we have, for every ¢ € R and n € N*¥,

¢2

O (hn — OV, (hy), hy) = Fu(hy) — 6| VE,(hy)|* + ?(VFn(hn))TAn(hn)VFn(hn). (37)
Let
®,, € Argmin O, (hy, — ¢V EF,(hy), hy). (38)
PpER

The following optimality condition holds:
T
(VE.(hy)) Ap(hp)VEy(hy) @, = |VE, (R, (39)

As a consequence of Assumption 2(i), (V¢ € R) h,, — ¢V F,,(h,,) € ran D,,. It then follows from
(5) and (39) that

On (hn+17 hn) <O, (hn - (I)nVFn(hn)y hn) = Fn(hn) - %HVFn(hn”Fy (40)



which, by using (29), leads to
| VEo(ha)[I” < (Rn1 — Ba) " Ap(hi) (Rt — h). (41)
Let € > 0. Assumption 2(ii) yields, for every n € N*,
An(hn) = (|| Ralll + [IIVIIN Iy (42)
Therefore, according to Assumption 1(ii),
(Ing € N*)(Vn = ng) On < An(hy) = o 'y (43)

where

ac = (IRI[[+ V][ +e)~" > 0. (44)

By using now (39), it can be deduced from (43) that, if n > ng and VE,(hy) # 0, then ®,, > a..
Then, it follows from (41) that

+oo +oo
Qe Z Han(hn)H2 < Z (hn—l—l - hn)TAn(hn)(hn+1 - hn) (45)
n=ngo n=no

By invoking the summability property of ((hn+1 —hy) T Ay (hy) (g1 — hn))
clude that (|[VF,(hy)||?)n>1 is itself summable.

n>1 we can con-
=

A.4 Convergence of (h,),>1

We have shown that ((hn+1 —h,) AL (hy) (R — h”))n>1
seen that (21) holds for a given e €]0, 400] and ng € N*. This implies that, for every n > ny,

converges to 0. In addition, we have

T
H|R_ EIN|H th-i-l - hn”2 < (hn-i-l - hn) An(hn)(hn+1 - hn) (46)

where |||R — eIy||| > 0. Consequently, (h,1+1 — hy)n>1 converges to 0. In addition, (hy,)p>1
belongs to a compact set. Thus, invoking Ostrowski’s theorem [29, Theorem 26.1] implies that
the set of cluster points of (hy),>1 is a nonempty compact connected set. By using (1)-(2), we
have

(Yn e N*) VF,(h,) —VF(h,)=(R,— R)h, —7,+7. (47)

Since (hp)n>1 is bounded, it follows from that (VF,(hy) — VF(hy))
(VFn(hn))n>1 converges to 0, this implies that (VF(hn))n>1

cluster point of (h")n>1' There exists a subsequence (hkn)
continuously differentiable, we have

n>1 COnverges to 0. Since

also converges to 0. Let h be a
such that hy, — h. As F is

n=1

VF(h) = lim VF(hy,) =0, (48)

n—-+00

This means that h is a critical point of F. Since F' is a strongly convex function, it possesses
a unique critical point h, which is the global minimizer of F' [27, Prop.11.7]. Since the unique
cluster point of (hy),>1 is h, this shows that h,, — h.



B Proof of Lemma 1

Because R is positive definite, according to Assumption 1(ii), there exists ng € N* such that,
for every n > ng,
Oy <R—-—eIy <R, < R-+ely. (49)

Let n > ng. Then, F), is a strongly convex continuous function. From standard results, this
function possesses a unique global minimizer h,,. According to Assumption 2(ii), and (49),
V2F, is such that

(Vh e RY) Oy <R —ely
< R, + V?WU(h) = V2E,(h)
<R+ely+V. (50)

By using now the second-order Taylor formula with integral remainder, we get
~ ~ 1~ ~
Fu(hn) = Fu(hy) + (VE(By)) " (Bn — hy) + 5 (R — o) HP (hy) (R — ha), (51)

where

- Hél)(hn)(hn - /f;n) (52)
and, for every h € RV,
1 o~
HVY(h) = [ V2F,(hy +t(h —hy))dt
0
1 —~ —~
=R,+ | V*U(h, +t(h—h,))dt (53)

0

H? (h) =2 /1(1 — t)V2F, (hy + t(h — hy,))dt
0
=R, + 2/1(1 — t)V2U(h, + t(h — hy,))dt. (54)
0

Because of the lower bound in (50),
(VvheRY) Oy <R—ely < H(h) (55)

and HT(LI)(h) is thus invertible. Therefore, combining (51) and (52) yields

(H (h,)) "'V Fy(hy)

