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Abstract 

This paper introduces a new approach for FE modelling of 1D steel inclusions within a 3D concrete 

domain. Reinforcements modelled with 1D meshes, when included in 3D domains, are indeed 

responsible for pathological effects like stress concentration at the local scale. The alternative solution 

of an explicit 3D mesh of the steel elements requires a large amount of work, and a relatively fine 

conform mesh (and therefore, additional computation cost). It is thus hardly applicable to large-scale 

structures. The approach proposed in this contribution, called “1D-3D”, generates an equivalent 

volume from a 1D mesh of the reinforcements. Associated stresses and stiffnesses, which can be 

condensed on the boundaries of the newly created volume, are then applied to concrete 3D elements 

using kinematic relations. This approach is validated on two representative cases of civil engineering 

applications, including active and passive steel reinforcements. It provides results similar to an explicit 

3D approach, without its meshing complexity. It thus combines the advantages of 1D and 3D 

approaches in a single modelling.  
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1 Introduction 

In civil engineering, structures are usually built using reinforced or prestressed concrete. The role of 

passive or active (tendons) reinforcement is to delay the formation of cracks [1–3]. Many FE 

constitutive laws are able to represent the mechanical behavior of plain concrete at various scales with 

great accuracy [4–6]. They also ensure numerical stability if advanced numerical methods are used [7–

9]. However, the way to model the steel components embedded in the concrete is still an issue.  

Three main approaches are generally chosen to represent 1D steel members in 3D concrete structures 

when large-scale structures are considered [10]: the “classical” 1D approach [11], the homogenized 2D 

approach [12], and the richer “full 3D” approach [13,14].  

The 1D approach (Figure 1a) is by far the most widely used in literature to represent these steel 

members [10,15–17]. It is simple to apply on large and complex structures as it does not require any 

mesh constraints. The reinforcement is represented using either beam or truss finite elements [18]. 

From a geometrical point of view, its diameter is neglected compared to its own length and to the 

concrete matrix finite element’s size. From a mechanical point of view, a superimposition of the 

materials is supposed in terms of local stiffness, and the cross section is used solely to compute stress 

and stiffness values (and not their repartition). Therefore, a singularity is created. The steel and 

concrete are related using either a corresponding mesh, kinematical relations or specific rebar-

concrete bond models [19–21]. This strategy is easy to use and able to reproduce the structural 

behavior. However, at the local scale, it fails to reproduce certain specific configurations, involving for 

instance transversal effects [10]. Moreover, it is often associated to a stress concentration 

phenomenon, especially when active reinforcements are considered (Figure 2). This leads to a 

pathological mesh dependency and nonphysical results: in particular, stress singularities will yield a 

very early damage initiation [22]. 

 

a.  b.   

Figure 1 : Resulting mesh of a reinforced concrete structure using either 1D (a) or 3D (b) approaches for the 

steel reinforcement. 
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Figure 2 : Illustration of the stress concentration effect with a 2D material problem for a given nodal force. 

An alternative approach considers a homogenized model of the reinforcements, which uses 2D plate 

or shell elements. From a geometrical point of view, the regular pattern of rebars is considered as a 

homogeneous plate embedded in the concrete. The cross-section is once again only used to compute 

the stresses, and the materials are superimposed. This approach is easy to use on large-scale 

reinforced concrete problems, and can reproduce the structural behavior. It also avoids creating 

geometrical singularities and does not suffer from numerical instability at the local scale. However a 

homogenized approach is unable to represent the local effects associated to heterogeneous 

reinforcements (such as stirrups). It is also limited to regular patterns of reinforcements, and not fully 

adapted to the representation of prestressing tendons for instance. 

Another approach considers a full 3D steel volume inside the concrete domain (Figure 1b). It is much 

richer (representation of the kinematics) but the counterpart is a mesh complexity and a higher 

computational cost. At the steel-concrete interface, the meshes are indeed coincident to avoid 

superimposition. This solution presents several advantages, mainly a richer representation of the 

mechanical behavior at the local scale and a stability of the results regarding the mesh. However, 

although it may be automated up to a certain limit, the necessary effort on the mesh is hardly 

compatible with industrial computations (especially for a high density or complex geometry of the 

reinforcements). This is the reason why this approach is rather rare in the literature, except when an 

explicit 3D representation interface is needed (steel-concrete bond models for example [13,21,23,24], 

or models including corrosion [25]).  

Other approaches have also been recently developed, such as [26] with a global-local coupling. In the 

case of problems solved by extended finite elements (X-FEM) for instance, modelling strategies based 

on level-sets have also been developed to represent these inclusions [27,28]. However, these 

strategies both require a relatively fine mesh around the reinforcements, which makes them hardly 

applicable on large-scale structures. 

Regarding the limits of the existing approaches (stress concentration, meshing difficulty, and capacity 

to be applied to either fine or coarse meshes but not both…) a new approach is proposed in this 

contribution. Called 1D-3D approach (1D reinforcements - 3D FE domain), it should combine the 

advantages of both 1D and 3D approaches. In particular, it aims at providing structural quantities of 
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interest for coarse meshes (as 1D models), and structural and local quantities of interest for fine 

meshes (as 3D models) without stress concentration. It should be able to characterize the mechanical 

effect of reinforcements in nonlinear solid mechanics problems involving various types of behavior 

laws for the reinforcement and matrix and solved by the finite element method. 

In this contribution, the proposed approach is first described. Then, an academic case (a single active 

tendon in a curved concrete volume [11]) is presented to validate the approach. A comparison with 1D 

and 3D approaches is especially proposed. Finally, a Representative Structural Volume of containment 

buildings [29] is considered to underline the interest of the proposed approach on a more complex 

structure. 

