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Abstract. The aim of this work is to develop a simple and very efficient tool, to
simulate the active control of laminated plates, and in a next step, to optimize the
geometry and number of sensors and actuators. A new piezoelectric Finite Element
is presented. It is an eight node plate with one electrical potential degree of freedom
for each interface of piezoelectric layers. The usual FSDT theory is combined with a
”field compatibility” methodology to avoid the transverse shear locking for thin plates.
A LQR control method including a state observer is used to compute the control.
Four examples are presented. The quasi-static correction and the use of collocated
sensor/actuator are discussed.
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1. Introduction

In recent years, there have been considerable interest and researches in the use of

piezoelectric actuators and sensors to control vibrations of plate structures. Vibrations

may indeed produce great amplitude fatigue movements, which may be the sources of

damage reducing the system performance. Examples of applications are numerous, in

particular for light-weight structural systems and high precision machining.

To set up an active control system for a bending structure, many parameters have

to be defined:

• the kind of piezoelectric devices: piezoelectric actuators and sensors can be

collocated, uncollocated or embedded in the structure,

• the number, location and size of piezoelectric patches: they can be distributed or

bonded on the overall structure,

• the control law: several control tools can be used, as the simple constant gain

velocity feedback control algorithm as well as a linear quadratic regulator approach,

• the kind of external excitations which induce vibrations: initial conditions,

sinusoidal load, step load,...

In this context, the aim of this paper is to present a low cost numerical tool, simple to

use and efficient for simulating active control of vibrations. Then, optimization of the

number, size, location,...of piezoelectric patches will be studied in this software.

From the literature on active control of plates, some remarks can be pointed out

about:

• the kind of smart structures : numerous authors use collocated actuators and

sensors, bonded on the overall structure [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. On the

other side, actuators and sensors are collocated just on a part of the plate in

[11, 12, 13, 14, 15, 16, 17]. Finally, actuators and sensors are uncollocated in

very few references [18, 19].

• the modelling : except for the study of simple structures such as simply supported

plates [20, 12], the analytical approach cannot be used. For more complicated

plates with integrated piezoelectric materials, finite element (FE) analysis may

be required. Some authors propose to use mechanical finite element without any

electrical degrees of freedom (dof) [13], when piezoelectric patches are very small.

But in the case of piezoelectric embedded in the plate or bonded on the overall

structure, electrical dof are needed. A state of this kind of FE is given by [21].

Solid piezoelectric finite element for active control of plates have been mentionned

by [6, 18, 22]. ANSYS FE is used by [16]. In [3], the authors develop a triangular

element based on the higher order plate theory with 8 mechanical dof per node.

Numerous authors use the classical first order shear deformation theory (FSDT).

In [1, 11, 2, 23, 8], they present triangular or quadrilateral finite elements with

one electrical dof per layer. The FE developed by [7, 15] can only be used for
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collocated actuators and sensors. In [8, 17, 10], they use a four nodal element with

electrical dof per node. In [14], they define a displacement field for each layer to

model laminated plates. In [15], they use a nine nodes element with one electrical

dof per element and one temperature degree of freedom.

• the control law : most authors use the simple negative velocity feedback In

[4, 14, 15, 16]. [7] , they compare several control laws and show that LQR optimal

control schemes are more effective than classical controls. Their use requires a state

space formulation obtained by a structural modal analysis, taking into account the

first main modes. Usually, as sensors can only capture a few state variables, a state

observer is essential for real-time applications, like a Kalman Filter [16, 7, 14, 15]. In

[19, 8], they use the independent modal space control which consists in controlling

individually specified modes by a LQR algorithm. Finally, in [17], they develop an

active control using the H2 control law.

The aim of this work is to present a simple and efficient numerical tool for active

control simulations of plates and also (next step) for optimization of piezoelectric

locations, size and number [24, 25]. An eight nodes plate finite element is consequently

presented, in order to model laminated piezoelectric plates, with one electrical potential

degree of freedom for each interface of piezoelectric layers, inducing an electrical

layerwise approach in the thickness direction. The displacement approximation is

the FSDT theory with only five generalized displacements. But, in order to avoid

the transverse shear locking in the thin plate domain, a methodology named ”field

compatibility” has been used [26]. Combined with pure mechanical FE, this new FE

can model elastic plate with some piezoelectric patches. Then, smart configurations

presented above can be simulated.

As it is more effective than the negative velocity feedback and because it ensures

good stability and robustness [7, 14], the LQR algorithm is used here, including a state

observer. Consequently, a modal decomposition is applied to the generalized discret

equations. According to the truncation of the modal basis, a static correction can

be essential to accurately model the dynamic of the structure [27]. Very few authors

consider this additional term in active control, nevertheless only a very few modes are

used. In this paper the effect of the static correction is evaluated on some examples.

The first section of this work deals with the finite element formulation. The second

part is dedicated to the control system. In the last section, several simulations of active

control of plates are presented.

