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Abstract: We introduce the level perimeter integral and the total curvature integral as-
sociated with a real-valued function f defined on the plane R2, as integrals allowing to
compute the perimeter of the excursion set of f above level ¢t and the total (signed) cur-
vature of its boundary for almost every level ¢. Thanks to the Gauss-Bonnet theorem, the
total curvature is directly related to the Euler Characteristic of the excursion set. We show
that the level perimeter and the total curvature integrals can be computed in two different
frameworks: smooth (at least C2) functions and piecewise constant functions (also called
here elementary functions). Considering 2D random fields (in particular shot noise random
fields), we compute their mean perimeter and total curvature integrals, and this provides
new “explicit” computations of the mean perimeter and Euler Characteristic densities of
excursion sets, beyond the Gaussian framework: for piecewise constant shot noise random
fields we give some examples of completely explicit formulas, and for smooth shot noise
random fields the provided examples are only partly explicit, since the formulas are given
under the form of integrals of some special functions.
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1. Introduction

Considering a real-valued stationary 2-dimensional random field X = (X (z)),ecg2, defined on a
complete probability space (2,.4,P), we are interested in statistically describing the geometry
of its excursions sets, defined for ¢t € R by

Ex(t) :={X >t} Cc R?

in a given bounded open subset of R2. In the following U will denote an open bounded set or
simply R? when not bounded. We will focus on Ex(t)NU = {x € U;X(x) > t} as well as

OEx (t) NU its boundary trace on U, where as usual 0Ex (t) = Ex (t) ~ Ex(t).

In view of the measurability of X, its excursion sets Ex (t) are a.s. Borel sets for all level
t € R. When moreover X is a.s. upper semi-continuous, these random sets are a.s. closed (see
[30]) and therefore, for bounded U, the set Ex(t) N U is a compact random set. In dimension
2, the geometry of a compact “nice” set K C R? with piecewise C? boundary K may be
described by three functionals: its area L(K), where £ is the Lebesgue measure on RZ its
perimeter Per(K) = H!(0K), where H! is the one-dimensional Hausdorff measure, and its Euler
Characteristic x(K) that counts the number of connected components minus the number of
holes. According to the Gauss-Bonnet Theorem, when 0K is a disjoint finite union of closed
curves, x(K) is also equal to 5=TC(8K), with TC(OK) the total curvature of the positively
oriented curve K (see precise definitions and statements in Definition 2 and Theorem 1). Let us
notice that these geometrical features are also used with different conventions according to the
setting. For instance, in convex geometry, for K a convex body, intrinsic volumes, respectively
Minkowski’s functionals, are defined by Vo(K) = x(K) = 1, Vi(K) = 3H'(0K) and Va(K) =
L(K), respectively W (K) = $TC(OK) = 7, Wi(K) = 3H'(0K) and Wy(K) = L(K) (see [34]),
while in differential geometry when K is a compact 2-dimensional submanifold with C? smooth
boundary, Lipschitz Killing curvatures of K are defined by Co(K) = %=TC(0K), C1(K) =
$HY(OK) and C2(K) = L(K) and may be extended to sets with positive reach (see [35]).

When considering stationary random sets, it is natural to define corresponding mean den-
sity functionals. They are usually defined considering the limit behavior of a rescaled obser-
vation through a large window, say rU, for r large. Actually, this procedure allows to remove
boundary effects. We adopt a similar point of view in this paper, by removing boundary ef-
fect, using a window U that is open. Hence, for a bounded open U we will focus on the mean
area E (L(Ex(t) NU)), the mean perimeter E (Per(Ex(t),U)), and on the mean total curvature
E (TC(0Ex(t),U)) of excursion sets. Densities will then clearly appear as

E(L(Ex(t)NU)) = L(Ex()LU), E(Per(Ex(t),U))=Per(Ex(t)L(U)
and E(TC(9Ex(t),U)) = TC(Ex (£)L(U).




H. Biermé and A. Desolneuz/Mean Geometry for 2D random fields 3

As far as stationarity is involved, the mean area is not hard to find since

E(L(Ex()NU)) = /U E (L)) da
— LU)B(X(0) > ©).

It follows that an exact formula can be set up as soon as the distribution of X (0) (that is
the same as any X (x) by stationarity) is known and L(Ex(t)) = P(X(0) > t). Now establishing
formulas for the mean perimeter and the mean total curvature or Euler Characteristic is more
difficult and requires additional assumptions on the field. Computing the Euler Characteristic
of excursion sets of random fields is a problem that has received much attention. Indeed, in
many applications, the Euler Characteristic is a very useful index of the geometry of the field,
as explained for instance in the review paper of R. Adler [2], or in the papers of K. Worsley [37]
or [38] where applications in astrophysics or in brain imaging are mentioned.

Despite its “global” definition (the number of connected components minus the number of
holes), the Euler Characteristic of an excursion set is in fact a purely local quantity related, by
Morse theory, to the number of critical points of X in U, or, by the Gauss-Bonnet theorem,
to the total curvature of the boundary of the excursion set. Here, we will extensively use this
second equivalence to obtain explicit computations of the mean Euler Characteristic density of
the excursion sets of some random fields.

In the framework of Gaussian random fields, the first equivalence is usually used. For stationary
isotropic Gaussian random fields, an explicit formula for any level ¢ may be obtained for the
expectation of the Euler Characteristic density, only depending on the variance and on the second
spectral moment of the field. This is an important result with many statistical applications.
In particular, for large levels ¢, the Euler Characteristic gives a good approximation of the
probability that the supremum of the field is greater than ¢t and can therefore be used as a
p-value: this is the Euler Characteristic heuristic (see [5] for instance). In a “tour de force”, a
Central Limit Theorem has recently been established in [19] that proves the accuracy of the
estimation over only one sample path as the size of the observation is growing. There are also
some interesting results apart from the Gaussian framework for x?, F and t-fields [37] as well as
stable [3] or infinitely divisible random fields [4] for instance. A test of Gaussianity can therefore
be set up using the Euler Characteristic of the level sets as proposed in [16]. However, most of the
general results rely on strong smoothness regularity assumptions and on conditional distribution
densities that are often difficult to evaluate for non-Gaussian fields.

Now, in this paper, we will be particularly interested in another family of infinitely divisible
random fields, that are not Gaussian, namely the shot noise random fields. A shot noise random
field is defined on R? by

Vz € R?, X(z) = ngi(x — ),

where the x; are the points of an homogeneous Poisson point process of intensity A in R?, and the
m; are “marks”, independent of the Poisson point process. Such fields allow explicit computations
and may appear, in view of their asymptotic normality in high intensity [21], as a bridge between
the Gaussian setting and the discrete models of stochastic geometry such as the Boolean ones
[34]. Several results for the computation of the perimeter were obtained in our previous paper
[11]. Since the study for all level ¢ is often difficult, we extend here our point of view of working
in a weak framework by considering the geometric quantities as functions of the level t. Hence
quantities of interest will be given, when it makes sense, by the mean level perimeter integral
E(LPx(h,U)) and the mean level total curvature integral E (LTCx (h,U)) of X, where the level
perimeter integral and the level total curvature integral are defined, for h a continuous bounded
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function on R, by

LPx(h,U) = / h(t)Pex(Ex (1), U) dt (1)
R
and
LTCx (b, U) i= / h($)TC(OEx (£), U) dt. 2)
R

Let us remark that this allows us to get informations on the mean geometry of excursion sets for
almost every level ¢, and hence to give insights on their evolution according to the level. We will
in particular be interested in the case of functions h, : t — e with u € R, computing then the
Fourier transform of ¢ — Per(Ex(t),U) and t — TC(0Ex (t),U). This setting will also allow us
to recover and generalize some important results established in the two different frameworks of
Boolean models in stochastic geometry and of smooth Gaussian random fields.

In Section 2 we propose a general definition of the level perimeter integral and of the level total
curvature integral of a function, that allows to compute the perimeter and the total curvature
(and therefore the Euler Characteristic) of its excursion sets for almost every level. Section 3 is
devoted to the results on smooth (random) functions. In particular our weak framework allows us
to get formulas for some isotropic fields, recovering known Gaussian results. We introduce then
elementary functions as a particular case of piecewise constant functions (with piecewise smooth
discontinuity set) in Section 4 and compute their level perimeter and total curvature integral.
We give explicit expressions for elementary shot noise random fields, where the functions g¢,,, are
elementary functions. This allows us to generalize results of the literature (about the Boolean
model [28], or about “random configurations” [15]).

Let us finally emphasize that we have made here the deliberate choice of not working in the
weakest possible functional framework. Our goal is to work else with smooth or with piecewise
constant functions (like the indicator function of a set having a piecewise C? boundary for
instance). But we believe some of our results can be extended to functions with a weakest
regularity. Let us also mention the recent work of R. Lachiéze-Rey in [25] and [24] that relates
the Euler Characteristic to the three-point joint distribution of the random field. And also the
paper [23] where R. Lachieze-Rey gives formulas for the Euler Characteristic of isotropic shot
noise random field that are a.s. Morse functions.

2. General framework

2.1. Sets of finite perimeter and finite total curvature

We consider a Borel set E of R? and an open set U C R?. We assume that the indicator function
1p is a function in SBV(U). Let us recall (see [7]) that a function f belongs to SBV(U), the

space of special functions of bounded variation in U if f € L*(U) and has its distributional
derivative representable by a finite Radon measure in U that is

[ 102 @ e == [ 6@ Distdn) voe CUUR), V=12
U Oy U
for some R2-valued measure Df = (D f, Daf), such that

Df =V L+ (ft — M 2Ty,
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where V fL is the absolutely continuous part of the Radon measure Df with respect to the
Lebesgue measure £ and (f+ — f7)vsH!ZJ; is the jump part of Df, with J¢ the set of approx-
imate jump points of f. The set J; is included in the approximate discontinuity set Sy that is
the set of points where f is not approximately continuous (see [7] Proposition 3.64 p.160 and
Theorem 3.83 p.176 for more details).

This framework, used in our previous paper [11], is convenient to define the perimeter of a set
E in U such that 15 € SBV(U) as

Per(E,U) := ||D1g|(U) = sup{/ 1pdivpdz | ¢ € CHU,R?), |¢lleo <1} < +o00.
U

It follows that, denoting by &1, the approximate discontinuity set of 1g, the set Sy, NU (its
trace in U) is included in 9ENU the boundary of E in U. In order to get information linked with
length and Euler Characteristic we make the stronger assumption that 9E N U coincides with
S1; NU (which is equivalent to say that the discontinuity points are exactly the approximate
discontinuity points in U), and is a piecewise C? plane curve.

Let us recall here some basic facts and definitions about plane curves, following [17]. When
I is a piecewise C? simple oriented curve (possibly closed) we define a regular point or a corner
point x of T' by the following properties:

e regular point: one can find an arc-length C? parametrization 7 : (0,&) — I with z = v(s)
for some s € (0,¢), with € > 0, and a normal vector vr(z) = 7/(s)* € S! with 7/(s)* the
+7% rotation of the tangent vector 7'(s). The normal cone (defined for sets with positive
reach [35]) of T" at x is given by Nor(I', z) = {—vp(z)}. The signed curvature sr(z) of I" at
x = ~y(s) is then defined as

’%F(m) = <'VII(S)7VF(SC)>7
where (-, -) is the usual Euclidean scalar product on R%. Note that since v is an arc-length
parametrization we have H!(v(0,¢)) = ¢.

e corner point: one can find a simple continuous arc-length parametrization v : (—¢,¢) — T’
such that x = v(0) with v being C? on (—¢,¢) \ {0} and + admits limits 7/(07) € S and
7'(0%) € St at 0, with v () :=9/(07)* and v () := 9/(0")~ linearly independent (no
“cusp”) in S' such that the normal cone of I at x is given by Nor(T',z) = {—pvy (z) —
qui (2);p,q > 0} N S'. We then define Br(z) € (0,7) the angle of the cone Nor(T',z),
corresponding to the size of the jump of vr at point x and ar(x) = £6r(x) € (—m, 7) the
turning angle at x, where the sign is given according to the orientation of the curve. Note
that we also have H!(y((—¢,¢))) = 2e.

We denote by Rr the set of regular points and by Cr the set of corner points of the curve T.
In the following we will also denote by H° the zero-dimensional Hausdorff measure, that is just
the counting measure.

Definition 1 (Piecewise regular curve). We say that T is a piecewise regular curve if it is a
simple oriented curve given by a finite union of piecewise C? disjoint Jordan curves (i.e. simple
closed curves) with a finite number of corner points such that T = Rr UCr. It has a finite length
given by HY(T') = HY(Rr) and a finite absolute total curvature on any Borel set U C R?, given
by
TaC(T, U) = / rr@H )+ S Jar(@)] < +oo.
RrnU zeCrnU

Notice that the definition of TaC is the same as the one introduced by Milnor in [29] for closed
curves. But here, in this work, we will pay a particular attention to the signed total curvature,
and not to its absolute value.
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Definition 2 (Elementary set, Perimeter and Total curvature). We say that a Borel set E C R?
is an elementary set if OF is a piecewise reqular curve (Definition 1) positively oriented in such
a way that the normals are oriented towards E. It follows that, for any open bounded set U C R?,
then 15 € SBV (U), the length of the curve OENU 1is given by

HYOENU) =H (Rop NU) = Per(E,U) < +oo,
and its total curvature in U is
TC(OE, U) = / rop(@H (de) + Y aop(z) €R.
RopNU z€CopNU

The link between H!(OENU) and Per(E, U) follows from Gauss-Green Theorem (see Section
3.3 of [7]). Our definition of total curvature is the same as the one of Santal$ in [31], Chapter
7. The total curvature is intrinsic, it doesn’t depend on the parametrization of the curve. But
it depends on its orientation: if we reverse the orientation of the curve then its total curvature
is changed into its opposite. In particular, when FE is an elementary set, since OF = OF°, its
complement E¢ = R? \_ F is also an elementary set, with for all U open bounded set:

Per(E,U) = Per(E,U), TaC(0E®,U) = TaC(0E,U) and TC(OE®,U) = —TC(0E,U).

