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PAC-Bayesian risk bounds for group-analysis sparse regression by
exponential weighting

Tung Duy Luu* Jalal Fadili* Christophe Chesneau'

Abstract

In this paper, we consider a high-dimensional non-parametric regression model with fixed design
and i.i.d. random errors. We propose a powerful estimator by exponential weighted aggregation (EWA)
with a group-analysis sparsity promoting prior on the weights. We prove that our estimator satisfies a
sharp group-analysis sparse oracle inequality with a small remainder term ensuring its good theoretical
performances. We also propose a forward-backward proximal Langevin Monte-Carlo algorithm to sample
from the target distribution (which is not smooth nor log-concave) and derive its guarantees. In turn, this
allows us to implement our estimator and validate it on some numerical experiments.

Key words. High-dimensional regression, sparse learning, exponential weighted aggregation, group-analysis spar-
sity, group-analysis sparse oracle inequality, frame, forward-backward Langevin Monte-Carlo algorithm

AMS subject classifications. 62G07 62G20

1 Introduction

1.1 Problem statement

Let us briefly present our statistical context. Assume that the given data (x;,Y;), i = 1,...,n, is generated
according to the non-parametric regression model

where x1, ..., z, are deterministic in an arbitrary set X, f : X — R is the unknown regression function
and (&1,...,&,) is are random errors. (1.1) is equivalently written in vector form Y = f + £. Assume that
there exists a dictionary H = {f; : X = R, j € {1,..., M}} such that f is well approximated by a linear
combination of elements in , i.e., there exists 6 = (51, ce gM)T € RM gsuch that g = Z]M:1 é}fj isa
suitable approximation of f. The f;’s are known and may be either fixed atoms in a basis or pre-estimators.
In the context of high dimension, the cardinality of H is much larger than the sample size (i.e., M > n).
Thus, in such a setting, the classical least-squares to estimate 6 is obviously not applicable.

The idea of aggregating elements in a dictionary has been introduced in machine learning to combine
different techniques (see [40, 55]) with some procedures such as bagging [8], boosting [28, 52] and random
forests [1, 5-7, 9, 29]. In the recent years, there has been a flurry of research on the use of the concept of
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sparsity in various areas including statistics and machine learning in high dimension. The idea is that even if
the cardinality of H is very large, the number of effective elements in the dictionary is much smaller than the
sample size. Namely, the number of non-zero components of 0 is assumed much smaller than n. This makes
it possible to build an estimate fz with good provable performance guarantees under appropriate conditions
on the dictionary and noise.

1.2 Overview of previous work
1.2.1 Oracle inequalities

This type of guarantees dates back, for instance, to the work [22-24] on orthogonal wavelet thresholding
estimators. Oracle inequalities, which are at the heart of our work, quantify the quality of an estimator
compared to the best possible one that could only be given with an oracle. These inequalities are well adapted
under the sparsity scenario. Formally, let g : X — R, and denote

The performance of an estimator fis measured by its averaged squared error, i.e.,
2 n 2
R(f)=|If - £l

We aim to find an estimator fthat mimics as much as possible the best model of aggregation in a given class
O (in the probabilistic sense). This idea is expressed in the following type of inequalities:

E[[|f - £]7] < n [Ilfo = Il + Anse(6)]. (12)

where C' > 1 and the remainder term A, 57(0) depends on the performance of the estimator, the complexity
of 0, the dimension M and the sample size n. Such type of inequality is called balanced oracle inequality.
Under the sparsity scenario, the complexity of @ is characterized by the number of its non-zero components,
in which case inequalities of type (1.2) are called sparse oracle inequalities (SOI).

An estimator with good oracle properties would correspond to C'is close to 1 (ideally, C' = 1, in which
case the inequality is said “sharp”), A, r/(8) is small even if n < M and decreases rapidly to 0 as n — +o0.
Besides, the choice of O is crucial: on the one hand, a non suitable choice can lead a large bias term in (1.2).
On the other hand, if © is too complex, the remainder term becomes large. Then, a suitable choice for ©
must achieve a good bias-complexity trade-off.

In the literature, there are mainly two approaches to provide aggregated estimators in high dimension
under the sparsity assumption: Penalization and Exponential Weighted Aggregation (EWA). Given Y = vy,
The penalization approach considers the minimization problem

min 'y — fol|> + pen(8),

where pen : RM — R is a sparsity promoting penalty function, see e.g. [10]. Our work focuses on EWA
approach that we briefly describe now.



1.2.2 Exponential Weighted Aggregation (EWA)

Let (A, A) a space equipped with a o-algebra and
Fa={fa: X—=R: A€ A}

be a given collection (Fj is called dictionary of aggregation) where A — fx(z) is measurable Vz € X.
The functions f» may be deterministic or random. The aggregators depend on the nature of fy if the latter
is random. Otherwise, the aggregators are defined via the probability measure

exp (=n[|Y = fa][2/8)7(dx)

Mn(dk) = s
fexp (=nl[Y = fol[1/8)w(dw)

(1.3)

where 5 > 0 called temperature parameter and 7 called prior which is a probability measure on A. Then,
we define the aggregate by

Fulz) = /A Fa(@)tin(dN). (14)

This idea was initially proposed in [34, 40, 55] with a uniform prior on a finite set A.

In the literature, the fact that the elements in the dictionary may be either deterministic or random splits
the EWA approach into two corresponding cases. The deterministic case is considered in [15, 16, 18, 20].
These papers proposed several PAC-Bayesian type of oracle inequalities under different assumptions. Es-
pecially, the assumptions in [20] depend only on the noise and turns out to be fulfilled for a large class of
noise. This serves to construct, for a suitable prior and dictionary, a SOI with a remainder term of order
O( HBH 0 log(M)/ n), which scales linearly with the sparsity level and increases in M only logarithmically.

The random case is tackled in [44]. The initial idea is to obtain two independent samples from the initial
sample by randomization or sample splitting (see [38, 47, 57]). The first sample is used to construct the pre-
estimators, and the aggregation is performed on the second sample conditionally on the first one. However
this idea does not work when the observations are not i.i.d. Several authors have proposed exponentially
aggregating linear pre-estimators without splitting, and with discrete priors on the weights. Typical cases of
linear pre-estimators are orthogonal projectors on all possible linear subspaces that are in the model set (e.g.
in the sparsity context, linear subspaces spanned by the standard basis restricted to supports of increasing
size). This was introduced in [39]. More recent work such as [17] generalizes the idea where the pre-
estimators are affine and the priors are continuous.

1.2.3 Generalization of sparsity assumption

Analysis sparsity Let P > M and D : RM — RP be a linear analysis operator. The analysis sparsity
assumption means that HDGHO < n. A typical example is total variation [51] where the operator D cor-
responds to “finite differences” (i.e., (D)1 = 01, (DO); = 0; — 0;_1, ¥j > 2). Another example is the
fused Lasso [54] where D is a positive combination of the identity and finite differences.

Group sparsity Group sparsity corresponds to saying that the aggregator @ is block sparse, see Section 4.1
for formal details. Group sparsity is at the heart of the group Lasso and related methods [32, 36, 42, 43, 46,
58]. In the EWA context, the group sparsity prior is considered in [48] as an application of the aggregation
of orthogonal projectors.



1.3 Contributions

Our main contributions are summarized as follows:

e We propose an EWA estimator, with a deterministic dictionary, under a group-analysis sparsity prior
(see Section 1.2.3). More precisely, we assume that D is the analysis operator corresponding to a frame
of RM | and thus is not necessarily invertible unlike previous work. In addition, our prior class (see
(5.2)) is much more general than previously proposed ones [20] which recovered as very special cases.
It also allows more flexibility to enhance the performance of EWA. This prior class is parameterized
through a function g : R™ — R that satisfies mild conditions (see Assumption 5.2).

e We establish a group-analysis SOI where the remainder term depends on the number of active groups
in D@ and on the function g (see Theorem 6.1)

e For an appropriate choice of g which is well-adapted to the group-analysis sparsity scenario, we exhibit
a group-analysis SOI where, as expected, the remainder term scales as O (HDB ! ’ 0.6 log(L)/ n) , where
HDOH 0.6 18 the number of active groups in D6, and L is the total number of groups (see Corollary 6.2

and Remark 6.2). This rate coincides with the classical one O(HOH 0 log(M)/ n) under the sparsity
scenario, i.e. D = Ij;and L = M.

e We also propose a forward-backward proximal Langevin Monte-Carlo (LMC) algorithm to sample
from the target distribution (which is not smooth nor log-concave), and establish several of its prop-
erties in a general setting. In turn, this allows us to efficiently implement our EWA estimator with the
proposed prior. We validate this algorithm on some numerical examples.

1.4 Paper organization

Necessary notations and some preliminaries are first introduced in Section 2. Section 3 reminds the PAC-
Bayesian type oracle inequalities proposed in [20] which are a classical starting point in literature for EWA in
the deterministic case. Section 4 consists in specifying our framework, i.e., group-analysis sparsity scenario
where the analysis operator D constitute a frame. In Section 5, we describe our EWA procedure after spec-
ifying the aggregation dictionary and our prior family. In Section 6, we establish our main results, namely
group-analysis SOI. Section 7 is devoted to the forward-backward proximal LMC algorithm that implements
EWA, and the numerical experiments on several numerical settings are described in Section 8. The proofs
of all results are collected in Section 10.

2 Preliminaries

Throughout the paper, we will use the following notations.
For each function h : X — R, we define b = (h(z1), ..., h(x,))” its n-sample vector form and

1/2

I8l = { = S2#2ay)
j=1

its empirical norm. Moreover, for each function » : RM — R, we denote

7]l = sup |n(2)].
xzeRM
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For all v € R%, d > 1, we also define the £, function

1
d /p

loll, ={ >_lol") ~ »>0,

J=1

with the usual adaptation ||v||__ = max;egy, gy |vj|. Itis anorm for p > 1, and a quasi-norm for p €]0, 1.
H’UHO is the £y pseudo-norm which counts the number of non-zero elements in v.

Let A € RP*9, weseto(A) = (01(A),..., aq(A))T € R? be the vector of singular values of A in non-
increasing order. Note that, when A is symmetric semi-definite positive, o/(A) is also the ordered vector or
positive eigenvalues of A. The spectral norm of A is

1Al = \/o1(AT A).

