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Considerations on higher-order finite elements for multilayered
plates based on a Unified Formulation

M. D’Ottavio, D. Ballhause, T. Wallmersperger, B. Kröplin
1. Introduction

One of the most challenging tasks in modern engineering
sciences is to design and implement highly efficient struc-
tural components enabling to save weight and, at the same
time, to improve mechanical characteristics, like the stiff-
ness or the damage tolerance. A predominant role is played
in this context by multilayered structures, in which different
materials are laminated in order to tailor the global prop-
erties in a desired manner. In this field, fiber-reinforced
materials have gained the main attention due to their
intrinsic anisotropy and lightweight. Thin multilayered
components, like plates and shells, have been the object
of intensive research since many decades, particularly in
aerospace engineering. A very large amount of two-dimen-
* Corresponding author. Tel.: +49 711 68562484; fax: +49 711
68563706.
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sional models for the design and simulation of laminated
plates and shells built up from fiber-reinforced materials
have been proposed. Accordingly, many review articles
have been devoted to this subject, among them the early
contribution of Ambartsumyan [1], the exhaustive article
of Noor and Burton [2] and the recent review of Carrera
[3].

Relevant phenomena occurring in multilayered com-
posites require the formulation of accurate models for an
adequate design simulation: even global response charac-
teristics can in fact be strongly influenced by localized phe-
nomena occurring at smaller scales, see, e.g., Librescu [4].
An accurate determination of the local stress state is man-
datory for meaningful design or verification analyses
involving for example damage and failure mechanisms.
Kant and Swaminathan have given an overview of different
techniques to estimate the transverse stresses in laminated
composites [5]. Among them, post-processing steps, e.g.,
a direct integration of the three-dimensional equilibrium
equations, are often performed in combination with
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simpler computational models like the classical laminate
theory (see, e.g., [6]). However, this procedure does not
allow to account for the interlaminar equilibrium within
the governing equations of the problem. Furthermore,
the discontinuous slopes of the displacements at the layers’
interfaces should be modeled for an accurate response of
the laminate. Both conditions have been summarized as
the ‘‘C0

z -Requirements’’ an accurate model for laminates
should be able to fulfill [7]. Additionally, the role of trans-
verse normal stresses should be particularly mentioned: the
inclusion of this component affords in fact a distribution of
the transverse shear stresses in thickness direction, thus
allowing the consistent satisfaction of homogeneous stress
boundary conditions on the outer surfaces of the shell.
The relevance of the transverse normal stress has been
recognized e.g. for curved shells [8], for thermally loaded
laminates [9] and for locally loaded sandwich components
[10].

Many different approaches fulfilling fully or partly the
C0

z -Requirements have been proposed, involving formula-
tions based either on displacements-based variational state-
ments, or on mixed principles; these latter have both
displacements and stresses as primary unknowns. Formula-
tions basing on a partial mixed theorem formulated by
Reissner [11] have proven to give excellent results [12,13].
Following Reddy [14], axiomatically derived two-dimen-
sional models can be further divided in ‘‘Equivalent Single
Layer’’ and ‘‘Layerwise’’ classes: while in the former
description method the unknowns are independent from
the number of layers, the latter involves layer-specific
unknowns. A series of these axiomatic approaches has been
uniformly derived by Carrera [15] upon developing a so-
called ‘‘Unified Formulation’’ for the general description
of two-dimensional formulations for multilayered plates
and shells. With the Unified Formulation it is possible to
implement in a single software a series of hierarchic formu-
lations, thus affording a systematic assessment of different
theories, ranging from simple ESL models up to higher-
order layerwise descriptions. This formulation is a valuable
tool for gaining a deep insight in the complex mechanics of
laminated structures.

The two-dimensional problem, which arises once the
thickness assumptions have been introduced, can be solved
in different manners. For some limited geometries, lay-ups
and boundary/loading conditions, a closed-form, Navier-
type solution may be found. For the analysis of more com-
plex and realistic structural problems, the finite element
method (FEM) can be considered as the established tech-
nique. Many multilayered finite plate and shell elements
have been proposed basing on classical laminate theory
as well as on first- and higher-order shear deformation the-
ories, see, e.g., [16]. The severe numerical problems experi-
enced by early shear-deformable theories in the thin plate
limits could be successfully circumvented by the use of
numerical tricks, like the reduced/selective quadrature
techniques with adequate hourglass controls; a different
approach involves more systematically derived mecha-
nisms, like the mixed interpolation of tensorial components
(MITC-elements) proposed by Bathe and Dvorkin [17] or
the enhanced assumed strain methods (EAS-elements)
introduced by Simo and Rifai [18]. First-order shear defor-
mation elements including the transverse normal strain and
the fully three-dimensional material law are often prone to
the spurious thickness locking due to the Poisson effect.
There are several viable techniques to circumvent this
effect: a modification of the constitutive equations, see,
e.g., [19,20]; a refinement of the transverse normal strains
by the introduction of either an additional assumed trans-
verse strain component [21] or a higher-order thickness
assumption for the transverse deflection, as for example
in the work of Parisch [22]. A survey of the numerical
issues associated to the in-plane and the transverse behav-
ior of shell elements can be found in the article of Yang
et al. [23].

Unified Formulation-based finite elements have been
already implemented and successfully verified [24]. None-
theless, a more thorough analysis of the numerical proper-
ties of this class of elements is still lacking. Particularly, the
question of the performance of the elements for thin struc-
tures shall be addressed. More general, the influence of
higher-order thickness assumptions, involving transverse
shear and transverse normal stresses, on the in-plane
behavior of the finite element discretization shall be ana-
lyzed. Once these questions obtain a satisfactory answer,
the Unified Formulation may become a very useful tool
for systematically deriving accurate multilayered finite
plate and shell elements.

