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Boundary Local Null Controllability of the Kuramoto-Sivashinsky
equation

Takéo Takahashi
April 25, 2016

Abstract

We prove that the Kuramoto-Sivashinsky equation is locally controllable in 1D and in 2D with one
boundary control. Our method consists in combining several general results in order to reduce the null-
controllability of this nonlinear parabolic equation to the exact controllability of a linear beam or plate
system. This improves known results on the controllability of Kuramoto-Sivashinsky equation and gives a
general strategy to handle the null-controllability of nonlinear parabolic systems.
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1 Introduction

In this article, we study the boundary controllability of the Kuramoto-Sivashinsky equation, in space dimension
1 and 2. This equation is due to Kuramoto [12] (phase disturbance in chemical reaction system) and Sivashinsky
[19] (model for a laminar flame). Lots of works are devoted to this equation: let us quote for instance [15], [I6],
[9], [I1], etc. for the long time behavior. From a control point of view, this equation have been tackled in several
papers: [10], [2], [4], [5], [7], etc. In particular, in [2], the author obtains the boundary null controllability of a
linear system associated with the Kuramoto-Sivashinsky equation in 1D. In [4], the authors prove the local exact
controllability to the trajectories of the Kuramoto-Sivashinsky equation in 1D by using boundary controls. In
that case, they need two controls at the boundary and their method is based upon a Carleman estimate. Here
our aim is to use only one control, in the 1D or in the 2D case. More precisely, we consider the control problem

Yt T Yozze + Waz +YY =0, T € (07 1)7 te (O,T)

y(t,0) =0, y(t,1)=0, te(0,T), (1.1)
yo(t,0) = u(t), w.(t,1)=0, te(0,T), :
y(ovx) = yO(J;)a (S (07 1)

In the above system, the state y is controlled by the function v = w(t). One important step to study the
controllability of (|1.1)) consists in studying the controllability of the linear system associated with (1.1)). This
was done in [2] and the author shows the null-controllability provided that a ¢ N, where

N = {r?(k*+6); k,leN*, k#(, k={ mod 2}.
Our first main results shows the local null-controllability of (|1.1)) with the same hypothesis on a:

Theorem 1.1. Assume that a ¢ N'. Then the system is locally null-controllable for any T > 0: there exists
co > 0 such that for any ||yol|-1(0,1) < co, there exists u € L*(0,T;R) and a solution y € C([0,T]; H*(0,1))
of with

y(T) = 0.



The method of [2] is based on a precise spectral analysis, but does not allow to consider the nonlinear case.
Nevertheless, we will use this spectral analysis in our proof, but in order to obtain a first result on an hyperbolic
problem associated with (|1.1)).

Remark 1.2. The space for the initial conditions is different from [2] but in this paper, the author uses a
control u € H*(0,T).

Remark 1.3. If a € N, then the linear system is not exzactly controllable and thus the method developed here
can not be applied. Nevertheless, the nonlinear equation (1.1)) can be null-controllable even if a € N'. One can
look at [1] and [3] for a similar problem in the case of the Korteweg-de Vries equation.

Our approach for the Kuramoto-Sivashinsky equation in 1D can be extended to the Kuramoto-Sivashinsky
equation in 2D, but the boundary conditions are different from the 1D case:

yt+A4y+aAy+ |Vy| 0, z€Q,te(0,T)

():o €09, te(07T), (1.2)
Ay(t) =ulp, z€0Q, te(0,T),
(O,J?) yO(-T)> x € Q.

Our condition on a is more restrictive in that case: let us consider the eigenvalues (A )x>1 of the operator
0: {0 €H Q) ; ¢=A2¢=0 ondQ} — L*(Q), ¢— A
We consider that A; is the smallest eigenvalue. We know that A\; > 0. Our second main result is
Theorem 1.4. Assume that a < \/\;. Assume also one of the following assertions holds:
1. 0Q if of class C° and T satisfies the geometric optics conditions;

2. Q is a rectangle (0,a) x (0,b) and I' contains both a horizontal and a vertical segment of nonzero length.

Then the system (1.2)) is locally null-controllable for any T > 0: there e:cists co > 0 such that for any ||yo|| L2y <
co, there exists u € L?(0,T; L*(T")) and a solution y € C([0,T]; L*(2)) of (1.2) with

y(T) =0.