For a set €, Iq is its characteristic function, i.e. 1 if the argument is in {2 and 0 otherwise.
Recall the Gamma function I" :]0, +o0] —]0, +00]

o
() = / ' exp (—x)dz.
0
The two following lemmas contain useful formula used throughout the paper.

Lemma 2.1 ([30, 3.251.11]). Let p,~y,v,n > 0. If v/v < n+ 1 we have

/°° ! 1 T/ +n—7/v)
o

dr = 2.1
pt )i T I'(1+n) ’ @D

otherwise this integral is not definite.

Lemma 2.2 (Cartesian to spherical coordinates [27]). Let d > 1 and a mapping h : R™ — R such that
u — h(HuH2) is measurable in RY. We obtain

/ h(HuHQ)du =Cy /OO 2@ h(z)de, (2.2)
R4 0

where Cy = 2n%? /T'(d/2) is the surface area of a d-dimensional ball of radius 1.

3 PAC-Bayesian type oracle inequalities

This section recalls a PAC-Bayesian type oracle inequality which holds for the EWA procedure of type (1.3)-
(1.4) with any deterministic aggregation dictionary, any prior and a large class of noises. Such type of oracle
inequalities was introduced in [20] for i.i.d. noise. In the present paper, we adapt it to the non i.i.d. case.
Indeed, let us start with the two following assumptions.

Assumption 3.1 (Standard assumption). The noise vector & = (&1, . .. ,fn)T has zero mean.

Assumption 3.2 (Main assumption). For any v > 0 small enough, there exist a probability space and two
random variables &' and ¢ defined on this probability space satisfying the three following points:



1. &' has the same distribution as €.
2. & + ¢ has the same distribution as (1 + )&’ and the conditional expectation satisfies E [{|€'] = 0.

3. There exist ty € (0, 00] and a bounded Borel function v : RM — R such that

logE [exp (tTC)]£’ = a] <1

lim sup sup 5
=0 (t,a)ERM xRM:(||t]l,,a) €[~ to,to] xsupp(&’) It]|5yv(a)

where supp(&') is the support of the distribution of &'.

Assumption 3.2 is based on [20, Assumption N], and can be shown to be fulfilled for a large class of noise
such as Gaussian, Laplace and any bounded symmetric noise.
Besides, let H €]0, +o00] such that

sup ||fa— S, <H 3.1

(AA)EA?
Note that (3.1) is always satisfied since H is allowed to be infinite. However, for the sake of sharpness in our
theoretical results, we wish to choose H as small as possible. We are now ready to state the PAC-Bayesian
type oracle inequalities.

Theorem 3.1. Let Assumptions 3.1 and 3.2 be satisfied with some function v and let (3.1) holds. Then for any
prior w, any probability measure p on A and any 5 > max(4HvHoo, 2H/tg) or 8 > 4HUHOO when H = o0,
tog = 00, we have

BKL(p, )

)
n

n 2 2
E[|1f - 7II2] S/AHf—fAan(d)‘)"‘ (3.2)
where [, is the aggregate defined in (1.4) and KL(p,m) = [, log (p(dX)/m(dX))p(dX) is the Kullback-
Leibler divergence.

The proof of Theorem 3.1 is a mild adaptation of the original one in [20, Section 2], where we used directly
Assumption 3.2-3 in the vector ¢ instead of splitting it into ¢; ;e(1,... ,,} (that are no longer i.i.d.).

Related work The work of [16] proposed three types of oracle inequalities which are similar to (3.2) under
different assumptions. The first type (see [16, Theorem 1]) holds under a restrictive condition on the noise.
The second (see [16, Theorem 2]) involves conditions depending on the noise and also on the dictionary. The
last (see [16, Theorem 4]) works for all symmetric noises without conditions on the dictionary. However,
an additional term appears in the remainder term which has a low rate for some types of noise. Therefore,
Theorem 3.1 (with Assumption 3.2) is a good trade-off between these types of oracle inequalities.

Moreover, there exist some related forms of (3.2) in different frameworks. For example, when &; ~
N(0, 0'Z-2), 1 =1,...,n, the following aggregate was proposed in [17]:

exp (—%’?}Jﬂ'(d)\)
J\exp (—%?w>7r(dw) 7

where f)\, A € A are affine estimators satisfying some conditions imposed in [17, Theorem 1] which yield the
definition of 7x, A € A. This aggregate satisfies oracle inequalities defined therein which are the counterparts
of (3.2) for the aggregation of estimators. In addition, in the case of random design (i.e., x1,...,z, are
random and i.i.d.), the works in [19] constructed a mirror averaging aggregate to obtain a generalized type
of oracle inequalities where the performance is measured by any loss instead of the averaged square loss.

7= /A Ap(dN),  p(dA) =



4 Group-analysis sparsity

4.1 Group sparsity

We now describe formally what is intended by group-analysis sparsity, which measures group sparsity of the
image of a vector with an analysis linear sparsifying transform.

Let P > M. We partition the index set {1,..., P} into L non-overlapping groups/blocks of indices
{gl}lngL such that

L
QZUQZZ{L...,P} and G NG, =0, VI#k.
=1

For the sake of simplicity, and without loss of generality, the groups are assumed to have the same size
Card G, = G > 1 and the total number of blocks L is supposed to be an integer. A vector v € R’ can be
divided into L vectors vg, € RY which are the restrictions of v to the coordinates indexed by G;. We define

L 1/p
ol = (zuvgluz) R
=1

which is a norm for p > 1, with HUHOO g = MaXje(1,_ 1} val H2 It is a quasi-norm for p €]0, 1]. H’UHO G
counts the number of active (i.e. non-zero) groups in v. With these notations, the group-analysis sparsity
assumption is formalized as follows.

Assumption 4.1 (Group-analysis sparsity assumption). Ler D : RM — RP be a linear analysis operator.
There exists 0 € RM such that [g is close to f and HDOH 0.g KN

In plain words, Assumption 4.1 says that the number of active groups of D@ is much smaller than the
sample size. Note that this is a strict notion of group-analysis sparsity, and a weaker one could be also
considered where most (DO) g, are nearly zero.

4.2 Frame assumption

Let D : RM — RP be a linear operator seen as a matrix in R”**_ We assume the following throughout
this paper.

Assumption 4.2 (Frame assumption). D corresponds to the analysis operator of a finite frame of RM, i.e.
there exist two constants v and p with v > p > 0, called frame bounds, such that the generalized Parseval
relation is satisfied

ullell; < [1Do; < vlle|l;, vo e M.

By the Courant-Fischer theorem, Assumption 4.2 is equivalent to the fact that u (resp. v) is a lower (resp.
upper) bound of the eigenvalues of DT D. Moreover, since i > 0, we have that

DT D is bijective and D is injective.

The frame is said tight when . = v. Typical examples of (tight) frames that have been used in statistics are
translation invariant wavelets [14], ridgelets [12] and curvelets [11].



Let DT € RM*P pe the matrix whose columns form the canonical dual frame associated to D”. We
know that o
DTD =1y 4.1)

and . R . )
p 201<DTDT ) > ... ZJM(DTDT ) > ~ 4.2)
Note that we focus on the canonical dual frame for the sake of simplicity. In fact, our exposition in the rest
of the paper remains unchanged if any other dual frame is used instead of the canonical one.
Under the frame Assumption 4.2, the following lemma provides an efficient change of variables formula,
which will be a key tool in the proof of our general group-analysis SOI (see Theorem 6.1).

Lemma 4.1. Let © C RM pe a measurable set. For any D € RP*M satisfying Assumption 4.2, let
u : RP — R such that the mapping 0 — u(D8) is measurable on ©. We have

4.3)

1
/eu(DO)dBZ \/m/[)@u(v)d'v

provided either u is non-negative valued or the integral on the left converges.

Though quite natural, proving Lemma 4.1 rigorously requires nontrivial arguments from geometric mea-
sure theory (see Section 10.1.1 for details).

5 EWA estimator

To design an aggregation by exponential weighting, two ingredients are essential: the aggregation dictionary
and the prior which promotes group-analysis sparsity. We specify them below.

5.1 Choice of dictionary

Let X € R"M where X; ; = f;(w;), f; € H. We impose the following standard normalization assumption
on X.

Assumption 5.1. X is normalized such that all the diagonal entries of
XTX /nare 1.

Now, let us introduce our dictionary of aggregation:
M

Fo=Sfo=L> 0if;]|:6€03, (5.1)
j=1

where © = {0 € RM : HDOHZQ < R}, a €]0,1], R €]0,4oc] and £ : R — R is twice continuously

differentiable and known depending on the regression problem (for example: ¢(x) = e* for the exponential
regression, /(x) = e*/(e® + 1) for the logistic regression and ¢(x) = x for the linear regression). This
dictionary of aggregation is similar to the one proposed in [18-20]. However, the set of index is modified to
adapt the group-analysis sparsity and the exponent a is varied in |0, 1] instead of a fixed @ = 1. The bound
H in (3.1) for Fg in (5.1) is established in the following result.



Proposition 5.1. Let Fo = {fg : 6 € O} defined in (5.1) with some R > 0, a €]0,1] and ¢

continuously differentiable. Let Assumption 4.2 holds for some y > 0. We get that

sup || fo — for

(0,6')cO?2

p < 2max |[L(@)],,
where B={x ¢ R": HmH2 < IX|IRY*/\/i} and
L:xeR"— (x1),...,0(xn)).

From Proposition 5.1, one can choose H = 2 maxyep HL(m) H2

5.2 Choice of prior

We choose a general prior of the form

1
Coc,gﬁ

w(d@) =
1=1

where a > 0 and g satisfies the following requirements:
Assumption 5.2.

1. g : RT — RY is a bounded function such that g # 0,
60 — g(||[DOg,||,) is measurable on RM, Vi € {1,...,L}.

2. The integrability condition:

L
/ [T Dulg,||,)dw < .
RM

3. The moment condition.:

L
/RM Dl |3 TT 9(/|[Dwlg,||,)du < 0o, Vi€ {1,...,L}.
k=1

4. There exist \ > 0 and a function h : RT — R* such that ¥(t,t*) € RY x RY,

g(lt —¢]l,)

* A
g(HtH2) < h(Ht HZ) '

[exo (- i081, 2o 11081, o016

:R — R twice

(5.2)

(5.3)

5.4

Assumptions 5.2-2 and 5.2-3 lead the following remark that is a core part for the construction of the general

group-analysis SOI in Theorem 6.1.

