N

N

On the Approximation of Electromagnetic Fields by
Edge Finite Elements. Part 2: A Heterogeneous
Multiscale Method for Maxwell’s equations
Patrick Ciarlet, Sonia Fliss, Christian Stohrer

» To cite this version:

Patrick Ciarlet, Sonia Fliss, Christian Stohrer. On the Approximation of Electromagnetic Fields by
Edge Finite Elements. Part 2: A Heterogeneous Multiscale Method for Maxwell’s equations. 2016.
hal-01364782v1

HAL Id: hal-01364782
https://hal.science/hal-01364782v1

Preprint submitted on 12 Sep 2016 (v1), last revised 6 Oct 2016 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01364782v1
https://hal.archives-ouvertes.fr
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Abstract

In the second part of this series of papers we consider highly oscillatory media. In this
situation, the need for a triangulation that resolves all microscopic details of the medium
makes standard edge finite elements impractical because of the resulting tremendous
computational load. On the other hand, undersampling by using a coarse mesh might
lead to inaccurate results. To overcome these difficulties and to improve the ratio be-
tween accuracy and computational costs homogenization techniques can be used. In this
paper we recall analytical homogenization results and propose a novel numerical homog-
enization scheme for the Maxwell’s equation in frequency domain. This scheme follows
the design principles of heterogeneous multiscale methods. We prove convergence to the
effective solution of the multiscale Maxwell’s equations in a periodic setting and give
numerical experiments in accordance to the stated results.

Keywords: Numerical Homogenization, Maxwell’s equation, Heterogeneous Multiscale
Method, Edge Finite Elements, Two-Scale Convergence, T-coercivity

1. Introduction

As in the first part [1] of the series entitled “On the Approximation of Electromagnetic
Fields by Edge Finite Elements” we study the numerical approximation of electromag-
netic fields governed by Maxwell’s equations. Here, we are interested in materials that
oscillate on a microscopic length scale 7 much smaller than the size of the computational
domain. Such materials are modeled by their electric permittivity tensor €7 and their
magnetic permeability tensor p”. The microscopic nature of these materials properties
are indicated by the superscript 7.

Our goal is to approximate the macroscopic behavior of the electric field e”. To obtain
a reliable approximation of it using standard edge finite elements, the microscopic details
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in p7 and €" need to be resolved. This leads to an enormous number of degrees of free-
dom and might result in infeasibly high computational costs. Therefore, more involved
methods are needed. A standard approach consists in replacing the multiscale tensors p"
and " with effective ones not depending on the micro scale, such that the macroscopic
properties of the unknown electric field remain unchanged. While mixing formulas, see
[2] and the references therein, are often used in physics and engineering, homogenization
results are more common in the mathematical literature. In the seminal book [3] homog-
enization results for elliptic equations involving a curl-curl operator where proven. This
proof relies on a div-curl lemma and uses the technique of compensated compactness.
Homogenization results of time-dependent Maxwell’s equations can be found e.g. in [4]
and in [5, 6]. In the later references the notion of two-scale convergence was used to prove
the results. Using similar techniques in a frequency domain setting, homogenization for
an electromagnetic scattering problem in the whole space by a multiscale obstacle was
achieved in [7]. More recently, a novel corrector result for materials fulfilling a symmetry
assumptions has been proven in [8]. In this article, we give a slightly different homoge-
nization result based on two-scale convergence in the second part of Section 2. This is
the basis upon which our numerical homogenization scheme is built.

The term “numerical homogenization” is used for numerical methods that approxi-
mate the effective or homogenized solution of a multiscale equation without knowing the
exact effective parameters. The most fundamental numerical homogenization methods
precompute numerically effective parameters not depending on the micro scale. In a
second step, an approximated effective equation can be solved with standard methods.
In [9] two such methods for Maxwell’s equations are compared. The first one is based
on the homogenization results as described above, while the second one is based on a
Floquet-Bloch expansion, see [10]. While such methods are quite accessible, their range
of application is usually limited to periodic settings without straightforward generaliza-
tions to more involved settings. In addition the influence of the numerical discretization
error in the approximation of the effective parameters on the overall solution is hardly
ever considered.

Novel numerical homogenization schemes, such as e.g. Multiscale Finite Element
Methods (MSFEM) [11, 12] and Heterogeneous Multiscale Method (HMM) [13, 14] do
not rely on a priori computation of the effective parameters to approximate the effective
behavior. In this paper we follow the HMM framework to propose a novel numerical
homogenization scheme for Maxwell’s equations. A detailed description of our scheme
can be found in Section 3. In [15, 16] an HMM scheme was applied to an Eddy cur-
rent problem, but without rigorous convergence proof. There, the macro problem, which
involves the curl-operator, was discretized with Lagrange finite elements and the intro-
duction of a stabilization term was needed. By contrast, we use edge finite elements for
the macro solver and prove an abstract a priori error bound in Section 4. Very recently
another HMM scheme for Maxwell’s equations was proposed in [17], where in similarity
with our scheme, edge finite elements are used for the macro solver. Nevertheless, the
two methods differ from each other. First of all, in [17] a problem with non-vanishing
conductivity was considered, whereas in this article the conductivity equals zero. As
a consequence, the Maxwell’s equations is not coercive in our case. To overcome this
additional difficulty we use the notion of T-coercivity [18, 19]. Secondly, their method
relies on a divergence regularization and thus the micro problem for the permeability
differ from the micro problems we use. We will highlight the similarities and differences
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of these two HMM methods in more detail in the course of this article. In Section 5 we
illustrate how to apply the general method and the error bounds to a concrete setting.
Numerical experiments corroborating the theoretical results are presented in Section 6.

1.1. Notation

Whenever possible we follow the notations of [1]. In the following we repeat the most
important ones for the self-containment of this article and add some complementary ones.
Let O C R3 be an open, bounded connected set with Lipschitz boundary 00 in R?, i.e.
O is a domain. The standard orthonomal basis of R3 is denoted by (er)k=1,2,3 and the
d x d-identity matrix by Ig.

We use the usual notation H*(O) for Sobolev spaces with the standard convention
that L*(0) = HY(0). In addition we will denote their vector valued counterparts in
bold face, e.g. H(O) := (HZ((’)))S. By (-])s,0 and [|-[l,0 we denote the standard
scalar product, respectively the standard norm in H*(O) or H(O). Furthermore, we
will use the notation H (curl; O) for L?(O)-measurable functions whose curl lays in the
same function space. Its norm is given by

1/2
|v]lcurl,o = ((v | "’)o,o + (curlwv| curlv)o’o) )

The subspace of functions in H (curl; ©O) with vanishing tangential component on the
boundary 00O is denoted by Hy(curl; O). Note that Hy(curl; O) is the closure of D(O)
in H (curl; ©). While periodic Lebesgue and Sobolev spaces for a cuboidal domain O are
widely used, periodic boundary conditions for H (curl; O) are less common. Similarly to
Hy(curl; 0), we let Hpe(curl; O) be the closure of Cp¢,(O) in H (curl; O). We proceed
similarly to define H (div; Q) for L?(O)-measurable functions whose divergence lays in
the same function space, and the ad hoc subspaces (replace tangential component by
normal component). In this article, periodic boundary conditions are mainly used for

the centered unit cube Y = (—1/2,1/2)3 and its shifted and scaled version given by
Y(a) =2+ (~9/2,90)°

for § > 0 and x € R3.

