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like structures seen at high magnification being col-
lapsed or contracted “bubbles.”
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A unified treatment of the mechanics of deformation and acoustic propagation in porous media is
presented, and some new results and generalizations are derived. The writer’s earlier theory of deformation
of porous media derived from general principles of nonequilibrium thermodynamics is applied. The fluid-solid
medium is treated as a complex physical-chemical system with resultant relaxation and viscoelastic
properties of a very general nature. Specific relaxation models are discussed, and the general applicability
of a correspondence principle is further emphasized. The theory of acoustic propagation is extended to
include anisotropic media, solid dissipation, and other relaxation effects. Some typical examples of sources

of dissipation other than fluid viscosity are considered.

1. INTRODUCTION

HE purpose of the present paper is to reformulate

in a more systematic manner and in a somewhat

more general context the linear mechanics of fluid-

saturated porous media and also to present some new

results and developments with particular emphasis on
viscoelastic properties and relaxation effects.

The theory finds numerous applications in a diversity
of fields, including geophysics, seismology, civil engi-
neering, and acoustics.

A linear theory of deformation of a porous elastic
solid containing a viscous fluid was developed by this
writer in 1941 and was applied to problems of consolida-
tion of a foundation under a given load distribution.}?
The medium was assumed to be statistically isotropic.
In later years, the theory was extended to include the
most general case of anisotropy for a porous elastic
solid.?

The theory of deformation in a porous viscoelastic
medium was developed on the basis of the thermo-
dynamics of irreversible processes.* The results included
general anisotropy. It was shown that, on the basis of
Onsager’s relations, it is possible to extend to a visco-
elastic porous medium the principle of correspondence
introduced in 1954 by the writer for homogeneous
solids. The principle states that the equations governing

* Consultant, Shell Development Company.
(llM) A. Biot, J. Appl. Phys. 12, 155-164 (1941), 12, 426430
941
M. A. Biot and F. M. Clingan, J. Appl. Phys. 12, 578-581
(1941); 13, 35-40 (1942),
3SM. A. Blot J. Appl. Phys. 26, 182-185 (1955).
1 M. A. Biot, J. Appl. Phys. 27, 459-467 (1956).

the mechanics of porous media are formally the same
for an elastic or viscoelastic system, provided that the
elastic coefficients are replaced by the corresponding
operators.

Equations for acoustic propagation in the elastic
isotropic porous solid containing a viscous fluid were
established by adding suitable inertia terms in the
original theory, and the propagation of three kinds of
body waves was discussed in detail.® Two other publica-
tions have dealt with general solutions and stress
functions in consolidation problems® and with a discus-
sion of the physical significance and of methods of
measurement of the elastic coefficients.”

Consolidation theories have also been developed by
Florin® and Barenblatt and Krylov® An acoustic
propagation theory has been initiated by Frenkel, who
brought out the existence of two dilatational waves.

The importance of viscoelasticity in consolidation
problems of clay has been emphasized by Tan Tjong
Kie" and demonstrated in test results by Geuze and
Tan Tjong Kie.”* Special aspects of the consolidation

5 M. A. Biot, J. Acoust. Soc. Am. 28, 168-178 (1956); 28,
179-191 (1956).

8 M. A. Biot, J. Appl. Mech. 23, 91-96 (1956).

(1" 1\;1) A. Biot and D. G. Willis, J. Appl. Mech. 24, 594-601

95

8V. A. Florin, Tkeory of Soil Consolidation, in Russian (Stroy-
izdat, Moscow, 1948),

9 G I. Barenblatt and A. P. Krylov, Izvest. Akad. Nauk
SSSR, Tech. Sci. Div. No. 2, 5-13 (1955).

10 T, Frenkel, J. Phys. (U. SSR. ) 8, 230 (1944).

1 Tan T]ong Kie, “Investigations on the rheological properties
of clay” (in Dutch with English synopsis), dissertation, Technical
University, Delft, Netherlands.

2 E. C. Geuze and Tan Tjong Kie, The Mechanical Behavior of
Clays (Academic Press Inc., New York, 1954).
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problem which do not agree with the elastic theory can
be explained by the introduction of the more general
thermodynamic operators of the viscoelastic theory,*
as further exemplified in the discussion of Secs. 5, 6,
and 7 of this paper.

Sections 2 and 3 begin with a general and rigorous
derivation of the stress-strain relations, which is
valid for the case of an elastic porous medium with
nonuniform porosity, i.e., for which the porosity varies
from point to point. This re-emphasizes the use of the
particular variables and coefficients introduced in the
original paper,!'? and attention is called to the fact that
some of the papers written in the later sequence are
formulated in the context of uniform porosity.

The derivation of Darcy’s law from thermodynamic
principles, which has previously been briefly outlined,®4
is discussed in detail in Sec. 4.

In Secs. 5 and 6, the writer’s previous thermodynamic
theory of viscoelastic properties of porous media is
discussed in more detail and with particular emphasis
on the physical significance of the operators.

Section 7 discusses the formulation of the field
equations and of their general solution in a particular
case.

The theory of acoustic propagation developed
previously for the isotropic elastic medium is extended
to anisotropic media in Sec. 8, and particular attention
is given to viscoelasticity and solid dissipation in Sec. 9.
The term viscoelasticity here encompasses a vast
range of physical phenomena, involving relaxation,
which find their origin in physical-chemical, thermo-
elastic, electrical, mechanical, or other processes of the
complex fluid-solid medium considered as a single
system. This generality is provided by the underlying
thermodynamic theory. It is also pointed out that by
putting the fluid density equal to zero, we can apply
all results to thermoelastic propagation in a nonporous
elastic continuum. This is a consequence of the'iso-
morphism between thermoelasticity and the theory
of porous media.’® For similar reasons, the propagation
equations of Sec. 9 are also applicable to a thermovisco-
elastic continuum.

2. STRAIN ENERGY OF A POROUS
ELASTIC MEDIUM

The displacement of the solid matrix is designated by
the components #., #,, %,. The components of the
average fluid-displacement vector are U, U,, U.. These
components are defined in such a way that the volume
of fluid displaced through unit areas normal to the
«, y, z directions are fU,, fU,, fU,, respectively, where
f denotes the porosity.

We shall use the total stress components of the bulk
material 7,;. In earlier papers, we have used components

13 M. A. Biot, J. Appl. Phys. 27, 240-233 (1956).
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o:; and o which are related to 7;; by the equation*
75=0i;+8i0,
by=1, 1=},
5,3:0, ’l'?é j..
If we consider a unit cube of bulk material, the compo-
nents o;; represent the force applied to the solid part of
the faces, and ¢ represents the force applied to the fluid

part of these faces. With p; denoting the fluid pressure,
we can write

2.1)

oc=— fps. (2.2)

Since we are dealing with a system which is in thermo-
dynamic equilibrium, the fluid is at rest and p; is
constant throughout the body.}®

We can define the strain energy of a porous elastic
medium as the isothermal free energy of the fluid-solid
system. W denotes the strain energy per unit volume.
For a volume Q bounded by a surface S, the variation
of the strain energy is equal to the virtual work of the
surface forces!s:

/ / / sWdQ= / [ (f bzt f 5w, + f5u,

+F 38U AF AU, +F.6U,)dS. (2.3)

In the expression fidS and F.dS, the components of the
forces acting on the solid part and the fluid part of an
element of surface dS are

i
fi=22 o,

7
F -,‘=Z a szn,',
respectively, where #; denotes the components of the
outward unit vector normal to the surface. We can
express these forces in terms of r; and p; by introducing
relations (2.1) and (2.2). Hence,

(2.4)

Ji=2 (rij+8: b n;, (2.5)

i
Fi=3% 8;ifpm;.
Introducing these expressions in Eq. (2.3) yields

[ [ fowsne [ [ £ rininas

—ps [ / (ndw.+n,bw,+n.bw,)dS. (2.6)

8

4 See Eq. (25) of refererice 7. In the original papers,! we used
the total stress r;; and the fluid pressure p; represented by the
notations a;; and ¢.

18 Body forces are neglected in the present derivation.

18 The boundary S can be thought of not as a physical termina-
tion of the body but as any closed surface in the body. In this way,
the surface tension at a physical boundary does not have to be
introduced.
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The vector w; is defined as

W= f(Ui_ui');

or in vector notation
w= f(U—u).

