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Heribert Blum, Hannah Frohne, Jorg Frohne, Andreas Rademacher

Chair of Scientific Computing, Technische Universitit Dortmund, Vogelpothsweg 87, 44227 Dortmund, Germany

E-mail address: andreas.rademacher @tu-dortmund.de (A. Rademacher).

Abstract

In this article a semi-smooth Newton method for frictional two-body contact problems and a solution algorithm for the resulting
sequence of linear systems are presented. It is based on a mixed variational formulation of the problem and a discretization by finite
elements of higher-order. General friction laws depending on the normal stresses and elasto-plastic material behavior with linear
isotropic hardening are considered. Numerical results show the efficiency of the presented algorithm.
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1. Introduction

Frictional, elasto-plastic multi-body contact problems play an important role in mechanical engineering [1-3].
The nonlinearities caused by geometric contact and frictional constraints combined with the nonlinearity in the
material law result in challenging numerical problems in forms of variational inequalities and therefore efficient
solving methods are needed. In the Mortar context semi-smooth Newton methods have been established as powerful
methods for solving contact problems of various kinds [4]. The nonlinear contact and frictional constraints as well
as the elasto-plastic material behavior can be reformulated in terms of equations defined by semi-smooth functions
and handled in one monolithic semi-smooth Newton method. As shown in [5] this approach is equivalent to active set
strategies. The condition number of the resulting linear systems does not increase during the iteration process. A base
of these developments forms generalized Newton methods [6—8]. In contact mechanics semi-smooth Newton methods
of various kinds have been developed. Active set strategies for geometrical contact and frictional constraints as well
as multi-body contact are analyzed in [9—12]. The papers [13,14] show a dual mortar approach for finite deformation
contact problems. Linear and quadratic finite elements have been regarded in [15]. Semi-smooth Newton methods
for elasto-plastic problems are analyzed involving frictionless contact in [16,17] and frictional contact in [18-20].
Besides Mortar methods there exist a series of strategies for the numerical treatment of frictional contact problems.



One approach forms classical fixpoint methods [21]. General ideas with penalty methods and Lagrange multiplier
techniques are described in [1]. A combination of both is augmented Lagrange multiplier techniques [22]. Domain
decomposition methods as FETI techniques [23] or Dirichlet-Neumann algorithms in combination with Mortar
discretizations [24] are efficient parallel computable solvers. By monotone multigrid constructed global convergent
solvers are suggested in [25]. A cascadic multigrid algorithm for variational inequalities is presented in [26]. Under the
use of higher-order DG-discretizations active set strategies have been applied to linear-elastic obstacle problems [27].

The main object of our paper is to develop an efficient framework to solve frictional multi-body contact problems
using higher-order discretizations which avoid locking effects in solid mechanics for instance. Our approach has
compared to Mortar methods the advantage that the higher-order basis functions are given by simple Lagrange basis
functions. We transfer the approach of active-set strategies that have been developed for Mortar methods [9,10] to
mixed finite elements introduced by Haslinger [28] and higher-order discretizations presented in [29,30]. Lagrange
multipliers capture the geometrical contact and frictional constraints. They are discretized on a coarser mesh with
ansatz functions of different polynomial degrees than the primal variable. This ansatz is conforming if d-linear or
d-quadratic finite elements with d = 2, 3 are chosen to discretize the primal variable and becomes nonconforming
for higher degrees. In [30,31] a solution scheme for linear-elastic, frictional multi-body contact problems and higher-
order discretizations is suggested. It is based on the dual formulation of the discrete mixed variational formulation
and leads to an optimization problem in the Lagrange multipliers. This problem is solved by a SQP method, which
instantiates the contact constraints as sign- and the frictional constraints as nonlinear constraints. To include nonlinear
material behavior inside a Newton iteration a contact problem has to be solved in every step to full accuracy. A more
convenient ansatz in the context of nonlinear material behavior is the application of an inexact, monolithic Newton
method based on active sets.

In the presented work the discrete weak formulations of the constraint inequalities are reformulated by NCP
functions in terms of equations. As requirement for this proceeding we choose a convenient combination of basis
functions for the higher-order Lagrange ansatz spaces and quadrature rules. Within the regarded discretization
the coupling matrices are nonquadratic and nondiagonal in contrast to the Mortar ansatz. On the other hand the
construction of basis functions is easier. Concerning plasticity we use a primal-mixed formulation in the displacements
and project the stresses onto the admissible set [32]. The nonlinearity in the material law is processed by linearization
and damping strategies. We present efficient inexact strategies to solve the arising full saddle point systems. A
block triangular preconditioner is adapted from [33] and a cheap but effective preconditioning method for the Schur
complement matrix is suggested. Representative for one time step of a quasi-static process a static problem is regarded.
A generalization to quasi-static or dynamic multi-body problems can easily be performed [31,34].

This paper is organized as follows. In Section 2 we present the regarded frictional, elasto-plastic two-body contact
problem in its strong as well as mixed variational formulation. A higher-order discretization is given in Section 3
whereas in Section 4 semi-smooth Newton methods for contact and general frictional constraints are developed for
the described mixed finite elements. Numerical results of problems in two and three space dimensions substantiating
the efficiency of the presented approach are discussed in Section 5.

2. Problem formulation

In this section we give the strong and weak formulations of the regarded frictional two-body contact problem with
an elasto-plastic material law and linear isotropic hardening. We consider two deformable bodies 2™ withm = 1, 2in
d = 2 or 3 spatial dimensions, on which volume forces /™ € L2((2’", R4 ) are acting. Their boundaries are denoted
by I'™, m = 1,2. With the outer normal vector n on I one can define the surface stresses o, (u™) := o u™)n.
The normal part of these stresses is given by the scalar value oy, := n'o (u™)n, whereas the tangential stress vectors
are calculated by oy;; = n'ou™)t;. The matrix 1 € R?*4=1 contains the tangential vectors on I3, that build an
orthonormal system with the outer normal 7. Define the trace operators y;; : H Lmy > L2(M) for M C I'™ and

Hp(2™) = {v c H'(2™) ‘)/['Z)l(v) - 0} .

