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EXISTENCE OF SMALL LOOPS IN THE BIFURCATION DIAGRAM
NEAR THE DEGENERATE EIGENVALUES

TAOUFIK HMIDI AND CORALIE RENAULT

ABSTRACT. In this paper we study for the incompressible Euler equations the global struc-
ture of the bifurcation diagram for the rotating doubly connected patches near the degener-
ate case. We show that the branches with the same symmetry merge forming a small loop
provided that they are close enough. This confirms the numerical observations done in the
recent work [10].
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1. INTRODUCTION

During the last few decades an intensive research activity has been dedicated to the study
in fluid dynamics of relative equilibria, sometimes called steady states or V-states. These
vortical structures have the common feature to keep their shape without deformation during
the motion and they seem to play a central role in the emergence of coherent structures in
turbulent flows at large scales, see for instance [12, 21, 23, 24, 25] and the references therein.
Notice that from experimental standpoint, their existence has been revealed in different geo-
physical phenomena such as the aerodynamic trailing-vortex problem, the two-dimensional
shear layers, Saturn’s hexagon, the Karman vortex street, and so on.. Several numerical and
analytical investigations have been carried out in various configurations depending on the
topological structure of the vortices: single simply or multiply connected vortices, dipolar or
multipolar, see for instance [4, 5, 9, 10, 11, 13, 15, 16, 17, 18, 20].

In this paper we shall be concerned with some refined global structure of the doubly connected
rotating patches for the two-dimensional incompressible Euler equations. These equations
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describe the motion of an ideal fluid and take the form,

dw+v-Vw=0, (t,) € Ry x R%,
(1.1) v=—-V(-A)"lw,

Wit=0 = Wo

where v = (v, v9) refers to the velocity fields and w being its vorticity which is defined by the
scalar w = 0yvy — Jav1. Note that one can recover the velocity from the vorticity distribution
according to the Biot-Savart law,

o) =5 [ &Y )y,

S om re [ —yf?

The global existence and uniqueness of solutions with initial vorticity lying in the space
L' N L>™ is a very classical fact established many years ago by Yudovich [29]. This result
has the advantage to allow discontinuous vortices taking the form of vortex patches, that
is wo(z) = xp the characteristic function of a bounded domain D. The time evolution of
this specific structure is preserved and the vorticity w(t) is uniformly distributed in bounded
domain D;, which is nothing but the image by the flow mapping of the initial domain. The
regularity of this domain is not an easy task and was solved by Chemin in [7] who proved
that a C1t%-boundary keeps this regularity globally in time without any loss. In general the
dynamics of the boundary is hard to track and is subject to the nonlinear effects created
by the induced velocity. Nonetheless, some special family of rotating patches characterized
by uniform rotation without changing the shape are known in the literature and a lot of
implicit examples have been discovered in the last few decades. Note that in this setting we
have explicitly D, = Ry q:D where R o, is a planar rotation centered at the origin and with
angle Qt; for the sake of simplicity we have assumed that the center of rotation is the origin
of the frame and the parameter €2 denotes the angular velocity of the rotating domains. The
first example was discovered very earlier by Kirchhoff in [22] who showed that an ellipse of
semi-axes a and b rotates about its center uniformly with the angular velocity €2 = %
Later, Deem and Zabusky gave in [9] numerical evidence of the existence of the V-states
with m—fold symmetry for the integers m € {3,4,5}. Few years after, Burbea gave in [2] an
analytical proof of the existence using complex analysis formulation and bifurcation theory.
The regularity of the V-states close to Rankine vortices was discussed quite recently in [4, 16].
We point out that the bifurcation from the ellipses was studied numerically and analytically
in [5, 20, 21]. All these results are restricted to simply connected domains and the analytical
investigation of doubly connected V-states has been initiated with the works [10, 17]. To fix
the terminology, a domain D is said doubly connected if it takes the form D = D;\ Dy with
D, and D, being two simply connected bounded domains satisfying D, C D;. The main
result of [10] which is deeply connected to the aim of this paper deals with the bifurcation
from the annular patches where D = A, = {2;b < |z| < 1}. For the clarity of the discussion
we shall recall the main result of [10].

Theorem 1.1. Given b € (0,1) and let m > 3 be a positive integer such that,

(1-0%)

2
2

(1.2) 140" — m < 0.



Then there exist two curves of doubly connected rotating patches with m-fold symmetry bi-
furcating from the annulus A, at the angular velocities,

1 — b2 1
Qf = bi—
4 2m

1— b2 2
Am:( 5 m—1> — ™,

We emphasize that the condition (1.2) is required by the transversality assumption, otherwise
the eigenvalues Q2 are double and thus the classical theorems in the bifurcation theory such
as Crandall-Rabinowitz theorem [8] are out of use. The analysis of the degenerate case
corresponding to vanishing discriminant ( in which case = Q) has been explored very
recently in [18]. They proved in particular that for m > 3 and b € (0,1) such that A,, =0
there is no bifurcation to m-fold V-states. However for b € (0,1)\S two-fold V-states still
bifurcate from the annulus A, where S = {b},,m > 3} and b}, being the unique solution in
the interval (0,1) of the equation

A,

with

(11—
2

The proof of this result is by no means non trivial and based on the local structure of the
reduced bifurcation equation obtained through the use of Lyapunov-Schmidt reduction. Note
that according to the numerical experiments done in [10] two different scenarios for global
bifurcation are conjectured. The first one when the eigenvalues 2, and Q. are far enough
in which case each branch ends with a singular V-state and the singularity is a corner of
angle 7. For more details about the structure of the limiting V-states we refer the reader to
the Section 9.3 in [10]. Nevertheless, in the second scenario where the eigenvalues are close
enough there is no singularity formation on the boundary and it seems quite evident that
there is no spectral gap and the V-states can be constructed for any Q € [Q,, QF], see Fig. 1
taken from [10]. Moreover, drawing the second Fourier coefficient of each conformal mapping
that parametrize each boundary as done in Fig. 2 we get a small loop passing through the
trivial solution at € and €. This suggests that the bifurcation curve starting from €}
will return back to the trivial solution (annulus) at €2 .

Our main purpose in this paper is to go further in this study by checking analytically the
second scenario and provide for m > 3 the global structure of the bifurcation curves near
the degenerate case. Our result reads as follows.

(1.3) 1+ 6™ — m = 0.

Theorem 1.2. Let m > 3 and b}, be the unique solution in (0,1) of the equation (1.3). Then
there ezists b, € (0,0%,) such that for any b in (by,bk,) the two curves of m-fold V-states
giwen by Theorem 1.1 merge and form a loop.

Now, we are going to outline the main steps of the proof. Roughly speaking we start with
writing down the equations governing the boundary dD; U 0Dy of the rotating patches and
attempt to follow the approach developed in [10]. For j € {1,2}, let ®; : D° — D$ be the
conformal mapping which enjoys the following structure,

(1.4) VI 21 @(z) = bz + Y 2 ay, R bi=1 and by=b.
2" ’
neN
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Q=0.1342 A Q = 1350, 0.1367, ..., 0.1520 Q=0.1520, 0.1534, ..., 0.1674

FI1GURE 1. Family of 4-fold V-states, for b = 0.63 and different 2. We observe
that there is no singularity formation in the boundary.

b =0.63

aT.T

Q

FIGURE 2. Bifurcation curves of the Fourier coefficients a; ; and ag in (1.4) with
respect to 2.