An outline of the paper is as follows: Section 2 intro-
duces the employed notation for the geometry and the
kinematic as well as for the constitutive behavior of the
laminated plate; Section 3 is dedicated to the axiomatic
modeling and presents the Unified Formulation. The defi-
nition and assembly of the finite element matrices, and
the numerical assessment of the resulting formulations
are reported in Sections 4 and 5, respectively. Some consid-
erations on the thickness locking phenomenon associated
to Unified Formulation-based elements are presented at
the end of Section 5.

2. Preliminaries

The multilayered plate considered in this work is
depicted in Fig. 1. It consists of Nl layers which are consid-
ered to be perfectly bonded. X indicates the reference sur-
face of the laminated plate. The reference surface is
defined by the two coordinate axes x and y. z denotes the
coordinate in thickness direction and has its origin on X.
Local coordinates are introduced in each layer: the local
reference surface Xk is placed in the middle of each layer
k at a distance z0k from the laminate reference surface. zk

is the local thickness coordinate and ranges from �hk/2
to +hk/2. A correspondent dimensionless coordinate fk =
2zk/hk, being hk the thickness of the kth layer, is introduced
ranging from �1 to 1.
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Fig. 1. Geometry and notations introduced for the description of a
multilayered plate.
2.1. Variational statement

The governing equations are derived within the principle
of virtual displacements (PVD). The complete statement of
the principle reads [25]Z

V
rT

q d�q dV �
Z

V
f T

i dui dV �
Z

Ct

�tT
i dui dC ¼ 0 ð1Þ

The index i runs from 1 to 3, q from 1 to 6; for the stress
and strain tensors of second order the contracted notation
according to 1 = xx, 2 = yy, 3 = zz, 4 = yz, 5 = xz, 6 = zz

has been used. In the remainder of this paper, the three spa-
tial axes will be interchangeably denoted as hx,y,zi, h1,2,3i
or hx1,x2,x3i without confusion. fi and ti are the vectors of
the body forces and of the surface tractions, respectively; V

is the whole domain and Ct is the portion of boundary on
which the mechanical tractions are applied. Within the the-
ory of small displacements, the strains �ij are related to the
displacements by the geometric relations

�ij ¼
1

2
ðoiuj þ ojuiÞ i; j ¼ 1; 2; 3 ð2Þ

where the notation oi indicates the partial derivation with
respect to the coordinate xi, i.e. oi = o/oxi. A representation
within the contracted vector notation of the geometric rela-
tions equation (2) is introduced according to

�q ¼ Dqiui ð3Þ
where Dqi is the 6 · 3 differential operator defined by Eq.
(2).

For the sake of completeness, it is here recalled that the
PVD satisfies in a weak sense the equilibrium equations in
the domain V

ojrij þ fi ¼ 0 i; j ¼ 1; 2; 3 ð4Þ
as well as the mechanical boundary conditions on Ct

rijlj ¼ �ti i; j ¼ 1; 2; 3 ð5Þ
On the other hand, the PVD has as subsidiary conditions
both the geometric relations equation (2) and the boundary
conditions for the prescribed displacements given on the
portion Cu (C = Cu [ Ct):

ui ¼ �ui i ¼ 1; 2; 3 ð6Þ
2.2. Constitutive equations

The PVD holds in the form given in Eq. (1) irrespective
of the material stress strain relations. These relations are
given within the linear elasticity theory for each layer k

of the multilayered plate according to Hooke’s law

rk
q ¼ eCk

qr�
k
r q; r ¼ 1; 2; . . . ; 6 ð7Þ

where the previously introduced contracted notation has
been employed. Substitution of the geometric relations
equation (3) in the material law equation (7), and upon
introduction of the resulting expressions of the stresses in
terms of displacements into Eq. (1), the PVD is written
for the multilayered structure as

XNl
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V k
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qrDrjuk
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Dqiduk
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dV �
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V k
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i Þ
Tduk

i dV

�
Z

Ck
t

ð�tk
i Þ

Tduk
i dC

#
¼ 0 ð8Þ
3. Two-dimensional modeling of multilayered plates

In all two-dimensional axiomatic models of plates and
shells, the key point is represented by the assumptions
made for the behavior in the thickness direction: this allows
to eliminate the dependencies on the thickness coordinate
and to obtain a set of differential equations for the behav-
ior in the reference surface X of the structure. In view to
this different treatment of the thickness (i.e. transverse)
direction and of the in-plane directions, the strain and stress
vectors �q and rq are split into their in-plane (subscript p)
and transverse (subscript n) components

ð�pÞki ¼ �k
1�

k
2�

k
6

� �T
; ðrpÞki ¼ rk

1r
k
2r

k
6

� �T

ð�nÞki ¼ �k
4�

k
5�

k
3

� �T
; ðrnÞki ¼ ½rk

4r
k
5r

k
3�

T

Accordingly, the geometric relations (3) read

ð�pÞki ¼ ðDpÞijuk
j ð9aÞ

ð�nÞki ¼ ðDnXÞijuk
j þ ðDnzÞijuk

j ð9bÞ

where the following layer-independent differential opera-
tors have been introduced:

ðDpÞij ¼
ox 0 0

0 oy 0

oy ox 0

264
375; ðDnXÞij ¼

0 0 ox

0 0 oy

0 0 0

264
375;

ðDnzÞij ¼
oz 0 0

0 oz 0

0 0 oz

264
375 ð10Þ

Hooke’s law (7) is split analogously reading

ðrpÞki ¼ ðeCppÞkijð�pÞkj þ ðeCpnÞkijð�nÞkj ð11aÞ
ðrnÞki ¼ ðeCnpÞkijð�pÞkj þ ðeCnnÞkijð�nÞkj ð11bÞ



where the stiffness matrices for a monoclinic material are
considered:

ðeCppÞkij ¼
eC11

eC12
eC16eC12

eC22
eC26eC16

eC26
eC66

264
375; ðeCpnÞkij ¼

0 0 eC13

0 0 eC23

0 0 eC36

264
375 ð12aÞ

ðeCnpÞkij ¼
0 0 0

0 0 0eC13
eC23

eC36

264
375; ðeCnnÞkij ¼

eC44
eC45 0eC45
eC55 0

0 0 eC33

264
375
ð12bÞ

The relation between the stiffness coefficients eCqr and the
elasticity parameters Ei, Gij and mij can be found, e.g., in
the reference work of Jones [26]. Note that Eqs. (7) and
(11b) are constitutive equations written in the structure ref-
erence frame, i.e. the stiffness coefficients eCqr already in-
clude the information concerning the angle between the
material axes and the structure reference system. Finally,
the PVD equation (8) can be rewritten asXNl

k¼1

"Z
V k
ðDpÞliduk

i

� �TðeCppÞklm½ðDpÞmj�uk
j

þ ðDpÞliduk
i

� �TðeCpnÞklm½ðDnXÞmj þ ðDnzÞmj�uk
j

þ ððDnXÞli þ ðDnzÞliÞduk
i

� �TðeCnpÞklm½ðDpÞmj�uk
j

þ ððDnXÞli þ ðDnzÞliÞduk
i

� �TðeCnnÞklm½ðDnXÞmj þ ðDnzÞmj�uk
j dV

�
Z

V k
ðf k

i Þ
Tduk

i dV �
Z

Ck
t

ð�tk
i Þ

Tduk
i dC

#
¼ 0 ð13Þ

Once the general framework has been given, in the next
sections the assumptions for the behavior in thickness
direction and the technique for solving the resulting two-
dimensional problem are presented.

3.1. Thickness assumptions: the Unified Formulation

This work relies on the Unified Formulation (UF) sum-
marised in [15]. By an extensive use of index notations, the
UF is a useful tool to easily implement a large number of
two-dimensional models. Starting point is the description
at layer level of all the governing and subsidiary equations
derived above. As usual in axiomatic modeling, the thick-
ness distributions of the unknowns and of the weighting
functions, i.e. the displacements uk

j and their virtual varia-
tions duk

i , respectively, are expressed in terms of known
functions F(zk)

uk
j ðx; y; zÞ ¼ F sðzkÞðûjðx; yÞÞks ð14aÞ

duk
i ðx; y; zÞ ¼ F sðzkÞðdûiðx; yÞÞks ð14bÞ

s and s are summation indices ranging from 0 to N, where
N is the order of the expansion assumed for the through-
thickness behavior. While s is employed for the virtual
variations, s is used for the expansion of the unknowns.
By varying the free parameter N, a hierarchic series of
two-dimensional models is obtained: more refined models
are attained by increasing the expansion order N. Without
loss of generality, throughout this work both unknowns
and weighting functions are treated with the same order
of expansion. Additionally, all displacement components
are described with the same expansion in thickness direc-
tion as well. This means that even first-order expansions
naturally include the effects of transverse normal strains
and stress in the analysis. Classical formulations neglecting
these effects, like the established classical laminate theory
(CLT) or the first-order shear deformation theory (FSDT),
may be recovered by means of standard penalty techniques.

Since the thickness assumptions are made for each layer,
the known functions F are generally defined in the local,
layer-specific coordinate zk. The assumed functions F(zk)
are chosen depending on the desired model. The behavior
of the complete laminate is finally obtained by assembling
in the proper way the contributions of all layers.

3.1.1. Layerwise models

Within a layerwise (LW) – or discrete-layer – model,
each layer has its own unknowns, and the whole laminate
is described by a number of unknowns which depends on
the number of layers. The layer-specific unknowns, i.e.
the displacements of the layer, must be assembled to the
multilayered level by respecting the condition of perfectly
bonded interfaces. In order to enforce the interlaminar
continuity (IC) of the displacements at the layers’ inter-
faces, the interpolating functions F are conveniently chosen
as combinations of Legendre polynomials P(fk) (see [27]
for more details)

F k
t ðzkÞ ¼

P 0ðfkÞ þ P 1ðfkÞ
2

; F k
bðzkÞ ¼

P 0ðfkÞ � P 1ðfkÞ
2

ð15aÞ

F k
sðzkÞ ¼ P s � P s�2 with s ¼ 2; 3; . . . ;N ð15bÞ

Due to these interpolation functions, the unknowns associ-
ated to the linear expansion for N = 1 represent the values
of the unknowns at the top (Ft) and bottom (Fb) of the
layer. Additional nodes along the zk-axis introduce a high-
er-order distribution of the unknowns in the layer thick-
ness. The IC conditions are hereafter enforced by setting

ðûjÞks¼t ¼ ðûjÞkþ1
s¼b ð16Þ

Throughout this work, models based on a layerwise
description of the displacements will be denoted by the
acronym LDN; therefore, an LD1 formulation assumes
in each layer a linear behavior of the displacements in
thickness direction, an LD2 model has a quadratic layer-
wise distribution and so on. Fig. 2(a) exemplarily depicts
a distribution of displacements in thickness direction which
can be represented by a layerwise second-order expansion.

3.1.2. Equivalent single layer models

If a number of total unknowns is desired which is
independent from the number of layers constituting the
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Fig. 2. Examples for possible models within the Unified Formulation: layerwise (left) and equivalent single layer with ZigZag (right).
laminate, an equivalent single layer (ESL) description is
addressed. Usually, a Taylor expansion is used according
to

F k
sðzkÞ ¼ ðzkÞs with s ¼ 0; 1; . . . ;N � 1 ð17Þ

In this case, the unknowns related to s = 0 are simply the
values on the reference surface of the laminate. Here, the
displacement unknowns associated with s = 1 represent
the rotations of the cross-section in an analogous way com-
pared to FSDT.

