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TRANSPORT-ENTROPY INEQUALITIES
ON LOCALLY ACTING GROUPS OF PERMUTATIONS

PAUL-MARIE SAMSON

AssTrACT. Following Talagrand’s concentration results for permutations picked
uniformly at random from a symmetric group [Tal95], Luczak and McDiarmid
have generalized it to more general groups G of permutations which act suitably
‘locally’. Here we extend their results by setting transport-entropy inequalities
on these permutations groups. Talagrand and Luczak-Mc-Diarmid concentra-
tion properties are consequences of these inequalities. The results are also gen-
eralised to a larger class of measures including Ewens distributions of arbitrary
parameter 6 on the symmetric group. By projection, we derive transport-entropy
inequalities for the uniform law on the slice of the discrete hypercube and more
generally for the multinomial law. These results are new examples, in discrete
setting, of weak transport-entropy inequalities introduced in [GRST15], that con-
tribute to a better understanding of the concentration properties of measures on
permutations groups. One typical application is deviation bounds for the so-
called configuration functions, such as the number of cycles of given lenght in
the cycle decomposition of a random permutation.

1. INTRODUCTION

Let S, denote the symmetric group of permutations acting on a set Q of cardi-
nality n, and u, denote the uniform law on S, u,(0) := %,(r € §,. A seminal
concentration result on S,, obtained by Maurey is the following.

Theorem 1.1. [Mau79] Let dy be the Hamming distance on the symmetric group,
forallo,teS,,
du(o,7) = Z Loriyetiy-
i€Q
Then for any subset A C S, such that u,(A) > 1/2, and for all t > 0, one has

t2
Ho(Ar) 2 1 = 2e 50,
where A; :={y € §,,dg(x,A) < t}.

Milman and Schechtman [MS86] generalized this result to some groups whose
distance is invariant by translation. For example, in the above result we may replace
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2 P.-M. SAMSON

(up to constants) the Hamming distance by the transposition distance dr (o, T) that
corresponds to the minimal number of transpositions 7y, ..., #; such that ot; - - - f; =
7. The distances dy and dy are comparable,

1
EdH(O', 7) <dr(o,7) <dg(o,1) -1, Yo #T1.

(We refer to [BHT06] for comments about these comparison inequalities).

Let us also observe that Theorem 1.1 can be also recover from the transportation
cost inequality approach of Theorem 1 of [Mar03].

A few years later, a stronger concentration property in terms of dependence in
the parameter 7, has been settled by Talagrand using the so-called “convex-hull”
method [Tal95] (see also [LedO1]). This property implies Maurey’s result with
a slightly worse constant. Let us recall some notations from [Tal95]. For each
AcS,and o € S, let V(c,A) c R® be the set of vectors z = (zj)jeq € R with
Zj = Lg(j)zyj) for y € A. Let conv(V (o, A)) denote the convex hull of V(c, A) in
R®,

V(o,A) = {x = (xj)jeq,.dp € P(A),Vj € Q, x; = /]lg(j);ty(j)dp(y)} ,

where P(A) denotes the set of probability measures on A. Talagrand introduced the
quantity
f(o,A) = inf{llxll%; x € conv(V (o, A))}.

with ||x||% =Y cn xlz, that measures the distance from o to the subset A.

Theorem 1.2. [Tal95] For any subset A C S,

f(o,A)/16
e du,(o) < .
/S,, HATT= (A

Maurey’s concentration result easily follows by observing that

2
f(o, A) > ! <inf {Zx,-;x e conv(V(o, A))}) = ld%I(O-,A)
n i€Q n
and applying Tchebychev inequality with usual optimization arguments.

Talagrand’s result has been first extended to the uniform probability measure on
product of symmetric groups by McDiarmid [McDO02], and then further by Luczak
and McDiarmid to cover more general permutation groups which act suitably “lo-
cally” [LMO3].

For any finite subset A, let #A denote the cardinality of A. For any o € S, the
support of o, denoted by supp(o), is the set {i € Q, 0(i) # i} and the degree of o,
denoted by deg(o), is the cardinality of supp(c), deg(o) := # supp(o).

By definition, according to [LMO03], a group of permutations G is ¢{-local, ¢ €
{2,...,n},if for any o € G and any i, j € Q with o(i) = j, there exists T € G such
that supp(t) C supp(o), deg(t) < € and 7(i) = j.

The orbit of an element j € Q, denoted by orb(}), is the set of elements in Q
connected to j by a permutation of G,

orb(j) := {o(j),o € G}.
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The set of orbits provides a partition of G.

As explained in [LMO3], any 2-local group is a direct product of symmetric
groups on its orbits, the alternating group (consisting of even permutations) is 3-
local, and any 3-local group is a direct product of symmetric or alternating groups
on its orbits.

In the present paper, the concentration result by Luczak-McDiarmid and Ta-
lagrand is a consequence of a weak transport-entropy inequality satisfied by the
uniform law on G, u,. We also prove weaker types of transport entropy inequali-
ties. Moreover we extend the results to a larger class of probability measures on G,

denoted by M.
For a better comprehension of the class of measures M, let us first consider the
case of the symmetric group S, on [n] := {1,...,n}. Let (i, j) denote the transpo-

sition in S, that exchanges the elements i and j in [n]. It follows by induction that
the map

(1,2} x{1,2,3} x---x{1,....n} — S,
U: 02,03, .5 In = (i2,2)(3,3) -+ (i, 1),

is one to one.

The set of measures M consists of probability measures on S, which are pushed
forward by the map U of product probability measures on {1,2} x {1,2,3} X --- X
{] L) n}a

(1) M:={U#9=me -0, withd; e P[], ¥jei2,....n},

where by definition U#V(C) = W(U ~1(0)) for any subset C in S ,,.

The uniform measure u, on S, belongs to the set M since u, = U#i with
b= f,®---® i, where for each i, fi; denotes the uniform law on [i].

The Ewens distribution of parameter 6 > 0, denoted by u?, is also an example
of measure of M. Indeed, it is well known (see [ABTO03, Chapter 5], [JKB97])
that uf = U#4® with 2 = 4§ ® - - - ® 18, where for any j € {2, ...,n}, the measure
,&? € P([j]) is given by

0 - 0 . 0,
A50) = aTT A = =05 - 1) = Tt

This definition provides an easy algorithm for simulating a random permuta-
tion with law u®. This procedure is known as a Chinese restaurant process (see
[ABTO3, Chapter 2], [Pit06]).

Let us observe that the uniform distribution y, corresponds to the Ewens distri-
bution with parameter 1, u!.

The Ewens distribution is also given by the following expression (see [ABTO03,

Chapter 5]),

glol

%, O'ESn,

2 1) =



4 P.-M. SAMSON

where || denotes the number of cycles in the cycle decomposition of o~ and 8™ is
the Pochhammer symbol defined by
g . I'e+n)
re °
Let us now construct the class of measures M for any group G of permutations.

To clarify the notations, the elements of Q are labelled with integers, Q = [n]. Let
G, := G and for any j € [n — 1], let G; denotes the subgroup of G defined by

+00
with  T(0) := / s9 e 5ds.
0

Gj:={oceG,o(j+1)=j+1,...,0(n) =n},
We denote by O; the orbit of jin G/,
0, :={o(j),o €G,}.
Let us observe that {j} C O; C [j].

Definition 1.1. Let G be a group of permutations. A family T = (t;; ;) of permuta-
tions of G, indexed by j € {2,...,n} and i; € Oj, is called “C-local base of G” if
Jorevery j€{2,...,n} t;;:=id, forevery i; # j, t;; j € Gjand

tij,j(ij) =J, and deg(tijj) <.

Lemma 1.1. Let 7" = (#;; ;) be a t-local base of a group of permutations G. Then
the map

3) O, Xx03%X:---xX0, — G
U'T . i2’ i3’ ey in = ti2,2ti3,3 e ti,,,n’

is one to one.
Lemma 1.2. Any {-local group of permutations admits a “C-local base”.

For completeness, a proof of these two lemmas is given in the Appendix.

As a consequence of these lemmas, if G is a {-local group, then there exists a
{-local base 7, such that the uniform probability measure yu, satisfies u, = Us#{l,
with I = fi, ® - - - ® f1,, where for each j, f1; is the uniform law on O;.

As for the symmetric group, given a {-local base 7 of a group G, the class of
measures M = Mg on G is made up of all probability measures on G which are
pushed forward of product probability measures on O, X O3 X - - - X O, by the map
Uy defined by (37),

@) Mg = {Ur#9,9 = 9 ®---®, with 9; € P(0)), Yj € 2,...,n}}.

As explained above, if G is a {-local group, the class Mg contains the uniform law
U, on G for a well choosen ¢-local base 7.

