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SOBOLEV-HERMITE VERSUS SOBOLEV NONPARAMETRIC DENSITY
ESTIMATION ON R

D. BELOMESTNY®, F. COMTE® & V. GENON-CATALOT®

ABSTRACT. In this paper, our aim is to revisit the nonparametric estimation of f assuming
that f is square integrable on R, by using projection estimators on a Hermite basis. These
estimators are defined and studied from the point of view of their mean integrated squared
error on R. A model selection method is described and proved to perform an automatic bias
variance compromise. Then, we present another collection of estimators, of deconvolution type,
for which we define another model selection strategy. Considering Sobolev and Sobolev-Hermite
spaces, the asymptotic rates of these estimators can be computed and compared: they are mainly
proved to be equivalent. However, complexity evaluations prove that the Hermite estimators
have a much lower computational cost than their deconvolution (or kernel) counterparts. These
results are illustrated through a small simulation study.
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1. INTRODUCTION

Consider X1,..., X, n 4.i.d. random variables with unknown density f. The nonparametric
estimation of f has been the subject of such a huge number of contributions in the past decades
that it is difficult to make an exhaustive list of references. Roughly speaking, there are two
approaches, kernel or projection method. In the projection method which is our concern here,
for f belonging to L?(R), considering an orthonormal basis of this space, estimators are built
by estimating a finite number of coefficients of the development of f on the basis. Fourier and
wavelet bases, for instance, are commonly used. Bases of orthogonal polynomials are also used
for compactly supported densities (see e.g. Donoho et al. (1996), Birgé and Massart (2007),
and Efromovich (1999), Massart (2007), Tsybakov (2009) for reference books). For densities
with non compact support included in R™, recent contributions use bases composed of Laguerre
functions (see e.g. Comte and Genon-Catalot (2015), Belomestny et al. (2016), Mabon (2015)).

To our knowledge, for densities on R, the use of a Hermite basis is only considered in Schwarz
(1967) and Walter (1977). In this paper, our aim is to revisit the nonparametric estimation
of f assuming that f € L2(R) by using projection estimators on a Hermite basis. To find
asymptotic rates of convergence and optimize the risk bound, authors generally assume that the
unknown density belongs to a function space specifying some regularity properties of f. Here,
we consider the Sobolev-Hermite spaces which are naturally associated with the Hermite basis
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and are defined in Bongioanni and Torrea (2006). It turns out that the Sobolev-Hermite space
of regularity index s is included in the classical Sobolev space with same index. Therefore, we
are led to compare the performances of the projection estimators on the Hermite basis with
those of the deconvolution estimators which are projection estimators on the sine cardinal basis.
Deconvolution estimators have been widely studied mainly for observations with additive noise
and also for direct observations (see e.g. Comte et al. (2008)). The optimal L2-risk for density
estimation on a Sobolev ball with regularity index s is of order O(n*QS/ (QSH)), see Schipper
(1996), Efromovich (2008) and Efromovich (2009) For densities having a fifth-order moment
belonging to a Sobolev Hermite ball with the same regularity index s, we obtain the same
rate. Therefore, from the asymptotic point of view, no difference can be made between these
two classes of estimators at least for non heavy tailed densities. Other examples and counter-
examples are discussed.

While most papers focus on deriving minimax convergence rates, the computational efficiency of
the proposed estimator is not often considered. This issue is especially important for densities
with non compact support. We prove that the Hermite estimators have a much lower complexity
than the deconvolution estimators, resulting in a noteworthy computational gain.

In Section 2, we present the Hermite basis, and the L2-risk of the associated projection estimators
is studied together with the possible orders for the variance term. A data-driven choice of the
dimension is proposed and the associated estimator is proved to be realize adequately the bias-
variance tradeoff. In Section 3, results on deconvolution estimators are presented. Section 4
is devoted to the study of asymptotic rates of convergence. From this point of view, the two
approaches of the previous sections are proved to be equivalent, except in some special cases.
Then, we compare the complexity of the procedures and conclude that the Hermite method has
a substantial advantage from this point of view. Section 5 is devoted to numerical simulation
results, and aims at illustrating the previous findings. Proofs are gathered in Section 6.

2. PROJECTION ESTIMATORS ON THE HERMITE BASIS.

2.1. Hermite basis. Below, we denote by |.|| the L2norm on R and by (-,-) the L2-scalar
product.

The Hermite polynomial of order j is given, for j > 0, by:

C o 2

3 — (_ J 2?2 —x
Hj(z) = (-1)e i (e™™).

Hermite polynomials are orthogonal with respect to the weight function e™*" and satisfy:
Jz Hj(SC)Hg(SC)G_deSC = 27jly/m0; (see e.g. Abramowitz and Stegun (1964)). The Hermite
function of order j is given by:

(1) hj(x) = chj(x)e*xQ/Q, cj = (2jj!ﬁ)71/2
The sequence (h;,j > 0) is an orthonormal basis of L2(R). The density f to be estimated can
be developed in the Hermite basis f = 3,5 a;(f)h; where a;(f) = [ f(x)h;(z)dz = (f, h;).
We define S,,, = span(hg, b1, ..., hy,—1) the linear space generated by the m functions ho, . .., hy—1
and f,, = Z;”:_Ol a;(f)h; the orthogonal projection of f on S,,.

22

2.2. Hermite estimator and risk bound. Consider a sample Xy,...,X,, of 7.i.d. random
variables with density f, belonging to L?(R). We define for each m > 0, f,, = Z;n:_ol a;h;
a projection estimator of f, with a; = n='>° " h;(X;), that is, an unbiased estimator of

fn = 200" ai ().
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These estimators are considered in Schwartz (1967) and then in Walter (1977). As usual, the
L2-risk is split into a variance and a square bias term. We give a more accurate rate for the
variance term than in the latter papers. Indeed, we have the classical decomposition

) m—1 1 m—1
E(|fm = £I7) = I = fnll® + D_ Var(@y) = |If = fmll® + — D Var(h;(X1))
j=0

=0
) < - Il 2,
where
m—1 m—1
(3) v, = / 3" R2@) | f@)de =B(Y R2(X0)).
R\ j=0 =0

The infinite norm of h; satisfies (see Abramowitz and Stegun (1964), Szegé (1975) p.242):
(4) 1hjlloo < Bo,  ®o = 1,086435/7'/* ~ 0.8160.

