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SHORT-TIME REGULARITY FOR DYNAMIC EVOLUTION
PROBLEMS IN PERFECT PLASTICITY

CLEMENT MIFSUD

ABSTRACT. In this paper, we study the regularity properties of solutions
of dynamic evolution problems in perfect plasticity. We prove that for
any space dimension and for any closed convex set of constraints con-
taining zero as an interior point, the solutions are regular in space during
a short time interval if the data are smooth and compactly supported.
The result is based on the hyperbolic structure of the model, namely
the finite speed propagation property.

Keywords: Elasto-plasticity, regularity, finite speed propagation, com-
parison principle.
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1. INTRODUCTION

Elasto-plastic models have been designed in order to mimic permanent
deformations that can appear in a material submitted to a critical stress. From
the experimental and theoretical points of view, one can observe discontinuity
surfaces of the displacement.

To analyze such a phenomena, it has been necessary to introduce a new
function space, namely the space of functions with bounded deformations,
in [18, 20]. This problem was avoided in [13] thanks to a visco-plastic regular-
ization. Unfortunately no information on the regularity of the strain tensor
was proven. Thanks to the functional framework of [18, 20|, the dynamical
(in [1]) and the quasi-static case (in [21, 22]) have been studied and the ex-
istence and uniqueness problems have been solved. An important question
remains in these two cases to know if one can expect more regularity for these
solutions when the initial, boundary and source terms are smooth. This paper
addresses the issue of regularity of the solution of the dynamical evolution of
elasto-plastic materials.

To formulate the problem more precisely, we consider a reference configu-
ration of a material, denoted by 2 C R™, which is a bounded open set. We
denote by w : [0, T]xQ — R™ the displacement field. In the framework of small
strain elasto-plasticity, the linearized strain tensor, Eu := (Du + Du”)/2, is

the sum of the elastic strain e : [0,7] x Q — M} and the plastic strain
1



2 C. MIFSUD

p:[0,T] x Q@ — MZX" je.

sym

Fu=e+p,
with M7 the space of real symmetric n x n matrices. The stress tensor
o :[0,T] x Q — MZX" is defined, thanks to Hooke’s law, as o := Ce, where C

sym
is the symmetric fourth-order elasticity tensor. When the material is subjected

to an external body force f : [0,T] x  — R™, the equation of motion is
i —dive = f in[0,T] x Q,
in the dynamical case or
—dive = f in [0,7T] x Q,

in the quasi-static case. In perfect plasticity, the stress tensor satisfies a
constraint
oceK,

where K is a fixed closed convex subset of M{" and the plastic strain rate
satisfies the flow rule

pE Nk (CT),
where Nk (o) is the normal cone to K at . Using convex analysis, this flow
rule can be rewritten as Hill’s principle of maximum plastic work

0 :p=H(p) := max(r : p). (1)

The function H is called the support function of the set K. Suitable boundary
and initial conditions are supplemented to this set of equations.

In the dynamical case, one can find in [4] a theorem that states that the
problem is well-posed for every K containing zero in its interior (in [1] the
convex set of constraints is supposed to be bounded in the deviatoric direc-
tion). In this case, the only result available, to our knowledge, in the literature
about the regularity of the solutions can be found in [3]. In that reference, the
authors prove that the displacement field of a simplified (scalar) model of the
dynamic elasto-plastic evolution, namely the anti-plane shear model, is H'
regular in space (for small times) if the initial data and the source term are
compactly supported and regular. The argument is based on the hyperbolic
point of view of the evolution of the anti-plane shear model.

The purpose of our paper is to extend the regularity result of [3] to the
general vectorial model of dynamical perfect plasticity. To be precise, our
main theorem can be stated as follows: suppose that (ug,vo,eo,po) is an
initial data which is compactly supported with oo € H'(; MZ}"), that the
function f € HY(Q x (0,T);R") is such that for all ¢t € [0,7], f(t) is also
compactly supported in space and that the (Dirichlet) boundary condition is
homogeneous. Then, there exists a critical time T* such that we have, for
every time 7 < T™, u € WH>([0,7]; H' (4 R™)), o € L>(0,7; H' (Q; M)
and p € WHee([0, 7]; L2 (£; M2X™)).

Sym
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To do so we first prove two propositions related to the hyperbolic point of
view (see [3]) that allows us to say that information propagate at a finite speed.
In fact, in the elasticity framework (i.e. without constraint), the existence and
uniqueness of solutions to the classical (linear) elasto-dynamics have already
been obtained thanks to hyperbolic tools (see [16]). For the elasto-plastic
case and following [12, 19], one can prove (see [3, Section 3.3 & 7]) that
the solutions of the dynamical elasto-plastic anti-plane shear model are also
weak solutions of a related hyperbolic constrained problems (and a partial
reciprocal statement holds true).

In the quasistatic case, there exist several works on the regularity of the
stress tensor. In [5, 11], the authors focus on convex set of constraints K
bounded in the deviatoric direction and are able to prove, with different meth-
ods, that o(t) belongs to H}. . for almost every ¢ € [0,77]. For the Norton/Hoff
model, one can also find results about regularity up to the boundary in [14, 17].
In this work, we will not deal with quasistatic models. In fact, our approach
cannot be extended to quasistatic solutions. Indeed, although the solutions
of the quasistatic evolution could be obtained as limits of dynamic processes,
rescaled in time thanks to a small parameter ¢, the time 7™, during which
one can obtain regular solutions for the dynamical evolution if the data are
smooth and compactly supported, would degenerate as € goes to 0. Conse-
quently, at the limit ¢ — 0, one can not hope to control the space derivatives,
on a small time interval, for the solutions of the quasistatic evolution.

