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Abstract

The present paper deals with the asymptotic behavior of equi-coercive sequences {.%,} of nonlinear
functionals defined over vector-valued functions in I/VO1 P (Q)M , where p > 1, M > 1, and 2 is a bounded
open set of RN, N > 2. The strongly local energy density F,(-, Du) of the functional .%, satisfies a
Lipschitz condition with respect to the second variable, which is controlled by a positive sequence {an}
which is only bounded in some suitable space L"(§2). We prove that the sequence {.%#,} I'-converges for the
strong topology of LP(2)* to a functional .# which has a strongly local density F(-, Du) for sufficiently
regular functions u. This compactness result extends former results on the topic, which are based either on
maximum principle arguments in the nonlinear scalar case, or adapted div-curl lemmas in the linear case.
Here, the vectorial character and the nonlinearity of the problem need a new approach based on a careful
analysis of the asymptotic minimizers associated with the functional .%,. The relevance of the conditions
which are imposed to the energy density Fy (-, Du), is illustrated by several examples including some classical
hyper-elastic energies.

1 Introduction

In this paper we study the asymptotic behavior of the sequence of nonlinear functionals, including some hyper-
elastic energies (see the examples of Section 2.3), defined on vector-valued functions by

Fn(v) = / Fy(x, Dv)dz  for ve Wy P(Q)M, with pe (1,00), M >1, (1.1)
Q

in a bounded open set Q of RN, N > 2. The sequence .%, is assumed to be equi-coercive. Moreover, the
associated density F, (-, &) satisfies some Lipschitz condition with respect to £ € RM>*¥N "and its coefficients are
not uniformly bounded in 2.

The linear scalar case, i.e. when F,(-,€) is quadratic with respect to ¢ € RY (M = 1), with uniformly
bounded coefficients was widely investigated in the seventies through G-convergence by Spagnolo [33], extended
by Murat and Tartar with H-convergence [28, 35], and alternatively through I'-convergence by De Giorgi [22, 23]
(see also [21, 4]). The linear elasticity case was probably first derived by Duvaut (unavailable reference), and can
be found in [32, 25]. In the nonlinear scalar case the first compactness results are due to Carbone, Sbordone [17]
and Buttazzo, Dal Maso [14] by a I'-convergence approach assuming the L!-equi-integrability of the coefficients.
More recently, these results were extended in [5, 9, 10] relaxing the L!-boundedness of the coefficients but
assuming that p > N —1 if N > 3, showing then the uniform convergence of the minimizers thanks to the
maximum principle. In all these works the scalar framework combined with the condition p > N—1if N > 3
and the equi-coercivity of the functionals, induce in terms of the I'-convergence for the strong topology of L”(£2),
a limit energy .% of the same nature satisfying

F(v) = /QF({E,DU) dv forveW, (1.2)
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where C1(Q)M C W is some suitable subspace of VVO1 P(Q)M | and v is some Radon measure on (2. Removing the
L'-equi-integrability of the coefficients in the three-dimensional linear scalar case (note that p = N—1 = 2 in
this case), Fenchenko and Khruslov [24] (see also [26]) were, up to our knowledge, the first to obtain a violation
of the compactness result due to the appearance of local and nonlocal terms in the limit energy .%. This seminal
work was also revisited by Bellieud and Bouchitté [2]. Actually, the local and nonlocal terms in addition to the
classical strongly local term come from the Beurling-Deny [3] representation formula of a Dirichlet form, and
arise naturally in the homogenization process as shown by Mosco [27]. The complete picture of the attainable
energies was obtained by Camar-Eddine and Seppecher [15] in the linear scalar case. The elasticity case is much
more intricate even in the linear framework, since the loss of uniform boundedness of the elastic coefficients
may induce the appearance of second gradient terms as Seppecher and Pideri proved in [30]. The situation is
dramatically different from the scalar case, since the Beurling-Deny formula does not hold in the vector-valued
case. In fact, Camar-Eddine and Seppecher [16] proved that any lower semi-continuous quadratic functional
vanishing on the rigid displacements, can be attained. Compactness results were obtained in the linear elasticity
case using some (strong) equi-integrability of the coefficients in [11], and using various extensions of the classical
Murat-Tartar [28] div-curl result in [7, 13, 12, 29] (which were themselves initiated in the former works [6, 9] of
the two first authors).

In our context the vectorial character of the problem and its nonlinearity prevent us from using the uniform
convergence of [10] and the div-curl lemma of [12], which are (up to our knowledge) the more recent general
compactness results on the topic. We assume that the nonnegative energy density F), (-, £) of the functional (1.1)
attains its minimum at ¢ = 0, and satisfies the following Lipschitz condition with respect to & € RM>¥:

|Fo(, ) = Fu(z,n)| < (hn(z) + Fu(z,§) + Fu(z,m) + [£]P + [n]?) " an(@)r I -
VENERMXN ae xeQ,

which is controlled by a positive function a,(-) (see the whole set of conditions (2.1) to (2.6) below). The
sequence {a,} is assumed to be bounded in L"(Q) for some r > (N—1)/pif 1 < p < N—1, and bounded in
LY(Q) if p > N—1. Note that for p > N —1 our condition is better than the L!-equi-integrability used in the
scalar case of [17, 14], but not for 1 < p < N—1. Under these assumptions we prove (see Theorem 2.3) that
the sequence {.%,} of (1.1) T-converges for the strong topology of LP(2)™ (see Definition 1.1) to a functional
of type (1.2) with

WhF (M, if1<p< N—1 Lebesgue measure, if 1 <p< N-1
W C N d v=
Cl(ﬁ)M7 if p>N—1, o g .//(Q)*— li_>m Gn, ifp>N-1.

Various types of boundary conditions can be taken into account in this I'-convergence approach.