For a vector space V' with norm |[|-|[yy and a map 7' : V' — V the standard operator
norm is denoted by |||T]]]. We use the same notation for bilinear forms B: V x V — R
as we set B

1Bl = sup IO
v,weV\{0} [vllv[lwllv

For a function v : (x,y) — v(x,y), we write curl, v and curly v for the curl of v
taken with respect to the first, respectively the second variable. For other differential
operators we use the same notation, e.g. divy v and Vv denote the divergence and
respectively the gradient of v with respect to its second argument.

2. Model Problem and Analytical Homogenization

Let Q C R? be a domain and denote by v = (u")~! the inverse of the magnetic
permeability. The variational formulation of the second order, time-harmonic Maxwell’s
3



equation with solutions in Hy(curl; Q) is given by

{ Find e" € Hy(curl; Q) such that 0

(v"curle” |curlv), , — w?(ee" | V)oo = (Flv)oq Vv € Hy(curl; ),
with given pulsation w > 0 and source term f € L%(£2). Because the bilinear form
B"(v|w) = (v curlv |curlw), o — w?(ev | W)y Vo, w € Hy(curl; Q)  (2)

is not coercive, the a priori error analysis in Section 4 is more involved than for standard
FE-HMM schemes, see e.g. [14] and the references therein.

For simplicity of the presentation we restrict ourselves from now on to locally periodic
functions, this means that there are € and v such that

el(x) = E(:B7 %) and vi(xz) = V(:I:, %) (3)

for almost every x € 0, where € and v are both Y-periodic with respect to their second
argument. Thus 7 is the oscillation length of the medium through which the electro-
magnetic wave is propagating. We would like to emphasize that the FE-HMM scheme
presented in Section 3.3 can easily be generalized to more complicated situations. These
generalizations are similar to the ones for FE-HMM schemes for other type of equations.
Let & € {e,v}, we make form now on the following regularity assumptions.

The tensor ¢ is symmetric and in (C(; L3 (Y))3X3. (Ay)

per

{ There are «, 8 > 0, such that for all z € R® and a.e. (z,y) € QA xY (As)
2

alz’ < €(x,y)z -z < Bz,
2.1. Well-posedness of the Model Problem

Suppose that assumptions (A;) and (Az) hold for € and v. It is well known that (1) is
well-posed if, and only if, w? ¢ A", where A" is the set of eigenvalues of the eigenproblem
associated to (1). More precisely, A7 = {)\Z}keNO with 0 < AJ < ... < A] < ..., where
A} is a solution of the following eigenproblem.

Find (e}, \]) € {w € Hy(curl;Q) : div(e"w) = 0} x R such that €] # 0 and
(V" curle] |curlv), o = Nl(e"e} |v),, Vv € Ho(curl;Q).

The well-posedness result can for example be shown using the notion of T-coercivity,
see [19], where it has been shown that (1) is well-posed if and only if the corresponding
continuous bilinear form B" defined in (2) is T-coercive.

Definition 1. A bilinear form B defined over Hy(curl; Q) is T-coercive if there exist
a > 0 and an isomorphism T' € L£L(Hj(curl; Q)) such that

B (0| Tv)| > aflo|2ui0, Vo € Holcurl; Q).



In our case T-coercivity means, that there is a bijective map T" from Hjy(curl; ) into
itself and c¢pn > 0, such that

B (v |T") > cpn ((v" curlw]| curlv), o + (¢"v | 'v)o@)' (4)

In [19, Sec. 4.2] an explicit construction for a suitable map 7" is given under the assump-
tions (A1) and (Ag). For this specific map it holds |||77||| . r1.o = 1 and the coercivity
constant cpn is given by

curl;

(5)

w2 — A"
Crn =

1+ M

in
ANEAN

Remark 1. The right hand side of (4) defines a norm equivalent to ||||curl,o. In partic-
ular; there exists C' > 0 such that

(vTeurlv | curlv), o + ("0 |v), o > Clvl2ue.o Vv € Hy(curl; Q).

Because of the uniform ellipticity and boundedness of €7 and v the constant C' does not
depend on 7.

2.2. Homogenization of Mazwell’s equation

In this section we recall a homogenization result for time-harmonic Maxwell’s equation
[7, 17], which we present in a slightly modified version fitting our purposes. This result can
be summarized as follows: The electric field e” of the multiscale problem converges weakly
to e°f, where e* does not depend on the micro scale. Furthermore, e is the solution
of an effective Maxwell’s equation with electric permittivity e°® and inverse magnetic
permeability v, that vary only on the macro scale. The proof of the homogenization
result relies on the notion of two-scale convergence [20, 21] for vector valued functions,
see [22, 7]. Let us recall its definition.

Definition 2. A sequence {e"} in L?(Q) two-scale converges to €® € L*(Q x Y) if

7171_% <e’7 v<~, 5))0,9 = /Q(eo(a:, )| v(z, ~))O,Y dx

for all v € C§° (Q; c> (Y)) We denote this convergence by e” = e°.

per

Furthermore, we will use the following compactness result.
Proposition 1 (cf. [6, 7, 22]). Let (e"), be a uniformly bounded family in H (curl; Q).

Then there is a two-scale convergent subsequence, still denoted by (€"),. This means that
there is a function €°(x,y) € L*(Q x Y) such that

e(x) 2 e(x,y) asn — 0.
This subsequence converges also weakly in L*()) to the local mean of €° over Y, i.e.

e(x) — ef(x) := / e’(x,y) dy weakly in L*(Q).
Y
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Moreover,

curle’ (x) — curle®(x) weakly in L*(Q),
and there is e* € L? (% Hpe(curl,Y)) such that

curle’(x) 2 curl, e’(x,y) + curly e (z,y).

From the same references we know, that the homogenization limit e can be further
decomposed as follows.

Corollary 2. The difference between €° and e is a conservative, periodic vector field.
Hence, there is a scalar valued-function ¢ € L* (Q; H! (Y)) such that

per

e'(x,y) = e (x) + Vy o, y)
for all x € Q.
Following [3], we introduce two homogenization operators.

Definition 3. Let the tensor £ be such that (A7) and (Ag) hold. The homogenization
operator H is given by

(H(9)) () := L(Is + DIxE (2, y)) €@, y) (I + DIXE (2, y)) dy,

where Dg denotes the transposed Jacobian with respect to y, i.e.
T .
(Dyx*(z,y)), ;= By, X5 1<4,j <3,

and x¢ = (xﬁ, xg, xg)T is the vector valued function whose entries are the solutions Xi
to the cell problem

per

Find Xi(:c, D) e HE (Y), such that / Xi(w,y) dy =0 and
Y (6)
(¢@, ) (ex + Vy xi@. ) | VC)

=0, for all { € H} (V).

0.Y er
Note, that the homogenization operator H and the cell problem (6) are the same as
for classical homogenization results, see e.g. [3, 4, 23]. It is well known, that H has the

following properties.

Proposition 3. If the tensor £ satisfies the assumptions (A1) and (As), then H(E) is
again symmetric, uniformly coercive and bounded with the same constants as £ and we

have the regqularity H(£) € (C(Q))?’X?’.

The second homogenization operator K defined below and the corresponding cell
problem (7) are less commonly used.



Definition 4. Let the tensor £ be such that (A7) and (Ag) hold. The homogenization
operator K is given by

(K(f))(m) = /Y(Ig + curl, OE(m, y))Tf(a:, Y) (13 + curly, Bg(m, y)) dy,

where 8¢ = (6%, 65, 65) is the tensor whose columns are the solution Hi to the cell problem

Find (Oi(az, 2),p) € Hper(curl;Y) x HX (Y), such that

per
/ Oi(m,y) dy =0, / p(y)dy =0, and

Y Y

(f(w, -)(ex + curly, Bi(m, ) ‘ curl C)O,Y + (Oi(:c, 2 ‘ Vq)o y + (C ‘ Vp)o,Y =0
for all (¢,q) € Hyer(curl;Y) x HE (V).

per

)

(7)

The curl of 8¢ is computed column-wise, i.e.
(curl, Og(az,y))m = (curly, 0§(m,y))i, 1<i,j<3.