In this paper, the concentration results are derived from weak transport-entropy
inequalities, involving the relative entropy H(v|u) between two probability mea-
sures i, v on G given by

HWu) = /log (Z—;) dv,

if v is absolutely continuous with respect to u and H(v|u) := +oo otherwise.
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The terminology “weak transport-entropy” introduced in [GRST15], encom-
pass many kinds of transport-entropy inequalities from the well-known Talagrand’s
transport inequality satisfied by the standard Gaussian measure on R” [Tal96], to
the usual Csizar-Kullback-Pinsker inequality [Pin64, Csi67, Kul67] that holds for
any (reference) probability measure ¢ on a Polish metric space X, namely

) e = vlizy <2HOW), Vv € PX).
where ||u — v||7v denotes the total variation distance between u and v,

llu = vliry =2 sup lu(A) = v(A)l.

Above, the supremum runs over all measurable subset A of X. We refer to the
survey [Sam16, Sam17] for other examples of weak transport-entropy inequalities
and their connections with the concentration of measure principle.

The next theorem is one of the main result of this paper. It presents new weak
transport inequalities for the uniform measure on G or any measure in the class
Mg, that recover the concentration results of Theorems 1.1 and 1.2.

We also denote by dy the Hamming distance on G: for any o, 7 € G,

n
dy(o,7) ;= deg(or™) = Z Loy
i=1
and the distance dr(o, 1) is defined as the minimal number of elements of G,
t1, ..., ty, with degree less than ¢, such that oty - - -t = 7.

For any measures vy, v, € P(G), the set [1(vy, v2) denotes the set of all probabil-
ity measures on G X G with first marginal v; and second marginal v,. The Wasser-
stein distance between v; and v,, according to the distance d = dy or d = dr, is
given by

Wi(vi,v2) ;.= inf ffd(o-, ) dn(o, T).

nell(vy,v2)

We also consider two other optimal weak transport costs, fz(v2|v1) and fz(vzlvl)
defined by

©) P =it [ ([ do0dpo@) anio,

nell(vy,va)

and

n 2
Tx(valvy) := _inf /Z (/ Lor(iyzr(i) dpa(T)) dvi(o),
i=1

nell(vy,v2)

where p, represents any probability measure such that n(o,7) = vi(0)ps(7) for
all o,7 € G. By Jensen’s inequality, these weak transport costs are comparable,
namely
Wi1,v2) < To0nlv) < nTa(valvy),

where the last inequality only holds for d = dy.

By definition a subgroup G of S, is normal if for any t € S ,,,t7'Gt = G.

In the next theorem the constant K, is the cardinality of the set { J€{2,....,n},0; #
{j}}. It follows that 0 < K, < (n — 1) and K,, = 0 if and only if G = {id}.
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Theorem 1.3. Let G be a group of permutations with {-local base T". Let u € P(G)
be a measure of the set M defined by (4).

(a) For all probability measures v| and v, on G, one has

© Wi < Ky (VHO ) + HOa)

c(t )2

and

®) Taab) < Ko (V/HO + /HO2)

2¢ (5)2

where

(0. [min@ =L ifd=dy,
T2 ifd = dr.

When u = u, is the uniform law of a -local group G, inequalities (7) and

(8) hold with
() = £ ’_fd = dn;
1 ifd=dy.

(b) e Assume that u = p, is the uniform law of a €-local group G. Then, for
all probability measures v| and v, on G,

© o 5)2 Do) < (VHO + VHG2)
with c(€)? = 2(€ = 1)> +2.
o Assume that G is a normal subgroup of S ,, and that u satisfies for all
oceG,te§,
(10) o) =pe™")  and  p(o) = p o).

Then, the inequality (9) holds with c(0)? =8(£—-1)* +2.

The proofs of these results, given in the next section, are inspired by Talagrand
seminal work on §, [Tal95], and Luczak-McDiarmid extension to £-local groups
[LMO3].

Comments :

e If G = S, and the class of measure M is given by (1), the Ewens distri-
bution ? introduced before, is an interesting example of measure in M,
satisfying condition (10). This simply follows from its expression given
by (2), since for any o, € S, || = |o] and |t~ o7t] = |o).

An open question is to generalize the above transport-entropy inequali-
ties to the generalized Ewens distribution (see the definition in [MNZ12,
HNNZ13]). This measure no longer belongs to the class of measure M. In
other words, no Chinese restaurant process are known for simulating the
generalized Ewens distribution.
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e From the triangular inequality satisfied by the Wasserstein distance Wi,

the transport-entropy inequality (7) is clearly equivalent to the following
transport-entropy inequality, for all probability measure v on G,

2
Hereis a popular dual formulation of this transport-entropy inequality: for
all 1-Lipschitz functions ¢ : G — R (with respect to the distance d),

/ ey < ol PUTEROEE s

For the uniform measure on S,, K, = n — 1 and this property is widely
commented in [BHTO6]; it is also a consequence of Hoeffding inequalities
for bounded martingales (see page 18 of [Hoe63]). The concentration re-
sult derived from item (a) are of the same nature as the one obtained by
the “bounded differences approach” in [Mau79, McD89, McD02, LMO03,
BDR15].

Similarly, by Proposition 4.5 and Theorem 2.7 of [GRST15] and using the

identity
u v
<\/_+\/—> ae(Ol){_ l—a}’

we may easily show that the weak transport-entropy inequality (8) is equiv-
alent to the following dual property: for any real function ¢ on G and for
anyO<a<l,

-~ 1/a 1/(1-a)
(/ eadeﬂ) (/ e—(l—a)gad#) <1,

where the infimum-convolution operator étga, t > 0, is defined by

~ _ 1 2
Oip(0) = péﬁ(fg) {/sodp + 220 (/ d(o,y) dP(Y)) } , o0€G.

Moreover, let us observe that following our proof of (12) in the next sec-
tion, for each a € (0, 1) the inequality (12) can be improved by replacing
the square cost function by the convex cost c,(u) > u*/2,u >0 given in
Lemma 2.2. More precisely, (12) holds replacing ékngo by ~%ngo defined
by

o) = inf { / pdp + ey ( T / d(, y)dp(y))}

forany o € G, > 0.

e Proposition 4.5 and Theorem 9.5 of [GRST15] also provide a dual formu-

lation of the weak transport-entropy inequality (9): for any real function ¢
on G and forany 0 < @ < 1,

~ 1 1/(1-
(/eade’u) o (/e_(l‘“)‘pd,u) = <1,
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where the infimum convolution operator @p is defined by

~ . 1Y 2
Ovt) = int { [edn+ o ([ 1w dp)) } . 0€G.

As explained at the end of this section, the property (13) directly provides
the following version of the Talagrand’s concentration result for any mea-
sure on G of the set M.

Corollary 1.1. Let G be a group of permutations with £-local base 7. Let
u € P(G) be a measure of the set Mg defined by (4). Assume that p and
G satisfy the conditions of (b) in Theorem 1.3. Then, for all A C G and all
a € (0,1), one has

=5 fl@A) 1

/ez © du(o) < LA

with the same definition for c¢(€)* as in part (b) of Theorem 1.3. As a
consequence, by Tchebychev inequality, for any a € (0,1) and all t > 0,

__at
e 2002

,u({o- €qG, f(o,A) > l}) < W.
For @ = 1/2 and p = p, the uniform law on a ¢-local group of G, this
result is exactly Theorem 2.1 by Luczak-McDiarmid [LMO3], that gener-

alizes Theorem 1.2 on S, (since S, is a 2-local group).

By projection arguments, Theorem 1.3 applied with the uniform law y, on the
symmetric group S ,, also provides transport-entropy inequalities for the uniform
law on the slices of the discrete cube {0, 1}". Namely, for n > 1, let us denote by
Xin—k» k € {0, ..., n}, the slices of discrete cube defined by

Xk,n—k = {x = (x1,...,%,) €10, l}nazxi = k} .
i=1

The uniform law on Xy ,_r, denoted by i -k, is the pushed forward of u, by the
projection map
Sn - Xk,n—k
P: a = 10‘([1{])’
where o ([k]) := {o(1),...,0(k)} and for any subset A of [n], 14 is the vector with
coordinates 14(i),i € [n]. In other terms, yy,—x = PHu, and py,—(x) = (Z)_1
all x € Xy ,—«. Let dj, denotes the Hamming distance on Xy -1 defined by

for

1 n
dh(x’ Y) = 5 Z :ﬂ-x,-;&y,-a X,y € Xk,n—k-
i=1

Theorem 1.4. Let py i be the uniform law on Xy ,—, a slice of the discrete cube.
(a) For all probability measures v\ and vy on Xy n—x,

2
C Wi(vi,v) < ( VHO i) + /H(v2 |,Uk,n—k))
k,n—k

2
s
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and

2
’

ot Tr(valvy) < (\/H(V] ki) + \/H(V2|,Uk,n—k))

where Wy is the Wasserstein distance associated to dy, fz is the weak op-
timal transport cost defined by (6) with d = dj,, and Cy ,—x = min(k, n — k).
(b) For all probability measures v\ and v, on Xy n—x,

I 2
(14) D202 < (VHC M0 + VHO b))
where
- _ n 2
T2(v2lvy) = nenl?vf,m / ; ( / le,-;tyidpx(y)) dvi(x),

with (x,y) = vi(x)px(y) for all x,y € X p—k.

