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P. Vidal %, L. Gallimard, O. Polit

LEME, EA 4416, Université Paris Ouest, 50 rue de Sévres, 92410 Ville d’Avray, France

ABSTRACT

This paper deals with the assessment of an approach based on the separation of variables for the mod-
eling of the free edge effect in laminated composite plates. This is of major importance for damage of
composite structures. The displacement field is approximated as a sum of separated functions of the
in-plane coordinates x, y and the transverse coordinate z. This choice yields to an iterative process that
consists of solving a 2D and 1D problem successively at each iteration. In the thickness direction, a
fourth-order expansion in each layer is considered. For the in-plane description, classical finite element

method is used.

Numerical examples involving several representative laminates subjected to uniaxial tension are
addressed to show the capability of the present LW method to capture the steep transverse stress gradi-
ents occurring in the vicinity of free edges. It is shown that it can provide quasi-3D results less costly than

3D FEM computations.

1. Introduction

Composite and sandwich structures are widely used in the
weight-sensitive industrial applications due to their excellent
mechanical properties, especially their high specific stiffness and
strength. In this context, they can be subjected to severe mechanical
loading. For composite design, accurate knowledge of displace-
ments and stresses is required. So, it is important to take into
account transverse shear deformation due to the low ratio of trans-
verse shear modulus to axial modulus, or failure due to delamina-
tion. In fact, they can play an important role on the behavior of
structures in services, which leads to evaluate precisely their influ-
ence on local stress fields in each layer, particularly at the interface
between layers.

It is nowadays well established that theoretical models for
heterogeneous structures can be classified as follows:

e the Equivalent Single Layer Models (ESL), where the classical
Love-Kirchhoff (CLT, [1]), Reissner-Mindlin (FSDT, [2]) and
higher-order models (HSDT, [3-6]) can be found for plates.
The first one leads to inaccurate results for composites because
both transverse and normal strains are neglected. The second
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one needs a shear correction factor. Moreover, transverse shear
and normal stress continuity conditions at the interfaces
between layers are violated for all of them.

o the Layer-Wise Models (LW) that aim at overcoming the restric-
tion of the ESL concerning the discontinuity of out-of-plane
stresses at the interface between adjacent layers. The reader
can refer to the works of Pagano [7] and Reddy [8]. See also
[9-11].

According to Reddy [12], the number of unknowns remains
independent of the number of constitutive layers in the ESLM,
while the same set of variables is used in each layer for the LWM.

Another way for obtaining new models is based on the intro-
duction of interface conditions into higher-order model pertaining
to the ESL or to the LW. This permits to reduce the number of
unknowns and can be viewed as Zig-Zag models [13-16].

Note that excellent reviews and extensive assessments have
been made in the following articles [17-22].

It is known that relevant transverse stresses arise in presence of
in-plane stress gradients and in vicinity of material and/or geomet-
ric discontinuities. Free-edge effects are typical boundary layer
effects where a 3D stress concentration is locally confined in a small
region in the vicinity of the free edge [23]. The free-edge effect aris-
ing in a composite plate subjected to tensile loads has been exten-
sively studied since the seminal works of Pipes and Pagano
[24,25]. This configuration can be considered as representative test
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case allowing to discriminate 2D models previously described. We
refer the interested reader to the more complete surveys on this
topic by Mittelstedt and Becker [26,27] and in the review detailed
in [28]. By referring only to the numerical works related to the
Pipes-Pagno tests, it seems that two approaches lead to the most
accurate results for the local quantities (transverse normal and shear
stresses). The first one is based on the generalized plane strain
assumption [29,30], but it is limited to cross-ply laminates and
particular test cases. The second one employs a LW, as in
[31,32,28]. But, such approaches suffer from increasing computa-
tional costs with the number of layers. Note that further descriptions
of main works related to the Pipes-Pagano test will be given in the
section dedicated to the numerical tests.