Some comments on the cell problem (7) are in order. Firstly, one checks easily that
the Lagrange multiplier p vanishes by taking ¢ = V p. Its introduction allows to handle
the constraints on the divergence of 65 (x, -) and on its normal trace (Gauge condition).
We find 0£(w, ) € Hpe(div;Y) with div,, 0%(%, ) = 0. Secondly, the well-posedness
of the cell problem (7) stems from the following lemma whose proof can be done by
contradiction.

Lemma 4. Define
W(Y) ={¢ € Hyex(curlY) | (C|V q)gy =0, Vg € Hyo (Y)}

Then there exists C' > 0 such that
ety < ¢ {lleurtclon +| [ canl}h.  veew)
Y

Lastly, we would like to note, that these two homogenization formulas are “dual” to each
other in the following sense.

Lemma 5 (cf. [3, Chap. 1, Rem. 11.11]). Let £ be given such that (A1) and (As)
hold and the homogenization operators H and K be defined as above. Then

Remark 2. Because of Lemma 5 the Proposition 3 holds true for /C, too.
Eventually, we can state the homogenized equation with the introduced notation.

{ Find e € Hy(curl; Q), such that ®

(v*Tcurle| curlv), g — w?(efe | v)o.q = (Flv)gqs Vv € Hy(curl; Q),



with v = K(v) and e = H(e).
Let A be the set of eigenvalues associated to the effective Maxwell’s equation (8).
Under the assumption
w2 ¢ Aeff7 (A3)

the effective Maxwell’s equation is well posed. Even more, (A3) quarantees the well-
posedness of (1) for all n small enough.

Lemma 6. Suppose that € and v fulfill the assumptions (A1) and (As) and that (As)
holds. Then there is threshold value fj > 0 such that (1) admits a unique solution e" for
all n < 7. Moreover, these solutions (e"),, are uniformly bounded in H (curl;Q).

PRrROOF. From Proposition 3 and Remark 2 it follows, that AT is discrete. Hence, we
can write A°T = (A¢f) ren, With N <A for k < k', Furthermore, assumption (A3) is
equivalent to
= inf [w? — A$T| > 0.
7= Jof w” = AL

From [24, Thm. 4.1] we know that A" converges in a pointwise sense to A°T. By contra-
diction, we find easily that

dn >0, Vnp<mg, )\7ilrel§\n‘W2 — 7| >

o2

9)

This means that w? ¢ A" and it follows that (1) has a unique solution.
To prove that the solutions of (1) are uniformly bounded, we test it with T"e" and
get

ernClle" a0 < B (e | T7e") = (£ T"e")g o < | Flo.llT"llcuriolle”|

0,9
As mentioned before, [[[77[|| ... = 1 and C' is independent of 7 according to (Az). Thus
it remains to bound crv independently of n. If w? > A" > 0 if follows with (9) that
2_\n
WA
L+ 7 24202

and if 0 < w? < A" we have because of (9) w? + F < X", wherefrom we get

w2 — A7) 1+w2>1 1+w? 5
L+X 7 1+M T 14w+ 24202+
Since 7 is independent of n this finishes the proof with the help of (5). (]

Because of this lemma, we can apply Proposition 1 to the set of solutions ("), of (1).
Let € and e be the corresponding two-scale, respectively weak L?(f2) limit of (e"),, as
in Proposition 1. The following homogenization results for Maxwell’s equations holds.

Theorem 7. Let (e7),, e, and e, be given as above. Under the assumption of Lemma
6, e it the unique solution of (8) and the twoscale limit €° is given by

e(z,y) = (I + DIx"(z,y)) e (z)

where x° = (x5, X5, X5)7 is defined by (6).
8



For completeness, we present the proof, which shares a lot of similarities with the
ones in [7] and [17].

PROOF. As already mentioned, we can apply Proposition 1 due to the uniform bound-
edness of (€"),. In addition to et and e?, let also e! be given as in Proposition 1. First,
we test (1) with v(z) = nw(2){(%/2) with w € C§°(Q) and ¢ € H].(Y). Passing to the
two-scale limit it follows that

/ v(z,y)(curl, e’ (z, y) + curly e’ (x,y)) x V, ((y)dy = 0. (10)
Y
For readability, we introduce the abbreviation

r(z,y) := v(y)(curl, €’ (z,y) + curl, e'(z,y)).

Next, we use v(x) = p(x)(V {)(®/n) as test function with p € C§°(€2) and we consider the
different terms in (1) separately. For the right hand side, one can show that (f|v), o — 0
as 17 — 0. For the first term on the left hand side we have as n — 0,

(v"curle” |curlv), o — —/ Vop(x) - / r(z,y)dyde =0
Q v

due to (10). Thus, lim,_,o(c"€" |v), o = 0, from where

/Y (@, y)e (@, y) - Vy ((y) dy =0

follows. From Corollary 2, we know that there is ¢ € L?(€; HL..(Y)) such that e’ (z, y) =

per
e(z)+V, ¢(z,y). We insert this into the last equation, to get because of the definition
of x*
Vy (@,y) = Dy x° (2, y)e (z),

which proofs the characterization of €. It remains to show, that e solves (8).
To do so, we test (1) with a test functions v that does not depend on the micro scale.
In the limit we get

(/Yr(wy) dy ’ curlv)(lQ - w? (/Y e(y)e’ (- y) dy ’ v)m = (flv)g 0

For the second integral it is easy to see that
/ e(y)e’(w,y) dy = H(c)e (z)
Y

with the help of the characterization of e® and the definition of . The computation
of the first integral is a little trickier. Note first, that because of (10) there is a scalar
valued function p(x,y), Y-periodic in its second argument, such that we can r as

r(z,y) = /Yr(w,y) dy +Vy p(x,y)

9



and a direct computation shows

@ r(@.y) [VOoy =0 V(& Hy(Y).

Taken together it follows that

r(z,y) = (Is + DIx" " (x,9)) /Y r(@,y) dy.

By a second computation we can show now that

H(V_l)/ r(z,y) dy = curle(z).
Y
An application of the dual formula, see Lemma 5, finishes the proof. ([l

Remark 3. In contrast to homogenization of second order elliptic PDEs, we do not
have strong convergence in general. Qualitatively the behavior of e” for a sequence of
diminishing values of 1 can be described as follows. While the length of the oscillations
in e tends to zero, the amplitude does not decay but stays bounded. This coincides
with the fact that the two scale limit € depends not only on & but also on y.

We conclude this section by comparing Theorem 7 to the results in [7] and [17]. In
the first of these references a scattering problem is considered. We see, that the effective
permittivity e*f is given exactly in the same way. On the other hand, they give a
formulation for the effective permeability p®® and not v°f. In this instance, this is the
natural choice since the first order formulation of Maxwell’s equations is considered. It
is shown, that p® = #H (1) which is in total agreement which our result, since one has

()™ = (M) = K(p™h) = K(v) ="

due to Lemma 5. We prefer the formulation with IC as we consider the second order
formulation of Maxwell’s equations. This homogenization operator allows us to construct
a multiscale scheme without the need of inverting the effective magnetic permeability.
If one sets the conductivity to zero in the formula for the homogenized matrices given
in [17], one retrieves again the same formula for the effective permittivity. Moreover, up
to the divergence-regularization term the formula for the effective permeability and the
corresponding cell problem coincide with the results stated above. This regularization
term was introduced artificially to get rid of the divergence-free condition in the cell
problem (7) for the permeability. In this respect, our approach differs essentially. We
keep the more intuitive homogenization result without additional regularization, but we
have to take care of the divergence-free condition in the definition of our algorithm.