2 Presentation of the “1D-3D” approach  

The 1D-3D approach aims at combining the advantages of both 1D and full 3D approaches. The main 

objective is especially to keep low the required effort to produce the mesh (1D approach) and to obtain 

representative local results, especially when the mesh is fine (3D approach). Moreover, a particular 

attention will be paid to the possibility to reuse existing 1D meshes to improve former computations. 

The proposed “1D-3D” approach works in four steps: 

- generation of the equivalent volume of the reinforcement.  

- computation of the equivalent forces. 

- condensation of the 3D equivalent volume on its boundary. 

- introduction of relations at the steel-concrete interface.  

2.1 Generation of the equivalent volume of the reinforcement 

The 1D-3D approach relies on a 1D mesh of the steel components. A 3D equivalent volume is then 

generated using the 1D mesh as a directrix. The cross section is created using triangle elements, with 

a concentrical discs iterative algorithm (Figure 3). This meshing strategy has been chosen as it 

generates a very regular mesh in the (expected) case of a circular cross-section; however it is not 

required for our approach and could be replaced by other techniques, such as Delaunay triangulation. 

The equivalent volume is finally obtained with prismatic elements, by projection of the circular cross 

sections along the directrix (Figure 4). Concrete mesh is not modified. The mesh of the newly created 

cross section is proposed to be twice as fine as the concrete mesh. This allows to include steel nodes 

in all concrete elements around the heterogeneity. This is necessary to ensure a good repartition of 

the steel stiffness and nodal forces in the neighboring concrete elements, and to avoid local 

singularities. Along the axis of the bar, the density of the mesh is proposed to be the same as the 1D 

mesh.  
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Figure 3: Construction of the circular cross section of the 1D-3D mesh: 5 steps (red: goal cross section). 

 

a.  b.  

Figure 4 : Mesh of the steel cross section inside concrete (a) and mesh of the steel bar (b) with the 1D-3D 

approach. 

2.2 Computation of the equivalent forces 

In some cases (prestressed tendons, temperature loading…), loading may be applied directly on the 

inclusion. In those situations, the proposed 1D-3D approach requires transposing the stress state 

computed on the 1D tendon (denoted 𝜎1𝐷) to a stress state on the equivalent 1D-3D tendon 

(denoted 𝜎1𝐷3𝐷). The 1D stress state is first converted into nodal forces: 

𝐹𝑖 = 𝑆 ∫
𝑑𝜎1𝐷

𝑑𝑙
𝑑𝑙

𝐿𝑖

 (1) 

where 𝐹𝑖 are the nodal forces at node 𝑖, 𝑆 the cross section of the heterogeneity and 𝑙 the abscissa 

along the 1D inclusion, integrated along a relevant subdomain of length 𝐿𝑖 (depending of the FE 

interpolation functions). These nodal forces are then applied on the 1D-3D bar, to obtain the stress 

field in the equivalent volume, such that: 

𝐹𝑖 = ∫ ∇𝜎1𝐷3𝐷𝑑𝑉
𝑉𝑖

 (2) 

where ∇ stands for the divergence, 𝑉 is the volume of the bar and 𝑉𝑖 is the volume of the relevant 

subdomain (depending on the FE geometry and interpolation functions). As an illustration, Figure 5 

presents the (initial) stress distribution simulated on a curved steel tendon before the application of 

the prestress to the concrete. It compares the full 3D and the 1D-3D approaches. The stress 

distributions are similar in both cases. To supplement the comparison, values of the resulting radial 
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force created by the internal stresses in the tendon are compared to the force applied in the 1D case 

(Table 1). The relative error on the global longitudinal force is of the order of 10−4; the error on the 

cross-section, due to the discretization of the tendon, is of the order of 10−3. Figure 6 also presents 

the longitudinal stress in the tendon along the 𝑥 axis (horizontal axis of the cross-section). A slight 

localization appears in both approaches near the central area (along the position of the 1D tendon). 

The relative error in longitudinal stress between both models remains lower than 0.1 %. 

 

 a.  b.   

Figure 5 : Axial stress distributions in a curved prestressed tendon: 1D-3D approach (a), full 3D approach (b). 

Table 1: Resulting radial force on the tendon cross-section. 

 1D Approach 1D-3D Approach 3D Approach 

Section (cm2) 5.56 5.5548 5.5537 

Radial force (N) 827000 826918 826919 

 

a.  b.  

Figure 6: Longitudinal stress in the tendon after computation of the equivalent forces (a), along a line (b). 

2.3 Condensation of the 3D equivalent volume 

Compared to the 1D modelling, the creation of the equivalent steel volume in the 1D-3D approach 

entails a larger number of nodes and elements. The number of these additional degrees of freedom 

1,480

1,482

1,484

1,486

1,488

1,490

1,492

1,494

1,496

1,498

7,485 7,490 7,495 7,500 7,505 7,510 7,515

ax
ia

l s
tr

e
ss

 (
G

P
a)

x (m)

Full 3D modelling

1D-3D modelling



7 

 

may be low compared to the total number of degrees of freedom (dofs) if large concrete structures 

with low numbers of inclusions are considered. But the additional computational cost may become a 

key issue when large-scale heavily reinforced structures (typically in civil engineering applications) are 

studied.  

 

a.  b.  

Figure 7 : 1D-3D condensation nodes where the stiffness and forces are applied: side view (a) and 3D view (b). 