Therefore, we have V,, < fbgm, as usual for projection density estimator, see Massart (2007),
Chapter 7. However, more precise properties of the Hermite functions provide refined bounds:

Proposition 2.1.
(i) There ezists constant ¢ such that, for any density f and for any integer m,

Vi < em?/8.

(ii) If E|X|> < +o0, then there exists constant ¢ such that for any integer m,

Vin < dm'/?.

(11i) Assume that there exists K > 0 with

@) < g(a) = 0

xepe Prlelz K anda>0a>1

a+2
Then, there exists ¢’ such that, for m large enough, V,, < ¢'m?2@+D,

Proposition 2.1 (i) shows that V,, is at most of order mb/6, a property obtained in Wal-
ter (1977). However (ii)-(i7i) show that this order can be improved depending on additional
assumptions on f.

In the next paragraph, we make no assumption on the regularity properties of f and propose
a data-driven choice of the dimension m leading to an estimator whose L2-risk automatically
realizes the bias-variance trade-off in a non asymptotic way.

2.3. Model selection. For model selection, we must estimate the bias and the variance term.

Define M,, = {1,...,my}, where m,, is the largest integer such that my/® < n/log(n) and set

. ‘7 N 1 n m-—1
5 o — in {—|£. |2+ pen peni(m) = k—2, V= — h3 (X
6 = e iy (=l B, B = T = 133K
where & is a numerical constant. The quantity —|| || estimates — || fm |2 = |If — fiml® = || £]I%,

and we can ignore the (unknown) constant term ||f||?. Usually, the penalty is chosen equal to
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®3m/n, which is the known upper bound of the variance term, where ® is defined by (4).
Here, the fact that the order of V), varies according to the assumptions on f justifies that we
rather use V,,, an unbiased estimator of V,,,. We can prove the following result.

Theorem 2.1. Assume that f is bounded and that inf,<,<p f(x) > 0 for some interval [a,b)].
Then there exists ko such that, for k > kg, the estimator fgz where m is defined by (5) satisfies

B (Ifn- 1) <€ ing (1= ful? + ) + <,

where C is a numerical constant(C' = 4 suits) and C' is a constant depending on || f||sc-

The estimator fm is adaptive in the sense that its risk bound achieves automatically the
bias-variance compromise, up to a negligible term of order O(1/n). It follows from the proof
that kg = 8 is possible. This value of kg is certainly not optimal; finding the optimal theoretical
value of k in the penalty is not an easy task, even in simple models (see for instance Birgé and
Massart (2007) in a Gaussian regression model). This is why it is standard to calibrate the value
k in the penalty by preliminary simulations, as we do in Section 5.

Actually, the assumption inf,<,<p f(z) > 0 is due to the fact that the proof requires the
condition

(6) VYm > mg, Vi, > 1, and Ya > 0, Z e VVm < A < too.
meMy,

Condition (6) holds, as we can prove:

Proposition 2.2. Ifinf,<,<;, f(x) > 0 for some interval [a,b], then, for m large enough, V,, >

1/2

"m'? where ¢ is a constant.

3. DECONVOLUTION ESTIMATORS.

As we want to compare the performances of projection estimators on the Hermite basis to those
of projection estimators on the sine cardinal basis, we recall the definition of the latter estimators,
i.e. the deconvolution estimators. Let p(z) = sin(7z)/(7z) which satisfies ¢ (t) = 1_r 7 (?),
where ¢* denotes the Fourier transform of ¢. The functions (¢ ;(z) = Vip(tx — j),j € Z)
constitute an orthonormal system in L2(R). The space ¥, generated by this system is exactly
the subspace of IL?(R) of functions having Fourier transforms with compact support [—m¢, 7/].
The orthogonal projection f, of f on ¥, satisfies fg = ["1_zerq. Therefore,

_£2 = i * (42
™ I =P =5 [ e

The projection estimator ﬁz of f is defined by:

n

mt " sin(w —x
0 fla) = g [ Sy =y SRR

k=1 k=1

This expression corresponds to the fact that:

B 1 e B
fo= %/ At = arjee(x) agj = (f5pe;)-

—l jez
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Contrary to fm, the estimator ﬁ cannot be expressed as the corresponding sum with the es-
timated coefficients Gg; = £ "} ¢ (X)) as this sum would be infinite and not defined. To
compute it in concrete, one can use (8) or a truncated version

n _ _ 1 «
@) = 3 ajen(e), = EZWJ(Xk)-
k=1

li<Kn

which creates an additional bias but is comparable to the previous Hermite estimator. We give
the results for f, and fgn).

Proposition 3.1. The estimator f~’g satisfies
~ - l
E(Ife—fIP) < IIf = Fell +
If moreover My = [ 2% f?(x)dx < 400, then the estimator f}n) satisfies

- l 2(My +1)
B = fIB) < 20f = Joll? + - + 4——2—=
n K,

If ¢ <n and K, > n?, the last term is of order O(¢/n) and can be associated to the variance
term ¢/n. Note that condition K, > n? implies that the computation of a large number of
coefficients is required for f}n), for large n. In practice, we take K, even smaller than n in order
to keep reasonable computation times.

As in the previous case, we can define a data-driven choice of the cutoff parameter ¢ and build
adaptive estimators:

~ ~ / ~ /
o o 2 -t _ s 7(n) 2 -t
(9) = argmin{—||fell"+ 7}, fn = argmin{—| ;7" + &},
where £ is a numerical constant. Note that

~ 1 in(ml( Xy — X; n -
||ffH2:_2 Z SlIl(Tf'( k J))’ er )HQ: Z |a£,j|2-

n (X, — X;
1<j,k<n (Xk — X;) iI<Kn

We give the result for f}n) only, as is faster to compute if K, is chosen in a restricted

range, K, < n, see Section 4.4 and Section 5.
The following result holds.

