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Output feedback stabilization of the Korteweg-de Vries

equation
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Abstract

This paper presents an output feedback control law for the Korteweg-de Vries equation. The control design is based on the
backstepping method and the introduction of an appropriate observer. The local exponential stability of the closed-loop system
is proven. Some numerical simulations are shown to illustrate this theoretical result.
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1 Introduction

The Korteweg-de Vries (KdV) equation was introduced
in 1895 to describe approximatively the behavior of long
waves in a water channel of relatively shallow depth.
Since then, this equation has attracted a lot of attention
due to fascinating mathematical features and a number
of possible applications.

From a control viewpoint, the KdV system also presents
amazing behaviors. Surprisingly, by considering diffe-
rent boundary actuators on a bounded interval [0, L], we
get control results of different nature. Roughly speak-
ing, the system is exactly controllable when the control
acts from the right endpoint z = L ([16,5]), and null-
controllable when the control acts from the left endpoint
x =0 ([8,9,1]).

Due to this kind of phenomena, the control properties
of this nonlinear dispersive partial differential equation
have been deeply studied. However, there still are many
open questions. See [2], [17], [13], and the references
therein.

In this article we focus on the boundary stabilizability
problem for the KdV equation with a control acting on
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the left Dirichlet boundary condition. The studied sys-
tem can be written as follows

Ut + Uy + Upge + UUL = 07
u(t,0) = k(t), ugp(t, L) =0, ugy(t, L) =0, (1)
u(0, ) = uo(z),

where k = £(t) denotes the boundary control input and
ug = up(x) is the initial condition. Concerning the sta-
bility when no control is applied (¢ = 0), it is known
that the linear system is asymptotically stable (see [21,
Lemma 3]). We aim here to design an output feedback
control in order to get the exponential stability of the
closed-loop system.

Some full state feedback controls have already been de-
signed in the literature for KdV systems. When the
control acts on the right endpoint, we find [4] where a
Gramian-based method is applied, and [6] where some
suitable integral transforms are used. In [21], [3] and
[12], the authors use the backstepping method to design
feedback controllers acting on the left endpoint of the
interval.

However, in most cases, we have no access to measure
the full state of the system. Thus, it is more realistic to
design an output feedback control, i.e., a feedback law
depending only on some partial measurements of the
state.

For autonomous linear finite-dimensional systems, the
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separation principle holds. Thus, stabilizability and ob-
servability assumptions are sufficient to ensure the sta-
bility of the closed-loop system. In other words, if there
exists a controller, which asymptotically stabilizes the
origin of the system and an observer which converges
asymptotically to the state system, the output feedback
built from this observer and this state feedback asymp-
totically stabilizes the origin of the system. The case
of autonomous nonlinear finite-dimensional systems de-
pends critically on the structure of the system. We can
only hope having a semi-global result (see e.g [22]). In a
PDE framework, this principle, even for linear systems,
is no longer true and the stability of the closed-loop sys-
tem is not guaranteed.

The basic question to state the problem is which kind of
measurements we are going to consider, being the bound-
ary case the most challenging one. In [12] we consider
the linear KdV equation with boundary conditions

u(t,0) = k(t), u(t, L) =0, uy(t, L) = 0. (2)

In that paper, we see that this system is not observa-
ble from the output y(t) = u,(t,0) for some values of
L. However, we design an output feedback law expo-
nentially stabilizing the system for the output given by
y(t) = uge(t,L). Thus, we see that the choice of the
output is crucial. In [10], the same controller has been
applied to the nonlinear Korteweg-de Vries equation.

In this paper, we will consider the nonlinear KdV equa-
tion (1) with measurement

y(t) = u(t, L). (3)

Independently to [12] and to the present paper, Tang
and Krstic have developed the same program for similar
linear KdV equations. Full state [21] and output state
[20] feedback controls are designed by using the back-
stepping method.