In this work, a promising alternative approach based on the sep-
aration of variables could overcome these drawbacks. Interesting
features have been shown in the reduction model framework
[33]. It has been proposed in [34]| with a Navier-type solution for
the modeling of composite plates and also used in [35]. The descrip-
tion of the mechanical quantities through the thickness can be eas-
ily improved in the presented approach, as shown in [36]. So, the
aim of the present paper is to assess this method to capture local
effects for laminated structures, and in particular the free-edge
effect which is of major interest for the delamination of such struc-
tures. This method is based on the separation representation where
the displacements are written under the form of a sum of products
of bidimensional polynomials of (x,y) and unidimensional polyno-
mials of z. A piecewise fourth-order Lagrange polynomial of z is
chosen. As far as the variation with respect to the in-plane coordi-
nates is concerned, a 2D eight-node quadrilateral FE is employed.
Using this method, each unknown function of (x,y) is classically
approximated using one degree of freedom (dof) per node of the
mesh and the LW unknown functions of z are global for the whole
plate. Finally, the deduced non-linear problem implies the resolu-
tion of two linear problems alternatively. This process yields to a
2D and a 1D problems in which the number of unknowns is much
smaller than a classical Layerwise approach.

We now outline the remainder of this article. First, the mechan-
ical formulation is given. Then, the principles of the PGD are briefly
recalled in the framework of our study. The particular assumption
on the displacements yields a non-linear problem. An iterative pro-
cess is chosen to solve this one. The FE discretization is also
described. Numerical evaluations dedicated to the Pipes—Pagano
problem are subsequently presented. The study considers symmet-
ric cross-ply, angle-ply and quasi-isotropic laminates. The behavior
of the method is first presented and illustrated. Then, it is assessed
by comparing with both 3D FEM computations performed with the
commercial software Ansys and also with results available in liter-
ature. In particular, results of a LW model issued from the Carrera’s
Unified Formulation are provided. The influence of the numerical
layers is also studied. Interesting features to capture the local effect
near the free edge can be emphasized.

2. Reference problem description: the governing equations

Let us consider a plate occupying the domain V = Q x Q, with
Q =[-a,a] x [-b,b] Q, = [—h,h] in a Cartesian coordinate (x,y,z).
The plate is defined by an arbitrary region Q in the (x,y) plane,
located at the midplane for z = 0, and by a constant thickness 2h.
See Fig. 1.

2.1. Constitutive relation
The plate can be made of NC perfectly bonded orthotropic lay-

ers. Using matrix notation, the three dimensional constitutive
law of the kth layer is given by:

Fig. 1. The Pipes-Pagano problem: composite laminate under uniaxial uniform
tensile load and coordinate system.
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where we denote the stress vector [o], the strain vector [¢] and Cg‘)
the three-dimensional stiffness coefficients of the layer (k).

2.2. The weak form of the boundary value problem

Using the above matrix notation and for admissible displace-
ment dii € U, the variational principle is given by:
find ii € U (space of admissible displacements) such that

- / (e(ot)] o (@) dV + / (oul"[bldV + / oul[()dov—0, Voiie U
v v OV
@)
where [b] and [t] are the prescribed body and surface forces applied

on OVk.

3. Application of the proper generalized method to plate

In this section, for sake of conciseness, we briefly introduce the
application of the variable separation for plate analysis that has
been developed in [36]. This work is an extension of the previous
studies on beam structures [37,38].

3.1. The displacement and the strain field

The displacement solution (u;(x,y,z), u2(x,y,2), us(x,y,z)) is
constructed as the sum of N products of functions of in-plane coor-
dinates and transverse coordinate (N € N is the order of the
representation)

U (%,9,2) f1@) v (xy) [@] [vxy)
N N

u=wxy.2) | =>_|fi@vixy) | =D |fi@) || hx.y)
i=1 i=1

Us(x.y,2) L(2) v (x.y) 2] Losey)

(3)

where (f}, f3, f3) are defined in Q, and (¢}, ¢}, v}) are defined in
Q. The “o” operator is Hadamard’s element-wise product.