Remark 5.1. Let G > 1 and D € RP*M satisfying Assumption 4.2. For any function g satisfying Assump-
tions 5.2-1, 5.2-2 and 5.2-3, and any a €)0, 1], there exists K, 4 €]0, 00| such that, ¥Vl € {1,...,L},

fRM H[DU]Gsza Hé:l Q(H[Du]ngz)du B |
S TTE_, 9(][[Do]g, || ) dv < Koy

9
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Proof. Remark 5.1 is briefly proved as follows. From Assumption 5.2-3 and the fact that g # 0, one can
show that (5.5) holds for a = 1. Moreover, since g # 0 and ¢ satisfies Assumption 5.2-2, we have

[T, 9(||[Dulg,||,)du
Jear Ty 9(/|[Dv]g, || ,)dv

is a probability measure. Therefore, (5.5) holds for any « in ]0, 1] by Holder’s inequality. O

At first glance, Assumptions 5.2-2 and 5.2-3 may seem cumbersome. However the following lemma gives
a simple condition on g that implies them.

Lemma5.1. Let G > 1and D € RP*M satisfying Assumption 4.2. Suppose that g satisfies Assumption 5.2-
1 and

/00 25 g(2)dz < . (5.6)
0

Then Assumptions 5.2-2 and 5.2-3 are in force.

In the two following remarks, we consider the case where D is invertible. Remark 5.2 provides a simple
and explicit form for K, , and Remark 5.3 shows that condition (5.6) is necessary for g to obey Assump-
tion 5.2.

Remark 5.2. Let G > 1 and D € RM*M pe jnvertible. For any function g satisfying Assumptions 5.2-1,
5.2-2 and 5.2-3, and for any a €]0, 1], one can choose K, 4 in (5.5) as

foo G— 1+2a )d.%‘

Kaog = I ( ) 7 (5.7)
Proof. The proof follows by combining Lemmas 4.1 and 2.2, i.e.,
o |1Dula 2 T, o(Dulg, ) fyo o] full,)du
fRM Hﬁ:l g(H[D'U]GkHQ)dv fRG g(H'vHQ)d’U
B fOOO IG_1+2ag([E)d:L‘
Jo v a(y)dy
O

Remark 5.3. When D is invertible, if g does not satisfy (5.6) then g cannot fulfill Assumption 5.2-3. Conse-
quently, Assumption 5.2-3 and condition (5.6) are equivalent in the invertible case.

Proof. By Lemmas 4.1 and 2.2, we get

2 T CL [ g(2)de ([ o L-1
/RMH[Duu}Iﬂg(uwml!?)du— —= ([ wo o)

O

Let us now discuss some choices of g. The goal is to find a prior leading an oracle inequality with a small
remainder term while promoting group-analysis sparsity. Namely, g should be peaked around 0 with heavy
tails.

10



Example 5.1. Consider g : RT™ — R™ defined by

1
g(x) = 7(72 FpICE 7> 0.

This choice of g yields a prior that specializes to the one in [20] for the individual sparsity scenario, i.e. with
D=1I,,G=1anda=1.

Example 5.2. Consider g : RT™ — R defined by

1

g(x) = m;

where T > 0, b €]0, 1] and ¢ > (2+ Q) /b. The choice of c guarantees the validity of Assumption 5.2. Thanks
to the parameters b and c, this choice of g offers more flexibility than the one of the previous example. This
allows for example to optimize the performance of EWA by tuning these parameters for the particular dataset
at hand.

6 Group-analysis sparse oracle inequality

Once a suitable dictionary and prior are chosen according to the above, the EWA is performed via (1.3)-(1.4).
Our goal now is to provide a theoretical guarantee for the aggregates by constructing a group-analysis SOIL.
First of all, based on PAC-Bayesian type oracle inequalities in Section 3, we establish our first main result: a
group-analysis SOI for the dictionary (5.1) and the prior (5.2) with a function g obeying Assumptions 5.2-1
to 4.

Theorem 6.1 (General group-analysis sparse oracle inequality). Let G > 1 and D satisfying Assump-
tion 4.2 with © > 0. Let Assumptions 3.1 and 3.2 be satisfied with some function v, (3.1) holds and
B > max (4“1}“00, 2H/to). For some a €]0,1], take the dictionary (5.1) and the prior (5.2) with g sat-
isfying Assumptions 5.2-1 to 4. Let K, 4, as defined in (5.5), and assume that R > 3\/K, 4L. Then the
following group-analysis SOI holds,

(I - 112] < ut [er g

OERM:HDGHZ,gngS Kool

+ P14 sy Lot + ot DO,

N % ilog {hOHD@]gz Hz) }]

2K, jeVEasla® Ao
S ’ L2 ©.1)

where Cry = Hﬁ'Hi 17 o (ell o + [ £l o0)-

See Section 10.2.1 for the proof. R
In this group-analysis SOI, the EWA estimator f,, mimics the best aggregate fg for all possible weights

belonging to {0 € RM . HDOHZ G = R-3 Ka,gL}. The remainder term of the inequality (6.1) depends

11



on the choice of g via the function h and K, 4. Theorem 6.1 has several consequences that we report now,
for instance with the choices of g in Example 5.1 and 5.2.

We first consider the prior (5.2) in Example 5.1, under the individual sparsity scenario (D = I;, G = 1)
and the choice a = 1 (i.e., © = {§ € RM : HOHl < R}). This is the setting considered in [20]. We obtain
the following SOI as a corollary of our main result.

Corollary 6.1. Let D = I and fix G = 1. Suppose that Assumptions 3.1 and 3.2 hold with some function
v, (3.1) holds and 3 > max (4”1}“00, 2H/t0). Fix a = 1, take the dictionary (5.1) and the prior (5.2) with
g defined in Example 5.1 and o < 1/(3M ). Assume that R > 3M . Then,

n . 25 1
E {an B in] = GERM:HGIIﬂfSR—SMT [er B in + n (1 + 6MT H9H1>
48 & 0,
+ o jz;log {1 + ’TJ}} + 2T2Cf’gM€, (6.2)

where Cry = Hﬁ'”i 1 o (lell o + 1 £1]s0)-

SOI (6.2) is similar to the one in [20, Theorem 2]. By choosing 72 ~ 1 /(Mn)and R ~ M, its remainder
term is of order O(HeHolog(M )/ n) which is the classical rate under the sparsity scenario. However, the
following remark shows that this prior is not adapted in the group-analysis case for any group size strictly
larger than 1.

Remark 6.1. Suppose that G > 2, and let v = G + 2, v = 2 and n = 1. We have v/v > n + 1, and thus
Lemma 2.1 yields

00 mGJrl
————dux is not definite.
/0 2 1 222 S

Consequently, condition (5.6) is not fulfilled with g defined in Example 5.1 when G > 2.

According to Remark 5.3, Remark 6.1 implies that Assumption 5.2 is not fulfilled for g in Example 5.1
when the group size G > 2 and D invertible. Thus one cannot construct a group-analysis SOI from Theo-
rem 6.1 to guarantee the quality of the corresponding estimator. Overcoming this limitation was yet another
motivation behind the choice of g in Example 5.2, which turns out to work well under the group-analysis
sparsity scenario. In a nutshell, an aggregate with g in Example 5.2 exhibits the group-analysis SOI defined
in the following corollary with any G > 1, any D € R”>*M satisfying Assumption 4.2 and any a €]0, 1].

Corollary 6.2. Let G > 1 and D satisfying Assumption 4.2 with p > 0. Let Assumptions 3.1 and 3.2 be
satisfied with some function v, (3.1) holds and > max (4HUHOO’ 2H/ to). Take the dictionary (5.1) and the
prior (5.2) with a €]0,1], « > 0 and g defined in Example 5.2. We get that g satisfies Assumption 5.2. Then,
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let K, g4 as defined in (5.5), and assume that R > 3./ K, 4L. Then the following group-analysis SOI holds,

8[| 1] < ut [er e

OERM:HDOHZ,QSR—3 Kagl

+ ﬁ(l+3«/Ka,gLoz“+a“HDOHag>
(D]

4 BZlog 1+ H Gsz] ]

2K sV Easle® pro
I 1 ; 1t 6.3)

where Cy = HK/HiO + HEHHOO(HEHOO + HfHoo)

To get an explicit control of the remainder term, it is instructive to have a closed-form of K, 4. This can
be done for instance when D is invertible, see (5.7). The obtained group-analysis SOI is stated as follows.

Corollary 6.3. Consider the same framework as Corollary 6.2 with D invertible. For a €]0,1], let

. — 1/a
Kug= F((QQJIZ(GG)%EE:E?;I;G)/M, and setaw < 1/ (37‘“ ngL) . Then we obtain the following group-
analysis SOI
n 2 . 2
E([f - 1112 < gnf [er — 1|7
OCRM: oo SR=379/Ka gL
L
cB D6,
— 1 1
DI B
Do||; 20, M7 K
Y P H‘i’g ST et (6.4)
n 3L7/ K, H

where Cpo = |2 + 11" o (1€l o + 1 £.0)

For an efficient aggregate, the parameters should be chosen such that the remainder term is small and
decreases rapidly to 0 as n — co. A suitable choice is described in the following remark.

Remark 6.2. Set 72 ~ 1/(Mn) and R ~ L7°, we have

97
<é 24 R +2Cf,gMT Kl,ge

3Lroy[ Ky, p o 3Lro\/ K, p

2+

B HDOHZ,Q n 2C; MK ge
n



and

L 0 b L 1/a7°
%Zlog 1+ H[ T]ngzl §%Zlog 1+ RT]
=1 =1
(6.5)
:O<HD0HO’glog(L)>'
n

In(6.5), |

sufficiently large to cover 0 ).

DOHO g s small for instance when @ = 0, by the group-analysis sparsity assumption (R must be

From Remark 6.2, the aggregate with g in Example 5.2 performs well under the group-analysis sparsity
scenario. Under the sparsity scenario, this rate becomes O(||8||,log(M)/n) which is the same rate as the
aggregate with g in Example 5.1.