3. Multiscale Scheme

Our FE-HMM for Maxwell’s equations follows the general methodology described in
[14, Sec. 4]. We start by giving a short overlook of the whole algorithm. Like every
HMM scheme, our method can be decoupled into two different levels. The solver on the
macroscopic level approximates the solution of the effective Maxwell’s equation (8). We

10



use standard H (curl; Q)-conforming edge elements for the discretization, i.e. Nédélec’s
first family edge elements. In addition we choose a quadrature formula for the calculation
of integrals on the macroscopic level. Since the effective permittivity e = H(g) and
the effective inverse permeability v* = IC(v) are not known a priori, we need two micro
solvers to estimate the missing data. More precisely, two micro problems connected to the
macroscopic solution through coupling constraints are solved numerically around every
macroscopic quadrature point. In the rest of this section we give a detailed description
of our multiscale scheme. We first address all the ingredients of the method in Sections
3.1 and 3.2, before combining them to form the complete algorithm, given in Section 3.3.

8.1. Macroscale solver

For the ease of exposition, let €2 be a a Lipschitz polyhedron such that it can be
triangulated by a shape regular family of tetrahedral meshes (7Tg)y. Let Hgi be the
diameter of a simplicial element K € Ty and set H = maxge7,;, Hx. These (macro-
scopic) meshes do not need to resolve the micro scale structure of the medium. On the
contrary H >> 7 is allowed and desired. Furthermore, let Vi ¢ be a finite dimensional
edge element subspace of Hy(curl; ) belonging to Nédélec’s first family, of given order.

For every K € Ty we choose a quadrature formula (z g ;, wKJ)jﬁl to evaluate inte-
grals on K given by its nodes x ; and weights wg ;. If e and v° were known, we
could approximate the solution to the effective Maxwell’s equation (8) by

Find e € Vi, such that
{ H = (11)

(VEH curl'UH ‘ CUI‘l’LUH)H — w2 (EeH’UH "LUH)H = (f ‘ ’UH)O’Q, V’UH S VH,O;

where the L?(Q) scalar product is evaluated by

JK

(v [wi) g = > > wyvn(@i) - wa(@k,;).

KeTy j=1

Note, that (11) is nothing else than a standard FE discretization of (8) with numerical
integration. In order to have a meaningful scheme, (-|+) should be a sufficiently accurate
approximation of the L?(Q) scalar product. The precise assumption is explained later,
it is assumption (Q) in Theorem 11.

Remark 4. To integrate the source term f we use the exact scalar product and not its
approximation. This is only to simplify the presentation of our results. Without any
conceptual changes, we could use an approximated scalar product for the source term as
well. This would lead only to an additive error term in Theorem 10 and 11.

To improve the readability, we introduce the bilinear form B$(-|-) given by

B?}cf(vH |wy) = (l/eHCUI'l’UH |cur1wH) Yog, wi € Vip.

H)
We would like to stress that this bilinear form is never actually used in the implementation
of our FE-HMM scheme. However, in the a priori error analysis it will be of great use.
Especially the reformulation in the lemma stated below helps getting an inside view of
the FE-HMM scheme.

11



Lemma 8. Let the assumptions (A1)—~(As) hold. For vy € Vi, let the function v solve

Find (v(mKJ,-),p) € (vH,hn + Hpe,(curl; Yn(acK’j))) X Hper(Yn(mK’j))7

such that/ v(zk, j,x)de =0, / p(x)dx =0, and
Yy(®rk,j) Yy (2K ;)

(V(wKJ,?;) curly v(xk j,*) cu'r'lC) + (12)

0,Yy(xx ;)

(v(wK“j’ ) ‘ Vq)o Yo (zr,j) + (C ‘ Vp)QYn(wK.j) =

for all (¢, q) € Hper(curl Y, (xk ;)) X Hper(Yn(:cK,j)).

with 1
UHJin(w) = ’UH(CL‘K’J‘) + 5 curl'vH(wK}j) X ({B — :BK,j). (13)

Similarly for wg € Vo, let the function w be given in the same way replacing vy with
wy in (12)—(13). Then it holds

senten - 5 35

KeTy j=1

<1/ (113K,jv 5) curly v(zk j,*) | curly w(zk j, ')>

0,Yy(zk ;)
(14)

Before proving this lemma, we highlight some important properties of vy 1in: The
curl and the divergence of vy jin are constant. Even more, we have
curlvy jin () = curlvy (zk ;) (15)
and

diV UH,lin (.’I}) = O

for all ® € Y, (xk ;). Let ¢ be in
computation reveals

per(Y,7). Since v jin is divergence-free, an easy

(v 1in | Vq)yn(wm_) = /BY ( )UH,nn(:L’)q(a:) -n(z)dS(x) =0, (16)

where n(x) is the outer normal unit vector for Y, (xk ;) at .

Proor (LEMMA 8). To shorten the notation in this proof, we write only Y; instead
Y, (K ;). Let z be a constant vector in R® and consider the problem

Find (v(xk j,+),p) € Hper(curl; ;) x H! (Ys),

per

such that / v(xk;,x)de =0, / p(x)dx =0, and
Y, Y,

n

(l/<mK7j,é) (z + curly ¥(zk j,-)) ‘curl(‘)oy + (17)

»I'n

(s[94), + ([ 59), 0
for all (¢, q) € Hper(curl;Y) x H1 (Yy).

per




which admits a unique solution according to Lemma 4. If z is the k-th basis vector ey
for 1 < k < 3, the solution can be written as

a:—a:K,j)

v(x j, ) = N0 (33K,ja )

where 6% is the solution of the cell problem (7). Due to the linearity of (17), we have for
a general z = (21, 22, 2z3)7 € R3 the representation

3
_ y T — Tk
V(K ;,x) = nzek (mKJ-, = TKj )zk.
k=1 "
Because of the properties (15) and (16)
- 1
O(xk,j,") = v(Tkj,") — VEln + 7/ Vi in(2) dz
Yol Jy,

with © and v 1in defined by (12) and (13), respectively, solves (17) with
z = curlvy(xk ;)
and v can be written as
v(xk ;,x) = vHin(T) — L/ v in(2) dz +
Yal Jy,

3 1h (18)
. Z oY (mej, TKJ) (curlvH(SUK,j))k-

k=1

Additionally, we find
curlyv(zk ;, @) = (Ig + curl, 6 (me W)) curlvy(xk ;).
n

The same formulas hold for w as well. Using the substitution y = (@ —2x.;)/y together
with the periodicity assumption of v in its second argument, it is now easy to see that

n 0,Yy (zx,;)

curl wH(wKJ)T <|K,|VCH($KJ)> curlvy(zg ),

where v°f = KC(v) with the homogenization operator K from Definition 4. Inserting this
into (14) finishes the proof. O

Remark 5. We have some freedom in the choice of v 1in. The only properties needed
in the proof are (15) and (16). Every other function having this property could be used
as well.

13



A similar reformulation holds for the effective permittivity.