This paper is organized as follows. In Section 2, we
state our main result. Section 3 is devoted to recall the
feedback control designed in [3]. The observer is built in
Section 4. In Section 5, the stability of the linear closed-
loop controller-observer system is proven. In Section 6,
we prove the local stability of the nonlinear closed loop
controller-observer system. Some numerical simulations
are presented in Section 7. Finally, Section 8 states some
conclusions.

2 Main Result

Based on [11] and [19], we built an observer for (1). More
precisely, we define, for some appropriate function p; (z),

the following copy of the plant with a term depending
on the observation error

U + Uy + U + Uty + p1(2)[y(t) —a(t, L)] =0,
’&(t, 0) = K(ﬁ), az(t’ L) = azw(ta L) =0,
11(0,30) = ’Cto.

(4)

As mentioned in Section 1, our main result is the local
stabilization of the KdV equation by using the output
(3), as stated in the following theorem whose proof is
given in Section 6.

Theorem 1. For any A > 0, there exist an output feed-
back law k(t) := k(u(t,z)), a function p1 = p1(x), and
two constants C' > 0, r > 0 such that for any initial con-
ditions ug, o € L?(0, L) satisfying

luoll20,0) <70 ltollz20,0) <y (5)

the solution of (1)-(3)-(4) satisfies

u(t, ) —a(t, )l L20,0) + @, )l z20,1)
< Ce M (||u0 - ﬂ0||L2(0,L) + ||ﬂ0||L2(0,L)), vt > 0.

(6)

Remark 1. Notice that from this theorem we get the
exponential decreasing to 0 of the L%-norm of the solu-
tion u = u(t,z) provided that the L?-norm of the initial
conditions of the plant and the observer are sufficiently
small. o

3 Control Design

The backstepping design applied here is based on the
linear part of the equation. Thus, we consider the control
system linearized around the origin

u(t,0) = k(t), ux(t, L) = ug(t, L) =0,

and the linear observer

a(t,0) = k(t), Ge(t, L) = Gae(t, L) = 0.

The standard method of output feedback design follows
a three-step strategy. We first design the full state feed-
back control. Next, we built the observer. Finally, we
prove that plugging the observer state into the feedback
law stabilizes the closed loop system.

In [3] the following Volterra transformation is introduced

L
w(a) = T(u()) = u(z) - / ke pu()dy.  (9)



The function k is chosen such that v = u(t, z), solution
of (7) with control

L
aw.A K0, y)ult, y)dy, (10)

is mapped into the trajectory w = w(t, z), solution of
the linear system

Wy + Wy + Wage + Aw = 0, (1)
w(t,0) = wy(t, L) = wye(t, L) = 0,

which is exponentially stable for A > 0, with a decay
rate at least equal to A.

The kernel function k = k(z,y) is characterized by

kyez + kyyy + kz +ky = =Xk, in T,
k(xz,L) + kyy(xz,L) =0, in [0, L],
k(x,z) =0, in [0, L], (12)

ky(x, ) = g(L —x), in [0, L],

where T := {(z,y)/x € [0, L],y € [z, L]}. The solution
of (12) exists. This is proved in [3, Section VI| by using
the method of successive approximations. Unlikely the
case of heat or wave equations, we do not have an explicit
solution.

In [3] it is proved that the transformation (9) linking
(1) and (11) is invertible, continuous and with a contin-
uous inverse function. Therefore, the exponential decay
for w, solution of (11), implies the exponential decay
for the solution w controlled by (10). Thus, with this
method, the following theorem is proven.

Theorem 2. ([3]) For any A > 0, there exists C > 0
such that

lu(t, lz20,2) < Ce™ w0, 20,0y, V¢ 20, (13)
for any solution of (7)-(10).

We give later more details on the observer design. Let
us remark that the output feedback law is designed as

n@sz k(0. y)a(t, y)dy, (14)

where 4 is the solution of (8).