2. Piezoelectric finite element

This section is dedicated to composite laminates with piezoelectric layers or patches

(embedded or not). The finite element description is detailed in [28] and is briefly

recalled hereafter.
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2.1. The governing equations for piezoelectricity

Let us consider a plate occupying the domain P = Ω × [− e
2
≤ z ≤ e

2
] in a Cartesian

coordinate system (x1, x2, x3 = z) where e is the constant thickness of the plate P and

Ω is an arbitrary region in the (x1, x2) plane. The boundary of the domain is denoted

∂P.

The displacement field with respect to basis vector �ei and the electric potential are

denoted: 


�u(x1, x2, z, t) =
3∑

i=1

ui(x1, x2, z, t) �ei

φ(x1, x2, z, t)

(1)

belonging respectively to the space of admissible displacements U and the space of

admissible electric potentials Φ.

Using matrix notations, ( [ ] for matrice and { } for vector) the two dimensional

constitutive equations of a piezoelectric material are given by:
 {T (u)} =

[
C̄

]
{S(u)} − [ē]T {E(φ)}

{D(φ)} = [ē] {S(u)} + [ε̄] {E(φ)} (2)

where we denote: the stress vector {T (u)}, the strain vector {S(u)}, the electric

field vector {E(φ)}, the electric displacement vector {D(φ)}. Furthermore, in (2),

the constitutive bidimensional laws are given by: the elastic stiffness tensor
[
C̄

]
, the

piezoelectric tensor [ē], the electric permittivity tensor [ε̄]. Definitions of those matrices

are given in [28] from the three dimensional ones.

Using the above matrix notations and for admissible virtual displacement {u∗} ∈
U∗ and admissible electric potential φ∗ ∈ Φ∗, the electric potential (or field)-based

variational principle is given by:

find ({u}, φ) ∈ U × Φ such that:∫
P

ρ{u∗}T{ü}dP = −
∫
P
{S∗(u∗)}T{T (u)}dP +

∫
P
{E∗(φ∗)}T{D(φ)}dP+∫

P
{u∗}T{f}dP +

∫
∂PF

{u∗}T{F}d∂P −
∫
P

qφ∗dP −
∫

∂PQ

Qφ∗d∂P
∀({u∗}, φ∗) ∈ U∗ × Φ∗

(3)

where {f} and {F} are the prescribed body and surface forces applied on ∂PF , q and

Q are the prescribed body and surface charges applied on ∂PQ and ρ is the density.

Furthermore, {S∗(u∗)} and {E∗(φ∗)} are the virtual strain and virtual electric field. (3)

is a good starting point for finite element approximations using independent variables

{u} and φ.
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2.2. Displacement field approximation

2.2.1. Displacement field and strains components The kinematic is based on the

Reissner-Mindlin plate model:


u1(x1, x2, z, t) = v1(x1, x2, t) + z θ2(x1, x2, t)

u2(x1, x2, z, t) = v2(x1, x2, t) − z θ1(x1, x2, t)

u3(x1, x2, z, t) = v3(x1, x2, t)

(4)

where vα are the membrane displacements with respect to the xα directions, θα are

the positive rotations of the fiber initially normal to the plate midsurface and v3 is the

transverse displacement in the normal direction.

Matrix notations can be easily defined using a generalized displacement vector as:

{u}T = [Fu(z)] {Eu} with

{Eu}T =
[

v1
... v2

... v3
... θ1

... θ2

] (5)

and where [Fu(z)] is depending on the normal coordinate z. Its expression is given

below:

[Fu(z)] =




1 0 0 0 z

0 1 0 −z 0

0 0 1 0 0


 (6)

For small strains, the following expressions are obtained for the strain components:

S11 = v1,1 + z θ2,1

S22 = v2,2 − z θ1,2

S12 = v1,2 + v2,1 + z (θ2,2 − θ1,1)

S23 = v3,1 − θ1

S13 = v3,2 + θ2

(7)

As above for the displacement, the strain components can be described using matrix

notation:

{S} = [Fs(z)] {Es} with

{Es}T =
[

v1,1 v1,2
... v2,1 v2,2

... θ1,1 θ1,2
... θ2,1 θ2,2

... S23 S13

] (8)

and where [Fs(z)] is depending on the normal coordinate z. Its expression is given

below:

[Fs(z)] =




1 0 0 0 0 0 z 0 0 0

0 0 0 1 0 −z 0 0 0 0

0 1 1 0 −z 0 0 z 0 0

0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 1




(9)
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2.2.2. Matrix expression for the weak form From the weak form of the boundary

value problem (3), and using (8) and (9), an integration throughout the thickness is

performed in order to obtain a bidimensional formulation. Therefore, first right term

of (3) can be written under the following form:∫
P
{S∗(u∗)}T{T ({u})}dP =

∫
Ω
{E∗

s }T [k] {Es} dΩ with

[k] =
∫ e/2

−e/2
[Fs(z)]T

[
C̄

]
[Fs(z)] dz

(10)

where
[
C̄

]
is the constitutive bidimensional law given in [28].