Remark 1.5. The conditions on I' and on a are sufficient conditions for the null-controllability of the linear
system associated with . These conditions may not be necessary: we should expect for instance a condition
on a as in Theorem (not in a countable set) and for T' we should expect a condition as for the heatl equation
(non empty interior). However, to obtain such a result onT', one of the only methods is based on some Carleman
estimates for a plate type system. Even in 1D, such a method fails to obtain only one control (see for instance
[]). As for Theorem one could try to obtain the null-controllability of even if the corresponding linear
system is not controllable.

The proofs of Theorem[I.1]and Theorem [I.4] are based on several general results described in Section[3] Using
a result in [I4], we can reduce the study to linear systems associated with (| and . The corresponding
linear systems are parabolic and to prove their null-controllability, we apply a method due to Russell [18], and
consider the controllability or the observability of “hyperbolic” systems associated with them. Finally, in the 2D
case, the observability of the corresponding plate system is obtained through a perturbation method developed
in [6].



2 Notation and preliminaries

Let us consider a Hilbert space X and A : D(A) — X a generator of a strongly continuous semigroup (etA)

>0
Let us also consider a Hilbert space U and B € L(U, D(A)*) an operator. We consider the following control
problem

2= Az+ Bu, z(0)= z. (2.1)

We fix Ay € p(A). We can equip D(A) with the norm ||z||pcay := [[(Ag — A)z[|x. Its dual D(A*)* with respect
to pivot space X is the completion of X with respect to the norm ||z|p(a-)- == [|(Ax — A)~'z||x. We keep the
notation A and (etA)t>0. for the extensions of the generator to X and of the semigroup to D(A*)*. Assume

T > 0. For zg € D(A*)* and u € L?(0,T;U), we can consider a solution z of (2.1)) as a mild solution

¢
2(t) = etz —|—/ e=)4Bu(s) ds.
0

We say that B is admissible if for any zg € & and for any u € L2(0,T;U), the above solution satisfies
z € C([0,T]; X). This is the case if for instance A is self-adjoint and positive (parabolic case) and if B €
L(U,D(AY?)*). In the case where B is admissible, we say that the system (or the pair (A, B)) is null-
controllable in time T if for any zo € X, there exists u € L%(0,7T;U) such that the solution of verifies
z(T) = 0. We also say that the system (or the pair (A, B)) is exactly controllable in time T if for any
20,21 € X, there exists u € L?(0,7T;U) such that z(T) = z;. These two notions are related by duality to
observability properties:

d=A%¢, ¢Y=DB"¢, ¢(0)= . (2.2)

For ¢g € D(A*), ¢(t) = et ¢ and 1 (t) = B*e!* ¢y. We say that the system (2.2) (or the pair (A*, B*)) is
final-state observable in time T if there exists K(T') > 0 such that

T
174 o3 < K (T)? / 1B o3 i (¢ € D(A®)).
0

We say that the system (2.2) (or the pair (A*, B*)) is exactly observable in time 7" if there exists K(T) > 0
such that

T
gl < K(T)Q/O 1B gollf; dt (¢0 € D(A")).

The equivalence between observability and controllability is recalled in the proposition below, due to Dolecki
and Russell [§] (see also Proposition 12.1.2 and Theorem 11.2.1 in [21]).