On Figure 1 we give examples of sets that are or are not elementary according to our definition.

O

Not elementary Not elementary Elementary

Fic 1. Left: two sets that are not elementary sets according to Definition 2: the boundary of the first set has one
multiple point; for the second set, its boundary is not the union of disjoint piecewise C? Jordan curves. Right:
an elementary set.

The link between the total curvature and the Euler Characteristic is given by the Gauss-
Bonnet theorem. Since the boundary of an elementary set is a finite disjoint union of Jordan
piecewise C? curves we can apply Gauss-Bonnet Theorem (as stated in [17] p.274) for a regular
region.

Theorem 1 (Gauss—BonnEt Theorem). Let E be a bounded elementary set that is a regular

region (meaning that E = l%), then the Fuler Characteristic of E is given by
(B) = 5-1C0OB) = 5 ( [ ros@#i(dn) + 3 ase()
X = o =5 - kop (T T 2 age(r) | .
x OFE

Remark 1: It is a well-known result of differential geometry of plane curves that the total
curvature of any regular simple closed curve is 27 or —27 (depending on the orientation of the
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curve). This result is sometimes called Hopf’s Umlaufsatz, or also the theorem of turning tangents
([17] p.396).

Remark 2: Note that when E is a bounded elementary set and a regular region, then we
have seen that 0F = 0E° and TC(OE°,U) = —TC(9E, U) for any open set U such that £ C U.
In contrast, for Euler Characterlstlc we have to consider a compact set. For instance, if V' is a

closed rectangle we can take V' ~ E and that yields x(V ~ E) =1-x(E).

The notion of elementary set is stable under union and intersection provided that the sets are
in “generic” position. Indeed, let us introduce the following definition.

Definition 3 (Generic position). Let E and F be two elementary sets. We say that E and F
are in generic position if OENJF is a finite set, included in Rogg NRor and if for x € OFNOF,
the normals vog(x) and vop(x) are not colinear.

When n > 3 we say that n elementary sets E1, ..., E, are in generic position if for any subset
J C {1,...,n} with cardinal greater than 3 we have Njc;0E; = 0 and if each pair of sets are in
generic position.

It follows that if F4,..., E, are elementary sets in generic position, then N_; E; and U}, E;
are also elementary sets.

2.2. Level integrals for excursion sets

Definition 4 (Level perimeter and total curvature integrals). Let U C R? be an open set and
let f € SBV(U) be a real-valued special function of bounded variation defined on U. For t € R,
we define the excursion set of f for the level t as

E;(t) :={x € U; f(z) >t} C R

We assume that for almost every t € R, the set Ef(t) is an elementary set in the sense of
Definition 2 and that t — TaC(OE;(t),U) is an integrable function on R. We then say that the
function f is of finite level total curvature integral on U. The level perimeter integral and the
level total curvature integral of f are defined for any bounded continuous function h on R by

P (h, U) = /R h(t)Per(E;(£),U) dt  and LTC;(h,U) = /R W& TCOE, (), U) dt.  (3)

We simply denote Vy(U) for LP#(1,U) (= ||Df||[(U) by the co-area formula [7]) and LTCs(U)
for LTC#(1,U).

Let us remark that when ¢t > supf, then Ef(t) N U = 0 and therefore Per(E((t),U) =
U

TC(0E¢(t),U) = 0. On the other hand, when ¢ < ill}ff, then E¢(t)NU = U, and thus 0E (t)NU =

(). Therefore we also have Per(E(t),U) = TC(0E¢(t),U) = 0. This shows that the perimeter
and total curvature are 0 for levels ¢t outside the range of f.

Let us also notice that when H is a C' diffeomorphism on R with bounded non-negative
derivative h = H’, by a simple change of variable, the function H o f is also of special variation
and of finite level total curvature integral on U with Eyor(t) = Ef(H1(t)) so that

Vior(U) =LP;(h,U) and LTCgor(U) =LTCs(h,U).
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Link with Euler Integral. Due to the additivity property of the Euler Characteristic (valid
for instance on the class of polyconvex sets, see [14])

X(AUB) = x(A) +x(B) —x(AN B),

it is natural to set up an integration theory with respect to the Euler Characteristic [26, 36].
However, since x is only finitely additive, a careful choice of integrands must be done. This
problem was tackled by defining the class of constructible functions [32], then extended by the
class of “tame” real-valued functions in [9]. Following this framework, Bobrowski and Borman
obtained in [13] the first probabilistic statement about the persistent homology generated by
sublevel sets. We briefly recall the definitions used in [13] for comparison with our setting. When
f is a real continuous function defined on a compact topological set S, it is said to be a tame
function if the homotopy types of Ef(t) = {f >t} and {f < ¢} change only finitely many times
as t varies over R, and the Euler Characteristic of each set is always finite. For such a function,
a lower and upper Euler integrals are defined by

+o0
/fWM - / (X(f = ) = x(f < —1)) dt
S 0

/S fldx]

where x(f > t) = x(Ef(t)), x(f <t) = x(S) — x(f > t), etc. Note that when U = (0,T)? with
some T > 0, and S = U, we have x(f >t) = x(S) = 1 for any t < ming f and thus ¢ — x(f > t)
is not integrable on R, explaining the above definition of Euler integrals.

In contrast, we can simply define LTC#(U) for f a function of special bounded variation and
finite level total curvature on U. Of course, 5-TC(9E((t),U) will not coincide with x(Ef(t)NU)
when the boundary of the excursion set is not included in the observation window U. See also an
illustration of this fact on Figure 2. But it can be seen as a “modified” Euler Characteristic, in a
sense very similar to the one used in the book of Adler and Taylor [6] or in the paper of Estrade
and Ledn [19], where critical points in U are only taken into account, and not the ones on the
boundary of U. Moreover, when considering large domains (that is U for r going to infinity) the
total curvature (in expectation) will grow like r2L£(U) whereas the sum of the turning angles on
A(rU) will (in expectation also) grow like 7H!(dU), being negligible for large 7.

+oo
A (WF > 1) — x(f < 1)) dr,

We will show how the perimeter and the level total curvature integrals can be computed
in different situations and we will apply it for computing Perimeter and Euler Characteristic
densities of some stationary fields. The first situation is the case of smooth (at least C?) functions,
and the second situation is the case of sums of piecewise constant functions (also called elementary
functions).

3. Level integrals of smooth functions and random fields
3.1. The case of smooth functions

We start by considering the case of smooth functions. In the sequel, for f a C? function we
denote by Vf its gradient vector and by D?f its Hessian matrix.

Proposition 1. Let U be an open bounded subset of R? such that its boundary is a piecewise
reqular curve. Let f be a C? function defined on an open set containing U. Then f is of special
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F1G 2. By the Gauss-Bonnet theorem, the Euler Characteristic of the excursion set Ey(t) N U (in gray) is equal
to the total curvature of its boundary in the open rectangular domain U plus the turning angles at the points
where O(Ey(t) NU) meets OU and also plus /2 for each of the corners of the rectangle U that are in Ef(t). All
these special points are the ones marked by the small dashed circles on the figure.

bounded variation and of finite level total curvature integral on U with
Vi) = [IVi@lde and LaC(0) < [ D)), o

where || - ||, is the matriz norm subordinated to the Fuclidean norm. Moreover, for h a bounded
continuous function on R, the level perimeter and total curvature integrals of f are given by

LP (1) = /U W)V @) dz  and

2 xT). X L X +
vy (h,0) = - [ wp(en I 3y, 0o

where if A= (aij)1<ij<2 15 a 2 x 2 symmetric matriz and y = (y1,y2) € R?, we use the notation

A.(y,y) = "yAy = anyi + azys + 2a12y192.

Proof. Note that since f is C'' on an open set containing U we have that f € SBV(U) and thus
the set
Ey(t) = {w € Us f(2) > )

is of finite perimeter in U for a.e. t € R by the co-area formula (see Theorem 3.40 [7]). Moreover,
since f is actually C? on an open set containing U, by Morse-Sard theorem (see [22] p.69 for
instance), the set of critical values of f and of critical values of f restricted to OU, denoted as
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f/ou has measure 0 in R. Hence for a.e. t € R, for all points x € U such that f(x) = t then
Vf(z) # 0 and for all x € Ryy such that f(z) =t then (Vf(z),nay(x)*) # 0. Let t be such a
non-critical value. Let us show that E¢(t) is an elementary set. We first notice that

OEp(t) ={z € U; f(z) =t} U{z € OU; f(z) > t}

By the implicit function theorem, if x € dE;(t) N U, it is a regular point and one can find a
parametrization  given by an implicit form f(y(s)) = ¢, with 2 = (s), normal vector /(s)*
Vf(x)/||Vf(x)|| and curvature given by

@) e - D@LV (@), VT (@)
e INIGIE '

From the compactness of 0E(t) and the fact that ¢ is not a critical value for both f and f/5y we
deduce that OE;(t) is the finite union of disjoint piecewise C? Jordan curves that have a finite
number of corner points (more precisely this number is bounded by H°(Csyr) plus the number of
x € OU such that f(z) = ¢, which is finite). Therefore, E;(t) is an elementary set and we have
that

TaC(OE; (1), U) — /BE oy I ) < o
and TC(OE;(t),U) = /aE (t)mUmf(x)’Hl(d:L’).

Now let us define xf as a measurable function on U by setting for all z € U

D2f(x).(Vf+(z), VI (z
(o) = 25 )ﬁvff(;))P it ))1\|Vf(w)\|>0' (4)

Let us recall the co-area formula for Lipschitz mappings (see [20] p.117 for instance): for any
. . . . 1 .
non-negative measurable or L-integrable function g, the function t — [ By (1)U g(x)H" (dx) is

| s@ivsaia = [ | S )

Taking g = 1, we recover the co-area formula:

measurable and

/ IV (@) dz = / HYOE () N U dt = Vy(U),
U R

while for g = |k¢|,

1y ) = [ g I )

/U I @)V £ () | de
2
< /U 1D2f(2)]), da

in view of (4). Therefore t — TaC(0FE(t),U) is integrable on R and f is of finite level total
curvature integral on U. Moreover, for h a bounded continuous function on R, using again twice
the co-area formula but now with max(g,0) and —min(g,0) for g =ho f or g = (ho f) Ky, and
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subtracting we get
LPs(h,U) = /Uh(f(x))llvf(ff)lldfﬂ

LTC(h,U) = /U h(f (@) ()] V f ()| do

. /U hf ()2 f(x).%ff(&))”%v]f(m) )ty de

This can clearly be extended to complex valued functions A by linearity.

3.2. A general result for smooth stationary random fields

In this section we consider a smooth stationary random field X defined on R2. Let us introduce
some notations for the derivatives of X. A point z € R? is defined by its two coordinates
x = (x1,22) and we denote for 5,k = 1,2,

0X 9°X
X, = — d X
J 8xj an gk 6mj8xk
With these notations it follows that VX = X and D2X = X X . Note that
X5 X1z Xoo

since X is stationary, for any z € R?,
(X(2), VX (2), D*X () £ (X(0), VX (0), D*X(0)).

When X, VX and D2X have also finite second order moment, X (z) and VX () are not corre-
lated, as well as VX (x) and D?X (z) (see [1] p.31 for instance). This is very useful for Gaussian
fields since it implies that VX () is independent from (X (x), D?X (x)).

Using the result of Section 3.1 and the stationarity of X, we have the following formula.

Theorem 2. Let U be an open bounded subset of R? such that its boundary is a piecewise reqular
curve. Let X be a stationary C? random field on R?, such that X (0), X;(0) and X ;x(0) have finite
expectations for all j,k = 1,2. Then, a.s., X € SBV(U) with DX = VXL and for a.e. t € R,
the random variables Per(Ex (t),U) and TC(OEx(t),U) have finite expectation such that for all
h bounded continuous function on R, one has

E(LPx (h,U)) = /R h(t)E(Per(Ex (t),U)) dt = L(U)LPx(h)  and

E(LTCx (h,U)) = / h(t)E(TC(DEx (), U)) dt = L(U)LTCx (h)

R
with
IPx(h) = EGXO)VXO])  ond
2 1 1
orCx() = & w0y 2O O 10 0.
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It follows that when the field X is isotropic, i.e. X 0 A 14 x for all orthogonal matrices A, then
the above formulas reduce to, Vj = 1,2,

IPx(h) = SEMXO)X;0)]) and
LTCx(h) = LTCY (h)+LTCY (h),
where
LTCY (h) = —E (h(X(0))X;3(0)1)vx(0)>0)
— X1(0)X5(0
LTCR ) = 48 (WX 0) a2 X0 lwxo-0))

It follows that when X (0) admits a probability density px ), we get for the densities defined
in the introduction, for almost everyt € R, Vj = 1,2,

Per(Ex (1))

g]E (1X;(0)[1X (0) = t) px(0) ()
[— E (X5 (0)1jvx(0y)>0l X (0) =)

X,(0)X5(0)
*‘”E( IVX(0)[2

TC(Ex(t))

X12(0)1vx (o) >0l X (0) = t) ]px(o) (t).

