N

N

A sum-shuflle formula for zeta values in Tate algebras

Federico Pellarin

» To cite this version:

‘ Federico Pellarin. A sum-shuffle formula for zeta values in Tate algebras. 2016. hal-01372952v1

HAL Id: hal-01372952
https://hal.science/hal-01372952v1

Preprint submitted on 27 Sep 2016 (v1), last revised 12 Mar 2017 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01372952v1
https://hal.archives-ouvertes.fr

A SUM-SHUFFLE FORMULA FOR ZETA VALUES IN TATE ALGEBRAS

F. PELLARIN

ABSTRACT. We prove a sum-shuffle formula for double zeta values in Tate algebras, introduced in
[8]. This follows from an analog result for double twisted power sums, implying that an Fp-vector
space generated by multiple zeta values in Tate algebras is an [Fp-algebra.

1. INTRODUCTION

Let A =TF,[6] be the ring of polynomials in an indeterminate 6 with coefficients in F, the finite
field with ¢ elements and characteristic p, and let K be the fraction field of A. We consider variables
t; independent over K, for all i € N* := {1,...} the set of positive natural numbers. For ¥ C N* a
finite subset, we denote by iy, the collection of variables (¢;)iex, so that Fy(ty), K(t5) denote the
fields Fy(t; : i € X) etc.

For d > 0 an integer, we denote by A™(d) the set of monic polynomials of A of degree d, which
is a multiplicative monoid. We denote by xi, : A — F[t;] the unique F,-linear map which sends 6
to t. More generally for ¥ C N* a finite subset, we denote by ox the semi-character

os: AT — F,lts]

defined by os(a) = [[,cx; Xt (a). The associated twisted power sum of order k and degree d is the
sum:
Sa(k;ox) = Z a Fos(a) € K|ts).

acA+(d)
If ¥ = () we recover the power sums already studied by several authors; see Thakur’s [12] and the
references therein. For general ¥ these sums have been the object of study, for example, in the
papers [1, 6]. These twisted power sums are also the basic tools to construct certain zeta values in
Tate algebras, see for example [1, 2, 3, 7]. We set:

Ca(n;ox) = ZSd(n;og) €Ty (Ky), m>0
d>0

where, for L a complete valued field, Tx (L) denotes the completion of the polynomial ring L|ts]
for the Gauss valuation. In [2, 3], the following result is proved, where |X| denotes the cardinality
of 3:

Theorem 1. If |X| =1 (mod ¢ — 1) and |X| > 1, there exists a polynomial \1 x € Alts)], monic of
degree r := % in 6, such that

s—1 N)\
i€ ?
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2 F. PELLARIN

where T 1s a fundamental period of Carlitz module, and w denotes the Anderson-Thakur function.

We also recall from [7] the formula

1) a0x) = G 0w

which complements Theorem 1 in the case ¥ = {1} (and ¢ = ¢;). One captivating peculiarity of
the above formulas is that they constitute a bridge to a class of quite simple objects. For example,
the formula (1) can be rewritten (see [7]) as

t

1- 7
CA(laXt):Hl 0; )

i>0 " 9

and shows that (4 (1,x¢) is the reduction modulo p of a simple formal series in 1+ $Z[t][[5]] (a
”Mahler’s series”). The dependency of ¢, although unavoidable, is very transparent, as it is only
involved in the "raising to the power ¢” process, while this is not necessarily visible at the first sight
in the initial definition of {4(1, ox), and neither is in its retranscription as an Eulerian product

GLow) =] (1 - @)1 |

P

running over the irreducible polynomials P of AT.

A similar phenomenon holds in the case s = |3| > 1 of Theorem 1, at least for ¢ big enough.
The polynomial A 5 itself, for example, is a polynomial monic in § of degree r independently of ¢,
as we have already pointed out, and it is easy to deduce, from the elegant arguments presented in
[4] (see also the table therein), that the coefficient of " ~! in A1 5 is equal, for ¢ big enough, to the
reduction modulo p of

—es—qt1(ts) — €s_2(q-1)(ts) — - — eqlts) € Zits],

where e, (ts;) is the elementary symmetric polynomial of degree n in the variables ty, (this for
s >2¢—1and s =1 (mod ¢ — 1), while in the case s = ¢, we have A; » = 1). These phenomena
ultimately arise because certain universality features of sequences of power sums hold, and more
generally, the same principles govern the behavior of twisted power sums (see [12] and [6]).

In this paper, we analyze another aspect of the above principles. We shall show (Theorem 3) that
any product (a(1,00)Ca(1,0v) (U, V C N*, UNV = 0) of such zeta values satisfies a sum-shuffle
product formula, and this will be again deduced from properties of twisted power sums (Theorem
6). We deduce that a certain Fp-vector space of multiple zeta values in Tate algebras also has a
structure of Fj-algebra (Theorem 5). The formula of Theorem 3 is submitted to universal rules
very similar to those of the above remarks.