A preliminary result (see Theorem 2.2) allows us to prove that the sequence of energy density {F,, (-, Du,)}
converges in the sense of Radon measures to some strongly local energy density F(-, Du), when w, is an
asymptotic minimizer for .%#, of limit u (see definition (2.15)). The proof of this new compactness result is
based on an extension (see Lemma 2.5) of the fundamental estimate for recovery sequences in I'-convergence
(see, e.g., [21], Chapters 18, 19), which provides a bound (see (2.24)) satisfied by the weak-* limit of { £, (-, Duy,)}
with respect to the weak-* limit of any sequence {F}, (-, Dv,,)} such that the sequence {v,, —u,, } converges weakly
to 0 in WO1 P(Q)M. Rather than using fixed smooth cut-off functions as in the classical fundamental estimate,
here we need to consider sequences of radial cut-off functions ¢,, whose gradient has support in n-dependent
sets on which u,, — u satisfies some uniform estimate with respect to the radial coordinate (see Lemma 2.10 and
its proof). This allows us to control the zero-order term Ve, (v, —u), when we put the trial function ¢y, (u, —u)
in the functional .%, of (1.1). The uniform estimate is a consequence of the Sobolev compact embedding for
the (N —1)-dimensional sphere, and explains the role of the exponent r > (N—1)/pif 1 < p < N—1. A similar
argument was used in the linear case [12] to obtain a new div-curl lemma which is the key-ingredient for the
compactness of quadratic elasticity functionals of type (1.1).

Notations
e RV*N denotes the set of the symmetric matrices in RYV*V.

RNXN ¢T is the transposed matrix of £, and &% := %(5 +€7T) is the symmetrized matrix of &.

e For any £ €
e Iy denotes the unit matrix of RV*V,

e - denotes the scalar product in RV, and : denotes the scalar product in RM*N defined by



E:ni=tr(Ty) for £,n e RMXN
where tr is the trace.
e |- | denotes both the euclidian norm in RY, and the Frobenius norm in RM*N ' e,
1
€] = (tr (€7¢))%  for £ € RM*N,

e For a bounded open set w C RY, .#(w) denotes the space of the Radon measures on w with bounded
total variation. It agrees with the dual space of C§(w), namely the space of the continuous functions in &
which vanish on dw. Moreover, .# (@) denotes the space of the Radon measures on @. It agrees with the
dual space of C°(@).

e For any measures (, 1 € .4 (w), with w C RY | open, bounded, we define (* € L}L(Q) as the derivative of
¢ with respect to u. When g is the Lebesgue measure, we write (.

e (' is a positive constant which may vary from line to line.
e O, is a real sequence which tends to zero as n tends to infinity. It can vary from line to line.
Recall the definition of the De Giorgi I'-convergence (see, e.g., [21, 4] for further details).

Definition 1.1. Let V be a metric space, and let F,, F : V — [0,00], n € N, be functionals defined on V. The
sequence { Fn} is said to T'-converge to .F for the topology of V in a set W C V and we write

T BT i W,
if
- the T'-liminf inequality holds
YoeW, Yu, v nV, F()<liminf %, (v,),

n—oo
- the T'-limsup inequality holds
Yo e W, 37, v inV, F(v)= lim %, (7,).

n—oo

Any sequence T, satisfying (1.1) is called a recovery sequence for %, of limit v.

2 Statement of the results and examples

2.1 The main results

Consider a bounded open set  C RY with N > 2, M a positive integer, a sequence of nonnegative Carathéodory
functions F}, : Q x RMXN — [0, o), and p > 1 with the following properties:

e There exist two constants @ > 0 and 5 € R such that

/ F,(z, Du) da:Za/ |DulP dz + 8, Yue W,P()M, (2.1)
Q Q
and

F,(-,0) =0 a.e. in Q. (2.2)

e There exist two sequences of measurable functions h,,,a, > 0, and a constant v > 0 such that

h., is bounded in L'(€), (2.3)

N-1
r>—— ifl<p<N-1

ap, is bounded in L" () with p (2.4)
r=1, ifp>N-1,
[P €) = Pulam)| < (o) 4 Ful,€) + Fulo) 4161+ 0P) T anta) Bl —nl
VENERMXN ae zeQ,
and
Fo(z,\) < hy(x) + v Fy(x,€), YA€[0,1], VE€RMN ae zeQ. (2.6)



Remark 2.1. From (2.5) and Young’s inequality, we get that

Fu(@,€) < Fu(w.n) + (haa) + Fu(@,€) + Fule,n) + 1€ + ") 7 an(@)? ¢ — 1
< Fuwn) + P () + Fulw€) + Fuloan) + 167 + 1) + — au() |6 =l
and then
Fu(@,€) < (p=1) hn(2)+(2p=1) Fu (&, m)+(p-1) ([P +nl?) +an (@) [l V&,n € RMN, qe. 2 e Q. (27)
In particular, taking n = 0, we have
Fy(2,8) < (p—1) ho(z) + (p— L+ an(2) [¢P, VEERMN qge 2eQ, (2.8)

where the right-hand side is a bounded sequence in L'(2).

From now on, we assume that

al A in #(Q) and  h, = h in . Z(Q). (2.9)

The paper deals with the asymptotic behavior of the sequence of functionals
Fn(v) = / Fo(z,Dv)dx for ve WhHP(Q)M. (2.10)
Q
First of all, we have the following result on the convergence of the energy density F, (-, Duy), where u, is

an asymptotic minimizer associated with functional (2.10).

Theorem 2.2. Let Fy, : Q x RMXN 10, 00) be a sequence of Carathéodory functions satisfying (2.1) to (2.6).
Then, there exist a function F : Q x RM*N 5 R and a subsequence of n, still denoted by n, such that for any
&neRY,

{ F(-,&) is Lebesgue measurable, if 1 <p < N-1 2.11)
2.11

F(-,&) 1is A-measurable, ifp>N-—1,

|F(Ia€) _F(xvn)| <

C(h* +F(z,&)+F(z,m)+(1+ (D)= (e + |n|P))’%1(AL)#|g —nl ae inQ, ifl<p<N-1 (2.12)
CO+h*+F@@»+mew+mp+mwffm—nlAﬂﬁinﬂ, if p>N-1,
and
F(-,0) =0 a.e. in Q. (2.13)

For any open set w C Q, and any sequence {uy,} in WHP(w)M which converges weakly in W1P(w)M to a
function u satisfying

WhaET (W)™, fl<p< N-1
ue{ ) / (2.14)

CHw)™, ifp>N-1,
and such that

n—r00 w n—r00

3 lim | F,(x, Duy)dz = min {liminf Fo(x,Dwy)dz : wy —uy, — 0 in Wol’p(w)M} < o0, (2.15)

we have
. [ F(-Du), ifl<p<N-1
Fo(-, Duy) — in M(w). (2.16)
F(,Du)A, ifp>N-1

From Theorem 2.2 we may deduce the I'-limit (see Definition 1.1) of the sequence of functionals (2.10) with
various boundary conditions.