Remark: Let us remark that assuming that the field X is isotropic and symmetric, i.e. X 1dd
—X, we get LTCx(h) = 0 for any even bounded function h and in particular for h = 1. If

moreover (X (0),X1(0), X2(0), X12(0)) £ (X(0), —X1(0), X2(0), X12(0)) we get LTC (k) = 0
for any bounded function h. This is in particular the case for isotropic fields satisfying VX (0)
independent from (X (0), X12(0)), as centered stationary isotropic Gaussian random fields.

Proof. According to Proposition 1, since X is a.s C2, it is a.s. of special bounded variation and
of finite level curvature integral on U with

VX(U):/UHVX(:U)Hd:r and LTaCX(U)g/U||D2X(:c)H2d:17 a.s..

Since X is stationary, the finite expectation assumption implies that Vx (U) and LTaCx (U) are
non-negative random variables with finite expectation. By Fubini’s Theorem, this implies that
(t,w) = Per(Ex(y)(t),U) € LY(R x Q) and (t,w) — TaC(0Ex (. (t),U) € L' (R x Q) so that we
also have (t,w) — TC(0Ex (.(t),U) € L*(R x ). Moreover, a.s., for any h bounded continuous
function on R,

LPx(h,U) = /

h(t)Per(Ex (t),U)dt and LTCx(h,U)= / h(t)TC(OEx (t),U) dt,
R

R
with
LPX(h,U):/Uh(X(x))HVX(m)Hdz and

2X (z). x)+ x)+
LTCx (h,U) =—/Uh(X(x))D X( )%};(gc))n’zvx( ) )1uvxw>u>od$-

Hence, taking the expectation, Fubini’s Theorem and the stationarity of X imply the results.
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Under the assumption that the field is isotropic, we can exploit further on this formula. First
let us recall that by Taylor formula, since X is a.s. C2 we have a.s. for all z, 2 € R?,

X(x+2)=X(x)+ (VX(z),2) + %D2X(:r).(z, z) + 0”2”_,0(||z||2).
In particular we obtain that, for any orthogonal matrix A,
V(X o A)(z) ='AVX(Az) and D*(X o A)(z) = 'A(D*X)(Ax)A.
Since X o A ™% X we deduce that
(X(2), VX (2),D2X (z)) £ (X (Az),’"AVX (Az), 'A(D2X)(Az) A),
and specifying to = 0, it follows that
(X(0), VX(0), D2X(0)) £ (X(0),’AVX(0), "A(D2X)(0) A). (5)

Hence (X (0), VX (0)) 4(x (X(0),'AVX(0)) and for any 0 € [0, 27), denoting u(f) = (cos 6, sinf) €
St one has (X(0),X;(0)) 4 (X(0), (u(),V ( )))7 according to orthogonal invariance (see
Proposition 4.8 of [12]). Moreover ||VX(0)]] " [(w(6), VX (0))|d6 so that we deduce

E(XO)IVXO]) = [ ﬂE<h<X<o>>|<u<e>,vx<o>>|> a0 = TE (h(X(0)]X,0)),
and the result for LP x (h) follows.

Now, let us consider LTCx(h). We introduce the random variable © with values in 27T
(identified with [0, 27)), such that when [|[VX(0)| > 0,

vxo = ( 20 ) = 1vxoi( S )

For the sake of brevity, we drop the point notation (0) in the sequel of the proof. Then

D2X.(VX+ VX1
E <h(X) VX[ |VX|>O>
= E (h(X) (X11 sin? © + Xo5 cos? © — 2X5 sin O cos @) ll\VXH>0)

Xip 4 Xoo  Xog— X11 +2iX12 90 . Xog — X11 —2iX12 o
E(h(X)( 11 5 22 + 22 Zl 12€2®+ 22 Zl 126 2@> 1|VX|>0) )

Hence introducing the complex random variables J = || VX1 |y x>0 and K = (Xa0—X11—
2iX12), the rotation invariance (5) implies that for any 6 € [0, 27),

(X, J,K) L (X,e"], e K). (6)

Now, we remark that

2 1 1
B (100 P T o0 = aolh) + aa(h) + aa(A)
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where

ap(h) =E (h(X) (XH;X22> 1|vx|>o> =E (h(X)X;;1vx|>0) = ~LTCY (h),

for any j € {1,2}, using the fact that (X, X11) < (X, X22) by (5), and
az(h) = E (M(X)Ke*©1jvxs0) - (7)

But (6) implies that for all n € Z with n # 2 and 8 € [0,27), we have E (h(X)Ke"®1 g x|>0) =
'K (h(X)Ke"©1gx|>0) = 0. It follows that

az(h) = E (R(X)K(e*® — e )1y x|>0) = 2iE (h(X)K sin(20)1 v x|=0) -

Finally we deduce that when & is real-valued, denoting by % the real part of a complex number,
since R(1K) = —3 X112,

2Rz (h) = —2E (h(X)X125in(20) 1y x|j>0) = ~LTC (h).

This concludes the proof for real-valued functions h. The result clearly extends to complex-valued
functions by linearity. Moreover, when X (0) admits a density px o), we can further write

LPx(h) = /Rh(t)g]EﬂXj(O)HX(O) = t)px(0)(t) dt,
LTCY (h) = —/h(t)]E(X (0)1|\VX(0 1>0[X(0) = )px (0 (t) dt,
LTCY (h) = /h ( VX0 )|(|2)X12(0)1|vx )10l X (0) = >pX(O)( ) dt,

such that for any continuous bounded function h,
/ Wt Per(Bx @) dt = / WO ZE(X (0)]1X(0) = Dpxoy (f)di— and
R R
[ HOTCER @I = [ b~ B0 exopsol X (0) =0
R R

X1(0)X2(0)
+ 4E (X12(0)1 vx(0)>01X(0) =t ) |px(0)(t) dt,
VX (0)]2 VX ©)> ] (0)
implying the stated equalities for almost every ¢ € R. O

Example: Let X be a stationary centered C? isotropic Gaussian random field. Then, X;(0)
being independent from X (0), we get E (|X;(0)||X(0)) = E(|X1(0)]) = /222, where \y =

T
Var(X;(0)) > 0 denotes the second spectral moment. Moreover,

Cov(X(0), X11(0)) 9tpx(0) A2

E (X11(0)[X(0)) = Var(X(0)) (0) = Tox(0) (0) = o (0),

where px (z) = Cov(X(z), X(0)) and 02 = px(0), while by independence

X,(0%(0) X,(0%(0) i}
E(lvxmw X12(0)1X(0 >> E(VX(0)|2>E(X12(O)X(O)) 0.
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Hence, since P(]|VX(0)|| = 0) = 0, we get in this case that, for almost every ¢ € R,

[ — A 1 _ 2
PalBx(D) = i, (®)

)\2 1 r2
o Ure 202 (9)

Let us emphasize that this last expression yields exactly to the formula obtained for 27E (X (E x ()N U))) ,
stated for all ¢ € R, under additional assumptions on X (see (3.2.8) of [2] for instance), where

X denotes the DT (Differential Topology) Characteristic of the set and therefore TC(Ex (t))/2m
corresponds to the Euler characteristic density of Ex (t).

Examples of such stationary isotropic random fields with comparisons between the theoretical

values of TC(Ex (t))/2m and an empirical estimate of Euler Characteristic on the square of fixed

size [0, 1] are shown on Figures 3 and 4 (with 02 = 1 and Ay = 272 for T' = 10 and T = 100).

The captions of the figures give the practical and technical details of the simulations. Note that

in view of the covariance functions, a scaling relation may be set between T' and the size of the

square, explaining the convergence without boundary effects as T" increases.

TC(Ex(t) =

It is more difficult to compute exact formulas in the general case where the gradient VX (0) is
not independent from (X (0), D?X (0)). However, we can use the following expressions that allow
more tractable computations. The proofs are technical and postponed to Appendix (Section 5).

Proposition 2. Let W, X, X5 be real random variables and let € € (0, 1].
1. FE(WXy|) < 400 and E(|W|| X1|*+¢) < +oo, then

2 [T>*1
E(W|X1|) = 7/ *E(WXl Sin(qu)) du.
i 0 u
2. IfE(JW]) < 400 and E(|W|| X1 X2|%) < 400, then

N X1 Xy ) /+oo /+oo V102 E(W sin(v X1) sin(v2 X32)) dvq dv
X2 X2 XiHXE >0) (vi +v3)? o e

Here, the improper integrals f0+oo are obtained as limpr—, oo fOM.

Another useful result can be stated using the invariance property (6). The proof of this result
is also postponed to the Appendix (Section 5).

Proposition 3. Let W, J, K be complex random variables such that for any 6 € [0, 27),
(W, J,K) £ (W,eJ, e K), (10)

and E(|WK]|) < +oo. Then, writing J = Rei®1|J|>0, on the one hand, for any g : 2T — R
continuous bounded 27 periodic function, one has

E(WEKg(9)1)50) = c2(9)E (WKe*®1 5150

with c2(g) = 5= fOQW e~2m94(0)dh. On the other hand, if there exists € > 0 such that E(|W K||J|¢) <
400, then

—_ oo —
E (WK sin(20)1,5)59) = i/o ;E (WK cos(vR(J))) dv
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50

40

30

Fic 3. Gaussian random field with covariance p(x) = e~ T?l=l1? for T =10. This sample has been obtained using
Matlab, with a discretized domain of size 210 x 210 pizels, using the circulant embedding matriz method. Top
right figure: empirical Euler Characteristic as a function of the level t (computed thanks to the Matlab function
bweuler), compared with the theoretical value (red curve) of Equation (9). Bottom line: Three excursion sets
corresponding respectively from left to right to the level t = —1, t = 0 (that is the “critical level” where the Euler
Characteristic turns from megative to positive), and t = 1.

Remark: A closely related result is given in Corollary 2.3 of [23], that should rewrite in our
stationary setting, under additional assumption on X, as

/Rh(t)X(EX(t))dtZ—E h(X(0) | Y Tox(eq, X;5(0) | + 1 (X(0)) ZIVX(O)erXj(0)2

j=1

for h : R — R a C! function with compact support, Q1 = {x = (71,72);22 < 71 < 0} and
Q2 = {z = (z1,22);21 < w2 < 0}, and where x(Ex(t)) stands for an Euler Characteristic
density. Under the assumption that X is also isotropic, according to Remark 2.5 of [23],

T—2
167

E (h'(X(0)) Iy x(0)eq, X;(0)%) = E (1'(X(0))|VX(0)]?).
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1000

Fic 4. Gaussian random field with covariance p(x) = e~ T?l=I1? for T =100. This sample has been obtained using
Matlab, with a discretized domain of size 210 x 210 pizels, using the circulant embedding matriz method. Top
right figure: empirical Euler Characteristic as a function of the level t (computed thanks to the Matlab function
bweuler), compared with the theoretical value (red curve) of Equation (9). Bottom line: Three excursion sets
corresponding respectively from left to right to the level t = —1, t = 0 (that is the “critical level” where the Euler
Characteristic turns from megative to positive), and t = 1.

Note that by stationarity, denoting e; = (1,0) and e3 = (0,1), for any j = 1,2,

=
—
>
N
b
—
(=)
~
~—
>
—~
=
=
[\V)
~—
I

/01 E (W' (X (te;))X,(te;)?) dt =E (/01 h'(X(tej))Xj(tej)mt)

1
([ X650 ) = B (X (0) 5500,
integrating by parts and using again the stationarity of X. Moreover,

E (h(X(0) Iy x(0)eq,X;i(0)) = E (h(X(0))g;(©)X;;(0)),

with g;(6) = Lyentz(2—j3-) that is bounded but not continuous. However, if we assume that
(X(0), VX(0), X;;(0)) admits a density we can adapt the arguments of Proposition 3, to compute
L (X(0))g;(©)K), with ca(g1) = — (1 +4) and ca(g2) = fﬁ(fl + 1) and we

- 1 -
B ([ noxEx@) dr) = 5 [ HOTC@Es @),

™
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by Theorem 2, since it is also assumed that |[VX(0)]| > 0 a.s..

3.3. Smooth shot noise random fields

We consider here a shot-noise random field defined on R? by

vz € R?, Xo(z) = ngi (x — x;),
el

where ® = {(z;,m;)}ier is a Poisson point process on R? x R?, defined on a probability space
(92, A, P), of intensity AL x F', with A > 0 real, £ the Lebesgue measure on R? and F' a probability
measure on R?. Note that equivalently, we may define ® as an independently marked Poisson
point process where {x;}; is an homogeneous Poisson point process of intensity A and the m; are
“marks”, following a law F(dm) on R? (with d > 1) and independent of the Poisson point process
{x;};. Let g : R2xRY — R be a measurable function such that the functions g, := g(-, m) satisfy

/sz (g (2)] dz F(dm) < +oo. (11)

Then, the random field Xg is well defined as an almost surely locally integrable function on R?
(see [11]). Moreover, the random field Xg is stationary. We will first give sufficient conditions
to ensure smoothness properties and also isotropy, in order to obtain explicit formulas. But
then, since smooth shot noise random fields do not always admit a probability density (we have
discussed this through several examples in our first paper [10]), we will have to work with their
characteristic functions.