We have denoted by D¢ the complement of the open unit disc D and we have also assumed
that the Fourier coefficients of the conformal mappings are real which means that we look
for V-states which have at least one axis of symmetry that can be chosen to be the real
axis. It is also important to mention that the domain D is implicitly assumed to be smooth
enough, more than C! as we shall see in the proof, and therefore each conformal mapping can
be extended up to the boundary. According to the subsection 2.2 the conformal mappings
satisfy the coupled equations: for j € {1,2}

G5\ fi, f2) (w) 2 T { (1= )5 (w) + 1(@;(w)) ) w(w) } =0,V € T

where
A=1-2Q, P;(w)="bjw+ f;(w)

16) = 5 [ o - o [ Zg S e

and
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Here d¢ denotes the complex integration over the unit circle T. The linearized operator
around the annulus defined through

d
Ly(h) £ 9;G(A,0)h = ZIGO )=
plays a significant role in the proof and according to [18] it acts as a matrix Fourier multiplier.

Actually, for h = (hy, he) chosen in suitable Banach space with
Ujn
hj(w) =Y wni;_w ajn €R

n>1

we have the expression

Lap(h) =Y Mym(N) ( Dn ) enm  With  e,(w) = Im(T")

a
n>1 2,n

where for n > 1 the matrix M, is given by

nA —1—nb? ptt
Ma(X) = ( 0 bmA—n+1) ) '

It is known from [10] that for given m > 3 the values of b such that M,,()) is singular, for
suitable values of A\ = A%, belong to the interval (0,b%,) where b, has been introduced in
(1.3). It is also shown in that paper that the assumptions of Crandall-Rabinowitz theorem
are satisfied, especially the transversality assumption which reduces the bifurcation study to
some properties of the linearized operator. This latter property is no longer true for b = 0},
and we have double eigenvalues \f = % This is a degenerate case and we know from
[18] that there is no bifurcation. It seems that the approach implemented in this situation
can be carried out for b € (0,b7,) but close enough to b},. In fact, using Lyapunov-Schmidt
reduction (through appropriate projections) we transform the infinite-dimensional problem
into a two dimensional one. Therefore the V-states equation reduces to the resolution of an
equation of the type
B(A\t)=0 with F:R* >R,

with F, being a smooth function and note that when b = b, the point (A%, 0) is a critical
point for F5 and for that reason one should expand F3 to the second order around this point in
order to understand the resolvability of the reduced equation. At the order two F3 is strictly
convex and therefore locally the critical point is the only solution for F,. Reproducing this
approach in the current setting and after long and involved computations we find that for
(A, t) close enough, for example, to the solution (A}, 0)

Fy(A\ 1) = an(b)(A = A1) 4 (D) (A = N5)? + din(B)E7 + (A = N5)* + £2)e(A, t)
with
lim e(\t)=0.
(A1) = (Aih,0)
Notice that
am (b)) =0, cn(b;,) >0, dy(b;,)>0

and moreover for b belonging to a small interval (b,,, b%,) we get a,(b) > 0. As we can easily
check from the preceding facts, the zeros of the associated quadratic form of F5 is a small

ellipse. Therefore by perturbation arguments, we may show that the solutions of Fj are
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actually a perturbation in a strong topology of the ellipse. Consequently the solutions of F;
around the point (A}, 0) can be parametrized by a smooth Jordan curve. We remark that in
addition to the known trivial solution (A, 0) one can find a second one, of course different
from the preceding one, in the form (\,,, 0), corresponding geometrically to the same annulus
Ap. Around this point (A, 0) the obtained curve describes a bifurcating curve of V-states
with exactly m—fold symmetry and therefore from the local description of the bifurcation
diagram stated in Theorem 1.1 we deduce that \,, = A~ . This means the formation of loops
as stated in our main theorem.

The paper is organized as follows. In Section 2 we shall introduce some tools, formulate
the V-states equations and write down the reduced bifurcation equation using Lyapunov-
Schmidt reduction. Section 3 is devoted to Taylor expansion at order two of the reduced
bifurcation equation and the complete proof of Theorem 1.2 will be given in the last section.

2. REMINDER AND PRELIMINARIES

We shall recall in this section some tools that we shall frequently use throughout the paper
and write down the reduced bifurcation equation which is the first step towards the proof
of Theorem 1.2. But before that we will fix some notations. The unit disc and its boundary
will be denoted respectively by D and T. and D, is the planar disc of radius r and centered
at the origin. Given a continuous function f: T — C we define its mean value by,

7{ flrydr & o / ir

where d7 stands for the complex integration.

2.1. Holder spaces. Now we shall introduce Hoélder spaces on the unit circle T. Let 0 <
v < 1 we denote by C7(T) the space of continuous functions f such that
£ (1) — f(w)|
£ llerery = N fllzoeer + sup_~———— < co.
TH#WET |T - U}|

For any integer n, the space C"*7(T) stands for the set of functions f of class C™ whose
n—th order derivatives are Holder continuous with exponent ~. It is equipped with the usual
norm,

I£llomm 2 e + [

Recall that for n € N, the space C"(T) is the set of functions f of class C™ such that,
£ llenmy 2D 1) < oo
k=0

2.2. Boundary equations. Let Dy € D; be two simply connected domains and D =
Dy \ D; be a doubly connected domains. The boundary of D; will be denoted by I';. Then
according to [10, 18] we find that that the exterior conformal mappings ®; and ®, associated
to Dy and Dy satisfy the coupled nonlinear equations. For j € {1,2},

Gi(\, @y, ®,)(w) =0, YweT,
6



with
(2.1) Gi(\, @1, ®y)(w) 2 Im { ((1 — B (w) + J(cpj(w))) wcb;.(w)} .

Note that we have introduced A £ 1 —2Q because it is more convenient for the computations

and
16)= £ 5 Oague - f 72 aygac

The integrals are defined in the Complex sense and we Shall focus on V-states which are small
perturbation of the annulus A, = {z, b<lz| < 1} with b € (0,1). The conformal mappings
®; with j € {1,2} admit the expansions,

wamﬂ@m—M+L-w+Z%”

with

b1 = 1, b2 = b
Define
(22) Gi(\ f1. f2) 2 G\, @1, D)

then the equations of the V-states become,

Yw € T, G()\, fl; fQ)(UJ) =0

with
G = (G1,Gy).

Note that the annulus is a solution for any angular velocity, that is,
G(A,0,0)=0

and the set {(A,0,0)|\ € R} will be called the set of trivial solutions.