2. THE RESULT

Before presenting the result, we have to now recall, from [8], multiple twisted power sums and
multiple zeta values in our context.

Definition 2. Let ¥ C N* be a finite subset. If U,V are two subsets of ¥ such that UNV = 0,
we denote by U UV their union. Now, suppose that for an integer » > 0, we have subsets U;
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(i =1,...,r) such that ¥ = U U --- U U,. Further, let d be a non-negative integer. We have the
multiple twisted power sum of degree d associated to these data:

ou, Ou o ou, . . .

ST T T = Sutmion) XD Salnmiow) e Si(niow,) € Kl
d>iz>->1,.2>0

The integer ), n; is called the weight and the integer r is called its depth.

We can write in both ways Sg(n;os) = Sy (‘Tnz) Observe also that, if ¥ = (§, then ox; = 1 the
trivial semi-character.

1 1 --- 1
= . K
Sd <’I’L1 no L. nr> Sd(”lv na, 777'7“) € )
in the notations of Thakur.
With nq,...,n, > 1 and the semi-characters oy, , ..., oy, as above, we introduce the associated
multiple zeta value
ou, Ou, - OU.\ _ ou, Ou, - Ou,.
§A(n1 S nr).—l;)sd(nl Ny e nr)ETE(Koo).

The sum thus converges in the Tate algebra Ty (Ko ) where Ko, is the completion Fy((1/6)) of K
at the infinity place. Explicitly, we have:

(2) Ca <UU1 SCHE UUT) - E ' Z oy, (a1)---ou,(ar)
T nl e n :
ny n9 Ny 450 I et aq ar"
d=degg(ay)>->degg(ar)>0

Again, the integer ), n; is called the weight of the above multiple zeta value and the integer r is
called its depth. These elements of the above considered Tate algebras have been introduced and
first discussed in [8]; it is easy, by using [12, Theorem 4], to show that they are non-zero. We prove,
in this paper, a sum shuffle formula for products (4 (1, 01)Ca(1,0v), with UUV =3 C N*:

Theorem 3. The following formula holds, for all ¥ C N* finite, and U UV = X

a(V)a (V) -a(F)=a(t V)+ra(t T)- = al(t F)
IuJ=x
|J|=1 (mod g—1)
JCU or JCV

The reader will notice the universality phenomenon mentioned above: the coefficients of the
right-hand side of the above formula are 0,1, —1 and they are determined upon a simple divisibility
by g — 1 condition, and the position I, J of the subsets of ¥ relative to U, V. We will use techniques
of Thakur in [13] and some linear algebra over F, to show the existence of the coefficients. To
compute them, as it is easily verified that they are uniquely determined, we will use the sum-shuffle
formula of Chen [5], which also arises in several ways from our formula by specialization. This might
not be the shortest way to prove our result. Nevertheless, in our proof it is possible to imagine a
connection with shtuka functions which could possibly help to understand the deep reason for the
existence of these sum-shuffle relations.

We now recall Chen’s result.

Theorem 4 (Chen). For all n,m > 0,

0o<j<m+4n
q—1]j
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= (1) (1),

It is further possible to deduce, by quite standard methods (applying a twisted Frobenius endo-
morphism a certain amount of times and specializing some variables), the following:

where

Theorem 5. For all ¥ C N* q finite subset, the Fp-subvector space of Tx (K ) generated by the
multiple zeta values (2) with r > 1 and Uy, ..., U, C X is an Fp-algebra.

The case ¥ = () is Thakur’s [13, Theorem 3].

3. SUM-SHUFFLE RELATIONS

We follow the main idea of Thakur in [13], where he proves a sum-shuffle formula for the product
of two power sums and he deduces from this result that the IF,-sub-vector space of K, generated
by his multiple zeta values (a(n1,...,ny) is an Fp-algebra (this is the case ¥ = ). Thakur’s result
thus relies in universal families of sum-shuffle relations for power sums products that he proves
by reducing to the case of one-degree power sums (the case of d = 1), a technique which is also
naturally suggested by the philosophy of “solitons”. We follow the principles of this proof. The
main difference between this part of our proof and Thakur’s is situated in the case of d = 1, which
presents new structures.

3.1. Sum-shuffle formulas for power sums. We shall prove:

Theorem 6. Let U,V be subsets of ¥ finite, such that U UV = X. Then, the following formula

“(D)u(1) 53 E Q) e

|[J|I=1 (mod g—1)
JCU or JCV

Theorem 3 easily follows by taking the sum for d > 0. The identity is clearly satisfied if d = 0.
We first develop some tools involving certain vector spaces generated by multiples of twisted power
sums, then we show the identity for d = 1.