Rk

Theorem 3.1. If K, > n? and My = [2?f?(x)dx < +o0, then there exists a numerical
constant ko such that, for k > Rq, the estimator f}n) where 0y, is defined by (9) satisfies

n . 0 UMyt 1) | C
E(Hﬂ)—f\|2)§011nf If—f2+al AEDY G

where C1 is a numerical constant and Cy is a constant depending on || f||so-

For f:;, an analogous risk bound may be obtained, without condition My < +o00 and without
the term ¢(Ms + 1)/n in the bound.
For Theorem 3.1, we refer to Comte et al. (2008), Proposition 5.1, p.97.
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4. COMPARISON OF RATES OF CONVERGENCE AND DISCUSSION.

In this section, we compute the rates of convergence that can be deduced from the optimization
of the upper bounds of L2-risks. This requires to assess the rate of decay of the bias terms
|lf — fmll? in the Hermite case, ||f — f¢||? in the deconvolution framework. The latter is usually
obtained by assuming that the unknown density f belongs to a Sobolev space. For the former,
we consider the Sobolev-Hermite spaces which are naturally linked with the Hermite basis.

4.1. Sobolev and Sobolev-Hermite regularity. For s > 0, the Sobolev-Hermite space with
regularity s may be defined by:

(10) wWe = {f S LQ(R)v Hf”g,sobherm = Znsa%(f) < +OO}
n>0

where ay,(f) = (f, hn) is the n-th component of f in the Hermite basis. We refer to Bongioanni
and Torrea (2006) for a definition using operator theory. Let F = {3 .. ;a;h;,J C N, finite }
be the set of finite linear combinations of Hermite functions and C¢° the set of infinitely derivable
functions with compact support. The sets C2° and F are dense in W*. As the Fourier transform
of h,, satisfies

(11) K = \2mi"hy,,
f e W¢?if and only if f* € W#*. We now describe W# when s is integer. Let
Acf=f+af, A f=—f+af

The following result is proved in Bongioanni and Torrea (2006). For sake of clarity, we give a
simplified proof.

Proposition 4.1. For s integer, the Sobolev-Hermite space W* is equal to:

We = {feL*R),f admits derivatives up to order s,
1 s sobherm = > A - Ag Fll+ 1] < +oo0}.
jli"'ij?” S {77+}1
1<m<s

Moreover, the following statements are equivalent: for s integer,
(1) fews,
(2) f admits derivatives up to order s which satisfy f, f',... O sl =0, s—1
belong to L2(R).

The two norms Hst,sabherm and |||fH|s,sobherm are equivalent.
Now, we recall the definition of usual Sobolev spaces. The Sobolev space with regularity index
s is defined by

(12) W = (] € L2R) I = [ (1+ )1 (Ot < +0)
If s is integer, then
W = {f eL?R), f admits derivatives up to order s
such that [[[f|I12505 = 17+ [LF17 + -+ [FP)? < o0},
The two norms [||.|||s,sop and |[|.||ssop are equivalent. Therefore, for s integer, W* C W?.

Morevover, the following properties are proved in Bongioanni and Torrea (2006): for all s > 0,
o W CW? If f €W? has compact support, then f € W5,
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(13) fews =a°f e L*R).

4.2. Rates of convergence. Now, we look at asymptotic rates of convergence. We first con-
sider rates for Hermite projection estimators. We already studied the variance rate V,,/n (see
the bounds for V;,, in Proposition 2.1). If f belongs to

WH(L) = {f € L*(R),> n°a’(f) < L},

n>0

then || f — fm||? < Lm™%. Plugging this and the bounds of Proposition 2.1 in Inequality (2) gives
the following rates of the L?(IR)-risk.

Proposition 4.2. Assume that f € W*(L) and consider the three cases (i), (ii), (iii) of Propo-
sition 2.1. .

Case (i) (general case). For mep, = [n*/(5TG/0)], (HfmOpt flIP) Sn e,

Case (ii). For mop, = [nV/+A/D]E(|| fongy, — fI*) S 075072,

Case (iii). For mepy = [n'/(s+(@+2/Q+0)] 1|1 £, — £1?) S n~ STET) /BE

Case (i7) gives the best rate. Note that the rate in case (7i7) is strictly better than in case
(1) as (a+2)/(a +1) < 5/3 as soon as a > 1/2. Cases (i7) — (iii) improve the results of
Schwarz (1967) and Walter (1977).

Now, we can compare the rates to those of projection estimators in the sine cardinal basis.
The following result is deduced from Proposition 3.1 and (7).

Proposition 4.3. If f € WS(R) = {f S }LQ( ) Hst b = f]R t2s ’f ( )lzdt < R}, and
bopt = n/ @) we have E(Hﬁom —FI?) < s/ s,
If moreover K, > n? , E( f||2) < n—2s/(2s+1)

IF

In Schipper (1996) it is proved that this rate is minimax optimal on Sobolev balls (at least for
an integer s), see also Efromovich (2002) for s < 1/2 and other references.

Let us compare results of Proposition 4.3 and of Proposition 4.2. As W* C W?, see Section 4.1,
the comparison is relevant. In case (i), we see that the estimator fy ., has a better rate than

fmom. In case (i7), the estimators have the same rate. In case (iii), the estimator ﬁopt is slightly

better than fmopt. In view of case (ii), the Hermite method is competitive. Indeed the moment
condition for (i¢) is not very strong.

4.3. Rates of convergence in some special cases. When the density f belongs to W* for all
s, we must obtain directly the exact rate of decay of the bias term. This is possible for centered
Gaussian and some related densities as one can make an exact computation of the coefficients

a;(f). Let
P ) 1 z? 2%
(14)  fpolz) = JQTCpra(x) with  fo(z) = /o P (—5,2) and  Cyp=EX?,

for X a standard Gaussian variable. The distribution f, ,(x)dz is equal to eG'/? for & a sym-
metric Bernoulli variable, G’ a Gamma(p + (1/2),1/(20?)) variable, independent of ¢.
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2
Proposition 4.4. Assume that f = f,. Then for mep = [(logn)/A| where A = log (ﬁ) ,

02—1

we have )
E(|| frnop — F1I?) < /logn/n.