A refinement of ESL formulations can be achieved by
superimposing to the above expansion the so-called Mura-
kami ZigZag function (MZZF), first introduced by Mura-
kami [28] and extensively employed by Carrera [29]. This
function allows the introduction of a discontinuity in the
slopes of the displacements and thus represents a step
towards the fulfillment of the C0

z -Requirements. In this
latter case, the expansion equation (17) is extended by
the ZigZag term yielding the following through-thickness
approach

uk
j ðx; y; zkÞ ¼ ðzkÞs ûk

j ðx; yÞ
� �

s
þ ð�1Þkfkðûjðx; yÞÞZZ ð18Þ

The typical behavior of an approach obtained with Eq. (18)
is depicted in Fig. 2(a). It is important to underline that the
MZZF introduces a dependency of the through-thickness
behavior on the layer number within a layer-independent
ESL formulation. Nonetheless, the added unknown
ðûjðx; yÞÞZZ assumes the same value for each layer, thus
respecting the layer-independency of the basis formulation.

Formulations based on a ESL description are denoted
as EDN models; if the MZZF is superimposed to the
ED-formulation, the model will be indicated as EDZN.

3.2. Finite element approximation

According to the well established finite element tech-
nique, the infinite number of degrees of freedom of a flex-
ible structure is reduced to a finite number of nodal
unknowns. For a detailed description of the FEM, refer-
ence is made to the large number of available publications
and books on this topic. In this work, standard isoparamet-
ric lagrangian elements are employed.

The expression of the displacement field given in Eq.
(14b) is discretized within the FE approach as

uk
j ðx; y; zÞ ¼ N rðx; yÞF sðzkÞð bU jÞksr ð19aÞ

duk
i ðx; y; zÞ ¼ N qðx; yÞF sðzkÞðd bU iÞksq ð19bÞ

where the shape functions Nr (r = 1,2, . . .,Nn for an ele-
ment with Nn nodes) have been introduced and are respon-
sible for the in-plane behavior of the displacement field. An
analogous expression holds for the virtual variations of the
displacements duk

i . Within ESL formulations, the shape
functions are naturally defined on the reference surface X
for the laminated plate. For LW descriptions, the same
shape functions are employed for all layers. ð bU jÞkrs and
ðd bU iÞksq are the vectors of the nodal displacements and of
their virtual variations, respectively. The previously intro-
duced indices are summarized for clarity:

• i, j indicate the components of the displacement and
range from 1 to 3 (spatial directions);

• k is the layer index, ranging from 1 to the number of lay-
ers Nl;

• s, s denote the expansion in thickness direction and
range from 0 to the maximum order N;

• q, r indicate the node numbers within the finite element
approximation ranging from 1 to the number of element
nodes Nn.
4. Finite element matrices

For a given value of the indices k, s, s, q and r, upon
introduction of the expressions in Eq. (19) into the PVD
equation (13), the governing equations are expressed in
terms of a 3 · 3 array called the fundamental nucleus of
the formulation. For a pure displacement-based variational
form, the fundamental nucleus consists of a single 3 · 3
array. In case of multifield mixed formulations, the funda-
mental arrays are more than one, see for example the
description within the UF based upon Reissner mixed



variational theorem (RMVT) [30]. The key point of the UF
consists expressly in the capability to represent a large
number of formulations by the simple building of these
fundamental arrays. The fundamental nuclei obtained for
different values of the indices are then assembled in order
to obtain the governing equations for the whole structure.

4.1. The fundamental nucleus

Starting point for the derivation of the fundamental
nucleus is the variational equation (13): introduction in
the expression for the internal work in the PVD of both
the through-thickness assumptions and the finite element
interpolations equation (19) yieldsZ

V k
ðd bU iÞksq

� �T

½ðDpÞliN qF s�TðeCppÞklm½ðDpÞmjNrF s�ð bU jÞksr

þ ðd bU iÞksq

� �T

½ðDpÞliN qF s�TðeCpnÞklm½ððDnXÞmj

þ ðDnzÞmjÞNrF s�ð bU jÞksr þ ðd bU iÞksq

� �T

½ððDnXÞli

þ ðDnzÞliÞNqF s�TðeCnpÞklm½ðDpÞmjN rF s�ð bU jÞksr

þ ðd bU iÞksq

� �T

½ððDnXÞli þ ðDnzÞliÞNqF s�TðeCnnÞklm½ððDnXÞmj

þ ðDnzÞmjÞNrF s�ð bU jÞksrdV ¼ dLk
ext � dLk

int ð20Þ

The virtual internal and external works read, respectively

dLk
int ¼ �

Z
V k

f k
i

� �T
duk

i dV ; dLk
ext ¼

Z
Ck

t

�tk
i

� �T
duk

i dC ð21Þ

The dimension of the above array is defined by the varia-
tion of the free indices i, j, i.e. the three spatial directions
x, y, z. The differential operators quoted in Eq. (10) act
either on the in-plane functions N(x,y) or on the thick-
ness interpolations F(zk). Upon splitting the whole domain
Vk in the reference surface Xk and the thickness Ak, and
separated the terms related to the thickness behavior from
those related to the in-plane behavior, the PVD finally
reads