7 Forward-Backward proximal LMC algorithm

The goal of this section is to implement our EWA estimator (with g defined in Example 5.2) via a novel
forward-backward proximal Monte-Carlo algorithm based on the Langevin diffusion (coined FB-LMC).
Let us consider a linear regression problem where ¢(z) = x, and thus

ﬁl =X 5717
where X € R™*M is the design matrix described in Section 5.1. We also consider the EWA estimator
b\n = 611, (d0),
RM

with the prior (5.2), i.e.

2
i (dO) o exp <_Hy_5X0H2> w(d0). (7.1)

Computing én corresponds to an integration problem which becomes very involved to solve analytically or
even numerically in high-dimension. A classical alternative is to approximate it via a Markov chain Monte-
Carlo (MCMC) method which consists in sampling from g by constructing an appropriate Markov chain
whose stationary distribution is x4, and to compute sample path averages based on the output of the Markov
chain. The theory of MCMC methods is based on that of Markov chains on continuous state space. As in
[20], we here use the Langevin diffusion process; see [49].

7.1 The Langevin diffusion

Continuous dynamics A Langevin diffusion L in R, M > 1 is a homogeneous Markov process defined
by the stochastic differential equation (SDE)

dL(t) = ép(L(t))dt LAW(t), t> 0, L(0) = Lo, (7.2)

where p = Vlogv, v is everywhere non-zero and suitably smooth target density function on R™, W is
a M-dimensional Brownian process and Iy € RM is the initial value. Under mild assumptions, the SDE
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(7.2) has a unique strong solution and, moreover, L(¢) has a stationary distribution with density precisely
v [49, Theorem 2.1]. L(t) is therefore interesting for sampling from v. In particular, this opens the door to
approximating integrals [, F(8)v(6)d6 by the average value of a Langevin diffusion, i.e., 7 fOT F(L(t))dt
for a large enough 7'. Under additional assumptions on v and G in a proper functional class, the expected
squared error of the approximation can be controlled [56].

Forward Euler discretization In practice, in simulating the diffusion sample path, we cannot follow ex-
actly the dynamic defined by the SDE (7.2). Instead, we must discretize it. A popular discretization is given
by the forward (Euler) scheme, which reads

)
Liyi = Ly + 5p(Ly) + V0 Zy, t >0, Lo =lo,

where ¢ > 0 is a sufficiently small constant discretization step-size and {Z} } are i.i.d. ~ N(0,Is). The
average value % fOT L(t)dt can then be naturally approximated via the Riemann sum

It is then natural to approximate 5n by applying this discretization strategy to the Langevin diffusion with
win (7.1) as the target density. However, quantitative consistency guarantees of this discretization require v
(hence p) to be sufficiently smooth, which limits their applicability in our context. To cope with this difficulty,
several works have proposed to replace log v with a smoothed version (typically involving the Moreau-Yosida
regularization/envelope, see Definition 7.2) [20, 25, 26, 45]. In [26, 45] for instance, the authors proposed
proximal-type algorithms to sample from possibly non-smooth log-concave densities v using the forward
Euler discretization and the Moreau-Yosida regularization. In [45]", — log v is replaced with its Moreau en-
velope, while in [26], it is assumed that — log v = F' 4 G, F' is convex Lipschitz continuously differentiable,
and G is a proper closed convex function replaced by its Moreau envelope. In both these works, convexity
plays a crucial role to get quantitative convergence guarantees and thus cannot be applied to our prior. Prox-
imal steps within MCMC methods have been recently proposed for some simple (convex) signal processing
problems [13], though without any guarantees.

7.2 Forward-Backward proximal LMC algorithm

Recall that in our context, p,, in (1.3) with the prior (5.2) is nor differentiable nor log-concave. To overcome
these difficulties, we will exploit the structure of j,, and involved arguments from variational analysis [50].
For ease of notation, in the following, we denote with the same symbol the measure and its density with
respect to the Lebesgue measure. Let

V(0) £ —log i (0) = F(6) + G(6), (7.3)

where )
F()= Hy - XOHQ/B and G(0) = —logm(0).

!The author however applied it to problems where — log v = F + G. But the gradient of the Moreau envelope of a sum, which
amounts to computing the proximity operator of — log v does not have an easily implementable expression even if those of F' and
G do.
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It is important to emphasize that the results we derive in the rest of the section apply to a general class of
potentials G that encompasses as a special case the one corresponding to the prior 7 (5.2). In Section 7.3,
we show that these results indeed apply to (5.2).

7.2.1 A glimpse of variational analysis

Before proceeding, we need a bit of notations and definitions. A more comprehensive account on variational
analysis in finite-dimensional Eudlidean spaces can be found in [50].

Definition 7.1 (Subdifferential). Given a point @ € RM where a function V : RM — R U {400} is finite,
the subdifferential of V at 0 is defined as,

oV(0) ={veRM .30, — 0,V (0;) = V(0),v v, € 0V (0,)},
where the Fréchet subdifferential 0F'V (0) of V at 0, is the set of vectors v such that
T
V(w) = V(0) + (v)" (1~ 8) + of|jw — 6]]).

V' is subdifferentially regular at 0 if and only if V' is locally lower-semicontinuous (Isc) there with OV (0) =
oFv (o).

OV (0) and 07V (0) and closed, with 97V () convex and 9V (0) C 0V (0) [50, Theorem 8.6]. A
proper Isc convex function is subdifferentially regular.
A function V is proper if it is not identically +oc and V' (8) > —oc for all 6.

Definition 7.2 (Proximal mapping and Moreau envelope). Let M € RM*M pe symmetric positive definite.
For a proper Isc function V and v > 0, the proximal mapping and Moreau enveloppe in the metric M are
defined respectively by

of . ]- 2
prox%(B) o Aigﬂgzlvlfn an — 05, +V(w)

ef 1
May@) < inf —
weRM 27y

2
Hw — BHM + V(w)
prox% here is a set-valued operator since the minimizer, if it exsists, is not necessarily unique. When
M = Iy, we simply write prox.,y, and 7V
V is prox-bounded if there exists -y > 0 such that ™7V (0) > —oc for some 6. The supremum of the set of
all such ~y is the threshold of prox-boundedness for V.

Definition 7.3 (Hypomonotone and monotone operators). A set-valued operator S : RM = RM s hy-
pomonotone of modulus r > 0 if

(6 —6)" (n —n) > —r||6' — 6|2, vO.60 R andn’ € S(8'),n € S(H).

It is monotone if the inequality holds with r = 0.
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7.2.2 Key properties

We start by collecting some important properties on the potential V' in (7.3) that will be crucial on our way
to design our algorithm. To avoid trivialities, from now on, we assume that Argmin(V') # (. We also state
the following assumptions.

(H.1) G :RM — R U {400} is proper, Isc and bounded from below.
B
(H'Z) ’7 6]07 2”|XH|2 [‘

def

Lemma 7.1. Assume that (H.1) and (H.2) hold. Define M., = Iy — (2v/B8)X T X, which is symmetric
positive definite. Then proxi‘é7 (0) and prox. (@) are non-empty compact sets for any 6. Moreover,

proxi\;[;’ = prox,g o (I —YVF),

and
0 € Argmin(V) = 0 € prox%" (0).

The careful reader may have recognized from this lemma the classical forward-backward operator associ-
ated to F'+ (. This lemma states that this operator coincides with the proximal mapping of vV in the metric
M ,. Moreover, fixed points of this proximal mapping include minimizers of V. They are not equal however
in general, unless for instance V' is convex.

Lemma 7.2. Assume that (H.1) and (H.2) hold. Then M~V () is finite and depends continuously on

(0,v) € RMx]o [, and (M“I’WV(O))VE]O s isa decreasing net. More precisely,

4 2
)

Myav(9) 2V (8) forall @ as ~ \, 0.
In the following lemma, we need the additional assumption:

(H.3) prox, is single-valued on RM | for any ~ satisfying (H.2).

Lemma 7.3. Assume that (H.1), (H.2) and (H.3) hold. Then proxi\;[/7 is single-valued, continuous in (0,y) €
RM x]0, ﬁ[ and M7V € CYHRM) with gradient
vMyy = fy_qu, (IM — prox%”).

In plain words, Lemma 7.1 and 7.3 tell us that the action of the operator prox. ; o (In — YV F) is equiv-
alent to a gradient descent on the Moreau envelope of V' in the metric M, with step-size .
To afford even better properties of M~V we need to strengthen our assumptions on G' and 7.

(H.4) 0G is hypomonotone of modulus r.

S
(H.5) v €]0, - Zieprs

It is obvious that (H.5) implies (H.2). The hypomonotonicity assumption is equivalent to saying that G +
%H . H; is convex, or that GG has a supporting quadratic minorant at each point of its domain. Such functions
are closely related to lower-C? and 1 /r-proximal functions in variational analysis; see [50, Theorem 10.33
and Example 11.26(d)].
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Lemma 7.4. Assume that (H.1), (H.4) and (H.5) hold. Then

(i) proxwv7 is single-valued and Lipschitz continuous with constant

(1 - ’Y(T + 2|”XH|2/5))_1- Moreover, PTOX%7 o M;l is monotone.

(ii) MV is CY(RM) and its gradient is Lipschitz-continuous and hypomonotone.

Hypomonotonicity of the drift coefficient has been exploited for backward (implicit) Euler discretization
of SDEs in [31] (see also references therein).

7.2.3 Algorithm and guarantees

We are now ready to state our scheme to sample from p,,. Define the following SDE
1 _
dL(t) = —iv(va o M 1/2> (L(t))dt + MY?dW (¢), t > 0. (7.4)

where G fulfills (H.1) and (H.4), and «y obeys (H.5). Owing to Lemma 7.4, it follows from [33, Theorem 2.4-
6.1, Chapter IV] that for every initial point L(0) such that E [HL(O) H;} < 00, there exists a unique solution

to the SDE (7.4) which is strongly Markovian, and the diffusion is non-explosive, i.e. E [HL(t) H;} < 00
for all ¢ > 0. Moreover, by [49, Theorem 2.1], L admits an (unique) invariant measure ., having a density
9 — exp (—MWV(MJI/ 29)) /Z.,, where

Zy = 1/det(M) /]RM exp (—=MV (w))du.