3.1.1. Fp-subvector spaces of twisted power sums. We set [1] = 67 — . We note that
] 09-0 07—-X4+X—0

-\ 66—\ 0— X
Hence, for all U C ¥, using that [1] = H,\qu 0 —N),

Py = [1]S1(1,00) =[] > HZGU —N _ => (0= =D ]t -N € Ay

AeF, \€F, i€eU

=@-N"1—1, VIAeF,

In fact it is, more precisely, a polynomial of F,[0][t;] of degree < ¢ — 1 in @ (}). The claim on the
degree in 0 being clear, we indeed observe that Py is invariant, by construction, under the action
of Gal(IF3¢/F,). Let Vs be the Fy-subvector space of IF,[0][ts](< ¢) (a shortcut for polynomials of
degree < ¢ in ) generated by the polynomials Py with U C . We have that Vs, C Vs if ¥/ C .
In particular, Vy = 1-TF,. In Lemma 12 we will show that the [F,-vector space Vs, has dimension
2%l but we do not need this information right now.

IThe degree is exactly q — 1 if || > q.
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Let (Dy,)n>0 be the system of higher derivatives of IF,[0][ty;] in @ which is F,[ty]-linear and such
that D,,(6™) = ()™ ". The main result of this subsection is the following:

Proposition 7. For all ¥ finite, the space Vs, is stable under the higher derivations (Dy,)n>0.

The proof of this proposition occupies the rest of this subsection. We note, since Vs; C F,,[0][t5](<
q), that it suffices to show that
Da(Vs) C Vs, n=1,....q— 1.
We define, for all n > 0:
VI = Vecty, Vi : |2\ U] > n).
Hence, we have
Ve =V oV 5oy =y =F, 1.
By convention, we set Vén) = {0} if n > |X|. We will make use of the polynomials B;(oy) =
[Licy(t: =0), U C . We note that for any U C ¥ such that Ng < [U| < (N + 1)q there exist
polynomials aY, ..., a% € F,[0][ts](< g), uniquely determined, such that
(3) Bi(ov) = ag +ai (1] + -+ + aly [V,
Also, we need the next Lemma:
Lemma 8. For alln >1 and m > 0, D,([1]™) is a polynomial of F,[07 — 6] of degree < min{m —
2m—1}in [1] =07 —0.
q
Proof. We have Di([1]) = —1, D4([1]) = 1 and D, ([1]) = 0 for all n > 1 with n & {1,¢q}. The
statement is thus clear for m = 1 and the proof can now be obtained by induction on m > 1. [

We note that, for all n > 1,

(4) Dy (Bi(ox)) = (-1)" Y Bilow).
\E\Vg\)in

This follows from Leibnitz’s formula (we set, for commodity, ¥ = {1, ..., s}):
Dy(Bi(os)) = Du([ [ (t:i — 0)) =
=)
> Di((tr—0)-- Dy, ((ts — 0))
i1+ tis=n
= Y Dul(ti—0)---Di((ts —6))

i1+ tis=n
0<i; <1,j=1,...,s

= " Y [0

WCE  keW
[S\W|=n

Our Proposition 7 is a direct consequence of the next reinforced statement:

Proposition 9. For allU C ¥ andn,m > 0, we have ’Dn(V[(]m)) C V[(]er"). Moreover, if N = L%IJ,

we have at € Véqi) for alli=0,..., N, where the polynomials ai are those of the expansion (3).



6 F. PELLARIN

Proof. We proceed by induction on s := |X|. In fact, the proof makes use of two nested induction
processes; they are not complicated, but in order to avoid confusion, we shall refer to the first
induction hypothesis and to the second induction hypothesis. The statement is satisfied for s =
0,1,...,¢ — 1. Indeed, in this case, we have By(ox) = aj and we know that B;(ox) = Ps. The
formula (4) then implies that Vs, and hence Vy for all U C X, are stable under the operators
Di,...,Dy 1. This implies that D, (VS™) € VI™™ for all U C ¥ and n,m > 0.

We now suppose that s > ¢, so that N = \_é] > 1. We suppose that the statement is satisfied
for all ¥’ C ¥ (this is our first induction hypothesis). Let m be an integer between 1 and N. We
easily verify, by using Leibnitz’s formula and using Lemma 8, that

(5) quu%(az»::ai~—fh—ﬂaﬁ)+w§”>+0YM[H4- ey Y
where, for all j € {0,...,N —m}, ¢ ) eF »10l[ts](< q) is an Fp-linear combination of the polyno-
mials

ay,Di(az), ..., Dy_1(a), k=m+1,....N,
which are in F,[0][t5](< ¢). We also note, again for m =1,..., N, by using (4), that

(6) Dig(Bi(ox)) = Y, Bilow),

wWcCx
IS\ W [=m

and By(ow) = aff +a{V[1]+---+a%¥_, [1]¥~™ by using (3). Since m > 0, by the (first) induction
hypothesis we have that a}V € V‘(,gl) and we can write, equating the coefficients of [1)7 for all j in
(5) and (6) and extracting the constant term, that

(7) 0, —Dyi(al) +c§™ e Vi,

The next step is to prove, by induction on m = N —g, g =0,..., N — 1, that a>, = a%fg € ngz)
(this is our second induction process).