Their d-dimensional cartesian product space is denoted by V := (Hp ({2 ))d x (H D(Qz))d. We are interested in the
displacements u = (ul, uz) € V, which fulfill the following conditions for m = 1, 2:

eu™) = Ao (u™) 4+ ™ P in 2™ (1)



—dive ™) = f™ in 2™ 2)
Pt —oW™) >0 Vrwith F™, |e™F ) <0 in 2™ (3)
u™ =0 on I} 4)

on(u™) = p" on I\ 5)

Relation (1) describes the material law, the relation between the linearized strain e(u™) = % (Vu’” + Vum’T) and
the stress o (u™). The strain is split up into an elastic part A”o (u™) with the fourth order compliance tensor A™
corresponding to isotropic material and a plastic part &”-. Eq. (2) ensures that outer and inner forces are balanced.
The deviatoric part of a tensor 7 is denoted by t? = v — ﬁtr(r)ldxd and | - | indicates the Frobenius norm.
Defining the yield function F"°(¢, n) = |tP|p — (0g" + viwn) with the yield stress 0" and the isotropic hardening
parameter y;, the complementarity condition (3) ensures that plastic strain only may occur if the yield function is
zero. The bodies are fixed at some closed subset of their boundary I'j; C I with positive measure. These Dirichlet
boundary conditions are described in Eq. (4). At parts I'Y C I the two bodies may come into contact. We assume
that the open set I fulfills F_g‘ C I'™\I'}}. On the remaining part of the boundaries I'y = I\ (ng U fg)
surface stresses p™ € LZ(F;\’,’, R9) act on each body 2™ by relation (5). Let & : Fé — Fé be an appropriate,
bijective, sufficiently smooth mapping between the contact boundaries of the slave body 2! and the master body
22, In practical applications the mapping function ¢ may not be bijective. The difficulties come up e.g. for contact
boundaries that are not convex. In general the weaker condition of local convexity is sufficient to determine the gap. If
this condition is not given suitable corrections have to be performed, see [35, Chapter 4.2]. In order to model contact
conditions we define a generalized normal vector for x € I'! by

d(x) —x
— = o
ns(x) = | 18) — x| *# o)
n'(x) = —n*(x), x= &)

and corresponding tangential vectors t5 € L2(IhdxW@=1) guch that (ng(x), t5(x)) form an orthonormal system. We
define the normal jump

[Wlns () 1= yp1 @D () - 15 (0) = yp2 (V) (D)) - n5(x)
and the tangential jump

[Vl () = 150) Ty @D 0 = 1300 Ty p2 () (2(x)

on Fé. The distance of 2! and 22 is given by the gap function g(x) := |@(x) — x|. With this notion the contact
conditions, which are defined on the slave body, read as follows:

[ulns < g on I} (6)

Ongns ') <0 on I’} @)

Onyny () ([Ulny — 8) =0 on I )

oy (u') = — 0%y, (u?) on I}, ©)

The bodies are not allowed to penetrate each other (6) and only negative or vanishing contact forces are allowed
(7). By the complementarity condition (8) the property that either contact occurs or the normal contact forces vanish
is modeled. Eq. (9) contains the adjoint ©* of a transfer operator © : L*(I'2) — L*(I'}) which is defined by
OWH(x") := v(P(x")) and ensures equality of the contact forces on [ é and Fé. Besides the described normal
contact we regard frictional constraints on Fé:

Oty )| = 5(@gns (') (10)

Oty )| < Gy @) = [l = 0 an

Oy (41| = Gy (4')) = o € R : [y = €071, 0) (12)



with the euclidean norm || - ||. The tangential stresses are bounded by a functional s which represents a general
friction law depending on the normal stresses of the slave body. If this threshold is not achieved the bodies stick
(11). Otherwise the slip condition (12) holds and a tangential movement occurs, that is proportional to the tangential
stresses. Eqgs. (1)—(12) generate a strong formulation of the regarded static, frictional, elasto-plastic two-body contact
problem.

Following [32] we introduce a primal-mixed formulation of the frictional elasto-plastic two-body contact problem
(1)-(12) and project the stresses onto the admissible set by the projector

7, %1 < o'

P () = ( Viso ( Viso ) %' ) p_ 1 D m
— + (1= 7+ —t(T)lixd, |T7|F > o

2um + yin, 2um + w0, ) 1T d : 0

with the shear modulus ¢ of the mth body material. This yields a variational inequality in the displacements
a)(p —u) = fex(p —u) + j(p) — ju) 20 Vo e K

on the convex set
K:={veV|l,<g} CcV

containing the contact conditions and with the functional

J (@) 12/ slleli;lldo
Il

C

describing the frictional constraints. The semi-linearform a is defined by

2
a:VxV-R a@@) =) /Qm P ((A’")_ls(v’")) - e(w™)dx,

m=1

and the linear form
2
fext@) = Y (f" 0™+ (p" 0o rm
m=1
corresponds to the external energy with the L?-scalar product (-, -)o. Introducing the Lagrange functional,

R ACH TR %a(v)(v) = Jext(V) + (i [Vl — &) + (141, [V1)o, 12
the dual cone

A= (Jnentadb | u<o a.e.})/
and

A= { e 2@l <5}

we replace the contact and the frictional constraints and end up in a mixed formulation of the form: Find (u, A,,, A;) €
V x A, x A; such that

a()(v) + b, (Ay, v) + b (s, V) = foxe(V) YveV (13)
bn(ﬂn_)\ns u)+bt(,ut_)Vt7 u) > <Mn_)¥nvg> T EAna AP 6/1;. (14)

Here (-, -) denotes the dual pairing on A,. The bilinear forms that include the contact and frictional conditions are
defined by

bn : An XV — IR, bn(l/«a U)) = ([,L, [w]n3>v
bt . Al xV — Ry bl‘(/”“a w) = (Mvs[w]tg)o,rc'



3. Discretization

In this section we introduce a higher-order discretization for the described problem (13)—(14) that was mentioned
in [29]. Denote by 7, and %y triangulations of §2,, m = 1,2 and I’é, respectively, with corresponding affine
transformations

Fur:T:=[-1,11">T € Jhm
and
Fg:E:=[-1,11""> E c By.