ðd bU iÞksq

� �T

ðKijÞkqssrð bU jÞksr ¼ dLk
ext � dLk

int ð22Þ

with the fundamental nucleus ðKijÞkqssr expressed as

ðKijÞkqssr ¼
Z

Xk
ððDpÞliNqÞðeCppÞklm

Z
Ak

F sF s dz
� 	

ððDpÞmjNrÞdxdy

þ
Z

Xk
ððDpÞliN qÞðeCpnÞklm

Z
Ak

F sF s dz
� 	

ððDnXÞmjNrÞdxdy

þ
Z

Xk
ððDpÞliN qÞðeCpnÞklm

Z
Ak

F sF s;z dz
� 	

Nr dxdy

þ
Z

Xk
ððDnXÞmjNqÞðeCnpÞklm

Z
Ak

F sF s dz
� 	

ððDpÞmjNrÞdxdy

þ
Z

Xk
ððDnXÞmjNqÞðeCnnÞklm

Z
Ak

F sF s dz
� 	

ððDnXÞmjNrÞdxdy

þ
Z

Xk
ððDnXÞmjNqÞðeCnnÞklm

Z
Ak

F sF s;z dz
� 	

N r dxdy
þ
Z

Xk
NqðeCnpÞklm

Z
Ak

F s;z F s dz
� 	

ððDpÞmjNrÞdxdy

þ
Z

Xk
NqðeCnnÞklm

Z
Ak

F s;z F s dz
� 	

ððDnXÞmjN rÞdxdy

þ
Z

Xk
NqðeCnnÞklm

Z
Ak

F s;z F s;z dz
� 	

Nr dxdy ð23Þ
4.1.1. Numerical quadrature techniques

All integrals appearing in the fundamental nucleus
equation (23) are computed with the Gauss quadrature
technique. The integrals over the layer thickness are all
evaluated in an exact manner. As far as the integration
over the surface Xk is concerned, three different techniques
have been employed:

• the full integration (‘‘normal’’ integration, referred to as
IN scheme) evaluates all terms exactly;

• the classical selectively reduced technique (IS scheme)
evaluates exactly the terms related to the normal stresses
and the terms related to the in-plane shear stress,
whereas the terms related to the transverse shear stresses
r4 and r5 are reduced integrated;

• the ‘‘extended selectively reduced’’ integration (IS2
scheme) integrates in a reduced manner all transverse
stress components, i.e. the transverse shear stresses r4

and r5 and the transverse normal stress r3; all in-plane
stress contributions are exactly integrated.

For a more detailed description of the meaning and
background of the first two quadrature techniques (IN
and IS) the reader is referred to the FEM-specific literature.
The new introduced IS2 quadrature scheme is a simple
extension of the selectively reduced integration scheme
treating in a consistent manner all transverse stress compo-
nents [30].

In order to give evidence of the terms affected by the
reduced integration schemes, the fundamental nucleus
equation (23) is re-written introducing the following
notations:

ðZkss
pp Þij; ðZkss

pn Þij; ðZkss
np Þij; ðZkss

nn Þij
n o
¼ ðeCppÞkij; ðeCpnÞkij; ðeCnpÞkij; ðeCnnÞkij
n o

Ess ð24aÞ

ðZkss;z
pn Þij; ðZkss;z

nn Þij; ðZks;zs
np Þij; ðZks;zs

nn Þij; ðZks;zs;z
nn Þij

n o
¼ ðeCpnÞkijEss;z ; ðeCnnÞkijEss;z ; ðeCnpÞkijEs;zs;
n
ðeCnnÞkijEs;zs; ðeCnnÞkijEs;zs;z

o
ð24bÞ

where the integrals E are defined as

Ess;Es;zs;Ess;z ;Es;zs;z
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¼
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Ak
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dz
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Fig. 3. Expansion of the fundamental nucleus (3 · 3-array) to the layer-
specific stiffness matrix.
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Fig. 4. Schemes for the assembly of multilayered stiffness from layer-
specific contributions.
With the above introduced quantities, the fundamental
nucleus reads