Lemma 9. Let the assumptions (A1)—(Ag) hold. Forvy € Vi, let the function ¢ solve

Find ¢(Tk j,*) € ¢Hlin + Héer(Yn(mKJ)), such that/ o(xk j,x)de =0 and
Yo(zxk,j)
<€(wK»ja ;) Vy @(wK,jv ') ‘ VC) =0, VC € lemr (Yﬁ(xKJ))’
N 0,Yy(zk,j)
(19)
with
@H,lin(w) = ’UH(:EKJ‘) . (33 — SEK’j). (20)

Similarly for wg € Vi, let the function ¢ be given in the same way replacing vy with
wyg in (19)—(20). Then it holds

JK
Wi 4 .
o lwnly = Y 30 (< en 1) Ty plares) | Ty vl
n

KeTy j=1 0,Yy (zk,j)

The proof of Lemma 9 is very similar to the one of Lemma 8 and, more classically, to
the proof of the reformulation of the HMM bilinear form, see e.g. [25]. Similar to (18)
the solution of the micro problem can be written as

3
T —TKj
o(xrj,®) = omin(T) +1 Z X (fBK,j, — . ) (va (K ;)),, (21)
k=1

with x§ defined in (6).
Remark 6. Here, we use only one property from ¢ 1in in the proof, namely
Vomin() =v(Tx ;) for all x € Y, (xk ;)

and every other function having this property could be used as well.

3.2. Microscale solvers

Numerically, the micro solvers are closely related to the reformulated cell problem
(12)—(13) and (19)—(20). In fact, they are their discretized versions with suitable finite
element spaces. Therefore, we consider a family of shape regular tetrahedral meshes
(7}(33 KJ)) ,, of the sampling domains Y, (xf ;). For these meshes the mesh size h must
resolve all the micro scale details of the material. Nevertheless, this does not lead to
restrictive computational costs, because the sampling domains are small since they scale
like 7.

To approximate the effective permittivity we define discrete subspaces of H p1>er (Y}7 (zk, J))
based on Lagrange finite elements with periodic boundary conditions W,’f’per, where
k € Ny denotes the order of the finite element. The micro solvers corresponding to
the electric permittivity centered at & ; and constrained by vy € Vi are given by

Find on(Tk j,+) € 0H1in + W,f’per, such that / on(Tr,j,x)de =0 and
Yo(zk,;)
(22)
(g(mm, 5) Vy on(@r ) ‘ vgh> =0, VG €W per

01Yn(1m41<,j)



To characterize @y, one must discretize the constraint (20). At the discrete level and
because @i defined by (20) is linear, the coupling constraint to vy is discretized
exactly.

Remark 7. In Section 2.2 we noticed that the cell problem (6) belonging to the com-
putation of the effective electric permittivity is the usual cell problem, well-known in the
homogenization theory of elliptic problems. Hence, this micro solver is closely related to
the micro solver of standard FE-HMM schemes and the micro solver for the permittivity
proposed in [17].

To approximate the effective inverse permeability the corresponding micro solver is
more involved for two reasons. On one hand, the micro problem is vector valued and
involves the curl-operator. Thus, we use an edge element space th,per with order k finite
elements, where k is the same as above, with periodic boundary conditions, defined over
the same mesh 7, (xk ;) (see e.g. [26] for a definition of the basis functions). On the
other hand, we need to take the divergence-free condition into consideration. We choose
to handle this equation by introducing a Lagrange multiplier and considering a mixed
formulation [27, Sec. 3]. The micro solvers corresponding to the magnetic permeability
centered at xx ; and constrained by vy € Vi is given by

Find (v (xk.j,+),pn) € (Ve in + Vh’fper) X W;]f,per,
such that/ vp(Tk,j, @) de =0, pr(x)de =0, and
Yy (zk,j) Yy(ek,;)
(1/ (:(:K,j, ;> curly vy (zk j,+) | curl ¢, + (23)
n 0,Yn(zx,5)
Vp T R \Y ) + ( ‘ \Y% ) = 0,
( n(TK,j,) ‘ qn 0¥, (@) Cn | Vopn 0V, (@)
for all (Cn,qn) € Vh’fper X W,’f’per.

To characterize vy, one must also discretize (13). At the discrete level and because v jin
defined by (13) belongs to th, the coupling to vy is discretized exactly. Note, that the
Lagrange multiplier p, is not further needed in the definition of the method, it is used
only to have a well-posed discrete problem.

Remark 8. The condition on the vanishing mean in (22) and (23) can be implemented
by introducing Lagrange multipliers. A detailed description of this procedure can be
found in [28, Sec. 3.2]

3.3. FE-HMM algorithm

Having now introduced all ingredients, let us present our FE-HMM scheme to ap-
proximate the effective behavior of (1).

Find e} € Vi, such that
(24)

HMM
By ("™ [vn) —w*(e"™ |wn)y = (flon)gq,  You € Vo,

15



S~ —

Figure 1: Two-dimensional sketch of the FE-HMM algorithm.

with

BiM (vy [wp) ==Y Eg (V (wm, 5) curly v (K j,*)

curly, wy (K j, )) )

K,j ¥y 0,Yn(xx,j)
WK,j .
(vm | wH)gMM = Z ;,{’J (5(1’1(,3’7 *) Vy on(TK j,+) ‘ Vy n(Tx j, ')) )
K.j Rl " 0,Yy(zx.5)

for all vy, wy € Vi, where v, and ¢p, (respectively wy, and 1)) are the solutions of the
micro solvers (23) and (22) constrained by vy (respectively wy). The summation should
be taken over all K € Ty andoverall j =1,..., JJg. A two-dimensional illustration of the
algorithm can be found in Figure 1. On its left, the computational domain triangulated
with a macroscopic simplicial mesh T is shown in blue. The green crosses represent the
nodes xx ; of the quadrature formula that must be chosen in every macroscopic element
K. Around each quadrature node we use two micro solvers in the microscopic sampling
domains Y, (zx ;). For this numerical solution the sampling domains are triangulated
with a microscopic mesh 7, (xk ;). In Figure 1 only one such sampling domain is depicted
in orange with a zoom of it, where the microscopic mesh is shown in violet.

4. A priori error analysis

In this section we prove our main result, an a priori error bound of the FE-HMM
scheme presented above. But before, we recall the notion of Ty-coercivity, the essential
tool in our error analysis. As the name suggests, Ty-coercivity is the counterpart of
T-coercivity already mentioned in Section 2 for discretized problems. We repeat its
definition from [19] adapted to our setting.

Definition 5. A family of bilinear forms (B )y is uniformly Ty -coercive if there exist
a*, 6* > 0 such that for all H > 0 there is an isomorphism Ty € L(Vy o) with

1B (v, Taow)| > oo oo, You € Vao  and  |||Ta||| < 5%

16



If the discretized Ty-coercive bilinear form 8 converges to the T-coercive bilinear form
9B, then we have an abstract a priori error for the corresponding Galerkin approximation.

Theorem 10 (cf. [19, Thm. 2]). Let B be a T-coercive bilinear form in Hy(curl; Q)
and u be the solution to

Find u € Hy(curl;Y), such that
Bu|v) = (f|v)yq for all v € Hy(curl, Q).

If the family of bilinear forms (B )y is uniformly bounded and uniformly Ty -coercive,
then the discretized problems

Find uwg € Vi, such that
{ H H,0 (25)

%H(’U,H |'UH) = (f|vH)O,Q7 fOT allvg € VH70,

are well-posed and the following error bound holds with C > 0 independent of H

||u - uHchrl,Q = C’vHiEn‘iH,o (HU - vHchrl,Q + COI’IS%Y%H (DH)) :

The consistency term is given by

‘%(’UH |’U)H) — gBH('UH ‘ wH)‘
Consg o, (vg) = sup

wr €V o ||wH||curl,Q
’UJH#O

Remark 9. Let (‘3 1) u be a second family of bilinear forms that is Ty-coercive for the
same ismorphisms Ty and let uy the solution of (25), where B has been replaced by
By, then
||'ELH — uHchrl,Q S CCOHS%H,%H(U’H)'
To prove an a priori error bound of our FE-HMM scheme, we will split the error as
follows

ff _ JHMM ff il ff _ HMM
Hee —€H chrl,ﬂ < Hee B 6% chrl,Q + ||6% ~—€nH chrl,Q’
where e is the solution of the discretized effective equation
Find e?f € VH,0, such that
BII}MM(‘??? |vr) — Wz(feﬂe?-? lvr) g = (F UH)O,Q, Vvy € V.