Theorem 2.3. Let F, : Q x RM*N — [0, 00) be a sequence of Carathéodory functions satisfying (2.1) to (2.6).
Let w be an open set such that w CC €2, and let V be a subset of W P(w)M such that

YueV, Yoe Wy P(w)M, utveV. (2.17)
Define the functional F) : V —[0,00) by

FY (v) = / F.(x,Dv)dx forveV. (2.18)

Assume that the open set w satisfies

|Ow| = 0, ifl<p<N-1
(2.19)
A(Qw) =0, ifp>N-1.
Then, for the subsequence of n (still denoted by n) obtained in Theorem 2.2 we get
FAGENE A :/Fx Dv)dz in VAWHFT ()M, ifl<p< N-1
“ (2.20)

Lgv.= /FxDv Ydz in VN CH@)M, ifp>N-1,

w
for the strong topology of LP(w)™, where F is given by convergence (2.16).

Remark 2.4. The condition (2.19) on the open set w is not so restrictive. Indeed, for any family (w);cr of open
sets of Q with two by two disjoint boundaries, at most a countable subfamily of (Ow);er does not satisfy (2.19).

2.2 Auxiliary lemmas

The proof of Theorem 2.2 is based on the following lemma which provides an estimate of the energy density for
asymptotic minimizers. In our context it is equivalent to the fundamental estimate for recovery sequences (see
Definition 1.1) in I'-convergence theory (see, e.g., [21], Chapters 18, 19).

Lemma 2.5. Let F,, : Q x RM*N — [0, 00) be a sequence of Carathéodory functions satisfying (2.1) to (2.6).
Consider an open set w C Q, and a sequence {u,} C WHP(w)M converging weakly in WP(w)M to a function
u satisfying (2.14), and such that

Fo(-, Duy) = pin A (w),
|Du,|P = 0 in M (w).

Then, the measure o satisfies

_ (|Du|p+|Du|p(AL) +h+p+al) ae inw, ifl<p<N-1 (2.21)
C(|DulPA+ h+ pu+ A) A-a.e. inw, ifp>N-L1. '
Moreover if u, satisfies
3 lim | F,(x,Duy)dr = min {hmmf/ n(x, Dwy)dx : wy —up — 0 in Wol’p(w)M} , (2.22)
n—roo w n—oo w
then for any sequence {v,} C WHP(w)M which converges weakly in WP(w)M to a function
WhF ()M, ifl<p< N—1
v e
CHw)M, ifp>N-1,
and such that
Fo(-,Du,) 2 v in #(w), (2.23)
|Du, [P B w in A (w),
we have
-1
v+ C(h+ vt + ot + (14 (a Ly D(u — v)|p)pT(AL)ﬁ|D(u —v)] ae. inw, fl<p<N-1
B -
v+C(1+h*+1v*+@* 4+ [D(u—v)P) 7 A|D(u—v)| A-a.e. inw, ifp>N-1.
(2.24)



We can improve the statement of Lemma 2.5 if we add a non-homogeneous Dirichlet boundary condition on

ow.

Lemma 2.6. Let w be an open set such that w CC ), and let u be a function satisfying

ue{ Wl’f(Q)M, ifl<p< N-1 (225)
ctM, ifp> N—1.
Let {u,} and {v,} be two sequences in WHP(w)M | such that u,, satisfies condition (2.22) and
Uy — U, Uy —u € WP (w)M,
Fo(-,Du,) = pu and F,(-,Dv,) >v in.#(©), (2.26)
|Du, [P = 0 and |Dv,P 2w in (D). (2.27)
Then, estimates (2.21) and (2.24) hold in @.
Remark 2.7. Condition (2.22) means that u,, is a recovery sequence in w for the functional
w e WP ()M / F,.(x, Dw) dz, (2.28)

with the Dirichlet condition w—u, € Wol’p(w)M. Since w = u,, clearly satisfies w—u,, € Wol’p(w)M, this makes
Un @ Tecovery sequence without imposing any boundary condition. In particular, condition (2.22) is fulfilled if
for a fized f € WP (w)M | w, satisfies

/an(x, Du,,) dz = min {/w Fy(z, D(un +v)) dz — (f,v) : ve WOLP(M)M} .

Assuming the differentiability of F,, with respect to the second variable, it follows that w,, satisfies the variational
equation

/ D¢F,(z, Duy,) : Dudz — (f,v) =0, Yve WyP(w)M,
i.e. Up 1S a solution of
—Div (D¢Fy(z,Du)) = f  inw,

where no boundary condition is imposed.

Assumption (2.22) allows us to take into account very general boundary conditions. For example, if uy, is
a recovery sequence for (2.28) with (non necessarily homogeneous) Dirichlet or Neumann boundary condition,
then it also satisfies (2.22).

Remark 2.8. Condition (2.22) is equivalent to the asymptotic minimizer property satisfied by uy:

/ F,(z, Duy) dx < / F,(z, Dwy,)dx + O,, Yw, with w, —u, =0 in Wol’p(w)M.

w

We can check that if u,, satisfies this condition in w, then u, satisfies it in any open subset w C w. To this end,
it is enough to consider for a sequence W, with W, — u, € Wol’p(cZJ)M, the extension

W, N w
Wy, 1= . .
" Up N w\ Q.