ðKxxÞkqssr ¼ ðZkss
pp Þ11 / N q;x Nr;x.Xk þ ðZkss

pp Þ16 / Nq;y N r;x.Xk

þ ðZkss
pp Þ16 / N q;x Nr;y.Xk þ ðZkss

pp Þ66 / Nq;y N r;y.Xk

þ ðZks;zs;z
nn Þ55 /NqN r.Xk

ðKxyÞkqssr ¼ ðZkss
pp Þ12 / N q;x Nr;y.Xk þ ðZkss

pp Þ26 / Nq;y Nr;y.Xk

þ ðZkss
pp Þ16 / N q;x Nr;x.Xk þ ðZkss

pp Þ66 / N q;y N r;x.Xk

þ ðZks;zs;z
nn Þ45 /NqN r.Xk

ðKxzÞkqssr ¼ ðZkss;z
pn Þ13 /Nq;x N r.Xk þ ðZkss;z

pn Þ36 /N q;y Nr.Xk

þ ðZks;zs
nn Þ55 /N qNr;x.Xk þ ðZks;zs

nn Þ45 /NqN r;y.Xk

ðKyxÞkqssr ¼ ðZkss
pp Þ12 / N q;y N r;x.Xk þ ðZkss

pp Þ16 / Nq;x N r;x.Xk

þ ðZkss
pp Þ26 / N q;y Nr;y.Xk þ ðZkss

pp Þ66 / Nq;x N r;y.Xk

þ ðZks;zs;z
nn Þ45 /NqN r.Xk

ðKyyÞkqssr ¼ ðZkss
pp Þ22 / N q;y N r;y.Xk þ ðZkss

pp Þ26 / N q;x Nr;y.Xk

þ ðZkss
pp Þ26 / N q;y Nr;x.Xk þ ðZkss

pp Þ66 / Nq;x N r;x.Xk

þ ðZks;zs;z
nn Þ44 /NqN r.Xk

ðKyzÞkqssr ¼ ðZkss;z
pn Þ23 /Nq;y N r.Xk þ ðZkss;z

pn Þ36 /N q;x Nr.Xk

þ ðZks;zs
nn Þ45 /N qNr;x.Xk þ ðZks;zs

nn Þ44 /NqN r;y.Xk

ðKzxÞkqssr ¼ ðZkss;z
nn Þ55 /N q;x Nr.Xk þ ðZkss;z

nn Þ45 /Nq;y Nr.Xk

þ ðZks;zs
np Þ13 /N qNr;x.Xk þ ðZks;zs

np Þ36 /NqNr;y.Xk

ðKzyÞkqssr ¼ ðZkss;z
nn Þ45 /N q;x Nr.Xk þ ðZkss;z

nn Þ44 /Nq;y Nr.Xk

þ ðZks;zs
np Þ23 /N qNr;y.Xk þ ðZks;zs

np Þ36 /N qNr;x.Xk

ðKzzÞkqssr ¼ ðZkss
nn Þ55 /Nq;x N r;x.Xk þ ðZkss

nn Þ45 /Nq;y Nr;x.Xk

þ ðZkss
nn Þ45 /Nq;x N r;y.Xk þ ðZkss

nn Þ44 /N q;y Nr;y.Xk

þ ðZks;zs;z
nn Þ33 /NqNr.Xk

The terms marked with a simple box ð . . . Þ are those related
to the transverse shear stresses and are reduced integrated
within the IS and IS2 scheme. The terms marked with the
double box ð . . . Þ are related to the transverse normal
stresses and are reduced integrated only within the IS2
quadrature technique.

4.2. Assembly of fundamental nuclei

Once the fundamental nucleus for each layer, each cou-
ple s, s and each node pairs q, r has been built, the array
has to be assembled to form the structure stiffness. Since
the assembly for different nodes is a well-known standard
procedure of the FEM, the description of this step is omit-
ted for brevity. We focus on the assembly procedure for
different s, s and, finally, from the layer-specific matrix to
the multilayered stiffness. By varying the indices related
to the through-thickness expansions s, s, the original
3 · 3 fundamental nucleus is expanded to the layer-specific
stiffness according to the scheme depicted in Fig. 3. Finally,
the multilayer stiffness is assembled from the contributions
of the single layers depending on the description method
which has been selected. In case of ESL formulations, since
all unknowns are defined for the reference surface of the
laminated plate, all layers contributions are simply super-
imposed, see Fig. 4(a). In case of LW descriptions, the layer
contributions need to be assembled by fulfilling the inter-
laminar continuity conditions expressed by Eq. (16); this
results in the assembly procedure visualized in Fig. 4(b).

5. Numerical assessment of the FE formulation

An extensive analysis is presented of the convergence
properties as well as of the accuracy of the hierarchic for-
mulations for multilayered plates described in the previous
sections. A case study has been taken, for which the exact
elasticity solution was found by Pagano [31]. Moreover, for



the present case study, analytical solutions have been com-
puted for the various UF-based plate models. This means
that same through-thickness assumptions described in Sec-
tion 3.1 are used, but the resulting two-dimensional prob-
lem is analytically solved in closed-form instead of with
the FE approximation, see e.g., [32]. Since the analytical
solutions base on the same thickness assumptions and no
numerical approximation is made in the solution procedure
for the resulting two-dimensional model, the FE solution is
expected to converge to the values obtained by the closed-
form solution. In the following, analytical solutions are
denoted by a superscript a.

The selected problem consists of a multilayered, rectan-
gular plate with dimensions a and b = 3a and thickness h,
see Fig. 5. The plate is a symmetric, three-ply laminate of
graphite/epoxy (Gr/Ep) with the stacking sequence [0/90/
0]; all plies have an identical thickness, i.e. h1 = h2 = h3 =
h/3. The material properties of the plies are given in the table
in Fig. 5, where L indicates the fiber direction and T the
directions transverse to the fibers. In the outer layers, the
fiber orientation is aligned with the x-axis. The plate is con-
sidered to be simply-supported on the four edges, i.e.

uðy; zÞ ¼ wðy; zÞ ¼ 0 at x ¼ 0; a ð25Þ
vðx; zÞ ¼ wðx; zÞ ¼ 0 at y ¼ 0; b ð26Þ

A bisinusoidal distributed transverse pressure load is ap-
plied on the top surface of the plate according to

pðx; yÞ ¼ p0 sin
px
a

� �
sin

py
b

� �
at z ¼ þh=2 ð27Þ

In order to obtain comparable data for all considered
geometries, the following normalized quantities have been
introduced:

S ¼ a
h

ð28aÞ

�w ¼ 100ET

p0hS4
w
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;
b
2
; 0

� 
ð28bÞ
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Fig. 5. Geometrical and material prop
Note that the various CLT solutions are independent from
the thickness ratio 1/S once the above defined normalized
quantities are employed. The transverse shear stresses rxz

and ryz have been always computed by direct integration
of the three-dimensional equilibrium equations (Eq. (4),
with fi = 0) in a post-processing step. The in-plane stresses
have been computed by Hooke’s law. Furthermore, the in-
plane stress ryy has been taken in the central layer because
there it reaches its maximum value.

5.1. Numerical properties of ‘‘Unified Formulation’’-based

FE

In the following, some results are presented to show the
numerical performance of the proposed FE. The behavior
of some selected FE for varying thickness ratio and for a
given discretization is depicted in Fig. 6. The most accurate
ESL (ED4) and LW (LD4) formulations, as well as the
most accurate EDZ (EDZ3) formulation, have been
selected; for comparison, the linear LD1 and ED1 formula-
tions are included in the analysis. The three different inte-
gration schemes presented in Section 4.1.1 have been
considered. The exact elasticity solution of Pagano as well
as the CLT solution are given for comparison purposes: for
thin plates, the CLT results coincide with the 3D-solution.
The selected formulations are seen to recover the elasticity
solution over a wide range of thickness ratios. The layer-
wise, higher-order formulation (LD4) is capable to capture
the exact solution even for very thick plates. Equivalent
single layer, lower-order formulations (for example ED1)
cannot correctly resolve all thickness effects and are there-
fore less accurate.