The same result folds for f = f, , or any finite mixture of such distributions. We can compare
the rate of Proposition 4.4 with the rate log(n)/n, which is optimal in the class of analytical
densities (see Ibragimov and Has’minskii (1980)). So the Hermite based approach outperforms
the kernel method in the case of finite normal mixtures.

For f = f,, the estimator ﬁ satisfies,

~ 1 B
E(lfe—fI") S jexp(=£2/20%) +n ¢
For lopy = 04/2log n, the rate of ﬁopt is v/logn/n. The rate is identical to the one obtained in
Proposition 4.4. The result is analogous for f = f, ;.
Finally, the Cauchy density will provide a counter-example. Let

1
f(fL') - 7_(_(1 +CC2)
From Proposition 2.1, case (iii), we take a = 2 and obtain for the variance term V,, < m?/3.
Using Proposition 4.1, we check that f € W' f ¢ W2 Moreover, by (13), z°f ¢ W* for
s > 3/2. Therefore, f ¢ W?3/2, so the best rate we can obtain is n~%/57(2/3) with s < 3/2, for
Mept = [n/ 5T/,

For the sinus cardinale method, f*(¢) = exp (—|t|), so that || f — f¢|| < exp (—27¢). Therefore,
for lopy = logn/2m, the estimator ﬁom has a risk with rate logn/n. This is much better than
for the Hermite estimator.

This discussion on rates of convergence points out the interest of the adaptive method. Indeed,
it automatically realizes the bias-variance compromise and thus the previous rates are reached
without any specific knowledge on f.

4.4. Complexity. In this paragraph, we compare the Hermite and deconvolution estimators
from another point of view: the computational efficiency.

Consider an estimator f,, of a function f whose L?-risk can be evaluated on a ball B(L) of
some functional space. Define its complexity C fu (¢) as the minimal cost of computing f,, at the
observation points X7, ..., X, given that

sup E([|fn — fII*) <&
FeB(L)

Let us compute the complexity of the estimate ﬁom on the Sobolev ball W¥(L). As we need

to evaluate the function M at all points (X}, — Xj), 1 < k,j < n, the cost of computing

fgopt is of order n?. Thus 2 =< n~2%/2+1) yields n =< =271/% 5o that ij; () =< e *472%/% as
opt

€ — 0. So even in the case of infinitely smooth densities, the complexity of the deconvolution
estimate can not be (asymptotically) lower than e~*. A natural question is whether one can find
an estimate with lower order of complexity. Note that the complexity would be the same for a
kernel estimator on a ball of a Nikol’ski class with regularity s, see Tsybakov (2009), at least
for kernels with a non compact support used in Ibragimov and Has minskii (1980).

For the truncated estimator fZ;)t, the cost is of order nK,: indeed, one must compute the
e ;(X;) for i = 1,...,n and |j| < K,. Consequently, compared to the previous one, this
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estimate is competitive in term of computational cost as soon as K, < n (however this choice
would contradict Theorem 3.1 where K, > n?).
Now, let us look at the projection estimator fy,,,, for f € W*(L). The cost of computing a

projection estimator fm at observation points X1,..., X,, corresponds to the cost of computing

hj(X;) fori=1,...,nand j =0,...,m — 1, i.e. is of order nm. Thus we derive the following

proposition.

Proposition 4.5. Assume that f € W?*(L) and consider the three cases (i), (i), (iii) of
o (at1)

Proposition 2.1. The the complexity of the estimate f,,,, is given by Cf(a) ~ e 255 with

a=5/6,1/2,(a+2)/[2(a + 1)], respectively.

Proof of Proposition 4.5. Taking €2 =< n~2%/(5t1) hence n =< e7271/5 and the three values
of mept given Proposition 4.2 yield the result. O

As can be seen, the complexity order of the Hermite-based estimate fmopt is lower than the
complexity order of the deconvolution estimate fgo . provided s > a. So in the case of densities
with finite fifth moment already for s > 1/2, our approach leads to estimates with much lower
complexity. The difference between the estimates fmopt and fgopt becomes especially pronounced

(¢) < e2 while Cs (6) < e7* as € — 0, resulting in a
pt o

in the limiting case s — oo, where C
m pt

huge computational gain.

Projection estimator | Projection estimator | Projection estimator | Deconvolution estimator
on a compact set A on R on RT on R
Besov ball Sobolev-Hermite Sobolev-Laguerre Sobolev ball
of B s.0(A) ball W*(L) ball of index s W#(L)
6_2_2/5 6_2_3/5 5—2—4/5 5—4—2/5
(best case o = 1/2)

TABLE 1. Complexity for density estimation in different contexts.

For any projection estimator, the cost of computation if of order nmgp; where mqp; is the
optimal dimension. In the case of a density with compact support A, if we evaluate the L2-
risk of a projection estimator on a Besov ball of By~ (A) , we have e2 = n=28/(2s+1) with
Mopt < 1/ 2D thus a cost of order e~272/%, see Barron et al. (1999) for rates and definition
of Besov spaces.

In the case of a density of RT, the best L2-risk of a projection estimator on a Sobolev-
Laguerre ball of index s is of order n~s/ (1) with Mopt < nt/tY hence a cost of order e 274/5,
see Belomestny et al. (2016).

All these results are summarized in Table 1.

5. SIMULATION RESULTS

In this Section, we propose a few illustrations of the previous theoretical findings. To that
aim, we consider several densities, fitting different assumptions of our setting.

(i) A Gaussian N(0,1),



10 D. BELOMESTNY() | F. COMTE® & V. GENON-CATALOT(®)
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FIGURE 1. Left: m — V,,/\/m for 1 sample of densities (i) (blue line), (iv)
(cyan stars), (vi) (red dashed), (ix) (green x marks) and m — V,,/m5/6 for 1
sample of densities (i) (blue dashed) and (ix) (green dash-dot). Right: the same
as previously for 10 samples.