Let §; be the polynomial tensor product space of order r on the reference element [—1, 11!. We define ansatz functions
of polynomial degree p € IN on body m = 1, 2 by

vy, = {v € (Hp(2u) | YT € T i vi7 0 Fp1 € Sg(T)} = span{!"}!",

and the tensor space
Vi =V x V3.

The cumulated dimensions of the discrete spaces V,f ., are named n := n + ny. By introduction of the space
MY, = [v e LAY ‘ VE ¢ By :vlpo Fpc sjfl(E)}

with a polynomial degree ¢ € N the admissible set for the Lagrange multipliers concerning geometrical contact is
defined as follows:

Ap = {v € M?, | VE € By :Vx € Cy : v(FE(x)) <0 } = span{w;’};n:ll.
The sign condition v(Fg(x)) < 0 is only defined on the finite set C, C [—1, 1191 which consists of the (g + 1)4-1
Gauss-quadrature points, because for polynomials of higher degree a uniform condition is hard to satisfy. This
kind of discrete sign-condition combined with numerical integration using C, yields the integral sign-condition
f r} An,HYH do > 0 for functions ¥y € A, m. For constant ansatz functions we define Cp := {0z—1}, whereas

for ¢ = 1 the set C; consists of the corners of the reference element [—1, 1191, The non-conforming ansatz was
proposed in [36] and convergence is shown for an elastic two-body problem in [29]. In the case of lower polynomial
degrees ¢ = 0, 1, this ansatz becomes conforming, since the choice of C, leads to a uniform sign condition on the
elements E € Ay. Accordingly the discrete space for the Lagrange multiplier concerning friction is defined by the
non-conforming ansatz

Ay =1{ve MI)™V | VE € By :Vx € Cy : v(Fr(x)) < 1) = span{y)"2,
and becomes conforming again for ¢ = 0, 1. The discrete space A, g is spanned by the m, := (d — 1)m basis vectors

{wfek, j=1....m, k=1,...,d — 1} with the kth unit vector ¢ in R4 In two space dimensions this leads
to coinciding bases for A,z and A; 4.

Remark 1. The advantage of this choice is the given split of the contact pressure o, (x) on Fé in its normal and
tangential part o;,(x) = oy, (x)n(x) + 0,:(x)t(x). The normal and tangential components of the contact pressure are
directly calculated by 0,,(x) = A,(x)n(x) and oy, (x) = Zf;ll Ar,i(x)t; (x). Clearly this ansatz does not need to
represent constant tangential forces by a constant Lagrange multiplier. Furthermore the tangential system has to be
chosen in correspondence to the discretization.

By this definition the solution depends on the choice of tangential vectors. However the splitting of the normal and
tangential parts is clear. Stability of the described discretization is proven for the elastic case and balanced &, H, p,
and ¢ in [29]. It is shown that if the inequality

2 1 2 —1\Om
Z(hH* max{1, g} p*) <eg¢
m=1



holds for an ¢ > 0 sufficiently small and 1 4 6,,-regularity of the solution u there exists an « € R>( independent of
h, H, p and g such that the Brezzi-Babuska condition

ol na |y < sup (baluna vn) + by (e, vn))
v €V, llup =1

is fulfilled for all (w, m, e, 5) € An.m X A; m. Practical investigations show that the choice ¢ = max{p™} — 1 and
H = 2max{h™} leads to a stable discretization, cf. [31]. Eventually the discrete problem is to find (uy, A g, A 1) €
Vi x Ap. g x Ay g with
a(up)(p) + by g1, vn) + b (A 1, vp) = fext(Vn) (15)
bun(tn, it — M| un) + b (e, g — Meomsun) = (n,H — An,H> &)
forall vy € Vi, pp.m € Ap.yand s g € A 1.
4. Semi-smooth Newton methods

Following the work [9] we transfer the presented active-set strategies for Mortar methods to mixed finite
elements, which were introduced by Haslinger [28] for low order. We generalize the solving methods to higher-order
discretizations that are proposed in [29] and general friction laws depending on the contact forces.

4.1. Active-set strategy for contact

We begin with presenting a semi-smooth Newton method for geometrical contact constraints. For simplicity we
skip the subscript § of the generalized normals 7ns in the two-body contact formulations. The point of departure is
formed by the weak version of the contact conditions (6)—(8)

| @~ 9y o <0 (16)
rl
/ Jn ¥t do > 0 (17)
re
(f P do) (f ([unle — )V do) ~0 (18)
rt re

for all ¥ € A, m. The weak contact conditions (16)—(18) correspond to the discrete mixed formulation (15) if the
numerical quadrature rule based on the gaussian quadrature points C, is applied. Biorthogonal ansatz functions and
suitable lumping techniques would also lead to decoupled conditions. The first Eq. (16) decouples by biorthogonality
whereas the inequalities (17) and (18) end up in nodewise conditions by lumping. Define the coupling matrix
N = [N; Na] of size N,, € R™*"n concerning the bases of Vj, and Ay , by

