N

N

Pinning of a renewal on a quenched renewal
Kenneth S. Alexander, Quentin Berger

» To cite this version:

Kenneth S. Alexander, Quentin Berger. Pinning of a renewal on a quenched renewal. Electronic
Journal of Probability, 2018, 23 (6), 48 pp. 10.1214/18-EJP136 . hal-01362825

HAL Id: hal-01362825
https://hal.science/hal-01362825

Submitted on 9 Sep 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01362825
https://hal.archives-ouvertes.fr

PINNING OF A RENEWAL ON A QUENCHED RENEWAL
KENNETH S. ALEXANDER AND QUENTIN BERGER

ABSTRACT. We introduce the pinning model on a quenched renewal, which is an instance
of a (strongly correlated) disordered pinning model. The potential takes value 1 at the
renewal times of a quenched realization of a renewal process o, and 0 elsewhere, so nonzero
potential values become sparse if the gaps in ¢ have infinite mean. The “polymer” — of
length o — is given by another renewal 7, whose law is modified by the Boltzmann weight
exp(f 25:1 145, er})- Our assumption is that 7 and o have gap distributions with power-
law-decay exponents 1+« and 1+ a respectively, with & > 0, @ > 0. There is a localization
phase transition: above a critical value B, the free energy is positive, meaning that 7 is
pinned on the quenched renewal 0. We consider the question of relevance of the disorder,
that is to know when 3, differs from its annealed counterpart S2"". We show that 8. = """
whenever oo + a > 1, and S, = 0 if and only if the renewal 7 N o is recurrent. On the other
hand, we show 8. > 3" when o + %& < 1. We give evidence that this should in fact be
true whenever a + a < 1, providing examples for all such «, a of distributions of 7,0 for
which 8. > B2"". We additionally consider two natural variants of the model: one in which
the polymer and disorder are constrained to have equal numbers of renewals (o = 7n), and
one in which the polymer length is 7 rather than on. In both cases we show the critical
point is the same as in the original model, at least when a > 0.

2010 Mathematics Subject Classification: Primary 60K35, Secondary 60K05, 60K37, 82B27,
82B44

Keywords: Pinning Model, Renewal Process, Quenched Disorder, Localization Transition,
Disorder Relevance.

1. INTRODUCTION

1.1. Motivations. A variety of polymer pinning models have been studied in theoretical
and mathematical physics in the past decades, see [15, 20, 21] for reviews. We introduce
in this paper a new type of disordered pinning model that we call pinning on a quenched
renewal. Before giving its definition, we recall two well-studied related models that motivate
the introduction and the study of this new model.

Pinning on an inhomogeneous defect line. The disordered pinning model was introduced by
Poland and Scheraga [30] to model DNA denaturation, and it has recently been the subject
of extensive rigorous mathematical studies, cf. [20, 21]. We recall its definition.

Let 7 = {79 = 0,71,...} be a discrete recurrent renewal process of law P, and let w =
(wn)nen be a sequence of IID random variables of law denoted P, with finite exponential
moment M (\) = E[e*] < +o0, for A > 0 small enough. Then, for 3 > 0 and h € R, and a
fixed realization of w (quenched disorder), the Gibbs measure is defined by

APy 1
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2 K. S. ALEXANDER AND Q. BERGER

where Zf,‘}’l is the partition function, which normalizes Pf\,‘}’l to a probability measure. This
Gibbs measure corresponds to giving a (possibly negative) reward Sw,+h to the occurrence of
a renewal point at n. In this context it is natural to think of the polymer configuration as the
space-time trajectory of some Markov chain, with the polymer interacting with a potential
whenever it returns to some particular site, for example the origin; then 7 represents the
times of these returns.

This system is known to undergo a localization phase transition when A varies, and much
attention has been given to the question of disorder relevance, that is, whether the quenched
and annealed systems (with respective partition functions Zf,‘;; and EZ]'%“Z) have different
critical behaviors. The so-called Harris criterion [25] is used to predict disorder relevance,
and its characterization in terms of the distribution of the renewal time 7; has now been
mathematically settled completely [1, 4, 6, 14, 16, 23, 28, 31], the complete necessary and
sufficient condition for critical point shift being given only recently, in [6].

An interesting approach to this problem is based on a large deviation principle for cutting
words out of a sequence of letters [9], see [14]: quantities of the model, such as critical points,
are expressed as variational formulas involving (quenched and annealed) rate functions 79"
and 7. In [14], the authors consider a version of 7 truncated at a level T', and it is implicitly
shown that a lower bound on the critical point shift is, for all 5 > 0,

(1.2)

11 — 1
Ilgrolo m_T 1\}15100 NEO'E IOgE [exp <; [(6("}71 - lOgM(B))l{nET} + 5 1Og M<2ﬂ>1{n67'ﬁa}]):|

where mr is the mean inter-arrival time of the truncated renewal, and o is a quenched
trajectory of a renewal with the same (truncated) law P; thus o ~ myN.

Note that the first term of the summand on the right side of (1.2) gives the quenched
Hamiltonian from (1.1) calculated at the annealed critical point u = —log M(/3). The
second term of the summand corresponds to a quenched system in which the disorder is
sparse (at least without the truncation), in the sense that it is 0 except at the sites of the
quenched renewal o, and these sites have a limiting density of 0 when o; has infinite mean,
that is

. Joen{1,...,N}|

(1.3) lim

Jm N =0 P,—as.

Since the quenched system is not pinned at the annealed critical point, the limit (1.2)
would be 0, meaning no pinning, without that second term. The question is then roughly
whether the additional presence of the very sparse disorder o is enough to create pinning
(this oversimplifies slightly, as we are ignoring the limit 7" — o0). It therefore suggests the
question, of independent interest, of whether such very sparse disorder creates pinning for
arbitrarily small /3, in the simplified context where the first term in the summand is absent
and there is no truncation. Our purpose here is to answer that question positively: under an
appropriate condition on the tail exponents of the return times 7, and oy, there is pinning
for arbitrarily small .

It should also be noted that the sum in (1.2) is up to on, not N as in (1.1). To create
positive free energy, 7 must be able to hit an order-/N number of sites o;, which is impossible
for a length-N polymer with extremely sparse disorder satisfying (1.3), see [26].
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Pinning on a Random Walk. The Random Walk Pinning Model considers a random walk
X (whose law is denoted P ), which is pinned to another independent (quenched) random
walk Y with distribution Py identical to Px, see [10]. For any § > 0, the Gibbs measure is
given by

dP}, 5 1

X) = P Yxn=va)
by X 20

(1.4)

This system undergoes a localization phase transition: above some critical value f., the
random walk X sticks to the quenched trajectory of Y, Py-a.s. Here X and Y are assumed
irreducible and symmetric, with log Px (X, = 0) "<° —plogn: for example, with p = d/2
in the case of symmetric simple random walks on Z¢.

One can compare this model to its annealed counterpart, in which the partition function
is averaged over the possible trajectories of YV, Ey [Z%,B]’ with corresponding critical value
pgarn . Non-coincidence of quenched and annealed critical points implies the existence of an
intermediate phase for the long-time behavior of several systems (such as coupled branching
processes, parabolic Anderson model with a single catalyst, directed polymer in random
environment): we refer to [10, 11] for more details on the relations between these models
and the random walk pinning model.

The question of non-coincidence of critical points for pinning on a random walk has only
been partially answered: it is known that . > 2™ if p > 2, see [10], and in the special
cases of d-dimensional simple random walks, 8. > 2™ if and only if d > 3 [7, 11, 12] (note
that the case d > 5 was already dealt with the case p > 2). It is however believed that one
has . > " whenever p > 1.

The model we introduce now is related to this one, in the sense that we replace the random
walks by renewals: we study a renewal 7, which interacts with an object of the same nature,
that is a quenched renewal o.

1.2. Pinning on a quenched renewal. We consider two recurrent renewal processes 7
and o, with (possibly different) laws denoted respectively by P, and P,. We assume that
there exist a > 0, > 0, and slowly varying functions ¢(-), ¢(+) (see [8] for a definition) such
that for all n > 1

(1.5) P.(r =n) = ¢(n) P L | P,(o; =n) = 3(n) n~ (13
Let
(1.6) d, = min Supp 71, d, = min Supp o1,

where Supp x denotes the support of the distribution of a random variable y. At times we
will add the assumption

(1.7) d, <d,,
which ensures that certain partition functions carrying the restriction oy = 7 cannot be 0,
for sufficiently large N.