Proposition 2.1. Assume that B is admissible. Then the pair (A, B) is exactly controllable in time T if and
only if the pair (A*, B*) is exactly observable in time T. The pair (A, B) is null controllable in time T if and
only if the pair (A*, B*) is final state observable in time T. Moreover, if the pair (A*, B*) is exactly observable
in time T, then there exists an operator Ly € L(X,U) such that a control for is given by uw = Lpzg and
such that ||LT||L(X,U) < K(T)

3 Some general results

This section is devoted to the presentation of several important general results that are used in the proofs of
Theorem [I.1] and Theorem [1.4

3.1 The Russell method

We recall here a method introduced by Russell [I8] and that is completely described in [21] (Section 9.2). The
idea is that the final state observability of a parabolic system can be obtained by the exact observability of



an hyperbolic system associated with the parabolic system. More precisely, let us consider a Hilbert space H
and a self-adjoint operator Ag : D(Ag) — H, strictly positive. We also assume that Ay !is compact. Let us

also consider a Hilbert space U and Cy € E(D(A(l)/ %),U) an operator. We consider the following observability
problems
z = 7A()Z, Yy = ng, Z(O) = 20 (31)
and
w=—Aow, y=Cow, w(0)=wy, w(0)=uw;. (3.2)
We denote by (e_tAO)DO the semigroup generated by —Ajy. We introduce an orthonormal basis (¢, )nen

in H consisting of eigenvectors of Ag and (A, )nen+ the corresponding eigenvalues. Then we have the following
result:

Theorem 3.1. Assume that (3.2)) is exactly observable in D(Al/z) x H in time Ty > 0 and that
1
> < (3.3)

neNx ~ 1

for some k € N*. Then (3.1) is final state observable in H for any time T':

T 1/2
lle™Toll2 < K(T) (/0 1Coe™ " 007y dt) : (34)

with
K(T) := CeM/T, (3.5)

This theorem is stated in this way in [2I] (Theorem 9.2.2) but we give a sketch of the proof to precise the

cost K(T') in (3.5).
Proof. First, (3.2) is exactly controllable in D(A(IJ/Q) x M in time Ty > 0 means that the pair (A, C') defined by

A_{_?% é] c=1[0

is exactly observable in D(A(l)/Q) X H in time Ty > 0.

We define
e = sgn(k) /A (k€ Z7).

Then we use Lemma 9.2.1 in [2I] and the exact observability of (A4, C) to obtain the existence of a bounded
sequence (F,)nez« in L?(0,Tp;U) that is biorthogonal in L2(0,Tp;U) to the sequence (e*!Coipy)nez+ in
L2(0, Ty U).

The idea is to construct from (F,)nez- a sequence (G, )nen+ in L2(0,T; U) biorthogonal to (e ! Copp ) nen-
This is done in the proof of Theorem 9.2.2 in [2I] (see formula (9.2.24), p.294). Using Lemma 9.2.3 in [21], we

have BA
n

—a2TA, 2 2 30/2,~ 57
E 2 "1Gallz20,70) < C E e (v+1) e 2L,
neN* neN*

with 6 > max(0,2(Ty — 7)), 8 € (0, %) and v = (7 + 6)?/B. The constant C appearing in the above estimate
only depends on §. Using that e™* < k!/2* for all z > 0, we deduce that for all k¥ € N*, there exists C' = C(4, k)

such that
_ k v
> Gl a0y < C v+ P22 S

neN* neN* 1
Gathering the above estimate, (3.3) and the above conditions on 3, v, d, we deduce

Z e_QTAn”GnH%Q(O,T;U) <M
neN*

Applying Lemma 9.1.4 in [21], we deduce and . O




3.2 The source term method

We recall a method introduced in [I4] and that allows us to deal with the controllability of nonlinear parabolic
systems. Assume 7" > 0. In what follows, we consider the subset Ry of the functions p satisfying the following
properties

p:]0,T] — [0,00) continuous, non increasing, positive on [0,T), p(T) = 0. (3.6)
We denote by L%(O, T;Y) the L? space with values in Y and with measure \; /p? where \; denotes the Lebesgue
measure on (0,7). We consider the same hypotheses as in the previous subsection: H is a Hilbert space,
Ap : D(Ap) — H is a self-adjoint operator strictly positive such that Ay Lis compact. We also consider a Hilbert

space U and By € L(U, D(Aé/Q)*) an operator. To shorten the notation in this subsection, we write
Hypp = D(AY?), H_1js = D(A)?)".
In this subsection, we consider the following control problem
2= —Aygz+ Bou + f, Z(O) = 2p. (37)