Same calculations for the left member of (3) using (5) and (6 ) give:∫
P

ρ{u∗}T{ü}dP =
∫
Ω
{E∗

u}T [m] { ¨Eu} dΩ with

[m] =
∫ e/2

−e/2
ρ [Fu(z)]T [Fu(z)] dz

(11)

In (10) and (11), the matrices [k] and [m] are the integration throughout the

thickness of the material characteristics of the plate.

2.2.3. The geometric approximation The eight-node quadrilateral finite element

is presented in figure 1. The in-plane co-ordinates (x1, x2) are approximated on the

reference bi-unit domain with respect to the reduced coordinates (ξ, η) by:

x1(ξ, η) =
8∑

i=1

Nqi(ξ, η)(x1)i

x2(ξ, η) =
8∑

i=1

Nqi(ξ, η)(x2)i

(12)

where Nqi(ξ, η) are the classical Serendipity interpolation functions, see [26].

Figure 1. The reference domain of the 8-node finite element.

2.2.4. The displacement approximations From (4), three displacement compo-

nents vi and two rotations θα have to be approximated.

An eight-node quadrilateral plate finite element, with five dof per node, was

previously developed and all details are given in [26, 29]. For the present element,

the same displacement approximations are used and briefly described below:



I.Bruant, F.Pablo and O.Polit 7

− for the membrane and bending part of this finite element, an isoparametric

procedure is used and the displacements vα and the rotations θα are approximated

using the same function as the geometry..

− for the transverse shear strains, a methodology named ”field compatibility”

has been developed in order to avoid the shear locking problem for thin plate. This

methodology is briefly described hereafter:

• the transverse shear strains are defined in reduced coordinates:

γξ = βξ + v3,ξ γη = βη + v3,η (13)

where βξ, βη are rotations in reduced coordinate obtained from the positive rotations

θα (α = 1, 2) of (4).

In order to ensure the same polynomial approximation for the rotation and the

transverse displacement in (13), v3 is assumed to be cubic, introducing four

supplementary degree of freedom (dof) at the mid-side nodes: (v3,ξ)5, (v3,η)6, (v3,ξ)7,

(v3,η)8.

• A linear variation of the tangential transverse shear strain component is assumed

on each side of the elementary domain. Thus, the supplementary dof introduced

at the previous step can be expressed as a linear combination of the rotation and

transverse displacement values. Therefore, a new finite element approximation is

obtained for the transverse displacement v3.

• The interpolation of the reduced transverse shear strain components is defined in

the following polynomial basis as the intersection sets of monomial terms from ξ

and η:

B(γξ) = B(βξ) ∩ B(v3,ξ) = {1, ξ, η, ξ η, η2}
B(γη) = B(βη) ∩ B(v3,η) = {1, ξ, η, ξ η, ξ2} (14)

• According to the dimension of the polynomial basis, five points are needed for

each reduced transverse shear strains and are presented in figure 2. These points

give better results in case of distorted meshes [26]. The following finite element

approximation is obtained for the reduced transverse shear strains:

γξ(ξ, η) =
5∑

I=1

CξI(ξ, η)γξI γη(ξ, η) =
5∑

J=1

CηJ(ξ, η)γηJ (15)

where CξI and CηJ are interpolation functions [26].

• Using the jacobian matrix, the physical transverse shear strains S13 and S23 are

deduced from the reduced transverse shear strains of (15).

2.2.5. The elementary matrices In the previous section, the finite element

approximations for the mechanical part were defined and elementary stiffness [Ke
uu]
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Figure 2. Point locations for the transverse shear strains evaluations.

and mass [Me
uu] matrices can be deduced from respectively (10) and (11). They have

the following expression:

[Ke
uu] =

∫
Ωe

[B]T [k] [B] dΩe [Me
uu] =

∫
Ωe

[N ]T [m] [N ] dΩe (16)

where [B] and [N ] are deduced expressing the generalized displacement vectors, see (8)

and (5), from the elementary vector of dof denoted {qe} by:

{Es} = [B] {qe} {Ëu} = [N ] {q̈e} (17)

The matrices [B] and [N ] contain only the interpolation functions, their derivatives and

the jacobian matrix components. In the same way, for the virtual part it gives:

{E∗
s} = [B] {q∗e} {E∗

u} = [N ] {q∗e} (18)

The same technique can be used defining the elementary mechanical load vector,

denoted [Be
u], but it is not detailed here.

2.3. Electric field approximation

2.3.1. The electric potential and the electric field vector In active control, each

piezoelectric device is considered thin and covered by electrodes at top and bottom faces

to ensure the connection with the electric circuit. Then, φ is assumed constant on each

face, and a layerwise linear approximation is used in the thickness direction: calling

(φ
(k)
bot, φ

(k)
top) the two potential values at the bottom and the top of each layer:

φ(k)(z(ζ)) = (1 − ζ)φ
(k)
bot/2 + (1 + ζ)φ

(k)
top/2 (19)

where for a layer (k) with thickness e(k) and z ∈ [z
(k)
bot , z

(k)
top], the relation between

the thickness coordinate z and the reduce coordinate ζ ∈ [−1, 1] is given by:

z(ζ) = (z
(k)
bot + z

(k)
top)/2 + ζe(k)/2 (20)