Theorem 3. Assume that g : R? x R — R is a measurable function such that for F-almost
every m € R? the functions g, == g(-,m) are C* on R? satisfying

/ D g (2)] dae F(dm) < +oo, (12)
R2 x R4

for allj = (j1,j2) € N2 with |j| = j1 + j» < 3 and where Digy, = 219 Then Xg is a.s.

Oz)t 0x)?
a stationary C? field such that X, X;, X;i have finite expectation for j,k = 1,2, ensuring the
assumptions of Theorem 2.
If we assume moreover that for F-a.e. m, the function g,, is invariant under rotations, then X¢
18 isotropic. It follows that, when we also have

/ | D gy (2)|? da F(dm) < 400, (13)
R2 xR4

for |j| € {1,2}, then for all u € R, denoting h,, the function t — ™,

. +oo 1

r(h) = [ pewoSowod
0

LTCY) (h) = ¢(u,0)8, (u)

—_— +oo g
ICR ) = [ pelwn)Sauwo)do,
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where @ is the characteristic function of (X(0),01Xs(0)) given by

o(u,v) =E <eiuxtp<0>+ivalx¢(0>> — exp < A / [eilugm (@)+0019m @) _ 1] F(dm)dx> ’
R

dwR2

So(u,v) = —i)\/ D1 G () €119 (@) F0019m (@] g B(dim),
Rd JR2
Si(w) = —A / ORgn(a)e ™ da F(dm),
Sawe) = A [ [ 108am(e) - Dhgm(elem @ r0am) do F(dm)
re JR?

and the notation 0;, respectively (‘3 , stands for %, respectively 8872? for j e {1,2}.
Remark: Let us remark that these formulas allow to get an explicit expression for a.e. ¢ as
soon as one can identify the right members with some Fourier transforms (with respect to u).

Proof. Following similar arguments as in Proposition 3 of [10], Condition (12) will ensure that
X is a.s. a stationary C? field such that X, X;, X, have finite expectation for j, k = 1,2, and
we can differentiate under the sum. In particular, for all j = 1,2,

0; Xa(x Zﬁjgml —x;) and 32Xq> Z@ Im,; (T — ;).

i€l el

Hence the general formula of Theorem 2 is valid for Xe.
Under the additional assumption on the kernel, we can prove isotropy. Actually, for any k£ > 1,
u1, - ,ur € Rand y1,- -y, € R?, one has (see for instance [10])

E (ei Sy qu<1>(yj)) = exp (A/ / (eiZ?:1 ujgm (Y5 =) _ 1) dx F(dm)) .
Rd JR2

Hence, for any orthogonal matrix A, by the change of variables x = Ay,

E (eiZj-“:lqu(],(ijU = exp( / / zZJ 14 9m (Aly;—y)) _ )dyF(dm))
R JR2
= K (612 145 Xe (y;) )

since g, 0 A = g,, for F-a.e. m € R%.
It follows that by Theorem 2, for any A bounded continuous function on R, one has

TPx,(h) = gE<h<X¢<O>>|aIX¢<o>|>,

LTCS) (h) = —E (h(X(0))93 Xe (0) 174 (0)>0) -
and for h with real values,
LTCS) (h) = —2R(02(h),

where -
az(h) = E (h(Xa(0)Kee*®* 1jvx,0)>0) »
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for Ko = 1(03X(0) — 97 X¢(0) — 2i0%,X¢(0)) and O the angle of VX4 (0).
Assuming moreover (13) is enough to use Propositions 2 and 3 with € = 1 and we can further
write

Oég(h) = 2E (h Xq) K@ sm(2®¢) HVX<1>(0)|\>O)
= 2/ h X4(0))Kg cos(v0;1 X(0))) dv.
0 v
and oo
2Raa(h 4/0 X4(0))RK g cos(vd1 X4(0))) dv,
so that
- “+oo 1
LTCY) (n) = / “E (h(X5(0))[03X4(0) — 82 X5 (0)] cos(v81 X (0))) d, (14)
0 v

that may be extended to complex-valued functions h. Hence, taking h, = ™ for u € R we
remark that since o(u,v) = ¢@(u, —v) = E(hy(Xe(0)) cos(v0; X(0))),

E(hy(X5(0))01 X5(0) sin(vo; X¢(0))) = —g—f(u,v) = So(u, v)p(u,v).

This leads to the formula for LP x, (h,). Similarly, using the fact that

o(u,v) :==E (ei“X‘P(O)H“BfX‘P(O)) = exp ()\/
R

we can compute

[eilugm @)+0igm @) _ 1) (dm)dx> 7

d W R2

UTCL (ha) = 197 (1,0) = $1(u)p(0,0) = $1(u)p(u,0).

Finally, introducing

é(u,v,w) — E(eiuX,p(0)+iv61X¢(0)+iw[6§X¢(0)78fX<p(0)])

= exp (A/ (ei[ugm($)+va1gm($)+w[639m(m)_afgm(w)ﬂ — 1)F(dm)d$> ,
R4 xR2

since p(u, v, w) = P(u, —v, w) we also have
S(u,v,w) =E (emxcb(o)ﬂw[agx(p(o)fafxq,(o)] COS(aqu)(O)'U)) '

Hence,

E (7 (X0 (0)) 03 X0 (0) — 0 Xa (0)] cos(d Xa (0)0)) = —i 22

o (u,v,0) = Sa(u,v)p(u,v).

Example 1: We will consider here the example of a smooth isotropic shot noise random field
given by
VZ‘GRz, Xq) E Bz l‘_xz

i€l
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where {z;}icr is a Poisson point process of intensity A on R?, the j3; are independent weights
following an exponential distribution of parameter g on Ry and g is the function given by
g(z) = exp(—al|lx||?/2), with a > 0 a fixed number. As previously, for u € R, let h, be the
function defined on R by ¢ ~— e¢?**. When 3 follows an exponential distribution of parameter ,
we can compute its characteristic function

Fa(u) = E(e™f) = /0 pe e ds = e

And we also have that

iuf3 __‘2 By — e _
E(Be™") = Z@u]E(e )= TR

Then, denoting by ¢(u,v) the joint characteristic function of X(0) and 9; X¢(0), we have

o(u,v) = exp ()\ //[ei“ﬂg(’”)+i1’ﬁalg(’c) — 1] F(dp) da:)
27 ptoo —ar?/2
i(u — avr cosf)e
drdf | .
exp( / / w—i(u — avrcosf)e~ arzja A )
This allows us to compute explicitly the law of X¢(0), since

x ) 2 +oo . 7(11' /2 M 27\ /a
_ U <p 0 _ _
QO(U7 O) - ( = €xXp / / — jue ar2/2 rdrdf | = <M — Z’LL) :

This shows that X¢(0) follows a Gamma distribution of parameters p and 2wA/a . We can also
compute the level perimeter integral, and get, according to Theorem 3,

+oo
LPx, (hy) z/ l<,0(u v)So (u, v)dv,

0

with

+oo 2w 7ar2/2
(u,v) fz)\/ / ,uar " cos(O)e 5 df dr.
—i(u — avr cos §)e—ar?/2)2

For the level total curvature integral, the ﬁrst term can be made explicit, and it is given by
(see again Theorem 3) LTC;; (hy) = S1(uw)e(u,0), where

u) = —\ / / B02g(x)e™ P9I F(df) de =: —\I.

The integral I; can be computed as follows:

[[ setat@resn pras)aa = |

R2

1
p — iug(r1, r2))

a(ax% - 1)g<xl7l‘2)( 2 dxl d.’IIg

27 +oo .
1 — 1
/ / a(ar? cos® h — 1)67("2/2% rdrdf = -2 ( — log L -
o o (4 — fue—rT2)? W%y Tuw

This finally leads to

— M 27\/a 1 - i 1
LTCY; (hy) = 27\ _ — log + .

w—1iu 30 n w—1u

).
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Let us note that, writing v = 2w\ /a > 0, this term corresponds to the Fourier transform of the
function 27w\ f,, where

) = (e = [ w0 =09 gy~ s ) 1o

using the fact that the inverse Laplace transform of p — p~" log(p) is given by s % (¢ (v) — log(s))
(see [18] p.251), where 9 is the logarithmic derivative of the I" function.

For the second term, LTCg?; (hy), we use the formula given by
—— N Mg
LTCS(()P(hu) :/ ;(p(u,v)Sg(u,v) dv,
0

where ¢(u,v) was computed above, and Sy is given here by

+o0 2w —ar /2
(u,v) = f)\/ / “a r? cos(20)e __dbdr.
—i(u — avr cos 0)e—ar?/2)2

All these integrals can be efficiently numerically computed (using Matlab for instance). Some
results, comparing empirical and theoretical curves, are shown on Figure 5.

Example 2: This example is the same as the previous one, except that the §; follow now a
Laplace distribution of parameter p, and the shot noise random field has therefore the additional
property of being symmetric. Here,

+o00 2

s : 1,
Folt) = (™) = / 5”61”36_'”8‘ ds = u2i w2

And we also have that

- .0 - 2iupu?
wfy wufBy __
E(Be™”) = z—auE(e )= G2+ u?)E

Then, denoting again by ¢(u,v) the joint characteristic function of X¢(0) and 9; X4 (0), we have

exp ()\ //[eiuﬁg(x)-s-iv,ﬁ’@lg(x) — 1] F(dB) dac)
2w ptoo _ 0)2 —ar?
exp / / (u — avr cos9)e s rdrdd | .
w2 + (u — avr cos0)2e—or
This allows us to compute explicitly the law of X¢(0), since

X 0) 2w p+oo u? —ar2 ,U2 wA/a
o(u,0) = E(e™**0) = exp )\/ / T rdrdf (H2 n u2> .

This shows that X¢(0) follows a symmetric generalized Laplace distribution of parameters p and
m\/a. We can also compute the level perimeter integral, and get, according to Theorem 3,

o(u,v)

N oo q
DPx(h) = [ el o)Sou,v)de,
0



H. Biermé and A. Desolneuz/Mean Geometry for 2D random fields 23

with now

“+o0 27 —ar?
2 0)(u — H)e
/ / p2ar? cos(9)(u — avr cos )2 40 dr.
(12 + (u — avr cos )2e—ar*)2

For the level total curvature integral, the first term can also be made explicit, and it is given
by (see again Theorem 3) LTng (hy) = S1(u)p(u,0) with

u) = —)\/ B02g(x)e™ P9I F(df) de =: —\I.
Here the integral I; can be computed as follows:

/ BOTg(x)e™P9) F(dB) du = / 2iug (1, 22)

R 1?4 u?g(21, 22)?)?

2w 400 2 2 0—1e —ar? . 2 2 2 2
/ / 2iuap (ar” cos )2 rdrdd =" log Pt u .
(12 + u2e—or?)2 u 112 12 + u2

a(ax% — 1)g(w1, 552)( dx1 dxo

This finally leads to

i\ ‘LL2 A/ a [1,2 2U2
Lrc (h,) = 27 1 .
Xq>( ) U U2+ u2 Ogu2+u2+u2+u2

For the second term, LTCE?; (hy), we use the formula given by

LTCS) (h,) = / ~(u,0)S2(,v) do,
0

where p(u,v) was computed above and S5 is given here by

(u,0) _M/""X’ /27r 2u2a2r3cos(29)(u—avrcosz) e—or’ 40 dr.
(12 + (u — avr cos f)2e—ar*)2

Again, all these integrals can be efficiently numerically computed (using Matlab for instance).
Some results, comparing empirical and theoretical curves, are shown on Figure 5. Notice that
the theoretical curves (red curves) present some oscillations that are due to the numerical ap-
proximations we have made (indeed to numerically compute the integrals, we had to truncate
them, and since the Fourier transform is involved, this results in some oscillations).
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Fic 5. First line: on the left, a sample of the shot noise of Example 1; in the middle: its empirical perimeter
t — Per(Ex(t)) (blue stars), and the theoretical curve t — Per(Ex(t)) (red curve) obtained numerically by
inverting the Fourier transform of w — LPx, (hu); on the right: the empirical total curvature t — TC(Ex (t))

(blue stars), and the theoretical curve t — TC(Ex (t)) (red curve) obtained numerically by inverting the Fourier
transform of u — LTCx, (hy). Second line: same experiments but with the shot noise of Example 2.

4. Elementary functions and elementary shot noise random fields
4.1. Elementary functions

We introduce now the class of elementary functions that are piecewise constant functions defined
more precisely in the following way.

Definition 5 (Elementary function). We say that a function f defined on R? is an elementary
function if there exist an integer n, non-zero real numbers ay,...,a, and n elementary sets
(Definition 2) denoted Az, ..., A, that are in generic position (Definition 3), such that

f= Z arly, .
k=1

Let us remark that since R? itself is an elementary set, constant functions on R? are elementary
functions.

In Section 2 we have seen the definitions of regular points and corner points of a curve. We
here extend these definitions to elementary functions.