Let us write |7|, for |7 N {1,...,n}|. We consider the question of the pinning of 7 by
the renewal o: the Hamiltonian, up to N o-renewals, is Hy,(7) := |t Nol|,,. For g >
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0 (the inverse temperature) and for a quenched trajectory of o, we introduce the Gibbs
transformation Py 5 of P by

(1.8)

where 7%, 5 := E, [ exp(8|TN0|sy)1{oyery] is the partition function. Note that the resulting
polymer is constrained, meaning 7 is required to have a renewal at the endpoint oy of the
polymer.

contacts

FIGURE 1. The renewal o is quenched (here, we have N = 13 o-renewals), and the renewal
7 collects a reward § for each contact with a o-renewal (here, |7 Nol,, = 6).

Proposition 1.1. The quenched free energy, defined by

: 1 o : 1 o
(1.9) F(B) = J}I_I)nOONIOgZN,,B :]\}1_13;0 NEglogZNﬁ
exists and is constant P,-a.s. F is non-negative, non-decreasing and convex. There exists

Be = Be(Py) > 0 such that F(B) =0 if B < B. and F(B) >0 if B > f..
Proof. We have

N

?\H—M,B Z ET [exp(ﬁh N O|UN>1{UN+A{€T}1{UNET}:| = ZXI,,BZM,B7
where 6 is the “shift operator applied to increments”:
(090')2 =0j4+1 —O1.
Therefore the sequence (log Zj'vwg)neN is superadditive, and using Kingman’s subadditive

Theorem [27], one gets the P,-a.s. existence of the limit in (1.9), and moreover

1 g
(1.10) F(B) = F(B,P,) = sup -, log 7.

The non-negativity trivially follows from the fact that § > 0, and the convexity is classical
and comes from a straightforward computation. O

A standard computation gives that, when the derivative of F(3) exists,

) T
(L11) 557 = Jim P |5 1700l |

where P, 5 also denotes the expectation with respect to the measure defined in (1.8). There-
fore, when F(f) > 0, a positive proportion of o-renewal points are visited by 7, and (. marks
the transition between a delocalized and localized phase.
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Remark 1.2. We have chosen to work with the constrained version of the model, by includ-
ing 1{,yer} in the partition function. We stress that the free energy is the same as for the
corresponding “free” partition function,

(1.12) Z5e = B, [/ Tam 1%&}] _

Indeed, let K be such that P,(m = k) > 0 for all k£ > K. Consider a trajectory 7 for which
the last renewal in [0,0y — K] is at some point oy — k. We can map 7 to a constrained
trajectory 7 by removing all renewals of 7 in (o — K, o) and adding a renewal at o. This

is a 2%-to-1 map, and the Boltzmann weight of 7 is smaller than that of 7 by a factor no

(2+a)

smaller than e PXP (1, = k) > e K ming<jcyy Pr(11 = j) > coy ' for some constant

¢ > 0. Hence there exists C' > 0 such that for all large IV,
o o,free o r7o

It is straightforward from (1.5) (and because we impose & > 0) that limy_,.. N"'logoy =0
P,-a.s., which with (1.13) gives limy_.., N~!log Z]‘z,’ig,ee = F(pB), P,-as.

1.3. The annealed model. We will compare the quenched-renewal pinning model to its
annealed counterpart, with partition function E, 2%, 5 = E; [eﬂ 7o 1{%67}] . The annealed
free energy is defined by

anI : 1 (e
(1.14) F(B) = ]\}I_I)I(l)oﬁlogEUZNﬁ.

The existence of the annealed free energy is straightforward, using the superadditivity of
log E,Z%;

Note that this model does not treat 7 and o symmetrically. Closely related is what we
will call the homogeneous doubled pinning model, in which the length of the polymer is fixed,
rather than the number of renewals in o: the partition function and free energy are

om TNo om : 1 om
Zh = ET,O’ [em " In]—{nETﬂa}]a fh (ﬂ) = nh—>nolo ﬁ IOg ZE,,B ’

and the corresponding critical point is denoted S1°™. This model is exactly solvable, see
20, Ch. 2], and in particular, its critical point is 2™ = —logP,,((T N o), < o0) =
log (1+ E, [T No|]7!), with the convention that - = 0.

Proposition 1.3. There exists some 2™ > 0 such that F*™(8) = 0 if 8 < 2™ a
Far(B) >0 if B> B2, One has g2 = g™ =log (1 + E,.[|TNo|]™), and in partwular
B = 0 if and only if the renewal T N o is recurrent.

Proof. Similarly to Remark 1.2, the annealed free energy is unchanged when one considers
the free annealed partition function: E Z]f,’f;ee =E, . [emm"'ﬁv]

We now compare E Z]‘:,féee to Zhom First, since on > N, we have EUZX,’,féee > Z}{ﬁgl,
so that Famm(g) > Fhom(g) pann S Bhom - We are done if 2™ = 0, or equivalently, if
o N 7 is recurrent, so assume it is transient. Then EUZj'\;fgee <E,, [emm"'ﬂ for all N € N.
Since |7 N 0| is a geometric random variable of parameter PU,T((U NT) = —i—oo), we have
SUDP Nen EGZX,”fgee < o0 for all B < —logP,,((c N 7)1 < 400) = B, showing that
fpon > o .
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From Jensen’s inequality, we have F(f) < F*™(f), so that 8, > ™. When 7 N o is
recurrent, 2" = 0, and our main theorem will say that 5. = 0 as well. In the transient case
we have 82" > (0 and we can ask whether 5. = 52" or not.

1.4. On the recurrence/transience of 7 N ¢. The criterion for the recurrence of the
renewal 7 Mo is that

(1.15) E,E.[[TNo|] = ZP n € o)P.(ner1)=+o0.
neN

Under the assumption (1.5), the exact asymptotic behavior of P, (n € 1) is known. We write
a A b for min(a,b). Defining the truncated mean and tail

m(n) =E;(nAn), r,:=P.(n>n),

we have
“lo(n) ifa=0,
(1.16) P.(ner) X" ism( U pm) Tt i0<a <1,
m(n)™! if @ =1,E.[r] = +oo,
E,[r]™! it B, [r] < +o00.

The first is from [29], the second is due to Doney [17, Thm. B], the third is due to Erickson
[18, Eq. (2.4)], and the fourth is the classical Renewal Theorem.

Applying (1.16) to TN in (1.15), we see that a+a > 1 implies that 7N is recurrent, and
also that a+a < 1 implies that 7N is transient. The case a+a = 1 is marginal, depending
on the slowly varying functions ¢(-) and @(+): if also o, @ > 0 then 7 N o is recurrent if and
only if

(1.17) > i

= np(n)p(n)

For the case a« = 0, = 1, we have recurrence if and only if

(1.18) Y — () = +o0,

nm(n)P.(m > n)?

neN

where 7 (n) = E, (o A n), which is slowly varying since & = 1.

2. MAIN RESULTS

2.1. Results and comments. Our main result says that in the case where 7No is recurrent,
or transient with o + @ = 1, the quenched and annealed critical points are equal (so both
equal to 0 in the recurrent case). When a4+ & < 1, a sufficient condition for unequal critical
points involves another exponent

., l—a-—-a

Q=
«

which arises naturally in that P, (0, € 7) "< ¢*(n)n=(+*") for some slowly varying ¢*

(see Lemma 4.1).
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Theorem 2.1. Assume (1.5).
(2.1) Ifa>0and a+a>1, then 5. = B2",

~ - 1
(2.2) Ifa>0,a+a<1 and o™ > 2 then B. > B&™.

Note that a* > 1/2 is equivalent to a + %54 < 1. We suspect that this condition can be
removed in (2.2), and in that direction, our next result shows that if (as seems plausible) the
equality of critical points is determined entirely by the exponents «, @ and the asymptotics
of ¢, @, then under the condition o, & > 0, it is necessary and sufficient for equality of critical
points that oo + & > 1, that is, (2.2) is true without the condition o* > 1/2.

