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We give a rather simple proof of the generalization of Kuhlmann's quasi-proper direct image theorem to the case of a map with values in a Banach analytic set. The proof uses a generalization of the Remmert-Stein's theorem to this context.

Introduction

The aim of the present Note is to give a rather simple proof for the generalization of Kuhlmann's quasi-proper direct image theorem to the case of a map with values in Banach analytic set. N. Kuhlmann (and D. Mathieu in the Banach case, see [K.64], [K.66] and [M.00]) proved this direct image result for a "semi-proper" holomorphic map; this is a weaker hypothesis than quasi-proper, so their result is better than the one presented here. But the quasi-proper case fits well with the situation we are mainly interested in the study of f-analytic family of cycles (see [B.08], [B.13] and [B.15]1 ). Our simpler argument via the generalization of the Remmert-Stein's theorem does not work for a semi-proper map (see the remark following proposition 2.0.2). In the appendix we give an easy proof of the Remmert's direct image theorem in the proper finite case (with values in an open set of a Banach space) which is used in our proof to make this Note self-contained modulo the theorem III 7.4.1. in [B-M 1].

A simple proof of Kuhlmann's quasi-proper direct image theorem

In order to show the strategy of proof for the generalization of Kuhlmann's theorem with values in an open set of a Banach space, we shall begin by a simple proof of the finite dimensional case using the "usual" Remmert-Stein's theorem.

Theorem 1.0.1 Let f : M → N a quasi-proper holomorphic map between irreducible complex spaces. Then f (M) is a closed analytic subset of N.

Proof. The first point is to prove that f (M) is closed in N. Let y n = f (x n ) be a sequence in f (M) and suppose that y n converges to a point y ∈ N. Let V be a neighbourhood of y in N and K a compact subset in M such that for any z ∈ V each irreducible component of f -1 (z) meets K. Then we may assume that for n large enough y n lies in V and so that x n is chosen in K.

So, up to pass to a sub-sequence we may assume that the sequence (x n ) converges to x ∈ K. Then the continuity of f implies hat y = f (x). So f (M) is closed. Consider now the integer p := max{dim x f -1 (y), y ∈ N} and define the set

Z := {y ∈ N / dim(f -1 (y)) = p}.
We want to show that Z is a closed analytic subset in N. To show that Z is closed consider a sequence (y n ) in Z converging to a point y in N. Let V be a neighbourhood of y in N and K a compact subset in M such that for any z ∈ V each irreducible component of f -1 (z) meets K. Then for each n large enough in order that y n lies in V , we may find a point x n ∈ K such that f (x n ) = y n and with dim xn f -1 (y n ) = p. So, up to pass to a subsequence we may assume that the sequence x n converges to x ∈ K. We have f (x) = y ; consider now a p-scale E := (U, B, j) around x adapted to f -1 (f (x)). Then the map

g := f × (p U • j) : j -1 (U × B) → W × U is proper and finite if W ⊂ V is an open neighbourhood of
x which is small enough. For each x n ∈ W the image of g contains {x n } × U. So it contains also {x} × U and the fibre f -1 (y) has dimension p in W . So y is in Z and Z is closed.

To prove the analyticity of Z we argue as above and we remark that for any holomorphic function h : U × B → C m with zero set j(W ) ∩ (U × B) we have h(y, t) ≡ 0 for t ∈ U when y is in Z. This will give (infinitely many) holomorphic equations for Z in W using a Taylor expansion in t of the holomorphic function h. This proves the analyticity of Z. Remark that Z has dimension ≤ mp where m := dim M.

Now we shall prove the theorem by induction on the integer p ≥ 0. Note that, for p = 0 the result is already proved. So let assume that the result is proved for p = q -1 and we shall prove it for p = q. If the closed analytic set Z introduced above is equal to N, the result is clear because

f (M) = N. If not N \Z is an open dense set in N because N is irreducible and also M \f -1 (Z) is also an open dense set in M. Moreover the map f : M \f -1 (Z) → N \Z induced by f is again quasi- proper. The induction hypothesis gives that f (M \ f -1 (Z)) is a closed analytic subset in N \ Z and it has dimension bigger or equal to m -(p -1) = m -p + 1.
As Z has dimension ≤ mp we may apply Remmert-Stein theorem to obtain that the closure of f (M \ f -1 (Z)) in N is again an analytic set. This conclude the proof as we have

f (M) = f (M \ f -1 (Z)) ∪ Z, because we know that f (M) is closed.
Remarks.