The paper is organized as follows: in Section 2, we recall some useful
notations and results about the dynamical elasto-plastic problem. Section 3
is devoted to prove our main theorem. The proof of our main theorem follows
the lines of the regularity result of [3]. Although the comparison principle and
its proof are very similar to Kato’s inequality in [3], the rest of our arguments
needs to be adapted to the general case of perfect plasticity. Indeed, due to
the fact that we are dealing with any closed and convex elasticity sets K,
the dissipation functional H is now a general positively 1-homogeneous and
convex function of the plastic strain measure (in contrast with [3] where the
specific choice of the elasticity set leads to a dissipation functional which is
just the total variation of the plastic strain measure). Thus, a particular
care and measure theoretic arguments (due to the use of convex functions of
a measure) are needed to prove our short-time regularity result. Finally, a
better choice of test functions in the comparison principle allows us to slightly
improve the time regularity of the solution.

2. THE MATHEMATICAL SETTING

2.1. General notation. If ¢ and b € R", we write a - b for the Euclidean
scalar product, and we denote by |a| = \/a - a the associated norm.
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We write M"*™ for the set of real n x n matrices, and M " for that of
all real symmetric n X n matrices. Given two matrices A, B € M"*" we let
A: B :=tr(ABT) (BT is the transpose of B) be the usual Euclidean scalar
product and |A| := /tr(AAT) its associated norm over M™*™. We recall that
for any two vectors a and b € R, a®b € M"*" stands for the tensor product,
i.e., (a®b)ij = a;bjforall1 <4,j <n,and a®©b:= (a®@b+b®a)/2 € MY
denotes the symmetric tensor product. One has

1
Va,b € R", — |a| |b] < |la ® b] < |al|b]. 2
\/5\||| \ | < al [b] (2)

2.2. Function spaces. Let 2 C R"™ be a bounded open set with Lipschitz
boundary. We use standard notations for Lebesgue and Sobolev spaces.

For E a locally compact subset of R™ and X an Euclidean space, we write
M(E;X) (or simply M(E) if X = R) for the space of bounded Radon
measures on E with values in X, endowed with the norm |u|(E), where
|u| € M(FE) is the total variation of the measure p.

The Lebesgue measure in R™ is denoted by £™, and the (n —1)-dimensional
Hausdorff measure by H"? 1.

The Hilbert space, denoted H (div, ), of functions o € L*(€; ML) such
that dive € L?(€; R") is endowed with the norm

1
2 .2 2
ol g aiv.0) = (ol z2@pmxny + [divellzz ey )~
( ) ( ym' ) ( )

The space H(div,) obeys to the following trace theorem (see [7, Lemma
2.3], [23, Chapter 1, Section 1.3] and also [8, Chapter IX, Part A, Section 1.2,
Theorem 1)):

Theorem 2.1. For Q C R™ a bounded open set with Lipschitz boundary, we

have
1) the space C*°(2; M2X") is dense in H(div, ),
sym
2) the trace map, v, : 0 > oV defined on C°(Q;M2X™), can be
| Sym

extended into a continuous linear mapping, still denoted -y, from
H(div, Q) to the space H2 (0 R");

(3) the kernel of vy is the closure of C2°(S; M) in H(div,Q) and is
denoted Hy(div, ).

Remark 2.2. Let Q' be a bounded smooth open subset of R™ such that Q C .
One should notice that if o € Hy(div, ), the extension of o by the null-matriz
on Q' belongs to Hy(div, ).

In addition, we denote, for any function v depending on the space variables
(and possibly also on the time variable) and with values in R, by Vi its
(spatial) distributional gradient.
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Finally, BD(?) stands for the space of functions of bounded deformations
in Q. A function u belongs to BD(Q) if u € L*(Q;R"?) and Eu := (Du +
Du™)/2 € M(Q;MZ5"), where Du is the distributional gradient of u (see [23]
for a detailed presentation of this space).

2.3. The elastic energy. Let C be a fourth-order tensor satisfying
V(i g, k1) €{1,2,... . n}", Cijrr = Criij = Cjipa- (3)

We also assume that the operator C is coercive and continuous i.e. there exist
two positive constant ac and S¢ such that

Ve € MY, aclel* <Ce:e, (4)
and
Ve e MU, |Cel < felel 5)

nxn
Sym

Q(e) :=Ce : ¢, (6)
and for any e € L?(Q; MX™).

sym

To shorten notation, we set for e € M

2.4. The set of constraints. Let K be a closed convex subset of Mt
containing the origin as an interior point i.e. there exists a positive number
ag such that

{o e M, |o| <ap} C K. (7)

sym

In this work, we do not assume that K is bounded in the deviatoric direction.

2.5. Sets of admissible displacements and strains. For w € H!(R";R"),
we define the set of admissible displacements and strains, denoted A(w), as

A(w) = {(u,e,p) € (BD(Q) N L*(R™)) x L*(Q; ML) x M(Q; ML)

st. BEu=e+p inQandp=(w—u)OvH"" ondQ}.

One can prove (following the lines of [7, Lemma 2.1]) that the multi-valued
map w — A(w) enjoys the following closure property

Lemma 2.3. Let (wy,) be a sequence in H'(R";R"™) and (ug, ex, pr) € A(wy,)
such that there exists (Uso, €so, Do) € (BD(Q) N L2 (;R™)) x L2(Q;M§yxn?) X
M(Q;M2XM) satisfying

Sym

up = Use in BD(Q) N L2 R™),
e — €s In L%Q;Mgﬁ’),
Pk = Poo  in MM,

and
Wy — Weo in H'(R™;R™).

Then, (Uoo, €oos Poo) € AlWss).
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Using difference quotients, one can prove a similar result for functions de-
pending on the time variable.

Lemma 2.4. Assume that the functions t — w(t), t — u(t), t — e(t) and
t = p(t) are absolutely continuous from [0,T] to respectively, HY(R™;R"),
(BD(Q) N L2(;R™)), L2(MX") and M(Q;MLX™) and satisfy

vte[0,T],  (u(t),et),p(t)) € Alw(t)).
Then, (u(t),é(t),p(t)) € A(w(t)) for a.e. t €[0,T].