17



To simplify the notation we introduce the macro and HMM errors

|(v° curlvy | curlwy), o — Bif (vy |wp)|

erry = sup
vy, wHEVHo HvH||cur1,Q||wH||curl,Q
vy, wyg#0

)

| B (v | wy) — BRMM(vg |wg)|

err?; = sup
MM eV [v# [[eurto W [[curto
vy, wy#0
e ‘(EeHvH | wH)o,Q — (e | wH)H’
erITy . 1= sup
vy, wHEVH o ||'UH||curl,Q||wH||curLQ
v, wH#0
e (e | wir) gy — (i [wa)y |
errfpvM (= sup
vy, wHEVH0 ||UH||curl,Q||wH||curl,Q

vy, wy#0

Remark 10. These error terms are nothing else then differences of bilinear forms in the
\ ; v _ off HMM
corresponding norm |||-||| over Vi o. E.g. we have erripg = |1|1BY — B V|-

With this notation, we can now state our main result.
Theorem 11. Let the assumptions (A1)—(A3) be fullfilled. Assume further that
—0 as H—0 (Q)
and
errfvm e — 0 as h — 0. (R)

Then, the solution efMM of the FE-HMM scheme (24) converges to the solution e of
the effective Mazwell’s equation (8) as H and h tend to 0. Furthermore, for H and h
small enough the following error estimates holds

e —eMM|| <O inf (Heeﬂ_vHH

curl,Q) — vHEVH 0 + (err;‘lac + L«.}QGI‘I‘fnaC) ||vH chrl,Q)

curl,Q)

+ C(errfiym + WQ@”%MM) €55 | curt.-
(26)

PROOF. According to Theorem 7 the effective equation (8) is well-posed. From [19,
Thm. 1] we have the equivalence between well-posedness and T-coercivity. Thus, there
exists a bijection T°f : Hy(curl; Q) — Hy(curl; Q) and o > 0 such that

f fF f
B (v | T0) > o [0 0

Furthermore, we can follow [19, Sec. 4.2] to explicitely define 7. We choose (Tx) g to
be the family of isomorphisms discretizing T°f given as in [19, Sec. 4.3]. We now have to

18



show that B and BEMM are both Ty-coercive with this specific isomorphisms. Using
the triangular inequality we find

|%§(’UH | TH'UH)|

> |%EH(’UH | TGHUH)‘ — |%QH(UH | (TEH — TH)’UH)| — ‘(%eﬁ — %%f;f) ('UH |TH’UH)‘
> (o |l 17 = o] — [ = BT |7 ] 0t Ve

where we used in the second inequality the T°%_coercivity of B°f. From [19] we know
that |||[T]|| is bounded and [|T°% — Ty || — 0 as H — 0. Because of (Ay) |||B®||| is
bounded as well. Due to the definition of the macro error, we have

[|B°F — B ||| < errhe + werrsy,..

and the macro errors converge to 0 as H — 0 because of the assumptions (Q). Hence,
for all 0 < a* < a°f there are threshold values H > 0 such that

T
1B (v | Trvm)| > o*||va 2w o

for all H < H. This shows the Tj-coercivity of BF. For BEMM we can proceed in the
same way. We find

H|‘Beff - ‘BgMM |H <erry..+errfmum + w? (errfnac + err%MM).

Hence we need not only assumption (Q) but also assumption (R), to show that BIMM g
Ty-coercive for H and h small enough. As already mentioned we use the error splitting

HMM

gMMHCLU‘I,Q < ||eeﬁ - eﬁl{af”curl,Q + ||e§ ~— € chrl,ﬂ’

Heeff_ e

The first term can be estimated using Theorem 10 with u = e and B = B°f given by

B (y |w) = (Veﬂ curlv | curlw) w? (Eeﬁv | w) Vv, w € Hy(curl; Q)

0,Q 0,9’
and By = %‘}f given by
B vy |wy) = B (vy |wy) — w? (e oy |we) g, Yog,wg € V.
and for the second term we will use Remark 9, with By = BUMM oiven by
BIMM (4w ) = BIMM (v |wyr) — w? (v | wH)gMM, Yog,wg € Vip.

It is easy to see that the emerging consistency terms can be bounded as
2 £
COHS%@'”,%%f (UH) < (errrynac +w errmac)”UH”Clll‘l,97
2 € eff
Consgerr v (vgg) < (errfpyy + werrfpy) || €% [eurro
which finishes the proof. O

We see, that (Q) is correlated with the macro solver and (R) with the micro solver. In
the next section, we give an example of a concrete setting, where both assumptions hold.
We also illustrate there what can happen when one assumption is not fulfilled.
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5. Practical illustration

We consider now the assumptions (Q) and (R). More specifically, we describe set-
tings in which the assumptions are satisfied. These setting are not exhaustive and our
FE-HMM can be applied to other situations. A detailed study on the minimal assump-
tions such that assumptions (Q) and (R) is beyond the scope of this article. In this
section, we always assume that the assumptions (A;)—(Az) hold. Furthermore, to have
a specific instance of our FE-HMM scheme, we consider only finite element of order one.
In particular,

Viro = {vn € Ho(curl; Q) : vy |x € RY(K), VK € Ty},
where R'(K) is given by
RYK) = {ve PHEK):v(x)=a+bxz a,b € R?}

and Pl(K ) is the space of vector-valued polynomials of total degree not greater than
one. For more details for this finite element spaces we refer to [26]. The space for the
micro solver (23) centered at x ; is given similarly by

Vhl,per = {'vh € Hyer(curl; Y, (zk ;) : vplk € RY(k), Vk € E(YW(CCK,]‘)}
and the space for the other micro solver (22) is given by
Wi per = {91 € Hper(Yo(@ K 5))  onli € PH(K), Yk € Ta(Yy(zx )}

where P!(k) is the space of scalar-valued polynomials of total degree not greater than
one.

As we have seen ,the choice of a well-suited quadrature formula for FE-HMM is
crucial, cf. [29]. Firstly, the quadrature must be accurate enough, such that (Q) holds.
The second goal is to minimize the number of quadrature nodes per element. This
is preferable in view of computational costs since our multiscale scheme requires the
numerical solution of two micro problems per quadrature node. With these two goals in
mind, we choose the quadrature formula denoted by (QF,) (&;,;)}_; on the reference

simplex K whose nodes and weights are given in Table 1. This quadrature formula is
exact for the function space P*(K) and it is well known that there is no quadrature
formula having this regularity with fewer nodes [30, Section 4.5]. Due to the affine
mapping Fx from K to K a corresponding quadrature formula (K ;s wKJ);*:l is given
on every K € Ty by

TK ;= FK(.’ﬁ]) and WK,j = detD(FK)L:Jj,

for j =1,...4, where D(F) is the (constant) Jacobian of Fg. It is easy to see, that the
regularity carries over, i.e. (Zk j,wk ;)j=; is exact for the space P?(K). Choosing the
quadrature formula (QF), the number of quadrature nodes per elements Jg is equal to
four for all K € Ty. This construction for the quadrature formula on K is the standard
procedure for finite elements [31, Sec. 4.1].