(ii) A Gaussian N(0,0?), o = 0.5,
(iii) A mixed Gaussian density 0.4N(—3,0?) + 0.6N(3,0%), o = 0.5,
(iv) A Gamma ~(3,0.5) density,
(v) A mixed Gamma 0.4v(2,1/2) + 0.6v(16,1/4)
(vi) A beta density 5(3,3),
(vii) A beta density 5(3,6),
(viii) Laplace density f(z) = e~1%l/2,
(ix) A Cauchy density, f(x) = 5/[x(1 + (5z)?)].

Density (i) is proportional to the first basis function hy and should be perfectly estimated in
the Hermite procedure, densities (vi) and (vii) are compactly supported and density (ix) does
not admit any moment (in particular no fifth moment, so it does not fit case (ii) of Proposition
2.1). Hermite functions are recursively computed via (26) and with normalization (1).

We plot in Figure 1 the representation of m — ‘A/m /v/m for 1 and 10 samples drawn from
densities (i), (iv), (vi), (ix) (see (5)). It seems that the ratio is stable along the repetitions,
and converges to a fixed value, which is the same in the first three cases. On the contrary,
m — Vi /m5/® given for (i) and (ix) seems to decrease and to tend to zero in any case. It is
tempting to conclude from these plots that the order of V,, is O(ml/ 2) in a rather general case.

We have implemented the Hermite projection estimator f,; with m given in (5), f}") with

¢l given by (9) and the kernel estimator given by the function ksdensity of Matlab. For the
model selection steps of the first two estimators, the two constants x and & of the procedures
have been both calibrated by preliminary simulations including other densities than the ones
mentioned above (to avoid overfitting): the selected values were Kk = & = 4. We considered
two sample sizes n = 250 and n = 1000, but as the sine cardinale procedure is rather slow, we
only took Kaso = Koo = 100. The theoretical value K, = n? is unreachable in practice (the
computing time becomes much too large), and our choice of K, is consistent with the complexity
considerations of Section 4.4.

For m,,, we should take (n/log(n))%®, which is of order 100 for n = 250 and 400 for n. = 1000.
We took mosg = miggp = 200 as a compromise. The cutoff ¢7 is selected among 100 equispaced
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values between 0 and 10. For each distribution, we present in Table 2 the MISE computed over
200 repetitions, together with the standard deviation. In the three cases, we provide also the
mean (and standard deviations in parenthesis) of the selected dimension (Hermite), cutoff (Sine
cardinale) or bandwidth (kernel).

n = 250 n = 1000

density Hermite | Sin. Card. | Kernel Hermite | Sin. Card. | Kernel
6) 05 (1.4) | 20(1.8) | 29 (21 0.1 (0.4) | 06 (05) | L.1(0.6)
1. 08 (0.32) | 0. 77 (0.08) | 0. 35 (0.03) || 1.08 (0.53) |O0. 87 (0.08) | 0.27 (0.01)

@ || 47 (&7 | 47(49) | 6042 | 14(13) | 1A (14 | 21(13)
8. 87 (3.69) | 1. 46 (0.21) | 0. 17 (0.01) 11.6 (5.1) | 1. 65 (0.24) | 0.13 (0.005)

(iii) 9 (2.6) 5(2.5) | 24.2 (14.5) 1.5 (0.9) 5 (0.9) 11.1 (3.1)
11 6 (1.5) |1 28 (0.13) | 0. 51 (0.12) | 143 (2.0) |1. 53 (0.10) | 0.39 (0.04)

(iv) 5.6 (3.4) 3 (3.4) 6 (2.9) 1.8 (1.0) 8(1.0) | 19 (L0)
6.28 (2.64) | 1. 25 (0.19) | o. 27 (0.02) || 11.9 (4.5) 1 7(0.25) | 0.21 (0.01)

(v) 7.2 (3.6) 6 (2.8) 17.1 (2.6) 2.4 (0.9) 7 (0.8) 10.2 (1.2)
15.1 (2.0) | 1. 13 (0.20) | 0.74 (0.07) 18.2 (2.6) 1 67 (0.27) | 0. 57 (0.02)

i) 72 (7.2) 3(74) | 128 (83) || 3.2 (26) (2 7 8 (27)
46.5 (10.5) | 3. 14 (0.29) | 0.07 (0.005) || 63.3 (27.3) .6 (0.65) | 0. 05 (0.002)

(vii) || 17.2 (11.3) | 19.3 (15.6) | 19.4 (12.2) | 5.8 (3.1) 3(41) | 7.0(4.0)
104.2 (25.5) | 4. 77 (0.91) | 0.05 (0.004) || 143.3 (13.5) | 5. 89 (0.85) | 0.04 (0.002)

(viii) 7.4 (2.0) 7 (3.0) 5.5 (3.2) 2.6 (0.8) 5 (0.8) 2.3 (1.1)
2.5 (2.96) | 1. 03 (0.25) | 0.36 (0.04) || 7.8 (4.4) |1. 42 (0.32) | 0.27 (0.01)

(ix) || 216 (9.1) | 215 (9.3) | 18.6 (10.6) | 6.9 (2.9) 9(3.0) | 7.6 (3.9
65 (25) 3.7 (0.7) | 0.10 (0.01) 97 (21) 4. 71 (0.77) | 0.08 (0.004)

TABLE 2. Results after 200 iterations of simulations of density (i) to (ix). For

each density (i)-(ix), first line: MISEx 1000 with (std x 1000) in parenthesis;
second line: mean of selected dimension (Hermite), cutoff (sinus cardinale) or
bandwidth (kernel) with std in parenthesis.

We can see from the results of Table 2 that the Hermite and sinus cardinale methods give very
similar results, except for the N'(0,1) where the Hermite projection is much better as expected,
as the procedure most of the time chooses m = 1. The kernel method seems globally less
satisfactory. The noteworthy difference between the first two methods is the computation time:
as the models are nested in the Hermite projection strategy, all coefficients can be computed
once for all, and then the dimension is selected. In the sinus cardinale strategy, each time ¢ is
changed, all the coefficients have to be recalculated. For instance, when the maximal dimension
proposed m,, is 50, and K, is 100, the elapsed times for 100 simulations is: for n = 250, around
0.5s for Hermite, 41s for sinus cardinale; for n = 1000, around 1.2s for Hermite, 137s for sinus
cardinale, all times measured on the same personal computer to give an order of the difference.
This is coherent with the lower complexity property of the Hermite method.