Corollary 2.9. Let F,, : Q x RM*N 10, 00) be a sequence of Carathéodory functions satisfying (2.1) to (2.6).
Consider two open sets wi,ws C Q such that wy Nwse # O, a sequence u, converging weakly in Wl’p(wl)M to a
function u and a sequence v, converging weakly in W1P(w2)M to a function v, such that

Wl’%(wlﬁng)M, ifl<p<N-1
u,v €
CH(wr Nwa)M, ifp>N-1,

|Dun|pigu Fn(aDun)i\M m %(w1)7
|D’U’ﬂ|piw7 Fn('aD’Un)lV m %(u)g),



3 lim / F,(z, Du,) dx = min {lim inf
wi

n—oo n—roo

F,(x, Dwy,)dx : w, —u, =0 in Wol’p(wl)M} ,

1

n—oo n—oo

T

3 lim F,(x, Dv,) dz = min {liminf F,(x, Dwy,)dx : w, —v, =0 in Wol’p(wg)M} .

w2 2

Then, we have
lw—v| <
c(hL+uL+yL+9L+wL+(1+(AL)%)|D(U_v)|P)pTTI(AL)ﬁ|D(u_v)| ae. inwiNuwy, ifl<p<N-—1
C(l+n*+p+ 0"+ 0" +@* + |D(u—v)|p)ij1A|D(u—v)| A-a.e. in wy Nws, if p>N-—1.
(2.29)

Lemma 2.5 is itself based on the following compactness result.

Lemma 2.10. Let F,, : Q x RM*N — [0, 00) be a sequence of Carathéodory functions satisfying (2.1) to (2.6),
and let w be an open subset of ). Consider a sequence {&,} C LP(w)™*N such that

Fo(,&) 2 A and |6,)P 22 in A (). (2.30)

e If1 < p < N—1 and the sequence {p,} converges strongly to p in L%(w)MXN, then there exist a
subsequence of n and a function 9 € L*(w) such that

Fol-,&n 4 pn) — Fu(-, &) =9 weakly in L'(w), (2.31)

where ¥ satisfies

p—1

0] < C(BE + A+ ZF 4 (1+ (A5)7)|pP) 7 (aD) 7 || ae. inw. (2.32)

o If p> N—1 and the sequence {p,} converges strongly to p in CO(@)M*N | then there exist a subsequence
of n and a function ¥ € L} (w) such that

Fo(-, &0+ pn) ESA+I9A in M (W),

where ¥ satisfies
p—1
W <CA+n"+A+Z+pl’) 7 [p| A-ae inw. (2.33)

2.3 Examples

In this section we give three examples of functionals .7, satisfying the assumptions (2.1) to (2.6) of Theorem 2.2.

1. The first example illuminates the Lipschitz estimate (2.5). It is also based on a functional coercivity of
type (2.1) rather than a pointwise coercivity.

2. The second example deals with the Saint Venant-Kirchhoff hyper-elastic energy (see, e.g., [18] Chapter 4).
3. The third example deals with an Ogden’s type hyper-elastic energy (see, e.g., [18] Chapter 4).

Let Q be a bounded set of RY, N > 2. We denote for any function u : Q — RV,

e(u) == (Du+Du"), E(u):== (Du+Du" +Du"Du), C(u):=(Ix + Du)" (Iy + Du). (2.34)

DO |
DO |

Example 1

Let p € (1,00), and let A,, be a symmetric tensor-valued function in L (Q; Z(RéVXN)). We consider the energy
density function defined by

Fo(w,€) = |An(2)&° : {S‘% ae. x €9, VEe RV,
We assume that there exists a > 0 such that

Ap(x)E: € > al€)?, ae z€Q, VEE RV, (2.35)



and that
|A,|% is bounded in L"(Q) with r defined by (2.4).

Then, the density F,, and the associated functional
Fn(u) = [ |Ane(u): e(u)|%d:17 for u € Wy P(Q)Y,
Q

satisfy the conditions (2.1) to (2.6) of Theorem 2.2.

(2.36)

Proof. Using successively (2.35) and the Korn inequality in W, * ()N for p > 1 (see, e.g., [34]), we have for

any u € Wy P (Q)V,

/’A e(u lzdx>a/| |pdac>aC/|Du|pd:C

which implies (2.1). Conditions (2.2) and (2.6) are immediate. It remains to prove condition (2.5) with

estimate (2.4). Taking into account that

|De o (, |—p| 55'55); n(il?)§5| Sp‘An( &= |A (z )|%, VEe RN ae z e,

then using the mean value theorem and Hélder’s inequality, we get
S S 1 S S 1 p_l 1 S S
[Fu(,€) = Fale,m)| <o ((An€": €8+ (Aan® s0)F) " AW H1E" =7

(=12 p—1 1
P (Fn($=§)+Fn(w777)) P AnlZ]E =),

for every &,n € RV*N and a.e. 2 € Q. This implies estimate (2.5) with h, = 0 and a,, = |A,|? bounded in

L7 (Q).

The two next examples belong to the class of hyper-elastic materials (see, e.g., [18], Chapter 4).

Example 2

For N = 3, we consider the Saint Venant-Kirchhoff energy density defined by
= — [tr(E({))]Q + pn () ‘E(§)|2, ae. x €, VEe RS,

where E(€) := 1 (€ + &7 +¢7¢), and Ay, py, are the Lamé coefficients.
We assume that there exists a constant C' > 1 such that

An, b > 0 a.e. in Q, esss-zinf A+ ) > C71 /()\n + p) dz < C.
Q
Then, the density F),, and the associated functional (see definition (2.34))
An
T (u) = / (_ [tr(E(u)]® + pn \E(u)|2) dz  for u e Wy *(Q)3,
Q

satisfy the conditions (2.1) to (2.6) of Theorem 2.2.