Up to constants, the weak transport inequality (14) is the stronger one since for
all V] > V2 € P()<k,}’l—k)9

~ n ~
W%mmsummmznmmy

The proof of Theorem 1.4 is given in section 3. The transport-entropy inequality
(14) is derived by projection from the transport-entropy inequality (9) for the uni-
form measure u, on S,. The same projection argument could be used to reach the
results of (a) from the transport-entropy inequality of (a) in Theorem 1.3, but it
provides worse constants. The constant Cy ,—x is obtained by working directly on
X.n—k and following similar arguments as in the proof of Theorem 1.3.

Remark : The results of Theorem 1.4 also extend to the multinomial law. Let
E = {ej,...,ey} be a set of cardinality m and let ki,...,k, be a collection of
non-zero integers satisfying ki + - - - + k,, = n. The multinomial law py,
definition the uniform law on the set

Xiyokyy = {x € E", such that for all [ € [m],#{i € [n],x; = ¢;} = kl}.

For any x € Xy, ,.one has y, 4, (x) = L,k'"' As a result, the weak transport-
entropy inequality (14) holds on Xy, ., replacing the measure i, by the mea-
k,- The proof of this result is a simple generalization of the one on Xy .,
,,,,, k, defined by: P(o) = x if and only if

x;i=e¢, VYle[m], Vield,

.....

where J; := {i € [n],ko+ -+ ki_y <i<ko+---+k}, with ko = 0. The details of
this proof are left to the reader.

A straightforward application of transport-entropy inequalities is deviation’s
bounds for different classes of functions. For more comprehension, we present
below deviations bounds that can be reached from Theorem 1.3 for any measure
in Mz. A similar corollary can be derived from Theorem 1.4 on the slices of the
discrete cube.

For any h : G — R, the mean of 4 is denoted by u(h) := [ hdu.
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Corollary 1.2. Let G be a group of permutations with {-local base T, G # {id}.
Let u € P(G) be a measure of the set Mq defined by (4). Let g be a real function
on G.

(a) Assume that there exists a function 8 : G — R* such that for all T,0 € G,

8(1) — g(0) < B(nyd(r, 0),

where d = dy or d = dy. Then for all u > 0, one has

2u?
p(g = p(g) +u) < exp (— Knc(0P Sup.c ﬂ(o-)2) :
and
2u?
H(g < plg) =) < exp (‘ K (0 min(supgecﬂ(rf)2,4ﬂ(l32))) ’

where the constants c¢(€) and K,, are defined as in part (a) of Theorem 1.3.

(b) Assume that u and G satisfy the conditions of (b) in Theorem 1.3. Let g be
a so-called configuration function. This means that there exist functions
ay: G > RY, ke{l,...,n}such that for all T,0 € G,

n
8(0) = 8(0) <> (Lo
k=1

Then, for all v > 0,1 > 0, one has

Ac(6)?
U <g >u(g) +v+ Ac(t) oty ;Ialz) <e,

and for all u > 0,

2
p(g < u(g) —u) < exp <_m)’
2

n
where |CL’(O‘)|% = Z cx,%((r) and c(?) is defined as in part (b) of Theorem 1.3.
k=1
We also have, for all u > 0

l/t2
Hlg 2 pg) +u) <exp |~ 5773 SUP, e |3 )

and if there exists M > 0 such that |a/|% < Mg, then for all u > 0

2
f(g > pu(g) +u) < exp (_ zcw)lMLéu(g) - u)) ’

Comments and examples:

e The above deviation’s bounds of g around its mean u(g) are directly de-
rived from the dual representations (11),(12),(13) of the transport-entropy
inequalities of Theorem 1.3, when a goes to 0 or a goes to 1. By classi-
cal arguments (see [LedO1]), Corollary 1.2 also implies deviation’s bounds
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around a median M(g) of g, but we loose in the constants with this proce-
dure. However, starting directly from Corollary 1.1, we get the following
bound under the assumption of (b): for all u > 0,

1 u
y Lo (
(g 2 M(g) +u) < 7 exp < v ( V2¢(6) sup e I0z<ff>|2>> ’

where w(u) = u(u — 2 vylog?2), u > 0.
The idea of the proof is to choose the set A = {0 € G, g(0) < M(g)} of
measure u(A) > 1/2 and to show that the asumption of (b) implies

{oceG, flo,A) <1t} C {0’ € G, g(o) < M(g) + tsup |a’(0')|2} , t>0.

oeG
Then, the deviation bound above the median directly follows from Corol-
lary 1.1 by optimizing over all @ € (0, 1). With identical arguments, the
same bound can be reached for u(g < M(g) — u).
In (a), the bound above the mean is a simple consequence of (11). As
settled in (a), this bound also holds for the deviations under the mean, and
it can be slightly improved by replacing sup,.;8(c)* by 4u(8?). This
small improvement is a consequence of the weak transport inequality with
stronger cost T,. The same kind of improvement could be reached for the
deviations above the mean under additional Lipschitz regularity conditions
on the function g.
Lety : [0,1]" — Rbe a 1-Lipschitz convex function and let x = (x1,..., X;)
be a fixed vector of [0,1]". For any o € G, let x5 = (Xo(1)s- - - Xo(n))-
By applying the results of (b) (or even (15)) to the particular function
g:(0) = p(xs), o € G, we recover and extend to any group G with £-local
base 7 and to any measure in My satisfying (10), the deviation inequality
by Adamczak, Chafai and Wolff [ACW14] (Theorem 3.1) obtained from
Theorem 1.2 by Talagrand. Namely, since for any o, 7 € G,

n n
0(xr) = 9(x5) < Y Op(Xe)(Xe(ty = Xorty) < D 10kp(xe) ey
k=1 k=1

with S0, 10kp(x)? = [Ve(x,)l> < 1, Corollary 1.2 implies, for any choice
of vector x = (x1,...,x,) € [0, 1],

2
u(lgx — p(gx)l = u) < 2exp (— 2cLZ€)2) , u>0

This concentration property on S, (with £ = 2) plays a key role in the
approach by Adamczak and al. [ACW14], to study the convergence of the
empirical spectral measure of random matrices with exchangeable entries,
when the size of the matrices is increasing.

As a second example, for any ¢ in a finite set 5, let (aﬁ’ j)]gi’ j<n be a collec-
tion of non negative real numbers and consider the function

n
g(o) = sup <Z ai’a(k)> , oeG.

€ \ k=1
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This function satisfies, for any o, 7 € G,

n

n
i(7) i(7) i(7)
8 = 8(@) <Y (o — Boiy) Letroty S Y Aontiy Letooti,
k=1 k=1

where #(7) € ¥ is chosen so that
n
HOED A
k=1
Let us consider the function

h(c) = sup (Z(a;m@)z) , o€G.
k=1

tef

The mean of &, u(h), can be interpreted as a variance term as regards to g.
Observing that g satisfies the condition of (b) with

ai(t) = a]t((’:-)(k)’

and |al3 < h, Corollary 1.2 provides the following Bernstein deviation’s
bounds, for all u > 0,

2
1 (g < p(g) —u) < exp (‘#&um)’

and for all 4,v > 0,

—-Av

<e

Ac(0)*h
ﬂ(gzu(g)+v+ o) )

If the real numbers a; ; are bounded by M, then |a|§ < Mg and therefore
Corollary 1.2 also provides for all u > 0,

2
H(g 2 pig) +u) < exp <‘ 2c(£)2Mlzu(g) + u)) '

If we want to bound the deviation above the mean in terms of the variance
term p(h), it suffises to observe that the last inequality provides deviations
bounds for the function A, replacing g by # and M by M>. Then, as a conse-
quence of all the above deviation’s results, it follows that for all 2,v,y > 0,

A0 (u(h) +y)
2
Ac(0)*h

ﬂ(gZM(8)+V+

Su<g2ﬂ(g)+V+ >+u(h2u(h)+7)

2
=Av _ Y
=€ rexw < 2R M) + y)) '

By choosing y = Mu, A = m, and v = u/2, we get the follow-
ing Bernstein deviation inequality for the deviation of g above its mean,
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forall u >0
2

u(g = u(g) +u) < 2exp (‘ 26(5)2(#1&) + Mu)) '

All the previous deviation’s inequalities extend to countable sets ¥ by
monotone convergence.

When ¥ is reduced to a singleton, these deviation’s results simply im-

plies Bernstein deviation’s results for g(o) = Y} drok) When —M <
a;; > M forall 1 <i,j < n, by following for example the procedure pre-
sented in [BDR15, Section 4.2]. Thus, we extend the deviation’s results of
[BDR15] to probability measures in M.
As a last example, let g(o) = |o|; denotes the number of cycles of lenght
[ in the cycle decomposition of a permutation o. Let us show that g is a
configuration function. Let C;(7) denotes the set of cycles of lenght / in the
cycle decomposition of a permutation 7. One has

Itl; = #{Ci(7) N Ci(0)} + #{c € C)(1), such that ¢ ¢ Ci(0)}
< |ol; + #{c € C/(1), such that ¢ ¢ C)(0)}.