We suppose that m = N, so that ¢ = 0. Then, in (7), we see that cém = 0. Hence, ay —
Dy—1(ay) € V(Nq . If degy(a%) < ¢ — 1 we are done, as in this case, Dy—1(ak) = 0. Otherwise,
note that Dy_1(Dy—1(a%)) = 0. Since N > 0, the (first) induction hypothesis implies that Vs, (Vo)

is Dy—1-stable (observe that this space is Fj,-spanned by subspaces Vi with W C ¥ Wthh are
D,-stable for alln = 1,...,¢ — 1 by the ﬁrst 1nduct1on hypothesis, as the various W are such

that |W] < s). Applymg Dq 1 to ay — Dy_1(ay) € Vz N9 we obtain that Dy—1(ay) € Vs, (N9) and
summing we get that a € Vé 9 as desired.
The second inductive process is similar (we use the same trick of applying Dy,—1 as above).

We suppose by (second) induction hypothesis that amJr1 € V((mH) ), coay € VéNq), so that
7ETL+1,...,CLJEV € ngﬂm (and we have, by the first induction hypothesis that V((mH)Q) is

(D1, ..., Dg—1)-stable). In (7), we observe that c<m € V (m+ 09 - Therefore aZ X —Dy_1(ak) € Vy (ma)
so that, the same trick as above yields that a> € ngn and thls forallm=1,...,N. For m =0

we have observed that a3 = Px so our property that a3, € V q) for m = 0,..., N is completely
checked.
The last step of the proof is to show that Vs is (Di,...,Dy_1)-stable and that D, (V(m))

V(m+") All we need to show, thanks to the first induction hypothesis, is that D, (a3) € VE ™ for
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n=1,...,¢— 1. Let k be an integer between 1 and ¢ — 1. We have, by using (3) and Lemma 8:

Di(Bi(ox)) = Dilaf)+Dilap[l]+ - +a%mN>
= Dilad) +eg +ef [+ + el [V

(k)

where the elements e;" are polynomials of Fy[0][ty,] which are IF)-linear combinations of elements

Dj(a¥) with j =0,...,g—1andl =1,..., N. Since these elements are in Véq) by what we have seen
above, and since this latter space is Dj-stable for j =1,...,¢ — 1 by the first induction hypothesis,

we obtain in particular that eU€> € V(q) Combining with (4) and comparing the coefficients of [1]!
for all I, we deduce that Dy (a}') € V ) ¢ Vs. Any element x of Vx is a combination ), z; with
x; € Vy,. Hence, D, (Vs) C VEn) for all n. Let now x be an element of Vg). Then, z = ZZ x; with
i € Vy, and [S\Uy| > 7, 5o that D,(z;) € V" € VI, We deduce that D, (VS)) c V&, O

We deduce, from the above proof, that for all U C 3,

Dl(PU ZPU\{}+Q’ HQEVQ)
iceU

3.1.2. The case of d =1 in the Theorem 6: existence of certain coefficients fr ;. We have that (A
designates the diagonal subset):

Py = [1(51(1,00)51(1,0v) = 51(2,05)) =

(1] /\X:F HieU(_ti)\_ N Hjeg(_tju_ 1) _ Z erx(_tky_ v)

Hie (ti - )‘) Hje (tj - M)
=W T aThNe-w

velR,

(Ap)EF2\A

> [T&=NTI¢-w| TI ©-v) eF bkl

(N p)EFI\A \i€U JEV vZ{p,v}

which is, in particular, a polynomial of degree < ¢ — 2 in 6 (again, we use Gal(Fgc /Fp)-invariance,
which is easily checked, to prove that the coefficients are in ;). We now compute:

Z HiGU(ti =) HjeV(tj — ) _

Pyy = [1]
BAT=CUR (0 =)0 —p)
_ Z HzeU - ) Z ngv( —A+A-p)
AEF, WEF\{A} (O —A +L‘ _._/M)
=

Hze ) [Liev(®ti —A+mn)
= W U 2 O —X+n)

AelFy
q

)\)nlM\

Hze S
= Wy =5 Z 2 HW)\1+9/\)'

A€F, neFy MUW=v
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Hence, by developing ﬁ in Fp((ﬁ)):
0—X\

DI & e DI | (UERVED o

A€F, neERy MUW=V jew n>0
(=1 n
- WX IMe-n X [Ta-0Y 55 X
el €U MUW=V jeW n>0 ne]FX
= —[1] Z (—1)"S1(n+2,UUuw).
MUW=V
|[M|4+n>0