Therefore, an approach is proposed to reduce the number of dofs. It is similar to the adaptive 

condensation technique presented in [30]. It uses a static condensation technique [31] to replace the 

equivalent volume by its consequences in terms of stiffness and loading on the boundary of the volume 

of the heterogeneity (Figure 7). This choice allows to reduce the 3D equivalent volume to a 2D surface. 

The equation of static writes for the steel volume: 

𝐾𝑈 = 𝐹 
 (3) 

where 𝐾 is the stiffness matrix, 𝑈 the nodal displacement vector, and 𝐹 the vector of equivalent 

external nodal forces. The decomposition between the boundary area Ω𝑏, which represents the 

boundary of the steel volume, and the eliminated area Ω𝑒, which represents its inner volume, writes: 

[
𝐾𝑒,𝑒 𝐾𝑒,𝑏

𝐾𝑏,𝑒 𝐾𝑏,𝑏
] [

𝑈𝑒

𝑈𝑏
] = [

𝐹𝑒

𝐹𝑏
] (4) 

The subdomain Ω𝑒can be eliminated to obtain the reduced system [31]: 

𝐾𝑈𝑏 = �̂� 
(5) 

with the reduced stiffness matrix and reduced forces vector: 

𝐾 = 𝐾𝑏,𝑏 − 𝐾𝑏,𝑒𝐾𝑒,𝑒
−1𝐾𝑒,𝑏 

�̂� = 𝐹𝑏 − 𝐾𝑏,𝑒𝐾𝑒,𝑒
−1𝐹𝑒 

(6) 

The full equivalent 1D-3D volume can then be replaced by a reduced stiffness matrix and a force vector 

applied on its boundary. It is to be noted that, with this approach, the mechanical state of the inner 

volume (strain, internal displacement, stresses…) can still be obtained by a simple linear resolution of 

the condensed subproblem (also called  de-condensation [30]): 
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𝑈𝑒 = 𝐾𝑒,𝑒
−1(𝐹𝑒 − 𝐾𝑒,𝑏𝑈𝑏) 

(7) 

As an illustration, for a straight bar of diameter 2𝑅 and length 𝐿, meshed with finite elements of 

length 𝑙, the approximate number of nodes 𝑛𝑓 in the full equivalent volume writes: 

𝑛𝑓 =
2𝜋𝑅2𝐿

√3 𝑙3
  

(8) 

The number of nodes 𝑛𝑐 in the condensation area writes:  

𝑛𝑐 =
2𝜋𝑅𝐿

𝑙2
  

(9) 

Then:  

𝑛𝑓/𝑛𝑐 =
𝑅 

√3 𝑙 
  (10) 

For example, with 𝐿 =  2 m, 𝑅 = 84 mm, and 𝑙 =  5 mm, the ratio 𝑛𝑓/𝑛𝑐 is close to 10. It may be 

observed that the stiffness matrix obtained from condensation is smaller than the base matrix. 

However it is also denser, which may negatively impact computational performance, depending on the 

type of linear solver. To improve this aspect, the condensed matrix may be approximated by removing 

low terms or using limited-rank approximation methods such as truncated SVD [32,33]. In the 

proposed approach, condensation may or may not improve computational performance, depending 

on the chosen case (and particularly, on the geometry of the inclusions). That is why this step remains 

facultative. Moreover, the condensation requires the inclusion to remain linear-elastic, which is 

generally the case for prestressed tendons in concrete for example. If not, the methodology can be 

used, without condensation on the inclusion boundary. 

2.4 Inclusion-domain interface 

For the bond between the inclusion and the domain, the nodes at the interface (Ω𝑏) need to be related 

to the concrete ones, in order to ensure the conformity of the displacement fields and transmit the 

stiffness and forces coming from the 1D-3D inclusion. Various methods have been proposed in the 

literature that could match these objectives [34,35]. The Multi-Point Constraint is the first and simplest 

method available. It ensures a strong coupling between the subdomains; however it suffers from 

sensitivity to the choice of slave/master nodes [36]. To avoid this problem, two-pass approaches have 

been developed, that eliminate the master and slave choice. However they  tend to suffer from severe 

mesh locking [37]. Considering dual approaches, Lagrange multiplier fields can be used to enforce the 

weak compatibility of the interfaces. The mortar method is one of the most common [38]. It avoids the 

surface locking and, with further developments, is independent of the mesh size [39]. Nevertheless, it 

tends to generate stress oscillations. Arlequin method [40], developed in particular for overlapping 
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domains does not generally suffer pathological stress oscillations. However it requires additional 

degrees of freedom, and the definition of overlap areas and transition functions. Considering primal 

approaches, discontinuous Galerkin framework may be the most widely used [41], as it is stable and 

relatively simple to implement. However, it requires the definition of a mesh-dependent penalty factor 

(as in Nitsche’s method [42]) and tends to have a high computational cost. In the Interface Element 

Method [43], additional elements are created using the nodes of the interface. This allows to include 

a behavior law for the interface, but requires modifying the shape functions on the interface elements. 

In our approach, given that the 1D-3D mesh has, by design, the same size as the concrete mesh and 

that both are overlapping, and since the reinforcement is much stiffer than the concrete, the 

reinforcement interface nodes Ω𝑏 are related to concrete by MPC-type kinematic relations on 

displacements, enforced using the double Lagrange multipliers method (Figure 7-8) [44]. The 

displacement 𝑢𝑖 of the (slave) reinforcement boundary node 𝑖 is such that:  

𝑢𝑖 = ∑ 𝛼𝑗𝑢𝑗

𝑗  

 (11) 

where 𝑢𝑗 are the displacements of the (master) nodes 𝑗 of the 3D concrete finite element in which 𝑖 is 

located, and 𝛼𝑗 are linear combination coefficients defined by a linear interpolation of displacements 

𝑢𝑗 at the position of the node 𝑖 (Figure 8).  