If ¢ € Ci(7) and ¢ ¢ Ci(o) then there exists k in the support of ¢ such that
7(k) # o(k). As a consequence, one has

#{c € Ci(1), such that ¢ ¢ Ci(0)} < Z a/k(T)]lU(k)#(k),
k=1

where ay(7) = 1 if k is in the support of a cycle of lenght / of the cycle
decomposition of 7, and ¢;(7) = 0 otherwise. Thus, we get that the func-
tion g satisfies the condition of (b), g is a configuration function. Finally,
observing that |af3 = Ig, Corollary 1.2 provides for any measure u € Mg
satisfying (10), for all u > 0,

2
u(g < u(g) —u) < exp (_m>’

and

2
H(g > u(g) +u) <exp <_ 2c(€)2l(l:1(g) + u)> '

The aim of this paper is to clarify the links between Talagrand’s type of
concentration results on the symmetric group and functional inequalities
derived from the transport-entropy inequalities. For brevity’s sake, ap-
plications of these functional inequalities are not fully developped in the
present paper. However, let us briefly mention some other applications
using concentration results on the symmetric group: the stochastic trav-
elling salesman problem for sampling without replacement (see Appendix
[Paul4]), graph coloring problems (see [McD02]). We also refer to the sur-
veys and books [DP09, MRO02] for other numerous examples of application
of the concentration of measure principle in randomized algorithms.
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Proof of Corollary 1.2. We start with the proof of (b). From the assumption on the
function g, we get that for any p € P(G)

n

/gdp > g(o) — kz:; (a'k(o') / Loky#rk) dP(T))
n 2
> g(0) — |la(o)h <Z (/ 1a(k)¢r(k)dp(7)) 2) ! .

k=1

Let 4 > 0. Plugging this estimate into the definition of @(/lg), it follows that for
anyo € G

2 Ala(o)e(6)?
2c(£’)2} = As() = 2 ‘

As a goes to 1, (13) applied to the function Ag yields

/ 20 gy < M

Q(Ag)(c) = Ag(cr) — sup {Am(anzu -

u=0

and therefore

2 PV2 1|2
(16) /exp < g- %) du < e,

A2c(€)? sup,e |a(a)|§)

(17) / eBdu < exp (aﬂ(g) + >

and if |af3 < Mg,

2
(18) /exp </1 (1 - Ac(? M) g) du < %),

As a goes to 0, (13) yields

/ ey < MU,

and therefore

2. p\2 2
(19) /e_/lgdﬂ < exp <—/l,u(g) + w> .
The deviation bounds of (b) follows from (16), (19), (17), (18) by Tchebychev
inequality, and by optimizing over all 4 > 0.

The deviation bounds of (a) are similarly obtained from (12) by Tchebychev
inequality. As above, the improvement for the deviation under the mean is a con-
sequence of (12) applied to Ag, as @ goes to 0, and using the estimate

2B()?c(t)’K,

Ok, (Ag)(0) = Ag(o) — >
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Proof of Corollary 1.1. Take a subset A C G and consider the function ¢, which
takes the values O on A and 4 > O on G \ A. It holds

~ . | 2
Opa(o) = pelr?g(fG) {/1(1 - p(A)) + 202 ; ( / Lo(j#y(j) dp@)) }
= inf {A(1 —B) + (B, o)},

Bel0.1]

denoting by

. 2
y(p.0) = inf { — ({,)22( [ 1ot dp) sp) =51
So it holds

Qg =min(_inf (A1 =)+ 9B, _inf (A1 = B) + y(B.0) )
o 1 8.0) = g0

as A — oo. Itis easy to check that for any fixed o, the function (-, o) is continuous
on [0, 1] so letting & go to 0, we get liminf, Qtp 2W(0) > 1//(1 o). On the other
hand, ng,l((r) < y(1,0) for all A > 0. This proves that lim,_, ng 20) = (1, 0).
Applying (13) to ¢, and letting A go to infinity yields to

/emp(l,o-) du .ﬂ(A)a/(l—a) <1.

flo,A)
207 o

It remains to observe that ¥/(1,0) =

2. Proor oF THEOREM 1.3

Let 7, = (4,5, € {2,...,n},i; € O)) be a {-local base of G. Let u be a
probability measure of the set Mg given by (4). Then, there exists a product
probability measure ¥ = ¥ ® - -- ® ¥, such that u = Uy, #V where the map Uy, is
given by (37).

Each transport-entropy inequality of Theorem 1.3 is obtained by induction over
n and using the partition (H;);corb(n) Of the group G defined by: for any i € orb(n) =
On,

(20) H; :={oc€G,o(i) =n}.

According to our notations, H, = G,_; is a subgroup of G, and we may easily
check that 7,,_1 is a {-local base of this subgroup. We also observe that if G is a
normal subgroup of S, then G,_; is a normal subgroup of S,,_;.

Moreover, for any i € O,, H; is the coset defined by H; = H,t;,. From the def-
inition of y, if o € H;, then there exist is,...,i,—; such that o =, 2+ - t;, | u-1tin
and therefore

(o) = a(in) -+ V1 (1 )V (D).
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As a consequence, one has u(H;) = v,(i). Let y; denote the restriction of u to H;
defined by
(o)
() = —= 1yen,.
wi(o) (H,) o€H,
From the construction of u, u, = Ug, \#(V1 ®---®¥,_1). Moreover, for all o € H,,,
one has ot;,, € H; and

po) _ peti) _
u(Hy)  p(H;)
Moreover if u satisfies the condition (10), then y, € P(G,-;) satisfies the same

condition at rank n — 1: namely, for any o € G,,—1,t € § -1,
1

(21) (o) = Hi(otip).

pn(0) = pa(o™") and  pa(0) = pat” o).

These properties are needed in the induction step of the proofs.

When G is a £-local group, let us note that if i and / are elements of O, = orb(n),
then from the ¢-local property, there exists ¢;; € G such that #;;(i) = [ and deg(t;;) <
¢. We also have H; = H;t;;. If moreover u = y, is the uniform law on G, then for

any i,l € Oy, u;(H;) = w(Hy) = #Lo,,' In that case we will use in the proofs the
following property: for any o € H,,, one has ot;, € H;, Ol 11 € H;, and

#0,, i
(22) tn(0) = WG Hi(Otin) = p(Otint;y ).

The measure y,, is the uniform measure on the ¢-local subgroup H, = G,_;.

Proof of (a) in Theorem 1.3. As already mentioned, since W satisfies a triangular
inequality, the transport-entropy inequality (7) is equivalent to the following one:
for all v € P(G),

Ti)z Wi, i) < K, HOV|p).
A dual formulation of this property given by Theorem 2.7 in [GRST15] and Propo-
sition 3.1 in [Sam17] is the following: for all functions ¢ on G and all 4 > 0,

23) /eﬁQ“’d,u < ef/hpdy+l<,,c(£’)2/12/8,

with
Qp(o) = inf {/ wdp + /d(o-, 7) dp(‘r)}

PEP(S )
We will prove the inequality (23) by induction on n.
Assume that n = 2. If G = {id} then K,, = 0 and the inequality (23) is obvious.

If G # {id}, then G is the two points space, G = S;, { = 2 and one has
0¢) = int { [¢dp+cQ) [1ruedpo} .
PeP(S2)

In that case, (23) exactly corresponds to the following dual form of the Csiszar-
Kullback-Pinsker inequality (5) (see Proposition 3.1 in [Sam17] ): for any proba-
bility measure v on a Polish space X, for any measurable function f : X — R,

(24) / AR gy < AN TOHEEE - ya s )
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with R f(x) = i{g(fx) {/fdp + c/1x¢ydp(y)} ,x e X.
PE
The induction step will be also a consequence of (24). Let (H;);co, be the par-

tition of G defined by (20). Any p € P(G) admits a unique decomposition defined
by
25)  p=Y_ p@p,  with pePH)  and pQ) = p(H).

€0,
This decomposition defines a probability measure p on O,. In particular, according
to the definition of the measure u € Mg, and since V,(i) = u(H;), one has

f= Pali) pie
€0,
It follows that
[ %du =3 0) [ o) = Y5 [ €105 o),
i€0, €0,
where the last equality is a consequence of property (21). Now, we will bound the
right-hand side of this equality by using the induction hypotheses.
For any function g : G — Rand any ¢ € G, let g’ : G — R denote the function
defined by g'(0) := g(o1).
For any function f : H, — R and any o € H,, let us note
H .
" = f{/d+/d,d }
Q" f@):= it [ fdp+ [ dindpm
The next step of the proof relies on the following Lemma.

Lemma 2.1. Let i € O,, for any function ¢ : H; — R and any o € H,, one has

(1) Q(otiy) < _inf {Z QH”sot’”((f)ﬁ(l)+C(£’)Zﬂz¢iﬁ(l)},

PO | jco, 1€0,
where ¢(€) = min(2€ — 1,n) ifd = dy and c(€) =2 ifd = dr .

(2) Qe(ctiy) < _inf {Z QM gt ()p(l) + ()Y Liip(D) 3

PEPO0) | jeo, €0,
where c(€) = L ifd = dy and c({) = 1 if d = dr, and t;; denotes an element
of G with deg(t;;) < € and such that t; (i) = I.