[M|+n=0 (mod gq—1)

We observe that, if n+2 > ¢+ 1, then ||[1]S1(n + 2,00)| < ¢~ !. Since Pyy € F,p[0]ts](< ¢ — 1),
we thus see that the part of the sum on the right for which n > ¢ — 1 is in the maximal ideal 9t of
F,[ts][[1/6]]. More precisely:

(8) Pyv = —[1] > (=1)"Sy(n + 2,00uw)  (mod IM).
MUW=Vv
|[M|+n>0,n<g—1
|M|4+n=0 (mod g—1)
We set, for U C X:
P¥ =18 (k,00), k>1

3

so that P,(Jl) = Py in the previous notations.
Lemma 10. We have the congruence
PYT™ = (=1)"D,(Py) (mod M), n=0,...,q—1.
Proof. If n =0, the statement is clear. Assume that ¢ > n > 0. By Leibnitz’s formula we see that
Dn(Py) = Di([1])Dn-1(51(1,00)) + [1]Dn(S1 (1, 00))
= —Da(Si(Lo0) + (~1)" Py,
Now, note that ||D,—1(51(1,00))]| < 1. O

Hence, combining (8), Lemma 10 and Proposition 7, we see that
PU,V c Vs.

We have proved (multiply the above by [1]7!) that, given U,V C ¥ such that ¥ = U UV there
exist, for any decomposition ¥ = I U J, an element f; ; € F,, so that

(9) Sl(l,UU)Sl(l,Uv) S1(2 0’2 Z f[ JSl 1 O'[)

IUJ=%
(the title of this subsection refers to these coefficients). We now claim that, if fr ; # 0, then
| = |¥| =1 (mod ¢ — 1) (that is, [J| =1 (mod g — 1)). For this, we consider, for all x € F, the
map

Y Fylts, 0) = Fy(ts, 0)
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which sends ¢; to ut; and 6 to uf. Observe that, for all n > 1,

$u(S1(n,05))

Z Hng /J't )

AEF, (6 = A)

PP  Ties (ti - %)
= el

AelFy

|E\ n HZEE )
2 -y
NeF,

Hence, for all p € Fy and I C %,

Yu(S1(1,01)) = w1751 (1,07).
In particular, if L is the left-hand side of the identity (9), we have

V(L) = pl® 720, peFY,

and this proves our claim. For later use, we write the result that we have reached, in the case d = 1:

Proposition 11. If¥ = UUV there exists, for any decomposition ¥ = IUJ, an element fr j € Fp,
so that

Sl(l,UU)Sl(l,Uv)—51(2,0'2) = Z f]JSl(l,U[) = Z f]JSl(l,U]).

IuJj=x IuJj=x
[I|=]|2|—1 (mod g—1) |J|=1 (mod q—1)

Note that the congruence conditions on |J| for the fr ; above could have been encoded directly
in the proof of Proposition 7 but we have preferred to handle them separately to avoid too technical
discussions.

3.1.3. Computation of the coefficients fr j in Proposition 11. We use the explicit computation of the
[F,-coefficients of the sum-shuffle product formula for double zeta values of Chen in [5] to compute
the coefficients fr ;.

Lemma 12. The IFj-vector space Vs, has dimension 2=l and the polynomials Py, U C ¥ form a
basis of it.

Proof. Tt suffices to show that the elements S1(1,01), U C %, are Fp-linearly independent. First
of all, the fractions Si(n) = 3,5, (9_—1/\)” € F,(0), n = 1,2,... are linearly independent over
F,. Indeed, for each n, Si(n) has poles of order n at each § = A € F,. Observe that the map
{U:UcC3s} —A{0,....¢° =1} (X = {1,...,s}) defined by U — >, ., ¢""* is injective (it is
bijective if and only if ¢ = 2). Thus, the map {U : U C ¥} — {1,...,¢°} which sends U to
=D icu ¢! is also injective; let G be its image. Then, the map

{$1(1,0p): U C T} W= {51(n) : n € G}
defined by

m($1(L,00)), g1 = (Q e 1>
..... 2

is injective, and induces an injective Fp-hnear map Vs — Vecty,(W). Since the latter space has
dimension 2° = 2/*|| the lemma follows. g
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In fact, the map 1 defines an F,-algebra homomorphism

Klty] % K.