The vector w represents the flow of the fluid relative to
the solid but measured in terms of volume per unit
area of the bulk medium.

We consider now the surface integrals of Eq. (2.6).
They can be transformed to volume integrals by means
of Green’s theorem. We write

/ fr,jnjauids / / / 2-(7,,au,)d9 (2.9)

8

(2.7

(2.8)

The coordinates x, ¥, z are designated by ;. The
integrand can be transformed as

Zii —(ri0us)= Z 6u +Z§ 1',,

ox;

(2.10)

Because the total stress field is in equilibrium, the
stress must satisfy the condition

i 97y
=0, (2.11)
ax,-
Hence we can write
i 0
Z :9_ (Tijaus') = szaez"i_ Tm/‘seu_i' Tzzaez'i" Tyza’Yz
x o
’ +rbvytrady.  (2.12)
We have put
=0u./d%, .= (0u,/9z)+ (9u./dy)
ey=0u,/dy, vy= (0u,/0x)+ (0u./3z) (2.13)
€, =0u,/0z, v.= (0us/3y)+ (u,/0x).
The components
e 3 I
ei=13% & 3. (2.14)
%’Yﬂ %’Yz €z

represent the strain tensor of the porous solid.
Similarly, the second surface integral of Eq. (2.6)
can be transformed to a volume integral:

—//(n,&wz+n,,6w,+n,6w,)d5= /f/ég‘dﬂ, (2.15)

where

t=—[(0w,/dx)+ (0w,/dy)+ (dw./02)]
=div[ f(@—U)],

&= —divw.

(2.16)
or

BIOT

From Egs. (2.6), (2.9), (2.12), and (2.15), we derive

///5Wdﬂ=//[(Tzzfsez-i'Tyuaey+Tzzaez+Tyza'Yz
Q Q

+TzzB'Yy+sz5')’z+pf6g‘)dQ. (2.17)
Hence,
W= Tzzaez‘i' Tyyaey'i_ Tzzsez_i_ Tz/za"/z
+Tzzayy+7zy87z+Pf6§‘- (218)

The variable { was introduced by this writer in the
original paper,! where it was designated by the symbol
6. It was defined by the same general Eq. (2.16) as
valid for nonhomogeneous porosity. The same variable
was also used in some later work*® in the context of a
medium with uniform porosity. For uniform porosity,
we can write Eq. (2.16) as

¢=fdiv(u—"1). (2.19)

This variable is obviously a measure of the amount of
fluid which has flowed in and out of a given element
attached to the solid frame, i.e., it represents the incre-
ment of fluid content.

The strain energy W must be a function of ¢ and of
the six strain components defined by Eq. (2.13).
Hence, W is a function of seven variables:

W =W (€2,64,€2,Y Yy, Yar{)- (2.20)

SW must be an exact differential. Hence,
Tea=0W/8es, T, =3dW/0v,
Ty =W /ey, T2a=OW /vy
T=0W/des T4y=0W/dv,
pr=0W/3.

These relations, obtained earlier by different meth-
ods,»*%7 lead immediately to the formulation of the
general stress-strain relations in a porous medium. Since
W is the isothermal free energy, the stress-strain rela-
tions (2.21) include phenomena which depend on the
physical chemistry of the fluid-solid system and others
which are expressible by means of thermodynamic vari-
ables such as interfacial and surface tension effects.

(2.21)

3. LINEAR STRESS-STRAIN RELATIONS

In anisotropic medium, the strain energy is a function
of four variables, the three invariants I, 75, I3 of the
strain components and the fluid content ¢:

W=W I,I5,15%). (3.1)

We are restricted here to linear relations. Equations
(2.21) are valid for either linear or nonlinear properties.
It is readily seen that expansion of W to the third degree
leads to quadratic expressions for the stresses with
eleven elastic constants. The case of nonlinear materials
shall be analyzed in a forthcoming publication. In the
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present analysis we shall consider only the linear
relations.

For a linear material, the strain energy is quadratic,
and we must include only the linear and quadratic
invariants!?

Ii=e,te,te.=e,
I=ese,tee.te.e,— 3 (v 27,2 7).
In this case, it is easier to use the invariant
L= — AT, =~ d+y 2 tv.2—dee,—de.e.—dee,, (3.3)
instead of I,. We derive the quadratic form for W:
2W=HeHul,—2Cet +M{2 (3.4)

The reason for using a negative constant —2C and a
factor 2 is one of convenience in later equations.
Substituting this expression in the general Eq. (2.21),
we obtain the stress-strain relations

Tza=He— 2/‘ (ey'l'ez) - Cg-
Tyy™= He—2u (ez+ex) —C¢

(3.2)

To=He—2u(e.+e,)—Ct 3.5)
Tye=MYzy Tez™= MYy
Tay =Wy, Pr=—CetMs.
By putting
H=\A"42u, C=aM, I=\}+oM, (3.6)

we see that relations (3.5) become
Tzz=2ues+Ne—aM{
Tyy=2ue,+Ne—aM{
Toe=2ue;+-Ne—aM{
Tye=WYo, Tea=HYyy Toy=MKYs
b= —aMe+Mg.
In abbreviated notation, they are also written
1ij=2uei;+8;;(Ne—aM?)
pr=—aMe+ M.

We can obtain an alternate form of Eq. (3.7) by
substituting the value of ¢ as a function of p; and e:

Taotaps=2ue.+he
TyyTaps=2pe,+Ne
Tataps=2ue+Ne
Tye= MYz, Tza=HWYy
Toy=iYs §=1/M)pstee.
In abbreviated notation, they are written
TijH050p 5= 2pe;~bi\e
¢=1/M)ps+ee.
17 A. E. H. Love, A Treatise on the Mathematical Theory of

gasiticzity (Dover Publications, New York, 1944), 4th ed., pp.
, 102.

3.7

(3.8)

3.9

(3.10)
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Another useful form of the equations is obtained by
using the so-called “effective stress,” defined as

i =7i5+H8ps

This represents the portion of the total stress which is
in excess of the local fluid pressure.

With these effective stresses, the relations (3.9)
become

(3.11)

Tor — (1—a) pr=2ue,+Ne

' — (1 —a)ps=2ue,+he

7.2 — (1—a)p;=2ue, 4 he
Ty =WYn,  Tid =Wy

Ta) =wYs, = (1/M)ps+ae.

For an incompressible fluid and an incompressible
matrix material, we have shown!? thata=1and M = .
In that case, the fluid pressure does not appear in
relations (3.12).

In abbreviated notation, Egs. (3.12) are written

i — (L—a)dijpy=2ue:j+0:he
(= (1/M)p;+ae

The interest in the use of the effective stress compo-
nents 7;; lies in the experimental fact that slip and
failure properties of porous and granular media are
dependent primarily upon the magnitude of these
components alone. In this connection, a very useful
viewpoint was introduced by Hubbert and Rubey,!s
who pointed out that the average effective stresses can
readily be determined by conditions of static equilib-
rium of these forces with the total weight and the
“buoyancy” associated with the field p; considered
continuous. This provides a simple and practical
procedure for the approximate analysis of failure in
porous media when the distribution of pore pressure is
considered.

The above equations and elastic coefficients were
derived by a different procedure in previous work.
The stress-strain relations in the form of Eq. (3.9)
were obtained in 1941, and a discussion of the signif-
icance of elastic coefficients such as M and o was
presented.! In later work,”® the equations were re-
written in the form of Egs. (3.7) and (3.12), and
methods of measurement of the elastic coefficients were
further discussed.

For a “closed system,” i.e., a system in which the
pores are sealed, we must put { =0. Equation (3.7) then
shows that in this case,

Kc=)\c+‘23‘H=H—%M (3.14)

is the bulk modulus for a closed system. On the other
hand, by putting ;=0 in Eq. (3.12), we see that for
this “open system,”

(3.12)

(3.13)

K=\+%u (3.15)

18 M. King Hubbert and W. Rubey, Bull. Geol. Soc. Am. 70,
115-166 (1959).
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represents a bulk modulus which is the inverse of the
“jacketed compressibility.” This corresponds to a
test where a fluid pressure is applied to a jacketed
specimen, while the pore fluid is allowed to escape
freely through a tube.

From the analogy between a porous medium and a
thermoelastic solid,!* we conclude that the coefficients
X. and A correspond to the adiabatic and isothermal
Lamé coefficients for a nonporous medium, respectively.
It is of interest to examine the restrictions on the coeffi-
cients imposed by the nonnegative character of the
strain energy W. We can write expression (3.4) in
the form

2W =K e2—2Cet+M+2u (e,—e.)*+ (e.—e.)?