We first introduce some notations. For a point x € U and a real positive number p, we recall
that B,(x) denotes the open ball of radius p and center x. For an oriented simple piecewise
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C? curve v and a point = on ~, then for p small enough, B,(x) \ v is made of two connected
components. These two “half-balls” are respectively denoted by Bf(x,v) and B, (z,7). The
half-ball B (x,7) is the component that is on the side of the normal v, to 7.

Let us make the important and useful remark that the discontinuity set Sy of an elementary
function f =), a;14, is equal to the union of the 0A;:

Indeed the inclusion Sy C U;0A4; is obvious, and the reverse inclusion holds since all the a; are
non-zero. Therefore a point x on the discontinuity set belongs else to a single 0A; and it is then
a regular discontinuity point or a corner discontinuity point, or it belongs to two boundaries 0 A;
and 0A; and it is then called an intersection discontinuity point. See Figure 6 for a schematic
representation of the three types of points.

>

F1c 6. The three types of points of the discontinuily set of an elementary function. From left to right: a regular
discontinuity point, a corner discontinuity point and an intersection discontinuity point.

To be more rigorous, here are the definitions and some notations.

e A point z is a regular discontinuity point for f if there exists p > 0 such that Sy N B,(x)
is a simple C? oriented curve 7 separating the ball B,(z) in two half-balls B;f(x,'y) and
B, (x,7), and there are two real numbers f*(z) > f~(x) such that f(y) = f*(x) for all
y € B (z,7) and f(y) = f~(z) for all y € B, (x,7). We will denote

vi(@) = (@) and  rp(x) = Ky (2).

e A point z is a corner discontinuity point for f if there exists p > 0 such that Sy N B,(x)
is a simple piecewise C? oriented curve v having only one corner at x. We write o i(z) €
(=, ) the turning angle of v at z. As for regular discontinuity points, v separates the ball
B,(z) in two half-balls B (x,7) and B, (z,7), and moreover there exist two real numbers
fH(x) > f~(x) such that f(y) = f*(x) for all y € Bf(x,7) and f(y) = f~(z) for all
yeE B, (z,7). The turning angle at such a corner point is denoted

af(z) = a(a).

e A point z is an intersection discontinuity point for f if there exists p > 0 such that SyNB,(x)
is the union of two different simple and oriented C? curves 7, and 7, in generic position
and such that {z} = v N~s. Each curve separates the ball in two half-balls, and there exist
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4 real numbers f~(z) < fF(2), f{ (z) < fT(z) with at least 3 different values, such that
f=[f"(x)on B, (x,7) N B, (x,%); f = f;(z)on B, (x,%) N Bf(x,7); f=f(z)on
B (z,m)N B, (x,72) and f = f*(z) on Bf (z,7) N B} (,72). And we define

ﬁf(l‘) = dsl(y’h(x)’y"/z(x))
= min(lArgV’Yl (aj) - Argy72(x)|727r - |ArgV71 (l’) - Argy’Yz (:L‘)|) € (077T)’

the geodesic distance between v, () and v., () on S*.

Let us remark that for an elementary function, at an intersection discontinuity point x, we
must also have f*(2)+ f; (z) = f~(z)+ f T (x). Indeed one can write locally f(z) = fi(z)+ fa(z)
with 2 a regular discontinuity point for both f; and fo. Hence f+(z) = fi"(z) + f5f () and
f(@) = fi () + f5 (2) so that f~(z) + fF(z) = fF(x) + f (2).

Definition 6 (Elementary function on U). Let U be an open set of R2, we say that a function f
defined on U is an elementary function on U if there exists f an elementary function such that
for all x € U we have f(z) = f(x).

Proposition 4. Let f be an elementary function, and let Ry, Cy and Iy denote respectively the
set of regular, corner and intersection discontinuity points of f. Then for allt € R, E¢(t) is an
elementary set (in the sense of Definition 2). Moreover, if U is an open subset of R? and f is
an elementary function on U, then f is of finite total variation and finite level total curvature
integral on U with

ViU) = [IDFOU)] :/ [/ (@) = /™ (2)|H' (dz) and (15)

RyNU

LTaCf(U)=/ [ (@) = F-@)lrg@)|H (dz) + Y (@) = - (@)]lay(@)]

RyNU zeC;NU
+ > (@) —max(f2 (@), fZ () + min(fE (), fZ (2) = [ (2)]Bs(z) < +00. (16)

z€LyNU

If h is a bounded continuous function on R, and H is a primitive of h (for instance H(t) =
fot h(u)du), then the level perimeter integral and the total curvature integral of f are given by

LP;(h,U) = /RQU[H(ﬁ(x))*H(f*(z))]Hl(dx) (17)

LTCf(h,U):/ [H(f* (@)= H(f~ (@) (@)H (do)+ Y [H (@) =H(f (2))]ag (@)

RyNU xeCyNU

+ Y [H @)+ H(f (@) = H(fE (2) = H(f{ (2))]Bs (). (18)

c€ZyNU
In particular, when h =1, we get LP;(1,U) = V;(U) and

LTCf(U):/R mU[er(ac)ff*(:E)]/<;f(ﬂlc)’;'{1(d:v)+ Z [fT(z) — f~(2)]ay(z).

zeCyNU
(19)
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Remark: Notice that Equation (19) doesn’t involve the intersection discontinuity points of
the function f. In particular, this implies that if f and g are two elementary functions such that
their elementary sets are all in generic position (which is equivalent to say that their discontinuity
sets Sy and S, are in generic position), then f + g is an elementary function and we have

VirgU) =Vi(U)+V4(U) and  LTCpye(U) = LTCs(U) + LTC,(U),

for any bounded open set U. This result is quite striking, but we have to underline that it doesn’t
hold in general for other classes of functions. Indeed, in the previous section we have considered
smooth functions f and the formula for the level perimeter and the total curvature integral were
obviously not linear in f. Here the main point is that when f and g are elementary functions in
a generic position, then the two measures Df and Dg are mutually singular, which is not the
case in general for any two functions f and g.

Proof. Since f is an elementary function, we can write f = 2?21 a;j14; with ay, ..., a, real num-
bers and Ay, ..., A, elementary sets in generic position. Let us assume that m = Card(f(R?)) >
2. Otherwise, if m = 1, then for all ¢t € R, Ef(t) = 0 or R? and therefore Per(E;(t),U) =
TaC(0E;(t),U) = TC(0E;(t),U) = 0. In the following we denote the values of f by v; <

. < vy and set vg = —oo. We first remark that E¢(t) = 0 for t > v, Ef(t) = R? for
t < vy and Ef(t) = Ef(v;) for v;io1 < t < v; and 2 < ¢ < m. The set of discontinuity
points is given by Sy = U[2,0E¢(v;) = Uj_;0A;. Since the sets (4;)1<j<n are in generic posi-
tion, each OE¢(v;) is a piecewise regular curve and therefore E¢(v;) is an elementary set with
Per(Ef(v;),U) = H' (Ry NT;) for T; := 0E¢(v;) N U. Now, for z € I'; we must have f*(z) > v;
and f~(x) < v; and since I'; C Sy, we can write

Di=MNR)U@NCr)UT;NIy).

If x € Ry or € Cy then there exists a unique j such that x € JA; is a regular or corner
point of 0A; with xr,(z) = kf(x) or ar,(z) = ay(z). Otherwise, if x € Z; there exit j # 5’
such that x € 9A4; N 0A; and = may become a corner point or a regular point for I';. Indeed,
if v; < min(f*(x), f; (z)), then € Cr, with ar,(z) = —B¢(z). Without loss of generality
we may assume that f7(z) < fi(z). If f*(z) < v; < f7(2) then z is not a corner point of
I'; but a regular point. If v; > max(f*(z), f~(z)), then z is again a corner point of I'; with
ar, (z) = Bf(x). Therefore,

TaC(Iy,U) = /MR k@ H )+ S Jag(@)]

zel;NCy

+ Y B (Ivi>max<fr<z>,f:<m>>+ IviSmin(ff(:v)»f__(z)))’
(L‘EriﬁIf

while

M) = [ s+ Y as

DinRy zel;NCy
+ Z By (@) (Ivi>max<fi(w),f:(x>)_Ivigmin(ft(x),f:(w»)v
xzel;NZy

and

Per(T;,U) = / H (da).

I'; ﬂ'Rf
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Now, let h be a continuous bounded function on R and H a primitive of h. For the level
perimeter integral we have

LP;(h,U) = /h( )Per(JE;(t),U) dt = Z/ t)Per(T';, U) dt
R Vi—1

m

Z[H(UZ) — H(v;—1)]Per(T';,U) /R H(v;) — H(vi_1)|Ip, (x)H (dx).
fi=2

=2

When 2z € RyNU = UL,T';, we denote by i(z), (resp. j(z) > i(z)), the minimal (resp. maximal)
index i = 2,...,m such that x € I'; and then f~(z) = v;z)—1, (resp. fH(x) = vj()). It follows
that

m Jj(x)
Y Hw) ~ H(oim)In (@) = Y [H(v) — H(viy)] (20)

i=2 i=i(x)
H(vj(z)) — H(Vi(z)-1)
H(f*(x)) = H(f (x)).

Therefore we get
LP(h,U) = /R (H(f* () — H(f~ (2)))H (d).

Now, for the total absolute curvature, we have

m

/h )TaC(OE;(t),U) dt = Z/ t)TaC(Ty, U) dt = Y [H(v;) — H(v;—1)]TaC(T;, U).

i=2
Then, using the above formula for TaC(T;,U), we get the sum of three terms. The first one is
given by

S ) = Hwn)) [ @) = [ gl () — o), () ().

Using Equation (20), this first term is equal to
[ @) = B @) ey )] 1 (o).
RyNU

Similarly, the second term is equal to

DH@W) —Hwim)] Y ag(@) = Y [H(fF(2) = H(f (@) ag(@)].
i=2 z€l;NCy z€CFNU

Finally, the third one is given by

m

SoUH @) = Hwma)] Y 1B @] (Lsmanr 01,570 + Lomin(s .47 00)

=2 zel';NZy

j(=) k()
> ﬂf(l‘)( > [Hw)—Hwi)l+ Y [H(Ui)—H(Ui—l)])’

z€ZyNU i=l(x)+1 i=i(x)
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where we have introduced k(z) and I(z) with i(z) — 1 < k(z) < l(z) < j(x) such that
min(f* (z), fZ(x)) = vk(w) and max(fF (z), = (z)) = vi(), with the convention that El )41 =
0if [(xz) = j(z) and Zk(m y = 0if k(z) = i(x) — 1. It follows that this third term is equal to

i=i(x

> B@) (Hjw) — Hvyw)) + (H@) = Hi@)-1)))

x€LyNU

= > Bi(@) (H(f*(2)) = H(max(f* (), /= (2))) + H(min(f* (2), f~ () = H(f ™ (2)))) -

€Ly

In particular, for h = 1, we obtain Formula (16). The same computations as above give the
result (18) for LTCf(h,U). Indeed now, the third term is equal to

D [Hw)~H(vie)] Y Bila ( vi>max(fF (2).f7 (z)) —Ivigmmuf(x»f:(w)))
i=2 z€l;NLy
j(@) k(x)
=Y B | DD [H@) - Hwin)]— Y [H(v) — H(vi)]
€Ly i=l(z)+1 i=i(x)
=Y Bp@) (H(fM (@) + H(f () = H(f* (2)) — H(fZ (2))) -
€Ly

Taking again h = 1 we obtain (19). Finally, let us remark that since the above results depend
only on the values of f in U, they also hold when f is an elementary function on U in the sense
of Definition 6. O

4.2. Level perimeter and level total curvature of an elementary shot noise random
field

As in Section 3.3, we consider here a shot noise random field defined on R? by

Vo € R, Xo(x) =Y gm, (@ — 24),
el

where ® = {(z;,m;)}ier is a Poisson point process on R? x R? of intensity AL x F, with A > 0
real, £ the Lebesgue measure on R? and F' a probability measure on R?.

We will first give formulas for the level perimeter and total curvature integrals of X on an
open bounded set U in the case where the g,, are elementary functions on R?, then we will
compute their expectation. Finally we will give explicit results in the case of weighted indicator
functions of random sets, obtained from a deterministic compact elementary set and regular
region D, by random rotation and dilation. Specific computations for disks with D = D(0,1),
and for squares with D = [0, 1]? are linked with some recent results on Boolean models.