In this paper, a classical eight-node FE approximation is used in
Q and a LW description is chosen in Q; as it is particulary suitable
for the modeling of composite structure. The strain derived from
Eq. (3)is
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where the prime stands for the classical derivative (f’ df’) and (),
for the partial derivative.

3.2. The problem to be solved

For sake of clarity, the surfaces forces are neglected in the devel-
opments and the weak form of the plate problem introduced in Eq.
(2) simplifies in

//Q e(oii)]"

where [C] represents, in each layer (k), the matrix of the elastic
moduli.

Eq. (5) is solved by an iterative procedure. If we assume that the
first n functions have been already computed, the trial function for
the iteration n + 1 is written as

fin
W™ =W+ | frv2 | = U +[f]o[2] (6)
fivs

where (v1, va2, v3),(f;, f,, f3) are the functions to be computed
and [u"] is the associated known set at iteration n defined by
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The test function defined by Eq. (8) and the trial function defined by
Eq. (6) are introduced into the weak form Eq. (5) to obtain the two
following equations:
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As these equations define a coupled non linear problem, a non
linear resolution strategy has to be used. The simplest strategy is

a fixed point method. An initial function f is set, and at each step,
the algorithm computes a new pair (™1, ™) such that

[f 0 60]"[b] — [e(f o 69)]"[Cl[e(u )])dde (10)

e(v o of)]"[Clle(u™)] + [voéﬂT[b])dez (11)

o vm+1 satisfies Eq. (10) for f set to f™ (i.e. F is given),

o ™D satisfies Eq. (11) for v set to »™D (i.e. V is given).

These two equations are linear and the first one is solved on Q,
while the second one is solved on Q,. The fixed point algorithm is
stopped when

”U(m+1) Of<m+1) _ pm) Of(m)
(0)
[0 o )y,
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where |A|l,, = [jg Jo, S LA? dxdydz] and ¢ is a small parameter

to be fixed by the user.
3.3. Finite element discretization

To build the plate finite element approximation, a discrete rep-
resentation of the functions (z,f) must be introduced. We use a
classical finite element approximation in €, and a polynomial
expansion in Q,. The elementary vector of degrees of freedom
(dof) associated with one element Q. of the mesh in Q is denoted
[g?]. The vector of dofs associated with the polynomial expansion

in Q, is denoted [¢f]. The displacement fields and the strain fields
are determined from the values of [qe” ] and [¢/] by

[ve] = Nwllge], €3] = Byllge], N:][g'] and [&]=B][¢']
(13)

where
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and
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The matrices [Ny], [By]. [N;], [B;] contain the interpolation
functions, their derivatives and the jacobian components.

3.4. Finite element problem to be solved on Q

For the sake of simplicity, the function f™ which is assumed to
be known, will be denoted f, and the function ™+ to be com-
puted will be denoted ». The strain in Eq. (10) is defined in matrix
notations as

[e(f o v)] = [Z.(N)][E0] (14)

with

Z:(f)] = ] (15)
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The variational problem defined on Q from Eq. (10) is
[ e alende = [ 5ol ba(de
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with
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The introduction of the finite element approximation Eq. (13) in
the variational equation (16) leads to the linear system

[K:D]1a"1 = [Ro(F.u")] (20)
where

e [g”] is the vector of the nodal displacements associated with the
finite element mesh in Q,
. [Kz(f)] is the stiffness matrix obtained by summing the ele-

ments’ stiffness matrices [K;’(f)} = Jo, Buy) Tkz(f)][Biy )A€,
. [Ry (f, u")] is the equilibrium residual obtained by summing the
elements’ residual load vectors {R‘j,(f, u”)] = Jo, [ny]T[bz(f)}dx—

Jo. Byl 102 (f,um)]dQe.
3.5. Finite element problem to be solved on Q,

For the sake of simplicity, the function »™+D which is assumed
to be known, will be denoted #, and the function f™*" to be com-
puted will be denoted f. The strain in Eq. (11) is defined in matrix
notations as
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The variational problem defined on Q, from Eq. (11) is
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The introduction of the finite element discretization Eq. (13) in
the variational equation (23) leads to the linear system