1. The semi-properness of f would be enough to get the fact that f (M) is closed.

2. The restriction of a quasi-proper map to a closed saturated analytic subset X in M2 is again quasi-proper. This is also true for a semi-proper map.

3. When f is quasi-proper to have quasi-properness for f restricted to closed analytic subset X ⊂ M it is enough for X to be an union of some irreducible components of f -1 (y) for y ∈ f (X).

4. This property of X is not enough, in general, in the case of a semi-proper map f . This is precisely what happen for the subset Z introduced below or in the proposition 2.0.2.

2 The case with values in a Banach analytic set Definition 2.0.1 Let f : M → S be a holomorphic map from a reduced complex space M to a Banach analytic set S. We say that f is quasi-proper when for each point s ∈ S there exists a neighbourhood V of s in S and a compact set

K in M such that, for each σ ∈ V , each irreducible component of f -1 (σ) meets K.
Note that f quasi-proper implies semi-proper3 as the definition above implies that

f (K) ∩ V = f (M) ∩ V .
In particular this condition implies that f (M) is closed in S. So our result is local on S and it is enough to prove the Kulmann's theorem with value in an open set of a Banach space.

Proposition 2.0.2 Let f : M → S be a holomorphic map from a reduced and irreducible complex space M to a Banach analytic set S. We assume that f is quasi-proper. Let p := max{dim f -1 (s), s ∈ S}, and define

Z := {s ∈ S / dim f -1 (s) = p}.
Then Z is a closed analytic subset in S which is finite dimensional (so Z is a reduced complex space embedded in S; see the theorem III 7.4

.1 de [B-M 1]).

remark. This result is not true in general for a semi-proper holomorphic map: Let π : M → N be an infinite connected cover of a complex manifold N of dimension n ≥ 2. Let y ∈ N and let V be a relatively compact open set containing y such that π admit a continuous section σ : V → W where W is a relatively compact open set in M. Let (y ν ) be a sequence of points in V \ {y} with limit y and let (x ν ) be a discrete sequence in M \ W such that π(x ν ) = y ν for each ν ∈ N. Let τ : M → M be the blow-up of M at each point x ν and put π := τ • π. Then π is semi-proper and the subset Z of M where the fibre of π has dimension n -1 is exactely the subset {y ν , ν ∈ N} which is not closed in N.

First step of the proof: Z is closed in S. Let (s ν ) ν≥0 be a sequence in Z which converges to a point s in S. Let V be an open neighbourhood of s and K a compact subset of M such that for any

σ ∈ V each irreducible component of f -1 (σ) meets K. For ν ≫ 1 we have s ν ∈ V , and if Γ ν is a p-dimensional irreducible component of f -1 (s ν ), the intersection Γ ν ∩ K is not
empty, and we may choose some x ν ∈ Γ ν ∩ K. Up to pass to a sub-sequence, we may also assume that the sequence (x ν ) converges to a point x ∈ K. Of course we shall have x ∈ f -1 (s). Choose now a p-scale E := (U, B, j) such that x is in j -1 (U × B) and such that j -1 ( Ū × ∂B) ∩ f -1 (s) = ∅. This is possible because we know that dim f -1 (s) ≤ p. Then, up to shrink V around s, we may assume that for any σ ∈ V we have f -1 (σ) ∩ j -1 ( Ū × ∂B) = ∅. This means that for ν ≫ 1 the scale E is adapted to Γ ν and with deg

E (Γ ν ) = k ν ≥ 1. Define on the open set j -1 (U × B) ∩ f -1 (V ) ⊂ M the holomorphc map g := (p U • j) × f : j -1 (U × B) ∩ f -1 (V ) → U × V
where p U : U × B → U is the projection and where V is the open set in S defined by the condition s ∈ f (j -1 ( Ū × ∂B)).