It is to be noted that this approach is similar to the perfect bond relation usually considered for 1D 

heterogeneities (in the case of non-corresponding meshes). However, for RC applications, this relation 

could be improved to include a more representative steel-concrete bond behavior (such as [20,21,45]), 

or to take into account accurately the conformity of displacement fields between steel and concrete 

in the case of quadratic elements. 

 

   

Figure 8: Scheme of the condensed 1D-3D approach applied on a RC structure, and zoom on one concrete finite 

element with a steel node. 
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As it is the case with the classical 1D modelling, the effect of superimposition of steel and concrete 

(additional stiffness) is neglected. At the fine scale of full 3D modelling of reinforcements, this 

overlapping may seem a rather coarse approximation. Nevertheless, the influence of this overlapping 

should be investigated. On the tested configurations, it has not been found significant. In the case in 

which it would be, other strategies would be possible (removing the concrete elements embedded in 

the steel for instance).  

As a conclusion, the developed method can be used automatically from existing 1D meshes. It does 

not suppose any further meshing effort. The only additional cost, compared to a 1D representation, is 

a computational one due to the additional kinematical relations and the cost of the condensation of 

the inner equivalent volume (if done). This slight increase of the computational cost is expected to 

produce more accurate and stable local stress field as it will be analyzed in the following section.  

3 Validation on a curved prestressed volume 

3.1 Presentation  

The proposed test case aims at validating the developed approach through a comparison with the 3D 

“reference” solution. It consists in a curved concrete volume with a single horizontal tendon. 

Dimensions have been chosen to match the scale of the containment mock-up VeRCORS [46,47]. 

 

a.  b.   

Figure 9 : Geometry of the curved prestressed concrete volume. a: Top view. b: Section. 

Figure 9 presents the geometry: the horizontal tendon has the same curvature radius (7.50 m) as the 

center of the concrete volume. The cross section of the tendon is 5.56 cm2 (diameter 𝜙 = 26.6 mm). 

The concrete is meshed with cubic elements, and follows at first an elastic behavior law (𝐸 =

30 GPa, 𝜈 = 0.2). Boundary conditions enforce the rotational invariance of the problem: normal 

displacements are prohibited on the front, back, top and bottom faces of Figure 9b. The only applied 

loading is the prestress (1.5 GPa), which entails a compressive stress in concrete equal to around 

8 MPa. In this simplified structure, no loss of prestress is considered. The simulations are performed 

with the FE code Cast3M [44].  

40 cm 

24 cm 

7.50 m  

Steel tendon  

Concrete  

Angular section studied 
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When prestress is applied, the tendon is responsible for both orthoradial and radial nodal forces (due 

to curvature) [48]. This latter loading puts the concrete FE located directly inside the curvature of the 

cable in radial compression, and those directly outside the curvature in radial tension.  

3.2 Results  

3.2.1 Structural comparison 

To position the proposed approach among the existing solutions, results are compared to 1D and full 

3D approaches. In every case, the concrete mesh is almost the same and only differs in the tendon 

area for the full 3D tendon modelling (to match the steel-concrete interface, Figure 10). Figure 11 

presents the equivalent strain distributions at the end of the application of the prestress. The 

equivalent strain  (using Mazars’ definition commonly chosen for concrete cracking modelling in the 

framework of damage mechanics [5]), which writes: 

𝜀 ̅ = √⟨𝜀1⟩+
2  +  ⟨𝜀2⟩+

2 +  ⟨𝜀3⟩+
2  

(12) 

 

where 𝜀1, 𝜀2, 𝜀3 are the principal values of strain, and ⟨𝜀1⟩+
 , ⟨𝜀2⟩+

 , ⟨𝜀3⟩+
  the positive parts of each of 

these principal values. The distributions of the equivalent strain are similar between the three 

modellings. The equivalent strain is especially larger in the zone directly outside the curvature of the 

tendon and lower in the zone directly inside (left side on the figure). As expected, this local effect is 

due to the curvature [48] of the tendon and is well captured in all cases.  

a.  b.  c.  

Figure 10: Meshes of the tendon area: 1D modelling (a), 1D-3D modelling (b), full 3D modelling (c). 

a.  b.  c.  

 

Figure 11: Equivalent strain distributions on the curved concrete volume: 1D modelling (a), 1D-3D modelling (b) 

and 3D modelling (c). 

In
si

d
e

 

O
u

ts
id

e 



12 

 

Table 2: Structural prestress effect on concrete (radial displacement are observed on the interior lower point).  

 1D Approach 1D-3D Approach 3D Approach 

Elastic energy in concrete (J) 76.08 76.56 76.65 

Radial displacement (mm) −2.164 −2.171 −2.179 

 

Overall, the structural prestressing compressive effect is well reproduced: the values of the elastic 

energy which is stored in the concrete volume and of the radial displacements are similar for the three 

modellings (Table 2). A stability of the concrete elastic energy with the mesh is also noticed: in every 

case the variation is lower than 2 % with meshes ranging from 80 mm to 1.9 mm (Figure 12). It is to 

be noticed that the slight variation in the energy observed with 1D-3D and 3D approaches may be due 

to the discretization of the tendon which is modified when the mesh changes. It is not the case with 

the 1D modelling. That is why a “perfect” stability is obtained in this case.   