+(e:— ) 1 Huly+v2+v.2).  (3.16)
By putting e={=0, we see that we must have
u>0. 3.17)
By putting
Ye="y=7.=0
and
e.=e,=¢,,
we are left with
2W=K . e—2Cei+M¢2 (3.18)
This expression is never negative if
K. >0, M>0, KM—C*2>0. (3.19)

Thus, the four conditions (3.17) and (3.19) are both
necessary and sufficient. We note that

KM—Ct= (K., —a*M)M. (3.20)
From Eqs. (3.14), (3.15), and (3.4), we derive
K,—K=\—\=a’M. (3.21)
Hence,
KM—C'=KM. (3.22)

Therefore, the necessary and sufficient conditions for
W to be nonnegative are that

p>0, M2>0, K=\+3u20. (3.23)

The significance and methods of measurement of the
various coefficients have been discussed in detail
earlier.!"?

It was shown in reference 7 that a can be measured
in two different ways, and that its value lies within
the range f<a<1. We shall briefly recall some of the
more important equations relating to the coefficients.
The jacketed compressibility is

k=1/K=1/(A+3p). (3.24)
The unjacketed compressibility & is
8= (1—a)x. (3.25)

With a measurable ‘“coefficient of fluid content” «

BIOT

TasLE I, Equivalence of symbols.

Reference 1 (1941) Later publications

Q M

o o
2Gv/(1—») Aand S

G pand N

0 ¢

a prand —(a/f)

for the unjacketed test, the coefficient M is given by
M=1/[v+8—(&/x)]. (3.26)
For some types of materials, the coefficient ¥ can be

expressed in terms of the porosity f and the fluid
compressibility ¢ as
v=f(c—3). (3.27)

These coeflicients for some sandstones have been
measured by Fatt.19.20

Different coefficients have been used by this writer
in the past. As an aid to the reader, Table I shows the
equivalence of various notations used in the earlier
work.

In some of the publications,?8 stress-strain relations
for uniform porosity were also written in the form

Ti= 2Ne,-,-+ 5,',' (A 8+Q€)
o=Qe+ Re,

e=divU=e—(1/f);, fo=—p;.
These equations can be written
ri7=0i3-bij0=2Nes+ 050 (A+20+R)e
—(Q+R)(¢/NH] (3.30)
pr=—(Q+R)(e/f)e+ (R/ f2)s.

Comparing these equations with Eq. (3.7), we derive
relations between the two sets of coefficients:

N=u, A=M+M(a—f),

(3.28)

with
(3.29)

Q=fle—NM, R=FM. (3.31)
The coefficient H of Eq. (3.5) can be written
H=A+2N+204+R=\+24, (3.32)

which is the same as that used in the theory of acoustic
propagation.®
For a material which is isotropic about the z axis, i.e.,
Iransverse isotropic, the stress-strain relations become
Tez™— 2B lez+B2(ez+ ey)+B Bez+BS§'
Tyy= ZBle,,-l-Bz (ez+ey) +BSez+BG§‘
Tez™ B4ez+B3 (83+8y)+B7§'
Ty:=ByYs, Tea=Bsvy, 7z=Br.
Pf = BS (ez+eu) +B78,+Bs§‘.

(1;“518.) Fatt, Bull. Am. Assoc. Petrol. Geologists 42, 1924-1957
21, Fatt, J. Appl. Mech. 26, 296-297 (1959).

(3.33)
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The eight elastic coefficients are chosen in order to
constitute a symmetric matrix and satisfy at the same
time the geometric symmetry.

For orthotropic symmetry, ie., when the three
coordinate planes are planes of elastic symmetry, the
stress-strain relations become

Teo= A€, Arsey+ A e, M
Tyy=A19e:+ A eyt Anse,+ Mol
Te=Anze,+ Asse,+ Asse.+ Ml
Tie=AuYs, Too=AssYy, To=AesY:
pr=Mie.t+Me,+ Mze,+M{.
These equations contain thirteen elastic coefhicients.

Finally, in the most general case of anisotropy, the
stress-strain relations are written

(3.34)

(722 | [Aun Ar Az A A Ais M, _ez_
Tyy Aoy Ass Az Aoy Ass M, ey
Tz Aszs Az Ass Az M, e,
Tyz | = Aa A A M, Yz
Toz symmetry Ass Ase Ms| |7y
Try Ass My Y-
Lped L M1 Lt
(3.35)

The matrix of twenty-eight coefficients A4, M, and
M is symmetric about the main diagonal. The stress-
strain relations (3.35) can be written in abbreviated
notation by the introduction of quadruple indices for
the coefficients 4;; and double indices for the coefficients
M. We put

A gt = Aﬂ” = Auv”,
With these coefficients, Eq. (3.35) takes the form

Mi=M;. (3.36)

uy
T = Z A q’lwe‘",-l_Mi]{ (3 37)

=2 Mei;+Ms.

The various stress-strain relations discussed above for
anisotropic media were derived earlier in equivalent
form in the context of uniform porosity.?

4. DARCY’S LAW AND ITS THERMODYNAMIC
FOUNDATION

In the preceding sections, we have dealt with equilib-
rium phenomena or thermostatics. We shall now
examine an entirely different aspect of the problem—the
mechanics of flow through porous media. This brings
into play the thermodynamics of irreversible processes
and the Onsager relations. The rate of flow of the fluid
is defined by the time derivative of the volume flow
vector:

1)

It is possible to write a dissipation function which is

AW/t = (W, 10;).

1487

proportional to the rate of entropy production. Per
unit volume of bulk material, this dissipation function is

D=1T, (rate of entropy production),  (4.2)

where T,=absolute temperature of the undisturbed
system. It can be written as a quadratic form with the
rate of volume flow as variables:

2D= n(rllwx2+’22wy2+’33wz+ 2723wy7f)z

+2r31u')2u'),,+ 2712@()1’(1'),,). (43)

The viscosity of the fluid is denoted by .2

It is important to emphasize here that in applying
the thermodynamics of irreversible processes, we start
with a thermodynamic system under conditions of
equilibrium in the initial state. The initial state in
this case is chosen to be one in which no pressure
gradients or gravity forces are acting on the fluid in
the pores. The system is then perturbed by the applica-
tion of a disequilibrium force. This force must be
expressed in a form which is conjugate to the volume
flow coordinate w. The components of this force are

Xi=— (3ps/0%:)+psgs, (4.4)

where p; is the mass density of the fluid, and g; the
components of the gravity acceleration. In vector form,
we can write

X=—gradp;—p, gradG. 4.5)

The quantity G is the gravitational potential per unit
mass. Because we are dealing here with a linear theory,
we have assumed that the application of gravitational
forces introduces density changes in the fluid which
are “‘small of the first order.” Therefore, the fluid
density p; in Eq. (4.4) can be put equal to the mass
density in the initial state. Under these circumstances,
the principle of superposition is applicable. Hubbert’s
analysis®? of Darcy’s law introduces a total fluid
potential which, under the assumption just stated, can
be written

o= (ps/p)+G.
With this potential, we can write Eq. (4.4) in the form
4.7

Applying a general procedure used earlier by this
writer, we find that Onsager’s principle in this case is
equivalent to the relation

(4.6)

X=—p; grad¢.

3D/ &b, D/, 0D/0w,) = X=—p; gradp. (4.8)
In matrix form,
6¢/6x 11 712 731 u‘),
—(ps/m)| 86/9y |=| 112 7122 733 w, |- (4.9)
3¢/ LETIR CY O 2T W,

2 Attention is called to the general character of the dissipation
function [ Eq. (4.3)]. It is valid for slip flow or other more complex
interfacial effects and does not require that » be introduced
explicitly.