This lemma is obtained using the decomposition (25) of the measures p € P(G)
on the H;’s. Let o € H,. By the triangular inequality and using the invariance by
translation of the distance d, one has

[ dtinnrapn =Y | detodp@p)

€O,

<Y diotnonp 0+ Y [ dn, Ddp@po

€O, €0, H,

=3 b + Y [ dlen i

leO, €O,
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and therefore, since d(f;,,11,) < c(f) with ¢(€) = min(2¢ — 1,n) if d = dy and
c(t) =2ifd = dr,

6 [ ditnrdpm) < Y / d(er, tHdpiOpD) + o0 S 1D,

€O, leO,

It follows that

otiy) < inf inf
Qp(0rtin) HEP(O,) preP(H)),I€0,

{ { / odp + / d(c, Tlln)dpl(T)} p(l)+c<€)2m¢,p(l)}
leO,l

€O,

inf inf
PeP(Oy) quP(Hn) leO,

{ { / o dg + / d(o, T)dCIl(T)} (l)+c(5)211#p(1)}
€0,

€O,

inf {Z Q" ()p(l) + c(€) 11¢iﬁ(1)} :

PP | i, I€O,

The proof of the second inequality of Lemma 2.1 is similar, starting from the fol-
lowing triangular inequality

[ dtnndp =3 / d(cti, (TP

leO,
<Y [ d@tia ttpdp@ph + 3 / d(ets, DA (TP
€0, l€eO,
=Y [ d@ i @p0 + 3 i idyp)
€0, leOy,
27) <> / d(o, Ttigti, )dpi (TP + c(0) Y Lpip(D),
leO, €O,

with ¢(€) = € if d = dy and c(€) = 1 if d = dr. The end of the proof of the second
inequality of Lemma 2.1 is left to the reader.

The induction step of the proof of (23) continues by applying consecutively
Lemma 2.1 (1), the Holder inequality, and the induction hypotheses to the measure
Uy, on the subgroup H, = G,—; with ¢-local base 7,_;.

If O, = {n} then K,, = K,,_1 and

/ I / AL gy () < ef Wt Kanrc 218 _ [ AdurKoe(07/8
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If O, # {n} then K,, = K,,_; + 1 and for any i € O,,,

; 240 n .
/e/lQ‘P(O't,‘,n)dﬂn(o_) < Aeipn(f(‘) : { H (/ e/lQHnt,ol,ndIUn) e > ]lz;n'P(l)}
P n

€O,

€0, leOy,

- R
<exp | inf {A > ( / 90”’"dun) PO + Kna (O +e(OA Y 11¢iﬁ(l)}]

. .
=exp |4 inf {Z gD +cO Y mﬂﬁ(z)} ¥ Kn_lcw)zg] ,

pep( €O, €O,

where, by using property (21), ¢(I) := [ @du; = [ ¢"du,. Let us consider again
the above infimum-convolution R°® defined on the space X = O,,, with ¢ = ¢(¢),
one has

R@G) = inf S @DpMD) +c Y Lip(D) o -
PEPO0) | eo, IO,
By applying (24) with the probability measure v = ¥,, on O,,, the previous inequal-
ity gives

/e/thpdﬂ - Z f/n(i)/eﬂQ"D(m"’")dﬂn(O') < (ZeﬂRC(n@(i)Qn(i)) el(n_|/l2/8

iEOn iEOn

/12

2 2 2
Ay, Kn_lc(f)z—l = exp {/I / odu + Knc({’)z%} .

8

< exp [Z P(i) (i) + 5

i=1
This ends the proof of (23) for any u € M.
The scheme of the induction proof of (23), with a better constant c({) when
U = U, is the uniform measure on a ¢-local group G, is identical, starting from the
second result of Lemma 2.1 and using the property (22). This is left to the reader.

We now turn to the induction proof of the dual formulation (12) of the weak
transport-entropy inequality (8). The sketch of the proof is identical to the one of
(23).

For the initial step n = 2, one has G = §; and ¢ = 2, and one may easily check

that
019(c) = pei7>n(£2) {/ @dp + % (/ Tosr dp(T))Z} )

In that case, the result follows from the following infimum-convolution property.

Lemma 2.2. For any probability measure v on a Polish metric space X, for all
a € (0, 1) and all measurable functions f : X — R, bounded from below

~ 1/ 1/(1-a)
(/ eaRafdv) : (/ e_(l_“)fdv) ’ <1,
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where for all x € X,

ROf(x) = ) Eig(fx) { / fdp(y) + ca ( / ﬂx¢ydp(y))2} ,

and c, is the convex function defined by

ey = @L=wlog( —Zzl—_(la; awlogl—aw) o,

Observingjhat cow) > u?)2 for all u € [0,1], the above inequality also holds
replacing R f by

- ' 1 2
8) Rfw= it { [ 103p0) + 5 ([ 1msp) } reX.

The proof of this Lemma can be found in [Sam07] (inequality (4)). For a sake of
completeness, we give in the Appendix a new proof of this result on finite spaces
X by using a localization argument (Lemma 4.1).

Let us now present the key lemma for the induction step of the proof. For any
function f : H, — R and any o € H,, we define

O o) = i ! ?
oo i= gt { [ v+ s ([ aonao) |

Here, writing Qf" f, we omit the dependence in c¢(¢) to simplify the notations. The
proof relies on the following Lemma.

Lemma 2.3. Leti € O,. For any function ¢ : H; — R and any o € H,, one has

(1) Ok, @(cti) < _inf {ZQ " )P + (Zﬂli,p(b)}

PEP(On) ico,
with ¢() = min(2€ — 1,n) ifd = dg and c({) =2 if d = dr .

(2) Ox 9ot < _int {Z 0 i yp(h + 5 (30 1) }

PEPO | o, €0,
where c({) = L ifd = dy and c({) = 1 if d = dr, and t;; denotes an element
of G with deg(t;;) < { and such that t; (i) = I.

The proof of this lemma is similar to the one of Lemma 2.1. By (26) and the
inequality

W2 2
w+v)? < —+
N

, u,veR, s5€(0,1),
1-s
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we get for any s € (0, 1),

([ donn )

2
(Z / d(o, ;) dpi(T)pd) + c(€) D lei,p(b)
leO,

<
leO,
2
< (X [ demihapp | + 12 O (S ap00)
leO €O,
2
<2y ( ], e mn)dpz(r)> 5+ S (S 100)
leO €0,

It follows that for any o € H,,,

Ok, ¢(Tt1,)

2
<p€},,§(fon)m€7,(H£ leoﬂ{ l / pdp; + 7 ({,)2 < / d(o, Ttln)dpz(f)> ]p(l)
2(1_s)1< (Zﬂﬁ,p(l)) }
2
— 1 [I,n
= pe;c{l(fo,,)q,ew(lﬂf)leon {zezol [/90 dq; + % (5)2 (/ d(o, T)dqz(T))
o _S)K (Zﬂl¢,p<1>) }
= nf {Z 0 e @p® + 5 (3 1k ) }

€O, €O,

p)

where the last equality follows by choosing s = K,,_1/K,,, which ends the proof of
the first inequality of Lemma 2.3. The second inequality of Lemma 2.3 is obtained
identically starting from (27).

We now turn to the induction step of the proof. By the decomposition of the
measure u on the H;’s, we want to bound

/ GQKNdM ZVn(l)/ annsD((T)dﬂ (o) = Zvn(l)/ a/QKn‘;D(O_[ln)dM (o),

€0, €0,

where the last equality is a consequence of property (21).
If O, = {n}, then the result simply follows from the induction hypotheses applied
to the measure y,,.
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If O, # {n}, then applying successively Lemma 2.3 (1), the Holder inequality,
and the induction hypotheses, we get

GQK,, (O'tm)d o) < inf
/ Hn() PeP(Oy)

e "ol

lGO,, lEOn

= exp [“,362% {Zso(l)p(m (3 1000 H

€O, €O,

(,Zo oy ] }

where by property (21), we set

L L
@) = log (/ e_(l_")9"dp1) "~ log (/ e—(l—a)tp’l,ndlun) =

According to the definition of the infimum convolution i&,b on the space X = O,
given in Lemma 2.2, the last inequality is

/ eaéknso(a'ﬁ,n) dﬂn(O') < eaﬁ@(i)’

and therefore Lemma 2.2, applied with the measure v = ¥,, provides

143

Py Toacs P T T-a
/ ety = 3 R0y, (i) < ( 3 e‘(l“”9"(’)9n(i))
iEOn ieon

- (Z f/n(i)/e_(]_“)‘pdui) e (/ e_(l_“)‘pd,u) Hk.
i€0,

The proof of (12) is completed for any measure y € M. To improve the constant
when u = y, is the uniform law on a ¢-local group G, the proof is similar using the
second inequality of Lemma 2.3 together with property (22). O

Proof of (b) in Theorem 1.3. We prove the dual equivalent property (13) as a con-
sequence of the stronger following result: for any real function ¢ on G, for any
jel{l,...,n}

; 1/a 1/(1-a)
(29) ( / @ SOdu) ( / e_(l_")"”du) <1,

where the infimum convolution operator Q/¢ is defined as follows, for o € G

) 2
(30) Q'p(o) = inf { / pdp + ({,)2 ( / 1a(j>¢y<j>dp(y))

26(5)2 > / a(k);ty(k)dP(Y)) }

ke[n]\{j}
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The proof of (29) relies on Lemma 2.2 and the following ones. For any o € G,
we define

0"p(o) = mf {/90 Pt (5)2 Z (/ a(k)¢y(k)dP(Y))2},

and for j € [n — 1],

2
Hn, j — 1
e = B {/ wdp + (@2 ([ tormao)

1

+W > / o-(k);&)(k)dp(y))}

keln—11\{}}

Lemma 2.4. Let j € [n]. For any o € G, one has
Qlp(0) = 07Vl N0,
where o (z) = p(z71),z € G.