Theorem 2.2. For any a, & > 0 with a+a < 1 and any slowly varying functions ¢(-), ¢(-),
there exist distributions for T and o satisfying P+(7y = n) "7 on)n= 0+ and P,(oy =
n) " F(n)n~ Ot | with . > B,

We expect that, following the same scheme of proof, one can extend Theorem 2.2 to the
case a = 0, a € (0,1). However, in the interest of brevity we do not prove it here, since it
would require separate estimates from [3].

Let us now make some comments about these results.

1. Since the renewal 7 N o can be recurrent only if & + o > 1, one has from (2.1) that
B. = 0 if and only if 52" = 0, that is if and only if 7N o is recurrent. This is notable in that
|T No| = +o00 P, ,—a.s. is enough for 7 to be pinned on a quenched trajectory of o for all
B > 0, even though a typical o-trajectory is very sparse.

2. When a+a = 1, 7No can be either recurrent or transient depending on (1.17)-(1.18).
Thus we have examples with transience where the critical points are positive and equal.

3. If E,[01] < +00, we have a system of length approximately E,[01]N. Here we already
know from [26] that the renewal 7 is pinned for all 5 > 0, since there is a positive density of
o-renewal points in the system.

4. We note in Remark 4.4 that if n — P(n € 7) is non-increasing, then some calculations
are simplified, and we can go slightly beyond the condition a* > 1/2, to allow o* = 1/2 with
limy_,oo @(k)10/43(k) = 4+00. Here @(k) = (k)™ if @ € (0,1) and @(k) = p(k)/P.(1; >
k)? if @ = 0. The monotonicity of n — P(n € 7) follows easily if the renewal points j of
7 correspond to times 2j of return to 0 of a nearest-neighbor Markov chain (birth-death
process.) Indeed, one can then couple two trajectories (one non-delayed, the other one
delayed by 2k for some k > 1) the first time they meet, and show that P(k +n € 7) <
P(n € 7) for any n > 1.

5. The random walk pinning model (1.4) is quite analogous to our model, replacing
only 1i,.erp by 1{x,-v,}.- In our model, the decay exponent 1 + o* of the probability
P, (0, € T) corresponds to the parameter p in [10] (the decay exponent of Px y (X, = Y,).)
Theorem 2.1 is in that sense stronger than its counterpart in the random walk pinning model,
since o* > 1/2 translates into p > 3/2, compared to p > 2 in [10]. Moreover, Theorem 2.2
supports the conjecture that the quenched and annealed critical points differ whenever p > 1,
see Conjecture 1.8 in [10].
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2.2. Variations of the main model: balanced and elastic polymers. Pinning, in the
quenched or annealed model, means that 7 hits a positive fraction of the sites in the quenched
renewal o, up to some oxn. The number of renewals in 7 is unlimited. We can alternatively
consider the balanced polymer with 7 constrained to satisfy 7y = on.

A second alternative pinning notion asks whether a positive fraction of 7 renewals hit sites
of o, by considering a polymer of length 75 instead of on. Physically this may be viewed
as an elastic polymer, since 7 has a fixed number N of monomers and needs to stretch or
contract to place them on renewals of o.

First variation: balanced polymer, 7y = oy. We first consider 7 constrained to have
TN = Op, since in that case, both pinning notions are equivalent.
We introduce

(2.3) ZA?\[ﬂg =E; [exp(ﬁh‘ N O-|O'N)1{TN:UN}j| )
and
T : 1 S0 __ 1 1 S0
(2.4) F(B) = A}l_r)noo N log Z%, 5 = ]\}1_{1;0 NEU[log Z% 5 Po—as.

The proof of Proposition 1.9 applies here, establishing the existence and non-randomness of
this limit.

For the balanced polymer we need the condition (1.7), for otherwise the partition function
is 0 with positive probability (whenever oy = Nd,, see (1.6)), and therefore N~'E, [log Zj{h 5l =
—oo for all N € N.

Further, suppose E,[01] < E.[r1]. Then oy ~ E,[01]N a.s., so P.(7y = oy) decays
exponentially in N. It is easy to see that therefore F(3) < 0 for small 3. In this sense the
constraint 7y = oy dominates the partition function, which in unphysical, so we assume
E,[01] > E.[r], which ensures F(8) > 0 for all § > 0. There then exists a critical point
B, = inf{B : F(B) > 0} such that F(8) > 0if 8 > 3, and F(8) = 0 if 8 < .. The
positivity of F (B) implies that 7 visits a positive proportion of o-renewal points, and also
that a positive proportion of 7-renewals sit on a o-renewal point. Clearly, one has that
Z%p > Z3 %.5> so that Bc > .. The following proposition establishes equality, and is proved
in Section 6.

Proposition 2.3. Assume (1.5) and (1.7). If E,[o1] > E;[11], and in particular if E,[0q] =
+00, then 5. = f..

Hence, here again, . = 0 if and only if 7 N o is recurrent.

Second variation: elastic polymer of length 7. In the elastic polymer, pinning essen-
tially means that a positive fraction of 7-renewals fall on o-renewals. The partition function
is

(2.5) Z% 5 =E; [exp(BlT Nolny)].

Standard subadditivity methods to establish existence of limy_,o, N~'log Z 5 do not work
here, but we can consider the lim inf instead, since its positivity implies pmmng in the above
sense. We therefore define

o1 o
(2.6) F(B) := liminf NEU log Z% 5,

N—o0
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which is non-decreasing in 3, and the critical point 3. := inf{3 : F(3) > 0}. Compared to
the balanced polymer, here it is much less apparent a priori that we should have £, > f.. It
could be favorable for 7 to jump far beyond oy to reach an exceptionally favorable stretch of
o, before 7y. The original model (1.8) does not permit this type of strategy, so the question
is whether this allows pinning in the elastic polymer with 5 < .. The answer is no, at least
if >0, or if « =0 and a > 1, as the following shows; the proof is in Section 6. We do not
know whether 5, = 8, when a =0 and & < 1.

Proposition 2.4. Assume (1.5) with a > 0:

(Z)ngﬁc ;
(i1) Be = P if « >0 and if a =0, a > 1.

In particular, 5. = 0 whenever 7 N ¢ is recurrent.

2.3. Organization of the rest of the paper. We now present a brief outline of the proofs,
and how they are organized.

In Section 3, we prove the first part (2.1) of Theorem 2.1, to establish pinning of the
quenched system when § > 2" with a + a > 1. We use a rare-stretch strategy to get
a lower bound on the partition function: the idea is to consider trajectories 7 which visit
exponentially rare stretches where the renewals of o have some (not-well-specified) special
structure which reduces the entropy cost for 7 to hit a large number of ¢ sites. In Section
3.2, we classify trajectories of ¢ according to the size of this entropy cost reduction, then
select a class which makes a large contribution to the annealed free energy F#"(/3) > 0 (we
will fix § > [52™). We call trajectories in this class accepting, and the localization strategy
of Section 3.3 consists in visiting all accepting segments of 0. More detailed heuristics are
presented in Section 3.1.

In Section 4, we prove the second part (2.2) of Theorem 2.1. First, we rewrite the partition
function as that of another type of pinning model — see Section 4.1; this reduces the problem
to a system at the annealed critical point 52"" > 0. We then employ a fractional moment
method, combined with coarse-graining, similar to one developed for the disordered pinning
model [6, 16, 22, 23], and later used for the random walk pinning model [7, 11, 12]. In Sections
4.2-4.3, we show how one can reduce to proving a finite-size estimate of the fractional moment
of the partition function. Then to show that the fractional moment of the partition function
is small, we describe a general change of measure argument in Section 4.4. The change
of measure is based on a set J of trajectories o, defined in Section 4.5, which has high
probability, but becomes rare under certain conditioning which, roughly speaking, makes
the partition function Z% ; large. Identification of such an event is the key step; our choice
of J only works in full generality for a* > 1/2, necessitating that hypothesis.