2.3. Reduced bifurcation equation. For any integer m > 3, the existence of V-states was
proved in [10] provided b € (0, b,) that guarantee the transversality assumption. The idea is
to check that the functional G has non trivial zeros using bifurcation arguments. However,
and as we have mentioned before in the Introduction, the knowledge of the linearized operator
around the trivial solution is not enough to understand the structure of the bifurcating curves
near the degenerate case corresponding to double eigenvalues. To circumvent this difficulty
we make an expansion at order two of the reduced bifurcation equation in the spirit of [18],
and this will be the subject of the current task. Let us first introduce Banach spaces that
we shall use and recall the algebraic structure of the linearize operator. For a € (0,1), we
set

X, = {f _ (f17f2) (ClJra ZA —nmfl’An c RZ} )
and
+o00
Y, = {G = (Gl, GQ) (Ca< ZB Enms B, € R2} (w) = Im(@")

7



Note that the domains D; whose conformal mappings ®; associated to the perturbations
f; lying in X, are actually m—fold symmetric. Recall from the subsection 2.2 that the
equation of m—fold symmetric V-states is given by

(23) G()‘7f):O7 f:(fl7f2)€BTmXB;nCXm
where B" is the ball given by

B ={f e CHeT), fw) = > a@™ !, ay € R, | fllere <7},

n=1

We mention that we are looking for solutions close to the trivial solutions and therefore the
radius r will be taken small enough. The linearized operator around zero is defined by

0,0\ 0)h = LGN th)]co

As it is proved in [18], for h = (hy, hg) € X, taking the expansions

QA;n
hj(w) - Z wnf’:m—l’

n>1

we get the expression

(2.4) OGN, 0)h =Y " My (N) < n ) Cnm;

a
n>1 2.n

where for n > 1 the matrix M, is given by

nA —1—nb? ptt
Mn(A) = ( 0 bA—n 1) )

We say throughout this paper that A is an eigenvalue if for some n the matrix M, () is not
invertible. Since

det(M,(\) = (nA — 1 — nb?)b(n\ —n + 1) + b
is a polynomial of second order on the variable A, the roots are real if and only if its
discriminant is positive. From [18] we remind that the roots take the form,

1+ 1

AE gt A, (D)

with the constraint
1— b2

An(b):< n—1>2—62"20.

According to [10] this condition is equivalent for n > 3 to

1— b

(2.5) n — 1>

In addition, it is also proved that for any integer m > 3 there exists a unique b € (0,1)
such that A,,(b%,) = 0 and A, (b) > 0 for all b € [0,b5,). Moreover,

Ker(afG()\fé, 0)) = (V)



with

mAL —m+1
MAn =T 1A U1 o
U (W) = bm T T— o)t
1 V2.m

In order to be rigorous we could write v:= but for the sake of simple notations we note simply
Upm. Now we shall introduce a complement X,,, of the subspace (v,,) in the space X,,,

+o00
X, = {h € (CM) h(w) =Y A" +a ( (1) ) w" A, R a € R} :
n=2

It is easy to prove that the subspace is closed and
X = (V) & X
In addition the range Y, of 9;G(A\,0) in Y, is given by

n=2

+oo m
ym:{Ke(ca(T)){K:ZBnenquB(m)\iﬁmﬂ >em,Bn€R27ﬁeR}.

The subspace ), is of co-dimension one and its complement is a line generated by
1 =
W,, = (m)\m ,T+1>em
V(mAE —m +1)2+ b2 —b

A
=W,.em.

Thus we have
Lyapunov-Schmidt reduction relies on two projections

P: Xy — (vm), Q:Yn— (Wp).

For a future use we need the explicit expression of the projection (). The Euclidian scalar
product of R? is denoted by (, ) and for h € Y, we have

“+o00
h=> Bueam, Qh(w)= (B, W,,)W,,.
n=1

Moreover, by the definition of () one has,
(2.6) QO;G(A\E,0) = 0.
Unlike the degenerate case, the transversality assumption holds true
NI G(NE, 0 vy, & Tm(9;G(N5,0))
and therefore
(2.7) QOO G(NE, 0)v,, # 0.
For f € X,, we use the decomposition
f=9g+k with g=Pf and k= (Id-P)f.
Then the V-state equation is equivalent to the system

Fi(\g, k)2 (Id—Q)G\g+k)=0 and QG(\g+k)=0.
9



Note that F} : R X (v,,) X &, — YV, is well-defined and smooth. Thus using (2.6) we can
check the identity,

Consequently
Dy Fi(0\5,0,0) 0 Xy — Vi
is invertible. The inverse is explicit and is given by the formula

(2.8)  0;GO\E,0h=K <=Vn>2A4,=M_B, and a= —bﬁm(m)\i —m+1)-
Thus using the implicit function theorem, the solutions of the equation Fi(A,g,k) = 0 are
locally described around the point (A 0) by the parametrization k = ¢()\, g) with

0 R X (vy) = X

being a smooth function. Remark that in principle ¢ is locally defined but it can be extended
globally to a smooth function still denoted by . Moreover, the resolution of the V-state
equation near to (A%, 0) is equivalent to

(2.9) QG (A, tvy, + (A, tvy,)) = 0.
As G(A,0) =0, VA it follows
(2.10) p(X,0) =0, VA € V(A,),

where V(AE) is a small neighborhood of A\E. Using Taylor expansion at order 1 on the
variable t the V-states equation (2.9) is equivalent to the reduced bifurcation equation,

1
(2.11) Fy(\t) = / QOrG (A, stuy, + @(A, stvy,)) (U + Og@(A, stvy,)vy,)ds = 0.
0

In addition, using (2.6) we remark that
Fy(\E,0) = 0.

3. TAYLOR EXPANSION

The goal of this section is to compute Taylor expansion of Fy at the second order. This
quadratic form will answer about the local structure of the solutions of the equation (2.11).

3.1. General formulae. The aim of this paragraph is to provide some general results con-
cerning the first and second derivatives of ¢ and F5,. First notice that the transversality
assumption required for Crandall-Rabinowitz theorem is given by

8>\F2(/\;EL, O) = Q@A{?fG()\i, O)Um 7é 0.
Thus applying the implicit function theorem to F,, we get in a small neighborhood of (A£,0)
a unique curve of solutions t € [—&g, 0] — (A(f),t) . We shall prove that for b close enough

to b, this curve a smooth Jordan curve and for this aim we need to know the full structure
of the quadratic form associated to Fy. The following identities were proved in [18, p 13-14].

and
(3.2) (A, 0) = 0.

10



Now, we give the expressions of the coefficients of the quadratic form associated to Fy around
the point (A£,0). For the proof see [18, Proposition 2].

Proposition 3.1. The following assertions hold true.
(1) First derivatives:
N2 (N5, 0) = Q0\0rG(NE, 0) (V)
and
O (0L, 0) = %QaffG(Af;, 0) [, v
2
= S QGO om0
(2) Ezpression of OFa(AE,0):
OnFa(,0) = —2Q0,0;G( N5, 0)[0;G(AE, 0)] 71 (Id — Q)0\0rG (AL, 0) v,
(3) Ezpression of Oy Fa(AE,0):
1 d®

OuFa(X,,,0) = g@[QG(AfN tom) im0 + Q0syG(Ar, 0) [V, Vi)
with
~ d?
Um é@ 90()\7:517 tvm) ‘t:O
d2
= — [9;G (N, 0)]_1ﬁ[(ld — Q)G(X,,, tvm)]ji=o
and

Q@ffG()\i, 0) [?Jm, i)\m] = atas [QG()‘;E—U tvm + S@\m)ht:O,s:O'
(4) Ezpression of 050, F2(AE,0):

8A8tF2(/\;—:, 0) = %Q@@HG(}&;, 0) [V, U] + %Q&AafG(Ai, 0)(Vpn)
+ Q07 G (A, 0)[Um, Or0g0( A, 0) U]
with
Dy (A 0)om = =[0rG(A,,, 0)] 1 (Id — Q)G (A, 0) 0

3.2. Explicit formula for the quadratic form. In this section we want to explicit the
terms in the Taylor expansion of F, at the second order. The main result reads as follows.

Proposition 3.2. Let m > 3 and b € (0,0},). Then the following assertions hold true.
(1) Eaxpression of 0, F>(\E,0).
O, F5(A\E,0) = 0.
(2) Ezpression of OzFy(AE0).
m[(mAE —m + 1)% — b>™]

NFy(\E,0) = m__ —W,,,.
b=l[(mAE — m 4 1)2 + b2m]2

11




(3) Expression of OnFo(A\,0).