This result follows from the change of variables o(k) = [ in the definition (30)
of Q/¢(cr), one has

2
Q'¢(0) = inf { / ¢dp + (5)2 ( / ﬂy-l(cr(j»w-](cr(j»dp(y))

2 ()]

LI#o(j)

1
o) {/ #)dq@) + T / Lyt (ndd(@)

20({’)2 2 ( / Z(l);ﬁa"‘(l)d‘I(Z))z},

LI#o(j)

where for the last equality, we use the fact that the map that associates to any
measure p € P(G) the image measure ¢ := R#p withR: 0 € G — o~ ! € G, is one
to one from P(G) to P(G).

Here is the key lemma for the induction step of the proof of (29).

Lemma 2.5. (1) Let j € O,. Forany o € H,, one has
Qlp(atn) < Qg (o).

(2) For any € > 2, let () = 8(€ — 1)? + 2. Assume that O, # {n} and let
i,j € Op i # j. Wenote D; = supp(t;,it,',n) \ {i} and d = |D;|. For any
o € Hy, for any 0 € [0, 1] one has

: 1
Qu(atin) < > [00™g" (@) +(1-0)Q "soff"«r)h ~(1-0)

leri,n (Dl)
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(3) For any € > 2, let *(€) := 2(€ — 1)> + 2. Assume that O,, # {n} and let
i,] €O i+# j Lett;j € Gsuchthat t; j(i) = jand deg(t; ;) < {. We note
D; = supp(t; ;) \ {i} and d = |Dj|. For any o € H,, for any 6 € [0, 1] one
has

Qi <5 Y (00" +(1-0)0 gt )] + 51 - 07

let, 2(D;)

Proof. The first part of this Lemma follows from the fact that P(H;) C $(G) and
the fact that [ 14,,(jy()dp(y) = O for o € H, and p € P(H,). Therefore, accord-
ing to the definition of 0/ ¢, one has for o € H},

. 1 2
Jo(oti,) < inf / dp + —— E ( / 1y d )
Q 90( j’n) pEP(Hj) { SD p ZC(K)z kE[l’l]\{j} O—t.fv”(k)#’y(k) p()))
- ? H,
_ . 1 " _ ; t",,
- qe}Pn(En) / vrd "2 (5)2 o %{j} ( / ]lm_,,,l(k);tyz,-,,,(k)dCI(Y)) = Q"¢ (o).

For the proof of the second part of Lemma 2.5, we set
~ . _l
l‘,"j = tj,nti,n

Let us consider pf,l € D;, a collection of measures in P(H;), and p; € P(H))
(j #1i). For 6 € [0, 1],

Z[ep, +(1-0)pjl.

leD
is a probability measure on G. Therefore, according to the definition of Q'¢p, for
any o € Hy,

5 A+ B+0),

QZQD(O—tzn) < r fdp, +(1-0) fdp
leD / / 117 2 (5)

with

2
A= D ( / ]l‘”i’"("#y(k)dp(y)) . B=)_ / crr,,l(k)#y(k)dp(y))

ke[n]\ supp(7; ;) keD;

2
and C =2 ( / Jlm,-,"(i);ty(i)dp()’)) .

Since o € Hn and pf S P(H,'), one has f ]]-Uti,n(i)iy(i)dpf(y) = (0and f ]lo-ti’"(i);&y(,-)dpj(y) =
1. It follows that

C =2(1 -0y

For any k € [n] and [ € D;, let us note

Uik, 1) := / Low,t0eydpi(y),  and  Uj(k) := / Lot (02 dp ()
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By the Cauchy-Schwarz inequality, one has

1
ASC—ZZ[G Yoo UikD+(-0) > Uik

leD; | ke[n)\ supp(7 ;) ke[n]\ supp(f; ;)

‘We also have

2
0 0
B = kzD: (an(k, k)y+ (1 -0)U;k) + y Z Uik, 1))
€0 leDi\(k)

0 2 g2
< d(—U,-(k,k)+(1 —e)Uj(k)) +— > Uik
; d d
eD; | leD;\{k}

26° 5 e 2
< Uil +2d(1 -0 + — > Ui(kD
keD; | leDi\{k}

0
<2d*(1-6) + EZ

lED,‘

0FAL D+ > Uik, 1)
keDi\{l}

All the above estimates together provide

A+B+C<Q2d*+2)1-06)?

1
5 9(2U?(l,1)+ > U?(kJ)) +1-0 Y Uik

leD; keln]\{iid) ke[n]\ supp(7i)

Observe that

d = deg(f;) - 1= deg(ttin) —1<26-2.

Therefore, according to the definition of ¢(£), one has 2d”> + 2 < ¢(£)*. As a conse-
quence we get from all estimates above, by optimizing over all p! € P(H;) and all
pj € P(H)),

i 1 1
Q(tin) < 5 S v+ -ow;] + S - 02,

IED,'
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with

. | 2
V= ) {/ wdpit s ( / ]]-o-t,-,,,(l);&y(l)dpi(y))

2C(£)2 Z / ol n(k):ﬁ)(k)dpl ()’)) }

ke[n]\{i,1}

1 2
qiEI;;l(Hn) {/SD qi + C(f)Z o (tin(D)#y(in (1) ql(y)
1

G > / rr(k>¢y(k)dqz(y)) }

ke[n=11\{tin (D}

QHnJi,n(l) Qﬁli’" (O-)

and

;= inf
pj€P(H))

/ pdpj + 26(5)2 > ( / ]lffli,n(k)#y(k)dpj()’))2}

ke[n]\ supp(fi ;)

ke[n]\ supp(r;}tin)

jn

1 2
= 157 n )
B q,elig(fH ) { prdg;+ zc(g)Z Z ( / IL(Tti,n(k);tyt,-,n(k)a’q j(Y))

q,elir}(fm wida; + 2c (5)2 ke% / fftm<k)¢>rm(k)dqj(y)) }
2
:qjeifg(fH,,){ / ¢hnd; + 2¢ (5)2 Z ( / (T(k#y(k)dCIj(Y)) }
= Qylin(0r)

where we used successively the following arguments: H,t;, = Hj; if k € [n] \
supp(t;tin) then £, (k) = 1,,(k); [n] \ supp(t7,ti,) C [n]\ {i}. This ends the proof
of part (2) of Lemma 2.5.

The proof of part (3) Lemma 2.5 is identical replacing #; ; by #; ;. In that case

247 +2 <2(6 -1 +2 = 2(0).
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Then, the only minor change is for the last step

( / Lotk de(V)) 2}

ke[n]\ supp(#; ;)

inf

= f
p,é%‘(m{/‘” Pi* e (5)2

q;€P(H,)

1 2
tm” q] 2c (€)2 Z (/ ]la'fi,n(k)#yfi,nfif}(k)dqj(y)) }

ke[n]\ supp(t;, ;)

1 2
1 ltn[, .
qjelfg(fH){ da; + 2002 ) ( / %z,-,n(k);tyn,n<k>dqj(y)) }

IA

ke[n]\{i}

t'"” dq; + 2(5)2 Z (/ cr(k)iy(k)dqj'(y))z}

inf
q;€P(Hy)

= Qg ()

where we used successively the following arguments: H,;, nt Hj;if k € [n] \
supp(#; ;) then t; j(k) = k; [n] \ supp(#; ;) C [n] \ {i}. The proof of Lemma 2.5 is
completed. m|

We will now prove (29) by induction over n. For n = 2, G is the two points
space S, which is 2-local. For i € {1, 2}, and for any p € P(G),

] > ( / (k) dp(y)) 2

2
Q)7 ( / Jla(i);&y(odp(y)) +5 53 26(2)2 2

_ % (/ ]wuo(y))2 < / ﬂaiydp(y))z.