Theorem 3.2. Assume that for all t > 0 we have the observability inequality

t 1/2
et golls < K (1) ( / 1Be 002 dt) , (3.8)

with K : (0,00) = (0,00) continuous and non increasing. There exist py, p1 € Ry such that for any zo € H and
fe Lzl (0,T5H_1/2), there exists u € Lgo (0,T;U) such that the solutions of (3.7)) satisfies

2
z

.2 2 2
2 + ||Z||L§0(0,T;H,1/2) + ||U||L30(0,T;U) <C (”ZOHH + Hf”Lg1 (o,T;H,W)) - (3.9)

2
||ZHL§U(O,T;7~[1/2) +

C0([0,T);H)
In particular, (3.7)) is null-controllable.
In the proof of this theorem, pg and p; are constructed in the following way: we consider ¢ > 1 and

mlt) = (a2t =T)+ DR G- 0T -0) (re |7 (1-%).1]). (3.10)

and po extended on [O,T (1 — q%)] so that pg € Rr.
The above statement is slightly different from the result in [I4] since in our case B} is not a bounded
operator of H. The proof is nevertheless completely similar, we only remind the main steps of proof for sake of

completeness.

Sketch of the proof of Theorem[3.2 We set
T
q
From (3.10)), we have the relation

Po(Tk+2) = p1(Tk) K (T2 — Tht1)- (3.11)

Then we define the following sequence: ag := zp and for any k > 0, ay41 := 21 (T}, +1) where 2z is the solution
of the system
{ 21 = 7A21 —+ f in (Tkka+1)7 (312)

Zl(T]j) =0.



Using the classical results for parabolic system, we have for all £ > 0,

||ak+1||${ < C||f||2L2(Tk7Tk+1;H_1/2)' (3.13)

where the constant C' is independent of k.
Finally, we consider the control system

29 = —Azo+ Bu in (Tkka-',-l)a
3.14
{ 2(TF) = ay. (3.14)
From (3.8) and Proposition there exists a control u € L?(T, Tj41;U) such that
ZQ(Tk_—&-l) =0
and
ullZem, 10y < B (Tor = Ti)llar 13- (3.15)

We then define z = 21 + 22 and using the relations of z; and 22 at T, and T,j , we can check that z is solution
of (3.7). Moreover, from (3.11)), (3.13) and (3.15), we deduce that for all k& > 0,

2 2
||uHL%O(Tk+17Tk+2§U) < C”fHL%l(Tk»TkJrl?H—l/z)' (3.16)

From the classical results for parabolic system, we have for any k > 0,
2 2 112
||Z||L2(Tk+1,Tk+2;H1/2) + ||Z||C°([Tk+1,Tk+2];H) + “Z|‘L2(Tk+1,Tk+2;H,1/2)
< C (N B+ 10l ry s i) + 11t a1 y) (317)
Thus, from the above relation, from (3.13) and from (3.15]) , we deduce that for all k& > 0,

2 2 212 2 2
HZ||L2(T}¢+1,T)€+2;H1/2) + HZ|‘C0([T1€+1,T;C+2];H) + ||Z||L2(Tk+1,Tk+2;H71/2) < CPO(T]CJFQ) Hf”L%l (T}C,Tk+2;’]-[,1/2)' (3'18)

Since pp is non increasing we deduce
2

z 112 2
i < . 1
Po CO([Trt1,Th+2];H) * HZHL%’O(Tk‘“’T"“*'mH—l/?) = CHf”Lfn (Tk, They25H—1/2) <3 9)

A similar estimate is valid for (75, 71) and thus we deduce (3.9).