Table 2 also provides the selected dimensions, cutoffs and bandwidths. As could be expected,
m 0 vary in opposite way, compared to h. Without surprise also, the selected dimensions and
cutoffs increase when the sample size increases. What is remarkable is the values of the selected
dimensions for g-distributions, which are very large. Globally, we can see that these values are
very different from one distribution to the other. Contrary to the theoretical result, the Cauchy
density is estimated with similar MISEs in the Hermite and sinus cardinale methods.
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5.1 (3.8) 7 = 11.2 5.6 (3.4) 7l =1.26 95.6 (13.2) h = 0.52

o.apr \ 4 oc.al

0.3 B 0.3

1.3 (0.1) 7 = 14.2 1.3 (0.8) 7l = 1.52 18.2 (10.5) h = 0.40

~

21.7 (17.4) nl = 4.96  19.8 (14.2) h = 0.05

FIGURE 2. True density f in bold blue for Model (iii) (first two lines), Model (vii) (third
line) and Model (ix) (fourth line), together with 25 estimates (green/grey) with n = 250
(lines 1 and 3) or n = 1000 (lines 2 and 4). First column: Hermite; second column:
Sinus Cardinale; third column: kernel. Above each plot: MISEx 1000 and std x 1000 in
parenthesis, followed par the mean of selected dimensions, cutoffs and bandwidths (all
means over the 25 samples).
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In Figure (2), density and 25 estimators are plotted for models (iii), (vii) and (ix). Risks
and standard deviation for the 25 curves are given above each plot, together with the mean of
the selected dimension, cutoff or bandwidth. The methods are comparable, even for the Cauchy
distribution, except for the mixtures, where the kernel method fails. The first two lines illustrate
the improvement obtained when increasing n. We note again that the selected dimensions in
the Hermite method are possibly rather high (see the beta and the Cauchy densities). However,
computation time remains very short.

6. PROOFS

6.1. Proof of Propositions 2.1 and 2.2. We start by proving Proposition 2.1.
(7). The following bound comes from Szegd (1959, p.242) where an expression of Cy, is given:

(15) Vo R, |hi(2)] < Coolj+1)" W) j=0,1,....
Therefore,

m—1
(16) Vi <CL Y (74179 < gcgomf’/ﬁ.

7=0

(77). Now, as in Walter (1977), we use the following expression for the Hermite function h,, (see
Szego (1959, p.248)):

_ . 12 JT 1
(17) hj(x) = Aj cos <(2] +1)V% — 7) + Wﬁj(x)
where \; = |h;(0)] if j is even, A; = |1;(0)[/(2j +1)/% if j is odd and

€(x) = /0 “sin [(2) + 1)2(x — 1)) £, (H)dt.

By the Cauchy-Schwarz inequality,

2 1

2 4 2
o< [ ot [ atoar < 5 x5

Moreover,
(24)11/2 V2j+1
A2j = o A2l = Ay s
27 5lm V25 +3/2

By the Stirling formula and its proof, Ag; ~ = 125-1/4, A2jp1 ~ 771/25-1/4 and for all j, there
exists constants ¢y, co such that, for all 7 > 1,

C1 (&)
r1/21/4 <A ri/21/4
Therefore,
2 5
2 c 1 ||

mit2 U241 5
This yields:

2
1
2 <92 2 E|X[?

which implies V;,, < m!/2.

~
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Now we study case (i7i). The following bound for h; is given in Markett (1984, p.190): There
exist positive constants C,~, independent of  and j, such that, for J =25 4 1,
hj(z)] < O3+ |22 =g~ 2? <2,
< Cexp(—vz?), 2°>2J.

Consider a sequence (a;) such that a; — +oo, a;j//j — 0 with J = 2j + 1 large enough to

ensure % <1/v2,a;5> K. As fh?(x)dx =1,ay <VJ,a; > K and g is decreasing,

ay
/hg(x)f(x)dx < 20| Il / (T3 4 T — 22" Y24z 4 glay).
0
Set = (J'/3 + J)/2y in the integral. This yields:

] /DT dy ay

0 V1—19y? VI

as for 0 < z < 1/v/2, Arcsinz < 2r. Now we choose the sequence (a;) and consider a; =
41/ 2et))  We deduce

= Arcsin(———l ) <2

s _o2\—1/2 _
/0 (J°+J —2%) der = 1

[ 1@ s 5 e,
which leads to
(18) Vyp S mBarn .0

Now we turn to the proof of Proposition 2.2 and we look at the lower bound. We have, setting
¢ = infa<y<p f(x), and using (17),

b
2 2
/hj(x)f(x)dx > c/a hj(z)dx
b .
> c)\?/ cos? <(2j + 1) — %)dm
22 ’ o2, T
CW/G COS ((2] + 1) / X — 7>§j(x)dx

We have j*3/401/\/7_r < ﬁ Sj*3/4\/2/7r62 and

b : b [,.15/2
|/ cos ((2j+1)1/2x—%)§j(:c)d:c| g/ |";“/|1_0 dz := C.

Thus, the second term is lower bounded by —Cj=3/%¢; /\/x. For the first term, )\? > 123 n
and

b ~ b
2 (25 + 1022 — 7 Ve = Lo / e D20 i )de = (0 1
/a cos <(2] +1)/*x 5 >dx 2(b a)+ ’ cos (2(2] +1)/%x jw) dx 2(b a)+O(j1/2).