Thus we get the following result, which can be com-
pared to [12]. The proof is given in Section 5.

Theorem 3. For any A > 0, there exists C > 0 such

that for any solution of (7)-(8)-(14) we have
Ju(t, ) —a(t, )l L20,0) + 1@t )l L2(0,L)
< Ce|u(0, )| z2(0,0),  VE>0. (15)

Remark 2. Notice that from this theorem, we get the
exponential decreasing to 0 of the L2-norm of the solution
u = u(t,z). This result is different from [12], where the
initial condition has to be chosen in H>(0, L). This is due
to the fact that the output and the boundary conditions
are different. )

4 Observer design

The observer (4) is based on a Volterra transformation.
It transforms the solution @ := w — @ which fullfills the
following PDE

U + Uy + Ugae — p1(2)[a(t, L)]
(t, 0) = i, (t, L)—um(a ) =
(0,2) = uo(w) — do(w) = to(x

<

E (16)
)

into the following PDE

(t 0) = wz(t L)= wzz(t L) =0, (17)
w(0,z) = wo(x).

We choose the same A than the one used to design the
controller. The transformation is given by

L

mm:nmmm:wwf/zmwmmw,a&

x

where p is a kernel that satisfies a partial differential
equation and will be defined in the following.

In order to find the kernel, we find the relation between
(16) and (17) through the transformation (18). To do so,
we derive the following

aAmw)=wAmy%—/1p@awwAmyﬁw (19)

L
=wy(t,y) + / p(@, y)[Wy + Dyyy + A0](¢, y)dy

=p(z, L)o(t, L) — p(z, z)d(t, z)
— p(=, x)lbm(t x) + py(z, 2)w, (¢, )
+ pyy(x, L)W(t, L) — pyy(z, )0 (t, z)
L
- / w(tay)[pyyy(xvy) —l—py(x,y) - )\p(x,y)]dy,
' (20)



where the last line has been obtained performing some
integrations by parts.

In addition, we have

Uy (t, ) = W (t, 2) + pla, x)w(t, x)

- / pm(x,y)u?(t,y)dy, (21)

Upa (t, ) = Wea(t, T) + %p(z, x)w(t, x)
+ p(a, )W, (¢, ) + pa(x, 2)w(t, x)

N ~ d? ~
Uzzz(t7 :C) = wIII(t; :L') + @])(SE, x)w(ta 1')

d
d
+ %pz(z, 2)W(t, z) + po(x, )W, (t, )

erm(x,x)ﬁ)(t,:c)—/ Dazz (X, y)W(t, y)dy, (23)

By adding (19), (21) and (23), we get

Up(t, ) + Uy (t, ) + Uga(t, ) — pr(x)a(t, L)
= W (t, ) + Wy (t, ) + Wyaa (t, ) + A0 (¢, x)

L
- / w(ta y)[pmmc + Pyyy + Pz + Dy — /\p](x,y)dy

+w(t, L)[pyy (2, L) + p(z, L) = p1 ()]

2
+ w(t,x) [%p(m, ) + paa(x, x)
d
)+ pa(ea) =
_ d
+ W, (t, ) [QEp(x,x) + py(z, ) + pe(, :1:)] . (24)
From this equation, we get the following four conditions.

1. Equation for all (z,y) € T:

Paax (T, Y) + Dyyy (T, ) + pe(, y)
+py(w,y) = Ap(x,y). (25)

2. First boundary condition on (z,x) where x € [0, L]:

d2
@p(a@, ) +pm(36, 'T) - pyy('r’ 'T)

d
£ “A=0. (2
+ dxpz(x,x) A=0. (26)

3. Second boundary condition on (z, z) where z € [0, L]:

Q%p(x,x) + py(z, z) + pe(z,z) = 0. (27)

4. Appropriate choice of py:
p1(x) = pyy(z, L) + p(x, L). (28)

Moreover, from the boundary conditions, we get two
more restrictions.