The following proposition answers the natural question on the behaviour of 1, — 1, as a function of ~.

Proposition 7.1. Assume that (H.1), (H.4) and (H.5) hold. Then, ., converges to ji, in total variation as
v — 0.

In fact, the proof of this proposition only needs (H.1) and (H.2). Assumptions (H.4) and (H.5) are required
only for (7.4) to be well-posed.
Inserting the identities of Lemma 7.1 and 7.3 into (7.4), and applying the change of variable U (t) =

M;l/Z, we get the SDE

1

I — Iy —AVF
dU(t):<M proxyg o Ty = 7VE)

v

With the same arguments as above, this SDE is well-posed (has a unique strong solution and the diffusion is
non-explosive).
Consider now the forward Euler discretization of (7.5) with step-size § > 0, which can be rearranged as

. >(U(t))dt FAW(), UO) =ug, £ >0. (1.5

Upyr = (1 - %)Uk + £ prox,q(Uy, = 7VEU)) + Vo Zy, t >0, Ug = uq. (7.6)

Clearly, without the stochastic term NZVA &, this would be a relaxed version of the classical Forward-Backward
proximal splitting algorithm with relaxation parameter ¢ /(2) and descent step-size -y [4]. Hence, we coin the
scheme (7.6) FB-LMC. Taking § = 2+, we obtain its "unrelaxed” version. Observe again that by Lemma 7.1
and 7.3, this is also equivalent to a gradient descent on the Moreau envelope of V' in the metric M ., with
step-size 9.
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Remark 7.1. One can propose yet another algorithm to approximately sample from p, according to the
following strategy. Consider smoothing G (resp. J if G = J o D as for analysis-type prior as in (5.2))
by replacing it with its Moreau envelope TM G (resp. with 1M, o D), where ~y €]0,1/r]. In this case
Lemma 7.4 applies to G (resp. J), whence we deduce that TM7G (resp. M7 .J o D) is CY(RM) with
Lipschitz-continuous and hypomonotone gradient. Proposition 7.1 can also be modified correspondingly to
show that 7r$ (d0) o exp (—T1M7G)(6) converges in total variation to 7 as v — 0. Thus one can replace

M, by Iy in (7.4), and V(MV’VV ) M;l/Q) with VF + VIMIG = VF 4 ~71 (IM — prova) (resp.

VF+y'D7%o (I M — Prox, J) oD). This is a generalization beyond the convex case to the scheme described
in [26]. We do not pursue this further here for space limitation and leave the details to a forthcoming work.

From (7.6), an Euler approximate solution is defined as

e SR — — t
Uty 2 U, — 2/ (U(s) — prox, g o (U(s) —yVF(U(s))))ds +/ dW (s)ds,
T Jo 0
where U (t) = Uy, for t € [k, (k 4 1)d]. Observe that U° (k&) = U (kd) = U, hence U?(t) and U (t) are
continuous-time extensions to the discrete-time chain {U} }.
Mean square convergence of the pathwise approximation (7.6) and of its first-order moment can be estab-
lished as follows.

Theorem 7.1. Assume that (H.1), (H.4) and (H.5) hold. Then

|E[U(T)] —E[UT)] ||, <E| sup [|[U°()-U®),

0<t<T

= 0(8'/?) —0.
_}

7.3 Application to group analysis sparsity prior

Let’s now consider the prior (5.2) with g chosen according to Example 5.2. For the sake of simplicity, we
take R = +oo (implying H = +oo by Proposition 5.1)?. Thus

G(8) = [a|| (D6l |5 + clog (=" + [[[D6la, |5 .
=1

and G is proper, continuous and bounded below, i.e. it fullfils (H.1). This function also has a supporting
quadratic minorant at each point, and thus verifies (H.4).

It remains now to compute the proximal mapping of G. Owing to Assumption 4.2, one can show quite
immediately that

T
prox,g = DT o proxPP D,

Y +ttm(py ©

where G = JoD, i1y,(p)(u) = 0if u € Im(D) and +oo otherwise, and D D7 is indeed definite positive on
Im(D). This means that, in general, G' does not have an easy-to-compute expression, but rather necessitates
to solve an optimization subproblem. To overcome this difficulty, we consider the case where D is invertible.
Observe that this assumption can be removed using the algorithmic alternative outlined in Remark 7.1. In

The exposition can be generalized to the case of bounded R, in which case G' will involve the indicator function of ©, and still
verifies (H.1).

19



this case, one can operate a simple change of variable w = D@ and replace F with F o D™!, and G with
J = G o D!, The latter has a closed form expression as shown in the following two lemmas.

First, observe that .J is separable into L independent functions (one for each group G;), and each of these
functions depends only on the /2 norm of the block, whence the proximal mapping has the useful form.

Lemma 7.5. For any u € R and - > 0, we have

’LLg1

PYOXW(HU% Hz)m
2

prOX'yJ(u) -

prox., (|[ugply) T2

_Yop
[ucp |l

where w : t € RY = w(t) = a%® + clog(t? + t?).

Remark 7.2. Lemma 7.5 remains valid for any prior that depends only on u through the norms of its groups,
e.g. (5.2), in which case w(t) = a®t* — log(g(t)), with the proviso that —log og is Isc.

We now turn to the computation of prox.,,. This problem is treated in the following lemma.

Lemma 7.6. Let w as defined in Lemma 7.5 and vy > 0. Then

Prox.,,(t) = (7.7)

0 if |t| < po,
t— Sgn(t)'yw’(‘prowi(t)b if [t| > po,

where pg = ming>o t + yw'(t).

Clearly, the proximal mapping of J = G'o D! is single-valued hence conforming with (H.3). In addition,
computing it boils down to solving the simple one-dimensional non-linear equation (7.7), which can be done
very efficiently.

8 Numerical experiments

In this section, some numerical experiments are conducted to illustrate and validate the numerical perfor-
mance of the proposed EWA estimator. We consider a linear regression problem

Y = X6 +¢&,

where £ is the noise, X is the design matrix. 8y € RM is the unknown regression vector of interest assumed
to obey the group-analysis sparsity assumption (Assumption 4.1), with a given invertible dictionary D. We
take the prior (5.2) where g is given in Example 5.2 with H = +o00. We then have to choose a distribution
on the noise £ such that 3 is independent of H. Such type of distributions is specified in [20, Section 2]. For
our implementation, we assume £ i.i.d. ~ A(0,0?). The noise level o is chosen according to the simulated
0.

The main steps of FB-LM applied to compute EWA with our prior are summarized in Algorithm 8.1. It
takes as inputs the vector of observations vy, the design matrix X, the noise level o, the analysis operator
D and the group size G. The parameters of EWA were chosen as prescribed in our theoretical analysis.
For instance, the temperature parameter is set to 3 = 402, the parameters of the prior: a €]0,1], b €]0, 1],

c>(2+4G)/b,7 ~1/(Mn)anda < 1/(3\/Ka4L) 1/a, where K, 4 is given in Corollary 6.3. The number

20



of iterations IV and the step-size ¢ are chosen respectively large and small enough to guarantee convergence
and discretization consistency of the algorithm.

Algorithm 8.1 Pseudo-code of the FB-LMC algorithm.
Input: The given data (y, X, 0, D, Q) and the parameters (a, b, ¢, o, B, 7,0,T)
Output: The vector 8,, € RM.
Pre-computations: P = size(D,1) ;N=floor(T/J) ;invD = inv(D); A = X*invD; AA = A’x*A;
Ay=A’xy;
Initialization: Li = zeros(P,1); u_bar = zeros(P,1);
foralli in 1:1:Ndo
nablaFD = (2/8) * (AAxL-Ay);
epsilon = sqrt(d) * randn(P,1);
Li = (1-0/(29y))+6/(27) * prox,gop-1 (Li - y*nablaFD + epsilon);
u_bar < ubar + Li;
end for
return invD*u_bar/N;

8.1 1-D signal recovery under group sparsity

In this example, we set D = I, which corresponds to the classical group sparsity. The design matrix
is drawn uniformly at random from the Rademacher ensemble, i.e. its entries are i.i.d. variates valued in

{—1, 1} with equal probabilities. The non-zero entries of 8 are equal to 1 and we denote S = HOOHO the
sparsity level of 8g. Two types of sparsity behavior are considered: individual sparsity where Gg, = 1;
group structured sparsity with Gg, = 4. Besides, the positions of the non-zero/active entries (for Gg, = 1)
or groups (for G, = 4) are chosen randomly uniformly on {1,...,M}.

The experiments are performed by fixing M = 128, and taking S = 4,8, ..., M,n = 8,16,..., M, step-
size 0 = 402 /(nM) and integration time 7' = 3500. The parameters in the prior are chosen to minimize the
remainder term in the oracle inequality (6.4). For each (.S, n), and each value of G, Nyep = 20 instances of
the problem suite (X, 0y, Y') are generated, and EWA is applied with a chosen G and the other parameters
as detailed above. The estimation quality/success is then assessed by

J— Nrep A(J’S’n) (-j7S’n)
Tsin = 3— j](H@n — 005 < e>, 8.1)
rep Sy
(.S

where ¢ > 0 (we choose ¢ = 0.4) and 0 ) (resp. Oéj Sm) ) corresponds to En (resp. 6p) in the j-th
replication of (S, n).

S/M and n/M are respectively normalized measures of sparsity and problem indeterminacy. We get
a two-dimensional phase space (S/M,n/M) € [0, 1]? describing the difficulty of a problem instance, i.e.
problems are easier as one moves up (more measurements) and to the left (sparser 8p). Phase diagrams
plotting 7g 5, in (8.1) as a function (S/M,n/M) were widely advocated by Donoho and co-authors for ¢;
minimization [21]. Such diagrams often have an interesting two-phase structure (as displayed in Figures 1(a)-
(d), brighter color indicate better success), with phases separated by a specific curve, called phase transition
curve. Thus, a good estimator is intended to have a large bright area which indicates its good performance

at a wider range of (S, n).

n
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Figure 1(a) (resp. (b)) shows the phase diagrams when Gg, = 1 and G = 1 (resp. G = 4) in EWA. In
this case, the phase transition curve for G = 1, the correct group size, is slightly better that with G = 4. The
situation reverses for Figures 1(c)-(d) where Gg, = 4, and one observes that the success area is significantly
better using G = 4 than G = 1. This is expected as it reveals better performance of EWA when used with
the choice G = Gg,. This is also confirmed by visual inspection of Figures 1(c’)-(d’), where we plotted

instances of recovered vectors 57(573’71) when (S, Gg,) € {4,8} x {1,4} and n/M = 1/2. EWA was again
applied with G = 1 and G = 4 in each case. Large spurious entries appear outside the true support when
the group size is not correctly chosen, though the impact is less important for G = 1.