AmPD M (mAL, — m 4 1)°

OuFr(\E,0) =
Fa (A, 0) [(MAE — m + 1)2 + )3

4) Ezpression of Oy F5 )\i,O .
( m
(b2m*2 — (m/\mi —m+ 1)2)2

OuFa(N\E,0) = —m(m — 1)b* ™ 1
P2, 0) m = 1) ([mAZ —m + 1]2 + b2m)3

W,

with
N b (mAE — 1) (mAE —m +1)2 + (1 — 2m)(mAE —m + 1) + mb3m!
[(mAE —m +1)2 + bm]3

Ko
x (2AEm —2m + 1)

and
i 2m (b — b2 (mAE —m + 1))
"o det( Moy, (ML)

(5) Ezpression of 0,0;F»(A\E,0).
OO (AL, 0) = 0.

Remark 3.3. In [18], all the preceding quantities were computed in the limit case b = b,
and our expressions lead to the same thing when we take b — b},. This can be checked using
the identity

mAE —m+ 1=+ A, + A,
and when b = b} the discriminant A,, vanishes.

In what follows we shall establish the formulae of Proposition 3.2. As we can observe from
Proposition 3.1 that most of them are based on the quantities %[G(Ai,tvm)ht:o for k €
{2,3}. We introduce some notations which will be very useful to obtain explicit expressions.
We begin with:

(Dj(t, w) = bjilw + tUjvmwmil
wich leads to

Gi(\E, tuy,) = Im {[(1 =)D, (8, w) + I(@;(t, w))w (b + (1 — m)vj,mwm)}

with:

where:




3.2.1. Computation of 9;F»(\L,0). We shall sketch the proof because most of the computa-
tions were done in [18]. Note that

1 d?

1
O Fr(A;,,0) = §QaffG()\ia0)[Um7vm] = §Q@[Gj()\§,tvm)]|t:0.

To lighten the notations we introduce
A+1B ,,,
I(®; = il
(Q;(t, w)) ][T A—{—tB(b +tC)dr

with

A= w—-b"'r, B= vjym@mfl — 0,7 and O = v,,(1 —m)F"
We can easily find that
dQ

) d?
@[G]()\fm tvm)]|t:0 = Im {b]_lw—f(q)j (t, ’lU))‘t:() + 2(1 — )\i)(l — m)vim

dt?

d
+2(1 — m)vj7m£[(<1)j (t, 'UJ))t:owml}

, d? d
=Im {bjlwﬁf(é[)](t, U)))‘t:() + 2(1 - m)vj,maf(i[)j(t, U)))|t0wm1} .

Recall from [18, p. 823] that

d A . . E
%[[i(q)j(tvw))ht:() = ][F(AC —b 1B)d7’ +b 1][Zd7—'

Moreover, for any 7, j € {1,2}, there exist real numbers 4 ;,7; ; such that

B
][sz = ui’jwm_l

and
A i1 —m+1
E(AC — 0" B)dr = v ;w™ T
Hence,
d m i— m—
g i@ (8, w))] =0 = 7 B I
with
pi-1 _ pi-1= . pi-1 _ pi—1=
LA _ - T T =m _ i1 ., =m-1
Yij = Vim(1l —m) ][ - biflTT dr —b ][ b —b17)? (Vjm — Vi T )dT.

We also get from (39) of [18],
Y12 = 0.
For ~,, by writing

1— b7 1 b7
V2,1 = U27m(1 - m) ][ 1_— bT?de - b][ m(vl,m - rUZ,m?m_l)d’T.
13




combined with the following identities: for any m € N*

Tm 7m-1
3.3 dr = dr = vt
(3.3) ]-[r(l—bT)T ]{T—bT

and

(3.4) ﬁag%vhzﬁggﬁw:mwﬂ

We obtain
Vo1 = Vo (1 —m)[B™ " — 0" + bug, [(m — 1)6™ 2 — mb™] + b%v; 1

= —U27mbm+1 + b2'U17m.

For v;; we recall that

1-7_, 1-7 e
7¢7¢=Uz‘,m(1—m)][ T dT—UiVm][ (1_7_>2(1—T Ydr.

Thus using the residue theorem at oo we deduce,
Yii = 0.
Finally we get,

d
(35) %[I(q)ld,w»ht:o = (ljll,l — bﬂggl)wmil + [Uz,mbm+1 — bQ'ULm]’wﬁerl
and
d m—1

(3.6) 2 (22t w))]jemo = (p12 = bz 2)w
Now we have to compute ;—;[IZ-(CIDJ- (t,w))]j=0. According to [18, p. 825-826] one has

d? [AB — AB] i1

(1,00 = 2 ][ B AC - b Bl
Moreover

B ,
][ E[AC — blilB]dT = ﬁmw
.

and

zB i— —2m
— 7{ F[AC — "' Bldr = n; jw*™

Then we have ,
d ~ —om
ﬁ[li(q)j (t, w))]ji=0 = 2/; ;W + 2m; ;0"
with

- (Vjm = Vi ™™ 1) (Vi = Vi ™™ ) i
Hij = Vim(l — m)]ﬁ CEr T"dT + b b b Vi T — U )dT

14



and

Vim(m — 1)7"dr

o = D )
i L (b~ — bi-1r)2
. P = 5 (0 — 0T
bz—l ( : Jﬂ”'"b L,m dr.
T ]€ (b1 — bi-17)3 T

For the diagonal terms we get

02 (1 —7m1) v? (1—7mh)
~ ?,m 1— —m ?,m —=m—1 _ 11d
Tii b%l( m) ]£ N 7T + = ]£ TSE a |dr

2
Ui,m

pi—1
As to the term /iy 2, we may write

~ (U2 m — U1 me_l)_m (U2 m — U1 me_l)_m_l
fi2 = vim(l—m) ][ : : 7T + U1 : : T dT
N r -

(UQ m U1,mT 1)
- m ’ > dr.

The first and the second integrals vanish using the residue theorem at oo. Thus we find

= (m—1)

fi2 = (m — 1)7}2,mvl,mbm72-

Concerning the term fip; given by

N (V1 — Vo™ Y _ (V1 — Vo™ ) o
21 = 'Ug,m(l — m)]{_ (1 — bT) TdT + . (1 — bT)2 b[Ug}mT — ’ULm]dT

it can be computed using (3.3) and (3.4)

ﬁ271 = U27m(1 — m)[Ul,mbmil - U2,m] + bUQ’mULm(m — 1>bm72
—v2  — 02 4 Uy U T
+ b][< 2,m 1,m 2, 1, )dT
; (1— br)?

The last term vanishes thanks to the residue theorem. Finally we have:
ﬁQ,l - v%,m(m - 1)

Now we shall move to the calculation of n, ; for 4,5 € {1,2}. We start with the term,

=m—1

B (b—7)(Vam — vrm™™ N, ][ (b —7)(vam — Vi7" ")
Mo = vy m(m—1) ]{ b—7) TdT + i (b= 1) dr.

Using the residue theorem at oo we get

771,2 = O

Now we focus on the term 7, ; given by

B (1= 07) (V10 — V2,0V ][ (1 = 07)(vin = V2T ")?
N21 = Vom(m 1)]£ 01— o) TdT + b i 0= by dr.