Throughout the rest of this section we also assume that for F-almost every m € R?, the g,
are elementary functions on R?, with compact support, satisfying (11) and such that

/ Vo (R F(dm) < +00  and / LTaC,,, (R*) F(dm) < +oo0, (21)
R4 R4
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where V;, (R?) and LTaC,, (R?) are defined by (15) and (16) choosing U = R%. For F-almost
every m, g, is assumed to have a compact support, that can be included in a square [—T,,, T},,]?
with T,,, € Ry, and its maximal value ||g,||co = : max 2\ gm| is finite. We will assume moreover

“dmydm

that
/ T2 F(dm) < 400 and / lgmlloo F'(dm) < 4o00. (22)
R4 R

Note that the first assumption of (22) implies that there is a.s. only a finite random number of
Gm, denoted by N(U), contributing to the values of Xg on the bounded open set U C (=T, T)?,
for some T > 0. Indeed, it is clear that

NU) < #{5:0 0 (2i + [Ty, Tini)?) # 0} < #{35 | 2illoo < (T, + T},

with ||z = max(|z1],|22]), for € R?. Tt follows that E(N(U)) < A [zu 4T + T)?F(dm).
Since F' is a finite measure, under (22), we get

E(N(U)) < +0c. (23)

In the following we will use the notation 7, to denote the translation of x in R? (i.e. 7,y = y+=
for all y € R?). We will also denote ®; = ® \ {(x;,m;)} for i € I, ®;; = ®\ {(z;,m;), (z;,m;)}
for i # j in I, and their associated shot noise random fields

Vi, Xo,(x)= Z gm,(x —xr) and  Vj#i, Xe,(x)= Z Im, (T — ).
ksk#i kiki,k#j

Theorem 4. Assume that for F-almost every m € R?, the function g,, is an elementary function
on R? (Definition 5) satisfying (11), (21) and (22), and such that

[0S0, \ Ry, ) Fdm) < 4 (29

Rd

/ / HY (R, NTuRy,, ) dzF (dm)F(dm') < 4o, (25)
R4 xRd JR2

/ / H° ({y € Ry, NTaRy,.ivy,., (y) = tvg, (y — 2)}) deF (dm)F(dm') = 0.(26)
R4 xR4 JR2

Then, almost surely, for all bounded open set U C R?, Xg is an elementary function on U
and its discontinuity set on U is given by Sx, NU where Sx, = U;iTz,gm, may be written as
SX(I, = RXq, U CXq) UIXq), with

e Rx, = (UTwiRng \ < U 7Ry, ﬂijRgmj>, and if v € Rx, NU, there exists a
i ’ ij # '
unique i such that x € 7, R,,, .

o Cx, = UT:cngml, , and if v € Cx, NU, there exists a unique i such that x € 7,,C

7

o Ix, = (UTwiIgm,) U ( U 72.Ryg,., N Taijgmj> and if x € Ix, NU, only two situations
?

9m; *

4,J F#
occur

— there exists a unique © such that x € 7., T, .

— or there exists a unique pair {i,j} with i # j such that x € 74, R, N7y, R, -
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In particular, a.s.

Vo (U) =Y Vg, (1-2,U) and LTCx,(U)=>» LTC,, (r_,U).

Proof. Since it is sufficient to prove the result for all rectangles U = (a1,b1) X (ag,bs) with
ai,as,bi, by € Q, we only have to prove it holds almost surely on some fixed rectangle U =
(a1,b1) X (ag,be), with a; < by and as < by. Let us notice that we already have proven that
X¢ € SBV(U) in Theorem 2 of [11] in a more general framework. However we need here to be
more precise on its discontinuity set Sx, C U;Ty,S,, -

Let us first remark that when Ag is a finite set of points of R? depending on the marked
Poisson point process ® = {(x;,m;)}, as soon as E(H°(A4s)) < 400, one has,

UAe, N 7,85, =0 as.
J

This follows from the fact that, by Slivnyak-Mecke formula (see [8] Theorem 1.4.5),

IA

E(#H [|JA4s, N7,S

gm;

A / E (H°(As N 74Sy,,)) dzF (dm)
j R2xR4

IN

AE (H°(As)) | L(S,,,) F(dm) =0,
Rd

since £ (S,,,) = 0, using Fubini Theorem and the translation invariance of both H° and L.
Our first assumption (24) implies that

U Ta; (Sgm, \ Ry, ) N T2;Sg,, NU =0 as. (27)
ij #
and as a consequence we have ; ; 72, Sy,,, N 72, 8g,,. VU =, ; 2 T2, Ry,,, N7, Ry, NU as..
Indeed, taking Ag = (U7, <ngi \Rgmi) NU, Campbell formula (see [8] Theorem 1.4.3) ensures
that '

E(H®(Ap)) < A /R . HO (12 (S, \ Ry,,) NU) dzF(dm)

IN

)\‘C(U)/ HO (S!Jm \Rgm,) F(dm) < +OO.
Rd
Then, (27) follows from the preceding remark since

U 7 (S, \ Rgwn,) N 72,85, NU = JAs, N7, S, -
i,j # J

The second assumption (25) will ensure both that

HO U o Ry, NT2,Ry,,, NU | <00 as. (28)
i,J #
and
U o, R, 072, Ry, N 72, S, NU = 0 as. (29)

0,5,k #
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Here we set Ap = U 72, Ry,., NTa; Ryg,,, NU. Using again Slivnyak-Mecke formula and Campbell

0j #
formula we obtain that

E(H(4s)) < A2 / , / d?—LO (TaRg,, NTw Ry, NU) dxF (dm)dz'F(dm)
R2xR4 JRZXR

IN

NL(U) / / H° (Ry,, NTuRy,, ) dzF(dm)F(dm') < 4oc.
Rd xRe JR2

It follows that H"(Ae) < 400 a.s. and LICJA% N7, Sy, =0 as..
Finally and similarly, the last assumption ensures that
{y € U T-TiRgnzi N T-TjRgm,j n U’ ng'i (y - :C'L) = :l:l/gmj- (y - x])} = @ a.s.. (30)

0,j#

This follows from the fact that the expected #° measure of this set is zero, according to Slivnyak-
Mecke formula and Campbell formula, Fubini Theorem and translation invariance.
Now, let us remark that X coincides on U with Xz where ® = {(x,m;) € ®; 7, [~ Trn;, Trn, |0
U # 0} and N(U) = #& is a.s. finite, as a consequence of (23) under the assumption that
Jga T2 F(dm) < +o0o. Moreover Xj is an elementary function (as a finite sum of elementary
functions in generic position thanks to (28), (29) and (30)) and therefore Xg is an elementary
function on U.
O

Theorem 5. Under the hypothesis of Theorem 4, assuming moreover that
/ / (Igmllso + lgm lloo)H (Ry.,, N TRy, ) deF(dm)F(dm') < +oo, (31)
Rd xR JR2

then the random variables Vx,(U), LTaCx, (U) and LTCx, (U) have finite expectation for any
bounded open set U. Moreover one has

E(Vx,(U)) :)\E(U)/ V.. (R*)F(dm) and E(LTCx, (U)) :/\L’(U)/ LTC,,, (R*)F(dm).
R4 Rd
It follows that for a.e. t € R, the random variables Per(Ex, (t),U) and TC(0Ex, (t),U) have

also finite expectation such that for any h continuous bounded function, denoting by hx, o) the
function s — E(h(Xs(0) + 3)),

E(LPx,(h,U)) = / h(t)E (Per(Ex, (t),U))dt = AL(U)LPx, (h),

R
and
E(LTCy, (h,U)) = / W(t)E (TC(OEx, (1), U)) dt = MC(U)ETCxxy (1),
R
where

P ) = [ Py, (xR (dm)

LTCx,(h) = )‘/ (LTCgm (EX@(O)7 RQ) + )\I(ﬁxq)(o), m)) F(dm),
R4
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with

Ihxyorm =5 [ [ 51 (v, (2 = ), 4, (2))

ZGTR g ,

gm/ (Z) o _
X 0 (hxa(0)(s+ g5 (2 — ) — hxy(0) (s + g (2 — 2))) dsdx F (dm”).

1n

Proof. First note that the results on the perimeter follow from Theorem 2 and Proposition 1 of
[11] since in view of (11) and (21) we have [, ||gm||BV(Rd)F(dm) < 400. Actually, it yields that

E(LPx, (h,U)) = /R d / ( / N (h(s+X<1>(0))ds> H(d=) F (dm)

M) [ Fxaioah(:) = g o (2) 1 (d2) Fdm)

= AL(U) / LP,,. (hxy(0), R*)F(dm),
Rd

where we introduced H x,, (o) to denote a primitive of the function hx, ).
Moreover, according to Proposition 4, one has a.s.

LTaCy, (U) < ZLTaC (r_aU) + 21 Y H (TziRgmi 72, Ry, N U) re
1,5 #

oo T+ ||9mj HOO)
By Campbell formula,
E ZLTanm,(T_IiU) :/ LTaCy,, (T—zU)AdzF (dm).
7 ’ R2xRd
Hence, by Fubini Theorem,
E (Z LTaCy,,. (Tin)> = \L(U) / LTaC,, (R?)F(dm) < 4o0.
i ' R4

Moreover, by Slivnyak-Mecke formula,

> H (7 Ry, 172, Ra, N0 (g, lloo + gm, lc)
i,j #
= / / HO 1Ry, N TarRg,, () (lgmlloe + |9 loe) \2dzda’ F(dm) F(din)
RdxRe JR2 xR2
= AQE(U’/ / / Ler, omm. (1gmloo + g lloo/HO(d2)dz F (dm) F (dm)
R xRd JR2 JR2
= 26) [ [ gl o |)H (R, (7R, ) e (dm) (') < 26,
Rd xRd JRR2

by assumption (31). It follows that E(LTaCx, (U)) < +oo and therefore

E (/R |TC(8EX¢(t),U)|dt) < 400,
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So, for a.e. t € R, the random variable TC(OEx, (t),U) has a finite expectation and t

E (TC(9Ex, (t),U)) is a function in L'(R). Note that since LTCx,, (U) = 37, LTC,,, (7_,U) we
simply get by Campbell formula and Fubini Theorem that

E(LTCx, (U)) = AL(U) / LTC,, (R*)F(dm).

Now, let h be a continuous bounded function with primitive denoted by H. We already know
that a.s. LTCx, (h,U) = [ h(t)TC(0Ex, (t),U)dt may be written as the sum of three terms
Ry, + Cy, + I, with ﬁnlte expectatlon under our assumptions. By Fubini Theorem, it follows that

E(LTCx, (h,U)) = /]R h(E(TC(OEx, (1), U))dt = E(Rp) + E(Ch) + E(L).

For the first term we have

E(Ry) =E ( /R mU[H(XW) — H(Xg ()] <z>H1<dz>>

E(E ol

[ B e~ )~ H(Xa(2) + (2 = )] i (=) (@A P ),

Xo,(2) + g, (2 — 1)) = H(Xa,(2) + gy, (2 = 20))]5g,,, (2 — wi)Hl(d2)>

by Slivnyak-Mecke formula. Using the translation invariance of both H' and £ and the station-
arity of X¢, we get that

E(Rp) /R ) /R /q i() Xo(0) + 8)) kg, (2)dsH (dz) F(dm)

O [ w6~ Txaio5(2) i (I @) Plam). (32)
R? JRy,,

Similarly, for the second term we have

E(Cr) =E ( Y [HXE() - H(Xq?(Z))]axq)(Z))

ZECXq)ﬁU
—E (Z Ler ¢, olH(Xa,(2) + 05 (= — 21)) — H(Xa,(2) + g, (2 — 2:))]erg,, (2 — ximl(dz))
/ S B )+ 65(2)) — H(Xa(0) + g (2)]) o, (2) F(dm)
z€Cy,,

— AL / 3 (Fxaio@he) = Freo 0n()) 0 (P ). 39

z€Cy,,

Finally, the last term may be itself decomposed in two terms, say I, = I, ,(11) +1 ,(L2). With similar
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computations we get that E([ }(11)) is equal to

g (2) gm7 (2)
AL(U) /R ZI: (/g E(h(X¢(0)+s))ds—/ IE(h(Xq>(0)+s))ds> 8, (z)F(dm)

nlt(z) gm (%)

= Mt(U)/Rd > Hxo(95(2) + Hxo(0)(9m(2) = Hxy(0)(gm T (2) = Hx,(0)(gm 7 (2))]F(dm).
- 2€Ty,,

(34)

Adding (32),(33), and (34) we recognize

)\;C(U) / LTCgm (EXq,(O)JRQ) F(dm)
Rd

For the remaining term, let us introduce

gh (z—=z5)
Ay Mt 2 — 24,2 — 1) = / ’ [h(t+ g;;i (z = x;) +5) = h(t + g,,, (2 — x;) + s)|ds,
g

E ’;lj (Z—Ij)

for z € 72, Ry,,, N 72, Ry, - Since 72, Ry, N 7o, Ry, = 7o, Ry, N7, Ry, the term IE(]}(LQ)) is
equal to

1
E 52 Z Ami’mjh’(XCDij(z)7Z_‘ri?z—xj)dsl(ygmi (Z_xi)vygmj (Z_xj))
i#j 2€Ty, R ﬂ'rz].R nU

9m;

- / / 3 E (A mh(Xa(2), 2 = 2,2 = a'))

2€T2 Ry, N7yt Ry, U

gm

9m

X dgi(vg,, (2 — 2),vy (2 —2'))NdzF (dm)dz'F(dm'),

by Slivnyak-Mecke formula. By change of variables, translation invariance of H° and £, and
stationarity of Xg, we get that E(I}(LQ)) is equal to

A? — ,
Eﬁ(U) /]Rded /]R2 Z E (A hxg0)(0,2 — 2, 2)) dgi (vg,, (2—2), vy, , (2))dzF (dm)F (dm')

2€TzRg,, MRy,

m

— N2L(U) / I(Fixy0).m)-
Rd
O

Remark: Let us notice that choosing h,(s) = e for u, s € R we have Eu,Xq)(O) =E (eiqu>(O)) X
h., and by linearity

LP,, (R xy(0, B?) = E ("X*©) LPy, (1, B?)

and LTC,,, (Fry xu (0, R?) = E (a’“X@(O)) LTC,, (hy,R?).
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It follows that Fourier transforms of ¢t — Per(Ex(¢)) and t — TC(0Ex(t)) are given for u € R
by

LPx, (hy) = AE (X)) / LP,, (h.,R?)F(dm), (35)
Rd

and

LPx, (ha) = AE (ew}%(o)) / [LTC,,. (h, R2)+
Rd

A , oo g (z—x)
f/ / Z (ewg:rn'(z)—e’“gm/(z))/ e"*dg1(vg,, (z—x),vy ,(2)) dsdzF(dm’)] F(dm).
2 Rd JR2 ™

2€7 R Ry, gm (2—2)

4.3. Explicit computations

In this section, we will give some explicit computations of the mean level total curvature function
of elementary shot noise random fields. These results generalize the results of Decreusefond et
al. [15] obtained for indicator functions of a square, and also the known results on the Boolean
model (that correspond to the excursion set of level ¢ = 1). We will also show some numerical
simulations.