It is worth observing that S/M = HOOH 07gG90 /M. As far as the expected phase transition curve is

concerned, one has from the oracle inequality (6.4) and Remark 6.2 that it is expected to occur for
n/M = Ccl|8ol|, gGoo /M (log(M/Ga,)/Go,) = CeS/M (log(M/Gg,)/Ge,)

for some constant Cc > 0 depending on e. That is, the phase transition curve is linear (M and G, are fixed
for each diagram), which is confirmed by visual inspection of Figures 1(a)-(d), where the overlayed blue line
is the fitted linear phase transition curve.

8.2 2-D image recovery under analysis group-sparsity

In the second numerical experiment, 6 is a 2-D image which is a matrix in R69%160 (3 close-up of the
known Shepp-Logan phantom, see Figure 2(a)). Let us denote vec the vectorization operator. Thus vec(6g)
is vector in RM with M = 1602, and our goal is to recover 8 from

Y = X vec(6y) + &,

where & ~ N(0,0%I,) and X € R™M is again random whose entries are i.i.d. from the Rademacher
distribution. Since the targeted image is piecewise-constant, a popular prior is the so-called isotropic total
variation [51]. It turns out that this can be cast in our analysis group-sparsity framework as a special case.

Let Dy : RVMXVM _y RVMXVM an4q D5 : RVMXVM _y RVMxVM pe the finite difference operators
along, respectively, the columns and rows, with appropriate boundary conditions that we will specify shortly.
We define the linear analysis operator D as

D: 0 € RVMXVM s (D)(6), Dy(8)) € RYMXVM o RvVMxVM

The isotropic total variation prior on 8 promotes sparsity of

vec (H [D(69)]; Hz) \<i eI By defining the set of groups by

g: U {(Z7]7 1)7<i7j72)}7

(7;7]')6{17---,8;)0}2

one immediately realizes that measuring sparsity of the above vectorized form is equivalent to group sparsity
of D(6) with groups of size 2 along the third dimension. One can then use FB-LMC Algorithm 8.1 to get
the EWA estimator. We have however to ensure that D and D5 are invertible, which is achieved by a proper
choice of the boundary conditions (not periodic of course).

The results are depicted in Figure 2. The number of observations is n = 9/16M = 14400, and we have
HD(GO) Ho, G = 1376 < n. A notable property of the EWA estimate is that it does not suffer from the
stair-casing effect, unlike total variation minimization.
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Figure 1: (a)-(d): Phase diagrams of EWA for D = I, the color bar ranges from dark (g, = 0) to

o~ '757
bright (mg, = 1). The blue line is the fitted phase transition curve. (a’)-(d’): Examples of vectors 0(j ™)

recovered by EWA with n/M = 1/2, two sparsity levels S = 4 and S = 8 and two group sizes G, = 1

and G, = 4.
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(a) Original image (b) EWA estimated image

/ \

\ /B /

Figure 2: (a): Original close-up of Shepp-Logan phantom image. (b): Image recovered by EWA with § =
2-107%and T = 10%.

9 Conclusion

In this paper, we proposed a class of EWA estimators constructed from a novel and versatile family of priors
which promotes analysis group-sparsity, where the analysis operator corresponds to a frame. Its quality is
guaranteed by establishing a sharp SOI with a small remainder term in high-dimension. We also described
a forward-bakcward proximal LMC algorithm, which is an implementation of EWA and can be viewed as
a Forward Euler discretization of a Langevin diffusion involving the Moreau-Envelope of the potential in a
proper metric. We derived consistency guarantees of this discretization. The performance of the estimator
was illustrated on some numerical experiments which support our theoretical findings. There are still open
problems that we leave to a future work. More precisely, one direction is to investigate how to remove the
frame assumption. Another one would be to derive further/better quantitative convergence bounds of the
proposed discretization to the target distribution and/or to relax some of the assumptions to cover an even
larger class of distributions.

10 Proofs

10.1 Proofs of auxiliary results
10.1.1 Proof of Lemma 4.1

Consider the linear mapping D : 8 € R™ + D@ € R”, P > M. The Jacobian matrix of this mapping
is obviously D for any @ € RM. Since D is a frame, it is injective, hence so-called M-regular (see [41,
Section 1.5]). In particular, det(DTD) > (. Thus combining [41, Theorems 1.12 and 3.4] and the Cauchy-
Binet formula [41, Theorem 3.3]), we have the change of variables formula

u(DO))dv

1
wW(DO)d = ——— /
/9 \/ det(DTD) R (OEGO{E:Dwv}
_ 1 /
\/ det(DTD) Im(D) <06®ﬂ{§)w’u}
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u(D0)>dv. (10.1)



Using once again that D is a frame, i.e. it is bijective on its image Im(.D), the result follows. This concludes

the proof.

10.1.2 Proof of Proposition 5.1

Let® € ©andi € {1,...,n}. Setting uf = Z]Nil 0; f;(z;) and

wb = (uf, ..., u8)T, and by virtue of (4.1), we have

»'n
[wll, = | x6], < 1x11|| D7||| Dell,.
From (4.2), we get also
|57 = o (2757") <
N
Moreover, since a €]0, 1], by the triangle inequality, we get

L L 1/a
o), <3 1Doig, < [Si0olo] - = |ol <
=1 =1

Combining (10.2), (10.3) and (10.4), we obtain

X[ B/
Vi

la?ll, <

which in turn implies u® € B. Therefore, for any (6, 6') € ©2,

o= || L(u?) - L"),

| fo— For

|, < 2max || L(@)]],.

10.1.3 Proof of Lemma 5.1

Let us first check the integrability condition (5.3). By Lemmas 4.1 and 2.2, we obtain

L
/RMll_Ilg(H[Du]ngQ)du_ \/7TD/ Hg "UQZH

IN

L 00 L
_ detff)TD) ( /0 zGlg(z)dz> .
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L
T o oot @<4G9<r»u»wz>du>

O]

(10.2)

(10.3)

(10.4)



Since G > 1and g : RT™ — R™, by (5.6), we get

L
/ [T o(liDulg|,)du
RM =1

oL 1 00 L
< G(/ zG_lg(z)dz—i—/ wG_lg(w)dw>
det(DT D) \/0 L
CL o) L
< G( sup g(z)—i—/ wGHg(w)dw) < 0. (10.5)
det(DT D) \=€0.1] 1

Therefore, g satisfies Assumption 5.2-2.
Now, we check the moment condition (5.4). Using similar arguments to the bound (10.5), we have

L
[, a2 T oDl e
RM el

IN

1 / 2 L
————— | llvall; [ 9(llva.[l,)dv
\/det(DT D) /R” 2k1_[1 ’

1 9 L—-1

- ([ Nlitlel i) ([ atlol o)

det(DT D) \/R R

Cé 00 a1 < e’} o1 )L—l
—_— 27" g(z)dz / w”g(w)dw < 00, (10.6)
0

whence we conclude that g satisfies Assumption 5.2-3. O

10.1.4 Proof of Corollary 6.1

Lety=3,v =2andn = 1. We have /v < 1+ 1 so that Lemma 2.1 applies. We thus obtain

00 o) 2
G+1 _ Z
/0 27T hg(z)dz = /0 e 7_z)zdz < 00.

From Lemma 5.1, g satisfies Assumptions 5.2-2 and 5.2-3. Moreover, taking h(¢) = 1 4 ¢/7 and A = 4, for
all (¢,t*) € R2, we have by Young’s inequality

glt—t)) [ 72 4 12 ]2_[1+2T(t—t*)t*/7+t*2]2
G G O 72+ (t — t¥)2
o] e 1 R
e = S R = h(|t*])*.

Therefore, g satisfies Assumption 5.2 for G = 1.
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Owing to Remark 5.2 and Lemma 2.1, we obtain

We are now in position to apply Theorem 6.1 with D = I'p; (then P = M), G =1 (then L = P),a =1
and oo < 1/(3M ) to conclude. This completes the proof. O

10.1.5 Proof of Corollary 6.2

Lety=2+G,v=>bandn =c— 1. We have /v < n+ 1 and thus Lemma 2.1 applies, whence we obtain

0o o) xGJrl
/ 29 g(2)de = / ————dr < 0.
0 o

70 4 2b)e

From Lemma 5.1, g satisfies Assumptions 5.2-2 and 5.2-3. Recall that b €]0, 1]. Taking h(z) = 1 + (z/7)°
and \ = ¢, for all (t,t*) € RY x R, we have

. i boq°
gle—elly) |+ ] -
a([l[],) e —t]n]

LI[b L1107 €
et el
-l

B P ]CS [1+ (Ht*Hg/T)br

P fe-;

Therefore, g satisfies Assumption 5.2 with any G > 1. Applying Theorem 6.1, we obtain the claimed SOI.
The proof is complete. O

10.1.6 Proof of Corollary 6.3

Since g satisfies Assumptions 5.2-2, 5.2-3 and D is invertible, by Remark 5.2 and Lemma 2.1, we get

[ s 2a+G 20+G
R G N 2a L (#455)T (e — 24°) _ K %
9 = oo g0 1 T € G agT
Jo (T(iﬁ]b)cdq L) (c—%)

— 1/a
According to (6.3) and the fact that o« < 1/ (37“ KLWL)

= 1/(3\ /KaygL) l/a, we obtain (6.4). This ends the proof. O

10.2 Proofs of the SOI results

10.2.1 Proof of Theorem 6.1

Remind the prior () from (5.2), where © = {6 € R™ || De||% , < R}.
Let 7, = 3y/KayL, 0,0 = {6 € R 1 || DO — DO"2 ; <7, } and

6 c{0eRY | DO|!; < R—3\/KogL = R—7.}. (10.7)
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We define the probability measure

1 [(dnm .
2(a0) = o (G50~ 67)) 1o, (0106,

where C';, > 0 is the normalization factor for po
Since r, < R, 6 € ©,, p implies that 6 — 0* ¢ ©. Therefore,

L
1 . T .
- C’Lll:[lexp (_O‘ |lD6 — Dé ]91H2>9(H[D9 - Dé ]Q1H2>
Io(6 — 6T ,,(6)6

14 - )
_ OLlHlexp (~a|tD8 - D84, [13)9([| (DO — DO, 1,)

Ie, 5 (8)do.