Proof. There exists a constant C' > 1 such that we have for a.e. z € Q and any & € R3¥3,

C O 4 ) [€]* = C (A + ptn) < Fu(2,6) < C (An 4 ) [€1* + C (An + i)

Hence, we deduce that for a.e. x € Q and any &,7n € R3%3,

|Bu(2,€) = Fa(a,n)| < C Ot pn) (14 €2 + [02) | =)

=c((
<o +Eafen) O it -

C (An + fin + Fu2,€) + Falw,m) O + ) |6 = 1),

i
Nj=

/\ +,un § Fn(x,f)

IN

M tin) 2+ O+ ) HER + O+ i) 012) ™ O+ i) 16 = )

O

(2.37)

(2.38)

(2.39)

(2.40)



which implies estimate (2.5) with p = 4 and h, = a, = A, + pn, while (2.3) and (2.4) are a straightfor-
ward consequence of (2.38). Moreover, by the first inequality of (2.40) combined with (2.38) we get that the
functional (2.39) satisfies the coercivity condition (2.1). Condition (2.2) is immediate. Finally, since we have

[tr(EQ) ] + [EQO]P < C(1+¢]Y), YAe0,1], V¢ e R,
condition (2.6) follows from the first inequality of (2.40), which concludes the proof of the second example. O

Remark 2.11. The default of the Saint Venant-Kirchhoff model is that the function F,(z,-) of (2.37) is not
polyconvex (see [71]). Hence, we do not know if it is quasiconvex, or equivalently, if the functional %, of
(2.39) is lower semi-continuous for the weak topology of Wh*(Q)? (see, e.g. [20], Chapter 4, for the notions of
polyconvexity and quasiconvexity).

Example 3
For N =3 and p € [2,00), we consider the Ogden’s type energy density defined by

Fo(z,€) == an(x) [tr(é(ﬁ)% - Ig):|+ ae €, VEe R (2.41)

where C(€) := (I3 + €)T (I3 + &), and t* := max (£,0) for t € R. We assume that there exists a constant C' > 1

such that
r>1, ifp=2
ess-infa, > C~' and / a, dr < C with (2.42)
o Q r=1, ifp>2.

Then, the density F,, and the associated functional (see definition (2.34))
P + 1 3
Fn(u) = [ an(z) [tr(C(u)2 - Ig)] dr  for u € WyP(Q)°, (2.43)
Q

satisfy the conditions (2.1) to (2.6) of Theorem 2.2.
Proof. There exists a constant C' > 1 such that we have for a.e. z €  and any ¢ € R3¥3,
Clan [€P = Can < F(x,€) < Can ¢ + Can. (2.44)

This combined with the fact that the (well-ordered) eigenvalues of a symmetric matrix are Lipschitz functions
(see, e.g., [19], Theorem 2.3-2), implies that for a.e. x € Q and any &, € RV, we have

|F(@,€) — Fu(z,n)| < Can(l+ €] + )P~ e — 0]
<C (an + anl§[” + an|77|p)Ta7;i 1€ —nl
< C(an + Fu(2,8) + Fu(z,m) 7 ah €=,

which implies estimate (2.5) with h,, = a,, while (2.3) and (2.4) are a straightforward consequence of (2.42).
Moreover, by the first inequality of (2.44) combined with (2.42) we get that the functional (2.43) satisfies the
coercivity condition (2.1). Condition (2.2) is immediate. Finally, since we have

tr(C(A)F) <C(1+EP), VYAe[0,1], VE e R,
condition (2.6) follows from the first inequality of (2.44), which concludes the proof of the third example. O

Remark 2.12. Contrary to Example 2, the function F,(x,-) of (2.41) is polyconvex since it is the composition
of the Ogden density energy defined for a.e. x € €1, by

Wl €) = an(x) [ir(C(E)% - 13)}+ for € € R3<3, (2.45)

which is known to be polyconvex (see [1]), by the non-decreasing convex function t — t*. However, in contrast
with (2.45) the function (2.41) does attain its minimum at & = 0, namely in the absence of strain.



3 Proof of the results

3.1 Proof of the main results

Proof of Theorem 2.2. The proof is divided into two steps. In the first step we construct the limit functional
F and we prove the properties (2.11), (2.12), (2.13) satisfied by the function F. The second step is devoted to
convergence (2.16).

First step: Construction of F.
Let .7, : WHP(Q)M — [0, cc] be the functional defined by

Fn(v) = ., F,(z,Dv)dx for v e WhHP(Q)M.

By the compactness I'-convergence theorem (see e.g. [21], Theorem 8.5), there exists a subsequence of n, still de-
noted by n, such that .%,, I-converges for the strong topology of LP(Q)M to a functional & : W1P(Q)M — [0, ]
with domain 2(.7).

Let ¢ be a matrix of a countable dense subset D of RM*¥ with 0 € D. Since the linear function x ~ ¢z
belongs to Z(.%) by (2.8), up to the extraction of a new subsequence, for any £ € D there exists a recovery
sequence w$, in WHP(Q)™ which converges strongly to £z in LP(Q)™ and such that

Fo(-, Dws) = p® and  |[Duw§|P = o in .#(Q).

In particular, since F,(-,0) = 0 we have u° = 0. Moreover, by estimates (2.21) and (2.29) we have for any
§&neD,

C(IEIP + 1€IP(ALYE + b+ u€ + AL ae nw, fl<p<N-1
. { (g7 + [P (A%)7 + b+ uf + aT) (3.1

C(l¢PA+h+pS +4A) Aae inw, ifp>N-1,

s —p| <
C (B + ()2 + (M E + (69 + (") 2 + (1 + (ALY F)|e = pP) T (aL)orle —ml ae. in Q, if 1 <p<N-1
C (L4 R + (&) + (W)™ + (6°)* + (M) + € — n)|p)p% A€ —n| A-a.e. in Q, if p>N-1.

(3.2)
Hence, by a continuity argument we can define a function F : Q x RM*N — [0, c0) satisfying (2.11), (2.13)

and such that
¢ F(vg)a 1f1<p§N_1
‘LL =
F(',&)A, 1fp>N—17
where the property (2.12) is deduced from (3.1), (3.2).

VEeD, (3.3)

Second step: Proof of convergence (2.16).