5. To satisfy w(t,0) = 0, transformation (18) imposes
p(0,y) =0, (29)
which together with (27) implies that
p(z,xz) = 0. (30)
6. To satisfy W, (t, L) = 0, transformation (18) imposes
po(L,L) = 0. (31)

Finally, p solves the following equation

Paza + Pyyy + Do + Py =Ap, V(z,y) €T,
p(z,z) =0, Vze]|0,L],
(2, 2) = %(:E — L), Vzelo,L] (32)
p(0,y) =0, Vye[0,L].
Let us make the following change of variables
T=L-y, y=L-—u (33)

and define F(Z,7) := p(x,y). Hence, F satisfies

(34)
This equation has already been studied in [3], where no
explicit solution has been found, but where the exis-
tence of a solution has been proved. Therefore, we can
conclude that F = F(z,y) and consequently the kernel



p = p(x, y) both exist. Note that the function II, defined
by (18) is linear (by definition) and continuous (because
of the existence of p). Moreover, 11, is invertible with
continuous inverse given by

i(x) = ;@) = () + / m(z, y)ily)dy  (35)

where m = m(x,y) is also a solution of an equation like
(32) in the triangular domain 7.

5 Asymptotic stability of the output feedback

The closed-loop system through the transformations (9)
and (18) can be written as follows

Wy + Wy + Wy + A0 =

- {pl(x) - / k(xvy)pl(y)dy} w(tv L)

(36)
W(t,0) = Wy (t, L) = Wae(t,L) =0
Wy + Wy + Wage + AW =0
W(t,0) = Wy (t, L) = Wy (¢, L) = 0.
Let us focus on the following Lyapunov function
V(t) :== Vi(t) + Va(t) (37)
where
L
Vi(t) = A / W(t, 7)2dx, (38)
0
and
L
Vy(t) = B / (¢, z)2de. (39)
0

The positive values A and B are chosen later. After per-
forming some integrations by parts, we obtain

Vi(t) < <2>\ + %) Vi(t)+ A2Lw(t, L),  (40)

where

z€[0,L]

D = max {m(x)—/ k‘(w,y)Pl(y)dy}- (41)

We have also
Va(t) < —2AVa(t) — Blw(t, L)|?. (42)

Therefore, by choosing

A>— (43)

and
B > A%L, (44)
we get
V(t) < —2uV(t), (45)
where
u(AQ%i>>O. (46)

This concludes the proof of Theorem 3 by getting an
exponential decay rate equal to p.

6 Nonlinear system

The aim of this section is to prove Theorem 1, i.e., we
have to prove the local exponential stability of the non-
linear closed-loop system

Ut + Uy + Upgg + UgU = Oa
u(t,0) = k(t), ugp(t, L) = ugs(t, L) =0,
Ut + Uy + Uz + Uzt + p1(2)[y(t) — a(t, L)] = 0,
’&(t, 0) = /i(ﬁ), az(t’ L) = @zz(ta L) =0,
(47)
where

L
a(t) = / k(0. y)a(t, y)dy. (48)

As before, we consider the evolution of the couple (@, @)
where u stands for the error © = u — 4. Using II, and its
inverse (see (18) and (35)), we define @ = II; (). We
denote w = II(u), where II is defined in (9). The inverse
II-! is given by

() = T4 ((x)) = i) + / Iz, y)d(y)dy, (49)

x

where [ solves the following equation

I(x, L) + lyy(z,L) =0, in [0, L],
I(x,2) =0, in |0, L], (50)

lo(z,2) = %(L —x), in [0, L].