Therefore,

b—a 1

[r@sea > g )] - i ety

Consequently, for j large enough, [ h?(x)f(x)dx > /5712 This implies, V,, > ¢'m!/2. O
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6.2. Proof of Theorem 2.1. Let S, be the space spanned by {hg,...,hn-1} and B, = {t €
Sm, ||t]] = 1}. We have f,, = argmingeg,, 7,(t) where v,(t) = ||t||*> — 2n~! o t(X;) and
Yo (fm) = = fml/?. Now, we write, for two functions ¢, s € L2(R) ,

nl®) = nls) = 1t = 717 = ls = I~ 20n(t )

where
n

1
valt) = = S 00X0) — (8, £).
i=1
Then, for any m € M,, = {1 <m <my}, m, <n/logn, and any f,, € Sy,
Yu(fin) + DeN(1i2) < n(fm) + Den(m).
This yields )
£ = FIP < 1If = fnll® + Peni(m) — pen(rir) + 2vn (fr — fim).

We use that

Wn(fn— fn) <4 sup V(1) + 3 F— Ful

t€Bmvim
and some classical algebra to obtain:

%Hfm_fuz < ;Hf—fm\|2+ﬁé?l(m)+4< sup yg(t)—p(m\/m)>

tEB v,
(19) +(4p(m V) — pen(im)) + (pen(ri) — pen(ri)).
We can choose p(m) such that
(20) Z E < sup v2(t) —p(mV m')) < <.
m'eMn, t€Bmvm! + "

Indeed, for this, we apply the Talagrand Inequality:
nH2 My _c.nH
E <sup vi(t) — 4H2> < @ (v2ec2% + 1 CSJ\41>
tEBm + n n
where E (sup;ep,, va(t)) < %2 = H?, sup,cp, Var(t(X1)) < supep,, E(*(X1)) < [[f]loo == 07
and sup,cp,_sup, [t(z)| < \/8upx S h2(x) < ClomP!1? < Cloy/m = My (see (15)). There-
fore we obtain

Vi C -
E(sup v5<t>—4—) <G (HfHooe R Csz).
n + n

t€Bm n

Therefore, with the choice p(m) = 4V,,,/n, (20) holds under condition (6) which is ensured by
Proposition 2.2.
Taking expectation in (19) yields

SE(lf— 117 < guf—meZ+pen<m>+E<4p<mvm>—pen<m>>

(21) +E(pen(rn) — pen(im))+ + —
Let us define



16 D. BELOMESTNY() | F. COMTE® & V. GENON-CATALOT(®)

and the set inspired by Bernstein Inequality

L —m ™)

i=1

3n

< \/QVmC” 5/6 21/ log(n) +4C" 5/610g(n) }
n

with C” := (C’,)? and C’ is the constant appearing in M; above. We split the term to study
n (21) as follows:

E(pen(ri) — pen(m))+ < E[(pen(ri) — pen(m))+1q] + E [(pen(ri) — pen(m))41oc] .
On €,

V= Vil < \/2ViCLLrid /o log(n) /. + 4CLL%/% og(m) /(3n)

IN
I
=

using that 2zy < 22 + y? applied to V2VA = 2\/V/2V/A < V/2 + A with V = Vj, and
A = C7 o5/ log(n)/n.
and thus, by definition of M,,,

E [(pen(i) — pen()) o] + < g E(pen(in)) + <.

On the other hand,
E [(pen(1i) — Ben(in)) 4 Lac] < 26P(Q).
Now,

]P’(QC) < Z 26—210g(n) S%
meM,y,

as we apply Bersntein inequality: P(|S,,/n| > \/2v?z/n + bx/(3n)) < 2e~* for S, = > 1 (Ui —
E(U;)), Var(Up) < v?, |U;] < b. In our case U:Yi(m) and v? = V,,,C".m%/%, b = C" m5/% and we
took z = 2log(n).

So Equation (19) becomes

(22)  SE(Ifa—FI?) < SIF — fml + pen(m) + E(dp(m v 1) — pen(ii)

(23) +— E(pen( ) + —

(24) < 2N~ ful? + per )+ E(4p(m v i) — spen(n)) + ¢

Now we note that, for k > 8 := ko,

Ap(m v 1) — S pen(sn) < pen(m).

Finally, we get, for all m € M,,,
. c
E(fn — £1%) <317 — il + dpen(m) + ©.

which ends the proof. O
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6.3. Proof of Proposition 3.1. The first inequality is standard. Let us study f}n)( ). We
write that

17 =12 = 1 =B+ IBGT) - 112
17 —BF™)2 + 2™ - foll> + 201 7 — I

The term || f; — f||? is the usual bias term. moreover

e (I -Bf1P) = 3 Varlag) = S Varler(X1)

IN

|.7‘<Kn |]‘<Kn
14
< - § <=
n
\J|<Kn

because >z |¢r,; (x)|?> < £. This is the standard variance term order.

The new term is

(25) IEGF™) = Fell =~ laey? <28HP\JGM! Y i< upljae,j\Q-
712 Kn j>Kn K

We write that jas; = iV [ (b — j) f(z)dz = V(11 + 1) where
b=t [apte— )iz, 1=~ [z = elte - i) (@)is
and we bound I; and Is.
|| < E\// lp(lx: —j)\de/ﬂf?(x)dx =V0\/M,y, where My = /w2f2(x)dx

On the other hand, |I2| < sup,cg |up(u)| [ f(z)dz < 1. We obtain:

ja&j\ < E\/ M2 + \/z < E(\/ M2 =+ 1)

Plugging this in (25), we find the bound: ||E(f£")) — foll? < 402(M3+1)/K,,. This term is O(¢/n)
if ¢ <nand K, >n2 O

6.4. Proof of Proposition 4.1. Using the relations (see e.g. Abramowitz and Stegun (1964))
(26) 20H,(x) = Hpy1(x) + 2nH, 1 (z), H,(z)=2nH, 1(z), n>1.

we get:

A+hn =V 27’Lhn71, Afhn = \/ 2(n + 1)hn+l-
We deduce:
(27) V2! =\ by 1 — V4 1hyy1, 22 hy = \/2(0+ 1) hygq + V20 by,

Assume first that f € L?(R), f admits derivatives up to order s and for ji,...,Jm € {—,+}
and 1 <m < s, Aj, ... A, f € L*(R). We prove that > nson’a 2(f) < +oo. We do the proof
only for f compactly supported and refer to Bongioanni and Torrea (2006) otherwise.