Let w be an open set of Q, let {u,} be a sequence fulfilling (2.15), which converges weakly in WP(w)™ to a
function u satisfying (2.14), and let £ € D. Since F,(-, Du,,) is bounded in L'(Q), there exists a subsequence
of n, still denoted by n, such that

Fo(-,Duy) = p and  |Du,|P = o in .# (). (3.4)
Applying Corollary 2.9 to the sequences u,, and v, = w$, we have
= pf| <
C (" 4 " + (1) F + 0" + (05)F + (1 + (A%)7) | Du — §|P)')T?1(AL)#|DU —¢lae inw, ifl<p<N-1
C(1+h* 4+ p* + (16" + 0" + (6°)* + |Du — §|p)pT?1A |[Du—¢&|  A-ae. in w, if p>N-1.
Using (3.1), (3.3) and the continuity of F'(x,&) with respect to &, we get that

F(-,Du), ifl<p<N-1
p= (3.5)

F(,Du)a, ifp>N-1.

10



Note that since the limit p is completely determined by F', the first convergence of (3.4) holds for the whole
sequence, which concludes the proof. O

Proof of Theorem 2.3. The proof is divided into two steps.
First step: The case where V = {a} + W, *(w)M.
Fix a function @ satisfying (2.25), and define the set V := {a} + Wy"?(w)™. Let u € V such that

WhF ()M, if1<p< N-1

u €

cHw)M, if p>N-—1.
which is extended by @ in Q \ w, and consider a recovery sequence {u,} for %) of limit u. There exists a
subsequence of n, still denoted by n, such that the first convergences of (2.26) and (2.27) hold. By Theorem 2.2

convergences (2.16) are satisfied in w, which implies (3.5). Now, applying the estimate (2.24) of Lemma 2.6
with u, and v,, = u, it follows that

pw<vinw with F,(-,Dv,) > v in (),

where the convergence holds up to a subsequence. Then, using estimate (2.5) with n = 0 and Holder’s inequality,
we have for any ¢ € L™ (Q; [0, 1]) with compact support in €2,

/ ¢ Fy(z, Du) dx <
Q

1

p1 1 .
</ga(hn+Fn(x,Du)+|Du|p)dx) ’ (/@a%dz)p (@|Du|%dx) " ifl<p< N-1
Q Q

1
(/ ¢ (hn + Fy(x, Du) 4 |Dul?) dx) ’ (/ way dw) | D] oo (a5 ifp>N-1,
Q Q

which implies that v is absolutely continuous with respect to the Lebesgue measure if 1 < p < N—1, and
absolutely continuous with respect to measure A if p > N—1. Due to condition (2.19) in both cases the equality
v(Ow) = 0 holds, so does with p. This combined with (2.16) and (3.5) yields

/F(a:,Du)d:z:, ifl<p<N-1
lim [ F,(z, Duy,)dz = w

n—oo w

/F(a:,Du)dA, ifp>N-—1,

which concludes the first step.

Second step: The general case.
Let V be a subset of WP (w)M satisfying (2.17). Let u be a function such that

pr

VawtiaEmm @M ifl<p< N-1
u e _
vnct @M, if p>N—1,

and define the set V := {u} + Wol’p(w){”. Consider a recovery sequence {u,} for .ZY given by (2.18) of limit

u, and a recovery sequence {i, } for .#Y of limit u. By virtue of Theorem 2.2 the convergences (2.16) hold for
both sequences {u,} and {@,}. Hence, since w is an open set, and F,(x, Du,) is non-negative, we have

ifl<p<N-1, /F(x,Du)dx

n—oo

< liminf/ F,(x, Du,) dz. (3.6)
ifp>N-—1, /F(x,Du)dA @

Moreover, since i, — t, — 0 in Wy *(w)™, @, € V by property (2.17) and because {u,} is a recovery sequence
for #Y | {i,} is an admissible sequence for the minimization problem (2.15), which implies that

3 lim | F,(z, Duy)dx <liminf | F,(x, Du,) dz. (3.7)

n—oo w n—oo w

11



On the other hand, by the first step applied with @ = u and the set V, we have

/F(x,Du)dx, ifl<p<N-1
lim [ F,(z, Di,)dz = “ (3.8)
n—roo
“ /F(gc,Du)dA7 ifp>N-1.

Therefore, combining (3.6), (3.7), (3.8), for the sequence n obtained in Theorem 2.2, the sequence {ﬂ,y} I-
converges to some functional .ZV satisfying (2.20) with v = u, which concludes the proof of Theorem 2.3.
O

3.2 Proof of the lemmas
Proof of Lemma 2.10. Assume that 1 <p < N—1. Using (2.7), we have
Fo(@,&n + pn) < (p— Dha + 2p = 1) Fa(2,6) + (p — 1)(|§n + pnl” + |€n|p) + anlpnl”  ae. inw.

From this we deduce that {F,(-,&, + pn)} is bounded in L'(w). Moreover, by (2.5), we have

|Fu(, €0 + ) = Fu(,6)| < (hn + Fu(@, 60 + pn) + Fu(@,60) + 16n + pul? + 6017) 7 “aflonl ae. inw,

where, thanks to the strong convergence of {p,} in LT (w)M*N

bounded in L*(w) and equi-integrable. Indeed, taking into account

, we can show that the right-hand side is

p pr pr

11 -1
Py —1,

we have the boundedness in L' (w), while the strong convergence of {p,, } in L7 (w)™*N implies that {|p,|* 1}

is equi-integrable and therefore, the equi-integrability of the right-hand side. By the Dunford-Pettis theorem,
extracting a subsequence if necessary, we conclude (2.31), which, together with (2.30), in particular implies

Moreover, for any ball B C w, we have
/B ‘Fn(xagn +pn) — Fn(Iagn)‘ dx

S/B(hn+Fn(xv§n+Pn)+F( fn)+|§n+/’n|p+|§n|p) Poan |Pn|d117

p—1

s(/B (hn+Fn($,§n+pn)—i—Fn(:C,{n)+C|§n|p+C|pn|p)da@> ’ (/a d:c) (/ o[ 1dx) "

which, passing to the limit, implies

/|19|da:<<(h+2A+19+Ou +c/|p|de) ’ </ |p| 72T ldx) T,

and then, dividing by |B|, the measures differentiation theorem shows that

9] < (BX + 20 + 9+ C2+ ClplP) 7 (AL) o |p|  ae. in w. (3.9)
Using Young’s inequality in (3.9)
1
[ <P~ 5 (hL+2AL+19+C +C|p|p)+1—?(AL)%|p|p a.e. in w,

and then .