2
HZ”Lf,O (Tr1,Tht2;5H1/2)

O
3.3 The Perturbation method
In this subsection, we recall some results obtained in [6] in order to deduce the exact observability of
W= —Aow + aA(l)/2w7 y=Cov, w(0)=wg, w(0)=w (3.20)
from the exact observability of
w=—Apw, y=Cov, w(0)=wy, w(0)=mw, (3.21)

where as the previous subsections, A is a Hilbert space, Ag : D(Ag) — H is a strictly positive self-adjoint
operator such that Ay is compact. We have denoted by Aé/ % the square root of Ay (see for instance [21], p.81]).
We also consider a Hilbert space U and By € L(U, D(A}/ %)*) an admissible operator (see Section .

We denote by A,, n € N*, the eigenvalues of Ay. They are real positive and we denote by A; the smallest
one.

We have the following result.

Theorem 3.3. Assume that (3.21)) is exzactly observable and a < /A1. Then (3.20) is exactly observable.

This result is stated [6], Proposition 3.1]. The proof is done in the case where Cj is a bounded operator (i.e.
Co € L(H,U)) but this assumption is not used. Note that the time of exact observability is not obtained in this
theorem, and this is due to the method of proof based on a spectral method (see [I7]).



4 Controllability of the Kuramoto-Sivashinsky equation in 1D

We are now using the result of the previous section in order to obtain the null-controllability of the Kuramoto-
Sivashinsky equation in 1D.

4.1 Abstract framework

First we introduce operators in order to rewrite (|1.1)).
We define

Ap : D(AO) - L2(07 1)a Y = Yzazr + AYzz- (42)

The operator Ay is self-adjoint and — Ay is the infinitesimal generator of a parabolic semigroup (e7*40),5.
In what follows, we consider Ay € p(Ag) such that Ay := Ay + Ag is positive and we set

He=D(AYY) (s=0), H*:=DALY (s>0), (4.3)

where &’ denotes the dual of X with respect to the space L?(0,1).
We can consider Ay as an operator

Ag i H™ = H5, (s€R).

In particular,
Ay H™ 5 H (s€R)

is a unitary transformation.
In order to obtain a weak formulation for system (|1.1)), we multiply formally the first equation of (1.1)) by
p € H*. After some integrations by parts, we obtain

d 1 1 1 y2
G [veans [vaopas— (%) o do = utions(e.0). (1.4
0 0 0

In order to write the corresponding control operator, we use a classical approach and define the operator
Do :U :=R — H' = H}(0,1) as follows: Dyu =y is the solution of

)‘#y + (ywwmz + ayo:m) =0, xe€ (O’ 1),
y(0) =y(1) =0, (4.5)
Ye(0) =u, y.(1)=0.

More precisely, Dou is the unique element of H! = HZ(0,1) such that

(Dou, [y ger = u(AZf) (0). (4.6)

xrx

Since A;#l(’Hfl) =H3 C H3(0,1), Dou is well-defined and Do € L(U, H1).
Then, we define the operator By by

By = A#DO :U=R— Hi?’. (47)
One can check that for all ¢ € H3 and u € R,
<B0u7 ‘P>H*3,H3 = UP2(0).
Finally, we define F': L?(0,1) — H~2 by

FW) s = [ (L) ertr (pem), (4.9



The function F is well-defined since H(0,1) C L>(0,1).
The above definitions allow us to write (4.4)) as

e + Aoy + F(y) = Bou, (4.9)
and if u € L2(0,T), we consider solutions satisfying the following regularity
ye HY0,T;H 3N L0, T; HY)Y nC([0, T); H). (4.10)

Note that if y satisfies (4.10), then
y € LY(0,T;L*(0,1))

and in particular F(y) € L?(0,T;H2).

4.2 Controllability of the linear problem

Using the previous section, we can write

Yt + Yzazz + QY = 0; x € (0, 1), t e (O,T)
y(t,0)=0, y(t,1)=0, te(0,T),

Yo (t,0) = u(t), y.(t,1)=0, te(0,7),
y(()?I) = y0($)7 T € (07 1)

(4.11)

as
yr + Aoy = Bou, y(0) = yo.

The main result of this section is the following result.