The existence of such a kernel [ has been proven in [3,
see sections IV and VI|. Thus, we can see that (u,4) is



mapped into (w, W) solution of the coupled target system
Wi (6,2) + Wy (L, ) + Wara (L, ) + A (E, x)

- {pl(z) —/ k(z,y)p1 (y)dy} w(t, L)

_ (m(t,x)Jr/ l(w,y)w(tvwdy) (51)

: (ubz(t,x)Jr/ lz(x,y)w(t,y)dy>

1 L
=5 [ttt PE

+ /; [M + aft, y)a(t,y)}my(w,y)dy,

(52)

with boundary conditions
w(t,0) = Wy (t, L) = Wye(t, L) =0, (53)
w(t,0) = Wy (t, L) = Wy (t, L) = 0. (54)

As in previous section, we will prove the stability of this
system by using the same Lyapunov function (37). We
derivate (38) with respect to time as follows

L
Vi) = 24 /0 oy (£, 2)id(t, ) dz

D2
< (—2)\ + 7) Vi(t) + A?Ljw(t, L)?

— 94 / " bt D) F (2, (55)
0

where
L
F(t,z) = w(t,x)wz(t,x)—i—w(t,x)/ Lo (z, y)w(t, y)dy

x

() / . y)ib(t, y)dy

+</ l(w,y)w(t,y)dy> </ lm(w,y)w(t,y)dy>

L
+3 [l ey (60

By wusing the same argument as in [3,6], we can
prove the existence of a positive constant K; =
Ki([[lllc1¢7ys |kller(y) such that

<K (/O |1I1(t,x)|2dx> :

(57)

A/O w(t, z)F(t, z)dx

Then, we estimate Vg(t) as follows

Th(t) < ~2AVa (1)

—23/0 B(t, )Gt w)dz — Bl L2 (58)

where G = G(t,x) is the right-hand side of (52). As
before, we can prove the existence of a positive constant
Ky = Kx([[l]cr(nys Ipllcroys Imllcr(r)) such that

< K (/ it ) dw)
e (/0 5 (t, )| dz) . (59)

Therefore, for A, B, u satisfying (43)-(44)-(46), we have

2B /L w(t, 2)G(t, z)dx
0

3
2

. L
V(t) < —2uV(t) + K, </0 |1Z}(t,z)|2d:c>

Ko (/L |1I1(t,x)|2dx> (60)
+ K (/O |7I;(t,x)|2dx>

If there exists tg > 0 such that

[V

- p
l@(to, )20,y < % (61)



and B
0(to, . < — 2
I (to, Vlz00) < e (62)
we can conclude
V() < —uV(t), V>t (63)

Thus, we get

@t )20,y + [0(E )l L20,0) <

e ! (ll@oll 20,2y + b0l 20,)) » ¥t >0,
(64)

provided that

N 1
HwOHLZ(O,L) Sma
1 2 (65)

_ 1
<L
HwOHLZ(O,L) = PrQ

This concludes the proof of Theorem 1 by getting the
exponential decay of the system with a smallness condi-
tion on the L?-norm of the initial data ug, Q.

7 Numerical Simulations

In this section we provide some numerical simulations
showing the effectiveness of our control design. In order
to discretize our KdV equation, we use a finite differ-
ence scheme inspired from [15]. The final time for simu-
lations is denoted by T'finq. We choose (N, + 1) points
to build a uniform spatial discretization of the interval
[0, L] and (N; + 1) points to build a uniform time dis-
cretization of the interval [0, T'finqi]. Thus, the space step
is Az = L/N, and the time step At = Tyinar/Ni. We
approximate the solution with the notation u(t, z) ~ U7,
where ¢ and j refer to time and space discrete variables,
respectively.