Foranyi € {1,...,n}, with X; = (f1(z;), .. , one can write
M
=0 > 0, fi(x) | =¢(XT6).
j=1

Taylor-Lagrange formula then gives us

(fo(mi) — f(2i)® < (for (i) — f(2:))* + Cre[XT(6 - 0*)]2
+ 2(for (m) — ()l (X]60*)XT (6 — 0%, (10.8)

where Cre = [[€/[[ 2, + (1] o (1)l + [17]]0)-
By summing, normalizing by 1/n, taking the integral in © w.r.t. pg

/@ lio— 2P0y < |for — 1|17
+ *Z for (i) — f(a)l' (X7 07)

D inequality (10.8) becomes

x7 / (6 - 6" )P (d6)
©
+ Cry /R y % S [XT(0 - 607)] nP(do). (10.9)
i=1

Note that, the right term of inequality (10.9) corresponds to a sum of three components. In the following, we

keep the first component and treat the other two.
Let us first show that the second component vanishes. Indeed, let 8 € @pOD, from (10.7) and the fact that

a €]0, 1], we have

L L
|D6|:; = D IDblall; <D (|[[D6 - D6*g, |, + || [D67]g,||,)*
=1 =1
|DO — DO, + | DO*|[: ; < v+ DO, <R

IN
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Then 6 € {9 e RM . HDOHZ ¢ < R} = 0. Therefore, we have the embedding

0,,p C O. (10.10)

In what follows, we denote B? ;(z) = {z c R : HzHZ g < x}, Va > 0 for brevity. By (10.10), property
(4.1), Lemma 4.1 and symmetry of B ;(rr) N Im(D), we obtain

(06" o)
L
~ /@m@ D(a - o*)Hexp (~a* 1D — DOl |)o([[LDE — DO ) do

_ /@mD (6~ )] [ exp (—a”||(D6 — D) [3)o([[[D6 — D" |, ) do

=1
DT

= — z| | exp (—a?||zg [|2) g (]| 2 dz =0, (10.11)
det(DT D) /B“g(m)mlm D) 1131 ( I 91H2) (H Gsz)

which is the desired claim.
We now bound the last term in the right hand side of (10.9). Define

po(du) = Hexp al|ugi|5) 9 (|ugill) imynzs g (w)du. (10.12)

CL,/det(DTD )i=1

One can see that pg coincides with the probability measure po” on RM via a change of variables of type
(4.3). So, py is a probability measure on R”.

Forany i,j € {1,...,L}, i # j, by a change of variables, we get

T T
ug ug.po(du) = — ug, ug. po(du),
/P g, ug,po(du) /P g, ug,po(du)

SO
/ ug,ug po(du) = 0. (10.13)
RP !
Forany j € {1,..., L}, as all groups have the same size, we have
T _ T
/ ug,ug po(du) = / ug, ug, po(du). (10.14)
RP : RP
For amatrix A € RM*M and | € {1,..., L}, [A] G,., stands for the restriction of A to rows and columns
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indexed by G;. Combining (4.1), Lemma 4.1, (10.13), (10.14) and Von Neumann’s trace inequality, we obtain
— T —

/ Z [X7(0 — 6] poP (d6) = / [XDTu} X DT upo(du)
RM T RP
1

- = / tr (uTDT XTXDTu> po(du)
n RP
1 —\T _ —=

= —tr <<XDT) XDT/ uquo(du)>
n RP
1 L —\T _ —=

= = Ztr [(XDT> XDT} / ug, ug, po(du)
n =1 G1,6, JRP
| L. & o
_ Z Z 0; ( |:<XDT> XDT:| )Uj (/ ugluapo(du)>
n G1,G1 RP

=1 j=1

FRETE S ((C Ry

=1

IN

1 N\
= ~tr <(XDT) XDT>/ |[ug, ||2po(du). (10.15)
n RP
Moreover, by inequality (4.2), Assumption 5.1 and Von Neumann’s trace inequality, we obtain

— 1 —— T
<<XDT> XDT> = "t (XTXDTDT )
n

L
n
M T — T — T M T
< Do (X X)Jj(DTDT ) < al(DTDT >Zaj<XnX> <M oae

i—1 j=1 o

<.

Putting together (10.15) and (10.16), we get the bound
1 & 2 M 2
C — X7 —-069]"pPo) <C / du). 10.17
b0 L 2 XE O -0 0P 00 < 030 [ [t (10.17)
Thanks to (10.11) and (10.17), inequality (10.9) becomes

M
/Hfo—inpoD(da)Ser*—inJFCf,E/ g, || 590 (). (10.18)
© n JrP

Now, inserting (10.18) into Theorem 3.1 (with p = poD ), we arrive at

BKL(py®?, )
—

—~ M
E(1fu = 7IE] < 1o = 112+ Cra=y /RP g, |[5p0(du) + (10.19)

To complete the proof, it remains to bound the last two terms in the right hand side of (10.19). This is the
goal of the following lemma whose proof will be detailed in Section 10.2.2.

Lemma 10.1. Consider the same framework as the one in Theorem 6.1, we have

/R A g, ||opo(du) < 2K gert”, (10.20)
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and

L
KL(po”,7) < 14rpa®+ A log {h(H[DO*]ng2>} +a|DO" [, ;-
=1

With r;, = 3,/ K 4L, it follows from (10.19) and Lemma 10.1 that
E (17— £1E] < o 7112 + 2 (14 8y/KugLa® + 0% DO°)2 )

L Ky e3VEKagLa® pro
#2230 {1 D87 } + A,
I=1

According to (10.7), this completes the proof of Theorem 6.1.

10.2.2 Proof of Lemma 10.1
To prove Lemma 10.1, we need an intermediate result.
Lemma 10.2. Let s > L/ K, 4. The following inequality holds

L ’K,,

(s = Ly/Kag)”

Q(H[Du]gl HQ)du <

1
T /{uERM:HDu

a
a7g>s} =1

L
where T = fRM I g(” [Dujg, Hz)du.
Proof of Lemma 10.2. Let U be a random vector in RM with density

| L
u THQ(H[DU]QZH2)7
=1

where 1" < oo by Assumption 5.2-2. By Chebyshev inequality, we have

9([|[Dulg,||,)du = P

1 L
T /{UERM:HDuH:g>s} =1

_ [zauuwgluz B (DU ) > s~ 3 E mwwglu;]]

=1 =1

e |[SE (DU s - E 10w )] |

< :
(s — ZZL:I E HHDU}%HQDQ
v (S |I0ULa )
(s = X121 E [[[[DU]g,[|3])?
E [(Zh H[DUwIZﬂ
<

(s = T B [[|[PUlg, [l51)*
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L
S (DUl 2 > ]
=1

(10.21)

(10.22)



Next, by Cauchy-Schwartz inequality and Remark 5.1, we obtain

B {(Z jiours ) ]

and by Jensen inequality

LZH DUng ] < I’K,

L

= E(IDUg 5] > -3 B[00l 2 <~ LyE >0

=1 =1

Thus, combining (10.22), (10.23) and (10.24), we get

L’K,,

L
1
— D du < .
T/‘{’LLGRIM:HD'U,H:9>S} l:1g(H[ U]ng2) v= (S—L Ka,g)Q

We now turn to the proof of Lemma 10.1

Proof of Lemma 10.1. Let us begin by the proof of inequality (10.20). We have

|, I ot
RP

1 /
"U,g H e
(L det(DTD) @ (ro)NIm(D 1211_[1
u g u
Cp/det(DT D) /“ o (ro)Nm(D ‘ 91H2H ‘ Qz“

+g(ug||)du

IN

(10.23)

(10.24)

(10.25)

In the following, we show inequality (10.20) by bounding the right term of inequality (10.25). By Lemma 4.1

and Remark 5.1, we get

1 fIB&g(TL)ﬂIm(D) |ug, Hg [T 9(||ug, Hz)d“
det(DT D) S Ty 9([[[Dulg, o)

fIm H“&Hsz 19 HquH )du

1
\/det(DT D) fRM [T, (]| [D] 1o, [|)du

fRM H [Du) 91H2 lelg H [Du] ngZ -
Jrm Hlel Q(H[DU]QZHQ)du E

Then

/
det( ) a,g( L) Im( H H 1 H lH ]g
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We now bound C7, . By a change of variables, we obtain

—1
ol = (/ H Hzg(H[DG D6, |, )dg)
9,0 1=1
Ipull? 4 17 -
—a?||Du
- a € @9 g(||[Du du
</{u€RM:HDuHa,g<TL} U <H[ ]ngQ) >
-1
67"Lo¢“ / g Du du '
( {MGRM:HDUH <7‘L}ll_[1 H ng )

Since r;, = 3/ Kq gL > /K4 4L, Lemma 10.2 gives us

-1
1
T(1—-= D
( J m}lﬂlg\\ alg | )]

-1
erLa“T—l 1— LQKavg
(rp = Ly/Kag)?

. 1\ ! .
— el <1 — 4) < 2errat 1, (10.27)

a

CLfl < L

IN

Combining (10.26) and (10.27), (10.25) becomes

L, g zpotcw) < 23 e

That concludes the proof of inequality (10.20) in Lemma 10.1.