Theorem 4.1. Assume a ¢ N. For yo € H™!, there exists u € L?(0,T) such that y(T) = 0. Moreover, there
exists an operator Lt € L(H ™1, R) such that u can be given by u = Lr(yo). We have

Lol o1 < K(T)

with
K(T) := CeM/T, (4.12)

for some positive constants C, M.

Proof of Theorem[4.1} First, we show that the adjoint of By defined by (4.7) is
Co=B. :H SR, prs (A;/ 290) 0. (4.13)

Indeed, considering Ay as an operator of H~! with domain D(Ag) = H3, we have D(Aé/z) = H! and the dual
D(Aé/2)* of D(A(l)/Q) with respect to H~! is D(A(l)/Q)* =H 3 and
1/2 —1/2
(Bou, <p>D(Aé/2)*,D(Aé/2) = <A#/ DO“v‘P>H*1,H1 = U(A# / ©)ax(0).

where we have used (4.6)).
Second, we show that (—Ag, Cp) is final state observable in any time 7' > 0 with

Ag:H* = L%(0,1) and Cp:H?—R

the last operator being the restriction of Cy defined by ([4.13)) to H2. In order to do that, we are going to use
Theorem and thus to consider the exact observability in H? x H of

S
{“’ o (4.14)
y = Cow.



Using Lemma 2.1 in [2], we have that if a ¢ N, then the eigenvalues (\g) of Ay are simple and using Lemma
2.2 in [2], we also have that
M ~ Dik*, Dy > 0. (4.15)

The two properties imply that the eigenvalues admit a gap: there exists v > 0 such that
)\k+1_>\k>7 (kEN)

Let us denote by (¢) a family of eigenvectors of Ay associated to (A;) and forming an orthonormal basis of H.
We show the exact observability of (4.14]) by applying a spectral method: using Proposition 4.5 in [17], we have
that (4.14)) is exactly observable in some time T} if and only if there exists § > 0 such that

|Codu| =8 (k€N). (4.16)

From , ,
Coy — ()0

w/)\#+)\k

and using Lemma 2.1 and Lemma 2.2 in [2], we deduce that Cp¢r # 0 and

lim |Co(bk| =d; > 0.
k—o0

This implies (4.16]) and thus the exact observability of (#.14)) for some time T} > 0.
Now, from (4.15]), we deduce (3.3) and thus applying Theorem we obtain

T 1/2
lle= "ol < K(T) (/ 1 Bge™ " w0l dt) (po €M) (4.17)
0
and there exist C' and M such that
K(T) := CeM/T,
This implies in particular
- 1/2
le= T po|l3-1 < K(T) (/ |Bge " ool dt) (po € H'). (4.18)
0

From Proposition we deduce that ([4.11]) is null-controllable for any time 7' > 0 in H~!: for any yo € H !,
there exists u = Lz(yo) € L?(0,T;U) with

[ullz0,7m) < K (T)[yoll2-1
such that y(T') = 0. O

4.3 Proof of Theorem [1.1]

We are now in position to prove Theorem
We recall that K satisfies (4.12)). We take

ge (1,2, a> 2](\;[1}];7 (4.19)
p1(t) = exp (—M) . (4.20)



We can define pg as

« M
po(t zCexp(— + ) tel0,T)).
” sT-7  g-nar ) 0T
In particular, from (4.19)), po is continuous and decreasing and satisfies (3.10). We can also check that
‘ (po)?

P1

(4.21)

<C ((telo,T)). (4.22)
Proof. Applying Theorem and Theorem we deduce that for any yo € H~! and f € L;271 (0, T;H~3), there
exists u € L2 (0,T;U) such that the solutions of

Yt + Yzzaa + QYze = fa
y(t,0) =0, y(t1)=0, te(0,T),

Yo(t,0) =u(t), wy.(t,1)=0, te(0,7),
y(0,2) = yo(z), x€(0,1).

z€(0,1), t € (0,7)

(4.23)
satisfies

2
Y

2
H?JHLgO(o,T;Hl) + ‘ %

el o5y + Nl 0y < C (Iolles + 1713 ozn-s)) - (4:24)
co((0,T)H—1)
Now, let us consider the map