W0y i= [ v @hw ndo.
Il ¢
(N2)ij = /F V@Y @)(8(x) - n do
C

as well as the mass matrix

M e lexml’ Mij ZZ/ 1//71//:1 do

re

and the gap vector

geR™. 5= [ el do
FC



In the following a bar generally indicates the vector-valued representation of the corresponding discrete function in
the belonging basis. The vector-valued formulation of (16)—(18) reads

Nip—g <0,  Mr,g <0,  (Miyy), (Nip—3); =0 Vi=1,....my. (19)
To reformulate (19) in terms of an equation we define the NCP function
Cy :R" x R" — R™
Cn(ith, hn,1)i = (—Mhn p)i —max {0, (—Mx, g)i + ca(Nitp — 2);}

with a positive constant c¢,. Following the arguments in [9, Chapter 4] the discrete, weak contact conditions (19) can
equivalently be expressed by

Cn(in, An,1t) = 0. (20)
With variations S_MZ, 8_)»1,; y and characteristical functions x; defined by

xi = 1, (_M)_wz,H +cn(Nup — g))z >0
Y00 (=M + cn(Niip — 8)), <0

the generalized derivative of the NCP function reads
C(an, hn, 1) Stt, Shn 11)i = =i (=M8hn. 1 + cnNoup); — (M8hn n); -
We apply a semi-smooth Newton’s method
k=1 The1\, ok ok _k—1 Tk—
C iy h )Gy, 8, ) = —Cn(ity " A )

. _ k-1, <k = Sk—1 , ok . L
to solve (20). The new iterates are calculated by uﬁ = ulfl 't Suj, and )J; g = )\ﬁ I} + 684, - Letactive and inactive

indices in Newton step k be determined in the following way
A ={ie{l,...om} | (~Mhnn +caNity — ), >0} @1
¥ ={ie{l,....m1} | (~Mhn.u + cu(Niiy — ), <0}. (22)
Then the iterate (12’;1, )_J,‘L ) of Newton’s method w.r.t. the contact conditions can equivalently be expressed by
(Np)i = g, i€ Ay
(MAS )i =0, eIy

foralli =1,...,mj.
4.2. Active-set strategy for friction

In this subsection we present an active-set strategy for frictional constraints in the context of higher-order finite
elements. The discrete analogon of the frictional constraints (10)—(12) reads

0w @) | < 5(0n (1))
o DIl < $(0nn())) = [upl, =0 (23)

o Ml = s(0nn(u))) = o € Ro : [upl = oo (up).



Instead of these pointwise conditions (23) we use a weak formulation with test functions ¥, € A, respectively
Y € Ay

/ It Yndo < / $Oon 1) Ynd0
re rs

J

C

f It Yinddo = f $Ouns1)¥ndo = Jar € R : / [un]¥rdo = o / A1 ¥do.
rk r} rk r}

Cc C

olvndo < [ sGumwdo= [ tuntindo =0
C

I'c

We replace the normal and tangential stresses oy, (up) and oy (up) by the corresponding Lagrange multipliers A,
and %,. The integrals | r} H)Lt, H ” ¥ do and S r thf do are approximated respectively integrated exactly by a

(g + l)d’l—point gaussian quadrature with weights «;. The nodes of the Lagrangian basis of 4, y and A, y are
placed in these gaussian quadrature points C, := {%1, ..., )?(q 41)d-1} on the reference element [—1, 119~1. Define the

matrix T € R”2*" with partition T = [T] T»] by

1
(Tl)ij = zl /P‘ ¥l (x) t(X)TVFé(¢})(X) do
C

—_~
S
N
=
Il

! T 2
aTi/Fé ¥ (x) 1(x) Y12 (@) (2(x)) do.

The weight w; is given by w; := ;| det VFg (%) T VFE(%)| = 0on E = supp(y//). Let

1 _
§i = —/ s, Y do (24)
i Jr} ’

with
Ay = min{0, A, g}

be the algebraic representation of the positive friction bound s. The resulting discrete frictional constraints read
||)_~1,H,I(i)|| =i
|A.nzo| < si = (Titn) 7, =0 (25)
|2 nz6) | = si = 3 € Reo : (Titn) ;) = ¢ mz0)

for the dimension-dependent index map

[y d=2
I(l)'_{{Zi—l,Zi}, d=3.

In this sense for a vector u € IR™? the selection uz ;) is a scalar value in the case of two space dimensions and a vector
inR?ifd = 3. Following [9, Section 5] we express the conditions (25) by the NCP function

Cr: R" x RL) x R™ — R™,

Critn, hnis b 1) 7y = max {si, | (ke iy + ¢ T @) z) ||} e, zy — i (o2 + € T Gin)z0)

with ¢; > 0 and z_ € {11 ..., m1}. Analog arguments to the proof in [9, Theorem 5.1] lead to the equivalence of the
equation Cr (itp, An, H, A, z) = 0 and the frictional constraints (25). Defining the characteristical functions

K = {l’ |22 + e Tiinze | —si >0
" O’ H)“T,H,I(i) +CtTﬁh,I(i)H —5 < 0



and

— S <0
—s5;i >0

Z\t,H,I(i) + Cﬂfﬁh,z(i)
AH TG T Tup i)

Py— 1’
XI[’,' L 0’

the generalized derivative for A, g ; < 0 is given by

CrGin, rn iy M, 1) Sttn, Shn b, She 1) T(i)
- - - _ T
Mouziy Meownzo +aTanze) - - -
= XA = — = OAs, 1,76y + ¢t (Tdup)zy)
" Ae, 1.z + ce(Tup)zayll l l
+ 8y, 7y max {si, | (A w20y + e (Tin) ) H} — 5i(0As, 7y + e (Tdup)z(iy)