Second step: g is a closed map with finite fibres. The finiteness of fibres is obvious because for σ ∈ V the intersection f -1 (σ) ∩ j -1 ( Ū × ∂B) is empty, so j(g -1 (t, σ)) ⊂ {t} × B is a compact analytic subset in a polydisc, so a finite set.

To show the closeness of g, choose a closed set F in f -1 (V ) ∩ j -1 (U × B) and a sequence (t ν , σ ν ) in g(F ) ∩ (U × V ) converging to a point (t, σ) ∈ U × V , and let (x ν ) be a sequence in F such that g(x ν ) = (t ν , σ ν ). As j -1 ( Ū × B) is compact, we may assume, up to pass to a sub-sequence, that the sequence (x ν ) converges to some

x ∈ j -1 ( Ū × B) ⊂ M. But the limit of g(x ν ) = (t ν , σ ν ) is in U × V by assumption and this implies that x is in j -1 (U × B). As it cannot be in j -1 (U × ∂B) because f (x) is in V , x lies in f -1 (V ) ∩ j -1 (U × B)
and so x is in F . This proves the closeness of g. Now the Remmert's theorem in the proper finite case, but with values in a Banach analytic set4 , applies and shows that the image of g is a reduced complex space.

In this case it is clear that the cardinal of the fibres is locally bounded, so k ν is bounded up to shrink U and V . So, up to pass to a subsequence, we may assume that k ν is constant equal to k ≥ 1.

Then it is easy to see, again up to pass to a sub-sequence and to shrink U, that the sequence j(Γ ν ) converges to a multiform graph. This implies that f -1 (s) has dimension p, so s is in Z.

We shall denote Ξ ⊂ (U × V ) the image of g.

Third step. We shall prove now that, assuming that we choose V small enough around the given point s in Z, the set

Z ′ := {σ ∈ V / {σ} × U ⊂ Ξ} is a closed analytic subset in V .
Remark that Z ′ is contained in Z but it may be smaller that Z because the fibre of a point s ∈ V \ Z ′ may be of dimension p via a component of f -1 (s) which does not meet j -1 (U × B).

Up to shrink V and U we may assume that V is a closed analytic subset of an open set U in some Banach space, and that we have a holomorphic map

Φ : U → Hol( Ū, F )
where F is a Banach space, such that the associated holomorphic map

Φ : U × U → F satisfies Φ-1 (0) ∩ (V × U) = Ξ.
Then it is clear that we have Z ′ = Φ -1 (0). Now remark that Z ′ ×U is a closed analytic subset of Ξ which is finite dimensional. So this implies that Z ′ is also finite dimensional and we have dim

Z ′ ≤ dim M -p.
If we cover the compact set f -1 (s) ∩ K by finitely many p-scales as above, we obtain that Z is locally a finite union of such Z ′ as above and then Z is a finite dimensional analytic set of dimension ≤ dim Mp near the point s; and, as we already know that Z is closed, it is a closed finite dimensional analytic set of dimension ≤ dim Mp in S.

Theorem 2.0.3 Let f : M → N a quasi-proper holomorphic map between an irreducible complex space M and a Banach analytic set S. Then f(M) is a closed analytic subset in S which is locally finite dimensional .

Proof. We shall prove the theorem by induction on the integer p defined in the previous proposition. Note that for a given M, we have always p ≤ dim M < +∞ as we assume M irreducible.

The case p = 0 is clear because in this case we have Z = f (M). Assume the theorem proved when p ≤ q -1 for some q ≥ 1 and we shall prove it for p = q.