Therefore, to prepare the two dimensional weak form for the dielectric part and the

coupling between electrical and mechanical effects, we can define for each layer:

φ(k)(z(ζ)) = [Zφ(z)] [Cst]


 φ

(k)
bot

φ
(k)
top


 with

[Zφ(z)] =
[

1 ζ
]

and [Cst] =

[
1/2 1/2

−1/2 1/2

] (21)
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For the electric field vector, a relation can be obtained with the same technique:

−{E(k)(z(ζ))} = φ
(k)
,3 �e3 =

[
ZE (z)

]
[CstE] {φ(k)}�e3 with[

ZE (z)
]

=
[

dζ/dz 0
]

[CstE] =

[ −1/2 1/2

0 0

]
and {φ(k)} =


 φ

(k)
bot

φ
(k)
top




(22)

dζ/dz = 2/e(k) is deduced from (20).

2.3.2. Matrices expressions for the weak form From the weak form of the

boundary value problem (3), and using (21) and (22), an integration throughout the

thickness is performed in order to obtain the bidimensional formulation. The second

term of the right member of (3), introducing (2), can be written under the following

form: ∫
P
{E∗(φ∗)}T{D(φ)}dP =

∫
P
{E∗(φ∗)}T [ē] {S({u})}dP

+
∫
P
{E∗(φ∗)}T [ε̄] {E(φ)}dP

(23)

where [ē] and [ε̄] are the constitutive bidimensional law given in [28].

The first term of the second member in (23) gives the coupling matrix between

elastic mechanical and electrical effects while the second term gives the dielectric matrix.

Therefore, using (8) for the strain and (22) for the electric field vector, the first term

becomes for each layer (k):∫
Ω
{φ∗(k)}T [CstE]T

[
kφu(k)

]
{Es}dΩ with

[
kφu(k)

]
=

∫ z
(k)
top

z
(k)
bot

[ZE(z)]T [ē] [Fs(z)] dz
(24)

In the same way, introducing matrix notations given by (22), we obtain for the

dielectric matrix and for each layer (k):∫
Ω
{φ∗(k)}T [CstE]T

[
kφ(k)

]
[CstE] {φ(k)}dΩ with

[
kφ(k)

]
=

∫ z
(k)
top

z
(k)
bot

[ZE(z)]T [ε̄] [ZE(z)] dz
(25)

In (24) and (25), the matrices
[
kφu(k)

]
and

[
kφ(k)

]
result from the integration

throughout the thickness for one layer of the piezoelectric and the dielectric

characteristics of the plate.

2.3.3. The elementary matrices At the layer level, the coupling elementary matrix[
Ke

φu(k)
]

is finally obtained after substituting (18) in (24):[
Ke

φu(k)
]

=
∫
Ω

[CstE]T
[
kφu(k)

]
[Bu] dΩ (26)

and from (25), the electric matrix
[
Ke

φφ(k)
]

is deduced:[
Ke

φφ(k)
]

=
∫

Ω
[CstE]T

[
kφ(k)

]
[CstE] dΩ (27)
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From (26) and (27), a sum on the layers gives the following elementary matrices:

• the coupling matrices
[
Ke

φu

]
and [Ke

uφ] = [Ke
φu]

T from (26) ;

• the electric matrix
[
Ke

φφ

]
from (27);

• the electric load vector
[
Be

φ

]
which is not detailed here.

2.4. Electro-mechanical system equations

From the weak formulation (3), the representation of the coupled dynamic system can

be expressed in a very global compact form as follows:[
[Muu] [0]

[0] [0]

] [ {q̈u}
{q̈φ}

]
+

[
[Kuu] [Kuφ]

[Kφu] [Kφφ]

] [ {qu}
{qφ}

]
=

[ {Bu}
{Bφ}

]
(28)

The displacement dof are in the matrix {qu}, while {qφ} contains the electric potential

dof.

Assuming that piezoelectric actuators and sensors are bonded or embedded in the

structure, the electric potential vector is subdivided in a sensor component {qS
φ} and an

actuator component {qA
φ }. The external applied electric charge at the sensors is zero.

Separating the actuator and sensors sets, the system of (28) becomes:

[Muu] {q̈u} + [Kuu] {qu} +
[
KS

uφ

]
{qS

φ} = {Bu} −
[
KA

uφ

]
{qA

φ } (29)

[
KS

φφ

]
{qS

φ} +
[
KS

φu

]
{qS

u} = [0] (30)

[
KS

uφ

]
,

[
KS

φφ

]
and

[
KA

uφ

]
are the generalized discrete matrices for sensors and actuators.

Substituting {qS
φ} in (29) by its expression obtained from (30) gives:

[Muu] {q̈u} + ([Kuu] −
[
KS

uφ

] [
KS

φφ

] [
KS

φu

]
){qu} = {Bu} −

[
KA

uφ

]
{qA

φ } (31)

In the case where piezoelectric sensors are small compared to the size of the structure,

the added rigidity in (31) can be neglected. In addition to these equations, initial

conditions have to be used.