= 51 2 Oon. ) O 1.7y + € (Tin) 7)) + XL, iS5 o Ohn.1) he 2()-

We formulate the semi-smooth Newton method

Cr k™ A M Gun, Shn i S0 ) = —Craly ' Ak 2D (26)

o kg - =k = Sk = k z Sk . .
with increments Suj, = itk — u',j ! Shp i = Ak — )»ﬁ hl, and 64, y = Ak — )»le The Newton equation (26) is
equivalent to

w (! xfj,},x"Hl), A,Hz(l)w do—l—/ AU x’;f},,\"H), M v do

I'vl
/ WGy g i (T 1)y do = /F Rty g Mo i do 27
C

foralli € {1,...,m1} and ¢ € A, m. We define the dimension-dependent index map J (j) = {d’j—‘ and separate
the set of indices {1, ..., m3} into slip indices with contact

A= el m| 1= TG |3 g + TG Dz -5~ > 0. 751, <o), (28)
stick indices in contact

T+ = {j cql,. mz}‘ i=J0) H o + TNz ) Csk <0, 7 < 0], (29)
and indices without contact

=i el omay 1385 5 =0). (30)

For j € .Af and i := J(j) we obtain the functions

)‘f le(l)()\'t I T Cf(T”_‘]Z_l)IO))T

G 7y + e Tty za)l
+ La—1)x(@—1) (II()»,’H!IU) + e (T Hzapll - s;‘*) )
vy, ! )‘ﬁ Hl’)‘k i = — (573, H)k 1()\,HI()+CT(L?§_1)I(1‘)),

3 k=1 7 —k—1 T
Mow I(z)()‘t nza T (T, )za)

k=1 Tk—1
U (uy, an,AtH), =

AU )»ﬁ Hl,)»tH)z =c —cla—nx@-nsi !

12y 5 7y + e (Tt Dz



10

and

Pl Ak Ti '

1, H,Z30) HI()+cf( ”h )I(t)
”)\'l H.Z@) +Ct(Tuh )I(z)”

_ (squnﬂ)k I(Ak 1)( HI(z)+Ct(Tuh )I(,)).

R, 3)  = ¢

Tk—1 = 1
nH’ “ Oz e Ty Dzay)

In the slip case j € I,k the functions %; = 0,

1
_j—1 k=1 Tk
Uy, hy o Ay H), —_I(a' Dx(d—1)s
_ (P
n//(“’h( ! )‘]r{l[-}’)‘k[-ll)l = (Ti" Nz sk—:
i

and

(S{ )k ])\k 1
k—1 7k—1 7k—1 i,An,H n,H,i
A R e
i
determine the Newton equation (26). In the limit case j € I,kn of no contact we choose )_L,, u,7¢) = 0 and therefore
vanishing %, ¥; and %; as well as #; = Ig—1)x@—1). We define the matrices U = [U; Uz] € R™*",V €
RM2>mi - W e R™2*™2 and the vector 7 € R™2 by

Un)ji = / Uy g A )Gy 56 Ty @D )do
(U) ji = / U@ M DTG 500 Ty @D (0 (8(0)do
Vii ._f Wy Mg Gy Y do

Wiji :—/ W T M ) gy Wivde

fj 1:ﬁ1%(T T )»ﬁl_},)»kH)J(j)lﬂdO'
C

Then the Newton equation (27) is equivalent to the vector-valued equation

~k Tk Tk =
vk + vk, + wik, =7

4.3. Algebraic representation of the saddle-point system
In this subsection we give the linear systems that have to be solved during the Newton iteration. Furthermore we
present the resulting algorithm and the used solving techniques. According to T let the unscaled matrix 7 = [T} T»] €

R™2*" be defined by

(T)ij = fp V@) 1) Ty () () do,
C

(Ta)ij = /F U@ 10 Ty ()@ () do,
C
as well as the block-diagonal matrix

€ = ding(kF KD = ('@l @] 4) -
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by the Frechét derivative of the semi-linearform in direction uﬁ_l. Define the vector

L™y = (LY L8 = (atif™H@M)

yeees

and the Newton right hand side of the plastic problem

fk':K

k
m - m

Wy = L@~ + fon-

With this linearization of the plasticity and the described introduction of active-sets for contact and friction we
approximate the solution of the discrete mixed formulation (15) by a semi-smooth Newton method in which step

k corresponds to solving the linear system

K0 N Vi Ty Ty T [T ][]
0 Kj|N 2T,A,5 N 2T,I,$ TzTA,k TzTI,k TzTI,k,, 'ZZZ iz
Ny Nyl O 0 | 0 0 0 b 1AL 8ax
0 0 MpupMpg O 0 0 X’;’H)Ié, = i (D
Uras Ut Vas g Vo Was A Wit Wt | | 2 | | 7
T B |Via Vi) 0 0 0 1A, || Ty
L0 0o oo o 1 J[A,n] [O]

with the following notation. For a matrix A € R¥*! the submatrix

Azj = [Ai’j]iel',jej S R|I|><\j\

consists of the rows and columns of A, whose indices belong to the sets Z respectively J of indices. If only rows of
7 are selected the notation is

A7 = [Ais']ieI S RlIle.

The linear system corresponds to a saddle point problem of the structure

k* B 7|
Sl=b 32
[35 —Ck} [,\k (32)

with partitions

i Ny Ny gk
_ 0 0
k T T
— Ao . A }
Moo= , B, = , B, = Uy v Uy g
Ak NS TS i o
t,H 2 2 T T
1,7k 2,7k
L 0 0



and

-

[0 0 0 0 0 f2

Magzy Mzzg | O 0 0 844

= Vaw Vam | Vs Wan Wam | b= 0

Vibas Voo | O 0 0 Fa

o0 0 0 0 I _

rz'zk
L 0 ]
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In general the system matrix of the problem (32) is asymmetric. The matrices B and Bé‘ are nonquadratic whereas
the quadratic matrix C* might be singular. To solve the discrete contact problem (15) we have to solve a sequence of
saddle point problems (32). This semi-smooth Newton method is summarized in Algorithm 1.