From the previous steps we know that Z is a closed analytic subset in S and that it has finite dimension ≤ dim Mp. Let us consider now the map

f : M \ f -1 (Z) → S \ Z
induced by f . It is clearly quasi-proper and for this map we have p ≤ q -1. So, by the induction hypothesis, the image of f is a closed analytic subset in

S \ Z which is irreducible of finite dimension dim Im( f ) ≥ dim M -p ≥ dim M -q + 1 ≥ dim Z + 1.
Now we want to apply the Remmert-Stein theorem to conclude. This is clear in the case where S is a finite dimensional complex space because the dimensions satisfy the desired inequality, but we want now to treat the case where S is a Banach analytic set. As the problem is local, we may replace S by a open set in a Banach space, and we apply the generalization of Remmert-Stein theorem obtained in the next section to conclude.

3 The Remmert-Stein' theorem in a Banach space Theorem 3.0.1 Let U an open set in a Banach space and let A ⊂ U be a closed analytic susbset of dimension d.

Let X ⊂ U \ A a closed irreducible analytic subset in U \ Z of finite dimension ≥ d + 1. Then X is a closed irreducible analytic subset in U of finite dimension equal to dim X.
Here is a first step of the proof of this theorem.

Lemma 3.0.2 Let X ⊂ U be a closed analytic subset in an open set U in a Banach space E. Assume that X has finite pure dimension ≤ n and that X is countable at infinity. Let a ∈ U \ X and x ∈ X. Assume also that a n-dimensional linear subspace L containing a is given. Then there exists a linear closed codimension n subspace P in E containing a and x, such P is transversal to L at a and that the set X ∩ P is discrete and countable.

Proof. We shall make an induction on n ≥ 0. The case n = 0 is trivial. So let assume that the case n -1 is proved and consider X of pure dimension d ≤ n.

Choose for each irreducible component X ν of X a point x ν ∈ X ν which is not equal to x 5 . Now choose an hyperplane H containing a and x and such that x ν is not in H for each ν, and that H is transversal to L at a. Such a hyperplane exists thanks to Baire's theorem. Then X ∩ H is purely (d -1)-dimensional and contains x. The induction hypothesis gives us a co-dimension n -1 subspace Π containing a and x, transversal at a to L ∩ H, such that Π ∩ (X ∩ H) is discrete and countable. Now the co-dimension of P := Π ∩ H is exactly equal to n and is transversal to L at a. This completes the proof.

Proof of the theorem 3.0.1. We follow the proof of the proposition II 4.8.3 case (i) given in [B-M 1] but with an ambiant infinite dimensional complex Banach space. The theorem 3.0.1 follows from this result as in the finite dimensional case.

First, the following point is not completely obvious : the local compactness of X ∪A.

Of course A and X are locally compact by assumption. So it is enough to show that this union is locally compact near a point a ∈ A. Remark first that we have

∂X ⊂ ∂U ∪ A.
and X ∪A is closed in U. So if we consider ε > 0 small enough, we have B(a, 2ε) ⊂ U and B(a, ε) ∩ A is a compact set. Now we want to show that B(a, ε) ∩ (X ∪ A) is compact. So it is enough to show that any sequence (x ν ) in B(a, ε) ∩ X admits a converging sub-sequence to a point in B(a, ε). Let

δ ν := d(x ν , A ∩ B(a, ε)).
5 As n ≥ 1 an irreducible component is not equal to {x}.

If δ ν goes to 0 for some sub-sequence, then there is a Cauchy sub-sequence converging to some a ′ ∈ B(a, ε) ∩ (X ∪ A). If δ ν ≥ α > 0 for all large enough ν, then the sequence is contained in the subset

B(a, ε) \ {x / d(x, A ∩ B(a, ε)) ≥ α)} ∩ X.
This subset of X is compact, because it is closed and a sequence in it cannot approach neither ∂U (as B(a, 2ε) ⊂ U, any point z ∈ B(a, ε) satisfies d(z, ∂U) ≥ ε) nor A, and X is locally compact (so any discrete sequence has to approach the boundary of X).

Assume that X has dimension d + k with k ≥ 1. For a ∈ A a fixed smooth point, let V be a d + k sub-manifold through a containing A (we use here the theorem III 7.4.1 in [B-M 1]) and choose a co-dimension d + k plane P transversal to V at a meeting some point in X ∩ B(a, ε) and such that P ∩ X is discrete. Up to shrink V and taking a small ball B 0 with center a in P , we may assume that an open neighbourhood of a in B(a, ε) is isomorphic to the product V × B 0 . And from our construction we have X ∩ ({a} × B 0 ) which is discrete.