2.6. Generalized stress/strain duality. In order to give a sense to Hill’s
principle of maximum plastic work (1), one has to define a suitable duality
pairing between the stress tensor and the plastic strain rate tensor. Even
though the stress tensor is a squared integrable function and the plastic strain
rate tensor only a measure, one can give a (distributional) sense to this duality
pairing. We briefly mention how one can do that (for more details, see [4,
Section 2.4]).

Definition 2.5. Let o € H(div,Q) and p € M(Q;M2X") be such that there

sym

exist u € BD(Q) N L*(R"), e € L2(MLY) and w € H'(R™;R™) satis-

fying (u,e,p) € A(w). We define the distribution [o : p] on R™ as, for all
p € C(R™),

(lo:p],0) :/Qﬁp(w—U)-diVde

+/QU:((w—u)®V<p) dx+/Qa:(Ew—e)sodw-

Remark 2.6. One can check that Definition 2.5 is independent of the choice
of (u,e,w). In addition, since the distribution [o : p] is supported in ), one
can define the duality product (o, p) as

<a,p>:([0:p],1>:/(w—u)-divadx—i—/az(Ew—e) dx.

Q Q

2.7. The dissipated energy. The support function of K is a convex, lower
semicontinuous and positively 1-homogeneous function and is denoted by H :
MZX™ — [0; +00], and one has

Sym
Vg € MY, H(qg) =supT:q.
’ TEK

Using (7), we know that
Vg € M X" aplgl < H(q).

sym )

According to [15], for any p € M(;M2X"), we define the nonnegative Borel

- sym
measure on §) by
dp

Hp) @) = [ # (dw) g, ®)
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for any Borel set B C Q. This measure is, in general, not locally finite. In
the case when H(p) has a finite mass, we set

H(p) == H(p)(),

and in this case, one can use the results about convex functions of measures
of [9, 10] to derive the following duality formula

H(p) = sup /70 . dp.
g€C>(QK) /Q
For any p € M(Q; M) such that H(p)(€2) < 400 and that there exists
u € BD(Q)NL*(GRY), e € L*(Q;M!) and w € H'(R™;R") satisfying
(u,e,p) € A(w), we have for all ¢ € C®(Q) with ¢ > 0 (see [4, Equation
(2.12)]),
[edim = sw - (oiple). o)
Q oL (%K)
with dive € L2 (Q;R"™)
Remark 2.7. In particular, for every 7 € L*(2; K) N H(div,§) and every
p € M ML) such that H(p)(Q) < +oo and that there exists u € BD(2)N
L2(;R™), e € LA(Q; M) and w € H'(R™;R™) satisfying (u,e,p) € A(w),
one has

H(p) > [r:p] in M(Q).

2.8. Well-posedness of the dynamical elasto-plastic problem. We re-
call here one of the results of [4] that states that the dynamic elasto-plastic
evolution problem is well-posed.

Theorem 2.8 (Theorem 5.1 in [4]). Assume (3), (4), (5) and (7). Let f €
AC([0, T); L* (% R™)), w € H?([0, T]; H'(R™;R™)) N H([0, ] L*(R™;R™)),
up € BD(Q) N L2(Q;R"), eg € L3(8Y M), po € M(Q; ML) and vo €
HY(Q;R™) satisfying: the additive decomposition
Fug=eg+py inf,
the boundary condition
po = (w(0) —ug) ® vH" ! on 09,
and the compatibility conditions
vo=w(0) H" ' —aeond and —diveg= f(0), a.einQ,

with og := Ceyg € K. Then there exist a unique (u,e,o,p) such that

w € AC((0, T); BD(R)) N W22([0, T); L (2 R™)),

e, 0 € W ([0, T]; L3(£; M2X1)),

sym

p € AC([0, T); M( M),

sym
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and satisfying, for every t € [0,T], the additive decomposition
Eu(t) = e(t) + p(t) in Q,

the boundary condition

p(t) = (w(t) —u(t)) @ vH" on 99,
the stress constraint

ot)e K a.einQ witho(t) = Ce(t),
the equation of motion

i —dive = f, a.ein(0,T) x Q,

the initial condition

(u(0),7%(0),€(0),p(0)) = (uo, vo, €0, Po),
and for a.e. t € [0,T) the distribution [o(t) : p(t)] is a measure in M(Q)
satisfying the flow rule
H(p(t)) = [o(t) : p(t)]  in M(Q).

3. SHORT-TIME REGULARITY FOR DYNAMIC ELASTO-PLASTIC PROBLEMS

The goal of this section is to state and prove our main result, Theorem 3.1,
about short-time regularity of elasto-plastic solutions in the dynamical case.

Theorem 3.1. Under the same assumptions as in [4, Theorem 5.1], recalled
in Section 2.8, if, in addition, the boundary source term w = 0, and if there
exists a compact set H C Q) such that

Supp(anU0>UOap0a f(t>) cx fO?" allt € [O’T]’ (10)

and that

oo € HY (MY,  fe H'Y((0,T) x & R™).
Then the solution (u,e,o,p) of the elasto-plastic problem given in Section 2.8
for the initial condition (ug,vo, 00, po) and the source terms w and f satisfies
the following reqularity properties: setting T* := min (‘/Bafdist(%/, 5‘9),T),

we have for all T € (0,T%)

i€ L0, 7 HY(Q:RM),
o€ L>(0,7; H(;M2X™)).

sym

Moreover, if po € L?(Q; M2X™) and ug € HY(Q;R™), we obtain

sym

u e Whee([0,7]; H(; R™)),
p € Whe([0, 7]; L2(Q; M2X™)).

sym
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To prove Theorem 3.1, we establish two intermediate results. The first
one, Proposition 3.2, is a reminiscence of Kato’s inequality of [12] (and its
proof closely follows the lines of [3, Proposition 5.12]) and allows us to get a
comparison principle between two solutions of the elasto-plastic problem (see
Remark 3.3). This result is obtained under the hypothesis that the boundary
source term does not depend on the time variable. This hypothesis will be
assumed in the whole section.