In Section 5, we define an alternative event in place of J which, by similar methods, allows
examples of distributions of 7,0 with a+a < 1 and arbitrary o* € (0, 1), for which 5. > ga™.
In Section 5.1, we find a sufficient condition on the distributions of 7, ¢ for the alternative
event to have the required properties — primarily, P, , (07 € 7) must be much greater than
P, (0, € 7 for some n > 2); see Remark 5.5. Then, in Section 5.2, we construct examples
of 7,0 for which this condition holds.
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In Section 6, we study the variants of the model introduced in Section 2.2, and prove
Propositions 2.3-2.3. We mainly use some particular localization strategies to obtain lower
bounds on the free energy of these two models.

The Appendix is devoted to the proof of technical lemmas on renewal processes.

2.4. Notations. Throughout the paper, ¢; are constants which depend only on the distri-
butions of 7 and o, unless otherwise specified.
Recall the truncated means

m(n) = E.(r An), m(n)=E,(o1 An).
When «, a > 0 we denote by a,, the typical size of 7,,, b, the typical size of o,, A, the typical

size of max{7, 7 — T1,..., T — Th_1}, and B, the typical size of max{oy,09 — 01,...,0, —
0n_1}. More precisely, B, is defined (up to asymptotic equivalence) by
(2.7) B =d,, B,>d,, Bi3B,)""<n,

(see (1.6)) and b,, by
by =B, if 0 <a <1, bym(b,) ' "7 nifa=1and E,[o,] = oo,
(2.8) by, = Eg[o1|n if E,[07] < o0,

and A,,a, are defined analogously for the distribution of 7;. The following can be found
in [8]. These sequences are unique up to asymptotic equivalence, and in the infinite-mean
case with 0 < a, @ < 1, there exist slowly varying functions v and v, whose asymptotics are
explicit in terms of o, @ and ¢, p, such that

(2.9) apn = (n) nt/e, by, = 1h(n) n*/?.

The sequences A max{r, 7 — 71,..., 7y — To_1} and B, ' max{oy,00 —01,...,0, — 0y 1}
converge in distribution, and the limits have strictly positive densities on (0,00). When the
corresponding exponents «, & are in (0, 1), the ratios 7,/a, and o,/b, converge to stable
distributions, which have strictly positive densities on (0,00). When the exponent a,a €
[1,00), the same ratios converge in probability to 1. This follows from the law of large
numbers when the mean is finite, and from the convergence in distribution of (7,,—nm(n))/A,
to a stable law if @ = 1 and E,[r1] = 400, in which case nm(n)/A, — oo, see for example
19, XVIL5 Thm. 3].
Define

(2.10) d- =min{n >1:P.(k€7)>0 forall k>n},

and d,, similarly.

3. RARE-STRETCH STRATEGY: PROOF OF THE FIRST PART OF THEOREM 2.1

3.1. Sketch of the proof. We use a rare-stretch localization strategy to show that, when
a+a > 1, we have F(f) > 0 for all 5 > 2. The idea is to identify “accepting” stretches
of o that we then require 7 to visit; the contribution to the free energy from such trajectories
7 is shown sufficient to make the free energy positive. Here, the definition of an accepting
stretch is made without describing these stretches explicitly, in the following sense: for
fixed large ¢, different configurations {0y, ..., 0.} are conducive to large values of |t N o, to

different degrees, as measured by the probability PT(\T Naole > gﬁ) for some appropriate 9.
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We divide (most of) the possible values of this probability into a finite number of intervals,
which divides configurations ¢ into corresponding classes; we select the class responsible
for the largest contribution to the annealed partition function, and call the corresponding
trajectories o accepting. We then get a lower bound for the quenched partition function by
considering trajectories of length N > ¢ which visit all accepting stretches of o of length ¢.

3.2. Preliminaries on the annealed system. We first define the accepting property for
o. Let I, and I be the rate functions, for contact fractions 9, for the renewals 7 and 7 N o,
respectively:

1 1
(3.1)  I.(6) == — lim —logP.(|7], > dn), I(J):=— lim —logP, (|7 Nal|, > on).

n—oo M n—oo N,

It is straightforward that I,(§) = §.J.(671), where J; is the usual rate function for i.i.d. sums
distributed as the gap between renewals in 7, and similarly for 7(d). Let dpax = sup{d €
[0,1] : I(§) < oo} and 0 < & < dyax. Then

(3.2) P, (T Nol, > dn) = e 1On o)

For technical reasons, we need the following lemma: it says that the rate function I(0) is
unchanged when also imposing o,, € 7, and that o,, grows only polynomially.

Lemma 3.1. Suppose & > 0. For all § < Opax, for b, from (2.8),

1
(3.3) lim —logP,, <an €7,0,<2b, | |TN0l, > 6n> =0,
n—oo N
so that
(3.4) PU,TOT Nol, >dn, o, € 1,0, < 2bn> — o~ 1(®)n(1+0(1))

Proof. Let ¢ > 0 and let m be the least integer in [dn, 00). Since § < dyay, there exists n > 0
with

1
lim — logPavT((T No)m < (1 —n)n ‘ lTNol|, > 5n>

n—oo 1,

1
(3.5) > lim —log PJ,TOT Nolaopn =0n | [TNol, > (5n) > —¢.

T n—ooon

Since b, > n and o,/b, converges either to a stable limit or to 1, there exist ny > 1 and
0 > 0 as follows. For n large and on < j < (1 —n)n, m < k < j,

PU,T<an er,0, <2b, ‘ (TNO)m = J; 0% :j)

> PO’ (gn—k < bn—k:) kg'rlzl—igl PT(k € T)

(3.6) >0 min P.(k € 1),

k<2by,

which is bounded below by an inverse power of n, uniformly in such j. Therefore

1
lim —logP, , (O’n €T1,0, <2b, | (TNo)m < (1-— n)n) =0,

n—oo N

which with (3.5) proves (3.3), since ¢ is arbitrary. O
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Since we take 8 > 2 = ghom the associated annealed and homogeneous double pinning
free energies are positive:

(3.7) F(B) = From(8) = sup(Bd — 1(5)) > 0.

5>0
Let 6 < Omax satisfy
39 55— 1) > SF"(8),
and let N
fa(0) =P (|t Noly > 0n) Lig,ery 1{on<2bn}-

Note that f, is actually a function of the finite renewal sequence B := {0, 01,...,0,}, so we
may write it as f,,(B). We decompose the probability that appears in f, according to what

portion of the cost I(d)n is borne by ¢ versus by 7: we fix € > 0 and write

(3.9) PU7T(’T Nol, > gn,an er,o, < 2bn)
< Z P, (fn(U) c (ef(kJrl)eI(g)n?efksl(g)n}> o kel @)m 1 O
0<k<1/e

Then by Lemma 3.1, there exists some n. large enough so that for n > n,,
e~ (1) I@)n < %PU,T(|T Nol, > gn,an eT,0, < 2bn) )

Hence choosing ky = ko(n) € [0, 1/¢] to be the index of the largest term in the sum in (3.9),
we have

(3.10) P, <fn(0') c (e—(ko—f—l)al(g)n,e—koel(g)n}> e_kogf(g)n
1 1

P —

2141/

We let a := a(n) := kog, so a € [0, 1] represents, roughly speaking, the proportion of the

cost I(0) borne by 7 in the most likely cost split, i.e. in the k = k¢ term. Lemma 3.1 says
that if n > n. for some n. large enough, one has that

PO’,T(|T A U|n > gn,an €ET,0n < Qb")

PU,T(IT Naol, > gn, on €T,0, < an) > 6—(1+5/2)I(g)n‘

Then, (3.10) gives that

5 5 1
(3.11) P, (fn(U) c (67(a+5)1(6)n767a1(5)n}) > 5 1i€ e One=(1+/D1@)n > o~(1-a+e)G)n

where the last inequality holds provided that n is large enough (n > n.).
This leads us to define, for n > n. the event A, for o (or more precisely for {0,04,...,0,})
of being accepting, by

(3.12) o€ A, if falo) € (e—(a-i-a)l(g)n’ e—az@n] '
Then (3.11) gives the lower bound

P,(oc € A,) > e matalOn 4f >
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Moreover we have for n > n,
E. [emm‘ﬂ"”l{an@}] Lioea} > B PT<|T Noly, > gn, on €ET,0, < 2bn) 1oeay

(3.13) > o (Bon—(a+e)I(3))n Liped,)-

3.3. Localization strategy. Let us fix 8 > 82 = ghom § as in (3.8) and ¢ large (in
particular ¢ > n., so that (3.13) holds for n = ¢.) We divide o into segments of ¢ jumps
which we denote Ql? QQ, c ey that iS, Qz = {U(i—l)€+l —O0(@i—1)y -+ 0430 — U(i—l)Z}- We say that
Q; is an accepting segment if Q; € Ay,. We now write A for Ay, and a for a(f). Let

(3.14) pa =P (Q; € A) > e 17eF O

where the inequality is from (3.11). Informally, the strategy for 7 is then to visit all accepting
segments, with no other restrictions on other regions. On each such segment one has an
energetic gain of at least e(#n—(@+)I@)n thanks to (3.13).