Claim. We can choose two small balls B ′ ⊂ B in P with center a contained in B 0 ⊂ B(a, ε) ∩ P such that (B \ B ′ ) ∩ X = ∅ and then we may find an open neighbourhood U of a in V in order that the projection on U of the set X ∩ (U × B ′ ) = (X ∪ A) ∩ (U × B) is proper (this means closed with compact fibres) and that its restriction to X ∩ ((U \ A) × B) has finite fibres.

proof. The choice of two arbitrary small balls B ′ ⊂ B with the first condition (B \ B ′ ) ∩ X = ∅ is easy because we know that X ∩ ({a} × B 0 ) is discrete : the distances to a of the points in X ∩ ({a} × B 0 ) are in a discrete subset in ]0, ε[ and we can choose r ′ < r with r arbitrary small such that ]r ′ , r[ avoids these values. But the subset (X ∪ A) ∩ B(a, ε) is compact and then, as A ∩ ( B \ B ′ ) is empty, the subset X ∩ ({a} × B) is compact. Then there exists an open neighbourhood U of a in V such that the projection of X ∩ (U × B) on U is proper : Let K be a compact neighbourhood in X ∩ (V × B) of the compact set X ∩ ({a} × B) (remember that we proved that X = X ∪ A is locally compact). Then for K small enough the distance of a point in K to the closed set {a} × ( B \ B ′ ) is bounded below by a positive number, and so there exists an open neighbourhood U of a in V such that U × ( B \ B ′ ) does not meet K. This is enough to prove the claim thanks to the following simple remark, as X ∩

((U \ A) × B) = X ∩ ((U \ A) × B) because A ≃ A × {a} ⊂ U × B ′ .
Remark. Any compact analytic subset in X ∩ B(a, ε) is finite: assume that Z is a connected component of such a compact analytic subset. As compactness implies that there are at most finitely many Z, it is enough to prove that Z has at most one point.

Assume that z 1 = z 2 are two points in Z. Choose a continuous linear form on E such that l(z 1 ) = l(z 2 ). As the map l |Z : Z → C is holomorphic, it has to be constant (maximum principle and connectness). Conclusion : Z has at most one point.

The end of the proof of the theorem 3.0.1 is now analogous to the end of the proof in the finite dimensional setting (we are in the "easy" case where the dimension of X is strictly bigger than d the dimension of A ; see the remark before the lemma 4.8.7 in [B-M 1] ch.III).

Remarks.

1. Along the same line, it is not difficult to prove the analog of the Remmert-Stein's theorem with equality of dimensions, assuming there exists an open set in U meeting each irreducible component of A and in which X ∪ A is an analytic subset.

2. In our proof we use in a crucial way the metric in the ambient Banach space.

If the extension of this proof to an open set in a Frechet space may be easy, the case of a non metrizable e.l.c. 4 Appendix: the direct image theorem in the proper finite case

Notation. An e.l.c.s.s. is a locally convex topological vector space which is separated and sequentially complete. For the definition we shall use of a holomorphic map on a reduced complex space M with values in a e.l.c.s.s. see [B-M 1] ch. III definition 7.1.1. Note that the general proper case of this result is given in loc. cit. th. III 7.4.3 but the proof of the proper finite case is much more simple.

To have a simple and self-contained proof (modulo the theorem III 7.4.1. in [B-M 1]) of the quasi-proper direct image theorem discussed in this Note, we shall give a easy proof of the direct image theorem in the proper finite case with values in an e.l.c.s.s.(this result has been used in the Banach case in our proof). This allows to use the proof of the previous section also in the proper case, thanks to the following lemma.

Lemma 4.0.1 Let f : M → S a holomorphic map from a reduced complex space to an open set of an e.l.c.s.s. Assume that f is closed with compact fibres (so f is proper). Then f is quasi-proper.

  s.s. (for instance a dual of Frechet space ) does not seem clear. Note that the proper case is proved with values in an open set of any e.l.c.s.s. in [B-M 1] ch.III.