Ky ()] [d] = [Ry(2,u")] (27)

where [¢/] is the vector of degree of freedom associated with the
polynomial expansion in Q;, [Ky(?)] is a stiffness matrix defined
by Eq. (28) and [Ry(7,u")] an equilibrium residual defined by Eq.
(29)

Ky (9)] = / 1B.)" [k (9)] [B.]dz (28)

'z
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Remark: To impose the subscribed displacements on a region of the

structure, the first couple is chosen such that it ensures this require-

ment. Then, the following couples are built by satisfying a nil

condition in this region.

4. Numerical results

In this section, static tests are presented for assessing our
approach and evaluating its capacity to capture steep variation of
stresses. Note that the properties of the FE are not studied in the
present work.

Furthermore, comparisons with results available in open
literature are also provided, they are described below:

LD4 It refers to the systematic work of Carrera and his
“Carrera’s Unified Formulation” (CUF), see [39,20,40]. A
LayerWise model based on a displacement approach where
each component is expanded until the fourth order is given,;
12NC + 3 unknown functions are used in this kinematic.
Wang and Crossman (1977) They employed three-node trian-
gular elements for discretizing the (x,y)-plane of the laminate
with a generalized plane strain assumption [29].

Tahani and Nosier (2003) The semi-analytical solution
approach [41] solves in closed-form the boundary layer in the
direction perpendicular to the stress-free edge (the y direction),
while an approximate solution is found along the through-
thickness direction (the z direction). The latter is defined
according to Reddy’s layer-wise theory upon discretizing the
thickness of each ply in several mathematical layers, in which
the field variables are interpolated through linear Lagrange
polynomials. In this approach, the stress-free conditions at the
free edge are thus enforced in an averaged sense by means of
weighted integrals. The results are obtained with 15 subdivi-
sions per ply.

Spilker and Chou (1980) The mixed HR principle is employed
for developing hybrid-stress FE. Their generalized plane strain
quadrilateral has through-thickness cubic and quadratic
approximations for the in-plane and transverse displacement,
respectively. Independent approximations are introduced for
the stress field: o)y, 0., and gy, vary across the thickness of
each element with z3, z° and z*, respectively.

Mittelstedt and Becker (2007) A quasi-analytical approach
based on a first-order LW description of the kinematics is used.
Robbins and Reddy (1993) A LayerWise kinematics in which
the displacement components are interpolated along z through
Lagrange polynomials is used in conjunction with eight-node
quadratic plate elements in the (x,y)-plane. 4 mathematical
layers and a quadratic polynomial expansion for each layer
are considered.

4.1. Description of the problem

The free-edge effects are investigated by referring to the
Pipes-Pagano problem illustrated in Fig. 1. According to the com-
mon definition of this classical benchmark, the plate width is taken
to be 2b, the total thickness made of NC identical plies is
2h = NC hy, and the ratio b = 4h is employed [24,29,41,31]. A uni-
form axial strain €, is applied along the x-axis by prescribing end
displacements i at x = +a. All results will be reported in non-
dimensional form. The uniform traction load induces a constant
strain state along the x-axis in the central region of the plate. Con-
vergence studies performed with 3D Ansys elements, not presented
for the sake of conciseness, have shown that a = 2b = 8h provides



Table 1
Material properties of the ply (all moduli in MPa).

E; = 137900, E, — E5 — 14480
Gi2 = G13 = G3 = 5860
Vi2 = Vi3 = V23 = 0.21

Fig. 2. Mesh employed in the xy-plane for the 3D and plate simulations.

a sufficient plate length. All plies are CFRP composites with the
material properties given in Table 1. These material properties
correspond to those employed in previous reference works
[24,29,32,41] allowing a direct comparison of the results.