22 M. King Hubbert, J. Geol. 48, 785-944 (1940).
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This form of the generalized Darcy’s law has previously
been derived* for the particular case f=const.
The symmetric matrix

fin 712 Tn
D’z‘j]= iz Faz 723

a1 723 733

(4.10)

represents a flow resistivity, whereas its inverse
kll k12 k31
[fij]—‘l = [kij] =|kia ke kg ’ (4. 1 1)
k31 k23 k 33

also symmetric, represents a ‘‘permeability matrix.”
Introducing the latter, we can write Eq. (4.9) as

Wy Bu ki ks d¢/dx
[w,, =—(ps/m)| k2 kor kes| |9¢/3y | (4.12)
W, ksr ko R Ap/dz

For the particular case of an isotropic medium,

k11"~=k22=k33=k

(4.13)
k12=k31=k23=0,
and Eq. (4.12) becomes
dw/ot=—k{p;/n) grade, (4.14)

which is Darcy’s law in the form expressed by Hubbert.2?
It can also be written

ow/dt= (k/n) gradp,— (k/n)ps gradG.

The quantity & is the usual “coefficient of permeability”
of the medium. Clearly, the symmetric matrix [k
represents a generalization of this coefficient.

For the case of isotropy, the dissipation function
is given by

(4.15)

2D= (7’/ k) (14')32+U'),,2+’lb;2).

It is of interest to consider the possible relationship
between the permeability and the deformation of the
porous medium. This aspect has been discussed earlier?
in connection with viscoelastic properties and in the
less general context of homogeneous porosity.

The porosity matrix represents a tensor analogous
to a stress. If we start with a medium initially isotropic,
the permeability after deformation will be

k,'j: k&i,-—l—Ak,-,-. (417)

The permeability increments to the first order will be
related to the strain components by relations analogous
to the stress-strain relations as in an isotropic medium:

Aky=2810,+B2e
Bkzz=120104+0ze
Akyy=2016,-+B0e
Aksyy=B1vs, Akn=Pry,, Ak12=817.
23 Equation (80) of Hubbert’s paper in reference 22.

(4.16)

(4.18)
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We need two constants B; and 8. to define the first-
order change of permeability in an initially isotropic
medium. The above equation need not be restricted to
the first order if 8; and 8, are not considered as constants
but as functions of the volume change e:

B1=PB1(e), B2=RBa(e). (4.19)

In this way, it seems possible to express a considerable
variety of porosity dependence by a close analysis of
the change of geometry of the pores.

An equation such as (4.18) for anisotropic media can
easily be written, as previously shown.* In the case of
transverse isotropy, for instance, such relations involve
six coefhcients.

5. THERMODYNAMICS OF VISCOELASTIC
BEHAVIOR—THE CORRESPONDENCE
PRINCIPLE

General stress-strain relations for isotropic and
anisotropic viscoelastic media have previously been
derived by this writer from the thermodynamics of
irreversible processes.?* They were expressed in a form
which brings out the complete isomorphism between
theories of elasticity and viscoelasticity. It follows from
this property that equations valid for the linear theory
of elasticity (with linear boundary conditions and time
independent constraints) can immediately be extended
to viscoelasticity by the substitution of time operators
for the elastic coefficients. In order to emphasize the
generality of this isomorphism, we have referred to it
as the correspondence principle and developed in more
detail its applications to various areas, such as the
theory of plates, wave propagation, and dynamics.?52
Certain general theorems were also derived by combin-
ing the correspondence principle and variational
methods in operational form.

The validity of the correspondence principle for
viscoelastic porous media is self-evident in this writer’s
formulation of viscoelasticity for porous media.* This
formulation was based on the thermodynamics of
irreversible processes.

If the system is initially in thermodynamic equilib-
rium, we consider that the strain components, the
stresses, and the change in fluid pressure represent
small deviations from that state of equilibrium. In a
great many cases, such deviations will be governed by
linear laws, and the Onsager reciprocity relations will
be valid.

Several important points should be stressed regarding
the type of phenomena considered in this departure
from equilibrium in order to clarify what is meant here
by ‘“viscoelasticity.”

24 M. A. Biot, J. Appl. Phys. 25, 1385~-1391 (1954).

2 M. A. Biot, in Proceedings Fourth Mid-Western Conference
on Solid Mechanics, Purdue University, 1955, pp. 94-108.

26 M. A. Biot, Deformation and Flow of Solids, IUTAM Col-
loquium, Madrid, 1955, edited by R. Grammel (Springer-Verlag,
Berlin, 1956), pp. 251-263.
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We are considering only the local effect of the fluid
pressure. The flow induced by the pressure gradient is
treated as a different phenomenon. This point was
discussed in Sec. 4 in connection with the thermo-
dynamic derivation of Darcy’s law and does not
require further elaboration at present.

A second point is that, in formulating the viscoelastic
properties, we have assumed the hidden inertia forces to
be negligible. This excludes, for example, the inertia
effects due to the motion of small particles representing
hidden coordinates. This assumption, however, is not
essential, and we shall indicate below what modifica-
tions must be introduced when such hidden inertia
forces are taken into account.

A third point to be stressed refers to the extreme
generality of the phenomena which are encompassed
by the term viscoelasticity. Its meaning in the present
context far exceeds the narrow concepts of the purely
mechanical models usually associated with the word.
The derivation of the stress-strain relations from
thermodynamics is purely phenomenological. The two-
phase fluid-solid aggregate is considered as a single
thermodynamic system. This is in contrast with. the
procedure of dealing with the ‘“dry” solid and the
fluid as two separate entities, each with its own proper-
ties. Such artificial separation is incorrect because of
the important role played by the surface forces at the
fluid-solid interface in the pores. In the case of gels,
the interfacial surface tension contributes significantly
to the over-all rigidity, as pointed out many years ago
by this writer.! Because of the large area of contact of
fluid and solid, such interfacial effects should play an
important role in porous media. In general, they are
the result of certain equilibrium configurations of ions
and molecules which involve electrical fields and
physical-chemical interactions. Such configurations are
represented by ‘hidden coordinates.” When disturbed
from equilibrium, they evolve toward a new state
with a certain time delay or relaxation time. There may
be a finite number or a continuous distribution of such
relaxation times, as represented by a relaxation spec-
trum. Such effects are included in the thermodynamic
treatment of viscoelastic behavior developed by the
writer.* Other effects involved here are exemplified by
the behavior of a crystal in equilibrium with its solution.
Under stress, this equilibrium is disturbed. Some areas
of the crystal enter into solution, and precipitation
occurs on others. The rate of deformations will depend
not only on the stress but also on the rate of diffusion
in the solvent, giving rise to a relaxation spectrum.
Another type of phenomenon included here is the
thermoelastic relaxation. This is due to differential
temperatures arising in the solid and the fluid in the
pores when stress is applied. Because of the thermal
conductivity, such temperature differences tend to
even out, but with a certain time lag. This gives rise to
a thermoelastic relaxation spectrum. Attention is
called to the difference between this type of thermo-
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elastic dissipation and that occurring in a homogeneous
solid. The latter is also included in the general thermo-
dynamic theory and depends essentially on the strain
gradient. The formulation of this case is quite different
and was developed earlier.!* The viscoelastic effects
might also result solely from certain physical properties
of the fluid itself independent of any interaction with the
solid. Such is the case, for instance, for the propagation
of sound in water containing solution of certain salts.
Equilibrium concentrations of the various molecular
species in solution are sometimes sensitive to fluid
pressure with an associated time lag and relaxation
effect. These are but a few examples illustrating the
enormous range and variety of phenomena included in
the present theory.

The viscoelastic and relaxation properties which we
have just discussed are obtained by replacing the elastic
coefficients by operators. Applying this correspondence
principle to Eq. (3.5) for the isotropic medium, we
derive

Too=H*e—2u* (e, +e,)— C*¢

Tyy=H*e—2u*(e,+e,)— C*¢
Tz = H*e— 2”'* (ex_l_e!l) - C*§‘
Tye= M*’Yz, T2z™ F‘*'Yy:

py=—C¥e+M*.

(5.1)

Tzy= M*Vz

The operators are of the form

. HE)
H =[J/ ——dr+H-+pH’
o pt+r

u(r)
Lt ut g’
7

*zpf
M P+

0
(5.2)
Cr=p / O et
o ptr

. * M(r)
M =p/ dr+M+pM’,
o ptr

The operator p is the time differential
p=d/dt. (5.3)

The operational Eq. (5.1) can be considered as relating
Laplace transforms of stress and strain variable. For
instance, if these Laplace transforms are

L£Toz= [ e Pr oo (£)dt
0
(5.4)

L= / e P (t)dt,
)

etc., the first Eq. (5.1) can be written

L£7o=H*Le—2u*L (e, +¢,)+C*Ly (5.5)
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or

Too=H*e— 2u* (e, +e,)+C*¢, (5.6)

by simply dropping the symbol £.