Nevertheless we prove the semi-proper case of the direct image theorem with values in C f n (M ), the space of finite type n-dimensional cycles in the complex space M in [B.15] th.

2.3.2.

A subset X of M is saturated for f if x ∈ X implies f -1 (x) ⊂ X.

Recall that a continuous map f : M → S between Hausdorff topological spaces is semi-proper if for any s ∈ S there exists a neighbourhood V of s in S and a compact set K in M such that for any σ ∈ V the fibre f -1 (σ) meets K. This is a topological notion contrary to the quasi-properness which asks that M is a complex space and that the fibres of f are (closed) analytic subsets in M (but no complex structure in needed on S).

So we have to use the proper case with finite fibres of the Remmert' theorem with values in an open set of a complex Banach space to prove this proposition. To make this Note self-contained (modulo the theorem III 7.4.1. in [B-M 1]) we give a simple proof of this case in the appendix (section 4). See also [B-M 1] chapter III for the general case.

proof. If f is not quasi-proper at s ∈ S there exists, for each open neighbourhood V ν of s and for each compact K in M a point σ ν,K ∈ V ν and an irreducible component Γ ν,K of f -1 (σ ν,K ) which does not meet K. Now, for a fixed K we may choose the points σ ν,K to be distinct. Let W be a relatively compact open set in M containing the compact fibre f -1 (s) and let K := W . Then for each ν we can find a point

x ∈ F \ F , the point x is limit of an ultra-filter of points in F , and so f (x) is equal to s, because the intersection of the V ν for any ultra-filter is reduced to {s}. But as x ∈ M \ W and f -1 (s) ⊂ W , this is a contradiction. So the map f is quasi-proper at any point s ∈ S.

Proposition 4.0.2 Let f : M → S be a holomorphic map of a complex reduced space M to an open set S in a e.l.c.s.s. Assume that f is closed with finite fibres (so proper and finite). Then f (M) is a closed analytic subset which is locally of finite dimension in S.

proof. As f (M) is the locally finite union of the sets f (M i ), i ∈ I, where M i , i ∈ I is the set of irreducible components of M because f is quasi-proper and finite thanks to the previous lemma, we may assume that

Let G be the ambiant vector space of S. Choose a finite co-dimensional closed affine subspace H containing s in the e.l.c.s.s. G such that the point s is isolated in H ∩ f (M) which is maximal for this property. Such a H exists because it is easy to construct a sequence (H q ) of closed co-dimension q affine subspaces in G containing s such that the germ of f -1 (H q ) at f -1 (s) gives a strictly decreasing sequence of analytic germs as long as f -1 (H q ) is strictly bigger than the finite set f -1 (s). Then at the last step q 0 we have the equality of germs f -1 (H q 0 ) = f -1 (s) in M. If H q 0 is not maximal with this property, replace H q 0 by a maximal closed affine subspace containing s and containing H q 0 with this property. Write G = C n ⊕ H 0 where H 0 is the closed co-dimension vector subspace in G directing H and let p : G → C n and p H : G → H be the projections. Then the germ of analytic map g : (M, f -1 (s)) → (C n , p(s)) is finite by construction. So its image is an analytic germ. If it is not equal to (C n , p(s)) we can find a line ∆ through p(s) in C n such that g -1 (p(s)) = f -1 (s). Then the affine space p -1 (∆) contradicts the maximality of H. So the germ g is surjective and we can find an open polydisc U with center p(s) in C n such that g : M ′ := g -1 (U) → U is a k-sheeted branch covering. So we have a holomorphic map ϕ : U → Sym k (M ′ ) classifying the fibres of g. Composed with the holomorphic map induced by Sym k (p H •f ) we obtain that f (M ′ ) is a multiform graph of U contained in U × H (see [B-M 1] chapter III section 7.2). As we have f (M ′ ) = p -1 (U) ∩ M in a neighbourhood of s, we conclude that f (M) is a finite dimensional analytic subset in G in a neighbourhood of s.