 

 

Figure 12: Elastic energy stored in the concrete volume depending on element size. 

a.  b.  

Figure 13: Longitudinal stress in the curved tendon after prestressing (a) along a line (b). 
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Figure 13 presents the longitudinal stress in the tendon along the 𝑥 axis (horizontal axis of the cross-

section) for the full 3D and 1D-3D modellings (for a 2 mm mesh). The evolutions follow the same 

tendency, with a slight decrease as 𝑥 increases (outside of the curvature). The difference between both 

evolutions (maximum relative error equal to 0.453 %) can be explained by the overestimation of the 

local stiffness (superimposition of steel and concrete) in the 1D-3D approach. 
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d.  

e.  f.  

Figure 14: Values of the equivalent strain in the concrete on horizontal lines (f) of the cross-section 

 (a: line 0, b: line 1, c: line 2, d: error map on the three lines with the 1D-3D approach, e: error map on the three 

lines with the 1D approach (f). The error estimation requires a projection in this case).  

Figure 14 presents the values of the equivalent strain along three horizontal lines located in a cross-

section of the concrete volume, and the relative error made by the 1D and 1D-3D approaches 

compared to the full 3D approach. It is to be noted that since the meshes are not identical, a projection 

was required to compute the error, which may induce additional error. With the 1D-3D approach, the 

error is low far away from the tendon; in the neighborhood of the tendon, the error rises up to 5 % in 

several points, which remains acceptable considering the heterogeneity. As a comparison, the error of 

the 1D modelling reaches more than 15 % near the reinforcement.   

3.2.2 Local comparison – stress concentration  

The three approaches capture correctly the structural compressive and curvature effects due to the 

tendon. However, results at the local scale may vary significantly depending on mesh size when using 

1D representations. Figure 15 presents the distribution of the radial stress in the concrete volume after 

the prestress, for two different mesh sizes, using a 1D representation. In the concrete FEs directly 
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inside and outside the tendon’s curvature, significant low and high stress values are noticed: they are 

both concentrated on the FEs adjacent to the 1D tendon. This is locally non representative of the 

physical phenomena: the geometrical (and thus mechanical) singularity entails a stress localization on 

one FE whatever its size.  

 

a.   b.   

Figure 15 : Distributions of radial stress on the curved concrete volume with a 1D modelled tendon: 16 mm 

mesh (a) and 3.8 mm mesh (b). 

This localization effect, that has been qualitatively underlined, can also be theoretically 

investigated [22,49]. We summarize in the following some theoretical results from [49], applied to the 

problem of a 1D reinforcement in a 3D structure. To simplify the theoretical study, the simplified case 

of a conform mesh with a 1D inclusion is considered. In this case, the nodal forces due to the 1D tendon 

are applied on one node irrespectively of the FE size.  

 

 

Figure 16: Illustration of element contributions to nodal force 

The nodal force applied on a concrete node 𝑖 writes as a sum of the contributions of the adjacent 

concrete finite elements (Figure 16, for 1 ≤ 𝑒 ≤ 4):  

𝐹𝑖
 = ∑ 𝐹𝑖

𝑒

𝑒

  (13) 

where 𝐹𝑖  is the nodal force at node 𝑖, and 𝐹𝑖
𝑒 the contribution of finite element 𝑒 to 𝐹𝑖. Each finite 

element contribution 𝐹𝑖
𝑒 writes: 

𝐹𝑖
𝑒 = ∫  (𝐵𝑖

𝑒)𝑡𝜎𝑒𝑑Ω
Ωe

 (14) 

In
si

d
e

 

O
u

ts
id

e 



16 

 

where 𝐵𝑖
𝑒  is the derivative matrix of the interpolation functions of node 𝑖 in the finite element 𝑒, 𝜎𝑒 

the stress value, Ω𝑒 the support of the finite element 𝑒. In practical cases, the integral is approximated 

using for instance Gauss quadrature methods, giving: 

𝐹𝑖
𝑒 = ∑ 𝜔𝑔𝐵𝑖

𝑔
𝜎𝑔

𝑁𝐺(𝑒)

𝑔=1

 
(15) 

where 𝜔𝑔 are the quadrature weights, 𝐵𝑖
𝑔

 and 𝜎𝑔 are respectively the values of 𝐵𝑖
  and 𝜎  at the 𝑁𝐺  

Gauss points of the FE 𝑒. When the mesh is refined (typical FE dimension equal to 𝑙), the node 𝑖 belongs 

to smaller finite elements. The interpolating functions are modified, and follow an evolution such 

that 𝐵𝑖
𝑔

∼ 𝑙−1. The integral term also varies, as the support Ω𝑒 of the shape functions shrinks 

depending on the dimension 𝑑 of the space; its measure follows the relation 𝜇(𝛺𝑒) ∼ 𝑙𝑑. This 

translates to the quadrature weights as: 

𝜔𝑔 ≃ 𝜔0
𝑔

. (
𝑙

𝑙0

)
𝑑

 
(16) 

where 𝜔0
𝑔

 and 𝑙0 are reference values for 𝜔𝑔 and 𝑙. Therefore, if the contribution of the FE 𝑒 to the 

nodal force 𝐹𝑖 remains constant (which is the case in the studied problem), it appears that: 

𝜎𝑒 ≃ 𝜎0. (
𝑙0

𝑙 

)
(𝑑−1)

 
(17) 

where 𝜎0 is a reference value for 𝜎𝑒. Therefore, when the mesh is refined, the stress values in the 

concrete FEs adjacent to the steel node depend directly on the mesh size.  