If the variables are harmonic functions of time, we
can write 7., and 7,,6%% e,=e,£™* etc., where 1,4, e,
etc., are complex amplitudes. Equation (5.1) then
represents the relations between the complex ampli-
tudes, when we put

(5.7

in the operators. This shows that putting p=0 yields
stress-strain relations for very slow deformations,
whereas p= « corresponds to very fast deformations.
It is of interest to point out a difference between
the case of homogeneous and porous media with
isotropic symmetry. As we have pointed out,” the
use of the correspondence principle for homogeneous
isotropic media is a consequence of the geometric
symmetry. On the other hand, for isotropic porous
media, the symmetry of the operational matrix of
Eq. (5.1) is a consequence of Onsager’s relations. Hence,
the correspondence principle for isotropic porous media
invokes the laws of the thermodynamics of irreversible
processes. The variable 7 in the operators represents the
relaxation constants of the hidden degrees of freedom.

p=iw

We have shown from thermodynamics that they are

real and positive.>* This, however, assumes that inertia
forces are not significant in the hidden degrees of
freedom. For extreme ranges of frequency, or in some
exceptional cases, this assumption may not be justified.
For example, a fluid may contain small air bubbles,
and resonance may occur with their natural frequency
of oscillation in the ultrasonic range. In such a case,
the hidden degrees of freedom represented by these air
bubbles give rise to complex conjugate values for .
For anisotropic media, the stress-strain relations are
formally identical with those discussed in Sec. 3 for the
elastic case, except for the replacement of the elastic
coefficients by the operators. This was previously
discussed in more detail.* By the correspondence
principle, the stress-strain relations (3.37) become

v
7= 20 A ewt+M ¥t
(5.8)

i
=20 Mei+ M*.

The operators 4., M ;;*, and M* are of the same form
as Eq. (5.2), and they are governed by the same
symmetry relations (3.36) as the elastic case.

6. PHYSICAL SIGNIFICANCE OF THE OPERATORS

The physical significance of the operators can be
illustrated by some simple examples which bring out
the flexibility and generality of the operational represen-

¥ M. A. Biot, Proceedings of the Third U. S. National Congress

on Applied Mechanics (American Society of Mechanical Engi-
neers, New York, 1958), pp. 1-18.
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tation. We shall consider, for example, the sixth of
Eq. (5.1)

Toy=K*Ys, (6.1)
which represents a response to pure shear. This relation
does not involve the pore pressure. It would govern,
for example, the relation between torque and twist in a
material such as clay. We assume the operator to be

wr=qrp/ (p+r). (6.2)
In this case, we can write Eq. (6.1) as
Y= (1/nr+1/1p)72. (6.3)

A constant stress of unit value applied at t=0 is
represented by
£<0

£>0. 6.4)

0

ra=10)=1{

By the rules of the operational calculus, the correspond-
ing strain as a function of time is

Ye=(1/nr41/9)1(%). (6.5)

The quantity #r is equivalent to an elastic shear
modulus, whereas 5 represents a viscosity. The time
dependence of v, is represented in Fig. 1. The response
is that of a so-called Maxwell material represented by a
mechanical model of a spring and dashpot in series

(Fig. 2).
Another type of behavior is illustrated by the operator
pr=ap?, (6.6)
with 0<s<1. We derive
Y.= (1/ap*) 72y, (6.7)
and for a constant stress (6.3) applied at ¢=0,
¥.=[t*/al (145)J1(7). (6.8)

The typical time dependence is shown in Fig. 3 (curve
a). It is easily shown that the operator p* is a particular
case of the more general expression (5.2). From the

t
Fic. 1. Creep law represented by Eq. (6.5).
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FAAAAN —>

Fic. 2. Dashpot and spring in series, representing the operator
(6.2) (Maxwell element).

known definite integral?®

00 yc—l T
[ o= 69)
o 14y~ sinsw
we derive
sinsw ®
wr=ap'=a ——r*dr, (6.10)
T 0 P+f
This corresponds to a spectral distribution?
sinsw
p(r)=a—r1 (6.11)
™

The sum of the Egs. (6.5) and (6.8) yields a time-
dependent creep law of a very general nature which
covers both the short-range fast primary creep and the
long-range steady-state secondary flow (Fig. 3, curve b).

We shall now turn our attention to the creep laws
which involve the pore pressure. We consider the case
of isotropic stresses:

(6.12)

T=Tzz=Tyy= Tz
We can then write
r=(H*—4u*/3)e~C*¢
pr=—C*e+M*¢.

Under these conditions, we can perform a number of
“thought experiments.” For instance, we assume that a
stress 7=—p; and a fluid pressure p,; are applied
suddenly at time zero, and we evaluate the values of ¢
and ¢ as a function of time. This corresponds to the
so-called unjacketed test previously discussed, when a
uniform hydrostatic pressure p; is applied throughout
the solid matrix and the fluid in the pores. In the present
case of viscoelasticity, it is a thought experiment
because the fluid pressure is assumed to appear instanta-

(6.13)

# Ch, J. de la Vallée Poussin, Cours &’ Analyse Infinitesimale
(Gauthiers Villars, Paris, 1925), Vol. II, p. 75.

¥ As pointed out in an earlier paper,?” thisis a particular case
of the problem represented by the integral equation

o 3 _
L S O =F ).

Its solution was given by Fuoss and Kirkwood® and further
discussed by Gross.® The solution is

J@)=(1/2x7i) lim [F(r+ie)— F(r—ie)].
0

®R. M. Fuoss and J. G. Kirkwood, J. Am. Chem. .
385-394 (1941). J. Am. Chem. Soc. 63,

31 B. Gross, M athematical Structure of the Theori Vi .
cities (Hermann & Cie, Paris, 1953). f the Theories of Viscoelasti
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neously throughout the body and thereby to eliminate
the additional time lag arising from the seepage of the
fluid flowing through the boundary. In principle, the
fluid must be thought of as being fed directly or
generated inside the pores. Another possibility is to
consider a test specimen which is small enough so that
the time lag due to seepage is negligible relative to the
time constants of relations (6.13); whereas, on the
other hand, its size is still sufficient in relation to the
pores for the statistical behavior to be valid.

This unjacketed test experiment was discussed
earlier for the case of an elastic matrix,” and the
following relations were considered:

e=—op;
§-=7va

where 6 is the unjacketed compressibility, and v is a
coefficient of fluid content. For a viscoelastic matrix,
the coefficients § and v must be replaced by operators
&* and v*: '

(6.14)

e=—08*p;
$=7*ps.

In some problems, it may be justified to neglect the
time lags of the operators * and v* and to assume that
the relations (6.14) for the elastic matrix are applicable.

We have also pointed out that if the matrix material
is constituted by elements of an elastic isotropic solid,
the coefficient vy can be expressed by relation (3.27), i.e.,

which introduces the fluid compressibility ¢ and the
porosity f. In this case, & represents the compressibility
of the matrix material itself. If we desire to take into
account the time lags in the compressibility of both
fluid and solid, we write

v*= f(c*—8%).

(6.15)

(6.17)

(b)

(@)

Fi16. 3. (a) Creep law represented by Eq. (6.8); (b) Creep law
represented by the sum of Eqgs. ?6.5) and (6.8).
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!

Fic. 4. Spring dashpot model representing the interaction of
elasticity of the solid and fluid viscosity around areas of grain
contact. :

As noted above, even in the fluid alone, time lags
may occur between pressure and volume. A possible
cause of such effects is the relaxation of equilibrium
concentrations of various chemical species in solution
in the fluid. This phenomenon, sometimes referred to as
bulk viscosity, will be reflected in the time constant
contained in the operator ¢*. The effect of air bubbles
on damping in the fluid can also be included in the
operator ¢* (see Sec. 5). We should also point out an
earlier remark that the resonance of such bubbles at a
certain frequency can be taken into account by includ-
ing the inertia forces of the hidden coordinates. In this
case, the correspondence is still valid, but the form of
the operators is different. Similar considerations apply
to the inclusion of bulk viscosity and relaxation in the
solid matrix material and can be expressed by a suitable
operator.