The second one, Proposition 3.4, shows that if the initial velocity vy and the
initial stress oy are compactly supported in space, and also if the source term
f(¢) is compactly supported in space (for all ¢ € [0, T]) then there exists a time
T* such that the velocity and the stress will remain compactly supported in
space in [0, T*]. As explained in Section 1, this part needs non trivial technical
adaptations of the result of [3] because of the presence of the general support
function H of K (instead of simply the total variation).

Using these two results and since all functions involved here are null in a
neighborhood of the boundary, one can apply the so-called method of trans-
lations (see [6]) to get the short-time regularity result. This regularity result
is, as we previously said in Section 1, slightly improved with respect to the
time regularity compared to the regularity result of [3].

3.1. Comparison principle. In the sequel, we suppose that the boundary
terms do not depend on the time variable.

Proposition 3.2. Let (u,e,0,p) and (4, €,6,p) be two solutions of the elasto-
plastic problem associated with the initial data (ug,vo,eq,po) (respectively

(i, Do, €0, Po)) and the source terms w and f (respectively W and f). Then
for all ¢ € WH°((0,T) x Q) with ¢ >0,

/OT/Q|u-ﬁ]2¢dxdt+/0T/QQ(e—é)¢>dxdt
—2/0T/Q(a—&):((u—a)@w) dxdt+2/OT/Q(f—f)~(1l—1i)<pdxdt
+/Q\Uo—?70|280(0)dx+/QQ(60—6~0)<P(0)d93Z(l (11)

Proof. Let (u,e,o,p) (resp. (4, é,45,p)) be a solution of the elasto-plastic prob-
lem associated with the initial condition (ug, vo, g, po) (resp. (g, Vo, €0, Po))
and the source terms f and w (resp. f and w). Thanks to the equations of
motion, we know that

i — i — (dive —dive) = f — f, aein (0,T) x Q.



10 C. MIFSUD

Taking the scalar product with the function (i — @) € L2(0,T; L*(;R™))
for o € W1°((0,T) x Q) with ¢ > 0, we infer that

/OT/Q(u'—ii).(u—ﬁ)¢dxdt_/OT/Q<diVU_div5).(a_a)wdxdt
/f/ﬂ(ff)'(ﬂﬂ)cpdxdt. (12)

Using Definition 2.5 along with Lemma 2.4 and since the functions w and w
do not depend on the time variable, we get that, for a.e. t € [0, 7],

(o) : Bt) — BN, 0(t)) = — /Q () (i(t) — ii(t)) - divo (t) da
- / o(t) - ((alt) — (1)) © Vip(t)) da — / o(t) : (é(t) — (t))p(t) dz, (13)
Q Q
and similarly,

(5 : (G1) - B, o(t) = — / () (it) — (1)) - diva (1) da

WAL

:((af
Subtracting (13) and (14), we have

(ot — 5(1)) = (5(8) — B(E)], (8))
- /Q (o(t) — 5(8)) « (&(t) — &(t)) (t) da

(1) ©Vplt) do— [ 5(t): (6(0) ~ E)e(B) de. (1)

Q

- /Q o) (a(t) — (1)) - (diva(t) — dive(¢)) de
- [ (o) =50 () = (1) © Vo) do. (13

We integrate in time the previous equality and use the relation between o and
e (respectively & and €) to get

T
—/ /(diva—div& (0 —a) pdadt
0 Q

/ / : ufu @V(p)dxdt

/ / e—¢&):C(e—é cpdxdt—i—/o ((0—=6): (®—D),p) dt. (16)
On the one hand, by the flow rule we have for a.e. t € [0,T],
[o(t) : p()] = H(p(t))  and  [5(t) : p(1)] = H(p(t)),
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as measures on §2. On the other hand, the stress constraint and Remark 2.7
imply that for a.e. t € [0, T

() : )] < HE(H)  and  [o(t): p(t)] < H(B(1)  in M(9).
Consequently, since ¢ is non-negative, the integral term of (16)
T
| =561 at

is non-negative. It implies that

O<—/OT/Q({L—&)~(u—ﬁ)godxdt—/oT/Q(e—é):(C(é—é)godxdt

_/OT/Q(O'—&):((d—ﬁ)@VgO) dxdt+/0T/Q(f_f).(u_a)@dxd(i?)

Since t—u € W ([0, T]; L2(Q; R™)) and 0 —& € WH>°([0, T7; LQ(Q;M;‘yﬁl)),
we can integrate by parts with respect to the time variable to get that

—/OT/Qw—&)-<u—a>sodxdt—/:/9<e—é>:C<é—é>sodxdt
=§(/OT/Q|u—ﬂ|2sbdxdt+/OT/QQ<e—é>¢dwdt
+ o=l p(0)dz+ [ Qleo = ) (0)da
- [ Jam) ) ey as - [ Qer) - arpemyan) . as)

and substituting (18) into (17) leads to

1 T 212 T
0< = / /|a—a\ ¢dxdt+/ /Q(e—é)q’adxdt
2 0 Q 0 Q

+ i lvo — 0| ¢(0) dz + i Q(eo — é0)p(0) da:)

—/OT/Q(U—&):((u—ﬁ)QV@) d:cdt+/0T/Q(f_f).(u_ﬁ)@dxdt
(T

since ¢(T) > 0. O
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Remark 3.3. Thanks to Proposition 3.2 with the test function ¢(t,x) = %,
we get that

/OT/Qm_ayQ dxdt+/OT/QQ(e—é)dxdt
gT/Q|v0—{)O|2 dx+T/QQ(eo—éo)dx+2TAT/Q(f—f)-(u—ﬁ)gpdxdt,

from which we deduce that there exists a constant C depending only on T such
that the following comparison principle holds

T Ly T
/ |u—12’ dxdt—|—/ Qe —é)dxdt
0o Ja 0o Ja

gc(/ﬂwo—ag? daz—l—/ﬂQ(eo—éo)dx—i—/OT/Q‘f—f‘Q dxdt).