As an illustration, the radial stress at the singularity observed in Figure 15 is roughly 4 times higher in 

the 𝑙 = 3.8 mm mesh than with the 𝑙0 = 16 mm mesh (for a 𝑑 =  2  dimensional problem). Hence, 

the 1D approach is totally unable to reproduce the local stress state due to the tendon curvature. This 

nonphysical effect is avoided by the repartition of stiffnesses and forces in several elements using a 

1D-3D modelling (Figure 17).  

 

a.   b.   

Figure 17: Distributions of radial stress on the curved concrete volume with a 1D-3D modelled tendon: 16 mm 

mesh (a) and 3.8 mm mesh (b). 
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As a confirmation, Figure 18 presents the evolution of the maximum value of the equivalent strain, 

depending on the size of the concrete FEs. It appears that this elastic result is clearly dependent on the 

mesh size when a 1D modelling is considered, due to pathological stress concentration. This 

exponential growth of the strain with the mesh size prevents from obtaining any precise local 

information, especially around the tendon. Figure 18 also illustrates the influence of the position of 

the steel nodes in the concrete FE when using a 1D modelling. In a first case (“element corner”), steel 

nodes are coincident with concrete ones (same nodes). In the second case (“element center”), steel 

nodes are positioned in the middle of the section of concrete FEs. It appears on Figure 18 that the local 

equivalent strain is not only influenced by the mesh size, but also by the position of the steel nodes 

inside the concrete elements. As the steel node is responsible for nodal forces inside the concrete FE, 

the repartition of stress differs and depends on the configuration. In particular, when steel nodes are 

at the center of the concrete FEs, a lower strain localization is observed, as the stress spreads through 

numerous elements. If steel and concrete meshes are coincident, stress concentration (and therefore, 

strain localization) is stronger. With the Full 3D modelling, no stress concentration is expected as the 

steel FEs scale in size with the concrete FEs. Therefore, the results obtained are stable toward the mesh 

(Figure 18).  

 

Figure 18 : Maximum value of the equivalent strain in the concrete volume depending on element size. 

Figure 19 presents the same results, for the 1D, full 3D and 1D-3D approaches. This provides an 

indication on the validity domain of each approach.  

We observe that, on the coarsest meshes (section larger than the inclusion, whose diameter is equal 

to 26.6 mm): 

- the full 3D approach is hardly applicable, due to the need of coincident meshes at the boundary 

of the tendon which requires a mesh fine enough (Figure 19);   

- the 1D and 1D-3D approaches provide similar and accurate values of the structural quantities 

of interest (Figure 12); 
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- the 1D and 1D-3D approaches provide similar but not necessarily accurate values of the local 

quantities of interest (Figure 19), as the mesh may not be fine enough to capture local effects 

in the neighborhood of the tendon. 

On the other hand, on the finest meshes (section smaller than the inclusion): 

- the 1D approach does not converge and will tend to give nonphysical values (Figure 18); 

- the 1D-3D and 3D approaches provide similar and accurate values of the structural quantities 

of interest (Figure 12); 

- the 1D-3D and 3D approaches provide similar and numerically stable values of the local 

quantities of interest (Figure 19). 

 

Figure 19 : Maximum value of equivalent strain in the concrete volume depending on element size. 

As a conclusion, the 1D-3D approach gives the same results as a 1D modelling when the mesh is coarse, 

and results similar to a full 3D approach when the mesh is refined. It is to be noted that no stress 

oscillations have been observed around the steel-concrete interface for the various meshes studied. 

For similar results on the intermediate meshes, the 3D approach requires more elements than the 1D-

3D approach in order to catch the inclusion’s geometry, and may therefore require more 

computational effort in some cases (such as coarse meshes or high reinforcement densities).  

Figure 20 presents the computational performance of the various approaches on the linear elastic 

simulation with different mesh sizes. The 1D approach remains the fastest in every case. On the coarse 

meshes, the 1D-3D approach is faster than the full 3D approach. However, the full 3D approach has a 

better performance on the finer meshes, due to the large number of kinematical relations added to 

the system to solve in the 1D-3D approach (this tendency does not take into account the additional 

meshing effort related to the 3D model). On this particular case, the optional condensation step seems 
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to degrade the computational performance, as it creates a smaller but denser stiffness matrix for the 

tendon. However, these conclusions are highly dependent on the case studied, and in particular on the 

geometry of the reinforcements. 

 

Figure 20: Computation times for the prestressed concrete volume (linear elastic regime). 

3.2.3 Consequences on the nonlinear behavior 

To evaluate the ability of the proposed approach to be applied in a nonlinear simulation, in this section, 

a nonlinear constitutive law is now used for concrete. Mazars’ isotropic damage law is chosen to 

represent the concrete’s mechanical behavior [5,50]. Damage in tension 𝐷𝑇 and in compression 𝐷𝐶 

thus write:  

𝐷𝑇 
= 1 −

𝜀0(1 − 𝐴𝑇)

𝜀 ̅
− 𝐴𝑇 exp(𝐵𝑇(𝜀0 − 𝜀 ̅)) 

(18) 

𝐷𝐶  
= 1 −

𝜀0(1 − 𝐴𝐶)

𝜀 ̅
− 𝐴𝐶 exp(𝐵𝐶(𝜀0 − 𝜀 ̅)) 

(19) 

where 𝜀0 is the damage threshold, 𝐴𝑇 , 𝐵𝑇 , 𝐴𝐶  and 𝐵𝑇 are parameters of the constitutive law and 𝜀  ̅is 

the equivalent strain (eq. (12)). The damage variable 𝐷 writes:  

𝐷  
= 𝛼𝑇𝐷𝑇 +  𝛼𝐶𝐷𝐶 (20) 

where 𝛼𝑇 and 𝛼𝐶  are functions of the strain tensor. The chosen constitutive law is combined with the 

nonlocal stress-based method to avoid mesh dependency related to softening behavior laws. 

