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Abstract—Due to the absence of spectrum regulation and
limited bandwidth, underwater acoustic (UA) systems are prone
to interfere with each other. In this paper, a decentralized power
allocation strategy is proposed for multiple OFDM UA links
sharing the same physical resource. These links are supposed
to be noncooperative and aim at selfishly maximize their own
information rate. Each link is assumed to only know the statistics
of its channel and the overall noise plus interference power
spectral density. A game-theoretic formulation, which explicitly
takes into account the random time-varying nature of the
underwater acoustic channel as well as the low speed of sound,
is derived. Numerical simulations show the strong benefit of
proposed approach in highly interfering channels.

Index Terms—Underwater acoustic communications, power
allocation, OFDM, interference channel, Nash equilibrium.

I. INTRODUCTION

NLIKE the radio-communication spectrum, the use of

the underwater acoustic (UA) spectrum is not restricted
by regulatory bodies [1]. Consequently, communication sys-
tems are not only constrained by a complex propagation
medium [2] but also by interferences potentially caused by
other entities wishing to use the same resource.

To improve the coexistence of heterogeneous sources under-
water, its is not conceivable to apply a fixed assignment that
restricts the access of a particular bandwidth for a specific
kind of system/application since the total bandwidth is very
limited. A more suitable strategy is to bring some intelligence
to communicating devices that will allow them to be aware of
their environment and automatically adapt their transmission
parameters to the context in which they operate. This approach
is much more flexible as it is a decentralized way to deal with
noncooperative UA devices competing for the same resource.

Recent results have shown that adaptive modulation can be
truly beneficial for single user UA communication links [3],
[4]. In this work, we ambition to demonstrate that adaptation is
also relevant for the multiuser case. More precisely, we seek to
find a distributed power allocation strategy across frequencies
for a set of competitive UA systems that try communicate
in the same bandwidth at the same time. In the absence of
spectrum regulation and UA communication standards, this
scenario is likely to happen underwater. To the best of our
knowledge, most of the research efforts on resource allocation
for UA multiusers have only focused on homogeneous systems
evolving within the same network [5].

The competitive systems considered here are assumed to
be fully noncooperative. It means that they are selfish and

that they cannot communicate with each other to agree on
a fair resource sharing scheme. However, to find reasonable
operating points — and not to be in situations where all systems
interfere so much that none of them is actually reliable —
it is necessary that each transmitter optimizes its parameters
according to the ambient soundscape. Such an optimization is
made possible only if each receiver sends some metrics on
the link quality back to its transmitter. A standard framework
to design distributed multiobjective optimization algorithms
is game theory. Every UA link is a player that competes
against the others by choosing a frequency power allocation
that maximizes its own performance metric, also called utility
function within game theory. The metric chosen in this work
is the information rate and we consider UA links in a shallow
water channel using OFDM modulation, which is well suited
to spectrum sharing problems.

Noncooperative power allocation games over frequency
selective interference channels have been widely studied for
terrestrial communications [6]—[8]. In these works, distributed
maximization of information rate is solved according to the
Nash Equilibrium concept. This equilibrium is an outcome
of the game where, given the strategies of its rivals, every
link is playing its optimal strategy in the sense that any
other choice would result in a rate loss. This yields to a
solution where all the links adopt a waterfilling strategy
against each others. In the cited papers, the system models
and resulting game-theoretic formulations often rely on the
assumption of known channel realizations. This assumption
seems unrealistic in our context because the low speed of
sound underwater (=~ 1500 m.s~!) combined with the rapidly
time-varying nature of the medium leads to outdated channel
state information (CSI) if short period feedback policies are
used.

In this paper, we take these constraints into account. A
randomly time-varying, frequency-selective UA channel is
considered where the subchannel gains are modeled as Rician
processes. The transmitters update their power spectral density
(PSD) according to long term statistics on their direct channel
and on the overall noise plus interference computed by their
respective receivers. Thus, a long period feedback link can be
implemented.

The paper is organized as follows. The information rate
maximization problem via distributed power allocation is
formulated as a game in Section II. In Section III, a solution is
proposed using the concept of Nash Equilibrium. We conclude
by numerical simulations in Section IV showing that our



approach can be relevant for multiuser UA communications.

Notations: Uppercase and lowercase boldface letters, e.g.
A, x, denote matrices and vectors, respectively. The su-
perscript ' denotes transposition. The Hadamard product is
denoted by ®. £2 denotes the vector space of random vari-
ables with finite second order moment. Finally, E{.} denotes
expectation.

II. PROBLEM FORMULATION

A. Channel and system model

We consider an UA interference channel in which M
transmitter-receiver links are competing to communicate in
the same band. The channel is supposed to be frequency-
selective and randomly time-varying. To cope with frequency-
selectivity, OFDM signalling with N subcarriers is used for
each link. The total bandwidth is B = NAf, with Af the
subcarrier spacing chosen smaller than the channel coherence
bandwidth. As we focus on noncooperative distributed poli-
cies, we assume, as in [7], that the interference of other users
is treated as additive colored noise at each receiver.