Next, we prove inequality (10.21). Remind that supp(7) = ©, supp(po?) = O,,p0. By (10.10), we
get ©, b C © implying that poP is absolutely continuous w.rt. 7. So KL(po?,7) < oo which can be
bounded. The bound in (10.21) can be proved as follows. By Lemma 4.1, we have

a2

_ / o Cog iz1€ " "|[ipe-pe- ]QIHQQ(H[DO D6"]g )
RM Cr, Hlel om0 [De]ngQQ(H[Dg]ng2>

v leallag (e, — t,,)

= [ o | St ]

=1 eaaHtglitélH;g(Htng2)

Ca s . i
o (S222) 003" [ Tl -~ 15 It
‘tgl taH )
+ / IOg D (dt),
Z ( Htng ) °
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where pg is a probability measure in R” defined in (10.12). We know that t* = D@*, according to the fact

that Htgl Hg - Htgl H2 Ht H2 and Assumption 5.2-4, we get
Ca: R a * || @ - *
KL(po2, ) < log (Oi> +a?|| DO ¢ ; + A;log {n(lD615I,) }- (10.28)

Now, it remains to bound log(Cy, ¢ r/Cr). Remind that C, 4 g is the normalization factor of 7, and thus
we get

L
Cogn= | Hexp (a[tpeg ;s (10l ) o < | Lo (l1Delg,,)do =7

Combining this with the bound of C7,~! in (10.27), we obtain

C
log (ZﬂR> <rpa®+1log(2) <1+rpa”. (10.29)
L
Inserting (10.29) into (10.28), we get inequality (10.21). This completes the proof. O

10.3 Proofs of Section 7
10.3.1 Proof of Lemma 7.1

In view of (H.1), V is also proper Isc and bounded from below. This together with (H.2) shows that V

5[, and for any 6, ;- HO + V is proper Isc and level-bounded

is prox-bounded for all v €]0 Hi/f
-

’ ZII\X I®
uniformly in (@, ). This entails that the set of minimizers of this function, i.e. proxi\;[/ (0), is a non-empty
compact set. The same reasoning leads to compactness of prox. ;(6).

Now, we have

1
proxi\;"/7 (0) = Aurgmin ZH'w — 0”2 + V(w)

RM M
1 2 2 2
= Angmin 5w — 6] = 71X (w = )+ Jlly ~ X} + Gl
By the Pythagoras relation, we then get

1 1
proxht(0) = Axgnin o — 0]+ 3 (G ly - X0 - (X(0 - w)" (X0 —) ) +16(w)
we

— Argmin - [[w — 0]2 — L (w — 0)"(XT(y - X8)) +~C(w)

weRM 2 15}
—Arglr&l[nf”w C —27/6XT(X0—y))H§+’yG(w)

= prox,;(0 —YVF(6)).

For the last claim, suppose that & € Argmin(V) # () and bounded but 6 ¢ prox%"’(@). Thus, for any
pE prox%”(e), we have p # 6 and

V(w) < 5[l 6l3, + Vip) < VO

leading to a constradiction with 0 is a minimizer of V. O
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10.3.2 Proof of Lemma 7.2

The continuity and finiteness properties follow from [50, Theorem 1.17(c)] (see also[50, Theorem 1.25]),
where we use (H.1) and (H.2). For the second claim, we have V8 € RM

—oo < inf V<M v(9) <V (8).

Moreover, let p € prox%” (6). Then, V¢]v, ﬁ[,

1
Moy (9) = inf —

2
it gl = 0, + Ve

1
< 35lp =63, + Vo)

1 2
<o P =6l +VP)
=M+ v(9).

This together with continuity concludes the proof. 0

10.3.3 Proof of Lemma 7.3

By virtue of Lemma 7.1 and (H.3), proxi\([/W is clearly non-empty and single valued. The continuity property
follows from [50, Theorem 1.17(b)] (see also[50, Theorem 1.25]) and single-valuedness. By Lemma 7.2, V'
is prox-bounded with threshold 3/(2[|| X|||*) and M~7V/ (@) is finite. Invoking [50, Example 10.32], we get
that —M~>7V is strictly continuous, subdifferentially regular and

a(=M7v)(9) = {fle (proxfy‘éw)) - 9) } v0 € RM.
Combining this with [50, Theorem 9.18] applied to —*>7V/, we obtain that M~V is differentiable and its
gradient is precisely as given. O

10.3.4 Proof of Lemma 7.4

(i) Assumption (H.4), [50, Exercise 8.8(c)] and convexity of F' imply that dV is hypomonotone of mod-
ulus r. Inturn S = OV + 1" M, = 8<V+% m, or

equivalently that V' + %/H : H?\JW is convex. Let § = v~1 —7/ and W (w, 8) = V (w) + %/H'w - OH?MW.
Thus

2 . .
. HM ) is monotone with ' =
5

1 5
Viw)+ o |lw=0lfsy, = Ww0) + 5llw =0y,

W (-,8) is a convex function on RM and assumption (H.5) is equivalent to § > 0. Altogether, this
entails that W (-, 0) + %H : —OH?VI is strongly convex uniformly in 6 and v complying with (H.5). It
Y

then follows that proxi\([/ is single-valued. We have
M., +~0V =~y(6M., +S) =~v6(M, +51S).
By Fermat’s rule, we then get

proxi\;[,7 = (M, + 76V)_1 oM, = (M7 + (5715)_1 o (75)_1M7,
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and the latter operator is well-defined as a single-valued operator since .S’ is maximal monotone; see
[3, Proposition 3.22 (ii)(d)]. Let p = proxi\i[/7 (0) and p' = proxi‘(*’/7 (6'). Tt then follows that

M.0 — v6M.p € vS(p) and M 0" — vdMp' € vS(p),
and monotonicity of S yields
(P —p)" (M,(6' = 0)) = 3|[p —pll3, = 6(1 —2+IXI1*/8) [P — pll5-
Using Cauchy-Schwartz inequality and ||| M, || < 1, we then obtain
I’ = pll, < x[[6" = 6],

where 571 = 90(1 = 29[| X|°/8) = 1= ~(r + 21X |I°/5).

Let now p = prox%” (M 19) and p’ = prox%” (M7 19"). With the same arguments as before, we
get

T 2
(#' —p) (6'=0) = 70[[p" =Pl 20,
which shows monotonicity of prox%” (in fact even co-coercivity).

(ii) Since proxi\;[,W is single-valued and Lipschitz continuous, C'' smoothness and Lipschiz continuity of
the gradient follow from Lemma 7.3. Let’s now turn to hypomonotonicity. We have

p = proxt (6) = (M, +67'5) ™ (1) M,0)
<y 'M.,0—5M,p € S(p)
= peSt(yv'M,0-5M,p)
= (67)'M.0 € M’Y(((SM’Y)_I + S_l) (y"'M,6 - M,p).

Since S is monotone, so is S~1. In turn, with similar arguments as for S above, ((5M 7)_1 + 5 _1)
is well-defined as a single-valued operator, and is monotone. Therefore,

a0 oMp = (M) 57 (1))

Using Lemma 7.3, we obtain
M -1 -1 -1 -1 -1
VMV (0) = (6 — 7 V) M, 0 + ((6M7) +8 ) ((67) 0).

—1
As we argued above, one the one hand, ((5M 7)71 + S _1> is monotone. On the other hand,

§ — vt = —r'. Clearly (5 — 7_1)M ~ is symmetric definite negative, whence we deduce the hy-
pomonotonicity claim. O
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10.3.5 Proof of Proposition 7.1

Recall that we denote with the same symbol the measure and its density with respect to the Lebesgue measure.
Thus

o=l = [ 1 6) = .

where
1,(8) = exp (=MIV (M) ) /7., and 1 (6) = exp (~V(9))/Z,

and Z = [ exp (—V (u))du. We have det(M,) — 1asy — 0. In view of Lemma 7.2, applying the
monotone convergence theorem, we conclude that Z, — Z. This together with Lemma 7.2 yield that s,
converges to L, pointwise. We conclude using Scheffé(-Riesz) theorem [37, 53]. ]

10.3.6 Proof of Theorem 7.1
Iprrocho(IMf'yVF)

By Lemma 7.4(i) and Lemma 7.1, we have Lipschitz continuity of the operator S =
Let x be this Lipschitz constant (which depends on ). By these two lemmas again, we have for any bounded
0 € Argmin(V)

[S@)ll; = [|5(w) ~ SO < 5[ — 6|5 < 26> |lw][; + 26[|0]]3 < (1 + [|w]3).

where ¢ = 2x? max(1 ;) Thus the global Lipschitz and growth conditions required on the drift coef-
ficient are verified, and the bound follows from [56, Theorem 7.3, Chapter II] or [35, Theorem 10.2.2 and
Remark 10.2.3]. Using Jensen’s inequality we get the bound on the moment. O

10.3.7 Proof of Lemma 7.5

This is a probably known result, for which we provide a simple proof. Since J = G o D1

w 18 continuous and lower-bounded, we have

is separable and

~

1 2
ﬁglpfﬂw—u!!ﬁ%] Z min *Hv ug, [l3 +yw(|[vlly),
and thus, VI € {1,..., L},
1
[prova(u)]gl = Argmln —|lv— Ugl||§ + yw(||v]y)- (10.30)
veRC

If ug, = 0, then as w is an increasing function, [proxv J(u)] = 0. For ug, # 0, by isotropy of problem

G
(10.30), we can write :

't 2 . 1 2
oy — = t — . 10.31
min o [lv —ug, ||, + yw(l|vlly) = minyw(t) + <” min 5 lv - 9z|2> (10.31)

The inner minimization problem amounts to solving for the orthogonal projector on the £ sphere in R“ of

radius ¢, which is obviously v = tW since ug, # 0. Inserting this into (10.31) and rearranging the
91
terms, (10.30) becomes ’

ug, 1 2 u
prox.;(u)|, = Argmin — (¢t — ||ug,|,)” +yw(t) =
[prox, ]gl lug,lly 0 2( o) |w

prox., ([lug, |[,),
z||2

where we used even-symmetry of w. O
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10.3.8 Proof of Lemma 7.6

We can see directly that
W(t) = a®® + clog(r’ + t*) — clog(*)

is non negative, differentiable and non decreasing on |0, +oo|. Let u : t €]0, +00[ > ¢ + @'(t), it suffices
to prove that this function is strictly unimodal to apply [2, Theorem 1]. Indeed, one can show by calculating
the first and second derivatives of u that

lim /(t) = —oo, lim /(t) =1,
t—0+ t——+oo

and
u”(t) > 0, Vt €]0, +o0.

These two arguments show that there exists a unique minimum of u on ]0,4+o00[. So, we can apply [2,
Theorem 1] to get the proximity of w which is the same as that of w since the minimization problem is
unchanged by adding a constant. O
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