Another thought experiment which can be considered
corresponds to the jacketed compressibility. In this
case, the pore pressure is assumed to be zero, and Eq.
(6.13) is written

r=(H*—4u*/3)e—C*;

(6.18)
0=—C¥e+M*¢.
Eliminating ¢, we find
r=K¥e, (6.19)
with
K*=H*—4,*/3— (C**/ M*). (6.20)
The jacketed compressibility operator is
K*=1/K*, (6.21)

The stress 7 is applied to a jacketed specimen, while the
pore pressure is maintained at zero throughout by some
device which connects the pores directly with an
outside region of zero pressure.

By the correspondence principle, it is possible to
express the operators in terms of the coefficients
¥*, % and «* with the formulas which are valid for
the elastic case.

In particular, it will often be justified to approximate
the operators v* and 6* by elastic coefficients:

=y, &*=4. (6.22)
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From Egs. (3.6), (3.25), and (3.26),
a*=1—3§K*, (6.23)
M*=1/(y+6—8K*), (6.24)
Cr=a*M*= (1—8K*)/ (v+8—8K*). (6.25)
Also from Egs. (3.6) and (3.15),
A= K*—24%/3
H*=N*4-2u* a2 M*, (6.26)
Hence,

H*=4p*/34 (¢*+v—8)/[«*(v+08)—8].  (6.27)

The operators in this case can be expressed in terms
of only two operators p* and «*. They can be reduced
to the spectral form [Eq. (5.2)] by application of the
Fuoss-Kirkwood method or by expansion in partial
fractions.

We have already pointed out that the viscoelasticity
operators contain properties which are representative of
solid viscosity, but which depend also on fluid-solid
interaction. In such cases, the properties of the solid
matrix cannot be considered separately from those of
the fluid. One such type of interaction which is purely
mechanical in nature is illustrated by Fig. 4. When two
elastic bodies are in contact and are surrounded by a
viscous fluid, a force applied in a direction normal to
the area of contact will tend to squeeze the flow away
from this area. Because of fluid viscosity, the fluid will
not move away instantaneously. A time delay, which is
exemplified by the equivalent spring dashpot model of
Fig. 4, will be involved. This model corresponds to an
operator of the form

*=kotxer/ (p+7).

Actually, of course, a more accurate evaluation of the
interaction of fluid displacement and elasticity would
yield a somewhat more complex model or a more
sophisticated operator with a spectral distribution. Such
effect may be more pronounced for grains containing
cracks or separated by narrow gaps (Fig. 5).

We have previously discussed this type of visco-
elasticity in connection with the effect of wall sponginess
and micropores.* A similar mechanism can also be
responsible for the viscoelasticity represented by the
operator u* for pure shear and can be evaluated in
similar fashion.

(6.28)

7. FIELD EQUATIONS FOR DEFORMATION AND
STRESS DISTRIBUTION

If we include the gravity force pg; (po=mass density
of bulk material), the total stress field must satisfy
the equilibrium equations

H (9T.'j
2 —+npg:i=0,
ij

(7.1)
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F16. 5. Example of general grain geometry with viscoelastic
behavior of the type idealized in Fig. 4.

and Darcy’s law for the isotropic medium is written
dw/ot=— (k/q) gradp;+p; gradG. (71.2)

Under the assumption of linearity, as pointed out in
Sec. 4, the principle of superposition is applicable.
Hence, the general solution that we are seeking is the
superposition of a particular solution due to gravity
forces alone and of another due to other causes. Under
these restrictive assumptions, we can neglect the
gravity forces in the present theory and thereby isolate
that part of the problem dealing with deformations
resulting from causes other than gravity.

Equations (7.1) and (7.2) are therefore simplified to

d7ij

=0 (7.3)
O%;
and

ow/di=— (k/n )gradp;. (1.4)

For an elastic medium with bulk isotropy, the
stress-strain relations (3.10) are

1i;=2pe;+8;(Ne—aM?)

7.5
pr=—aMetM¢. )
In these equations, we have defined { and ¢ as
=—divw and e=divy, (7.6)

where u is the solid displacement.
Substituting the values of 7;; and p; [Eq. (7.5)]
into the Egs. (7.3) and (7.4), we derive

G 3 a
22 ;(Meﬁ)‘l‘g-()\ie*aMs“):O

x,~ X

a.mn
dw/dt=(k/n) grad(aMe— M{)=0.

These are six equations for the six components of the
unknown vector fields u and w.

We shall examine the particular case where the
coefficients u, A,, o, M, and k/n are constants. In this

ACOUSTIC PROPAGATION
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case, Eqs. (7.7) become
uV2ut (u4,) grade—aM gradf=0
aw/at= (k/n)Ma grade— (KM /) grad¢.

These equations can be written in other equivalent
forms previously derived™® by the application of the
divergence operator to the second Eq. (7.8). We derive

Vit (u+)N,) grade—aM grad; =0
ac/dt= (kM /n)Vit— (EMa/n)Ve.

Application of the divergence operator to the first
Eq. (7.9) yields

(7.8)

(71.9)

(2u4A.) Ve—aM Vi =0. (7.10)
Hence, we can further transform Egs. (7.9) to
Vot (u+A,) grade—oM grad;=0 .11)
a¢/at= (k/n)M V%,
with a constant M, defined as
M =M Qu+r—2M)/(2u+N.) (7.12)
" M =M (2u+N)/(2u+No). (7.12)

General solutions of these equations were also derived
and discussed eartier.’ We shall derive them hereafter

-in somewhat simpler form.

A convenient form of the general solution can be
obtained with Eq. (7.8). The second equation indicates
that w must be a gradient. We can write without loss
of generality

w=grade
and (7.13)

u=u—[aM/(2u+N.)] grade.
Substituting these expressions into Eq. (7.8), we obtain

pViu+ (u+A,) grade,=0

do kM, kMo (7.14)
grad(——— V2<p——~—e1)=0.
o q ]
We have put
eyr=divu;. (7.15)

The first of these equations is the classical form of
Lame’s equations of the theory of elasticity. The
general Papkovich-Boussinesq solution of these equa-
tions is well known:

w=grad (Yot 1-§1) = [2Qu+Ao)/ (wHr) by,  (7.16)

where the scalar ¢, and the vector {; are general
solutions of Laplace’s equation

Vigo= Vil =0. (7.17)

The vector r is
r=(x,9,3). (7.18)
Note that we can write

1= — [2/1./ (ﬂ"}')\c)] diV\@l, V81= 0 (7.19)
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We consider now the second Eq. (7.14). It implies that
do kM,

kMo

Vip=
at 7 i

er+C(0), (7.20)

where C(f) is a function of time independent of the
coordinates. We put

kMo
¢=¢+/|: el-I-C(l):Idt. (7.21)
7
Substituting in Eq. (7.20), we find
oY/ ot=(k/n)M V3. (7.22)

The general solution for w becomes
2kaMu
7(utA.)

¢
w=grady— / grad divde.  (7.23)

Applying the divergence operator in this expression,
we derive

=—V. (7.24)
The solution for u is
aM EM32a2 ¢
u=u;— grady+ / grade,dt. (7.25)
2ﬂ-+>\c 2#+Ac

Because V?¢,=0, the time integral satisfies Laplace’s
equation. This term can therefore be absorbed in the
function ¥, contained in the expression for u;, Eq. (7.16).
Hence, we can write the general solution

2u+X, aM
u=grad(Yo+r-4)—2 Y1—
pX 2uth,

grady. (7.26)

In these expressions, y satisfies the diffusion Eq. (7.22),
whereas ¥, and ¥, are solutions of Laplace’s equation.
For anisotropic media, the field equations are

i 0 w
2 :3;(2 Aijmepv+Mij§') =0
’ (7.27)
0 i i dw;
——CC Mei M) =93 n,—(;.

c')x,v

For materials with viscoelastic properties, we have
shown that the field equations are obtained from the
correspondence principle.* Equations (7.27) are im-
mediately extended to viscoelastic media by replacing
the elastic coefficients by operators. For example,
Eq. (7.9) for the isotropic medium with uniform
properties becomes

w¥*Viu+ (H*—p*) grade—C* grad¢=0

(n/ k) (8¢/0t) = M*VZ —C*V2, (7.28)
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In deriving these equations from relations (7.9), we

have taken into account the identities
AFur=H*—p* and o*M*=C*. (7.29)

As shown in earlier work,* the diffusion Eq. (7.22) is
converted into a generalized operational form

p(n/R)s =MV, (7.30)
where the operator is
M*= (1/H*)(H*M*—C*?). (7.31)

The general solution corresponding to Egs. (7.23) and
(7.26) have also been derived in operational form.*

In the notation of the present paper, the general
solutions (7.23) and (7.26) for the viscoelastic case
assume the operational form

& 2%k Crxu* 1 ddi
w=grady—— — grad divyy
; 1 H*‘#*Pg '
(7.32)
2H* c*

u=grad($o+r-f1)—

H*_u*'bl—Egra‘dvl;

and ¢ is given by the same Eq. (7.24).