Let x;(n) be a vector of L zero-mean i.i.d. complex input
symbols sent on subchannel n by transmitter ¢. The symbols
transmitted by any other user j # ¢ are assumed independent
from those transmitted by ¢. Transmitters are subject to the
following power constraint

N
> pi(n) < P, (1)
n=1

where p;(n) is the power allocated by transmitter i on the n'”
subcarrier.

After cyclic prefix removal and discrete Fourier transform,
the channel output observed over L OFDM symbols by the
it" receiver on the n' subcarrier can be expressed as:'

yi(n) = hyi(n) ©x;(n) + Y hyi(n) © x;(n) + wi(n), ()
JFi

where w;(n) ~ CN (0,02, (n)I) is a Gaussian noise inde-
pendent of both x;(n) and x;£;(n). hi;(n) € CF are the
coefficients of the direct subchannel n, h;;(n) € CL are those
of the interference subchannel n between transmitter j and
receiver ¢. In agreement with [10], [11], the shallow water
channel fading process is modeled by a Rician distribution so
that, for each OFDM symbol I, h\") (n) ~ CN(ii(n), o2 (n)).

¥ 23
The channel statistics are assumed to be constant over a block

of L symbols.”

"Doppler effects are supposed to be compensated, and intercarrier inter-
ference (ICI) caused by temporal misalignment of received symbols from
other transmitters are not explicitly taken into account in our work. These
assumptions are made in light of [9], where it is shown that considering ICI
in the context of distributed power allocation does not significantly change
the problem formulation.

2Note that this assumption of block-stationarity is an approximation since,
in practice, the taps mean p;;(n) can be slowly time-varying as discussed in
[11], [12].

B. Problem formulation as a noncooperative game

In this section, we formulate our problem as a strategic-
form noncooperative game in which the M transmitter-receiver
links communicating in the same UA channel are the players
of the game. Their strategies are the possible power allocations
satisfying constraint (1). Each player competes rationally and
seeks to maximize a metric that describes its information rate.
Because of the low propagation speed of acoustic waves, the
small-scale fast-varying part of the channel does not admit
feedback. Therefore, the performance metric can only be
related to some ‘“average” information rate. Assuming that the
duration corresponding to L. OFDM symbols is much greater
than the channel coherence time, a standard figure of merit
would be

N
ri(p) = Y _ E{log (1 + SINR;(n))}, 3)
n=1
where SINR;(n) is the signal-to-interference plus noise ratio
of link ¢ on subcarrier n:

|hii(n)|*pi(n)
0%, () + 37,2 |hji(n)[2p;(n)’

with p = [p1,--,par] and p; = [ps(1), -, pi(N)]".
Optimizing the spectral allocation using (3) would require
for each receiver 7 to estimate both its direct channel coef-
ficients and those of the interference channels. While each
hl(é) (n) can be estimated using pilot symbols, the interference
cannot be differentiated from noise if we consider a noncoop-
erative context. Therefore, power allocation is reformulated
as a robust problem where the optimization is made by
considering the worst possible interference. Let f,;, denote the
probability density function of h;, the performance metric for

the worst case optimization problem is computed as follows

SINR;(n) = (4)

min r;
Ty izihji €L? (p)
|hii(n)[*pi(n)
o (n) + 22,2 E{lhji(n)[? }p; (n)

CEtR gi(mE{ i () *}pi ()
= L L B )

ui(p) =

N
(i)ZIE log [ 1+

n=1

(%)
where Ki(n)
A
K;(n) = |pii(n))?/]oii(n)|? is the Rice factor of subchannel
h;i(n) and Ei(—z) denotes the exponential integral function
defined, for x > 0, as

) +o0 et
Ei(—x) :—/ Tdt. 7

e Ei(=Ki(n)) (6)

In (5), (a) follows from Jensen’s inequality for conditional
expectations and equality is achieved for Gaussian interfer-
ences. Note that in this expression, the denominator only
depends on the average power of “noise plus interference”
so that the interference needs not to be differentiated from



noise when estimated by each receiver. Approximation (b) is
actually a lower bound of (5)-(a) obtained by adapting the
approach described in [13] to Rician channels. For shallow
water channels, K;(n) is usually on the order of several
decibels [11], [14]. In this context (5)-(b) turns out to be a
very tight approximation of (5)-(a).

Compared to most of the literature on game theory applied
to power allocation in interference channels [6]-[9], [15],
u;(p) explicitly takes the randomly time-varying nature of
the channel into account. It can be derived from channel
statistics computed by integrating several channel and noise
plus interference PSD estimates. Using long-term statistics on
the channels can reduce the feedback activity of the receivers
and cope with issues related to outdated CSI caused by long
feedback delays that are typical in UA channels.