9] < C(R" + A"+ BF + (1+ (ah)
which substituted in (3.9) shows (2.32).

)pl?)  ace. inw,
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Assume now that p > N —1. Again, using (2.7) we deduce that {F,(-,&, + pn)} is bounded in L!(w), and
thanks to (2.5) we get

p=1 1 .
’Fn(zagn‘FPn) _Fn(Iagn)‘ < (hn+Fn(Ia§n+Pn) + Fn(z,€n) + [§n + pnl” + |€n|p) ?oan|pn| ae. inw.

Consequently, the sequence {F,(-,&, + pn) — Fu(+,&,)} is bounded in L'(w). Extracting a subsequence if
necessary, the sequence {F, (-, &n+ pn) — Fn (-, &) } weakly-# converges in . (w) to a measure ©, which, together
with (2.30), implies

Folén4pn) 2 A+0 in.A(w).

Furthermore, if F is a measurable subset of w, then, using Holder’s inequality, we have

/E | (2, 6n + pn) — Fu(,60)| d

—1

P 1
S/ (hn + Fa(2,&n + pn) + Fu(, &) + [€n + pul” +16al") ™ afllpn| dz
E

p—1 1
P

P
SHanL“’(w)MXN (C|pn||poo(w)M><N +/E‘ (hn+Fn(x7§n+pn)+Fn(x7§n)+C|§n|p) dl‘) (/E andx) )

which, passing to the limit, shows that © is absolutely continuous with respect to A. By the Radon-Nikodym
theorem, there exists ¥ € L}(w) such that

O =9A in A (w).
From the previous expression and using the measures differentiation theorem, we get (2.33). 0

Proof of Lemma 2.5. Let 29 € w and two numbers 0 < Ry < Ry with B(zg, R2) C w. Lemma 2.6 in [12]
gives the existence of a sequence of closed sets

1
U, C [Rl,RQ], with |Un| > §(R2 — Rl),

such that defining
Un(r,2) = un(xo +1r2), u(r,z) =u(xo+rz), re€(0,R2), z€ Sy,
we have
||1_Ln — ﬁHCD(Un;X) — O, (310)

where X is the space defined by

L3(Sya)M, with 1< s < YEL2 - if 1 < p < N1,
X = ¢ L*(Sn-1)M, with 1 < s < oo, ifp=N-1,

CO(SN_l)M, ifp>N—1.

For the rest of the prove we assume 1 < p < N —1 because the case p > N —1 is quite similar.

We define @,, € W1°°(0, 00) by

1, if 0 <r < Ry,
1 [
Pn(r) = ﬁ/ xu,ds, if Ri <r < Ra, (3.11)
O, if R2 <r,

and

en(z) = Gnllz — x0l)-
Applying the coercivity inequality (2.1) to the sequence @y, (u, —u) and using F,(-,0) =0, ¢, = 1 in B(zg, R1),
we get

a/ |Du,, — Dul? da < a/ |D(en(un —u))[" da
B(Io,Rl) B(m(hRQ)

< / Fy (Ia D(pn(un — u))) dz = / Fn (‘T’ ¢nDup — nDu+ (un —u) @ an) dz.
B(wo,Rs2) B(zo,R2)
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By the convergence (2.31) with &, := @, Duy, pn = —pnDu+ (u, —u) ® Vi, and by estimate (2.6) we obtain
up to a subsequence

lim F, (z,¢nDuy — pnDu+ (up, — u) @ Vipy,) da
n—00 B(z0,R>»)
< lim F, (x, onDuy,) dx + / 9 dx
"= JB(x0,R2) B(zo,Rz2)
<Clh+ ) (Blan, Ba)) + [ v,
B(Io,Rz)

with
p—1
0] < C (" + p" + 0" + (1 + (AY)7)[Duf?) 7 (a¥)77|Du ace. in w.
Indeed, thanks to (3.10) the sequence (u, — u) ® Vi, converges strongly to 0 in L7t (w)™*N taking into
account the inequality
(N-Dp _ _pr
N—-1—-p  r—-1

Hence, we deduce from the previous estimates that

o(B(zo, R1)) < O(h+u)(§(a:0,R2))+O/( \Dup s
BI(),Rl

+C/ <(hL—|—,uL+QL—|—(1—|—(AL)
B(:Eo,R2)

1 p—1
T

)IDuP)7 (1) |Dul )
Taking Rg such that
(h+p)({lz —zo| = Ra}) = 0,
which holds true except for a countable set E,, C (O, dist(zo, 8w)), and making R; tend to Ra, we get that

Q(B(Io,RQ)) < O(h—l—/L)(B(ZZ?Q,RQ)) —|—O/( : | DulP dx
B :Eo,R2

p—1
+ c/ ((hL +ul o+ 1+ (AL)%)|Du|p)p(AL)Jr|Du|> dz,
B(:Eo,R2)
for any R, € (0, dist(zo,0w)) \ Eg,. Then, by the measures differentiation theorem it follows that

p—1

0 < C(|Dul’ +h+p)+C <(hL +uF 4 o" + (14 (A%)7)|Dulp) 7 ) (aL)#7 | Dul.