In order to set up a control law to damp the vibrations caused by external

disturbances {Bu} or by initial conditions, a state space model is developed in the

next section and a linear quadratic regulator (LQR) method, including a state observer

is used.

3. The control system

The application of the active control methods in a dynamic structural problem requires

the use of a state space model. To obtain this kind of equation, the solution {qu} is

decomposed into the normalized orthogonal structural modal basis {ψn}.
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3.1. Modal analysis

Assuming that the system response is governed by the N first eigenfunctions, the

displacement can be expressed by:

{qu} =
N∑

n=1

{ψn}αn(t) = [Ψ] {α} (32)

where [Ψ] is the modal shape matrix and {α} is a vector (size: (N, 1)). Substituting

this equation into (30) and (31), and using the orthogonality properties of modes leads

to the following equations:

{α̈} + 2 [δ] [ω] {α} + [ω]2 {α} = [Ψ]T{Bu} − {ψ}T
[
KA

uφ

]
{qA

φ } (33)

{qS
φ} = −

[
KS

φφ

]−1 [
KS

φu

]
[Ψ] {α} (34)

A term of modal viscous damping has been added to take into account a small amount

of natural damping without coupling the modes. [δ] is the diagonal matrix of damping

ratio and [ω] is the diagonal matrix containing the natural angular frequencies.

These N equations can be written in a state space form. Using the state vector

(size 2N)

{x} = {ωnαn α̇n}T (35)

and considering, NA actuators and NS sensors, yields

{ẋ} = [A] {x} + [B] {qA
φ } + {g} (36)

{x}(t = 0) = {x0}, {y} = {qS
φ} = [C] {x} (37)

[A]2N,2N , [B]2N,NA
, [C]NS ,2N and {g}2N,1 are the state, control, output and load matrices,

given by:

[A] =

[
[0] [ω]

[−ω] [0]

]
[B] =


 [0]

[Ψ]T
[
KA

uφ

]

 (38)

[C] =
[
−

[
KS

φφ

]−1 [
KS

φu

]
[ψ] [ω]−1 [0]

]
{g} =

[
[0]

[Ψ]T {Bu}
]

(39)

{x0} is the initial conditions vector.

In (36), the time variable t appears explicitely. The dynamic system (33) can also

be represented in the frequency domain considering an harmonic input.
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3.2. Quasi-static correction

As the size of the state system depends on the number of modes, the control input also

strongly depends on it. Considering the first few modes in the numerical model would

not characterize the dynamic response of the real structure. Then, the deduced active

control input is not accurate. Therefore, a quasi-static correction must be introduced to

improve the model. It consists in adding a static contribution of residual modes to the

transfer function of the system. In this section, we briefly describe this method. Details

are given in Preumont [27].

The open loop case,where the actuators are not used, is now considered.

(31) is converted into the frequency domain using Fourier’s transform, where the

piezoelectric effect is neglected:

(−Ω2 [Muu] + [Kuu]){Q} = {L} (40)

and:

{QS
φ} = −

[
KS

φφ

]−1 [
KS

φu

]
(−Ω2 [Muu] + [Kuu])

−1{L} = [G(Ω)] {L} (41)

where {Q}, {L} and {QS
φ} are respectively the Fourier’s transformed of {qu}, {Bu} and

{qS
φ}. [G(Ω)] is called the transfer matrix of the system, and is given by:

[G(Ω)] = −
[
KS

φφ

]−1 [
KS

φu

]
(−Ω2 [Muu] + [Kuu])

−1 (42)

In the same way, the Fourier’s transform applied to (33) leads to:

−Ω2An + ω2
nAn = {ψ}T{L} (43)

and:

{QS
φ} = −

[
KS

φφ

]−1 [
KS

φu

] ∞∑
n=1

{ψn}{ψn}T (ω2
n − Ω2)−1{L} (44)

where {A} is the Fourier’s transformed of {α}. Comparing (41) and (44), we obtain a

new expression for [G(Ω)]:

[G(Ω)] = −
[
KS

φφ

]−1 [
KS

φu

] ∞∑
n=1

{ψn}{ψn}T (ω2
n − Ω2)−1 (45)

Assuming that the structure has no rigid body modes when Ω = 0, we have the

”modal expansion of the static matrix”:

[G(0)] = −
[
KS

φφ

]−1 [
KS

φu

]
[Kuu]

−1 = −
[
KS

φφ

]−1 [
KS

φu

] ∞∑
n=1

{ψn}{ψn}T /ω2
n(46)

For a frequency Ω lower than a limit Ωb, and if the m first modes are selected such that

Ωb << ωm, the contribution of the high frequencies can be restrained to its static part:

[G(Ω)] ≈ −
[
KS

φφ

]−1 [
KS

φu

]
(

m∑
n=1

{ψn}{ψn}T (ω2
n − Ω2)−1

+
∞∑

n=m+1

{ψn}{ψn}T /ω2
n)

(47)
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Using (46), into (47) the last term corresponding to the high frequency modes does not

appear explicitely:

[G(Ω)] ≈ −
[
KS

φφ

]−1 [
KS

φu

]
(

m∑
n=1

{ψn}{ψn}T (ω2
n − Ω2)−1

+ [Kuu]
−1 −

m∑
n=1

{ψn}{ψn}T /ω2
n)

(48)

and if the natural damping is added:

[G(Ω)] ≈ −
[
KS

φφ

]−1 [
KS

φu

]
(

m∑
n=1

{ψn}{ψn}T (ω2
n + δnωnjΩ − Ω2)−1

+ [Kuu]
−1 −

m∑
n=1

{ψn}{ψn}T /ω2
n)

(49)

The two last terms in (49) represent the quasi-static correction. Neglecting these

additional terms can lead to substantial errors in the prediction of the open loop zeros

and on the performance of the control system. It will be discussed in examples in the

next section.

3.3. Control law and observer

In order to actively control vibrations, a linear quadratic control method, including a

state observer, is used in this work. Assuming that the state equation is controllable,

the control law may be written as:

{qA
φ } = − [K] {x} (50)

which minimizes a cost function given by:

Jφ = 1/2
∫ ∞

0
({x}T [Q] {x} + {qA

φ }T [R] {qA
φ })dt (51)

[R] is a positive matrix and [Q] is a positive semidefinite matrix. The optimal solution

is

[K] = [R]−1 [B]T [P ] (52)

where [P ] satisfies the Riccati equation:

[A]T [P ] + [P ] [A] − [P ] [B] [R]−1 [B]T [P ] + [Q] = 0 (53)

The choice of [Q] and [R] is not easy [4]. In the following applications, [Q] is chosen so

that {x}T [Q] {x} represents the mechanical energy. The components of [R] are chosen

using the following statement: the maximal values of {qA
φ } are less than the maximal

admissible values of the piezoelectric materials.

In order to be implemented, the optimal state control law needs knowledge of the

state vector {x}. This knowledge is not complete since only the output voltages in

{y} are observed. Assuming that the state system verifies the observability criteria, an

estimation {x̂} is computed using a Luenberger observer [30] which is thus:

d

dt
{x̂} = [A] {x̂} + [B] {qA

φ } + [L] ({y} − [C] {x̂}) + {g} (54)
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where [L] is the observance gain matrix. It is chosen so that the real part of the

eigenvalues of [A] − [L] [C] are negative. Consequently, the control law applied to the

actuators becomes:

{qA
φ } = − [K] {x̂} (55)

4. Numerical examples

The finite element used here was validated in [28]. In this section, we present four

applications about active control of rectangular plates with piezoelectric patches. The

construction of the control and observer is done using MATLAB. As in experimental

applications [14, 16] active piezoelectric patches are distributed, the following tests do

not deal with piezoelectric actuators and sensors bonded on the whole plate. Examples

of this kind of active configuration can be found in [28]. Finally, in all tests, the used

meshes are obtained from a convergence study.

The four tests are described below:

• test 1:

- simply supported isotropic plate

- uncollocated sensor and actuator

- each device modeled with two piezoelectric patches

- mesh: 304 elements using 6 piezoelectric elements per device

- release test

• test 2:

- clamped free isotropic plate

- uncollocated sensor and actuator

- each device modeled with two piezoelectric patches

- mesh: 304 elements using 6 piezoelectric elements per device

- release test, load step, harmonic load

• test 3:

- clamped free isotropic plate

- collocated sensor and actuator

- each device modeled with two piezoelectric patches

- mesh: 304 elements using 6 piezoelectric elements per device

- release test

• test 4:

- clamped free graphite epoxy plate

- collocated embedded sensor and actuator

- release test

- mesh: 100 elements using 1 piezoelectric element per device

- 1, 2 or 4 piezoelectric devices

In the first three tests, each device is made with two piezoelectric patches bonded

symmetrically to the structure and in opposition phase in order to limit the study to



I.Bruant, F.Pablo and O.Polit 15

Table 1. geometrical characteristics of the plate and the piezoelectric patch

Plate Piezoelectric

Length (m) 0.3 0.03
With (m) 0.2 0.02
Thickness (m) 0.001 1e − 4

Table 2. Mechanical characteristics of piezoelectric patch Zirconate P1 88

ρ (kg/m3) 7650
C11 = C22 (GPa) 132.2
C12 = C21 (GPa) 82.3
C13 = C23 = C31 = C32 (GPa) 83.7
C33 (GPa) 120
C44 = C55 (GPa) 29.5
C66 (GPa) 25
ε0 (F/m) 8.85 e−12

ε11 = ε22 1440 ε0
ε33 837 ε0
e31 = e32 (Cm−2) -4.3
e33 (Cm−2) 16.7
e15 (Cm−2) 11.8
maximal value of (qφ)(V ) 150

Table 3. Mechanical characteristics of the elastic plate (tests 1, 2 and 3)

ρ (kg/m3) 7870
E (GPa) 207
ν 0.292

bending motions. The electrical potential is set to zero on all the interface between

elastic layer and piezoeletric patches.

In all tests, plates have the same size and same piezoelectric material is used.