As a consequence, we get the expected result from Lemma 2.2 applied with X = G.
We will now present the induction step. We assume that (29) holds at the rank
n—1forall je{l,...,n—1}
Let us first explain that it suffices to prove (29) for j = n. For any ¢ € §,, let
G = r!Gt. The isomorphism ¢, : G — G, o + 1~'ot pushes forward the
measure y on the measure u'” := ¢ #u € P(G?), and conversely u = c,-1#u”. Let
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j € [n]. For any o € G and any real function ¢ on G, one has

1 2
(Q'p)ocri(o) = lg(fc) {/QDdP +—= (0P (/ Lior1()2y()) dP()’))

1
S D ( / Lot ey dP(Y)
20 &
. RS 2

2
2c(€)2 Z ( / Lot yye1 k) dCI(Y)) }
= qeiplgé(r)) {/90 O C4-1 dq + —= (5)2 (/ 10771(]')?5)’1‘71(]') dq(y))
1 2
( / Lok dq(y))

20

= 0" V(goc ) (o).

From this observation, by choosing ! = ¢ in» and setting y = ¢ o ¢,-1, one has

; 1/a : 1/(1-a)
( / 70 wdﬂ) ( / o —a)gadﬂ)
G G
1 1/(1—

_ @001 g, 0) ~(i-aeet g 0)
= I e ~du

G® GO

1/a 1/(1-a)

_ ( / eaQ"de(t)) ( / e—(l—awdﬂ(t))

G® G®

If we assume that G is a normal subgroup of S, and that u satisfies the second
property of (10), then G® = G and u'” = p. Therefore the above expression is
bounded by 1 as soon as (29) holds for j = n. If we assume G is a ¢-local group
and i = u, is the uniform law on G, then G? is also a ¢-local group and u® is
exactly the uniform law on G. Therefore the last expression is bounded by 1
as soon as (29) holds with j = n for any uniform law on a ¢-local group. As a
conclusion, it remains to prove inequality (29) for j = n.

We may assume that O,, # {n}, otherwise the induction step is obvious. We first
apply Lemma 2.4, by the first property of (10) satisfied by p,

[er@edu= [ oy = [0 e,

Let g = ¢!~!. According to the decomposition of the measure y on the sets Hj, i €
Ol’la

G31) [ edu=>"0t0) [ @

€0,
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For k € O,, let us note

-1/(1-@)
2(k) := log ( / e_(l_“)gdﬂk) )

We choose j € O, such that
in g(k) = 8(j).
min (k) = 8(j)
By property (21) and then applying Lemma 2.5 (1), we get

/ea/Q.fgdﬂj — /eang(o—li'”)d,un(O') < /e“QH"grj'ndpn

By the induction hypotheses applied to the measure yu,, on the subgroup H, = G,_1,

it follows that
) ) —a/(1-a)
/eaQ’gdluj < (/ e—(l—a)g’m dﬂn)

—a/(l1-a) .
(32) - (/ (1m0 dﬂj) = o280)

Let us now consider i # j, i € O,,. When G is a normal subgroup of §,, property
(21), the second part of Lemma 2.5 and Jensen’s inequality yield: for any 6 € [0, 1],

/eanngi = /eang(o-ti’")d,un(O')

1 il olin n oljn
<exp {2 3 {Olog/e"Qﬂ S i + (1 —9)10g/e“QH g dﬂn} + %(1 —9)2}
leri,n(Di)

By the induction hypotheses applied with the measure y, on the normal subgroup
G,-1 = H, of S,_1, and from property (21), it follows that

(33) /e“Qigd,u,- < exp {Gag(i) + (1 - 6eag()) + %(1 - 9)2} .

We get the same inequality when G is a ¢-local group and u = u, is the uniform
law on G, by using property (22), the third part of Lemma 2.5 and the induction
hypotheses applied to the uniform measure y, on the £-local subgroup G, = H,.

According to the definition (28) of the infimum-convolution operator Rg defined
on the space X = O,, we may easily check that for every i € O,,

Sae e A 1 2}
Re() = int {68G) + (1 - O ming + 5(1 - 072
Therefore optimizing over all 6 € [0, 1], we get from (32) and (33): foralli € O,,,

/ 08y < RED,
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Finally, from Lemma 2.2 applied with the measure v = ¥,, on O,,, the equality (31)

gives
—a/(1-a)
PIRAO) / e (% dm)

" ~. N —a/(1-a)
/eo‘Q Ydu < /e"Rg dv, < (/ e (-2 df/n) =
€0,
-a/(1-a) —-a/(1-a)
= (/ e (1-o)g d,u) o = (/e—(l—a)wd’u) are .

The proof of (29) is completed. |

3. TRANSPORT-ENTROPY INEQUALITIES ON THE SLICE OF THE CUBE.

Proof of (a) in Theorem 1.4. We adapt to the space Xy ,— the proof of (a) in The-
orem 1.3. In order to avoid redundancy, we only present the main steps of the
proof.

By duality, it suffices to prove that for all functions ¢ on Xy, and all 1 > 0,

(34) / Ay, < e J /lﬂodﬂk,n—k"'ck,n—k/P/z’
where

e = it | [dp+ [dinap@}.  xe X,

PEP Xy n—k)

and forany 0 < a < 1,

~ l/a 1/(1-a)
(35) (/ edQCk,n—k‘pdﬂ) (/ e—(l—a)‘/’dﬂ) <1,

where for ¢ > 0,

Opv)= _inf { [ear+ ([ dh<x,y)dp(y))2}, x € XKoot

PEP Xy n-k)

The proof is by induction over n and 0 < k < n.

Forany n > 1, if k = n or k = 0, the set X}, is reduced to a singleton and the
inequalities (34) or (35) are obvious.

Forn =2 and k = 1, Xy, is a two points set, (34) and (35) directly follows
from property (24) and Lemma 2.2 on X = X ;.

For the induction step, we consider the collection of subset €; ;, with i, j €
{1,....n},i # j, defined by

Q%= {x € Xipt,xi =0, xj=1}.
Since for any x € Xy,

> Lau(x) = kn - k),

@ i#j
any probability measure p on Xy ,—; admits a unique decomposition defined by
Y . . _ Laiip Lo PQY)
—_ L] L] —
p= Y, p.pp,  with p= A A T

@]
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Thus, we define probability measures p/ € P(Q"/) and a probability measure p on
the set I(n) = {(i, j) € {1,..., n)2,i # J}. For the uniform law u on X} ,—¢, one has

- > out,

ﬂ =
nn = 1) ; Setm

where "/ is the uniform law on Q™/, p; i(x) = (2:12), for any x € Q/.

For any (i, j), (I, m) € I(n), let s j)am) : Xink — Xin-ik denote the map that
exchanges the coordinates x; by x; and x; by x,, for any point x € X} ,,_x. This map
is one to one from Q"/ to Q. For any (i, j) € I(n), the set Q>/ can be identify to
Xi_1.n-x—1 and therefore the induction hypotheses apply for the uniform law w*/ on
Q"J with Hamming distance

., 1 -
d;;j(x’ y) = 5 Z Lty x,y € Q.
keln]\{i, j}

For any function f : Q" — R and any x € Q"/, we define

0 1w= int | [rap+ [dwnapw).

PEP(Q)

and )
i 1 .
QI,J . 1
= f — ( / J(x, ) .
0= e { [ rans 5 ([ @i des
The key lemma of the proof that replaces Lemma 2.1 and 2.3 is the following.

Lemma 3.1. For any function ¢ : Q* — R and any x € Q"J, one has

PEPU) ' e (Lm)el(n)

Op(x) < _inf { Y 0o sapam@plimy + Y ]l(l,m)i(i,j)ﬁ(l,m)},

and

Oc,, () < _inf { S0 @0 s am)@pdm)

PEPUM) | ;T

1 . 2
+§( > ﬂ(l,m)#i,j)p(l,m)) }

(I,m)el(n)

The proof of this lemma is obtained by decomposition of the measures p €
P(Xk.n—k) on the sets Q"/, and using the following inequality

dp(x,y) < d;;j(x, G, j)@m) D) + dn(si jyam)¥), ) < d;{j(x, (i, m) ) + 2,

for any x € Q" y € QM.
Finally, the proof of the induction step based on Lemma 3.1 and the identity
Cin—k = Ck—1.n-k-1 + 1, is left to the reader. O

Proof of (b) in Theorem 1.4. We will explain the projection argument on the dual
formulations of the transport-entropy inequalities. According to Proposition 4.5
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and Theorem 9.5 of [GRST15], the weak transport-entropy inequality (14) is equiv-
alent to the following property that we want to establish: for any real function f on
Xin-r and forany 0 < @ < 1,

~ 1/a 1/(1-a)
(36) ( / e/ dﬂk,n—k) ( / e Imf dﬂk,n—k) <1,
where
~ . 1 2
ot = _int 3 [odps g3 ([Lumdom) . xe X
" k=1

Let us apply property (13) to the function fo P: S, — R. Since py ,—x = PHu,

we get
~ 1/a 1/(1-a)
( / eaQ(foP)dﬂ) ( / e—(l—a)fd’uk’n_k) <1

The inequality (36) is an easy consequence of the following result.
Lemma 3.2. Forany o € S,, O(f o P)() > Qf(P(c)).