Finally, the Young inequality yields the desired estimate (2.21).
Now consider {u,} and {v,} as in the statement of the lemma. Let 2y € w and 0 < Ry < R; < Ry with
B(zg, R2) C w. Again using Lemma 2.6 in [12] there exist two sequences of closed sets

Vo C [Ro, R1], Uy C [Ry, Ry,

with . 1
|Vn| 2 i(Rl - RQ), |Un| 2 §(R2 - R1)7

such that defining

N
1]

n(ry2) = up(xo + 12), n (1, 2) = vp(zo + 72), r € (0,Rz), z € Sn1,
(r,2) = u(zo + 72), o(r,z) = v(xo + r2), r € (0,Rz), z € SN,

Sl

we have
[tn —tllcow,;x) = 0, [[tn = Dllcov,;x) = 0.
Then, consider the function @,, defined by (3.11) and the function t,, € W°°(0, 00) defined by

1, if 0 <r < Ry,
_ 1 Ry
Yn(r) = m/ xv,ds, if Ry <7 < Ry,
0, if Ry <.
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From these sequences we define w,, € W (w)M by
Wp = wn(vn —v+ ’U,) + Spn(l - wn)u + (1 - Spn)unu

with

en(2) = @n(lz —20), Yn(z)= @Zn(lx — o)),
i.e.
Up — U+ u, if | — 20| < Ro,
P (v, — V) + u, if Ry < |x — 29| < Ry,
ont 4 (L —op)un, if Ry < |z — 29| < Ra,
U, if Ro < |z — 20,2 € w.

(3.12)

Wy =

It is clear that, for a subsequence, w, converges a.e. to u. Using then that w, — u, is in WO1 P(w)™ and
that, thanks to ¢y, 1, bounded in W1>(Q), w, is bounded in WP (w)™, we get

W, — u, — 0 weakly in Wy P (w).

Thus, from (2.22) we deduce

/Fn(:t,Dun)dx S/Fn(x,Dwn) dz + O,

:/ F,(z,D(v, — v +u)) d:C—l—/ F,(z,Duy,)dx
B(zo,Ro) {Ra<|z—120|}Nw

+ / F, (x, YnD(vy, —v) + Du+ (v, —v) ® an) dx
{Ro<|z—z0|<R1}

+ F, (x, onDu~+ (1 — @n)Duy, + (U — up) ® chn) dx + O,
{R1<|I—LE0‘<R2}

what implies, in particular
/ F,(z, Du,)dx g/ Fo(z,D(v, —v +u)) dz
B(IU,Rz) B(IU,RU)
+/ Fn(x,wnD(vn —v)+ Du+ (v, —U)®V¢n) dx
{R0<|I—LE0‘<R1}

+ / F, (3:, onDu~+ (1 = ¢p)Duy, + (u — up) ® Vgpn) dx + O,,.
{R1<|I—LE0‘<R2}

(3.13)
To estimate the first term on the right-hand side of this inequality, we use Lemma 2.10 with &, = Duv,,
pn = D(—v + u), which take into account (2.23), gives

wo.flo (3.14)

< v(B(wzo,Ro)) + C (Rr+vh+ ot + (1 + (A")")|D(u — v)|p)% (AL)P_IT |D(u —v)|dz + O,
B(I(),R())

For the second term, we use again Lemma 2.10 with &, = ¢, Dv,, and p, = —¢, Dv + Du + (v, — v) ® Vib,.
Therefore, up to subsequence it holds

/ F, (x, YnD(vy, —v) + Du+ (v, —v) ® an) dx
{Ro<|z—m0|<R1}

< Ch+v+@)({Ro < o — x| < R1})

p—1

+C/ (WY + 0" + @b 4 (14 (A5)F)(|Dof? + [Dul?)) 7 (A%)7 (|Du| + | Dol) dz + O,
{R0<‘1—10|<R1}
(3.15)
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The third term is analogously estimated by Lemma 2.10 with &,, = (1—p,, ) Du,, and p, = @, Du+(u—u,)@Ve,.
Extracting a subsequence if necessary, it yields

/ Fo(z, onDu+ (1 — ¢on)Duy + (u—uy) @ Vo) da
{Ri1<|z—z0|<R2}

< C(h+ p+0)({R1 < |z — x| < Ra}) (3.16)

p—1

+C/ (h% + p" + 0" + (1 + (A%)7)[Dul?) 7 (A%) 7 | Duldz + Oy
{Ri1<|z—z0|<R2}

From (3.13), (3.14), (3.15) and (3.16) we deduce that

/L(B(,To,Rg)) < V(E(,To,Ro)) + C/B( . (hL _|_1/L + w4+ (1 + (AL)%”D(’U, —U)lp)%(AL)#|D(u —’U)ldl’
+C(h+v+w)({Ro < |z — 20| < Ri})

p—1

+C/ (hL+uL+wL+(1+(AL)%)(|DU|P+|Du|P)) v (AL)5r (| Dul + | Do) da
{R0<‘1—10|<R1}

+ C(h+p+0)({R1 < |z — 20| < Ra})
p—1
+C/ (R + u% + 0" + (1 + (AD)7)|Dul?) 7 (aF) 77 | Dulda.
{R1<‘1—10|<R2}
(3.17)
Taking Ry such that
(h+v+w+p+0)({lz — 20| = Ro}) =0,

which holds true except for a countable set E,, C (0, dist(zo,dw)), and making Ry, Ry tend to Ry, from (3.17)
we deduce that

1(B(x0, Ro)) < v(B(wo, Ro))
+C/ (" + 0"+ @" 4+ (1+ (A")7)D(u = 0)?)
B(zo,R0)

p—1

7 (A% 77 [D(u — v)|d,

for any Ry € (0, dist(zo, 0w)) \ Eg, (observe that the right term in the integral is well defined as an element of
L'(w)). Therefore, the measures differentiation theorem shows (2.24).
O

Proof of Lemma 2.6. The proof is the same as the proof of Lemma 2.5 choosing any point xg in 2 rather
than w, extending the functions w,, v, by v in Q\ w, and then noting that the function w,, defined by (3.12) in
) is also equal to w in Q \ w. O

Proof of Corollary 2.9. Assume that 1 < p < N—1. Applying Lemma 2.5 with w = w; (see also Remark 2.7
about the subsets of w) we obtain

p<v+CE + b + @+ (1+ (A5 Dw—v))) 7 (AL [D(u—v)| inw Nws.

Analogously with w = ws, we get

v<pu+Ch"+pt+o"+(1+ (A" ") D(u — U)p|)pT(AL)p_1T|D(u —0)|  inw; Nws.
These two expressions prove the first estimate of (2.29). The proof of the second estimate is similar. g
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