15



According to (3.3) and (3.4) we get

][ (]_ — b?) (Ul,m — Ug,m?m_l
T (1 —0b71)2

Jrmdr = uy,, (bt = (m+ e+

+ vam <2m62m — (2m — 1)b2m_2>.

Applying the residue theorem, we can easily prove for any m € N*,

Fm Fmtl m(m + 1)
3.7 T = dr = b
(3.7 ]'[r(l—bT)3T ﬁ(f—b)‘q’T 2
Thus,
1_ b7 o —m—1\2
][ ( bTxE}le sz));’mT )’ Ul’mvg,mm(m L1 — (m— 1)bm—2> —b?,
g ~

+03,,(2m — 1) ((m — 1)y — mb2m’1).

It follows that
Mo = =5 ,mb™™ — 003 |+ 01 o (m 4 1)
For the diagonal term we write

v? (1—7)(1—7m1) Vi [ (L =F)(L =71
o hm 7md o dr.
Nii blil (m )]'[I' (1 . 7_)2 T T+ bzfl fl’ (1 _ 7—)3 T

By the residue theorem we get

nii = 0.
Putting together the preceding estimates yields
d2
@[I(Cbl(t, W)= = 2 <v§7mmb2m + V203, — V1 mV2m (M + 1)bm+1>w2m+1
+ 2(m—1)(v},, —v3,,)®
and
d2 m—2 v2,m —
s 1(@a(t,w))] im0 = 2(m = Doz (01,002 = =2 )
Combining these estimates with (3.5) and (3.6) we find successively,
d2 + d2 d —m—1
ﬁ[Gl(/\m’ tvm)]\t:O = Im U}@I(@l(t, w))‘t:() + 2(1 — m)ULm%IOI)l(t, w))‘tzow
=2m (vlmbm — vam)Qegm
and
d2 d2 d
+ —m—1
ﬁ[GQ()\m, tvm)ht:(] =Im {bWﬁI(@g(f, ’U}))|t:0 + 2(1 — m)vlmE[(CI)Q(t, w))|t:0w }

=0.

This can be written in the form,

d> 2 mb™ — buy )2
ﬁ[G(Ai,tUm)ht:O:( m(vg, 0 Y1, ) )ezm.

16



From the structure of the projector () we get

1
atFQ()‘rjrzw O) = éQaffG()‘rjrzw O) [Um, Um]

1 d2[
272
=0.

G(AL, tom)]ji=o

Hence the first point of the Proposition 3.2 is proved.

3.2.2. Computation of OyF»(AL,0). From the explicit expression of ;G(\E,0) it is easy to
verify that

(3.8) 070;G(AE, 0)(vy) = m( VLm >em.

b’l)gym
Thus we have,

8>\F2(>\;|T:L, 0) = Q@Aé?fG()\;tn, O)(Um)

= m< ( /ULm ) ’Wm> Wm
bv2,m

Straightforward computations lead to

m[(m s —m + 1) — v*™] (m)\f;—m—l—l >e

(39 OB(N0) = o

o (mAE — m o+ 1)2 4 627
Thus the second point of the Proposition 3.2 follows.

3.2.3. Computation of O\ Fo(\E,0). Using (3.8) and(3.9) we obtain

2mb(mAE —m + 1) b
i o m
(Id — Q)0\0;G (A, 0) vy, = (MAE —m + 1)2 + b2m ( m)\i —m+1 > Em

bm
_’i<m)\f;—m+1)em

2mb(mAE —m + 1)
(mAE —m +1)2 4 b>m
Then by (2.8) and the expression of d\9,¢(\%,0) detailed in Proposition 3.1 one gets

_ b™

2mbl = (mAE — i+ 1)2
(3.10) _ 2mbT(mA, m ) (1 )wml.
(mAf, —m+1)" +p2m \ 0

with

(1>

K

Consequently,

. N o 2mE(mAL —m+1)? 1
NG (A 0)[0x0gp(As; O)u] = (mAE —m +1)2+b2m \ 0 o
17



Straightforward computations lead to

2m2bm(mAE —m+1)3 [ mAE —m+ 1
+ + _ m m
Qa)\afG()‘ma 0) [a)\8990<)\m7 O)Um] - [(m/\,jfl —m+ 1)2 + b2m]2 ( _pm ) Em.

Finally we obtain the following expression
Am2btm(mAE —m + 1)3

[(mAE —m +1)2 + b2m)3

DFo(\E,0) =

3.2.4. Computation of Oy Fy(AE,0). We mention that most of the computations were done
in [18] and so we shall just outline the basic steps. Looking to the formula given in
Proposition 3.1 we need first to compute j—;[G(/\i, tUm)]jt=0. From the identity (60) of [18]
we recall that

e Y P
GOt = i {70 1000+ 300 )" [ (58 0D |
It is also shown in [18, p. 835] that

3 BA - AB .
ﬁ[]i((bj(t,w))ht:o = —6]£[A—4]B[AC — b Bldr.

One can find real numbers 7; ; such that

1d S
E%Ui(@j(t,w))]\tzo = (m — 1)Jy @™ + 6K @+ 7 !
where
(Uj,m - ?)i,m?m_l)(vj’m — Ui,me_l)_m
Jij = ’Ui,m]{ CEETErE =m
and

_ Wim = Vi) (0jm — Vi ™)
To start, we compute J; ;. The same proof of (61) of [18] gives
JLQ =0.
For Jy1 we use (3.4),
(Vi — Vo™ ) (V1m — Vomn ™™ 1) _
Jo1 = Vo d ’ : ; m ]
W ]£ (1= br)? T

= VU2m [/Uim + Ug’m]mbm_l + 'ULng’m[(l _ Qm)bQ’m—Q . 1]

As to J;; we easily get
v? (1 -7 — 771
Jii = 5 T"d
: p26Gi—1) ]{ (1-7)? Toar
= 0.

For K, we write
18



Kl?

7m-l 4 2’0%77”?}27”1

,m

dr

)

2

3 2 —2m—2 2 —m—1 3
][ Vs + V1 1 V2,mT — 2027m1}1,m7 — V]
-

(b—71)3
dr.

Using the residue theorem at oo, we can see that all the terms vanish except the last one
that can computed also with the residue theorem.

Ulymvlm

V12, (m—1)(m —2
K= 5m )( )bmfg.
’ 2
For Ky, given by
P ][ vim — vimvgvamfl + QUl,mv%m + vLmv%’msz_Q — vg”me_l — QU%’mvgﬂn?m_l i
21 - (1 —0b71)3 .
we may use the residue theorem combined with (3.7)
o ][ vLmv%m?zm’Q — v%m?’”’l — QUimvgmﬁm’ldT
R (1—0br)3
1 —
— (21}%7”1 + v;m)vlmm( 5 m) 2 4 vl’mv;m(m —1)(2m — 1)p*™ 3,
As to the diagonal terms K;; we use residue theorem leading to
U{3 1_—m7121_ m—1
Ki; = n ][( ™ )X T >d7'
; b1 | (1—7)3
I 2
Summing up we find
1d? m. . m—2\_,.
6@[[@1“’ w))]j=0 = (m—1) (Ug,mvl,m - Ug,mgb Lt vimT)w i
+ (g — )@ ™!
and
3 U%m<m_1)<m_2) _ V2,m \ —
_%[I(@Q(t,w»hﬁo : 5 (Ulvmbm - —b’2 >wm+1
+ (Mg — o)w” ™.
This leads to
* + 2 3 Mym—1 3 M—2\_,
—= G, tom) =0 = Im{G(m - 1) <v2’mvl,m — Uy, 50"+ Ulym—>w :
dt 2 2
+ 6(M1— ?]\271)@3’” +6(1 —m)vym(m —1) (v%m — v;m)mm
+ 6(1 —m)vyy, <v%vmmb2m + bzvim — V1 mUsm (M + 1)bm+1>wgm}