Algorithm 1: Semi-smooth Newton method

for k = 0 to maxIter do

assemble linearization K* and right hand side f*

calculate active and inactive sets AX, Z¥ for contact (21, 22)
calculate friction bound (24)

calculate active and inactive sets .AX, Z¥, ZX for friction (28, 29, 30)
assemble Newton matrices U¥, V¥, WX and right hand side 7k

solve linear system (32) to tolerance toly

calculate residuals

NN 1 R W N =

2
. k -k k —k £
I€Splast = Z ”Kmuh,m - Lm(uh,m) + fm”

m=1
Ck = Cn iy, A )
Ch = Cr(y, M . 2 )

8 | if |CRIl+ ICE ]l + resplast < tol then
| stop

9 perform damping if k > 2 :

129,1 = ﬁ];l o T€80 1= TeSplast, wp := 0.5

for j = 0 to ngamp do
~j —k 1 Nok—1
Up = wjity, , + (1 — )i
. 2 k~J k (=) £
resj 1= Zm=1 ||Kmum - Lm(um) + fm”
if res; < resj_; then
‘ wj = 0.5 wj—1
else
k. =il
L up =y
break

In every Newton step the linear system (32) is solved to a tolerance tolx. We apply an inexact strategy and start with
a relatively high value of toly and successively reduce it. Because the system matrix is asymmetric we use a GMRES
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solver. Furthermore we specify a block triangular preconditioner of the form

pe_ |K° Bl (33)
o S|

The matrix S¥ is defined as the generalized Schur complement matrix
sk .= —(B5(k*)~'B] + C).

This approach was proposed in the work [33, Section 10.1.2]. We choose an approximation Sk to sk implicitly by
the action of ($¥)~1 on a given vector v. The Schur complement matrix is asymmetric and not given explicitly, so
the approximation S¥ to S¥ is defined by the solution with GMRES to a given tolerance. In an analogous manner
we define an approximation K* to K*. The approximation (K¥)~! has to be calculated once per GMRES step in the
solving process with S¥. To keep the effort low we realize this by a conjugated gradient solver preconditioned by
an algebraic multigrid method. We perform one V-cycle with symmetric Gauss Seidel pre- and post-smoothing. For
systems of moderate size we determine a LU-decomposition of K¥ instead and define (K¥)~'v as a direct solution.
Because the Matrix K* is constant during an active set step the multigrid structure resp. the LU-decomposition has to
be calculated only once per active set step. The computations can be performed in parallel on the bodies because the
system is not coupled. Due to the bad condition of the Schur complement matrix we precondition it with

_ —1
Pk = [diag (—(B§ (diag(Kk)> : B + Ck))] : (34)

The explicit form of (Pk )_1 reads

N [&HT ol B[ 0
() - b
0 110 —I1]]0 —(§%
Basically the effort of applying P’S‘ equates to one solution with the Schur complement matrix and one solution with
K*. The solution process of (32) is terminated if the residuals concerning contact, friction and plasticity C%,, C’; and

resplast as defined in Algorithm 1 underrun a given tolerance tol. Due to the plastic material we damp the displacements
by a line search strategy [37] beginning in the step k = 3 of the algorithm.

5. Numerical examples

In this section we motivate higher-order methods and apply the presented algorithms to concrete selected numerical
examples in two and three space dimensions. We can validate the successful operation of the method and the effectivity
of the proposed preconditioning methods.

5.1. Motivation

We consider two flat rectangular elastic bodies 2! = (0,20) x (0,2) and 2% = (18, 38) x (—=2.2, —0.2) that
are clamped at the sides Fol = {0} x [0, 2] and Fg = {38} x [-2.2, —0.2]. Volume forces f1 = (0, —0.0054)
resp. f> = (0,0.0054) are acting and the material is chosen to be nearly incompressible by Poisson’s ratios
vl = 12 = 0.4999. The Young’s moduli are set to E! = E? = 100. In Fig. | the magnitude of the resulting
deformations is depicted. We opposed bilinear and biquadratic ansatz functions. The choice of a bilinear ansatz results
in a too low deformation and therefore bad approximation which represents locking effects, cf. Fig. 1(a). The contact
situation is not resolved, because actually no contact occurs. The effect of locking occurs in the FE simulation of
nearly incompressible materials or very thin media by the usage of conform elements with low-order polynomials [38,
Chapter 6]. It results in much lower deformations than the true ones. Higher-order ansatz functions avoid these effects
as shown in Fig. 1(b). The difference in the norm of deformations is given by a factor of nearly 2.3 and therefore the
contact situation can be reproduced accurately. Another strategy to overcome these difficulties is Selective Reduced
Integration (SRI), cf. [39, Section 5.3]. It is based on a split of the material tensor into its parts of compression and
thrust. The problematic part of compression is integrated with a low-order 1-point Gauss quadrature rule. This method
yields very similar results to the usage of polynomial degree 2, cf. Fig. 1(c).
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Fig. 4. Plastic variables in (2.