Mechanical and geometrical caracteristics of each material are given tables 1, 2 , 3 and

6.

4.1. Test 1: active control of a simply supported plate

The active control of a simply supported plate is studied in the case of a release

test. There is one actuator and one sensor located near a fixed edge (as shown figure

3). Indeed, the values of strains are highest for this location and consequently the

piezoelectric patches will be more effective for sensing and actuating. The initial

conditions are deduced from the initial load, �F (t = 0) = 10�e3, applied to the middle of

the plate.

Only the first five eigenmodes are taken into account because this kind of load
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SENSOR

0.03

0.02
ACTUATOR

Figure 3. Tests 1 and 2 : plate with one actuator and one sensor uncollocated

excites essentially the first frequency (frequencies: 87.92 Hz, 168.97 Hz, 270.47 Hz,

304.41 Hz, 351.60 Hz). The sensor output in open and closed loop is plotted in figures

4 and 5. The amplitude decay of the open loop response comes from natural damping,

while that of the closed loop system comes mainly from the feedback control. Figure

6 shows the required input voltage for the active control. If [R] is chosen smaller, the

maximal values of the input voltage will be higher and the control will be more effective.

To show that the use of five modes is enough, the mechanical energy (normalized with
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4

y 
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Time (s)

Figure 4. Test 1: the sensor output for the open loop case

its initial value) for each mode is plotted in figure 7 in the closed loop case. The first

mode is the most excited one.

A validation of the FE active control tool can be done on this test because analytical

solution for this problem is known [25]. For the FE simulations, stiffness and mass of

the piezoelectric patches are neglected. The relative error for the mechanical energy

between FE solution and analytical solution is less than 0.4 %.

Finally, influence of the mechanical caracteristics of the piezoelectric patches is

evaluated. The total mechanical energy is plotted in figure 8 and the two curves are

similar.
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Figure 5. Test 1: the sensor output for the closed loop case
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Figure 6. Test 1: the actuator input
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Figure 7. Test 1: the mechanical energy in closed loop, for each mode
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Figure 8. Test 1: the mechanical energy in closed loop, using or not mechanical
caracteristics of piezoelectric patches

4.2. Test 2: active control of a clamped-free plate with actuator and sensor uncollocated

In this test, the plate is clamped at its edges x = 0 and x = L, and equipped with one

actuator and one sensor uncollocated (see figure 3). Their location is the same as in the

previous test. Several loads are applied to the structure. For each simulation, the first

eight modes are used (frequencies: 60.55 Hz, 84.61 Hz, 166.79 Hz, 194.55 Hz, 202.45

Hz, 324.12 Hz, 327.57 Hz, 368.01 Hz). The bode diagram is presented figure 9 with and

without the quasi-static correction. This additional term gives the same curve than the

usual approach except for ω > ω8.
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Figure 9. Test 2: the bode diagram for the clamped-free plate

4.2.1. The release test Initial conditions are similar to those used in the last section:

they derive from an initial load �F (t = 0) = 10�e3 applied to the middle of the plate.

For this excitation, the use of eight modes obviously leads to a right model. The sensor



I.Bruant, F.Pablo and O.Polit 19

output in open and closed loop are shown figures 10 and 11. The actuator input is

plotted in figure 12. For this kind of structure, the active control is very effective: in

less than 1 seconde, the vibrations of the plate disappear.
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Figure 10. Test 2: initial conditions: the sensor output for the open loop case
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Figure 11. Test 2: initial conditions: the sensor output for the closed loop case

4.2.2. The load step The structure is now subjected to a load step at the middle of

the plate (as shown figure 13). The sensor output in open and closed loops, and the

actuator input are presented figures 14, 15, 16. The effectiveness of the active control

again is shown.

In order to discuss the use of the quasi-static correction in open and closed loops,

the following error is presented in table 4:

100(‖ y ‖ − ‖ yQSC ‖)/ ‖ yQSC ‖ (56)
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Figure 12. Test 2: initial conditions: the actuator input
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Figure 13. The step load
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Figure 14. Test 2: step load: the sensor output for the open loop case

where yQSC and y are respectively the sensor output taking into account or neglecting

the quasi-static term. As the active input actuates all the modes, the error is bigger

in closed loop than in open loop. Results show that the use of the correction term is

required if few modes are used.
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Figure 15. Test 2: step load: the sensor output for the closed loop case
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Figure 16. Test 2: step load: the actuator input

Table 4. Step load: error for sensor output.

Number of modes Open loop Closed loop

4 -6.60 % -19.29 %
5 -6.31 % -18.46 %
6 -6.95 % -20.33 %
7 -3.77 % 11.05%
8 1.75 % 5.09 %

4.2.3. The harmonic load The structure is now subjected to a persistent harmonic load

applied at the middle of the plate and equals to: 10cos(ωF t) where ωF = 120rad.s−1.

The use of the quasi-static correction is again studied table 5. Here, even if we consider

8 modes, its use is required because of the load. Results are plotted in figures (17), (18),

(19) and vibrations are controled in less than 2 seconds.
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Table 5. Harmonic load: error for sensor output.