3.2. Finite speed propagation property.

Proposition 3.4. Let (u,e,0,p) be the solution of the elasto-plastic problem
given in Section 2.8 for the initial condition (ug,vo,00,po) and the source
terms w and f. Suppose that there exists a compact set # C Q such that

supp(vo, 0o, f(t)) C 2 for allt € [0,T].

Then, for all T* € (0,T] be such that T* < ‘//B%Tdist(%,aﬂ), there exists a
compact set #* C § such that supp(w, o) C [0,T*] x 2 *.

Remark 3.5. Since C is invertible, the elastic tensor e, which is such that
o = Ce, is also compactly supported due to Proposition 3.4 and supp(e) C
[0,T*] x ™.

Moreover, if one assumes that supp(ug) C £ *, one obtain, thanks to
Proposition 3.4, that supp(u) C [0, T*] x & *. Indeed, we have, as a Bochner
integral in L*(Q;R™), for all t € [0,T],

u(t) = ug + /0 u(s) ds,

since u € W2>([0,T); L?(2;R™)). Consequently, if we assume that the sup-
port of ug is a subset of Z*, the measure Eu is also compactly supported in
[0,T%] x Z™* and we deduce, thanks to the additive decomposition of Eu, that
supp(p) C [0, T7*] x ™.

Proof. By assumption, we know that for all x € 92, we have ‘/%dist(x, H) >

Bec
T*, so that we can find some r, > 0 such that dist(z, %) = r, + :fﬁo?cc
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Using the fact that 0N is compact, we obtain the existence of p € N and
Z1,...,%Tp € OS2 such that

p
T
0 B( —)
Ci:le x 1

and we define 7 = mini<;<p 75, /4 > 0, and the boundary layer

T,
2

p
Ly={y€Q:0<dist(y,dQ) < n} C UB(:,;Z-, ) n Q.

i=1
First, we prove that v9 = 0, 0p = 0 and f(¢) = 0 in the boundary layer L,

for all t € [0,T]. Indeed, for every y € B (xi, Tgl) where 1 < i < p, we have

dist(y, ') — dist(ws, )| < Jy — ] < 2,
and consequently,
dist(y, #) > L5C 4 T o (19)
y7 — \/% 2 b)

which implies that vy = 0, o9 = 0 and f(t) =0 in L,, C UY_, B (x;,7;/2) for
all t € [0,T] by definition of ¢

Let us show that @ =0 and o = 0 on (0,7*) x L,. To this aim, we choose
xo € Ly, and, since the set L, is open, one can find pg € (0,7/2) such that
B(zg, po) C L,. Then we define the function ¢ € WH°((0,7*) x R") as

e . telo, T,
T —t+ Y5 (po — o —xol) if | ] J—
N po< |z =m0l < po + e 7=,
t,l’ = t 0711*7
ptn)=0 L e
|£L’ - Z0| < po,
0 otherwise.

The function ¢ is non-negative and its support is contained in (0,7*) X

B(zg, po + T*B‘C). Consequently, using Proposition 3.2 (with (u,e, o,p) and

Jac
the null solution) it follows that

T
2/0 /Qf'fu/?dl‘dt-‘-/g|’Uo\2<p(0)dx—|—/QQ(eo)<p(0)d$Z

/O /Qf|u\2¢fQ(e)¢+2a:(u@w) dzdt.  (20)

Now, we are going to show that the integral part of the right-hand side of the
inequality is non-negative i.e. that we have almost everywhere in (0,7%*) x Q

—|uf*¢ — Q(e)p + 20 : (1 ® Vi) > 0. (21)
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Differentiating the function ¢, it yields

P = Uty re0.04), jo-ol<po+8e Lt )
__ _ Vaec xz—xgo .
Vo= B |z—=z0 ]l{(t@)i t€[0,T*], po<|z—z0|<po+Bc=L}"

Ve

Consequently, on {(¢t,z) : t € [0,T*], |z — zo| < po}, we have
—lal*¢ = Qe)¢ + 20 : (W ® Vi) = [ul* + Q(e) > 0.

While on {(z,t) : t € [0,T*], po < |z — 20| < po +5C%}, we have

o= Qe)p+20 : (i V) = [if2+Q(e) —2Y % (a@ ( S )) .

Be |z — xol

Using (2), we obtain

_pvac, . (u@ ( S )) > —Z%WHM.

|z — o]

T

Since o = Ce, it yields on {(z,t) : t € [0,T*], po < |z — xo| < po + Bc \/alf}

i — QUe)p + 205 (40 V) 2 [if + Qle) — 25 [Celi.
Property (5) implies
4 + Q) — 2 Celfi] 2 if? + Q) — 2yaglelil,

and by the coercivity property (4), Inequality (21) is satisfied a.e in (0, 7*) x Q.
Consequently, Inequalities (20) and (21) imply

/Q—|u|2¢—Q(e)¢+20:(u®Vga) dz
2/ a2 g - Qe)p + 20 ¢ (0 Vi) da. (22)
B(x0,p0)

Using the definition of ¢, (20) and (22), we obtain

T* T*
—/ / (|u|2+Q(e))¢dxdt+2/ / o (i® V) dedt
0 B(zo,p0) 0 B(zo,p0)

)
< /y (0l + Qlen))(0) d + 2 / /ylfl\itlsodwdu
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where .7 C Q is such that supp(y¢) C [0,7*] x Z. Since the spatial derivative
of ¢ vanishes on B(xg, pg), we get that

N
[ ks qendsdrs [ (up+ Qe
0 B(zo0,p0) .