The game can now be formalized as

G={MPYL )} ®)

where the set of players M = {1,--- , M} are the active links
in the UA channel, P; is the strategies space of the player
1 € M defined as the possible power allocations, i.e.

N
P; = {pi e Rf : Zpl(n) < Pim‘”c} 9)
n=1

and u; in (5) is the utility function that each player ¢ wants to
maximize.

ITI. PROPOSED SOLUTION
A. Best Response and Nash Equilibrium

Starting from the structure of game G, our purpose is to
find for each player ¢ € M the optimal strategy p; € P;
that maximizes its utility function u,(p;, p*;), given that other
players are also playing their optimal strategies denoted by
P, = [P, .PI_1,Pi1. P}y These optimal power
allocations are reached non-cooperatively, each link treating
the interferences caused by others as noise. Such a strategy
profile p* = [p{, - - - , p};], where no player has an interest to
deviate from, is called a Nash Equilibrium (NE) of the game
and is formally defined as follows [16]:

Definition 1: A NE of the game G in (8) is a strategy profile
p* such that Vi € M and V p; € P;, we have

ui(py,PL;) > ui(pPi, PL,)- (10)

In our context, this definition means that if the UA channel
users have allocated their transmit power in such a way that
a NE of game (8) is attained, there will be no user which
can get a higher mutual information by modifying unilaterally
its power allocation. Thus, the solution of our noncooperative
power allocation problem will logically be based on the
concept of NE.

The existence of a Nash equilibrium for game G is guar-
anteed by the Debreu-Glicksberg-Fan theorem [17, Theorem
1.2] which states that there exists at least one (pure-strategy)
NE in every game whose strategic spaces P; are non-empty
compact convex subsets of an Euclidian space and whose
utility functions w;(p;, p—;) are continuous in (p;, p—;) and

quasi-concave in p;. One can verify that these conditions are
satisfied by the strategic spaces defined in (9) and the utility
in (5).

Before going further, we need to introduce the concept of
best response [16].

Definition 2: The best responses of a player ¢ to a given
strategy profile of its opponents p_; are its strategies p; € P;
such that

Y

Consequently, by combining definitions 1 and 2, we have that
a NE is reached when all the players play their best responses
simultaneously. To find his best responses, each player aims
at solving the following maximization problem

ui(p;, P—i) > ui(Pi, P—i), VPi € Pi.

maximize u;(pi, P—i)
Pi (12)
subject to  p; € P;.

Replacing u;(p;, p—;) by its expression in (5), problem (12)
yields the waterfilling solution

) = | = - o2, () + 50, B {lhs(m) 2} s ()]
PTIN G (WE (ha(m7}

13)
where [z]T is equivalent to max(0,x) and )\; is chosen to
satisfy the power constraint (1) with equality.

Therefore, at a NE of game G, each transmitter allocates
its power by waterfilling on every subcarrier according to the
information about the direct channel and interference statistics
that its corresponding receiver has fed back after L OFDM
symbols have been observed.

At this point arises the questions of uniqueness of the NE
in our game and whether or not it can be reached iteratively,
which is the subject of the next section.

B. Uniqueness and convergence conditions

Sufficient conditions on equilibrium uniqueness and con-
vergence of iterative waterfilling algorithms have been given
in [7], [8] in the case of known channel realizations. These
conditions are obtained by proving that utility functions are
diagonally strictly concave, which implies NE uniqueness [18].
Starting from the expression (5), we can follow the same
developments to find sufficient conditions on channel statistics
guaranteeing NE uniqueness in the game G. Let Q € RM*M
be defined as

[Q(n)]u = {

The sufficient condition on NE uniqueness is then obtained by
adapting [7, Theorem 2] to our context.
Theorem 1: Game G admits a unique NE if

p(Q(n)) <1, Vne{l,---,N}, (C1)

where Q(n) is defined in (14) and p(Q(n)) is its spectral
radius.

Convergence of iterative best-response algorithms is not
guaranteed, except for some particular types of games [16].

E{|h;i(n)|?} e
G ERa Py 1# ]
0 otherwise

(14)



In general, only sufficient conditions can be given and their
proofs are application specific. We focus here on sequential
waterfilling, for which conditions on convergence have been
given in [8, Theorem 1]. Let Q™ € RV*Y be defined as

E{|hsi(n)I*} e
[Qmaw]ij _ maXxy —gl(n)]E“h”(n)'Q} if ¢ 75 ¥ (15)
0 otherwise
Theorem 2: If the following condition is satisfied
p(Q™*) <1, (C2)

then the sequential waterfilling algorithm converges to the
unique NE of game G.