It remains to prove this lemma. By definition, one has

n 2
0o PXo) = int { [ropap+ > ([ toerinpo) }
n 2
- QEPi&f,nfk) peSj,I}};#P:q {/f °Pdp+ ]:21 (/ ]lg(j)#(j)dp(‘r)) }
n 2
- qEPi(I/%{,n—k) {/ fdq+ pes,il}gpw {Z (/ ]l(r(j)#(j)dp(ﬂ) ] } '

=

Let p € S, such that P#p = q.

/ Lo(jepdP@ = > Y Lpwy=yo(ize() P(T).

VEXkn-k TES

Fory € Xyn—k, letusnote Y = {i € [n],y; = 1}. Then P(r) = y if and only if
T([k]) =Y.

Assume that j € [k], if 7([k]) = Y and o(j) ¢ Y then 7(j) # o(j). Therefore one
has

{rnr(k) =Y,o(j) ¢ Y} C {7, P(x) = y,0(j) # T())}.

Assume now that j ¢ [k], if 7([k]) = Y and o(j) € Y then we also have 7(j) # o (}).
It follows that

{r.7(kD) = Y.o(j) € Y} c {7, P(1) = y,0(j) # 7(j)}.
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From these observations, we get

n

> ( / Lo(jze(pdp(T ) 2y / L@y, rr(J)eYdP(T) DY / Lp@y=y, rr(»eydp(f))

j= Jjelk] JEM\[K]

= Z ( / 0'(])¢qu(_)/) Z / U(J)EYdC](y)
Jjelk] JemN\[k]

2 2
= 3 ([rdan) + > ([ tievdae)
iea([k]) i¢go([k])
= ([rmda) ¢ Y ([ 1mida)
iea([k]) i¢o([k])

Setting x = P(0), it follows that

n n

S ([ toperpdn®) =3 {m,.:l ([ 2m0a9) "+ Lo ( [ 1ydtg) 2}

= i=1

n

=>(f byenda()

i=1
This inequality provides

O(f o P)(@) 2 Of(x) = Qf (P(c).
The proof of Lemma 3.2 and (b) in Theorem 1.4 is completed. O

4. APPENDIX

Proof of Lemma 1.1. Let 7 = (1; ;) be a {-local base of a group of permutations
G = Gy, In order to prove that the map

37) 02>§0-3><----><0,, - G

Ur : 12,03, ..., In = 1 2l3 0 Ly,

is one to one, it suffises to construct its inverse.
For any j € {2,...,n}, let U; denotes the map defined by

Uj(ig, i3,..., ij) =tpali 30 tij,j'
Let o = o™ € G. We want to find the unique vector (i, ...,i,) € Oy X -+ X O,
such that
Un(i1,...,in) = UT(il,...,in) =0
Since U, (i1, . . ., iy)(iy) = n necessarily, one has to fixe i, = (c”)~!(n). i, belongs

to O,,. Let = D= = oWt (o'(”)) .- ON s oD e G,_;. Then, since

n=1=Upi(it,- s in-1)(in-1) = 0" V(i)
we necessarily have i,_; = (N (n-1) € 0,-,. We set

-2 1
o2 = ;- )ta-(n D)Ly 1€Gn 5.
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Following this induction procedure, we construct a family of permutations o/ €
G, for j € [n], such that i; = (c”)~!(j) € O, for all j € {2,...,n}. Observing that
G, = {Id}, it follows that o) = id and therefore

o=0"= tiyoliz 3+ - biy
This ends the proof of Lemma 1.1. |

Proof of Lemma 1.2. Let G = G, be a {-local group. From the definition of the
-local property, it is clear that any of the subgroup G;, j € {2,...,n}is {-local. As
a consequence, for any i; € O}, i; # j, there exists li,j € G such that

tl/’](l]) = ja and deg(tljj) <¢.
This completes the proof of Lemma 1.2. -

Proof of Lemma 2.2. Leta € (0, 1) and f be a real function on the finite set X. We
want to show that for any probability measure v on X,

_ 1 1/(1—
(/ eaR(dev) o (/ e_(l_“)hdv) e <1.

We will apply the following lemma whose proof is given at the end of this section.

Lemma 4.1. Let F be a real function on X and K € R. Let us consider the set

C:= {veP(X),/de:K}.

If C is not empty, then the extremal points of this convex set are Dirac measures or
convex combinations of two Dirac measures on X.

Given a real function f on X, for any K € R, let

Ck = {V € P(X), /e_(l_“)f dv = K} .
One has

s la 1/(1-a) . 1/a
sup ( / ek dv) ( / e~(U-of dv) = sup (sup / ek dv) Kk'/a-o
veP(X) K.Cx#0 \veCgk

The supremum of the linear function v > [ ¢®®*/dy on the non empty convex set
Ck is reached at an extremal point of Cg. Therefore, by Lemma 4.1, we get

~ 1/a 1/(1-a)
sup (/ R fdv) (/ e_(l_“)hdv)
veP(X)

= sup sup ((1 - /l)eaﬁnf(x) + /leaﬁuf(y)) v ((1 — e 1@ 4 /le_(l_a)f(y))l/(l_a)
x,yeX A€[0,1]

Now, let x and y be some fixed points of X. It remains to show that for any real
function f on E and for any x,y € X,

(1= 2RI 4 e I0) v (1 = e =079 4 gmfon) =) o
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The left-hand side of this inequality is invariant by translation of the function
f by a constant. Therefore, by symmetry, we may assume that 0 = f(y) < f(x).
It follows that R? f(y) = 0. Therefore we want to check that for any non-negative
function f on {x, y}, for any A € [0, 1],

Sy 1/a _
(1= e ®I® 1 2) 7 (@ = et 4 2) 1 <,

—a/(l1-a)

or equivalently, setting /(1) = ((1 — De~ 1=/ 4 /l) A,

R . ) —y() @ (-
ok f) o e W — (D) = | = 1m0 4
¢ =aon 1-2 v l—a/< ¢ >+ ’

since ¥ is a convex function on [0, 1].
So, it suffices to check that R* f(x) < ¢(f(x)), where

1
d(h) = — log (L (1 t-om) 4 1) . h>0.
a -«

The function ¢ is concave and ¢(0) = 0. For all 42 > 0, one has

, -«
¢ (h’) - e(l—a)h _ Q’.

The function ¢’ is a bijection from [0, +o0) to (0, 1]. It follows that
h) = inf {6h 1-6 h>
P(h) GE%’”{ +c(l-0)}), h=0,

where ¢, is the convex function defined by

cl=0) = sup {—0h+o(h)), 6¢€O,1].
hel0,+00)

After computations, we get
a(l —u)log(l —u) — (1 — au)log(l — au)
a(l —a) ’

and therefore we exactly have for any x € X,

O () = inf 16/(x) +call = 6)) = R*f(x)

co(u) =

The proof of Lemma 2.2 is completed. O

Proof of Lemma 4.1. We will show that, if v € C is a convex combination of three
probability measures vy, vo, v3,

vV =a1vV] + @V + a3V3,

witha; #0,a, # 0, a3 # 0, and a1 + a + a3 = 1, and v{(X) > 0, v»(X) > 0,
v3(X) > 0, then there exists two measures 91, v, in C and A € [0, 1] such that

v=Av1 + (1 = D)p,.

Setting F; = [ Fdv;, for i = 1,2,3, we may assume, without loss of generality,
that F{ < F, < F3. Then one has either F; < K < F,, either F, < K < F3.
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We will assume that F{ < K < F,. The case I, < K < F5 can be treated

identically and the proof in that case is let to the reader. Since F; < K < F; and
F1 < K < F3, there exists 8,y € [0, 1] such that

(38) K=BF +(1-p)F, and K =vyF,+(l -7y)F;.

If F| = F3 then F| = F, = F3 = K and therefore vy, v,, v3 € C. We may choose
/12(1/1,171 =V and1’>2= %

If Fi = F, then necessarily F; = F, = F3 = K and we are reduced to the
previous case.

So, we may now assume that F'; # F3 and F; # F, and therefore F| < K <

F, < F5. In that case, we exactly have
P -K F3—K

Let us choose
(0%} Fz - F1
A= a2
1-p K- F4
The equalities (38) ensure that ¥; € C and ¥, € C. The proof of Lemma 4.1 ends
by checking that APy + (1 — )7, = fi. One has
B9 W +A-Dr=UB+ =Dy +A(1 =B)vy + (1 = DA —y)vs.
According to the definitions of 4, 5, y, we may easily check that A(1 —8) = ay, and
K- F, F,—-F,
1-0D1 -y = - .
(=00 -9 = p—p —o
Since fi € C, one has (1 — (@ + @3))F| + a2 F, + a3F5 and therefore
(1 -1 -v) =as.

As a consequence A8 + (1 — )y = 1 — ap — a3 = @) and according to (39), we get

n=pvi+ A =Frva, =y +{A -y

AV + (1 - /1)172 =@1v]1 +@vy + @3v3 = V.

Acknowledgements. The author thanks R. Adamczak and D. Chafai for useful
discussions, that lead to consider the Ewens distribution, and the number of cycles
of given lenght, as examples to illustrate the results of this paper.
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