In Lemma 12, we have seen that 1) induces an isomorphism of F,-vector spaces
Us, := Vectr, (S1(1,00) : U C X) 2, Wy := Vectp, (51 (n):n=q¢"— Zciqifl,ci € {0, 1}) )
i=1
If U C %, we write ny = ¢* — > ,c;¢' . The map ¢ thus sends S1(1,0p) to Si(ny). We have
seen that S1(1,0p)S1(1,0v) — S1(2,0%) € Us, and we have that

1/)(81(1, O'U)Sl(l, Uv) - 81(2, O'E)) = Sl(nU)Sl(nV) - Sl(nU + nv),

because ¥(51(2,0x%)) = S1(2¢° — Ziez qiil) = Si(¢° - ZieU ¢+ ¢ - Zjev qul)_ Now, we
invoke Chen’s explicit formula in [5] which, we recall, says that

(10) S1(ny)Si(nv) — Si(ny +nv) = Z fnS1(nu +ny —n),
0<n<ngytny
a—1in
where

Assuming that the right-hand side of (10) belongs to Wy, it is then equal to a combination

¥ (Z fnslu,afn)) , L,Cx,

and we obtain our result by pulling back this relation, thanks to Lemma 12. So, everything we
need to show is that, if f,, # 0, then n = n; for some J C ¥, and then, compute f,.
We recall that ¢ = p®, e > 0. We now write
es—1
ny—1= Z cpk, e {l,....p—1},
k=0

and similarly for ny etc. so that cg =p—1 unless k = ei for 1 + 1 € U, case in which ckU =p—2.
Now, let n be in {1,...,ny +ny — 1}, ¢ — 1|n. Since ny +ny —1=2¢° — >, . ¢" ' — 2, we have
that n < ¢° for all g. We write
es—1
n—1= Z ap®, ae{l,...,p—1}.
k=0

Then (")) =15 (%) by Lucas’ formula, and (["~",) # 0 if and only if, for all k > 0, ¢, > c}.
ny = cp ny
Hence, the latter non-vanishing condition is equivalent to ¢z = p — 1 if e 1 k and if e | k, then

¢k € {p —2,p—1}. This means that (72;11) = 0 if and only if n = ny for some J C . In this case,
we easily check that (nﬁl_j[) = ("J_l) = (=1)IUVI, Hence,

ngfl

(1)1 (”J - 1) = (1) Ziev @ () IUV] = (—) )V =~
ny — 1

Now, observe that f, # 0 if and only if either (72;11) # 0 or (nnvill) # 0 and, for what seen above,

these two terms cannot be simultaneously non-zero. We conclude that f,, # 0 if and only if n = n;
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with either J C U or J C V, and if this is the case, then f, = (—1)/I. Observe also that if
UuV =1uUJ =%, then ny +ny = ny +ny. Hence, ny +ny —n = ny + ny —ny = ny with
I'UJ = 3%, and therefore, the right-hand side of (10) is:

Y RS Any —n) = - Yoo (S0,
0<n<ny+ny uJj=x
q—1|n JCU or JCV

[J|=1 (mod g—1)

and we are done because v is injective on Uy. We have proved:

Proposition 13. If X =U UV, then

Si1(1,00)S1(L,0v) — 51(2,0%) = > fraSi(lor) =— > Si(1,07).
10J=5% j=x
[I|=|2]—1 (mod ¢g—1) [J|I=1 (mod gq—1)
JCU or JCV

3.1.4. The case of d > 1 in the Theorem 6. In this subsection, we prove Theorem 6. This part
follows closely the principles introduced by Thakur in [13]. For the sake of completeness, we give
full details. We denote by AT (d) the set of monic polynomials of degree d in A and by AT (< d) the
set of monic polynomials of A which have degree < d. For n € A*(d) and m € AT (< d), we write

Sn-,’m = {(TL—'—,UJT)’L,TL—FV),'UJ,V EF(])U# V}'
We have that
S C AT(d) x AT(d)\ A,
where A is the diagonal of AT (d) x A*(d). Further, we recall from [13], the next:

Lemma 14. The following properties hold, for (n,m),(n’,m’') € AT (d) x AT(< d).

(1) Spm N Sprmr # O if and only if m =m’ and n=n’ + Am’ for some X € Fy.

(2) If Sn,m n Sn’,m’ #+ B then Sn,m = On/,m'’-

(3) For all (a,b) € At (d) x AT(d)\ A there exists (n,m) € AT(d) x AT (< d) with (a,b) € Sp.m.
Therefore, the sets Sy, m determine a partition of AT (d) x AT(d) \ A.