-
+2/0 /y|f||u|<pdxdt. (23)

We now show that the right-hand side of (23) is null due to the definitions of
Zg, po and L,. Indeed, we obtain that for every y € ¥ C B (JC(), po + 7;%)
(by definition of ),

T Bc
\/ acC ’
and thanks to (19) and by definition of n, we have for any zo € L,
T fe
vac

|dISt(y7 ‘)5/) - diSt(IOa ‘)5/)| < po+

diSt(l‘o,e/ai/) > +777
thus,
T* T*
be o, e o m oy,

Jac TP T G T2

Consequently, the right-hand side of (23) vanishes and

/ / (i + Q(e)) dzdt < 0,
0 B(zo,po)

which implies that both % and e vanish in (0,7*) x L,. Since o0 = Ce, the
conclusion thus follows by setting #™* = Q\ L,,. O

dist(y, #") >

3.3. Short time regularity result. In the sequel, we suppose that the
boundary source term w is identically equal to zero on (0,7) x R™.

Proof of Theorem 3.1. Let T* = min (‘/B?dist(%,aﬁ),T) and 7 < T*. We

consider (u,e,o,p) the solution on [0,7] x Q of the elasto-plastic problem
given in Section 2.8 for the initial condition (ug,vg, 0o, po), the source term
f and the null boundary source term. Thanks to Proposition 3.4 and also to
Remark 3.5, we know that there exists a compact set, J£* C 2 such that

supp(u, e,o,p) C [0, 7] x £ *. (24)

Since £ * is a compact subset of €2, there exists § > 0 such that for all h € R™
with |h| < d, the sets £* + h are also compactly embedded in €. Let €’ be
a bounded smooth open subset of R such that Q C €, and for all h € R"
with |h| <, Q4+ h C Q.
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Step 1: Extension on (0,7) x £'. Since the boundary source term is null
on (0,7) x R™, we extend (f,u,e,p) by zero on (0,7) x Q' and we denote by
(f,1,€,p) these extensions. We also extend by zero the initial data wug, vo, €o,
oo and po and denote by ug, v, €g, dg and py these extensions.

Firstly, we check that these extensions are as regular as the solution on
(0,7) x Q.

The displacement field @ belongs to W2°°([0, 7]; L2(2'; R™)), the elastic
strain € to W ([0, 7]; L?(Q; MZ5)) and the plastic strain j to the space
AC([0, 7]; M(Q; M), The source term f belongs to H'([0,7] x €;R™).
We also define the extension of the stress & := Ce € WH°([0, 7]; L2(Q; K)).

In addition, for all ¢ € [0, 7], since the (inner) trace on 92 of u(t) vanishes
and since we have extended u by zero, [23, Chapter 2, Proposition 2.1] ensures

that the function @(t) € BD(fY') and

Eu(t) = Fu(t) onQ,
Eu(t) = 0 on '\ Q.
Hence, we get that o € AC([0,7]; BD(®)).
Now we show that these extensions (and their time derivatives) satisfy the
additive decomposition and the boundary condition in ©’. Indeed, we know
that for every t € [0, 7], since we extend u, e and p by zero outside €2,

Eu(t) =e(t)+p(t) in &, (25)
and
p(t) =0=—u(t) O vH" ! on 9. (26)

These regularity properties together with (25) and (26) ensure, thanks to
Lemma 2.4, that for a.e. t € [0, 7] we have,

p(t) = Fu(t) — e(t) on £,

and
pt)=00vH™ !  on 0.

Remark also that, since the support of ¢ is contained in [0,7] x #, we
deduce that o(t) belongs to Hy(div, ) for all ¢ € [0, 7] and consequently (see
Remark 2.2) 5(t) € Hy(div, ') for all ¢ € [0,7]. Consequently, it allows us
to define for a.e. t € [0,7] the distribution [5(¢) : p(¢)] as in Definition 2.5.
Clearly

[0(t) : p(®)] = [o(t) : p(t)]  in D'(R™). (27)

Then we are going to prove that for a.e. t € [0, 7], H(p(t)) is in M (') and
that we have
H(p(t)) =[o(t) : p(t)]  in M(Q).

First, observe that we only need to prove that

H(p(£)) () < +oo,
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for a.e. t € [0, 7] to get that H(p(t)) € M(€) (see Subsection 2.7). Since for
a.e. t€[0,7],

supp (p(t)) = supp (p(t)) C Q,
and by definition of H(p(t)) (see (8)), the support of H(p(t)) is also a subset
of Q. Hence, we have

and consequently
H(p(t)) () = H(p(t)(Q) + H(B()(Q\ Q)
= H(p(t))(Q) = H(p(t))(Q) < +o0. (28)

Remark 2.7 ensures that

[G(t) - p(t)] < H(p(t))  in M(). (29)
Due to the definition of [5(t) : p(t)] and using (27), we have
[o(t) - () = [o(t) : pO)I(Y). (30)

By (28) and (30), we get that

Hp) (@) = Hp))(@Q) = [o(t) : p)](Q) = [o(t) : pOIX).  (31)
9) an

Gathering (2 d (31), we obtain for a.e. ¢t € [0, 7],
H(pt)) =[o(t) : p()]  in M(Q). (32)

Step 2: Spatial translation. For every h € R™ be such that |h| < §, we
define the translation operator 73, of a generic function F : (0,7) x ' — X
(where X is an Euclidean space) by

. F(t,x) = F(t,x +h) forall (¢,z) € (0,7) x .

Note that 7, F is a function from (0,7) x © to X.

As in the previous step, we check that the translated functions 7,4, Th€, T/0
and 75, f have the same regularity as the extended functions. First, observe
that the translated source term 73, f is in H'([0,7]; L2(Q;R™)), the translated
displacement 75, in W?2°°(]0, T] L?(Q;R™)) and the translated elastic strain
e belongs to Who([0,7]; L*(Q; ML), We also define 7,0 := Crpé €
whee ([0, 7]; L2 (9 K)).