The functions ¥, and the vector ¥, satisfy Laplace’s
equation, whereas ¢ is a solution of the generalized
diffusion equation

p(n/k)y=M *Vay. (7.33)

Note that ¢ and 1, are generally functions not only of
the coordinates x, y, z, but also of the operator p. This
will generally be introduced by the boundary conditions
which are also operational relations.

The boundary conditions are easily introduced in
the solution of specific problems. Total stresses or
pore pressures can be specified at certain boundaries.
The condition that a boundary be impervious is
introduced by putting the normal component of w at
that boundary equal to zero. Also, conditions at the
interface of solids of different properties are expressed
by requiring that the total stresses, fluid pressure, and
solid displacement be continuous at this boundary;
whereas for w, the condition of continuity applies only
to the normal component. Consolidation problems
based on the above results for elastic and viscoelastic
media have been treated by this writer!'* and others.®

8. ACOUSTIC PROPAGATION IN ISOTROPIC
AND ANISOTROPIC MEDIA

Equations for acoustic propagation in a porous
elastic isotropic solid containing a viscous fluid have
been developed by this writer.? They were obtained
by adding the inertia terms to the consolidation theory.
A detailed discussion was given of the propagation of
body waves. These equations in slightly different form

32 G. Paria, J. Math, and Phys. 36, 338-346 (1938); G. Paria,
Bull. Calcutta Math. Soc. 50, 71-76, 169-179 (1958).



DEFORMATION AND ACOUSTIC PROPAGATION

are discussed below and extended to the anisotropic
medium with an elastic matrix.

Their further extension to a medium with viscoelastic
and solid dissipation properties is outlined in the next
section.

Attention is called to the immediate applicability
of the results presented here to acoustic propagation in
a thermoelastic continuum. When the fluid density py
is put equal to zero, the equations become identical to
those of thermoelasticity, and w plays the role of the
entropy displacement vector. This follows from the
analogy between thermoelasticity and the properties of
porous media derived earlier.!?

The following six equations in vectorial form® were
obtained for the six components of the displacements
uand U:

NViu+grad[ (A4N)e+Q¢]

92 i)
=_(P11u+P12U)+b—(ll— U)
ot ot
(8.1)
9?2 a
grad (Q8+R€) = —(p12u+p22U) - b“—(u— U)
at? at

The density parameters py1, p12, and ps; were discussed
in the quoted paper.® The coefficient b is

b= (n/k)f*, (8.2)

where % is the permeability coefficient of Eq. (4.14),
n is the fluid viscosity, and f is the porosity. The
elastic coefficients N, 4, Q, R can be expressed in terms
of u, A, @, M by the relations (3.31). Methods of
measurement were analyzed in reference 7.

Expression (8.2) for b is valid for the low-frequency
range, where the flow in the pores is of the Poiseuille
type. For higher frequencies, a correction factor is
applied to the viscosity, replacing it by nF, where F is
a complex function of the frequency which has been
evaluated.? Strictly speaking, a similar correction must
apply to the density parameters pi1, p12, and pss to take
into account the departure of the microvelocity field
from Poiseuille flow as the frequency increases.

Equations (8.1) have recently been applied to an
analysis of the effect of a discontinuity surface on the
propagation.33.34

Using the variable w instead of U, we shall discuss
here a system of equations which are equivalent to
Eq. (8.1) for the case of uniform porosity.

We shall first consider the low-frequency range. In
this case, the components of the relative microvelocity
field in the pores are determined by the vector w:

0= antz+ G120, + a1,
9, = @othot aotdy+ aoth,
%= a3zt a3ty a3,
33 J. Geertsma and D. C. Smit, Geophysics 26, 169-181 (1961).

3 H, Deresiewicz, Bull. Seismol. Soc. Am. 50, 599-607 (1960);
51, 51-59 (1961).

(8.3)
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The notation ); designates dw;/d:. The coefficients a.;
depend on the coordinates in the pores and the pore
geometry.

The kinetic energy of a unit volume of bulk material
is given by

T=bpr (i i i)+ oy / f / [(dtan)?
Q

+ (i, +0,)+ (U A-2.)2]dQ.  (8.4)

In this expression, ps represents the mass density of the
fluid, and p; the mass of solid in the unit volume of
bulk material.

The volume integral is extended to the total volume
@ of fluid in the pores. We consider the term

305 / f / (tto+0.)2dQ
=305 / / / (U2 +200,40.2)d2.  (8.5)

%Pf///uzzdﬂ=%P2uzz;

Q

We can write

(8.6)

where

p2=fps (8.7)

represents the mass of fluid per unit volume. Also,

pf///uxvzdﬂ=pfuz///vzd9=pfu,w,. (88)
Q Q
Hence,
%Pf///(uz+vz)2d9=%P2uz2+pf'uzwz
Q
(8.9)

+30¢ / / / .00
Q

Expression (8.4) now becomes

T=13p(u2 40,24 0.2) +p s (Uath 1,00, +020,)
1o f / / (02 +o+02)d2, (8.10)
Q

where
p=p1tp: (8.11)

is the total mass of bulk material per unit volume.
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From relations (8.3), we derive

ps _/ / / (vz"‘+vy2+vﬁ)dﬂ=§) mibad;, (8.12)
Q
with
Mmi;=py j / / (Zk: Q1i0k;)dR. (8.13)
a
Note the reciprocal property
M= Mji. (8.14)

For a medium with statistical isotropy of the micro-
velocity field, the coefficients m;; reduce to?®

(8.15)

mijzmaij
and
T=3%p (’df—}—dyz-{—’llf)+p/(’l.l,’u')¢-|-1l,,wy+1lz'wz)
+3m (24w, 2+w.2). (8.16)
In order to compare with the mass parameters pui,
p12, and py2 used in previous work,> we express the
kinetic energy in terms of the variables u and U.

Substituting
W= f(Ui_uz‘)-

In the value (8.16) of 7', we obtain
T= %Pu(uzz‘i‘ulﬁ‘}”?l})+P12(u;Uz+’llyUy+uzUz)

(8.17)

1o (U2+U2+U2), (8.18)
with
pu=p—2p;f+mf?, pe=mf’ pe=p;f—mf. (8.19)
We put
p1=1—f)p.=p—ps, p2= foy, (8.20)

where p, is the density of the solid matrix. The quantities
p1 and p; are the masses of solid and fluid, respectively,
per unit volume of bulk material. Also writing

pa=mft—psf=mf*—ps, (8.21)
we see that the mass parameters become
ou=p1tps, p2=prtps, p12=—pa (8-22)

This coincides with the relations in the quoted paper.5

If we now look at the forces applied to a unit volume
of bulk material and consider u;, w; as generalized
coordinates, we can apply Lagrange’s equations. They
are written

J aTij d /0T
R )

E)xj dt aul
These are the general dynamical equations when the

gravity forces are neglected. The first of these equations
could have been derived directly from the linear

dp; doT\ @D
——=—(—>+—. (8.23)

ax; dt au')i au'zi

3 Equation (8.15) is also valid for cubic symmetry.
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momentum, and the second can be interpreted as
expressing the dynamics of relative motion of the fluid
in a frame of reference moving with the solid. As stated
in Sec. 7, this is a legitimate procedure under the
assumption that the principle of superposition is
applicable. Extension of the theory under less restrictive
assumption will be carried out in a later paper.