For thin plates (i.e. large S), a typical ‘‘locking’’ phe-
nomenon appears for the full integrated bilinear elements,
see Fig. 6(a): the transverse deflection is dramatically
underestimated, the plate is said to ‘‘lock’’. The nine-noded
quadratic element seems to not suffer this spurious stiffen-
ing effect arising at small thickness ratios. Observing the
graphics related to the selectively reduced integrated ele-
ments (Fig. 6(c)–(f)), it can be stated that the locking phe-
nomenon could be successfully circumvented. Since the IS
scheme acts only on the transverse shear terms, and this
scheme is sufficient to eliminate the locking phenomenon,
it can be concluded that only a shear locking is involved
in the present elements. Summarizing, only full integrated
h
E T 1 × 106 [psi]

E L / E T 25

GL T / E T 0.5

GT T / E T 0.2

L T = T T 0.25 [-]ν ν

erties of the considered case study.
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Fig. 6. Performance of the proposed elements for varying thickness ratio: transverse displacement �w referred to CLT solution �wCLT (mesh: 8 · 24).
bilinear elements (Q4, IN) suffer the shear locking.
Moreover, no complicating numerical effect is seen to be
introduced by taking into account the transverse normal
stresses or, more generally, higher-order thickness assump-
tions.

Once the behavior of the present finite elements has been
considered for a given discretization at varying thickness
ratios, an analysis of the FE solution for varying elements
number is presented. The convergence of some selected for-
mulations is depicted in Fig. 7 as a function of the number
of total elements used in the discretization. Only quadratic-
shaped elements have been employed, this means that the
number of elements in y-direction is three times the number
of elements introduced in x-direction. A quadratic conver-
gence for Q9 elements and a linear convergence for Q4
elements could be recovered for a thick plate (Fig. 7(a))
and for a thin plate with reduced integrated elements
(Fig. 7(c) and (d)). The difficulties experienced by full inte-
grated elements for a thin plate are well recognizable in
Fig. 7(b): in this case, the convergence order of Q9 elements
is reduced to approximately 1.5 and the one of Q4 to
approximately 0.5. In all cases, the quadratic Q9 elements
are more accurate than the bilinear Q4 elements. Once
again, the effectiveness of the employed reduced integration
schemes is confirmed: for thin plates, the recovery of the
original convergence order is achieved by both the IS and
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Fig. 7. Convergence analysis: normalized transverse deflection �w.
IS2 quadrature schemes. The convergence analysis for the
in-plane normal stress �rxx and for the transverse shear
stress �rxz are reported in Fig. 8. In all cases, selectively inte-
grated (IS) Q9 elements have been employed for the thin
plate (S = 100). A linear convergence rate can be recog-
nized for both stress components, in accordance with the
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Fig. 8. Convergence analysis
quadratic rate of the displacement observed in Fig. 7(c).
It is to note that the error in the stresses is always larger
than the one in the displacements, and that the computa-
tion of rxx is more accurate than that of rxz. Moreover,
it is interesting to observe that the convergence lines of
all the selected formulations are identical.
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Table 3
Normalized transverse deflection �w in the plate center

3D exact S = 100, 0.508 S = 4, 2.82

FEM (IS) Closed-form FEM (IN) Closed-form

LD4 0.50766 0.50766 2.82111 2.82112
LD3 0.50766 0.50766 2.82100 2.82101
LD2 0.50766 0.50766 2.79832 2.79831
LD1 0.50719 0.50719 2.72085 2.72085
ED4 0.50708 0.50708 2.62471 2.62471
ED3 0.50708 0.50708 2.62671 2.62671
ED2 0.50588 0.50588 2.03520 2.03520
ED1 0.50335 0.50335 2.05112 2.05112

Thick (S = 4) and thin (S = 100) plate; Q9 elements; converged FE
solutions.
5.2. Assessment of plate theories

This section is devoted to a brief comparison of the pres-
ent FE with the exact elasticity results reported by Pagano
[31]. For the sake of completeness, the analytical closed-
form solution as well as the exact 3D solution of Pagano
for the selected quantities given in Eq. (28d) have been
reported in Tables 1 and 2. All presented results are
referred to both a thin (S = 100) and a thick (S = 4) plate.
Table 3 compares the transverse displacement �w of the 3D
solution of Pagano with those obtained with the considered
formulations for both the FEM and the closed-form solu-
tion technique. The convergence to the exact solution is
visualized in Fig. 9. The values in parentheses represent
the values obtained with the analytical solution method
for the correspondent thickness assumption. It can be
clearly seen that the FE solution converges to the corre-
sponding analytical solution, rather than to the 3D elastic-
ity solution. Thus, the error introduced by the FE
approximation is shown to vanish. The difference between
the analytical solution or, equivalently, the converged FE
solution, and the exact solution is a measure of the error
introduced by the thickness assumptions. As usually occurs
Table 1
Closed-form solutions for all formulations compared to exact elasticity solutio

S = 4 �w �rxx �ryy

Exact 2.82 1.14 �0.119
LD4 2.82 1.14 �0.119
LD3 2.82 1.14 �0.119
LD2 2.80 1.13 �0.118
LD1 2.72 1.01 �0.111
EDZ3 2.81 1.17 �0.084
EDZ2 2.72 1.02 �0.094
EDZ1 2.74 0.98 �0.098
ED4 2.63 1.11 �0.111
ED3 2.63 1.11 �0.110
ED2 2.04 0.64 �0.090
ED1 2.05 0.61 �0.089
CLT 0.503 0.623 �0.0252

Thick plate (S = 4).

Table 2
Closed-form solutions for all formulations compared to exact elasticity solutio

S = 100 �w �rxx �ryy

Exact 0.508 0.624 �0.0253
LD4 0.508 0.624 �0.0253
LD3 0.508 0.624 �0.0253
LD2 0.508 0.624 �0.0253
LD1 0.507 0.625 �0.0261
EDZ3 0.508 0.624 �0.0251
EDZ2 0.507 0.624 �0.0251
EDZ1 0.505 0.624 �0.0260
ED4 0.507 0.624 �0.0251
ED3 0.507 0.624 �0.0252
ED2 0.506 0.623 �0.0251
ED1 0.503 0.623 �0.0259
CLT 0.503 0.623 �0.0252

Thin plate (S = 100).
for two-dimensional models, this error is larger in the case
of a thick plate, see Fig. 9(a) and (b).