3

m—1
b — vLm) em + V1€3m

2 3
3m(m —1) <202,m711,m — Uy,
19



and

d? V2.m - ~ 3
G2, 0)] im0 = Tm {302, (m = 1)(m = 2) (01,0b" 72 = 2" + b(is 2 = To2) 0"
+6(1 — m)v%}m(m —1) (Ul,mbm_2 — UQTm)Em}
= 303 ,,(m — 1)m<vam — Ulvmbm#)em + Y283m

with v; € R. In summary,

a3 + 2U§,mvl7m - ’Ug,mbmil - Uim a1
%[G<)\m7 0)]\75:0 - 3m(m - 1) ( U%,m<v21;m . Ul,mbm72> em + ( Yo ) €3m-

Using the structure of the projector () we deduce after algebraic cancellations
1d? (B*=2 — (mAE —m +1)%)?

—— W,,.
3dt? ([mAE —m + 1]2 + b2m)2

[QG()\?%, tvm)]‘tzo = _m<m _ 1)b373m

Now we shall compute the term,
Q@HG(Ai, 0) [V, O] = QOLO[GNE, tv,, + §Um )] [t=0,5=0-
To find an expression of v,,, we recall that
d2

~

@[G(/\i,tvm)htzo = ( ((); ) Com  With & = 2m(vgmb™ — buy )%
Thus,
(3.11) = 0,60 01 () ean
af a\ _ome
g (7 )
_ ( E)\l,m >w2m—1
V2,m
with
N ba(2mAE —2m + 1) N v*ma
Ulm = — and Uy, = — .
: det( Moy (AE)) ’ det(Mam (M)

Finally we can write,
T = B
with
(3.12) B = — ba
det(Ma,, (ML)

~ kai —2m+1 —9m—1 A 51 — 9m—1
Uy = < o1 ) w =5 )@ .
It follows that

Qatas[G()\ia Zfvm + S@\m)ht:(],s:() = BmQatas[G<)\itm t/Um + 56m)]|t:0,s=0-
20




We shall introduce the functions
0;(t, s, w) = b rw + tv; '™ + spwt 2
and hence

Gj(t, S, 'lU) = Gj()\, U + 8'l~1m)

=1Im { [(1 —AE)p;(t, s, w) + I(w(t, s,w))} woy,p;(t, s, w)} .

The following equality can be easily check :
O3[G(t, 5, w)] =m0 = Tm{(1— Ai)@jvjm(u —m)u™ + (1= 2m)a") |
+ Im{wlﬂ Jids [I(p;(t,s w))]|t:0,s:0}
+ @zl—zm¢z<¢xa&w»mﬂxﬁw%P%

)0 L (58 5,0) 00 .

We write

,éj(t,S,U)) ;i(t,S,T> i—1 —m —2m
Ii i t, y = b t(1— i.m T i 1-2 d
(p;(t, s,w)) ]£ s w) —its ) ( +t(1 —m)v, + sBi( m)T > T

A+tB+sC .
=4+ — (W '4+tD+sE)d
]£A+tB+sC( +¢D + s E)dr
with
A=v" w—-b"17, B=v,0" " — v, 7" ", C=pgmw™ " - g7t
D=(1-mv,7 and E = (1-2m)37"™".
Straightforward computations lead to
, AB — AB AD
O 1i(@;(t, s,w0)]j=0.=0 = b ][ ———dr + ][ —dr
T A T A

= Ji,jwm_l —f- Qiijmﬂ

m—1
Joy =it o L =0T
J ]'[r (bjfl _ bzflT) T

with 91'73‘ € R and

For the diagonal tens one has

~ 1 — m—1
Ji = v ]zgm
T (1-7)
= 0

On the other hand

¥ (02 m — U1 me_l)
J = ][ : : dr
b2 T (b—1)

m—1
= Uimb — V2 ;.
21



Using again the residue theorem it is easy to see that,
m—l)

4 (Ul m — V2mT
Ja1 =0 : ’ dr = 0.
o ]{ i-br)
Summing up we obtain,

I (p1(t, 8,w))]jt=0,5=0 = (011 — Oz,1) W™

and
O (pa(t, s, w))|t=0,6=0 = (01,2 — O2.2)W W (0™ — vy )™

For the derivative with respect to s we may write

. AC — AC
OslLi(ip;(t. 5,w))]jm0.0 = b][ 7[ A
T

_ £7jw2m 1 + in —2m+1
where ( ) 1)
-~ i Bj — BT
= b 1 ]A : d
Ty =t f G e
and

~ W= —2m i [ W =06 = BT
0, —]{m(l —2m)BiT"dT — b ]{ CEETETSE dr.

It is easy to check that @] € R, Vi,j € {1,2}. Now, we get
- 1 — 2m—1
J“—@-][—< g
T (1-17)

Using the residue theorem we find

> (B2 — 51727”_1) _ 2m—1
Jio = ]{ b—1) dr = —[2 + b .

=~ (1 — Por®™ )
Jz,l—b]{_ (1—bT) dT—O

and

To summarize,

o[ (p1(t, 5,w))]j=0,6=0 = (§1,1 — 5271)@2””_1
and
Ou[I(spa(t, 5,w))]j=0.5m0 = (16" = Bo)w™™ ' + (B2 — O )™ .
Now we shall move to the second derivative with respect to ¢t and s,
pe

BE CD
ds dt[[ ((,Dj(t S 'LU))]“ =0,s=0 — bl 1][—d7' ]{_TdT ][—dT ][—dT

B;Adr B ][ BEAdT B DCAdT.
T T

A2 L A2
By homogeneity, there exist €; ; € R such that,
22
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d? L L . .
E[[i(%’(@ 8,W)])[1=0,5=0 = g — 0 ™ — 0T Y 4 Y + L™

with
Ii»j _ (Uj,m - Ui,m?m_l)(ﬂj — Bi7-2m71)d7—
b T (=1 — bi—17)2 )
Ii’j _ ][ (Uj,m - Uz',me_l)(ﬁj _ ﬁi?Qm—l)dT
? T (bi—1 — bi-17)2 )
Wi (Vjm = Vin ™™ ) o
I =(1- 2m)ﬁi]£ (T — b i7) T"dr
and

4,5 (5 — 6i7—2m_1)—m
I =(1- m)vlm]ﬁ (b?’—l = 7dT.

We intend to compute all these terms. For the diagonal terms we write

. . . 1 — =m—1 1— 2m—1
= vz,friﬁl ( " )( T )dT
pi-1) | (1—7)2

Ui,mﬁz‘

As to the term I, we have

—m—1 2m—1 m
1—1,2:][ Uz,mﬁQ d _][Uunﬁﬂ d _][Uz,mﬂﬂ d ][Uunﬁﬂ' )d.
A O S U R A R A SN e e

By the residue theorem we get

111’2 = UZ,mBl(l — Qm)me_Q + mﬁlembm_l.