In the following, the free-edge effects are studied which arise in
classical symmetric laminates, namely the cross-ply laminate
[90°,0°],, the angle-ply laminate [+45°]; and the quasi-isotropic
laminate [45°, —45°,0°,90°],, see [29,42].

A mesh with decreasing element size towards the free edge
y = b is employed in order to capture the steep gradients of the
response. 3D FEM computations with Ansys are performed for
providing a reference with solid elements. Appropriate spacing
ratios are defined for the 3D mesh which ensure a perfectly cubic
shape of the smallest element at the free edge. Several analyses
conducted with a different number of elements, not shown for
the sake of conciseness, have shown that a mesh with 32 x 32
elements in the xy-plane is enough to capture local effects, see
Fig. 2. The same mesh is considered in the xy-plane for the PGD
computations. This convergence study is not addressed in the pres-
ent work as a singularity behavior occurs in the vicinity of the free
edge. Nevertheless, dedicated mesh refinement strategies exist to
measure this one as in [43].

4.2. Cross-ply laminate [90°,0°],

4.2.1. lllustration of the behavior of the approach

First, the behavior of the approach is studied and discussed. Ten
couples (¢, f') are needed to obtain the converged solution for the
cross-ply laminate. For illustration, they are reported in Figs. 3-8
for both the z-function and in-plane functions of the displacements
u, and us respectively. For each couple, the z-functions are
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Fig. 4. 10 Couples f(z) - [90°,0°],.
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Fig. 8. Couples 7-10 - v3(x,y) - [90°,0°],.

normalized such as max(f, (z)) = 1. The functions related to the z-
coordinate have high and short wavelengths depending on the num-
ber of the couple. It emphasizes the importance of the degree of
these functions. From Figs. 5, 6 and 7, 8, two types of in-plane func-
tions can be distinguished: global and local modes. These latter are
related to the correction of the solution near the free-edge where
the steepest gradient of the stresses occurs. Note that the first couple
is chosen so as to satisfy the prescribed displacements at x = +a.

To highlight the capability of the method, the distribution of the
strain energy over the plate is given in Fig. 9(a). It can be inferred
from this figure that few strain energy is involved near the free-
edge which makes the correction of the solution difficult. More-
over, as it can be already observed for other application fields, most
of the total strain energy of the solution is included in the first two
modes (more than 99%). The contribution of each couple in the
total strain energy is shown in Fig. 9(b). Nevertheless, the contribu-
tion of the couple 4 for v, (Fig. 5) is of the same order of magnitude
than the first mode. Hence, despite the involved low energy level,
the local correction near the free edge could be high.

Finally, low level of energy can be corrected in a very small
region without being perturbed by the whole structure, which
can make this approach attractive.

4.2.2. Assessment of the local results

For further assessment, the present results (denoted PGD LW4th-
order) are compared with reference solutions from 3D computations
(Ansys) and quasi-3D results from the Carrera’s Unified Formulation
(LD4) (Figs. 12 (left) and 10). They are also compared with results
available in literature (Figs. 12 (right), 11). Their main features are
recalled in the introduction of this section. The only non-zero trans-
verse stress components arising in orthotropic laminates subjected
to uniaxial straining along x are due to the Poisson mismatch and are
the transverse normal stress 0, and the transverse shear stress gy,.
Figs. 10-12 show their distributions along the y-axis at the bi-mate-
rial interface and through the thickness at the free edge, respec-
tively. In Figs. 10 and 12(left), the results of the present approach
agree very well with the 3D and the quasi-3D LD4 solutions, in par-
ticular the steep rise of the transverse normal stress is well captured.
Comparisons with other LW or plane strain approaches available in
literature show also a very good agreement, except for results given
by Spilker and Chou [30]. Note that the plane strain approaches are
limited to the cross-ply laminates.

So, the capability of the approach to capture localized phenom-
enon is confirmed for this discriminating test case.
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Fig. 11. Distribution of ¢, (left) and o, (right) along y at the bi-material interface - [90°, 0°].