We show now, that in this setting (Q) holds for periodic materials.
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Table 1: Quadrature formula (QF,) for the reference tetrahedron K

node weight
J T @;
1 i(l—jyl—é?l—jﬁ 2
2 1-&1-L1+%) 2
3 1-F1+%1-%) 2
I O - ) &

Lemma 12. Let the permittivity and the inverse permeability be given by

el(x) = 5(%) and vi(x) = y(%),

where e,v € (Lgﬂr(Y))BXS are symmetric, uniformly coercive and bounded. Then, both
and errY . vanish and the assumption (Q) holds for the above choices

£
Macro errors errs,, . Y ac
of the macro and micro finite element spaces and the quadrature formula (QF,).

PRrROOF. From the definition of H# and K it is easy to see, that £ and v° are constant
for periodic materials and as a consequence

ff ff

Moy - wy |k € PAHK), v eurlvy - curlwy | € PY(K)
for all vy, wy € Vi and all simplices K. Thus (e*fvy | wH)O’Q = (e*vy |wpy), and

BEH(’UH|'U)H) :B§(0H|UJH). O

Remark 11. For local periodic material, the validity of (Q) can be shown under ad-
ditional regularity assumptions on the effective permeability and permittivity tensors.
If, e.g. e veff € (C1(Q))3*3, then the assumption (Q) holds for the above choices of
the macro finite element space and the quadrature formula, although the the macro
errors do no longer vanish necessearily. This regularity condition is for example sat-
isfied if the permittivity and the inverse permeability are given as in (3) with ,v €
(CHQ W2 (V). Then, e = H(e) and v°F = K(v) are in (C(€))3*%. Another
possibility to fulfill the mentioned regularity assumption is to consider that the permit-
tivity and the inverse permeability are again given as in (3) with

e(@) = ca(®)ey(y)  and  v(®) = va(@)ry(y),

with scalar functions e, v, € C1(Q2) and ey, vy € (Lg‘;r(Y))SXB. The regularity follows,
since in this case we have
H(e) = exH(ey) and K(v) = vaK(ey).
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To study the HMM errors we first recall the formulas (18) and (21) that we derived
in the proofs of Lemma 8 and 9, respectively. There, the solution of the exact micro
problems (12) and (19) are given as a linear combination of the solutions of cell problems
(6) and (7) over the unit cell Y. We mimic this for the micro solvers. We first define a
triangulation 7 /» of Y corresponding to the triangulation of the sampling domain around
zk,; by

Ty (Y) = To (Yo (@) T
Ui
Note, that due to the scaling the new mesh size is #/n. Let Vh,/mper and Wh/mper be the
corresponding spaces of first order edge elements and first order Lagrange finite elements,
respectively, with periodic boundary conditions. Furthermore, let xi,h /n(w K.,j,*) be the

finite element solution of (6) with H (Y replaced by Wi nper- We find

per

3
T — K j
on(@K ) = Qran(E) + 1 Xin, (»’CKJ Tj> (vn(zK,;)), (27)
k=1

Similarly, let 6} ,, (xx;,+) be the finite element solution of (7) with Hper(curl;Y) re-
placed by Vi /n,per> Such that we find

3
T— T
vp(Tk j, ) = v n(x) +1 Z 05/, (a:K,j, TK]) (curl 'UH(CCK,j))k- (28)
k=1

To enforce the divergence-free condition a discrete mixed Lagrange multiplier formula-
tion, see [27, Sec. 3], is used again as in (23).

The following lemma gives a sufficient condition to guarantee that the Assumption
(R) holds.

Lemma 13 (HMM error). Let the macro and micro finite element spaces and the
quadrature formula be chosen as above.

(i) If there is s° > 0 such that Vy X5 (zxj,-) € H* (Y) for all k, then

h 2s5°
err%MM S C(*) .
n
(ii) If there is s* > 0 such that curl, 0% (zr ;) € H* (Y) for all k, then

h 2s”
errfmum < C(;) .

Furthermore, in (i)-(ii), the constant C is independent of h and 7.

The proofs are similar to the proof of [25, Prop. 9, Lem. 10, and Prop. 14], where more
detailed explanations can be found.
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PROOF. Ad (i): Owing to Lemma 9 it is easy to see that

(e Fop |wi) g — (vr |wi)y |
w
Z e e"(Vyon — Vy @) - (Vyv — Vy i) da
Yo(@r i)l Jy, (@)

S C; MHW ¢ = Vy ‘ph”o,yn(w,j) [Vy v = Vy 1/’hHo,yn(:cmy

where we used the positivity of the weights and the boundedness of €7. With the help
of formulas (21) and (27) find

IVy o = VyonllLay,@x.,))

< Cy/|Yy(zK, ;) ml?x‘

The difference between ¢ and vy can be bounded in the same way. Because of the
assumed regularity standard convergence results for finite elements [32] yield

VyXic = Vo Xiws |, 00 (@x )l

hys°
IV xi @) = Vi@ o <) IVuxi@r ) -
where we can absorb ||V, x5|/s<,y in the constant, since it does not depend on 7, H, or
h. Combining these inequalities we get

h 2s5°
(e Mom | wi) y — (v |wH)gMM‘ < C(;) > wij|va (@i )| [wa (T ;)]
K.j

h 2s5°
<0(5)" ol lhwnlly o

where we used once more the positivity of the weights, the Cauchy-Schwarz inequality,
and the exactness property of the quadrature formula in the second inequality. The result
follows directly from the definition of errfyp-

Ad (ii): For the second part we can follow closely the lines of the first part. From
Lemma 8 we get
BHMM(

|BCH ’UH|’U)H)— ’UH|’UJH)|

CZ|Y |||curl v — curl vhHoy(mKJ)chrl w — curl wh”om,(mk,j)'

The difference between curlv and curlwvy, (respectively between curlw and curlwy,),
can be bounded using formulas (18) and (28). Combining this with convergence results
for edge elements [33] yields

v

h\ ¢
lewrly v — curly o2y, o) < Oy V()] () lewrlon e

from where the claim follows. O
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Remark 12. The rate of convergence s° and s” depend on the regularity of the solutions
of the cell problems. It can be guaranteed if the involved material tensor are sufficiently
regular. BE.g., if €m0 (Tx j, ), Vmon (@K j,) € W (Y) for all x; and 1 < m,n < 3,
then Lemma 13 holds with s* = s” =1 [34].

Remark 13. The condition V, x{(zk;,-) € H* (Y) is equivalent to x§(zx,j,-) €
H'ts°(Y)). This is a standard assumption in a priori error analysis of FE-HMM algo-
rithms, cf. [14, Ass. (H2)]. In contrast, while it follows from 8Y(xx ;,-) € H'*"(Y)
that curl, 0% (xf j,+) € H* (Y), the converse it not true.

6. Numerical Experiments

In this section we present some numerical experiments. These experiments corrob-
orate the theoretical results of the previous two section and show that our FE-HMM
scheme can be applied to more general settings. All the experiments where implemented
with FreeFem++ [35].

6.1. Periodic medium

We consider the model problem (1) in the unit cube Q = (0,1)® and w = 1. The
electric permittivity and the magnetic permeability tensors are given by (x) = e(2/y)I;5
and v"(x) = v(2/n)I3 with n = 275,

3 .
2 21y - 2
2 [Tiey V2 +sin(2my - e)
For this specific tensors the exact effective permittivity and permeability can be ana-

lytically computed, see e.g. [4, Sec. 1.2]. We find e*(z) = v°(x) = I3. Then, for the
(curl-free) right hand side

e(y)

cos(mxy) sin(mwas) sin(mxs)
f(x) = — | sin(mwzy) cos(mas) sin(mxs)
sin(mxq) sin(mway) cos(mas)

with & = (x1, 22, 3)? the exact effective electric field e°f is given by e°f(x) = — f(x).