5.2. Two dimensional example

We consider the contact of an elasto-plastic and a linear-elastic body, which are represented by 2! = (0, 1) x (0, 1)
and 2% = (091, 1.91) x (0, 1), cf. Fig. 2(a) The body 2! is subjected to Neumann boundary conditions given by

= (0, 30) on its lower side and by p! = (30, 30) on its upper side. Homogeneous Dirichlet boundary conditions
hold onl [1) = {0} x [0, 1] and I" % = {1.91} x [0, 1]. The two bodies may come into contact on the contact boundaries
Fé = {1} x [0, 1] respectively I'> = {0.91} x [0, 1], which is caused by the overlapping of £2; and (2. Resulting
displacements calculated on a globally refined mesh of size n = 197.632 and m; = m, = 128 with polynomial
degrees p = 2, g = 1 are depicted in Fig. 3. For stability reasons we choose a meshsize of Fé that fulfills H = 2h.
The Young’s moduli E' = 10*, E2 = 10® and Poisson’s ratios v! = 0.25, v2 = 0.22 define the compliance tensors
Al and A2. We choose hardening parameters yilo = 0.01, yi%o = 1.0 and yield stresses o(} =107, ag = 10", These
material parameters cause an ill-conditioned system and are selected to demonstrate the behavior of the algorithm
and the effect of the preconditioners. The norm of the deviatoric part of the stresses |a(u,ll)D | and the portion of
plastified quadrature points are shown in Fig. 4. We consider a friction law after Betten [40, Section 2.4] given by the
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Fig. 6. Residuals for different polynomial degrees.

functional

1
P P
s(An) :=Yo <tanh (I:Mg\on'} ))

with parameters p =2, pu = 0.1 and Yo = 10. Furthermore the constants in the NCP functions are chosen by ¢, = 1
and ¢, = E', whereas the tolerance of Algorithm 1 is set to tol = 107'0, Calculated Lagrange multipliers A, and
A for selected polynomial degrees on a locally refined mesh (cf. Fig. 2(b)) are depicted in Fig. 5. The nonoscillating
course of these functions indicates the stability of the underlying mixed schemes.

The development of the plastic, frictional and geometrical contact residuals for different polynomial degrees as
defined in Algorithm 1 is presented in Fig. 6. For both choices of discretizations p = 3, ¢ =2and p =4, =3
the frictional residual dominates the others permanently. Due to the simple geometric contact situation of exclusively
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Table 1
Comparison of preconditioners with p = 1, g = 0 on a uniform refined mesh, n = 288, m| =my = 4,tol = 1079.
Step 1 2 3 4 5 6 7 8 9
No prec. #iter 589 5401 10,569 16,838 15,463 5694 1595 316 267
Pk #iter 5 4 4 4 4 3 3 2 /
#iterg 19 382 1,036 54 36 27 105 1.016 /
Pk, Pk Hiter 3 3 3 3 3 3 3 2 /
#iterg 13 27 27 27 27 27 27 18 /
1018| |- p=1.q=10
a—-p=24q9=1 -
O(h?) i
102 | } /.’/ =
,///
. e "
S 1022 : ]
5
T < L .
1024 | % 8
/.'/ p ."..
v
1028 g
102 101

h

Fig. 7. Convergence of the error in the energy norm with uniform mesh refinement.

active indices the quantity C 5‘\, tends to zero very fast. After some iterations in which the displacements have to be
damped (¢ = 0.5) the residuals C; and resp|ast also decrease rapidly. Overall the general behavior appears to be
similar for both discretizations.

Table 1 shows a comparison of different choices for preconditioning methods applied at the solution process of a
problem of very small size. The number of iterations of a Restarted GMRES solver without any preconditioning is
opposed to those of a supplemental application of a block triangular preconditioner P* defined in (33). In the third
version the generalized Schur complement matrix S* within the evaluation of P is additionally preconditioned by
77]5‘ given in (34). The number of outer GMRES steps is named as iter, whereas iters labels the accumulated number

of GMRES iterations that are performed to solve with the Schur complement. Every evaluation of S includes a
solution with the block-diagonal matrix K*. Due to the chosen friction law and the start value AS g = 0 the friction

bound and therefore Atl, g vanishes. This results in a well-conditioned system matrix and a moderate amount of solving
iterations in the first semi-smooth Newton step. In the following steps the number of outer iterations rises rapidly if no
preconditioning is performed. This indicates the bad condition aroused by the Newton system concerning frictional
constraints. In the later Newton steps due to the revising starting value the amount of solving iterations decreases
again. The preconditioned versions reduce the number of Newton steps by one. Furthermore preconditioning the
Schur complement matrix decreases iters and therefore the costly amount of direct solutions with K* considerably.
The condition of the system matrix is very bad in this application basically due to the frictional constraints, which
necessiates preconditioning. An acceptable effort is achieved by the suggested combination of preconditioners.
Eventually we investigate the convergence order in the 2D problem on a uniformly refined mesh. Fig. 7 shows

the H'-error to a reference solution calculated on a fine mesh of meshsize & = 0.5 (p = 1) respectively
h=05( p = 2) for bilinear and biquadratic ansatz functions. In both cases we observe (’)(h%)—convergence which
is not optimal. This is caused by the low regularity of the solution due to the elasto-plastic material behavior and
the contact situation including friction. Typically the convergence orders are limited by O(h) respectively (’)(h%)
for frictionless contact problems in linear elasticity [15,41,42] and linear-elastic problems with volumetric inequality
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Fig. 8. Overview of the 3D example.
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Fig. 9. Plastic variables of the mounted point {2;.

constraints [43]. The full benefit of optimal convergence for higher-order methods can only be achieved by using
adaptivity [31,36].