We define M, := 0, and iteratively M, := inf{j > M,_;; Q; € A}; then M; — M,
are independent geometric random variables of parameter p4. Imposing visits to all the
accepting segments @y, (that is imposing oar,¢, o(ar,4+1)¢ € 7), one has

) 1{0'Mi€67'}1{0'(M2-1)é67_}> :

So, using (3.13), and with the convention that P.(0 € 7) = 1, we have

k
(3.15) Zires > Er (H exp (,6’|a N7 N (o,—1)e e
i=1

k
(3.16) log Z3y.05 = Z <log P (o1 — Om;_0 €T) + B0 — (a+ S)I(g)f).

=1

Letting k go to infinity, and using the Law of Large Numbers twice, we get

oo 1 -
F(B) > hmmf—glog VAT

k—o0 k
1 1 ~ ~
(317) Z m (ZEU IOgPT(O'(Ml_l)g S T) + ,85 - (a + 5)[(5)) s

with E,[M;] = 1/p4.

We are left with estimating %EU log P, (O'(Ml_l)g S 7'). For any a > 0 and non-random
times n, (1.16) ensures that, for any > 0, one can find some n,, such that, for all n > n,),

(3.18) logP,(ner)>—(1—aAl+mn)logn.

Therefore if £, is chosen large enough, and ¢ > ¢,,, one has
(3.19) E,log P (oco—1y0 € 7) > —(1 — a A1+ n)Eo[Liar 51y log o(ar —1)e-
The following is proved below.

Lemma 3.2. Let n > 0 and suppose a > 0 in (1.5). Provided ¢ is sufficiently large we have

1+n 1
Eg[l{M1>1} IOgO'(Ml_l)g] < &—/\1 <10g€+ IOg a) .
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Combining (3.19) with Lemma 3.2, one gets for ¢ > ¢,, and provided that ¢, is large so
that %logé <,

1 1+n/1 1
(3.20) B 108 P (00 -pe €7) > —(1—aAl+ n)a—A717 <E log —~+ n>.
From (3.17) and (3.20), and assuming that 7 is sufficiently small (depending on ¢), we get
~ ~ l—-—aAnl 1 1
21 > — 1(0) — — (1 —log— —¢|.
321 F) 2 pa (B0 (a4 ) - Z0 (1) g <)

Now, the crucial point is that o + & > 1, so that (1 —a Al)/a A1l <1, and one has
~ ~ 1 1
F(0) 2 pa (85~ (a4 1G) — (1) log -~ <)
A
> pa (85— (a+2)I0) — (1+2) (1 —a+e)I(F) <)

(3.22) > pa (%]—“hom(ﬁ) —B3—a+ 5)5](5) — 5) ,

where we used (3.14) in the second inequality, and (3.8) in the third one. If we choose ¢
small enough, we therefore have that F(8) > 1p4F"™(53) > 0, as soon as [ > g2 = grom,
This completes the proof of (2.2) Theorem 2.1. O

Proof of Lemma 3.2. Let us first bound E, log o, for deterministic large n. Consider first
a € (0,1). Let n € (0,1/4). From [17], whenever k/b, — oo, P,(0, = k) ~ nP, (01 = k).
Hence using (1.5), uniformly in ¢t > 1 + 7, as n — oo,

(323) P, (0 > n'/%) = (14 0o(1))nPy (o > n'/%) <n'HH7.

Therefore there exists some n, such that if n > n,,

alogo, o t
Ega 089 §1+77+/ P, (loganzzlogn> dt

logn 141 a
(3.24) < 1—|—77—|—n1+77/ etlen qt < 14+ :
141 logn

so that, provided that n is large enough,
142
(3.25) E, logo, < t 7 logn.
Q

For & > 1, we can multiply the probabilities P,(o; = n) by the increasing function cn”
for appropriate ¢,y > 0, and thereby obtain a distribution with tail exponent in (1 — 7, 1)
which stochastically dominates the distribution of 1. This shows that

+ 2n

1
E,logo, < 1 logn.

Thus for all @ > 0 and n € (0,1/4), for n large,

1+ 4n
. < .
(3.26) E, logo, < =1 logn
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Now let nyq = K/pa, with K (large) to be specified. First, provided that ¢ is large enough,

144
(327) EO’ |:1{M1>1}1{M1§2nA} IOg U(lel)f] < Eo[log O—ZnAE] < an 177 10g(277/A€) ’

where we used (3.26) in the last inequality. Second, fixing m > 3, we have for any j €
((m — 1)nA,mnA]
Ea[]-{M1>1} log O(M;—1)¢ ’ M, = j] =E, [lOgU(jq)e \ 1 ¢ A Qjﬂ ¢ -/4]
S Ea [logo-mnAf | Ql ¢ A7 .. -annA ?é A]

m

< E, {log (amAg — U(T_l)nAg) ‘ Q¢ AVie ((T — 1)ny, rnA}
r=1

mEU(loganAg | Qz ¢ A Vi < TZA)
E,[log oy, ]
(1 —pa)ra

Hence, using (3.26), one has that if ¢ is large enough,

(3.28)

1+ 4n log(naf)
aAl (1—pa)ma

1
< m(l —py)m—Hna 1
< m(l —pa) ~ 71 log(nal)
1
2 < 2me~ (M=K 1 :
(3.29) < 2me =1 og(n4l)

Combining (3.27), and (3.29), we obtain, provided that K is large enough (depending on 7)

1+ 4n =0 meok ]
E, [1{M1>1} lOg O-(M1—1)€] < N 10g(2nA€) + ;Qme ( 2)K62 Al 10g(n¢4€)
1+5n
< — log(2n.4¢
< 2 log(2n.40)
14 6n 1
3.30 < — log ¢ +log — | ,
(3.30) _&A1<og +ogpA)
where the last inequality is valid provided that ¢ is large. 0

4. COARSE-GRAINING AND CHANGE OF MEASURE: PROOF OF THE SECOND PART OF
THEOREM 2.1

In this section and the following ones, we deal with the case a + a < 1. In particular,
one has 0 < a <1, 0 < a <1 and a* > 0. Moreover, the renewal 7 N ¢ is transient, so
E,.[|TNo|] < 400, and the annealed critical point is 2™ = —log (1 — E,.[[rNo|]7!) > 0.

4.1. Alternative representation of the partition function. We use a standard alterna-
tive representation of the partition function, used for example in the Random Walk Pinning
Model, see [10] and [7, 11, 12], and in other various context: it is the so-called polynomial
chaos expansion, which is the cornerstone of [13].
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We write e = 1+ 2, and expand (1 + z)Zn=1Lonerd: we get

R TED SR DI A1 | LTSI DD DS | LT
N k=1

= 1<i1 < <im= = 1<i1 < <im=N k=1
where 7y := 0. Now, let us define
1

(4.2) K*(n) = Elr ol

Er,a [1{an67}]7

so that ) _K*(n) =1, and we denote v a renewal process with law P, and inter-arrival
distribution P,(r; = n) = K*(n). In particular, v is recurrent. The following lemma is
proven in Appendix A.2; the asymptotics of ¢* are given explicitly in the proof.
Lemma 4.1. Under Assumption (1.5), with @ > 0 and o + & < 1, there ezists a slowly
varying function ©*(-) such that

* 1 - - a
(4.3) K*(n) = ¢*(n)n~ 4" with " = —2—"% 50,

a

We want to interpret the expansion (4.1) as the partition function of some pinning model,
with underlying renewal v. We define 22 := e — 1, so that 22" = E, [/t No|]~'. Then
we write z = 22"e": thanks to (4.2), we have

N m
Zg =23, => " > J[E(r—iro)w(o, e, ix)
m=1

1< <tm=N k=1

(44) =E, [€u|uﬂ(0,N}|W(V’ g, [07 N])]‘{NEV}] >

ET [1{Ub70a€7'}j|
ET,U [l{Ub—O'aET}] ’

(4.5) w(o,a,b) == E,[w(o,a,b)] =1,

E; [Hk:uke[a,b] 1{ka 67'}]

(4.6) W(v,o,a,b]) := 7
ETva[HkZVk-E[a,b] 1{ka GT}]

E, (W (v, 0, [a,b])] =

Thus Zj{m corresponds to a pinning model: an excursion (v, v;41] of v is weighted by
e"w(o, v;, viv1). Note that, since E,[w(o, a,b)] = 1, the annealed partition function,

EJZVXI,U = El/ [€u|uﬂ(0,N]|1{N€V}} 5

is the partition function of a homogeneous pinning model, with an underlying recurrent
renewal v: the annealed critical point is therefore u2"™" = 0.