Proof. See Thakur’s [13]. O
We also have:

Lemma 15. The following properties hold:
(1) Spm NS,

n +u'm'. 7
(2) IF Sl (S0 0 £ 0 then Sy = St .
(3) If (a,b) € A*(d) x AT (< d), there exists (n,m) € AT (d) x AT (< d) such that (a,b) € S}, .
Therefore, the sets S, ,,, determine a partition of A*(d) x A*(< d) And S;, ,, = S, ., if and only
lf Sn,m = On/,m’-

# 0 if and only if m =m’ and there exists p, ' € Fy such that n + ym =

Proof. Immediate. ]

We thus have two partitions:
& = {S;8=Sum (n,m)e AT (d) x AT(< d)},
& = {99 =5 .,nm)eAt(d)xAT(<d)}.

n,m>
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3.1.5. End of proof of Theorem 6. We recall that ¥ = U UV. We have, for all d > 1:

oyl(a)oy (b
Sa(l;00)Sa(l;0v) — Sa(2;05) = > %
(ab)EA*(d)x AT (d)\A

_ ov(a)ov (b)
= Z Z %_

S€G (a,b)esS
We compute, for any choice of S € &, the sum

UUGO'\/b
5 culov(®)

(a,b)es ab

We note, for all U C X, as oy is a product of injective F,-algebra homomorphisms, that it extends
in an unique way to a group homomorphism oy : K* — F,(t5)*. In particular, for all U C X, we
have the identities: oy (n + pm) = oy (m)oy (% + u) for all p € F,. We thus have, with S = 5,, 1,
and with v, , the substitution § — =, t; = x4, (%), i € -

m

oy(a)ov(b) ou(n+ pm)oy (n + pm)
Z ab B Z (n+ pm)(n 4+ vm)

(a,b)esS nvERg
e

_ oy (m)oy(m) Z ou(5 +pov(E +v)

w2 T (A )
nFEV
ouy\m)oyim
= 2N, (1:00)81(1:0v) ~ 125 05)

_ _UU(m)UV(m) Z S1(1;07) ,

m2
IuJj=%
[I|=|2]-1 (mod ¢g—1)
JCU or JCV Yn.m

by Proposition 13. Hence,

3 ou(a)oy(b)  ox(m) 3 Zm(% + 1)

ab m2 ﬂ
(a,b)€S IUJ=x% ueF, m TH
[I|=|Z]-1 (mod ¢g—1)
JCU or JCV
- Z Z aj(n—l—um)aj(m)
n m)m
uJ=x nEF, (n+ pm)
[I|I=|Z|—-1 (mod q—1)
JCU or JCV
_ 3 3 o1(a)os(b)
- 3
ab
IuJj=x (a,b)es’
|J]=1 (mod g—1)
JCU or JCV

where S” = S, ,,,. Summing over all § € & induces a sum over all S’ € &'. Since

or(a)oy(b or(a)os(b o o
S or ey mes(t )

5'€@’ (a,b)es’ (a,b)EA+(d) x A+(<d)
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and the Theorem follows.

4. FURTHER PROPERTIES OF THE FRACTIONS S1(1,0%)

There are completely explicit formulas for S;(1,0x) that have not been used yet. One easily
proves:

Py
(11) $10,08) = > [[ti=2 = D em—j-n(ts),
AEF, €S j=1
where e, (t5;) is the n-th elementary polynomial in the variables ¢5,. Then, we have the following
formula, where W; = Y UV; with V; a set with exactly ¢ elements, such that ¥ N V; = (), and where
&; is the map ”substitution of ¢; with 0”7, for all 4 € V;:
qg—1
Si(Low) =D (=0Y&4-1-5(51(0,0m, ;)
j=1
In particular, if |U| > ¢ the coefficient of #7~! in S;(1,01) (as a polynomial in 6) is proportional to
S51(0,01p). We have seen, in Lemma 12, that the fractions S1(1,0¢), U C X are linearly independent

over F,. In the opposite direction, there are non-trivial linear forms between the polynomials
Sl (0, UU).

Proposition 16. For all N > 1 and b > q, The elements S1(0,0v) € Fylty] for V. .C T with
V| =b and |S| = b+ pY — 1 are non-zero and linearly dependent over F,,.

Proof. The non-vanishing is clear because b > ¢. Observe, for 0 < a < b < ¢ = |X] (recall
eoty) = vev [L;cy ti) the relation:
Ul=a

S % -5 (1) 5 =70 ().

U
[Vi=b [VI=b |[U|=a |[U|=a

c—a

which holds in any commutative ring R[ty]. If v,((;-%)) > 0 (with v, the p-adic valuation of

Q), then this yields a non-trivial Fp-linear relation among the elementary symmetric polynomials
eq(ty) € Fplts] for V C X. Looking at the identity (11), if

() e i
then

(12> Z Sl((), Uv) =0.

ves
VI=b

Since p—1]¢—1, if

R (G | R

then (12) holds. We recall that, for p a prime number and n, k integers with n > k > 0, vp((Z)) is
the sum of the carry over in the base-p sum of k and n — k. Hence, vp((Z)) > 0 if there is at least
one carry over. In (13) for fixed j, we take n =c—b+j(p—1) and k = j(p—1). We choose N > 1

an integer, and we set c—b=p~N — 1= (p—1) Zi]iglpi. We have, at once, k,n — k < p~. Hence,
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for all j, there is carry over in the sum of k + (n — k). Finally, if we choose |X| =c=pY —1+1b
and |V| = b, we are done. O

5. LINEAR RELATIONS OVER K (t5;) FOR FEW VARIABLES

d—1

We denote by I4 the product (6 — G‘Id)(@ —07 )---(0—07) and by by(t) the product (¢t —0)(t —
07)---(t — 9qd71). In particular, with the usual conventions on empty products, by = lp = 1.