Therefore, in the previous equations (eq. (18)-(19)), the equivalent strain 𝜀  ̅is replaced by the nonlocal 

equivalent strain  𝜀̃  [7]: 

𝜀̃(𝑥) =
∫ 𝜀(̅𝑠) 𝜙(𝑥 − 𝑠) d𝑠

Ω

∫ 𝜙(𝑥 − 𝑠) d𝑠
Ω

  (21) 
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where  𝜀̃ is the nonlocal equivalent strain, 𝜀  ̅ the local equivalent strain, and 𝜙 is the regularization 

function (or weighting function). The weighting function takes into account the stress state and 

writes [51]: 

𝜙(𝑥 − 𝑠) = exp (− (
2 ‖𝑥 − 𝑠‖

𝑙𝑐 𝜌(𝑥, 𝜎(𝑠))
)

2

) 
(22) 

where 𝑙𝑐 is the nonlocal internal length and 𝜌 is a function of the stress state. In the case of the 1D-3D 

and 1D approaches, the whole concrete domain (including the overlapping elements) is included in the 

regularization domain. Even if this choice may be considered as a first approximation, a study was 

performed (not presented for better clarity) to evaluate its effect. On this particular case, taking into 

account or not the whole concrete mesh in the regularization domain for the 1D-3D approach does 

not seem to have a significant incidence on the results in the area of interest. 

 

a.  b.  c.  

 

Figure 21 : Damage distributions at the end of the simulation with a 5 mm mesh: 1D modelling (a), 1D-3D 

modelling (b) and full 3D modelling (c). 

a.  b.  c.   

   

Figure 22 : Zoom in the tendon area on damage distribution with a 5 mm mesh: 1D (a), 1D-3D (b) and full 3D (c) 

representations of the tendon. 

Prestress is increased up to 4.5 GPa in order to obtain significant damage values at the end of the 

loading. In these conditions, Figure 21 presents the damage distributions obtained at the end of the 

prestress for the three approaches. With the 1D modelling, damage goes up to 0.99, while with both 

full 3D and 1D-3D approaches, values are lower than 0.66. It appears that the distributions are similar 

in both 1D-3D and full 3D cases. Figure 22 presents a zoomed view of the damage distribution in the 

neighborhood of the tendon. Once again, damage distributions are similar even in the local zone. It is 
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to be noted that the area in which concrete and steel are superimposed with the 1D-3D modelling is 

damaged. However the internal variable does not spread outside the tendon volume.  

These results show that the proposed approach is able to reproduce the 3D reference simulation, both 

for elastic and nonlinear regimes, and requires less effort for the meshing.  

4 Simulation of a Representative Structural Volume 

4.1 Presentation 

In this section, a structural case is considered. It consists in a numerical simulation of a representative 

structural volume of a post-tensioned concrete building, on which a pressure resistance test has been 

performed [29,47]. It includes concrete, passive reinforcement and prestress tendons. This particular 

structure is known to be strongly dependent on the tendons at the local scale, which affect damage 

localization and failure mode [52]. In particular, previous numerical studies have observed a 

transversal inclusion effect on damage around a vertical steel tendon. This effect is not reproduced 

with a 1D modelling, but can be predicted with a full 3D modelling [10,53]. The aim is thus to evaluate 

the ability of the 1D-3D modelling approach to improve the simulation. Figure 23 presents the 

geometry of the structure: it consists in a curved, horizontally prestressed concrete volume on which 

an internal pressure is applied. A non-prestressed vertical tendon (corresponding to the transverse 

inclusion) is also included. 

 

 

Figure 23 : Geometry and loading of the Representative Structural Volume [10]. 

Only one quarter of the structure is modelled, using symmetry conditions. Figure 24 presents the 

boundary conditions applied to the structural volume during the simulation: normal displacements are 
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blocked on three different faces of the volume. A uniform vertical displacement is also imposed on the 

top face. The 3D mesh (including the 3D steel elements) is presented in Figure 25. Concrete is modelled 

using 3D elements (Figure 25) and the passive reinforcements are represented using equivalent shell 

finite elements, in order to match previous work [10]. Horizontal and vertical tendons are meshed with 

either 1D or 3D elements (Figure 26). It is to be noted that the full 3D mesh is relatively complex and 

requires significant engineering work, although the structure is relatively small-scale compared to civil 

engineering structures. 

 

Figure 24 : Boundary conditions and loading applied to the RSV [10]. 

 

  

Figure 25 : Full 3D mesh with tendons. Both vertical and horizontal tendons have a diameter 𝐷 =  84 mm. 

The meshes used in 1D, 1D-3D and full 3D approaches are the same. The only difference in the 

simulations is their material repartition (steel material at the location of steel in the 3D approach, 

concrete material in the other cases) 

                

Figure 26: Concrete and steel meshes used for the 1D and full 3D representations. 
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The concrete is modelled, as in [10], with Mazars’ isotropic damage law [5], using the same parameters 

(compressive strength 𝑓𝑐 = 37.6 MPa, tensile strength 𝑓𝑡 = 3.57 MPa). To avoid pathological mesh 

dependency, the stress-based regularization method from [51] is included. The nonlocal internal 

length is equal to 𝑙𝐶0 = 4 cm, in accordance with the results obtained in [10] regarding nonlocal length 

dependency. Prestress is first applied through the horizontal tendons in 10 steps (and associated to a 

vertical compressive stress up to 1 MPa to represent the effect of a vertical prestress). The internal 

pressure is then applied, with a radial displacement control. 