4.2. Fractional moment method. We are left with studying the new representation of
the partition function, Zj(,,u, and in particular, we want to show that its (quenched) critical
point is positive. For that purpose, it is enough to show that there exists some v > 0 and
some ¢ > 0 such that

(4.7) lim inf B, [(Z;’VM)C} < 4o0.

neN
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Indeed, using Jensen’s inequality, one has that

1 1 1 .
— — — o \¢ < _ o \¢
(4.8) F(B) A}l_r}r(l)o NE log Z3 5 = h_)Oo CNE »log(Z%, ) hNHi)lOICl)f N log E, [(ZN,u) ],

so that (4.7) implies F(3) =
4.3. The coarse-graining procedure. Let us fix the coarse-graining length L = 1/u, and

decompose the system into blocks of size L: B; :== {(i —1)L+1,...,iL},i > 1. Considering
a system of length nL, for n € N, we have

(4.9)
m
ZZLu = Z Z Z HZ[(tTilk,flk],uK*(dlk - fik—l)w(aﬂ fik_ndik):
I={1<i1<-<im=n} di;<fi; dipy <fiy,=nL k=1
diy,fiq €Biy dip, €Biy,

where fy =149 =0 and
= B [ W (v, 0, [a,0) 1pen]la € V]
< eE, [W(v,0,a,b))1pen]la € v] = eZ[a,b],O'

Then, we denote by Z7 the partition function with v = 0, and where v is restricted to
visit only blocks B; fori € Z: if T ={1<i; < -+ <ip =n— 1},

(4.10) Z5 = Z Z HZ[‘;lik’fikLoK*(dik—fik_l)w(a,fik_l,dik).

diy <fiy Qi < fig,=nL k=1
diy 7fi1 EBil dip, €Biyy,

For ¢ < 1 we have

(4.11) (Zin) < Y, Pz,

and we are left with estimating E,[(Z7)¢].
We choose ( given by (14 a*/2)¢ = 1+ «*/4. We will show in the next two sections that
for every § > 0, there exists Ly such that for any L > L

7|
(4.12) E,[(27)4] < 0¥ [ [ ik — i) ~05e/0.
k=1

With (4.11), this shows that

IZ|

(4.13) E, [(Z7,.)< ) H

Zc{1,...,n},nel k=1

—.
(g — dp— 11+“/4

We choose 6 so that K (n) = eS6n~0+"/4) gums to 1, making it the inter-arrival probability
of a recurrent renewal process 7. We then have E, [(Z 7rw)¢] <Pi(n € 7) <1, which yields

nL,u

(4.7) and concludes the proof of the second part of Theorem 2.1. O
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4.4. Change of measure argument. To estimate Z7 and prove (4.12), we use a change of
measure, but only on the blocks B;, for i € Z. The idea is to choose an event J; depending
on {0,01,...,0,} which has a small probability under P,, but large probability under the
modified measure, see Lemma 4.2 or Lemma 5.1.

With the event Jy, to be specified, we define, for some (small) n > 0,

(4.14) g(o) =nly, + 1y, 91 = HQ(UBi)7
i€l
where o, = {0,041 — 0L, ..., 041y — 0ir} is the translation of o by ;.
Using Holder’s inequality, we have
(4.15) E,[(2:)") = Eol97 (9221)"] < E, [(92) /9" " E, [922:)°.

The first term on the right in (4.15) is easily computed: assuming we choose J; with
P, (J,) <909 we have

E, [(gz)—c/u—o] e E, {@(U))—q(l—c)]

= (n_g/(l_C)PU(JL) + PJ(JE))
(4.16) <27,

1(1=¢)

H1(1=¢)

We are left to estimate E, [g7Z7]. For this it is useful to control E, [g(a)Z@7b]] for0 <a<
b < L. From the definition of g,

(4.17) Eo[9(0) 27 4] < nEo[Z7, ] + Eo[1ss 20, 4]

Then, provided that we can show E, |:1J£ va;,bﬂ <nP,(b—a € v) whenever b —a > ¢L, we
conclude

(4.18) E,[9(0) 28] < 20+ Lg—acery)Pu(b—a € v).
The following lemma fills in the missing pieces of the preceding, so we can conclude that
(4.16) and (4.18) hold in the case a* > 1/2. The proof is in section 4.5.

Lemma 4.2. Suppose (1.5) holds, with & > 0 and o+ & < 1. If o > 1/2, then for any
fized n > 0 and € > 0, there exist events Jy, determined by {0,04,...,00}, and Ly > 0, such
that, ZfL 2 Lo,

(4.19) P,(J,) < n¥/0=9
and moreover, for 0 < a <b< L withb—a > ¢cL,
(4.20) E, (15 2,0l <nPu(b—acv).

Additionally, for all L, E,[1,, Zﬁz,b],O} <P,(b—acv).

In Section 5, we show that without the restriction o* > 1/2, for arbitrary a,a with
a—+a < 1, there exist distributions of 7 and ¢ with these tail exponents, and suitable events
I, with the same properties as Jp, see Lemma 5.1. The same conclusion (4.18) follows
similarly.

To bound E, [gIZI} we need the following extension of Lemma 4.2, which concerns a
single block, to cover all blocks. The proof is in section 4.5.
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Lemma 4.3. Suppose (1.5) holds, with & >0 and a+a < 1. Ifa* >1/2 and ( <1, n >0,
e > 0 are fized, then there exist an event Ji, on {0,01,...,01}, and Ly > 0, such that if
L > Ly then Py(Jp) < n/0=9 and for every T = {1 < iy < --- < i, =n} one has

(4.21)

Eo [QIZI] S E e 5 H K*<dzk — f2k71>(27] + 1{fik—dik<€L})PV<f73k — dlk - V).
diy <fiy dipy, <fiy,=nL k=1
dilvfil 6521 dlm eBlm

For fixed § > 0, we claim that, by taking e, small enough in Lemma 4.3, if L is large
enough,

\Z|

(4.22) E,[9z2:] < H

k=1

This, together with (4.15) and (4.16), enables us to conclude that (4.12) holds, with ¢
replaced by ¢ = 26%, since (1 + a*/2) = 1+ a*/4.

J

(ik _ Z'k_l)l—i-a*/Q ’

Proof of (4.22). For every Z = {1 <i; < iy < --- < iy, = n} we have by Lemma 4.3

(4.23) E, [gIZI} <E,

1EI H<277 _'_ 1{F7'lc_le <€L}>] )
k=1

where we set
Er = {1/ H{ivnNB #0} = I}, D; :=min{v N B;}, F;:=max{rNB}.
We next show that given § > 0, for e, n sufficiently small, for any given Z and 1 < k <m
(4.24) sup E, [(277 + 14, b, <er)) LnBi=0 Vi <i<ip. o, 20y | Fioy = fir_y
fir_1€Bi,,_,
< Sy, — dpyg) T/

where we used the convention that ic = 0, fo = 0 and B;, = {0}. Then, we easily get (4.22)
by iteration.