These two conditions can be physically interpreted accord-
ing to the average interference level perceived by each link.
When the interference is high, multiple NE may exist and users
will try to reach one of them by iteratively best-responding to
each other. In this case, as the interferences become higher,
the optimal strategies will tend towards FDMA-like power
allocations where all the links communicate using orthogonal
frequency bands [7], [15]. As shown in [7], [8] by simulations,
the sufficient conditions for NE uniqueness and iterative water-
filling convergence are met when all the links are far enough
from each other. However, having (C2) not satisfied does not
imply that the algorithm cannot converge. As the simulations
will show, iterative power adaption of the UA links according
to the waterfilling policy can be highly beneficial even if both
(C1) and (C2) hold false.

IV. SIMULATION RESULTS

We focus on two OFDM UA links with N = 256 subcarriers
in the same bandwidth B = 6 kHz centered around f. = 12
kHz. The subcarrier spacing is Af = 23.4 Hz. Direct and
cross channels hj;, 4,7 € {1,2} are generated by an UA
shallow water channel simulator described in [19]. The power-
delay profiles are obtained by a ray tracing model driven by
geometric parameters such as the transmitter/receiver range
and their depths, and time fluctuations are modeled according
to entropy maximization of the Doppler spectrum given the
mean Doppler spread and the Rice factor of the main arrival.
Path losses and frequency-dependent absorption are also taken
into account using Thorp’s formula [20].

We consider a shallow water communication scenario in a
water depth of 50 m where the distance separating transmitters
and receivers is 1 km for both direct and interference links.
The depth of each terminal is arbitrarily chosen between 5 and
20 m. A Doppler spread of 1 Hz and a maximum Rice factor of
10 dB are chosen to model the channel temporal fluctuations.
The resulting frequency responses are depicted in Figure 1. A
20 second period is chosen for the power allocation update,
which is long enough compared to the channel coherence time
and the OFDM symbol duration to assume ergodicity. Thus,
this corresponds also to the duration over which channels and
interference statistics are computed by each receiver and to the
feedback link period. The SNR is fixed to 15 dB relatively to
the user experiencing the smallest attenuation. The noise PSD
is modeled with a decay of 18 dB/decade. The total power
constraint (1) is P/"** = N for each transmitter.

Fig. 1. Example of time-varying frequency responses of the directs and
interference channels obtained from the simulator described in [19]. From
top-left corner, clockwise : h11 (¢, f), h12(t, f), hoa(t, f), ha1(t, f).

The initial PSD of both links is uniform and they update
their strategy one after the other® according to the waterfilling
policy in (13). The game is played over 50 iterations. The
evolution of players utility functions and their last power
allocation are depicted in Figures 2 and 3. The latter is in
agreement with the channel frequency responses of Figure
1. User 1 does not allocate its power on the last subcarriers
since it experiences both attenuation and interferences from
his opponent, whereas user 2 has more incentive to use
frequencies in the 9 to 11 kHz and 13 to 15 kHz bands. In
this scenario the sufficient conditions (C1) and (C2) hold false.
Howeyver, one can see that more than 95% of the final utilities
are reached before the 10" iteration, which corresponds to
less than 3 minutes for a 20 second update period. At the last
iterations of the game, the two players have reached a point
where none of them has an interest to deviate. This point is one
of the multiple NE of the scenario, and depending on the intial

31t is not necessary to assume some form of coordination since we can con-
sider systems having the same update period but starting their transmissions
at different times.
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Fig. 2. Spectral efficiency of the players - (C1) and (C2) not satisfied.
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power allocation and who plays first, the players could have
reached a slightly different one. All the simulations we have
run on this scenario have shown this convergence behavior.
Most importantly, the information rates of both players are
almost tripled compared to the intial state.

To conclude, we consider a scenario of lower interference
in order to make (C1) and (C2) hold true. We keep the same
parameters, except the distance between transmitter j and
receiver ¢ # j are set to 3 km for both players. The resulting
utilities are shown in Figure 4, where we can see only a small
gain compared to the initial uniform power allocation. As the
players become sufficiently far apart from each other, they are
less prone to take the multiuser interferences into account so
that their power allocation strategies tend to be waterfilling
according only to their own channels and the noise.

V. CONCLUSION

A decentralized power control method for multiuser UA sys-
tems using OFDM has been studied. Based on game-theoretic
tools, the proposed adaptive, distributed power allocation
scheme allows UA links sharing the same physical resource to
maximize their information rates in a noncooperative manner.
The random time-varying nature of the UA channel as well as
constraints posed by the low speed of sound on the feedback
links have been taken into account. Simulation have shown that

even with a few knowledge about the multiuser environment,
UA links could almost triple their spectral efficiency in a high
inteference setup. Future works will consider the impact of
estimation errors on channels and interference statistics, as
well as slow variations on the channels statistics, and provide
results on real UA channels probed at sea.
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