Some used approximations of the derivative are given by

Ut — Ut

~ AP R
ug(t,z) = V_(Uj) o (66)
or ' .
UL, -U
~ iy gl 7J
uy(t,z) = V4 (Uj) A (67)

As in [15], we choose rather the following
1 i i
ug(t, ) ~ §(V+ + V_)(U;) = V(). (68)

For the other differentiation operator, we use

and - .
uym =0
At

Let us introduce a matrix notation. Let us consider
D_,D,,D € RN+*Ns given by

ug(t,x) ~

(70)

1 0 ...... 0
11
p - L : (71)
77A£E 0 —1 ’
10
K 0 —1 1]
11 0 ... 0]
0 -1 1
+_A:c : oo .0 ]
0 -1 1
0 ... .. 0 —1]

and D = (D4 +D_)/2. Let us define A := D, D, D_ +
D, and C := A + Atl; where I is the identity matrix.
Moreover, we will denote, for each discrete time i,

i 1y ; r
U= |Uf U ... Uk,

the plant state, and

0' = |0} 0} ... Ok, ]

the observer state. The state output will be denoted
by Yy and Yy stands for the observer output. The dis-
cretized controller gain K and observer gain P, respec-
tively, are defined by

T
K= [Kl K, ... KNIH}

and
T
P=|PPy... Py -

We compute them from a successive approximations
method (see [3]). Since we have the nonlinearity wug,
we use an iterative fixed point method to solve the
nonlinear system

. . 1 .
OUH—I = Ut — ED(U1+1)2-

With Njte,r = 5, which denotes the number of iterations
of the fixed point method, we get good approximations
of the solutions.



Given U°, O = 0, K, and P, the following is the struc-
ture of the algorithm used in our simulations.

While i < N,

i+1 _ i+l _ - Na 0%, Kj+140K;
o U =01 = Zj:l AJ:—Q

i+1 i+1 _ i+1 i+l i+1 _
UN: - UNIJrl - UNIfP ONgc - ONIJrl -
OH—l .
N,+1»

o Yy :=U'N, +1), Yo := O (N, + 1);

e Setting J(1) = O%, for all k € {1,..., Ny}, solve
J(k+1) = C (0" %D(J(kz))Q + P(Yy — Y0)
Set O"+! = J(Niter);

e Setting J(1) = U, for all k € {1,..., Njer }, solve

Jk+1)=Cc'(U' = %D(j(k)f)
Set Ut = J(Niger);
o t=t+dt

End

In order to illustrate our theoretical results, we per-
form some simulations on the domain [0, 27]. We take
N, =30, N, = 167, Trina = 10, A = 2, ug(x) = sin(z)
and 4o(x) = 0. Figure 1 illustrates the convergence to
the origin of the solution of the closed-loop system (1)-
(3)-(4)-(14). Figure 2 illustrates the L?-norm of this so-
lution and the L2-norm of the solution of the observer
(4). Finally, Figure 3 shows that the observation error
(u—1) converges to 0 in L?-norm. From the simulations,
this convergence seems to be exponential as expected.

u(t,x)

Fig. 1. Solution of the closed-loop system (1)-(3)-(4)-(14)

15

— llullie.p
2
12(0,L)

— |2l

10

Fig. 2. Time evolution of the L?-norm for the state (blue
line) and the observer (red line).

— Hﬂ\lﬁzm)

Fig. 3. Time evolution of the L?*-norm for the observation
error u — U.

8 Conclusion

In this paper, an output feedback control has been de-
signed for the Korteweg-de Vries equation. This con-
troller uses an observer and gives the local exponential
stability of the closed-loop system. Numerical simula-
tions have been provided to illustrate the efficiency of
the output feedback design.

In order to go to a global feedback control for the non-
linear KdV equation, a first step should be to build some
nonlinear boundary controls giving a semi-global expo-
nential stability. That means that for any fixed » > 0 we
can find a feedback law exponentially stabilizing to the
origin any solution with initial data ug whose L?-norm
is smaller than r. The term semi-global comes from the
fact that the decay rate can depend on r. Some inter-
nal feedback controls are given for KAV in [14], [18] and
[13]. The latter considers saturated controls.

The second step, in order to deal with the output case,
is to design an observer for the nonlinear KdV equation
to obtain a global asymptotic stability. We could for



instance follow the same approach than in the finite-
dimensional case performed in [7].
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