Now we move to I;"". Residue theorem combined with (3.4) implies

m 2m—1 =m—1
J - ][ Ul,mﬁl d ][ UQ,m/BzT dr — ][ U1,m527' dr — ][ U2,m/317 d
' T (1—0b7)? o T(l—bT)QT T (L—0br)? ' T (1—b7)? "
g —/[)2’m61 (m - 1)bm_2

Moreover,

v B [ (1— (1 =7

Iy = p2(i—1) ][ (1—7)2 dr
Ui,mﬁz‘

_ (1 )_

-m p2i-1)"
23



For 127 we use the change of variable 7 — 7

Ié»j _ ][ (Uj,m - Uz',me_l)(ﬂj _ ﬁi?Qm—l)dT
T

(bi—1 — bi—17)2
- (b—1 — bi—17)2

Therefore

[21,2 _ ][ (U2,m - U1,m?m_1)(52 - 517_2m—1>d7_.
T (1 —b71)?

Similarly to I7"' we find
121’2 = —Ul,mﬁg(m — 1)bm_2.
For the term I we write

1—22,1 _ ][ (V1,m — Uz,m?m_l)(ﬁ; — 527'27”_1)617_.
T (b—7)

The same computations for I yield
I3 = 01, B2(1 = 2m)b*™ % 4 mBavg b

For the diagonal term [I. ;’ we easily get

i i,m i 1—7m!
= (1—27”)1)5216 ]ﬁ( (1j7) Jemgr — g

Moreover,

m—1
11,2 —(1-2 z][ (UQ,m — U1mT )—Zmd —0.
3 ( m)ﬁ - (b . 7_) T T

On the other hand, using (3.3) we find

m—1
21— (1_9 ][ (V1,m — VamT )_de
3 ( m) B - 1 —br) Tar

= (1 — 2m)52 (vl’memfl — Ugymbm).

Now we move to the last terms [i’j . Concerning the diagonal terms, we may write

ivi VimBi [ (L—7m"h
;" = (1—-m) = ]£ a=7 TdT

Uzmﬁz
= (1-m) Pt

For I,* we obtain according to the residue theorem

Byt

o7

]i’Q = (1- m)vlvm][ BZ—TdT — (1 —m)vim
T(b—7)

= (1 — m)vljmﬁlbm_l.
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For the last term, we use (3.3) in order to get

o= (1- mﬁ&,m]{_ (B, (_1 éﬁi;l)?"ch

= (1- m)vz,mﬁlbm_l.

Putting together the preceding identities we deduce

d2
dsdt [I(SD1(757 Saw))]\tzo,szo = (51,1 - 52,1)W3m+1 + (m - 1)(U1,m51 - 521)2,mbm)@m+1
and
d2
dsdi [I(QOQ('[Z, S, w))]‘t:%:o = (8172 — 52,2)E3m+1 + (1 — Qm)ﬁl (ULmbm_l — vzmem_Q)wm_l

= D2 - e

Finally we get,
d2

Tids [G1(t, s, w)]ji=0,5=0 = Im{(€1,1 — £2.)W" + (m — 1)[vmPBr — Bovamb™ W™
+ 51(1 — 2m) (91,1 — 0271)@3’"}
+ Im{()\i — 1)mﬁ1/l)1’mwm] + (1 — m)vl,m(am - 9\271)@37”}
= ((m)\i = DvimBr + (1 = m)ﬁﬂb,mbm) em + T1€3m
= ((m)\ff1 — 1)(mAE —m +1)2mAE —2m + )b + (1 — m)b3m_1>em
+ 7163m

and

d2
m[Gg(t, S, w)]|t:0’$:0 = Im{b(ELg — 82’2>@3m + (1 — Qm)ﬁl [’Ul’mbm — vg,memfl]wm}

I {(m = 1)Bafonnb™ " = v T + Bl = 2m) (01 — Op) T

(1= X5)Bova (L = m)w™ + (1= 2m)@"] + (1 = m)vy (B0 = B }
+ Im{ A1 = 2m)(01b" " = v )T+ (1= )03 (012 — Do) }
= ([mX5 =+ 1)8 = mBE*" o+ 01,6 B2 — 1) = mB] e

+ Y2€3m
= (((1 —m)(mA,, —m+ 1) —m(2X\m — 2m + 1))b*"!

+ (mAE —m -+ 1Db2mAE —2m + 1)(2m — 1)>em + Yo€3m.

Using the definition of the projector (), we deduce after some computations
2

@ dtds

G(tu S, w)|t:0,s:0 = ICm Wm
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with
b (mAE — 1) (mAE —m +1)2 + (1 = 2m)(mAE —m + 1) 4+ mb3mt

Km 2 (2XEm—2m+1) .
[(mAE —m +1)2 + b2m)3

Eventually, we find

QaffG()\;tn’ O) [Um, a/\6990<>\7j7:z7 O)Um] = Emlcmwm

where f3,, was defined in (3.12). This achieves the proof of Proposition 3.2-(4).

3.2.5. Computation of O\0;F»(\E,0). Now we shall prove the last point of Proposition 3.2.
Recall from Proposition 3.1 that

1 1
ONDLF5(X55, 0) = S QNI GA, O)vms U] + 5 QONDFGN;,, 0)(B)
+ QaffGO‘i? 0)[vm, 8>\ag<,0()\$, 0) V).

The first term vanishes since

d2
aA@ffG()‘rjr:w O) [Ufm Um] = @ [a)\GJ<>‘rj):w tvm)] A=A =0
d? —,
— _ﬁu:olm {w(bj(t,w)qu(t,w)}
= 0.

For the second term we combine (2.4) with (3.11)

NI GNE, 0) (D) = Qm( ULm )egm.

bU2,m

Consequently we deduce that

Qo5 G(Ay, 0) () = 0.
Hence we find

ONOiFa (X, 0) = QOpsG (N, 0)[vm, OxDgp (N7, 0)Uim].
Now we want to compute
QaffG()\i, 0)[vm, 8,\(9990()\$, 0)v,] = Q0,05 [G()\f;, tv,, + 58,\8%0()\?;, 0)Vm )] [t=0,5=0-
This was done in [18, Lemma 2-(ii)] combined with (3.10) and (3.11). We obtain
QG (A, 0) [V, r8g0( Ao, 0) 0] = 0

and this completes the proof of the desired result.
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4. PROOF OF THE MAIN THEOREM

This section is devoted to the proof of Theorem 1.2. To begin, we choose a small neighbor-
hood of (Af 0) in the strong topology of R x X, such that the equation

Fl()\,t’l}m, k’) = O, k € Xm
admits locally a unique surface of solutions parametrized by
()\,f) € ()\:rn — €o, )\; + 60) X (—60, 60) — k= go()\,tvm) € Xm,

with ¢y > 0 and ¢ being a C* function and actually it is of class C* for any k € N. This
follows from the fact that the functionals defining the V-states are better than C*' and it
could be proved that they are in fact of class C*. Note also that

p(An: 0) = 0.

For more details we refer to the subsection 2.3. We recall from that subsection that the
V-states equation is equivalent to,

(4.1) Fy(\t) =0

with (), ) being in the neighborhood of (Af,0) in R* and F5 : R*> — (W,,). We intend to
prove the following assertion: there exists b, € (0,b},) such that for any b € (b,,,b},) there
exists € > 0 such that the set

(4.2) EE{Nt) e (XL —e N +e) x (—¢,8), Fa(\t) =0}

is a C''-Jordan curve in the complex plane. Taylor expansion of Fy around the point (A 0)
at the order two is given by,

B\t = OFa(\L, 00\ — A1) + 0, Fy(\F, 0)t
1 1
+ GOFRN 0N = L) 4 S0nFa(A, 0)f°
+ (A= X2+ 1De(M )

where

lim €\ t)=0.