)

First, we see that for every f;, , € B we have

(4.25)
EV |:1{l/ﬂBi=® Vik_1<i<ik,VﬂBik7ﬁ@} } Ek_1 = fik_1i| - Pu(fik_l + v € sz | 1241 Z Z'k'—lL - fik—l)‘

ik,17

If i1 —ix = 1, we bound this by 1. If i, —i,_; > 2, writing for simplicity j5 := tp —tp_1—1 >
1, the right side of (4.25) is at most

L
sup P,(rie(m+Lom+ (Jjpr+ 1)L |y >m) < ———m— sup P,(ry==z
0<m<L (1 € (m 43 Ui+ D)L ) P,(1 > L) jr<a<(ioro)L (1 =2)
(426) < eale"(L) LY Gel) (L) < e
where we used the existence of a constant 3 such that, for all @ > 1 and L large, ¢*(aL)/¢*(L) <
c3a® /2. In the end, we have

(4'27) 2nE, []‘{Tﬁ@:@ Vi1 <i<ig, TNB;) #0} ‘ = fik—l] < 0477(% - ik71)7(1+a*/2) .
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It remains to bound the rest of (4.24). We decompose the expectation according to whether
D;, € ((ir, — 1)L, (i, — v)L] or not, where y := g(@"D/(1+a%) 5 o
Note that if D;, < (i —v)L and F;, — D;, < eL then iy, L —F; > 27L We therefore have

E, [1{13%e((qu)L,(ikﬂ)L]}1{F,.kaik<5L}1{m6i=@ Vg1 <i<ip, mzsik;e@} | F,_ = fik,1:|
< sup Pl,(z/le[m—l—jkL,m—l—(jk—i—l— v)L] \1/1>m ZP (tev)P 2%7L).
0<m<L

Then, using (4.26) if iy — ix_1 > 2, or bounding the probability by 1 if i) —ix_1 = 1, we
bound this from above for large L by

(4.28) oty — ik71)7(1+a*/2) 7"(/L) ZPV(E ev) < c5€a*/\1770‘* (ix — @‘k71)7(1+a*/2) .

For the last inequality, we used (1.16) to get that P,(¢ € v) < cgmin{1, p*(¢£)~1¢~" "1} for
all £ > 1.
We now deal with the term when D;, € ((ix, — )L, ixL]. We have

(429) EV 1{Dik6((ik7"y)L,(’ik+l)L]}1{7’031‘29 Vik,1<’i<ik,TﬂBik7§@} ‘ Ek_1 = fik_1:|

< sup P,(vy € (m+ (p+1—7)L,m+ (x+ 1)L} |1 >m).
0<m<L

We can now repeat the argument of (4.24). If i — i1 = 1, we get

(4.30)
v L
P, (1 € 1= )L,m+L]|m>m) < — 17 P, (v — ) < cry.
e (1 € (m+ (1 =")L,m+ L] | >m) B =)0 O, (=) <cry

If i —ix_1 > 2, we end up similarly with the bound cgy(iy — ip_y)~ T2/,
Combining the bounds (4.28) and (4.30), one gets that
(4.31)
EV |:1{Fik—Dik<€L}1{TﬂBi=@ Vik_1<i<ik,TﬂBik7é@} | Ek_l = fik_l S 097(7:.16 - ik—l)_(1+a*/2) )

a*Al

where we used the fact that ey~ = ~.
Combining (4.27) and (4.31), we obtain (4.24) with 0 = ¢4n + ¢y, completing the proof
of (4.22) and thus of (4.12).
U

4.5. Proof of Lemma 4.2: choice of the change of measure, We rewrite the partition
function in (4.20) as follows:

1 44
P.o—ac) " (15 2, 0y0] = BuvEo[Lss W(o, v, [a,b])]a, b € v]
Hk- Elab] L, er}
=E Em{ljc S b a,bEV]
v ETU[szukE[a,b] 1{0'Vk ET}]
(432) :EV[PU,T(JE | AL(”)) VOZG;bEV; Vﬂ(b7L]:®:|7
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where, for any renewal trajectory v, we defined the event
(4.33) Ap(v) ={(0,7) : 0, €7 for all k such that vy, € [0, L]} .

Observe that if we find a set G of (good) trajectories of v satisfying

P,,<g‘l/0:a; bev;vn(b L] :@) >1-n/2
whenever L. > Lo and b — a > €L, then
E, [1cha,r(J£ | AL(v)) ‘ vw=a;bev;vn(b L] = @} <n/2.

To get (4.20), it is therefore enough to show that provided L is large and b — a > L, we
have that for all v € G
(4.34) P, (J5 | AL(v)) < n/2.

We now construct the event J;, and the set G (see (4.67) and (4.58)), and show (4.19)-
(4.20). Write L = v,k and decompose [0, L] into ., subblocks of length k. We take

(4.35) kr=1 if E,[in] < oo, kr,vL — oo  to be specified, if E,[11] = oo.
Define
(436) SLJ‘ = max {Ui - Ui—l}-

(—Dkr<i<jkr
It is standard that Sz /By, has a nontrivial limiting distribution if k;, — oo (see Section
2.4), and since 0 < @ < 1 we also have b,, = B,,. Define
VL

Vi ={j <y :51;>r. B} = Z Lis, j>r B, b

Jj=1

where 7, P20 o slowly, to be specified.

Our goal is to show that the conditioning by Az (v) (for v € G with appropriate G) induces
a reduction in E,[Y7] of a size yr, which is much larger than \/Var(Y;) and /Var(Y7|AL(v));
then, one can take Jr, of the form {YL — E,[Y7] < —yL/Q}, and obtain P,(J;) — 0, and
P, (JL|AL(v)) = 1 as L — oo.

Step 1. We first estimate E[Y,] and Var(Y7), without the conditioning on Ay (v). Suppose
first that k;, — co. Since P, (o > n) "< Lo(n)n, one easily has that, for fixed > 0, as
L — oo,

k
P,(Sp1>rBy,)=1— <1 —Py(o1 > erL)) " e 1 —exp (—k‘LPJ(Ul > erL))
1 & ~ —a l &
(4.37) ~1—exp (—Er krLo(By,) By, ) ~1—exp <—§r ) ,

where we used (2.8) for the last equivalence. Therefore when rp, P28 50 slowly enough we
have

L—oo 1 —a

(438) PO(SLJ > TLBkL) LZOO ]{ZLP,;(O'l > Ty BkL) ~ ETL ,
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and hence

L—oo 1 o

E[YL] =7 P(Sp1 >rL By,) '~ =7y,
(4.39) @

L—o0 1 o

Var(YL) = ’}/LP<SL71 > BkL)(l — P(SLJ >y BkL)) ~ E L?“Za.

In the alternative case k;, = 1, we have By, = d, so whenever r;, — oo we have

L—oo 1

PJ(SL,l > T BkL> = PU(Ul > darL) ~ @rza@/(TL)v

(o

so similarly to (4.39),

o0 o 1 _5-
(4.40) E[Y;] "2 Var(y;) X == (L)L

g

Step 2. We now study the influence of the conditioning by Ay (v) on the events {o;—0;_; >
r By, } and {SL; > 1 By, }. Heuristically one expects the probabilities to decrease, and this
is readily shown to be true if P,(n € 7) is decreasing in n, but in general such monotonicity
only holds asymptotically. So instead we show that, for L large enough,

(441) Poﬂ— (SL’J' > Ty BkL | AL(V), {SL,g,é 7é j}) < (1 + 2€L) PU(SL,]' > TLBkL).
where €, — 0 is defined below, see (4.47).

To prove this, we first show that forn > j > 1land t > 0, P, (0, € 7| 0j — 01 >
ri, By, , 0j-1 = t) is not much more than P, (0, € 7 | 0,1 = t). To this end, we can
form a coupling (p, p') such that p has the distribution P,(o; € ), p’ has the distribution

P,(cy € -| 01 > 1y By, ), and p < p'. Then, thanks to the exangeability of the (o; —0;_1)i>1,
we have for any n > j > 1 and t > 0,

(4.42) P, (one€1|0j—0j_1>r By, 0521 =1t) =Poy(t+p +0,_j €T),
and
(4.43) P, (o,€7|0jm1=1t) =Py ,(t+p+o,; €T).