Z:fel’ (0,T;H ) —F(y) € L2 (0,T; 1)

where (y,u) is the solution of (4.23) and where F' is defined by (4.8). We show that Z is well-defined and that
there exists R such that

Z(B(0,R)) C B(0,R)
where B(0, R) is the closed ball of Lil (0,T;H~3) of radius R > 0.
First using (4.8)), we deduce that

IE@) -2 < Cllylla [yl
Therefore, from (4.22) and ((4.24))

||F(y)||L§O(0,T;H—2) <C (||Z/0H%rl + ||f||%g1 (O,T;H*3)) :
Assume that

R > [|yo|[3-1
and take
1fllzz, 0r50-2) < R
Then,

||F(y)HLgO(0,T;H—2) <2CR*< R
if we assume

1

= & (4.25)

We now show that A is a contraction on B(0,R): let us take (), f) € B(0,R) and let us consider the
corresponding solutions and controls (y™,u™), (5 u?)). We write

R

Fom FDZF@ ) @ s, (D @)

10



We have

2

H?JHL? JorHy) T ’ + ||Z/t||%g[J ©orH-3) T ||U||2Lgo(o,T) < O||f||%g1 (0,T;H—3)" (4.26)

Pollcoo.rym-1)

From (4.8]), we obtain
1E (™) = iyl < CUy Pl + 1y )yl

Combining (4.24) and (4.26] - yields
IF ™M) = Fy®)llzz, 0,102 < 2CR||fl|12, 0.15-5)-

and we deduce from (4.25)) that A is a contraction. O

5 Controllability of the Kuramoto-Sivashinsky equation in 2D

We show in this section the null-controllability of the Kuramoto-Sivashinsky equation in 2D (Theorem [1.4)).
5.1 The linear system

We start by considering the null-controllability of a linear system associated with ([1.2)):

Y+ Aty +aly =0, z€Q, te(0,T)

():0 €09, te(0,7), (5.1)
(): ulr, .’EGaQ,tG(O,T)7
y(0,2) = yo(z), =z €.
We define
:{y€H4(Q) iy=Ay=0 on c')Q}, (5.2)
Ag : D(Ag) = L*(Q), yr— Ay (5.3)

The operator Ajg is self-adjoint, positive and with compact resolvent. We denote by A,,, n € N*  the eigenvalues
of Ag. They are real positive and we denote by A; the smallest one. Assume a < y/A;. We also consider the
operator

D(A,) = D(4o). (5.4)
A, i D(Ag) — L), y— Ay +aly. (5.5)
The operator A, is self-adjoint and —A, is the generator of a semi-group (e*tAa)@O.

In what follows, we consider Ay € p(A,) such that Ay := Ay + A, is positive and we set
He=D(AYY) (s20), H=DALY (s>0), (5.6)

where X’ denotes the dual of X with respect to the space L?().
We can consider A, as an operator

Ay HST S HE (s eR).

In particular,
Ag : H™ = H*, (s€R)

is an isomorphism.
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In order to obtain a weak formulation for system (5.1), we multiply formally the first equation of (5.1)) by
@ € H*. After some integrations by parts, we obtain

Jp

d
—_— A = . .
g Qg(pdx—i—/ﬂy atp dx /Fuay dry (5.7)

In order to write the corresponding control operator, we use a classical approach and define the operator
Do : U = L*(T') — H? as follows: Dou = y is the solution of
Aty =0 inQ,
y=0 on 99Q, (5.8)
Ay =wulpr on 0f.