Let us first recall, as already used in Theorem 3, that for shot noise random fields, the char-
acteristic function of X¢(0) is explicit and given by

Vu e R, E(eX*©)) = exp <)\/ (e?ugm (@) _ 1)dxF(dm)> .
R

2w Rd

We will consider here D an elementary compact subset of R2. Its boundary I' = 8D is a finite
union of positively oriented closed simple curves, piecewise C? and of finite total curvature, i.e.
TaC(T', R?) < +o0. Note that by Gauss-Bonnet Theorem we have

TC(T,R?) = 27x(D).

We will focus on the case where the marks are of the form m = (b,7,0) € Rx[0, +00)x [0, 27] C R?
with d = 3, with distribution F(dm) = Fp(db)Fr(dr)Fe(df) and functions g, given by

Vx € R2, gm(x) = bIRe’I”D(x)V

where rD is the dilation of D by the factor r, and Ry denotes the rotation of angle . We will
denote b" = max(b,0), b~ = min(0,b) such that for z € dRyrD, we have g () = bt and
Im- () = b~ with gt (z) — gyp- () =bT — b~ = |b| and b = (b* — b~ )sgn(b).

We denote by B (resp. BT = max(B,0) and B~ = min(B,0)), R and © independent random
variables with distributions Fiz, Fr and Fg. We will mainly focus on the case where © is uniform
on [0, 27], that is Fg(df) = il[o,%]dﬂ for random shapes with uniform rotation; or on the case
where © = 0 a.s., that is Fg = Jp corresponding to simpler marks m = (b,r).

Theorem 6. We assume that

E(|B|) < +o0 and E(R?) < +o0.

(36)
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We denote the mean perimeter and the mean area of RgrD by

D= /11%2 Per(RorD) Fr(dr)Fe(df) = Per(D)E(R)

and a@:= | L(RerD) Fgr(dr)Fe(df) = L(D)E(R?).
R2

Then Xg satisfies the assumptions of Theorem 4 and 5 and
E(LPx,(U)) = ALWE(|B))p and E(LTCx, (U)) = 27AL(U)E(B)x(D).

Moreover, when Fg is the uniform law on [0, 2], then, for all u # 0,

Fg+(u) — f;-(u)p
m

/ e"Per(Ex, (t))dt = NE(e™X2(0)
R
/ eTC(DEx, (t))dt = ME(eX+(0)
R

x% (QW(F/E(U) - Dx(D) + %(f;r (u) = F'; (u))2p2> 7

where }/7;, respectively F/'B:r or Z%i , denotes the characteristic function of B, respectively BT or
B~. In the case where B = 1(= B™) a.s. we deduce that Vk € N, Vt € (k, k + 1],

I Ok
Per(Ex, (1)) = )\e_’\“%ﬁ and

(M)

TC(0Ex, () = 2rhe X (X(D) - %52 + pak) . (37

Proof. Since H(RprT) = rHY(T') and TaC(Ryr[,R?) = TaC(T,R?), the g,,,’s are elementary
functions and, for F(dm) almost every m = (b, r, ), writing L = H(I') = Per(D), we have

Vy, (R?) = [blrL  and  LTaC(g,,, R?) = |b| TaC(T, R?).
Let us remark that Equation (11) becomes
/ |gm (z)|dzF(dm) = E(|B])a < +oo.
Rd JR?
Equation (21) is easily checked since

/ V,, (R*)F(dm) = E(|B|)E(R)L < +oc and
Rd

/ LTaC,, (R*)F(dm) = E(|B|) TaC(I', R?) < +o0.
]Rd

Assumption (22) also follows from the fact that @ < 400 and E(|B|) < +oo. For (24), let us
remark that Z, = 0 and C,,, = RyrCr so that H°(S,,, \ R,,.) = H°(Cr), ensuring (24), by
assumption on I'.

Now, in order to check (25) and (26) we need a kind of kinematic formula.
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Lemma 1 (Kinematic formula). Let f be a measurable non-negative function on [—7, )2, pe-

riodically extended to R?, and let Ty, Ty be two piecewise reqular Jordan (simple closed) curves.
Let I, 1r,(f) be defined by

on()= [ 3 (g () A, (=) do.

zel'1NTx o

Then
L Lo T e
Ir, r,(f) = / f(01(s1) + 5 02(s2) + 5) | sin(01(s1) — 02(s2))| ds1 dsa, (38)
o Jo

where the curve I'y (resp. T'2) of length Ly = HY(I'1) (resp. Lo = HY(T'2)), is parametrized by
s1 = y1(s1) (resp. by sa — va(s2)) where s (resp. s3) is arc length, and 01(s1) = Arg~i(s1)
(resp. O2(s2) = Arg~5(s2)).

Proof. A heuristic proof of this result is given in the book of Santalé [31]. But it can be made fully
rigorous using the co-area formula for Lipschitz mappings. Indeed, if F' : R? — R2 is Lipschitz,
then for any non-negative measurable function v on R?, the co-area formula (see [20] or [7]) states

that
v det(DF dy = v(t)YHO(d dr = E v dx.
/2 (y)| t( (y))| Y /R2 (/ i) (t) ( t)) / (t)

2
teF—1(x)

Now, we use this formula with F' given by F'(s1, s2) = v1(s1) —72(s2) for (s1, s2) € [0, L1] x [0, Lo]
(and extended to R? by periodicity for instance), and v given by v(s1, s2) = f(61(s1)+ 5, 02(s2) +
) sy 50)€[0,21]x[0,L2] - Since 'y and 'y are piecewise regular Jordan curves, they have only a finite
number of corner points, and therefore 7; and -5 are differentiable except at a finite number of
points, and we can compute at a regular point y = (s1, s2)

|det(DF(y))] = [ det(vi(s1),v5(s2))| = | sin(61(s1) — O2(s2))].

And we also notice that if x € R? and ¢t = (s1,52) € F~!(z), then z = ~1(s1) — 72(s2) and
therefore z = 71 (s1) belongs to both T'y and 7,T'2, and v2(s2) = z — x. This concludes the proof
of the lemma. O

In particular, taking f = 1, it follows that I, r,(1) < L1 Ls. Note also that we moreover have
the exact formula

27 2m 27
/ / ]ReFl,Rg,Fz(l)dgdel =27 X / |sin(9)|d9L1L2 =27 X 41;1[127
0 0 0

according to a generalization of Poincaré’s Formula (see [31] for instance). Using the fact that T
is a finite disjoint union of Jordan curves we obtain that IRQTF,R(,/T’F(l) < L?r7', since the length
of RgrT, resp. Rg:r'T, is rL, resp. 7' L, with L = H'(T) the length of I and

2w 27
/ / IRng,Re,r’F(l)dadQI =21 x AL%rr.
0 0
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It follows that

/ HO (Ry, , N TuRy,,) dzF (dm)F(dm’)
R xRd JR2

/2 / ) IReTP’Re,T/p(l)F@(d@)F@(dal)FR(dT’)FR(dT/)
R 0,2m

2
412 (/ rFr(dr)) = 477,
R+

with p = LE(R) the mean perimeter, proving (25).
Moreover, for f(01,02) = 1, =g, + Ip, =0, +=, where = stands for equality modulo 27, we clearly
have

IN

Ir,, Fz(f) =0,

in view of (38). Since T is a finite disjoint union of Jordan curves, it follows that
/ H ({y € Ry, , NTuRy, vy, (y) = Lvy, (y — 2)}) doF (dm)F(dm’)
RdxRe JR2
/ / IRyrr Ryt (f)Fo(d0)Fo(d0")Fr(dr)Fr(dr') =
R2 J[0,27]2
so that (26) holds. Therefore we get the statement of Theorem 4. Moreover, we also get

Lo ] gl + o )M (R, 072, ) da () P
R xRd JR2
< 45 [ (bl V) Fa(dh)Fa(d¥) = SPPE(B) <+

RxR

and (31) is also satisfied so that Theorem 5 holds.
Note that, we simply have

E(Vx, (U)) = AL(U) |V, (R*)F(dm) = AL(U)E(|B)E(R)H' (),

Rd
and

E(LTCx, (U)) = AL(U) /]R . LTC,, (R*)F(dm) = A\L(U)E(B)TC(T',R?),

using the fact that LTCy, (R?) = (b"—b~)xsgn(b) x TC(I', R?) = bTC(T, R?). Since TC(T,R?) =
27x(D), we obtain the first general statement. For u # 0, we can explicitly compute the charac-
teristic function of X4 (0), given by

E(emx¢(o)) = exp (/\/ (ei“gm(m) - 1)F(dm)dm> = em(ﬁB(“)_l),
R4 xRR2

where ﬁB(u) = E(e™P) = [ e™ Fp(db) is the characteristic function of B. In particular for
B =1 a.s. X¢(0) is a Poisson random variable of parameter Aa. We also have, writing h,, as
previoulsy,
b+ ez’ubJr _ eiulf
LP,, (hy,R?) = / e HY (RorD)dt = rH (I ————

- U

bT jubt dub~
. (& — €
LTC,, (hy,R?) = / e™tsgn(b)TC(RprT,R?)dt = TC(T, R*) ———sgn(b),

— mu
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so that B B
F, — Fp-
/ LP,, (hy,R?)F(dm) = E(R)H" (") —2= (w) — g (u)
- 1
and B
/ LTCy,, (hu, R*) F(dm) = TC(F,RQ)%'
R w
Therefore

@(u)_—ﬁ;(u)_

LPx, (hy) = AE(e™" X+ OE(R)YH (T

Finally, let us remark that for f(6,02) = min(|0; — 02|, 27 — |§; — 02]) (distance between two
angles) and fr(01,62) = f(7 + 01,02), we get

. o g (z—x)
/ / (ezug:;,(z) _ ezugm,(z)) /7 etUS dg
R4 JR2 xR4 gm(z2—x)
X

> dsi (v, (2 — 2),vy ,(2)) dz F(dm)F(dm')

ZETLR ﬁRgm,

(f, (e — 1) Fp(db))® + (/7 (1 — ™) Fy(db))?

X // IRgrr Ry 1 (f)Fo(d0)Fe(d0") Fr(dr)Fr(dr')
Rz J{0,27]2

L T - (@) (1 - ) Fa(a)

X /2/ IRyrr, Ry 1 (fr)Fo(dO)Fo(d0") Fr(dr)Fr(dr')
r2 Ji0,2)2

This last expression may not be simple to compute. However, assuming from now on that
Fo(df) = %I[Ogﬂ-]d@, we obtain by (38), for two Jordan curves I'y1, Ty,

1 27 Ly Lo )
| tnromn(Fe(@@Fo(@) = - [ [ [ s - ta(s2) - 0)
[0,27]2 2 Jo 0 0
X min(\el (81) — 92(82) — 9|, 2 — |61(81) — 92(82) — 9‘)d$1d82d9
= IL1Ls.

Similarly we have

/ IRGFI’RG,FQ(fﬂ)F@(dQ)F@(de/) = LiLs.
[0,27]2

Since T is a finite disjoint union of such Jordan curves, we get
o T e (VP Fo(d) = [ e e (f2) Foldd) o) = L
[0,27] [0,27
It follows that for uniform rotations, we have
X
w

LTClx, (hu) = AB(e" () (@(u) ~TO( R + 5 (i o)~ P (u>>2p2> .
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When moreover B =1 a.s., Bt =1 and B~ =0 a.s., we can deduce an exact formula for the
mean level total curvature function of Xg. Actually, in this case Xg(0) follows a Poisson law of

pt(W)-Fp (u) _ Fp(w)-1

_ F . . . .
parameter Aa and — ~—-— is the characteristic function of a uniform random

variable Z on [0, 1], while F/E(u)% is the characteristic function of Z + 1. Then, considering
Z independent from X4 (0), we can write

TP, (h) = AE (X0 @+ 2) B(RH(T), and

LTCx, (h,) =X |E (eiu[X¢(0)+Z]) TC(I, R?) — éﬁ +E (eiu[X¢(0)+z+1]) ﬁﬁz .
2 2
Note also that since here the random field X¢ has integer values, then Vk € N,
Vie (k,k+1], {zeU;Xo(x)>t}={2xeU;Xe(x)>k+1},

and therefore

Per(Ex, () = Per(Ex, (k+1)) and TC(0Ex, () = TC(0Ex, (k + 1)).