The hierarchic nature of the presented formulations
becomes evident observing that layerwise, higher-order for-
mulations are generally more accurate than lower-order,
ESL formulations. The introduction of the MZZF can
noticeably improve the result: in the present case study,
the EDZ3 formulation recovers the LD4 model for both
n and CLT solution given by Pagano in Ref. [31]

�rxy �rxz �ryz

0.0281 0.351 0.0334
0.0281 0.351 0.0334
0.0281 0.351 0.0334
0.0278 0.347 0.0332
0.0264 0.352 0.0321
0.0280 0.347 0.0330
0.0260 0.352 0.0322
0.0270 0.312 0.0352
0.0266 0.376 0.0322
0.0266 0.376 0.0321
0.0189 0.436 0.0271
0.0195 0.436 0.0262
0.0083 0.440 0.0108

n and CLT solution given by Pagano in Ref. [31]

�rxy �rxz �ryz

0.0083 0.439 0.0108
0.0083 0.439 0.0108
0.0083 0.439 0.0108
0.0083 0.439 0.0108
0.0083 0.439 0.0108
0.0083 0.439 0.0108
0.0083 0.439 0.0108
0.0083 0.439 0.0114
0.0083 0.439 0.0108
0.0083 0.439 0.0108
0.0083 0.440 0.0108
0.0083 0.439 0.0113
0.0083 0.440 0.0108
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Fig. 9. Convergence to the exact 3D solution: normalized transverse deflection �w.
thin and thick plates. In order to complete this qualitative
assessment, the convergence behavior of the stress compo-
nents rxx and rxz with respect to the exact solution are
given in Fig. 10 for both the thick and thin plate. Again,
the values in parentheses indicate the values obtained by
the closed-form solution. The stresses show the same
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the number of nodal unknowns, i.e. the employed order of
expansion, does not influence the numerics of the finite ele-
ment approximation, except for the already mentioned
shear locking phenomenon. Observing Fig. 10(a) and (b),
it is seen that the FE solution for the in-plane stress rxx

tends asymptotically to the analytical solution from above,
whereas the transverse shear stress converges to its asymp-
totic value ra

xz starting from smaller values (Fig. 10(c) and
(d)).

A remarkable difference between the convergence
behavior of the displacements (Fig. 9) and the one of the
stresses (Fig. 10) consists in the fact that, in the latter case,
for coarse meshes the solution of lower-order formulations
(e.g. ED3) may be more accurate than e.g. LD4 formula-
tions; this occurs whenever the convergence curve of the
FE solution crosses the exact solution line and this fact
arises only in the computation of the stresses with lower-
order formulations (e.g. ED3 in Fig. 10(a) and (c)). These
effects are in general due to the superimposition of two dis-
tinct error sources: on the one hand the error introduced by
the thickness assumptions, on the other hand the error
introduced by the crude finite element approximation. In
the case of the computation of stresses with the ED3 for-
mulation, these two errors cancel out each other yielding
a very accurate result for coarse discretizations.

5.2.1. Considerations on thickness locking

In the selected case study, no thickness locking effects
could be recognized. This spurious phenomenon is intro-
duced by the three-dimensional constitutive equations for
the description of a shell or plate element involving the
same assumptions for all displacement terms. It is due to
the coupling via the Poisson effect of the transverse normal
stress rzz(z) with the in-plane direct strains. If assumptions
of the same order are chosen for both the in-plane displace-
ments u, v and the transverse deflection w, the resulting dis-
tribution of rzz(z) does in fact not match the distribution of
the conjugated strain �zz = w,z. A detailed reference on this
subject is provided by, e.g., the work of Bischoff and
Ramm [33].

In the following, some considerations are made to
explain why thickness locking has not been found in the
numerical assessment given in this work. First, thickness
locking is expected to have heavier consequences within
first-order formulations compared to higher-order ones.
In fact, the inconsistency between the linear transverse
stress distribution and a constant transverse strain distribu-
tion in the thickness direction is supposed to be more
severe than the one caused by a mismatch of distributions
involving higher-order terms. Therefore, the only formula-
tions which could have shown some Poisson locking effects
are the first-order ED1, EDZ1 and LD1. Finally, since the
error is proportional to the material coefficient which is
responsible for the coupling between the in-plane and the
transverse behavior, and due to the high EL/ET ratio of
the employed Gr/Ep material, the thickness locking is
definitively less pronounced in comparison to, e.g., isotro-
pic materials. Therefore, it can be stated that the thickness
locking problem occurring in UF-based elements should be
addressed in future by accounting for curvature effects and
more severe material properties.
6. Conclusions

This paper has presented a class of two-dimensional
finite plate elements based on the Unified Formulation pro-
posed by Carrera for an accurate analysis of laminated
structures. The Unified Formulation allows an implemen-
tation-friendly, hierarchic modeling of multilayered plates
and shells. In order to reach a high accuracy even in the
computation of thick components, the transverse normal
stress is normally retained in the arising formulations.
For the first time, an assessment has been proposed of
the numerical properties of finite elements based on the
Unified Formulation. The spurious stiffening effect charac-
terizing the global behavior of this class of elements at
small thickness ratios turned out to be the well-known
shear locking effect. Therefore, classical procedures aimed
at the control of this spurious effect can be successfully
implemented. In this work, the selectively reduced integra-
tion procedure has been considered. A numerical assess-
ment of the convergence rates and of the convergence
behavior has been presented: the elements are robust and
recover the analytical solutions in case of both thick and
thin plates. For the sake of completeness, some comments
regarding the thickness locking effect have been made. The
present work gains particular importance in view of an
implementation of these elements in commercially available
FE-packages.
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