—

Fu(hy) = Fp(hy) — (VF(hy)
+

)T
(VEu () (HY () HP () (H (h)) "'V (Ry). (56)

n n

DO | =

According to Assumption 2(ii), for every ¢ € [0, 1],
11V (ha, + t(hn — ha)) [l < 1V (57)

where ||| - [|| denotes the matrix spectral norm. As Proposition 1(ii) guarantees that (hy)n>1
converges to the unique minimizer h of F, it follows from Proposition 1(i), (52), and (55) that
(hn)n>1 also converges to h. By using the continuity of V*W¥, (V2 (h, + t(h, — hy,)))

n=1

9



converges to VQ\IJ(B) and, by invoking the dominated convergence theorem, it can be deduced
that

/1 V2 (hy, + t(hy — hy))dt — V2 (h). (58)
0

Since (R,)n>1 converges to R, this allows us to conclude that (H,(Ll)(hn))n>1

V2F(h). Proceeding similarly, it can be proved that (H£L2)(hn))n>1 also converges to V2F(h).
This entails that

converges to

(D ()™ = S (O ()™ HP () (HO ()™ = J(VFR) ™ (59)
Besides, since (V2Fy,(hy)), o, = (Ra+V?¥(hy)), | converges to V2F(h), there exists ne > ng

such that, for every n > ne,

(D) ™ = 5 (D ()™ B () (HD ()™ = 5 (V2 Fa(ha) (60)
= %E(R +ely+ V)
< %e(V2Fn(hn))_l, (61)
where the last inequality follows from (50). This implies that
(O ()™ = 5 (D ()™ HE () (HO (k)™ < 504+ Fa(h) ™ (62)
By coming back to (56), we deduce that, for every n > ne, (6) holds.

C Proof of Proposition 2

Let n € N*. If VF,,(h,,) is zero, then h,, is a global minimizer of F,, and, according to (3)-(5),
F(hpt+1) < On(hyy1, hy)— 04 (hy, hy)+ F(hy,) < F(hy) so that hy,1 is also a global minimizer
of F,,, and (7) is obviously satisfied. So, without loss of generality, it will be assumed in the
rest of the proof that VF,, (h,,) is nonzero. Because of Assumption 2(ii) and (49), there exists
ng € N* such that, for every n > ny,

On <R—cIy < R, < A,(hy). (63)

Using (30) and the definition of C),(h,,),

1
Fn(hn—f—l) < Fn(hn) - §(hn+l - hn)TAn(hn)(hn-l—l - hn)

— Fo(hn) — % (VEp(hn)) Coa(hn)V o (h). (64)

Combining (63), (64) and (40) yields

|V Fn (b .
(VFn(hn))TAn(hn)VFn(hn) < (VFn(hn)) C,(h,)VF,(hy,). (65)

In turn, we have N
On(Pn, hn) < O (hpt1, ha), (66)

10



where ﬁn is a global minimizer of ©,, (-, hn). If n > ng, then (63) shows that A, (hy) is invertible,
and B
Ry =ty = (An(hn)) "V Ey(hy) (67)

which, by using (64) and (66), yields
(VEu(hn)) ' Co(hn)VEu(hy) < (VEu () (An(hn)) ' VE,(Ry). (68)

It can be noticed that the lower bound in (65) is obtained when D,, = VF,(h,), while the
upper bound in (68) is attained when M,, = N and D,, is full rank.

Let us now apply Lemma 1. According to this lemma, there exists n. > ng such that, for
every n = n,, (6) holds with V2F,(h,) = Oy. Let us assume that n > n.. By combining (6)
and (64), we obtain

On .
Fo(hyp) — Fu(hpyt) = e (F(hpn) —inf F,)
& Fy(hpi) —inf F, < (1 - 19:6)(Fn(hn) —inf F,), (69)

which itself is equivalent to (7). The following lower bound is then be deduced from (65):

5. > IIV@(hn)!\4 7 (70)
Bo(VF,(hn)) " Ap(hy)VE,(hy)
by setting 3, = (VFn(hn))T(V2Fn(hn))_1VFn(hn). Hence, we have
5 o VPRt (VEu(hn) V2 F (k) V E ()
YT BB VEu(hy)) ' An(hy)VE,(h,)
|V E, ()| g Au(h)g
> NG (gselﬁgv gTV?Fn(hn)g> ; (71)
g#0

where 8, = (VFn(hn))TVQFn(hn)VFn(hn). The sup term in (71) corresponds to the gen-
eralized Rayleigh quotient of A, (h,) and V?F,(h,), which is equal to %,. By invoking now
Kantorovich inequality [28, Section 1.3.2], we get

n = — ;_ | —= \2 2
0 Rn(gn+0n)2 (7 )
which leads to »
O, -
1- <0, <1 73
Tre < (73)
since @, > ¢,, > 0. An upper bound on 6, is derived from (68) and (8):
ly
7 o (TR ) (An(h)
(V) (V?F <hn>) ( )
g’
s (Au(h) g (74)
geRN g (VQF n) g



The sup term in (74) is equal to s, '. Altogether (69), (73), and (74) yield (7)-(10), by setting
0, =1 — (14 €)7'0,. In view of Assumption 2(ii) and the equality in (50), the Hessian of F,
is such that

(vh e RY) V2E,(h) < A,(h), (75)

and therefore x,, > 1.
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