Number of modes Open loop Closed loop

4 29.30 % 49.66 %
5 27.79 % 47.38 %
6 31.26% 53.14 %
7 -12.03 % -21.39%
8 -5.92 % -10.59 %
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Figure 17. Test 2: harmonic load: the sensor output for the open loop case
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Figure 18. Test 2: harmonic load: the sensor output for the closed loop case

4.3. Test 3: active control of a clamped-free plate with collocated actuator and sensor

In this section, actuator and sensor are collocated near a fixed edge (see figure 20).

They are again made with two piezoelectric patches bonded symmetrically to the plate.

The electric potential at the interfaces between actuator the sensor is set to zero. This

configuration is compared with the uncollocated one (see figure 3) in the case of a release
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Figure 19. Test 2: harmonic load: the actuator input

test, using the mechanical energy (see figure (21)). The shapes of the two curves are

similar. Here, the non collocated active configuration attenuates a little bit quickly the

vibrations.

0 V

0.03

0.02
ACTUATOR/SENSOR

ACTUATOR
SENSOR

ACTUATOR
SENSOR

0 V

Figure 20. Test 3: the sensor and actuator collocated

4.4. Test 4: active control of a clamped-free laminated plate with embedded collocated

actuators and sensors

The active control of a graphite-epoxy plate is now studied. Some papers, see for instance

[16, 17, 11, 12] are focused on the use of several actuators and sensors. Therefore, three

active configurations are compared (figure 22):

-case 1: with device 1

-case 2: with devices 1 and 2

-case 3: with the four devices.
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Figure 21. Test 3: mechanical energy

Table 6. Mechanical and geometrical characteristics of one Graphite/Epoxy layer
(test 4)

Thickness (m) 1e−4

ρ (kg/m3) 1600
E1 (GPa) 150
E2 = E3 (GPa) 9
G12 = G13 (GPa) 7.1
G23 (GPa) 2.5
ν12 = ν13 = ν23 0.3

The laminate is made of ten plies (45/− 45/0/45/− 45)s with the same thickness.

The material properties are given in table 6. The following sequence is used for the

smart devices: (45/− 45/piezo0/45/− 45)s. The sensors and actuators are respectively

located in the third and eighth layer The electric potential is set to zero for the interfaces

2 and 10.

When several actuators are used, the matrix [R] of the LQR algorithm is chosen so

that the electric potential of each actuator will be maximal.

0.24

1

3 2

4

0.03

0.02

0.16

Figure 22. Test 4: location of the four active embedded devices

The simulations are presented in the case of the following initial conditions:

F = 10N at the middle of the plate. Only the first 6 frequencies are used: 66.05
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Table 7.

Case Time response of sensor 1 (s) Total electrical quantity (V 2s)

1 3.52 917
2 1.77 932
3 1.03 1101

Hz, 105.61 Hz, 183.14 Hz, 220.71 Hz, 245.09 Hz, 360.96 Hz. Results are plotted in

figures (23), (24), (25) for the case 1 and in figures (26), (27), (28),(29) for the case 2.

The curves for case 3 are not presented. In order to compare these three configurations,

the response time of sensor 1 and the total electrical quantity used for control defined

by:

1/2
∫ T

0
{qA

Φ}T{qA
Φ}dt (57)

are presented table 7. For all cases, the active control is very effective. With respect

to case 1, the time response of sensor 1 decreases when two or four devices are used

but, the total electrical potential quantity increases, especially for case 3. The optimal

number of actuators/sensors for active control is not easy to define. The readers can

find some comments about the objective function for optimization in [25].
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Figure 23. Test 4: case 1: the sensor output 1 for the open loop case

5. Conclusion

In this paper a new finite element tool for active control of laminated plates has been

presented. It consists of an eight node plate FE with one electrical potential degree of

freedom for each interface of piezoelectric layers. The displacement approximation is

the usual FSDT theory but, it is combined with a ’field compatibility’ methodology in

order to avoid the transverse shear locking of thin plates.
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Figure 24. Test 4: case 1: the first sensor output for the closed loop case

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−150

−100

−50

0

50

100

150

TIME (S)

IN
P

U
T

 (
V

)

Figure 25. Test 4: case 1: the actuator input
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Figure 26. Test 4: case 2: the first sensor output for the closed loop case
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Figure 27. Test 4: case 2: the second sensor output for the closed loop case
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Figure 28. Test 4: case 2: the first actuator input
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Figure 29. Test 4: case 2: the second actuator input

A LQR control method including a state observer has been used in this work.
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Simulations show that the active control of plates can be very effective but, also

that a quasi-static correction can be essential to accurately model the dynamic of the

structure, according to the truncation of the modal basis.

This simple and effective numerical tool allows to simulate active control

of plates for many smart configurations: piezoelectric actuators and sensors

collocated/uncollocated, embedded/bonded, distributed/on the overall structure. It

can also be easily used to solve structural optimization problems dealing with the

effectiveness of active control like the number, size and locations of piezoelectric patches.

This subject will be studied in future investigation.
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