It remains to show that 7,u € AC([0,7]; BD(€2)). To do so, observe that
for all t € [0,7] and all ¢ € C°(Q; ML), one has thanks to a change of
variable

/ Th(t,x) © Vo(z)dr = / a(t,y) © Vo(y — h) dz.
Q Q+h

Using (24), it yields

/ malt,z) ® V() dz = / alt,y) © Vely — h) da. (33)
Q Q
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The integration by parts formula in BD(Q) (see [2, Theorem 3.2]) and the
fact that the trace of @ is null on 92 imply that

/ it y) © Vely — h) de. = —/ o( — h) dE(L). (34)
Q Q
Then, the definition of the push-forward of the measure Eu(t) by the mapping
z +— x — h, denoted by 7_p,, Eu(t), tells us that

—/ o( — h) dEa(t) = —/ o d7_, Fi(t). (35)
Q Q
Combining (33), (34) and (35), we obtain that for all ¢ € [0, 7],

E(rpu)(t) = T—phy Bu(t) in M(Q; MZX™). (36)

Sym

It implies that 7u € AC([0, 7]; BD(RQ2)).

Finally, we show that the translated functions 7,4 and 7€, and the push-
forward measure 7_p,_,p(t) € M(; ML) satisfy the additive decomposition
in © and the boundary condition associated to the null (translated) boundary
source term. Thanks to (25) and (36), the push-forward measure 7_p_,p(t) €

M(Q; M2X™) satisfies for all ¢ € [0, 7]

T,h#ﬁ(w = EThﬁ(t) - Thé(t) in Q, (37)

and due to the fact that for all ¢ € [0,7], the measure p(¢) is null on an
h-neighborhood of 92, we also have for all ¢ € [0, 7]

T_hyub(t) =00 vdH" " (38)

These two previous points (37) and (38) and the regularity of 7,4 and 7€

ensure that 75, ,p € AC([0, 7]; M(Q; M)

Sym

Step 3 : The translation of the solution is a solution. We define
the translation of the solution (up,en,on,pr) := (Thu, The, Thﬁ,T,h#]ﬁ), the
translated source term fj, := 75, f, the translated null boundary source term
wp, := 0 and finally the translated initial data (7,u0, Thv0, Th€0, ThO0, ThP0) =
(Thto, Th0, Th€0s ThOOs T—h 4 P0)-

Our goal is to prove that the quadruple (up, ey, on, pr) is the solution as-
sociated to the initial data (xuq, Thvo, Theo, Thoo, ThPo) and the source terms
(fh7 ’U}h)~

First, we make sure that this initial data (7w, Thvo, Theo, Thoo, ThPo) and
the source terms fp, and wy, satisfy the hypotheses of [4, Theorem 5.1] (recalled
in Section 2.8).

Indeed, since we assume that (10) is satisfied and also since we extend the
source term f and the initial data wug, vg, eg, og and pg by zero outside of
2, we have, by the same reasoning as in the previous step, m,ug € BD(2) N
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2(0). 2(0). - > -
LA R™), mheo € LA(Q;MENY), Thpo = T-nypo € M(Q;MENT) and 700 €

H'(Q;R") satisfying the additive decomposition
Etpug = mheg + Thpo  in €,
and
hpo = 0O vH™™ " on 9. (39)
Moreover, the translated initial data satisfies the compatibility conditions
oo =0 H" ' —aeon dQ and —divrog = 7, £(0), a.ein Q,

where 1,00 := Creq € K. To prove that the translated initial data satisfies
the boundary condition

Thpo = (Wi (0) = Thug) © vH" ™! = —1pup © vH™ ! on 01,

we only need to prove that the trace of Tpug is null on 052, since we already
know that 7,po satisfies (39). But, due to the definition of § (and since
|h| < d), since ug satisfies (10) and since the trace of a function in BD(§2) can
be recovered by taking limits of averages of this function on balls centered
on the boundary (see [2, Proposition 3.5]), we obtain that the trace of T,ug
is null on 9N and as a consequence that the translated initial data satisfies
the boundary condition. Lastly, we remark that we already know (from the
previous step) that f, € H([0,7]; L2(Q;R™)) € AC([0, 7]; L?(; R™)).

Now that we know that (7,uo, Thv0, Theo, ThO0, ThPo) and the source terms
(fn,wp) satisfy the hypotheses of Theorem 2.8, let us show that (up, en, opn, pr)
is a solution of the dynamical elasto-plastic problem associated to these data,
i.e. (up,en,on, pr) satisfies the following conditions

(1) Regularity properties: we have
up € AC([0,7]; BD(Q2)) N W22°([0, 7]; L2(; R™)),
en,on € Wl’“([O,T];LQ(Q;M;’yﬁl)),
pn € AC([0, 7]; M(2; MIZET)),
(2) Equation of motion: iy — divey, = f5 a.e in (0,7) x Q,
(3) Additive decomposition: for every ¢ € [0, 7],
Eup(t) = en(t) + pa(t) in €,

(4) Stress constraint: for every t € [0,7], ox(t) € K a.e. in Q with
on(t) = Cep(t),
(5) (Homogeneous) Boundary condition: for every t € [0, 7],
pu(t) = —up(t) @ vH" ! on 09,
(6) Flow rule: for a.e. t € [0,7], the distribution [o4(¢) : pr(t)] is a
measure in M () satisfying

H(pn(t) = lon(t) : pu(t)]  in M(Q),
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(7) Initial conditions:

up(0) = Thuo,  Un(0) = Thvo, 0R(0) =Throo, PR(0) = T_hyPo.

Item 1 has already been proved in step 2.
e Now, we explain how to derive item 2: Using the extension on Q’/, we
know that

i — dive = f, a.e. in (0,7) x .