We compute an approximation eMM of e with the FE-HMM scheme (24). More
specifically, we use the same instance of the FE-HMM as described in Section 5, i.e. first
order finite elements for the macro and the micro solver and the quadrature formula
(QF,). Note that we are in the situation of Lemmma 12, thus the macro errors erré .
and err? . vanish. By computing Hej}j‘;f — eIfIMMHcmLQ, we consider the HMMe-error. In
the proof of Theorem 11, we have shown that

Hegf - e%MM”curl,Q < C(errﬁMM + WQQH%MM) Hei?ucurlﬂ'
Because € and v are smooth, we expect second order convergence in h for He‘}? —
eMM|| 10, cf. Remark 12. We get this order of convergence numerically, as it can
be seen on the left side of Figure 2.
Let us now consider now the total error between e MM and e°f. Since we use fi-
nite elements of order one for the macro solver with a smooth solution e, we have
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les? — leef —

e%MM ||curl7Q egMM ||curl,Q

T 1070.5 [ T T T il
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. -~ O(H)

|
10—1 10—0.8 10—0.6 10—0.4
H

Figure 2: Left: error between the FEM solution of the effective Maxwell’s equation e‘}f and the
corresponding FE-HMM solution e%MM for different mesh sizes h of the micro solvers. The macro

meshsize H = \/5/2 is kept fixed for all h. Right: error between the exact effective solution et and
e%MM for different mesh sizes H of the macro solver. The micro mesh size is refined simultaneously.

info, v, ll€® — vilcurt,o € O(H). Hence we expect first order convergence in H due
to (26). To get this convergence order, we can not simply fix the micro mesh size h,
but need to refine it simultaneously. Since the consistency term COHS%cff7sBI—FIIM]\/I scales
like h2, an appropriate refinement strategy consists in adapting the convergence order
by ensuring that the ratio between H and h? does not change significantly. Doing so,
we get the results depicted on the right side of Figure 2, where we retrieve the expected
first order convergence of ||ef — etMM|| a.

6.2. Stratified periodic medium
Again we consider the model problem (1), but we assume that the permittivity, the
permeability, and the source term f are constant in xz-direction. In this case e does not

deped on z3. If we assume in addition to (A1)—(Ajs) that the material tensors are given
by

n n ] n
5}]1 5}]2 0 V}ll l/%2 0
n_ n_
€= 1¢€21 €22 9] ) vi=|Vy Vy 97
0 0 €35 0 0 vis

and that f = (f1, f2,0)7, then there is no electric field in the x3-direction (TE-mode).
In this case (1) can be reduced to the two-dimensional problem

Find €" € Hy(curl; Q) such that

(7" curle” | curlw)y o, — w?(E%7 [v)g o = (f|v)gq Vv € Hy(curl; ),

n n -
&N — €11 €12 51— 7 f= fi
P = V33 “\f)
21 22 2
25
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Table 2: Quadrature formula (QF;) and (QF,) for the reference triangle K

node weight Polynomial
J z; wj order
1 £(1,1) 3
(QFy) 2 5(3,1) g 1
3 £(1,3) 3
1 1(1,1) :
(QFs) 2 §(4.1) 5 2
3 5(1,4) 3

Here we use the scalar valued curl given by curl v = 0,, v2—0,,v1. Note that the structure
of the problem stays is the same as in the three-dimensional case. Thus, our FE-HMM
scheme can be used here as well, without any conceptual modification.

First, we set 2 = (0,1)2, w = 1, and consider again a periodic medium with &"(z) =
g(®/n)Iy and " (x) = v(=/n), with n = 278 and € and v defined below. Similarly to the
example above let

_ M V24sinCry-en) -
e(y) = V2 d (y) = Hi=1 V2 + sin(27y - ey) ’

such that e = I, v°T = 1 and for f(z) = —(cos(mz1) sin(rz,), sin(rz:) cos(wxg))T we
have eff(x) = — f(x).

For this problem we consider three instances of the FE-HMM scheme. For the first
two instances we use first order elements for both the macro and the micro solvers, while
for the computations we use different quadrature formulas. The formulas are given in
Table 2. While the first quadrature formula (QF,) is only exact for P'(K), the second
one (QF,) is also exact for quadratic polynomials. For both FE-HMM schemes we use
the same macro and micro meshes. The refinement strategy is the same as above, i.e.
H ~ h%. While the error between e and €™M does not decay for the FE-HMM with
(QF,), we get the expected first order convergence for (QF,), see Figure 3. The reason
therefore, is that assumption (Q) is not fulfilled for FE-HMM with (QF;). As mentioned
before, we see here that (Q) is an assumption on the quadrature formula.

For the last instance of the FE-HMM scheme we use again the quadrature formula
(QF,). However, for the macro solver we use Nédélec edge element of order two. For the
micro solvers we use still first order elements. Now, infy, cv,, ,||€*T—vg | curl,0 € O(H?).
Hence, we refine the macro and the micro mesh simultaneously with H ~ h. In the
numerical results we retrieve second order convergence, see Figure 3. Note that the
convergence order is nor lowered by the use of the quadrature formula (QF,). This is
remarkable, since only err’,. = 0, but (e*fvy |w H>0,Q is not computed exactly using

mac

(QF5). We see, that it is not necessary that the macro error vanish to retrieve a optimal
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.

first order elements

with QF,
first order elements
with QF,
second order elements
with QF,
O(H)
O(H?)

10—0.9 10—0.8

H

Figure 3: Error between the exact effective solution e and the three FE-HMM approximations for
different mesh sizes H of the macro solver. With the quadrature formula (QF;) no convergence can be
observed, since the assumption (Q) does not hold. For (QF,) the FE-HMM converges with the expected
convergence order 1 or respectively 2, in accordance to the order of the chosen macro solver. The micro
mesh size is refined simultaneously.

convergence order. It is enough if they converge to zero sufficiently fast as H — 0, see
Theorem 11.

6.3. Stratified locally periodic
For the final experiment we consider a medium, that is only locally periodic. More
precisely, we let e”(x) = I and

4(1+z1)(1+x . 1
9 ( 27”811)(2 .2)27‘-3;2 ) Wlth n=-_——
+ sin T)( 4+ sin T)

M(x) = .
V@) =1 100
The material is chosen such that the effective permittivity and permeability tensors can
still be computed analytically, due to its simple structure. We get e*f(z) = I, and
vfi(x) = (1 +21)(1 + 22). As before, Q = (0,1)? and w = 1. However, the right hand
side is now given by f such that

fi(x) = fao(x) = exp(—10(z1 — 0.5)> — 10(z2 — 0.5)%).

For this experiment we use again first order elements and the quadrature formula (QF,)
(see Table 2) for the HMM scheme. We chose uniform meshes for the macro and the
micro solver with 10, respectively 4 elements per side. Thus we have 200 macro and 32
micro elements. Since there is no closed formula for the effective solution, we compare

the FE-HMM solution e%MM with a FEM approximation of the effective equation e‘}?
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Figure 4: FEM solution e$ff of the homogenized Maxwell’s equation (left) and FE-HMM solution

(right). The modulus of these electric fields is color coded and the modulus indicated by the arrows.
Although only 32 elements per micro problem where used, the FE-HMM solution approximates well the
effective behavior.

on the macro mesh. To compute e‘}f we apply a better quadrature formula (order 10

and 21 quadrature node per element). Despite the small number of elements, eMM
aproximates €S well, as it can be seen on Figure 4. The relative error between e$ and
™M measured in the H (curl; Q)-norm is 11.3%.
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