5.3. Threedimensional example

As an application from mechanical engineering we consider a two-body contact problem that models a grinding
process. The first body (2 represents a cylindrical mounted point with diameter 2.2. Its spindle is clamped at the
end. A hexahedral body (% = (-2, 3) x (1.1, 3.1) x (—2.5,2.5) represents a workpiece, which is machined by the
mounted point. An overview of the contact situation, the corresponding FE meshes, and the resulting deformations of
both bodies are depicted in Fig. 8. Around the contact zones and the clamped part of the shaft the meshes are locally
refined. Dirichlet boundary conditions hold on its side surfaces and the bottom. We consider a Coulomb—Orowan
friction law [3, Section 4.2.5]

s(Ap) = min{u|A,|, Yo}

with constants @ = 0.5 and Yy = 1.1. In contrast to the two dimensional example the present meshes are nonmatching.
The elasto-plastic material parameters are chosen by E! = 102, E2 = 103, v! =12 =03, 001 =3, 001 = 2 and
yilo = yéo = 0.1. Resulting deviators and portions of plastified quadrature points are pictured in Figs. 9 and 10. As
might be expected the workpiece plastifies at the contact zone. In contrast at the mounted point, the deviatoric part
of the stresses gets maximal around the clamped part of the spindle. Resulting Lagrange multipliers for frictional and
geometrical contact constraints are shown in Fig. 11. The discretization appears to be stable because no checkerboard
patterns are observed.

A comparison of different choices for the constant ¢; inside the NCP function is shown in Fig. 12. The development
of the tangential and plastic residual is pictured. As values of ¢; the Elasticity moduli E' = 10 and E? = 10% are
chosen. It is conspicuous that the number of Newton iterations is significantly larger for ¢, = 103. Furthermore for
this constant the development of the residual C’} appears more unstable. This behavior indicates the sensitivity of the
method concerning the choice of the constant c;.
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(a) Magnitude of deformations u% (b) Deviator |o (uz)D IF- (c) Portion of plastified quadrature
points.

Fig. 10. Resulting mechanical variables in the contact zone of workpiece (2,.
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Fig. 11. Lagrange multipliers A, and A; for p = 1, ¢ =0, np = 65.895, ny, =20.358, m| = 256, my = 512.
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Fig. 12. Development of Céﬂ and C’[i, forc; = 102 (@)and ¢; = 103 (b) (p = 1, ¢ =0, ny = 65.895, ny = 20.358, m| = 256, my = 512).

6. Conclusions and outlook

In this paper an active-set solution strategy for mixed higher-order discretizations of frictional two-body contact
problems is presented. For this ansatz a construction of higher-order dual basis functions is not necessarily compared to
Mortar discretization. We suggest a block triangular preconditioner for the full saddle point system and an appropriate
preconditioner for the generalized Schur complement matrix. Numerical results show the successful operation of the
semi-smooth Newton method and a considerable reduction of the condition by the preconditioners.

In further work following [19] we will extend this solving method by reformulating plastic material behavior in
terms of two additional NCP functions. Furthermore an extension of the contact model by including effects like

adhesion [44] and separation of two bodies [3] as well as the development of appropriate adaptive strategies are
planed.
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Glossary

Spaces

V: Continuous ansatz space (HD(QI))d X (HD(QZ))d

Vhp, - Setof ansatz functions of polynomial degree p on body m with meshsize h

Vj,: Tensor space Vj, = VZ 11 X V}Z 22

Ap, A;: Continuous normal and tangential Lagrange ansatz spaces

Sl’ : Polynomial tensor product space of order / on [—1, 1

Ay g, A g Admissible set for discrete Lagrange multipliers concerning contact and friction

Functions

o: Stress

On, Onn, Ont: Surface stresses, normal part of o5, and tangential stress vectors
vy Trace operator yyy HY(Q™M) > L2(M) for M c T™
&: Linearized strain

A" : Fourth order compliance tensor on body m

g™ P : Plastic part of strain on body m

7P Deviatoric part of tensor t

F™i80; Yield function

oy': Yield stress on body m

p™: Surface stresses

[-lng, [1z5: Normal and tangential jumps

g: Gap function

6: Transfer operator 6 : LZ(F%) — LZ(Fé)

Pr7: Projector that maps stresses on the admissible set

u™: Shear modulus of mth body material

Jj: Functional describing frictional constraints

a(-)(-): Semi-linearforma : V x V — R

fext: External energy

s: Friction law



L: Lagrange functional

Fy, 1, Fg: Transformationon T € .7}, ,, tesp. E € By

Cyn, Ct: NCP functions concerning normal contact and friction
x: Characteristical function

7, J: Index maps

U, V,W,2%: Functions defining the Newton equation

Sets

2" Deformable body m = 1, 2

rm, F;')”, F;{}, ng : Boundary of 2, Dirichlet, Neumann and contact boundary
Th,m»> Bp,m: Triangulations of 2™ and I'

Cq: Setof g + 1 Gauss-quadrature points

A’,‘,, I,/f . Sets of active/inactive indices concerning geometrical contact

Ak, I,k , Itkn 2 Sets of active/inactive indices concerning friction resp. indices without contact

Vectors and matrices

K : Stiffness matrix

N: Normal coupling matrix

M : Mass matrix

n, ng: Outer normal vector on 1™ and generalized normal vector on Fé
g: Gap vector

T, T: Unweighted and weighted tangential coupling matrix

S: Schur complement matrix

iy, )_Ln,H, )_L[,H.' Vector-valued representations of uj, A, g and A; g
s: Friction bound

U,V,W,i: Vector-valued representations of %, V', W, #

Pk Block triangular preconditioner

77§ : Preconditioner of Schur complement matrix

8, K: Approximations to S resp. K by solving with GMRES

Constants

n, ny: Dimensions of V), resp. Vhp,m

my, my: Dimensions of A, g resp. A; g

h, H: Mesh sizes of 2™ and Fg’

p: Polynomial degree of primal ansatz functions
q: Polynomial degree of Lagrange ansatz functions
k: Tteration index of Newton method

¢n, ¢t Constants in NCP functions Cy and Cr
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