More precisely, Dou is the unique element of #? such that

0 _
<D0U,f>7.[2’7_[72 = / uaf (AO 1f) d’}/ (59)
T v
Since Ay (H™2) = H?, Dyu is well-defined.
Then, we define the operator By by
By :=—A¢Dy : U — H 2. (5.10)
One can check that for all ¢ € H? and u € U,
0
(Bou, )32 12 = / s dr. (5.11)
’ T al/
As a consequence, (b.1]) writes as
y=—Apy — aAé/Qy + Bou, y(0) = yo. (5.12)

Considering A as an operator from H* onto H, we deduce that
By:U — D(AY?)"
and from (|5.11)), its adjoint satisfies

C’o::Ba‘:’i‘-l2—>U,g0»—>8—%7
ovr

We are now in position to prove the null-controllability of (5.1])

Theorem 5.1. Assume a < /A1 and assume conditions 1) or 2) of Theorem m For yo € H, there exists u €
L?(0,T;U) such that the solution of (5.1) satisfies y(T) = 0. Moreover, there exists an operator Ly € L(H,U)
such that u can be given by u = Lp(yo). We have

L7l o1y < K(T)

with
K(T) := CeM/T, (5.13)

for some positive constants C, M.
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Proof. In order to obtain the controllability of (5.12]), we use two results on the plate equations obtained by [13]
and [20] (see also [I7] and Remark 7.5.6 in [2I]): assume one of the conditions of Theorem [1.4] then the system

W = —Aow,
{y — Cuib (5.14)
is exactly observable in H? x H!.

Then using Theorem we deduce that

{ﬂ) = —Aow + a4y "w, (5.15)

Yy = Cow.

is exactly observable in H? x H! for a < v/A1.
Moreover, one has (see, for instance [21, Proposition 3.6.9]) that the eigenvalues (A, (a))nen of A, satisfies

c1n? < Mpla) < con?  (n > ng).

for some positive constants ¢; and ¢o and some ng > 1. We can apply Theorem [3.1}

{2 = *A.oz +aA)?z, (5.16)
y = Cpz.
is final state state observable in H! for any time 7 > 0 with a cost K satisfying . This means that
T 1/2
lle=T pollz < K(T) (/0 1Bge™ " woll? dt) (w0 € H?) (5.17)
and there exist C' and M such that
K(T) := CeM/T,
This implies in particular
. 1/2
lle™ 4 poll2 < K(T) (/0 1Bge™ " 0]l dt) (w0 € H?). (5.18)

From standard duality arguments, we deduce that (5.1]) is null-controllable for any time T' > 0 in #H: for any
Yo € H, there exists u € L?(0,T;U) with

[ull 20,750y < K(T)l[yolln
such that y(T") = 0. O

5.2 Proof of Theorem [1.4]

We are now in position to prove Theorem The proof is similar to the proof of Theorem [1.1} we take ¢, «,
p1 and po as in (4.19), (4.20)), (4.21). In particular, (4.22) holds.

Proof. Applying Theorem and Theorem we deduce that for any yg € ‘H and f € L2p1 (0,T;H~2), there
exists u € L2 (0,T;U) such that the solutions of

w+ Aty +raly=f x€Q, tc(0,7)

y(t) =0, 2€09Q, te(0,7), (5.19)
Ay(t) =ulp, x€09Q, te (0,T),
y(0,2) = yo(z), €
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satisfies

2
Yy

Po

|3/||2L§0(0,T;7-12) + ‘ + Hyt”ngO(o,T;H*?) + ||“||2Lgo(o,T;U) <0 <Hy0||3.¢ + ||f||%g1 (0,T;H*2)) . (5.20)

Co([0,T);H)

Now, let us consider the map

Z:fel’ (0,T;H?)— —F(y) € L (0,T;1?)

where (y,u) is the solution of ([5.19)-(5.20) and where F' is defined by:

1
Fy) = —5IVyl®
We show that Z is well-defined and that there exists R such that

Z(B(0, R)) C B(0, R)

where B(0, R) is the closed ball of L2 (0,T;H~?) of radius R > 0.

First using the Sobolev embedding 2 C L*(£2) and an interpolation argument, we deduce that
IFW)lln-2 < Cliylln < Cllyllae llyll-
Therefore, from (4.22) and ([5.20))

IF@lez, 0,792 < C (lwoly + 1718z, 0070 ) -

Using this estimate, we can apply the Banach fixed point theorem as in the proof of Theorem O
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