For the isotropic medium, we substitute expressions
(8.16) and (4.16) for T and D and the stress-strain
relations (3.7). Equations (8.23) become

i 9 a3 09*
23 —(uei) +—\e—aM{)=—(pui+ppw.)
ox; ox; at?
(8.24)
d 9? n dw,
—(aMe— Mg') = —(pfu,-—l-mwi) +——.
6x¢ (:”2 k ot

For constant values of the parameters, these equations

can be written
62

pV2u+ (u+Xr,) grade—aM grady =£(pu+p W)
(8.25)

9? 7 oW
grad(aMe— M) =—(pju+mw)+- —.
a? k ot

If we multiply the second equation by f and then
subtract it from the first, we obtain Eq. (8.1), in which
the coefficients and the mass parameters are given by
expressions (3.31) and (8.19) derived above. Putting

u=gradg,, w=grade,, (8.26)

and using the constant =\, 2u, we obtain the equa-
tions of propagation of dilatational waves:

VE(Her+aM¢s) = (%/97) (pp1+p s2)
V2(0M¢1+M¢2)

= (0%/92) (p 1t mep2)+ (n/k) (3ps/3%).
When the Laplacian operator is applied, these equations
can also be written in the form

Vi(He—aM()= (8*/37) (pe—pyf)
Vi (—aMe+ M)
= (6%/08) (—pre+mi)+ (n/k) (35/91).

They can also be written with the constant C=aM. A
condition of “dynamic compatibility” for which a
wave propagation is possible without relative motion
between fluid and solid has previously been derived.®

We can readily obtain it in equivalent and simpler
form by putting ¢.=0in Eq. (8.27):

(@M /H)= (ps/p).

u=Curly;,

(8.27)

(8.28)

(8.29)
By putting

w=Curly,, (8.30)

we derive the equations of propagation of rotational
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waves

uVh = (84/98) (ol +p i),
— (n/ k) (3hs/01) = (8%/08%) (o 1+ mrls).

The propagation of the dilatational and rotational
waves has also been previously analyzed in detail.
Equations of propagation in anisotropic media are
immediately derived from the results established above.
From Eqgs. (8.3) and (8.10), we write for the kinetic
energy the more general expression [see Eq. (8.13)]

T=1p (2410, 2+ 1.2 o, (Utd A Uiy +1000)

(8.31)

ij
+3 2 miabab;.  (8.32)

The dissipation function D in this general case is given
by Eq. 4.3):
iy

D= %17 Z f,‘ﬂ,l')i’ll.)j. (833)
We must also use for the stress components 7;; and py
the general stress-strain relations (3.37). Introducing
expressions (8.32), (8.33), and (3.37) into the dynamical
Eq. (8.23), we derive

i 04 w 0?2
> — & Aifent+Mi$)=—(ou,Apsws),
ax]' 6t2
9
——( Mje;+M) (8.34)

é)xt-
aw,-

92 j i
=—(pstuit20 mgw;)+n 2 ;5
o2 at

These six equations for the unknown vector components
#; and w; govern the propagation of waves in the general
case of anisotropy. The various cases of higher sym-
metry, such as orthotropy and transverse isotropy, are
easily derived as particular cases by the introduction
of the various stress-strain relations discussed in Sec. 3.

We shall now consider the higher frequency range.
As the frequency increases, a boundary layer develops
where the microvelocities are out of phase. At higher
frequency, this boundary layer becomes very thin. The
viscous forces are then confined to this layer, and the
microvelocity field in the major portion of the fluid is
determined by potential flow. Similar considerations
apply to the viscous forces, as shown by earlier analysis
on simple models.® The friction force of the fluid on the
solid becomes out of phase with the relative rate of
flow and exhibits a frequency dependence represented
by a complex quantity.

There are several ways of approximating these
effects. One approximation used by the writer for the
case of isotropic media is the replacement of the
viscosity n by

*=nF(p), (8.35)

where F is a complex function of the frequency p=1w.
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The function F has been evaluated numerically.® A
similar approximation can be introduced for the case
of anisotropy by the replacement of 7;; by

ri*=Ri;(p).

As a further refinement, the mass coeflicient m for the
case of isotropy can be replaced by a complex quantity

m*=p;D(p), (8.37)

(8.36)

and for the anisotropic medium the tensor m;; can be
replaced by

mi*=p;Dsi(p). (8.38)

The nature of the operators r;* and m;* will be
discussed in more detail in a forthcoming publication.

9. WAVE PROPAGATION WITH INTERNAL
DISSIPATION IN THE SOLID

The incorporation of internal solid dissipation in the
theory of wave propagation can be accomplished
without further development by the replacement of
the elastic coefficients by suitable operators.

As shown in an earlier paper? and in the more detailed
discussion of Sec. 6, this procedure, because of its
thermodynamic foundation, actually takes into account
a wide variety of dissipative effects which are not
restricted to the solid alone, but which are the result of
complex interaction between fluid and solid of mechan-
ical, electrical, chemical, or thermoelastic origin.

For the case of isotropy, when we introduce operators
in Eq. (8.24), we find that these equations become

i 0 ] 9?
23 —(wei) +—\Fe—C*)=—(pu,+psw:)
ox; dx; or

(9.1)
d 62 11* awi
—(C*e— M*¢)=—(psit-m*wi)+— —.
X ar k ot
The operator A.* is
No* = H*— 2>, (9.2)

In these equations, we have also replaced m by m* and
7 by 4* in order to introduce the frequency dependence
of these coefficients in the higher frequency range, in
accordance with the discussion of the previous section.
Similarly, for anisotropic media, the propagation Egs.
(8.34) are written

i 3 92
= — 5 A0+ M50 = —(puit-prwy),
ax; a’

a i
——( M *es;i+M*)
ax,»
62 aw,-

J g
=—(psui+2_ miFw;)+n 2 ri*—.
a2 a!

(9.3)
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Again, we have introduced the frequency dependent
tensor r;* as valid for the higher frequency range.
In a further refinement, m,; is also replaced by m.;*.

Equations for dilatational waves in the isotropic
medium of uniform properties are

VH(H*e—C*) = (6%/08) (pe—ps{)
V2 (—C*r+-M*)
’ = (8%/0) (—ps+m*0)+ (n*/ k) (35/00).

The physical significance of these equations can be
illustrated by various types of dissipation. Consider,
for instance, a purely elastic solid. In the discussion
of Sec. 6, we have shown that, in this case, a dissipation
can occur because of the presence of the fluid in minute
cracks or in their regions adjacent to the areas of
contact between the grains (Figs. 4 and 5). As we have
seen [Eq. (6.27)], this effect is represented by the use of
an operator of the type

K*=kotrir/ (p+7),

(9.4)

9.5)

or more generally

1 =koti1f (p), (9.6)

for the jacketed compressibility. The coefficient &g
represents the elastic compressibility due to the elastic
grains, and x1f(p) is the dissipative term corresponding
to the viscoelastic effects associated with the squeezing
of the fluid in the small, cracklike volumes surrounding
the areas of contact. This operator «* is introduced in
the expressions (6.24), (6.25), and (6.26), which in
turn are used in the propagation Eq. (9.4).

As another example, we shall take the case of internal
dissipation in the solid itself. Such a case can be
represented by the operator

w=ap?, 9.7)

with 0<s<1 (already considered above). We shall
assume that s is small and put p=1iw. Then,

w¥=aw'[cos(sw/2)+1 sin(sw/2)].
Since s is small, we can write approximately

w*=aw 1+ (ir/2)s].

(9.8)

(9.9)
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The variation of w® with frequency is very slow.
Therefore, the imaginary part of u* represents a damp-
ing which varies very little within a relatively large
range of frequency.

Another type of operator which exhibits the same
property was proposed by this writer in an earlier
paper.r” We write

. /w P m
wr= —— —dr+u.
¢« ptrr

(9.10)

This amounts to introducing for u* in the general
expression (5.2) a relaxation spectrum

_ fw/r for r>e
ur)= 0 for 0<r<e (9.11)

Performing the integration and putting p=1iw yields

wr=ui[w/2—tan(e/w) i

Faslog(1+e?/ @)ty (9.12)
When eis sufficiently small, the imaginary part becomes,
in effect, frequency-independent over a large range.

Operators such as (9.7) and (9.10) can therefore be
used to represent some of the typical features of
internal friction in solids. Operators other than u*
which may involve solid friction properties can, of
course, be represented by similar expressions.

We should remember that the operational equations
remain valid if the operators are of a form more general
than Eq. (5.2) and incorporate terms which involve
the inertia and resonance effects of hidden degrees of
freedom, as previously discussed for the particular
example of air bubbles.

Attention is also called to the applicability of the
propagation Eq. (9.3) to the problem of thermovisco-
elasticity in a continuum, provided that we identify w
with the entropy displacement and put the fluid
density ps equal to zero. We are referring here to the
dynamics of a homogeneous solid {without pores) in
which viscoelastic and thermoelastic dissipation occur
simultaneously.