For the proof, set Ay = A_, A1 = Ay so that, for n —j > 0, Ajh, = \/2(n + dj)hp—j,
dj=0iftj=1,d;=1if j=—1. Thus, forn —j1 —jo —... = jm >0,

Aj1 ---Ajmhn = 2(n+d]1) X ... X Q(Tl-f—d'm)hn,jl,h,m,jm.
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Now, for f compactly supported,

(Ajfohn) = (f, Ajhn) = () 2(n + d—;){f, hnj).

Iterating yields, for n + j1 + jo + ... 4+ jm > 0,

<Aj1 s Ajmf’ hn> = <f’ A*ij*jm—l cee *J1 H n + dfjk f’ n+ji+j2+.. +]m>

1<k<m

Therefore, >, ~o((4;, .. 4;,.f, hn))? < +00 is equivalent to

m 2
Z Ny ot () < 00
n+ji+j2+...+jm=>0

Now assume that 3 -, na 2(f) < +oo.
We have f = ano an(f)hyn. We can write for ny large enough:

ni1+n2 ni1+n2 ni+ng 1/2 ni+ng
| > an(H)h (Z n! a3 () () n<1+1/6>> <C Y nai(f)
n=ni n=ni n=ni n=ni

Thus, the series for f converges uniformly, f is continuous and satisfies for all z, f(x) =
> >0 @n(f)hn (). Therefore, we have:

f@) = f@) = Y an(f) / (t)dt

n>0

= ao(f)(ho((x) = ho(y)) + 272 an(f / (V7 hn1(t) = V1 + Lhngs ())dt

n>1

Set Sn(t) = Cnoy an(H) (V7 hao1(t) = Vi F Thypa () and S(8) = 32,51 an(f)(VA ha1(t) =
V1 + 1hpt1(t)). The function S(¢) is well defined by assumption and Sy converges to S in
L2(R). Therefore, as N tends to infinity.

/y ISn(t) — S(t)|dt <y —z||Sv — S|| — 0.

We have proved that
y y
£0) - @) =ao(f) [ w0+ [ Steras

Thus, f is absolutely continuous and f’ = S belongs to L2(R). Analogously, we prove that xf
belongs to L2(R). Thus, A, f, A_f belong to L(R).

Next, by the same reasoning as above, using that Y, n2a,(f) < +oo the series for f'(t) = S(t)
is uniformly convergent and f/(¢) is continuous. We proceed analogously to prove that f is
absolutely continuous and that zf’ and f” belong to L?(R). Iterating the reasoning, we obtain
that f admits continuous derivatives up to s — 1 and that f&Y is absolutely continuous and
that f, f/,..., fO), gk=mflk=m) = 0,... s — 1 all belong to L2(R). This shows that, for
Ji ,...,]me{ ,+H1T<m <s, AJI. . A;.. f belongs to L?(R). O
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6.5. Proof of Proposition 4.4. To prove the result, we use the following proposition.

Proposition 6.1. Recall that a;(f) = [ f(z)hj(z)dz. For j >0, we have:
1 \Y2@ fo?2—1)
azj(fo) = ca4 (1 +02) i (02 n 1) ,azj+1(fs) = 0.
Forn=p, j =0,
2j)! |o2 =17
|ag;(fp,0)] < Clp, 02)62j G-—p)!|o2+1 , o azj1(fpe) = 0.

We can now deduce the risk of fm when f = f,. We have:

1 o2 —1\¥
2 1-:-—1/2
G’Qj(fU)Nﬂ- J / 1+0.2 <0-2+1>

2
Therefore, setting A = log [("2“) ] yields || f— fml]? < ﬁ exp (—Am). Combining with Propo-

sition 2.1, we obtain E(||fm — f|?) < exp( Am) +n~1y/m, and thus Proposition 4.4. O

Proof of Proposition 6.1. We first compute the coefficients of the centered Gaussian density.
As Hermite polynomials of odd index are odd, the coefficients with odd index are null. We
compute the coefficients with even index. Let

0_2

_2 _ —2\—1 _
Note that if 262 =1, i.e. 0® = 1, the coefficients are null except for n = 0.
We have

2p)!
/x2pfa(x)dx = O9,0%7 with Oy =3x5xTx...x(2p—1)= (2ppp)| .
Using that (see e.g. Lebedev (1972), formula (4.9.2) p.60)
7L (~1)k
2j—2k
H2] Z ' — 2]{? 2:6) J )
k=0
we obtain:
N O d (=D% i ok _2(j—k) o (21)'
CLQj(fU) == (2])62]; Z WQ CQ(j*k)O- == ng; J (20' - 1)
= k! !

1 \Y2 @) o2 =1}’
2\ 1+ o2 i1 \o2+1
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Note that |02 —1)/(1 4+ 02| < 1.

Analogously,
(2)] e\ I (— 1)kl 22 -2k520—H)
azj(fpo) = e (= - Caj-n
J\IDP 4! J (O‘) P k!(2]—2k)!02p k)
@) o\ (DR g2k Caimkin)
= TG <__> < R1(j (25°) ka__%__?%l_
7! o 2(j—k)~2p

(2))! o\ < (1750 1 Cotmn)
= (= -~ (952 =P
T <a> Zzom!(j—m)!( 7 ComCyp

Now, we use the following result which is proved in Chaleyat-maurel and Genon-Catalot (2006,
Lemma 3.1, p.1459):

m+p i ( + 1) <p> ar
m(m (m—r —_—.
CQmCQp —0 r 027"
After some computations, we get:
27)! 2p+1
agi(fpo) = ﬁ@j <E) (26% — 1)/~ PS,  where
P | or

p 2 —2\T (=2 —r
2 20 — 1)P7T,

TZn_T _T)'CQT(O-)(O— )

Therefore,

1Sp| < c(p) (262 + \2&2 — 1])p

which allows to bound |ag;| and ends the proof. O

(1]
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