(A= (Ah0)
Then using Proposition 3.2 we get for any (A, t) € (AL —n, AF +n) x (=n,n), with n > 0,
BO\t) = — (am(b)(A — A5 4 em(B) X = AR+ d (B)E2 + (A — A)? + £2) (N, t))Wm
with
_m[(mA), —m+ 1) = b*7
bm=L(mAy, —m 4 1)2 4 b2m]s
B 2m2b=m(mAL —m +1)3

) = T s 12 1 ]

and ~

(U772 = Ay —m + 1)) P

([mAt —m+ 12 4p2m)z 2
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Note that for b = b;, we have A,, = 0 which implies that

14 b2
P
m 2 bl

mAt —m+1=-b"
Thus we get

am(by,) =0, ¢ (b)) > 0.
Moreover we can check that for b = b},

Em >0 and K, <0

which implies in turn that d,,(b%,) > 0. Those properties on the signs remain true for b close
to b, that is, b belongs to some interval [b,,, b’ ]. In addition we deduce from the identity
given in Remark 3.3 that for any b € (0,b},) we have a,,(b) > 0. Indeed,

(mAL —m+ 1) =" = (mA, —m+1-0")(mA, —m+1+b")

= (VA = VA + 02— ) (VA 0 = A+ 52

< 0.

Set x(b) = om®) and using the change of variables

2¢m (b)
s=A— X\ 4 x0(b), VU(s,t)= e(s+ N\, — zo(b), )

then the equation of F5 becomes

a2

(43) n(0)5" +dm(O)F* = 1+ (5 = 20+ 2)(5,1) =0

and

lim s,t) =0.
(S,t)ﬁ(xo(b)vo)w( )

Note that if we remove 1) from the second term of this equation we get the equation of a

small ellipse centered at (0,0) and of semi-axes ;C”;((?) and #{E)b)(b). Thus taking b close

enough to b¥, one can guarantee that this ellipse is contained in the box (—eg, €g)? for which
the solutions of the equation F} still parametrized by . By small perturbation we expect to
get a curve of solutions to F, which is a small perturbation of the ellipse. To prove rigorously
this expectation we start with the change of variable,

Cm (D) "
()

Consequently, the equation (4.3) becomes

t = xo(b) and s = xo(b)y.

A2 2 1 2 Cm<b)2 2\ B
(44) Gy =" +y —HW((y—l) + x )w(xo(b),x,y) =0
with

i(u,w,y)ée<uy+kfn—u,u 2:((2:5>

Now we shall characterize the geometric structure of the planar set

&2 {(z,y) €R% G(b,z,y) =0},
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Lemma 4.1. There exists by, € (0,b},) such that for any b € (b, by, the set &, contains a
C'-Jordan curve and the point (0,0) is located inside. In addition, this curve is a smooth
perturbation of the unit circle T.

Proof. We shall look for a curve of solutions lying in the set é/'\b and that can be parametrized
through polar coordinates as follows

0 € [0,27] — (z,y) = R(0)e".
Now we fix b and introduce the function

Flp.R(0)) = R*0) -1

= L (r@ysino— 172 + Y g0 costo) 8 (M R(0) cos 0, R(0) sin0>
¢m (D) yn (b) ’ ’ ’
Then according to (4.4) it is enough to solve
(4.5) F(u,R()) =0 and p= zo(b).

Recall that the function € is defined in the box (A, t) € (A} —n, A\l +n) x (—=n,n) for some
given real number 1 > 0. Thus it is not hard to find an implicit value o > such that

F : (—po, o) x B — CHT)
is well-defined and is of class C', with B being the open set of C''(T) defined by

, 1
B={ReC"T): |1 - Rlx+ IR« < 5}

In addition
F(0,1)=0 and 0rF(0,1)h = 2h, Vh € C*(T).

Thus 0gF(0,1) is an isomorphism and by the implicit function theorem we deduce the
existence of yy > 0 such that for any pu € (—pu1, 1) there exists a unique R, € B such
that (u, R,) is a solution for F(u,R,) = 0. It is worthy to point out that j; can be

chosen independent of b € [b,,, b5 ] because the coefficients ﬁ(b) and ‘Z:((Zg

the nonlinear contribution of F are bounded. Now since limy_;: 20(b) = 0 then we deduce

the existence of b, € (0,b7,) such that for any b € (b,,,b},) the set of solutions for (4.5) is

described around the trivial solution R = 1 (the circle) by the curve 8 € [0, 27] — Ry (0)e™.

On the other hand from the definition of B we deduce that this curve of solutions is contained
1

in the annulus centered at the origin and of radii 5 and % It should be also non self-

intersecting C* loop according to the regularity of the polar parametrization. This achieves
the proof of the lemma.

that appear in

O

Now let us see how to use Lemma 4.1 to end the proof of Theorem 1.2. We have already

®y > that describes

seen in the subsection 2.3 that the vectorial conformal mapping ® £ < ®
2

the bifurcation curve from (A} 0) is decomposed as follows

d(w) = ( ll) ) W+ tuy, + (A tuy,)  with (8, N) € &,
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where &, has been defined in (4.2). As the relationship between the sets &, and gb is given
through a non degenerate affine transformations then the set &, is also a C''-Jordan curve.
In addition the point (A} — am((l;))),()) is located inside the curve and recall also that the
point (A 0) belongs to &. This fact implies that the curve intersects necessary the real
axis on another point (\,,,0) # (A},0). By virtue of (2.10) the conformal mappings at
those two points coincide which implies in turn that the bifurcation curve bifurcates also
from the trivial solution at the point (\,,,0). Note that looking from the side (\,,,0) this
curve represents V-states with exactly m-fold symmetry and not with more symmetry; to be
convinced see the structure of ®. However from the local bifurcation diagram close to the
trivial solution which was studied in [10] we know that the only V-states bifurcating from
the trivial solutions with m-fold symmetry bifurcate from the points (A},0) and (A,0).
Consequently we get \,, = A, and this shows that the bifurcation curves of the m—fold
V-states merge and form a small loop.

The last point to prove concerns the symmetry of the curve &, with respect to the A axis. This
reduces to check that for (A, t) € & then (A, —t) € &. Indeed, if D = D; \ D is an m-fold

doubly-connected V-state, its boundaries are parametrized by the conformal mappings

Qi (w) =w (bj +aj; 0w+ Zaj,n@m”) ,ain €R

n>2

Hence we find that the vectorial conform mapping ® admits the decomposition

@@0:(2>w+(gm>awl+wm% Ve,
2,1

Observe that we have a unique ¢ such that

(4.6) ( 1.1 )wm—l = top(w) + Uy (w), T, € X,

az 1

Now we consider D = em D, the rotation of D with the angle . Then the new domain

is also a V-state with a m- fold symmetry rotating with the same angular ve1001ty Thus it

should be associated to a point (A7) € &,. Now the conformal parametrization of D is given
by

@(w) = 67%¢j(e%w =w <b + Z wWL) , ajn €R.
n>1

Thus the vectorial conformal parametrization no2 ( o, ) admits the decomposition
B(w) = ( a1 (), Vex,
b 2.1 "
In view of (4.7) we deduce that
(4.7) &m:(é)w—wdm+§mW Uy (w) 2 —0, + U € A,

This shows that (A, —t) belongs to the curve & and this concludes the desired result.
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