Hence we can conclude that Vk € N, Vt € (k, k + 1]

- Ok
Per(Ex, (t)) = Ae @ %ﬁ and

- _(\a k A =2
TCEE. @) = A2 (rorry — 222 1 23} (39)
k! 2 2a
Note that, thanks to Gauss-Bonnet Theorem, we have TC(T,R?) = 2my(D), so that we can

rewrite this as in (37).
O

Let us remark that Formula (37) only involves the Euler Characteristic, the mean perimeter
and the mean area of the shapes. When k = 0, we find the formula of the mean Euler Charac-
teristic density of a rotation invariant Boolean model as obtained by Mecke and Wagner in [28]
and by Mecke in [27] stating that

o BEOUz € Ui Xo(@) 2 1)) _ sy
r—+o00 7T£(7“U)

(Ama(D) — X*my (D)?)

with mo(D) = @, m1(D) = /27 and mo(D) = x(D)/w. Actually, following the framework of
[33] for Boolean models, we can define some volume densities for excursion sets as, for all k € N
and t € (k, k+ 1],

k —
L(Ex, (1) = P(X(0)>k+1)=1- e,m; (Alc!l)l
m = 67/\6(>\ki!)k)\p
Y E~ (1) —(X\a)k =2
X(Ex,(t) = )\e_ka% (X(D) _ %T)Q i 4]37mk> ’

recovering the results of Boolean model for k£ = 0 in dimension 2 (see p.389 of [33]).
The typical behavior of x(FEx, (k)), as a function of k € N, is the following:
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o It starts, when k is small, by being negative. This is explained by the fact that {X¢ > k} is
essentially made of one big connected component with many small holes in it. In particular
the minimum value of x(Ex, (k)) is achieved for an integer denoted k_. The explicit value
of k_ can be computed from Equation (39). The formula is not very nice, but it has a
simple asymptotic behavior when A is large, since then we have

ko =Xa—Via+0(1).

e Then, after k_, the density x(Ex, (k)) increases and it crosses 0 in the interval that contains
ko where
2ma
ko = Xa — pTX(D) =Xa+ O(1).
For this level, there are as many connected components as holes.
o After ko, the density x(Fx, (k)) is positive and it increases till a value k, and afterwards
it decreases and goes to 0 as k goes to infinity. As for k_ the value of k; is explicit, and
its asymptotic behavior when X is large is

ki =g+ Via+0(1).

Example 1: Random disks

We assume here that D = D(0, 1) is a disk of radius 1, and that B =1 a.s. In this case we have
TC(0D) = 27x(D) = 27, p = 27E(R) and @ = 7E(R?). Note also that since RyrD = rD for all
0, whatever Fg is, the shot noise random field has the same law as the one with marks given by
m = (b,r) € [0,+00)? C R?, with distribution G(dm) = Fp(db)Fr(dr). An example of such a
random field with comparisons between the theoretical value of E(TC(0Ex,(t),U))/2n of Euler
Characteristic and an empirical estimate on a large domain are shown on Figure 7. The caption
of the figure gives the practical and technical details of the simulation.

Let us remark that we can also compute the mean level total curvature for a non isotropic
shape. This is the case of squares for instance, as developed in the following example.
Example 2: Random squares
We assume here that D is a square of side length 1 and © = 0 a.s. with F'(dm) = Fp(db)Fr(dr)dy(db)
or equivalently that marks are given by m = (b,r) € R x [0,+00) C R? with distribution
G(dm) = Fp(db)Fr(dr). In this case, I' = 9D is made of four line segments, with TC(I', R?) =
2mx(D) = 27, p = 4E(R) and @ = E(R?). On the boundary of a square, the curvature is 0, and
it has four corner points with a turning angle equal to 7/2. Now, considering (36), we get for
u # 0 and hy(t) = et

Fa) —1

/ LTC,,, (h,)F(dm) = TC(T,R?)
R4 U

For the second term, according to the kinematic formula (38), the only remaining terms are for
01(81) = 92(82) + g for which

f(01(s1),02(s2)) = min(|61(s1) — Oa2(s2)|,27m — [01(s1) — O2(s2)) = g = fx(01(51),02(s2)).

It follows that -
Ir, r,(f) = 5 X 8r1 x 1o = Ir, 1, (fx),

and therefore

/ Z ds1(vg,, (z — 2), vy, ,(z))dx:E X 8r x 1.
]R2 g m 2

zETH Ry ﬂRgm,

gm
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Fi1Gc 7. Shot noise random field with indicator functions of random disks. This sample has been obtained using
Matlab, with a domain of size 2000 x 2000 pizels, a Poisson point process of intensity A = 0.001, and random
disks of radius R =50 or R =100 (each with probability 0.5). Top middle and right figure: empirical Perimeter
and Euler Characteristic as a function of the level t (computed thanks to the Matlab functions bwperim and
bweuler), compared with the theoretical values (red stars) of Equation (37). Bottom line: Three excursion sets
corresponding respectively from left to right to the level t = 15, t = 19 (that is the “critical level” where the Euler
Characteristic turns from negative to positive) and t = 25.

Hence,

1 iugt,(2) _ iug=,(2)
2 /]Rd /]R?x]Rd Z (e ¢ )

z2€T2Rg,, ﬂRgm,
gh(z—x)
X / e"ds | dg1(vg,, (z — x),vg ,(2)) dx F(dm)F(dm')
gm (z—x)

(Fp+ (u) — Fpg (u))? P°
U 16°

rr' Fr(dr)Fr(dr') = 21

2
+

(Fp+ (u) — Fpg (u))?
X 27r/R

Finally, in this case

E(LTCxy (hu, U))
1

= AL(U)E(e™ )~

(Pt o, #) + 2B 00— B~ "L ).

and it corresponds to [, e"'E(TC(0Ex,(t),U))dt.
For B =1 a.s., taking the inverse Fourier transform as previously, we obtain

1 _xa (Xa)” A, P
VEENVEE (b k1], 5 B(TC0Ex, (1), U) = AC@)e ™ (1- 292 4+ Poi) o)
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FiG 8. Shot noise random field with indicator functions of random squares. This sample has been obtained on a
domain of size 2000 x 2000 pizels, with a Poisson point process of intensity A = 0.005, and random squares of fized
stde length R = 100. Top middle and right figures: empirical Perimeter and Euler Characteristic as functions of
the level t, compared with the theoretical value (red stars) of Equation (40). Bottom line: Three excursion sets
corresponding respectively from left to right to the level t = 3, t = 5 (that is the “critical level” where the Euler
Characteristic turns from negative to positive) and t = 8.

It is illustrated on Figure 8. This formula generalizes one of the results of Decreusefond et
al. [15]. Indeed, considering the Boolean model made of squares of constant size R = 2¢ a.s. for
some € > 0, we get for kK =0, and a > 0,

vt € (0,1], %]E(TC(@E)% (1),(0,a)%)) = Aa®e2C” (1 — A(2¢)?),

that corresponds to the mean Euler Characteristic of the Boolean model in dimension 2, consid-
ered in the torus of size ¢ > 0 in Theorem 11 of [15].

5. Appendix
5.1. Proof of Proposition 2

For the first point we will use the fact that for all y € R,

) e 9 Mg
,/ SIY) 4y — i 7/ ) gy — sy,
o 0

™ u M—+oco T U

with sgn(y) = 1 if y > 0, sgn(y) = —1 if y < 0 and sgn(y) = 0 for y = 0. We also remark

that C' = sup 45 2 ‘fOA Wdu’ < +o00. Since for € € (0,1] we have |sin(uX;)| < [uX;|¢ and
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E(|W||X1|**¢) < +o0, by Fubini Theorem,

2 M1 2 (M gin(uX
2 / CE(WX, sin(uX,))du = E <WX1 / bm(“l)du)
0 ™Jo

™ u

But, as M goes to +oo0, %foM %du converges to sgn(Xi) a.s. and, since |f0M wdm =
\ fOM‘Xll Sinuﬂdm, it is uniformly bounded by C. Hence the dominated convergence theorem

allows to conclude that

M
lim g/ %E(WXl sin(uXy))du = E (W X;sgn(Xy)) =E(W|X4]).
0

M—+4o0c0 T

For the second point, we start with the following identity:

V1U2
sin

T1To “+o0 “+o0
—1 = — ————=—ssin(vyx1) sin(vexs) dvy dvs.
2t af eirer>0 77/0 / (07 ¢ o2y S sin(vaaz) do do,

This identity can be proved using the fact that the Fourier transform (or more precisely the sine
transform) of a Cauchy-Lorentz function (function of the form z — 2a/(z? + a?)) is a two-sided
exponential function (function of the form y — exp(—aly|)). Moreover we have the following
uniform bound.

Lemma 2. For M, M’ > 0 and x1,x2 € R, let us define

M M
F(M,M' z1,15) / / i sm(lel) sin(vexs) dvy dvg.
’Ul + 1)2

Then, there exists a finite constant C > 0 such that
VM,M/>0, Vxq,22 € R, |F(M,M/,.Z'1,.’1?2)|<C.

Proof. Let x1,22 € R, and let us denote 1 = pcosf and zo = psinf, with p > 0 and 0 €
[0,27). In the integral that defines F(M, M’ 1, xg) we make a change of variable to use polar

: MM’ _ M MM _ M’
coordinates. For a € [0, 7] we denote R =M jfa< arccos\/ﬁ7 and R ==
if o > arccos——24—. We then get

A /M2+M/2
RM M’
72 cos asin a .
F(M,M' z1,29) = / / —————sin(rpcos @ cos a) sin(rp cos O cos a)r dr da

= / cos asin / — sin(r cos 0 cos a) sin(r cos 6 cos «) dr da
0 0

z pRYM 1
= /2 cosasina/ 2—[cos(r cos(f + a)) — cos(r cos(f — a))] dr dov.
0 0 r

Now, let A > 0, and let t € [—1,1]. We have, by an integration by part,

/A lcos(rt) dr — sin(At)  sin(t) n /A sin(rt) r

r At t r2t
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Using the change of variable (r — r|t|) and the fact that |sin(z)| < min(|z|, 1), we can bound
the above right-hand side integral by

AL [tA | o 1 oo

t 1 1
/ Smﬁ”dr S/ ‘Sm(T”dTS/ *d’”“/ pdr=1-loglt|.
1 r2t \ 1 "

Il r ¢
If ¢/ is also in [—1, 1], using that, for all » > 0, | cos(rt) — cos(rt’)| < r|t — t'| < 2r, we get

1
1
/ —| cos(rt) — cos(rt’)|dr < 1.
o 2r

Putting all this together we finally have:

™

2 1 1
|[F(M, M’ z1,25)] < /2(3—§log|cos(9+oz)\—510g|cos(9—oz)\)da
0

3 1 (7
< 1—7/ log | sin(x)| dx < 4o0.
2 2/,

Hence, for M, M’ positive real numbers, let
4 M M’ V1V2
YM7M’ = - / / 5 o o Sin(’l)le) Sin(’Ung) dv1 dvg,
mJo Jo  (vF+03)?
that is bounded by C according to the previous lemma. Since E(|]W || X1 X2|°) < 400, by Fubini

Theorem

4 /M /M/ U102 . .
— ———55 E(W sin(v1X1) sin(ve X2))dvidve = E(W Y prv).
mJo Jo (vF+03)?

We have that Yas,a converges a.s., as M, M’ go to infinity, to

X1Xo

Y 4/+OO/+OO U2 sin(vy X)) sin(ve X2) dvy d 1
= — — 5= SIn(v S1n( v: v Vo = —7———= 2 2 s
T Jo 0 (’U%*{”U%)Q 1A1 242 1 2 X12+X22 X1+X2>0

Hence the result follows again from the dominated convergence theorem.

5.2. Proof of Proposition 3

As in the proof of Theorem 2, our assumption implies that E (W?em@l‘JDO) = 0 for all
n # 2. Let g : 20T — R be a continuous bounded 27 periodic function. For N > 1 we denote

N
by Sn(9)(8) = Z ( - ](L[|> cn(g)e™ the Fejer sum of order N of g, where the Fourier
n=—N
1

coefficients are given by ¢, (g9) = 5= fo% e~ ™ 4(0)df. We obtain that

E (WESx(9)(©)1)150) = <1 - ;) () (WRe1,,1.0).

Since, (Sn(g))n converges uniformly to g that is bounded and E(|WK|) < +oo, it follows that
E (WKg(@)1|J|>0) = c2(9)E (WK62i®1|J|>O), by the dominated convergence theorem. Now
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for the second point, we also introduce the real and the imaginary part of J, J; = R(J) and
Jy = (J), so that
J1Jo

Sil’l(2@)1|J|>O mlj +J2>O

According to the second point of Proposition 2, we have

“+oo +oo
E (WK sin (20)1)150) = / / T ”fi SE(WEK sin(vi 1) sin(vaJ) ) dvi dos
1 2

+oo “+oo
’U11}2 —
= —— WK J1 4+ vaJ2))dvidus,
/ / CERTE E( cos(vyJy + voJo))dvidug

using the fact that E(WK cos(viJp)cos(vade)) = E(W(=K)cos(vyJ2) cos(vaJi)) by (10) for
6 = w/2. By a change of variables in polar coordinates we obtain

400
E (WK sin201;~9) = —f/ / E(WK cos(vR(J *w‘))sin(2a)da%}

_/+oo/ (WKe™2 cos(vR(J]))) sin(Qa)doszj}

dv
v

= Z/o E (WK cos(vR(J))) —
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