We collect, in this subsection, some explicit linear dependence relation for our double zeta values
in Tate algebras with |X| small. First of all, we recall the formulas

o7 balt;
(14) &(mhw, Ics={1,....a}, ll<q
d
(first observed by Rudolph Perkins) and the formula
d—
b (t; ba(t; ba—
(15) Fa(l,x0) }js Ly =S ol bat) _ mlas)

I; (ti —O)la—r  la

where 7 : K[t] — K[t] is the unique F,[t]-linear extension of the map z — 27 for z € K.
The simplest example of linear relation is the so-called Euler-Thakur relation, holding for ¥ = ().
Thakur proved the formula

(16) aa-n=a(] 1)) = gt

This can be viewed as an analogue of the famous formula ((2,1) = ¢((3) by Euler. We recall the
proof. We apply 7 to both left- and right-hand sides of (15). We get the identity

7(ba)
d>1.
53 S, 2

7=0

Since 7(b;)(t)i=¢ = I; for all i, we get the identity
d

I
-

I P
a0,

q—1"
ld—l

Il
=)

J
Therefore, with Fy(q — 1) = 32977 S;(¢ — 1) and for all d > 1:
Sa(l,g—=1) = I3'Falg—1)

1 q+1
ld 1ld 1

la*y
6 — 04

Sa—-1(q)
0 —0a

Summing over d > 1 we get the identity.
We also deduce, from (15), for ¥ = {1,...,s} with s < ¢:

d—1
(17)  Sa (UZ}“} Xf) Sa(los) D 8i(Lxe) = ¢ —oz ljes? i€
7=0

We immediately obtain:
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Lemma 17. If |X| < q and if i,j are distinct elements of 32, then

os\iy o) _ =0, (os\yy o
CA( 1 1)_151._9@‘( 1 1)'

For the next example of linear relation, we have a similar lemma.

Lemma 18. We suppose that s = |S| < 2¢g—1. We write X =UUV =U' UV’ with |[U| = |U'| = ¢
and |V| = |V'| =r. Then, we have

oy OoUu\ _ Hi/eU’ (tv —0) oy oy
Ca == -
L q [Licy(ti = 6) L q
Proof. We know the following formula (see the preprint [9]):

laU ZS laU lebdl 21,

€U
and a similar formula holds for U’. Therefore

—q HieU bd(ti)

d—1
Fa(g,00) == 7(Fa(1,00)) Si(g,ov) =l =%
; IHiGU(ti - 9)

and analogously for U’. Since by the formula (14)

[Licy ba(t:)

Sa(l,0v) = P

and similarly for V', we get the identity
oy ou HzGE ba(t) (Uv/ UU/)
S, ti—0)=~"""——=3S t; —0).
’ ( La ) EJ( ) lalg—, 1 4 zg'( :

Summing over d > 1 proves the lemma. O

Note that, for ¥ = {1,...,¢}:

T (cA <”2}{” ”{;})) =Callig=1), i=1....q T (cA ((’;)) = Cala).
t1==ty=0 ty=-=t,=0

It would be certainly nice to see Euler-Thakur’s identity arising as specialization of a linear
relation between the above multiple zeta values, but this does not correspond to the correct intuition.
We have already seen that the values (4 (72} 7{) fori = 1,..., ¢ generate a K (t)-subvector space
of dimension 1. In the opposite direction, we show:

Lemma 19. Assuming that ¥ = {1,...,s} C {1,...,q} and that s > 0, the values

Os\{s} Xts ox
CA < 1 1 ) ’ CA ( ) >
are linearly independent over K(t).

Proof. We suppose by contradiction that there exist two polynomials U,V € A[t], not both zero,

such that
UCa <UZ}{S} X1t> =V(a <U2E) )
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We can suppose that either t; — 0t U, or t; — 6 1 V. Evaluating the above identity at t; = 6 we
thus get

Ut,=0Ca(1,05\(s}) = Vie=0Ca (1, 05\ (s} — 1)
This implies that 1,{a(1,05\s)) are linearly dependent over K (t1,...,t,_1) which is false. |

Remark 20. The Lemma 19 can be proved in a more elegant way after having noticed that
Ca (7)1 X* ) and (4 (%) are coefficients of points which generate a submodule of finite index of
a Taelman unit module as in [11, 3] and in the Ph. D. Thesis of Demeslay [6]. The details will
appear elsewhere, in a more general setting.
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