4.2 Results 

4.2.1 Structural comparison 

On this application, 1D, 3D and1D-3D approaches are compared on structural and local results. Figure 

27 presents the pressure-radial displacement evolutions. The prestress triggers an initial negative 

radial displacement (compression of the volume [10]). The pressure loading follows first an elastic 

behavior. A nonlinear evolution is then observed with finally a decrease in the pressure for an 

increasing radial displacement. The three approaches give roughly the same results. At the end of the 

computation, the system enters a “strongly nonlinear” regime in which the convergence is difficult to 

reach. Moreover, at this point, the problem also reaches the limit of the quasi-static domain as the 

cracks spread quickly. These two reasons may explain why the solutions are not exactly the same, even 

if the main characteristics (limit pressure for example) are identical. 

 

Figure 27 : Pressure-displacement evolution of the structure with different tendon modellings.  

4.2.2 Local comparison 

Figure 28 presents the damage distributions for radial displacements equal to 3 and 4.5 mm and with 

the different approaches. It appears that, except for the inside of the tendons, the distributions are 

nearly identical between 1D-3D and explicit 3D modellings. The particular role of the vertical tendon 
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for the initiation and propagation of the damage is especially well reproduced. On the contrary, the 1D 

modelling does not reproduce this effect and simulates a more distributed damage in the whole 

volume. It may have heavy consequences, especially in the case where tightness is investigated 

(damage – permeability relations for example [54]). In this sense, the proposed approach clearly 

improves the description of the mechanical behavior at the local scale. Figure 29 presents the error 

map of the damage profiles for the 1D-3D modelling on the conform mesh. In a few elements, the 

error in damage rises up to 0.5, however, it is lower than 0.2 on most of the structure. 

a.    

b.    

 

Figure 28 : Damage profiles with an adapted mesh: 1D approach, 3D approach, 1D-3D approach  

(a: radial displacement 3 mm, b: radial displacement 4.5 mm). 

a.  b.   

Figure 29: Error on the damage profiles with the 1D-3D modelling on the adapted mesh  

(a: radial displacement 3 mm, b: radial displacement 4.5 mm). 
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4.2.3 Regular mesh 

1D-3D and 3D approaches show equivalent results. Nevertheless, they have been applied on a mesh 

with an explicit representation of the horizontal and vertical tendons. If this explicit representation, 

which may require several hours of engineering work, is necessary for a full 3D modelling, it is not the 

case for the 1D-3D approach. This flexibility is one of the key points of the proposed approach. To 

illustrate this point, the same simulation is run with the 1D and 1D-3D modellings, using a regular mesh 

with no explicit mesh of the tendons (Figure 30). Figure 31 shows that the pressure-displacement 

evolutions are rather similar to the former simulation. Moreover, Figure 32 presents the damage 

distributions obtained for radial displacements of 3 mm and 4.5 mm using the 1D and 1D-3D 

modellings on the regular mesh. It appears that damage tends to initiate and localize around the 

vertical tendon when using the 1D-3D approach (similar to the results obtained with an explicit 3D 

mesh, Figure 28), but not with the 1D approach. The proposed modelling strategy is thus able to 

capture this structural effect, without the meshing effort related to a 3D explicit representation of the 

tendon.  

 

a.  b.  

Figure 30 : Steel mesh for the 1D modelling (a), concrete regular mesh (b). 

 

Figure 31 : Pressure-displacement evolution of the structure with different modellings of tendons. 
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a.   

b.   

 

Figure 32 : Damage profiles with a regular mesh: 1D modelling vs. 1D-3D modelling  

(a: radial displacement 3 mm, b: radial displacement 4.5 mm). 

5 Conclusions  

A new approach for the modeling of steel components in concrete structures has been presented. This 

so-called 1D-3D approach involves the creation of an equivalent volume from a 1D discretization of 

the reinforcements, the computation of the stiffness and of the stress state in the equivalent steel 

volume, their optional condensation on the boundary of the steel domain to potentially limit the 

additional computational cost, and the introduction of a relation between steel and concrete by 

kinematical relations on the nodal displacements. 

This approach is first validated on the academic case of a curved prestressed concrete volume. It avoids 

the stress concentration observed with 1D modelling approaches in the case of an active 

reinforcement, even in the elastic regime. On the second proposed application (representative 

structural volume), it reproduces local and structural behaviors (compared to an explicit 3D modelling 

of the steel components). It is especially able to capture local effects responsible for the initiation and 

propagation of damage that a classical 1D model fails to reproduce.  This new approach thus combines 

the computational efficiency and ease of use of classical 1D approaches (no particular meshing effort 

especially) with the “quality” and rich kinematics of full 3D approaches at the local scale.  

Future work will include new developments inside the proposed modelling strategy. In particular, a 

more representative relation for the steel-concrete bond could be considered, taking into account the 

sliding or loss of bond at the steel-concrete interface. Also, the approximation induced by the 
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overlapping of the steel and concrete has low impact on the presented cases, but this influence could 

be further studied and quantified. A wider array of loadings and applications could also be investigated, 

including cyclic loadings (provided appropriate behavior laws for the concrete and steel-concrete 

interface) or the effect of transverse reinforcements in bending beams. 
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