From which, we deduce the equation of motion by definition of the
translation operator.

e Equation (37) is equivalent to item 3 and has already been obtained
in the step 2.

e The stress constraint (item 4) is immediate from the definition of 75,6
in the step 2.

e Let us examine the point 5. Using the definition of u; and the fact
that the trace of a function in BD(2) can be recovered by taking
limits of averages of this function on balls centered on the boundary
(see [2, Proposition 3.5]), we obtain that for all ¢ € [0, 7]

up(t) =0 a.e on O, (40)
Since in the step 2, we have already proven that (see Equation (38))
prh =00 vH" ! on 0f. (41)

Using Equations (40) and (41), we get the boundary condition.

e We now turn to the flow rule (item 6). Since (up, en, o, pp)(t) satisfies
the hypotheses of Lemma 2.4 (thanks to items 1, 3 and 5), we can
apply Definition 2.5 and we know that for a.e. ¢ € [0,7] and for all
¢ € C5°(9),

{on(®) : ()], ) = — / pin(t) - divon(t) de

- / an(t) : (un(t) © Vo) dz — / on(t) : én(t)pde.
Q

Q
Using a change of variables and the fact that for all ¢ € [0, 7], the
support of #%(t) and &(t) is a subset of the compact set #™* C Q, we
get that

(n(®): n(0)9) = = [ o~ W)i(t) - divo(e) do

Q

- / 5 (1) : (ii(t) © V(- — b)) de — / 5(t) : é(t)p(- — ) da,
Q

Q
and again thanks to Definition 2.5, we obtain

(lon(®) : u(®)], ) = ([6(t) : D)), (- = h)) = (H(D(t)), (- —h)),  (42)
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where we used that ¢(- — h) € C§°(Q) and H(p(t)) = [a(¢) : p(t)] in
M(Y) (according to (32)). To show item 6, it remains to prove that

Vo € CP(Q),  (H(B(1)), (- —h)) = (HE (1), ¢) ,
which is equivalent, by definition of the push-forward measure, to
H(pn(t) = mong HB(1)  in M(Q). (43)

In order to derive (43), we use (thanks to [15]) that for any Borel
subset E of Q

i=1

N N
H(pn(t))(E) = sup {Z H(py(t)(E;)) with N € Nand | | E; = E} ,

where the supremum is taken over all pairwise disjoint partitions | |; F;
of F into Borel sets. By definition of the push-forward measure, we
obtain

N N
H(pn(t))(FE) = sup {Z H(p(t)(E; + h)) with N € N and |_| E;, = E} .

i=1

Now since 73, is a homeomorphism, one can associate to a pairwise dis-
joint partition of E into Borel sets a unique pairwise disjoint partition
of E + h into Borel sets. It implies that

N N
H(py(t))(E) = sup {Z H(p(t)(E; + h)) with N € Nand | | E; = E}

i=1
= H(p()(E + h) = HE() () " (E)) = 7-n 2 H(p(0) (E).

From which, we deduce (43) and it gives item 6.
e Due to the definition of 73, item 7 is automatically satisfied.

Since items 1-7 are satisfied, it shows that the translation of the solution is a
solution (associated to translated data).

Step 4 : Regularity. Since (up, e, on,pr) is a solution on (0,7) x € as-
sociated to the initial condition (7,ug, Thvo, Theo, ThO0, ThP0), the source term
frn and the null boundary source term, we can use the comparison principle
(i.e. Proposition 3.2) applied to (u,e,o,p) and (up, ey, on, pr) with the test
function ¢ defined as

1 if0<t<t,

p(t,x) = ¢ DT ity <t < tg +e, (44)
0 iftg+e<t<r,
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with ¢ € [0,7) and € > 0 such that (¢g, ¢ +¢) C [0, 7]. Thus, Proposition 3.2
yields

1 to+e 9 to+e
- (/ / [, — 4] dxdt—!—/ /Q(eh—e)dxdt>
€ to Q to Q
S/ |’U0—Th’l}0|2 d(E—f—/ Q(eo—’]’heo)dl'-i-z/ / |fh—f||’('1,h—’ll|dl‘dt,
Q Q 0 Q

since 0 < ¢ < 1. Since 1w, and @ belong to W1°°([0, 7]; L%(Q; R")) and ey,
and e belong to W ([0, 7]; L?(Q; M2 X")), we can pass to the limit & — 0F
in the previous inequality and we get

/ lin(to) — lto)|? ddt + / Qen(to) — e(t)) dr dt
Q Q

S/ |vo —Th’l}0|2 dx + Q(eo—rheo)dx+2/ | frn — flldn — @] da dt,
Q Q o Jo

for every to € [0, 7).
According to Young’s inequality, to (4) and (5), and since we have vy €
H' (R, 09 € HY(Q;MZE), f e HY((0,7) x QR™), we get that for any

|h| < & the following inequality holds

. . 2
esssup || (in — @) (t)[|2(qrn) + acesssup [[(en = e) (Ol p2mmzm)
te[0,7] t€[0,7] ‘

* 2 2
< )R (11D 132y + D0 gz eagnsny
-
+/0 ||Df(t)||iZ(Q;Mm)dt) :

from which we get that @ € L>(0,7; H'(Q;R")). It also yields, due to the
relation o = Ce, o € L>(0,7; H' (4 M)

Step 5 : Additional regularity. In the following, we suppose that
po € L2(Q;M2X") and ug € H(Q;R™). Writing for all ¢ € [0, 7],

sym

u(t) = ug —|—/O u(s)ds,

as a Bochner integral in L?(Q; R"), we obtain, thanks to the regularity of the
velocity field derived in step 4, that u € W ([0, 7]; H(Q;R")).
Finally, due to Theorem 2.8, we know that o € W°°([0, 7]; L?(Q; MX"))

sym
and consequently, from the additive decomposition, we get p = Fu — o €
L0, 7; L2(Q;M2XM) and p = Ei— & € L°°(0, 75 L2(Q; M2X™)) which gives

sym Sym

the desired regularity for the plastic strain. O
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