4.2.3. Influence of the numerical layers

One of the attractive feature of the method consists of the
refinement of the z-functions without affecting the computational
efficiency (see [36]). Fig. 12 highlights some oscillations of the dis-
tribution of 6, (z) in the 0° layer, obtained by the present model.
This may be overcome by adding numerical layers, see
Fig. 13(right) where 6 numerical layers per physical one are used.
This refinement enhances the representation of the stress-free
boundary conditions on the top of the plate as well. It should be
also noted that the steep gradient of 6,,(z) is more pronounced
near the bi-material interface than those of the 3D computations,
as the refinement becomes more important. Moreover, results for

0,.(y) and G, (y) are in excellent agreement with the Ansys compu-
tations (Cf. Fig. 13 (left-middle)).

4.3. Angle-ply laminate [45°, —45°],

A angle-ply laminate [+45]; is considered. It has been shown
that a high gradient at the bi-material interface occurs (see [28])
which makes this test case a very challenging one for 2D plate
models. In this case, twelve couples are built. First, the distribution
of the transverse shear and normal stresses through the thickness
at y = 0.999b is presented in Fig. 14. The high gradient at the bi-
material interfaces is rather well captured by the present approach
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even if the maximum value is under estimated for o,,. This can be
again overcome by adding numerical layers (See Fig. 15). It seems
that a singularity occurs at the interface layers and it is well
detected. Note also that the solution is rather close to the reference
one and the traction-free boundary condition at the top surface is
fulfilled. Moreover, a very good agreement with LW or dedicated
approaches available in literature is found. The transverse shear
and normal stresses along y-axis is also shown in Fig. 16. It is evi-
dent that the present approach has the capability to represent the
strong variation of the stresses near the free-edge.

For further assessment, the number of dofs involved in the pres-
ent method and in the 3D FEM computation is given in Table 2. It
allows us to give an illustration about the computational cost, even

if the present method requires several resolutions. For this test, a
ratio of about 22 is obtained. Moreover, the refinement of the
transverse functions with numerical layers increases only the
number of unknowns of the 1D problem. This does not affect
the total computational cost. It is not the case for the 3D problem
where additional elements per physical layer must be added.

4.4. Quasi isotropic laminate [45°,—45°,0°,90°),

Twelve couples are built for the quasi-isotropic laminate
[45°,—45°,0°,90°],. As for the previous test, a high stress variation
along the thickness occurs at the +45° interface layer for both the
transverse shear and normal stresses, see Fig. 17. Only one numer-
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Table 2
Number of dofs — 32 x 32 elements in the xy-plane.
3D computation 8 Present with 12 NL Present with 24 NL
elements per layer
Number of dofs 189,999 8463 (2D) + 291 (1D) 8463 (2D) + 579 (1D)
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ical layer per physical layer is used and the accuracy of the results
are very good when compared with the 3D solution. This is
confirmed in Fig. 18 where the variation of 3 and 633 along y at
the bi-material interface is shown. Hence, high stress gradient in
a local region and complex distributions of stresses are obtained
by the present approach.

5. Conclusion

In this paper, an approach based on the separation of variables for
the modeling of the free edge effect in laminated composite plates is
assessed. It is based on a 8-node FE for the in-plane displacement
approximation and a fourth-order LW description for the thickness
displacement approximation. The study is focused on the capability
of the present method to capture the steep stress gradients in the
vicinity of the stress free edge for different laminates.

The behavior of the approach is first analyzed. It appears that
two types of couples can be distinguished: global displacement
modes are enhanced by local corrections of the solution. Compar-
isons with 3D solutions, results available in open literature and
high-order models issued from the CUF are performed. They show
that this approach can provide accurate 3D stress states in the
vicinity of the free edge. Moreover, the number of unknowns
remain low when compared with expensive 3D FEM computations.
Therefore, this method seems very attractive to capture high stress
gradients. Based on these promising results, this low cost numeri-
cal tool could be used to evaluate initiation of delamination for
straight edge or open hole problems.
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