To bound (4.42) relative to (4.43), we proceed as follows. Let R > 1 and observe that
P, p(t+p+o,jer|t+0,;<R)
>P,(R<p<2R)P,,,(t+p+0n; €T|R<p<2Rt+0,_; <R)
. > < i
(4.44) >P,(R<p<2R)x RgrgllggRPT(m €T),

which depends only on R. On the other hand, since p’ > r, By, ,

(4.45) Porpy(t+p +opje€7|t+0,-; <R)< max P,(mer)

erLBkL
S PU,T,p(t+p+0n_j cT | t+gn—j S R)7

where by (4.44) the last inequality holds for any fixed sufficiently large R, provided that L
is large enough.
Now from (1.16), since o < 1, if R and L are large enough, we have that

P.(mer)>P,(ner) forall R<m < %T’L By, and n > rp, By, ,
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which yields

Pomp (t—i—p—i—an,j eET ‘ t—i—(Tn,j > R,t+p+0'n—j < %TL BkL)

(4.46) >P,.y <t +p +on ;€T ) t+0,j>Rt+p+o,_; < %TL BkL> .
To control the contribution when m > %TL By, , we define the quantity
P,(uer)
4.47 = ——1l:u>v>k
( ) €k Sup{PT(UET) v=t= }7

which satisfies limy_, € = 0. Then, writing €, for €,, By, /2 W€ have
(L+&)Pysy (L p+ o€ ‘ t+ 0y > Rt ptony > bro By, )

(4.48) >Porpy <t +p 4o €T ) t+0nj>Rt+p+o0,_;> %TL BkL> )
Combining (4.45), (4.46) and (4.48), we obtain

P,y (t +p +on; € 7') < (1+%¢€) Pgmp(t +p+o0,-; € 7')
By (4.43) and (4.42) this is the same as

ngT(O'n S | 0; — 051 >TL BkL,O'j,1 = t)

<1+¥€p,
P, (o, €7|0jo1=1)
which is equivalent to
PUJ—(O'j —0j_1>TL BkL ’ Op €T,05-1 = t) <1 +,€L’
PG’,T(O-j —0j—1>TL BkL | Oj—1 = t)
or by independence,
(4.49) P,.(0;—0j_1 >r.By, |0, €T,0j_1 =1) <147

PU’7—<O']‘ —0j-1 > TLBkL)
Since t and n are arbitrary, this shows that for arbitrary v, conditionally on Ap(v), the
variables (1{s, 5, >r;, By, })i<r are (jointly) stochastically dominated by a Bernoulli sequence
of parameter (1+¢€,)P, (01 > rp By, ). In fact, by exchangeability this domination holds for
any given o, — 0,1 conditionally on any information about the other variables o; — o;_1.
We need to quantify what this conclusion says about the variables Sy, ;. The following is
easily established: there exists g > 0 such that for all p € (0,1),e € (0,1) and k > 1 with
kp < 99, we have
1—(1—(1+¢p)t
1—(1=p)*
Taking p = P,(01 > rp By, ), k = ki, so that pk <y provided 7, is large (see (4.38)), taking
e = ¢, and using the stochastic domination, we obtain that for L large, for all v, (4.41)
holds.

<1+ 2e.

Step 3. We next want to show that for certain ¥ and j we can make a much stronger
statement than (4.41). Specifically, with L fixed, we say an interval Z is wvisited (in v) if
INv# ¢, and (for 3 < j <, —2) we say the sub-block Q; = ((j — 1)kp, jki] is capped if
Qi oUQ; 1 and 9,1 U Qjis are both visited.
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We now prove that, if j is such that Q; is capped, we have

(450) PU,T (SLJ > TLBkL ‘ AL<I/)) < 2(7,L>7(17a)/2 POJ’ (SLJ > TLBkL) .

Suppose that Q; is capped, and that s is an index such that (vs_1,v5] N Q; # 0: we write
s < Q;. Note that the events

H,; = {a : ( max (o0, —o;1) >71L BkL}
e

7 Vs—laVs]mQj

are conditionally independent given Ay (v), and (by exchangeability) satisfy

(4.51) P, (HSJ | AL(y)) =P, (max(ai —04-1) > By, ‘ o € T) ,

1<4i<e

where k := v, — vs_1 < bky, (since Q; is capped), and ¢ := |(vs_1, 15| N Q;| < k.

Furthermore, since o € [0, 1), by (1.16) we have P(m € 7) = @(m)m~1=% for some slowly
varying @(-). Therefore

P, (O’k eET

(4.52) < c10(re Be, )"V (rL Br,) -

max(o; — o;-1) > 1p, BkL> < max P,(mer)

1<i<e - m>rp By,

On the other hand, since 0 < @ < 1, 0,,/B,, has a non-degenerate limiting distribution with
positive density on (0,00) (see Section 2.4). Using again that P(m € 7) = @(m)m~1~%) we
therefore find that there exist a constant ¢y, such that, for any k& < 5ky,
(4.53)

P, (0p €7) > P,(0, € [d- By, 2d,B])  min  P.(meT)>enB Vo(By,).

dr <m<2d; Bsy,

With (4.52) this shows there exists some cj5 such that for large L, provided r;, — oo
slowly enough,

PU,T (O'k cT | maxlgig(ai — 0'1;1) > Ty BkL)
PU’.,-(O'k c 7')

(4.54) < (c1aV @(rp)) 7az(lfa) < 7,;(1704)/2’

or equivalently, using (4.51),

P,,(H,; | ALv)) P (fg%(ai —0i-1) > 1L By, | 0% € T> _

P, (H,,
U,T( s,J) P(W (max(ai — Ui_1) > T BkL>

1<i<t

(4.55) )=z,

Since the {H;; : s < Q,} are independent for fixed j (even when conditioned on A (v)),
with UHQJ, Hy; ={Sy; >ry By, } and Py, (S, > r; By,) = 0 as L — oo, we have from
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(4.55) that for large L
PU,T (SL,j >TL Bk:L | AL(V)) S Z PU,T (Hs,j ’ AL(V))

5<Q;
S (TL)_(l_a)/z Z PJ,T(HS,]')
5<Q;
(456) S 2(7”[/)7(170[)/2130’7— (SLJ > Ty BkL) .

Step 4. We now control the number of capped blocks Q;. Let
C(v) ={j <~ :Q,is capped in v}, m*(n) == E,[v1 An|,

and define what is heuristically a lower bound for the typical size of |C(v)| (see (4.59) and
its proof):

v ¢t (kr)e™ (D)7 if0<a’ <1,
(457) DL =N 7L m*(/{;L)m*(L)_l if o* = 1, Ey[Vl] = 400,

Lo*(kp)k;™ it E, 1] < +00.
We now restrict our choice of v, ky, as follows (with further restriction to come):

(i) if E,[r1] < 400, we choose k;, = 1,7, = L, and get Dy, = Ly*(1) ;

(i) if E, (1] = 400 we choose 1 <« ki < L such that v, = L/k; is slowly varying,
and as L — oo we have 7, — oo slowly enough so ¢*(kr) ~ ¢*(L) if o < 1 or
m*(ky) ~ m*(L) if o* = 1, which is possible since for a* = 1, m*(n) is slowly
varying. We obtain Dy ~ ~v¢ > 1.

We then fix x > 0 and define the set G of good trajectories by

(4.58) G={v:|C(v)| > kDL}.

We wish to choose k = k(n, ¢) sufficiently small so that, provided that L is large enough and
b—a > eL, one has

(4.59) P,(Glvw=a;bev;vn(bL]=0)>1-1n/2.
For a fixed ¢, for large L we have Dy, > Dy, for all M > L, so it suffices to prove this for
€ = 1, that is, to consider only a = 0,b = L. We now consider two cases.

e Case of a* <1 or E,[11] < +o00. In that case, it is standard that there exists a constant
c13(n) such that, defining ny := c;3 min(p*(L)"1L*", L), we have for L large enough
(4.60) P,(lvn[0,L/2]] <ng) <n.
Observe that each gap (vs_1,vs] of v of length vy — v,y € [2kp,3kr) contains a capped
sub-block. We therefore simply need to count the number of such gaps: denote

Vo= Lyemv ety 3ho)}-
s=1

There exists a constant ¢4 = c14(n) such that, provided that nP, (v, € [2kr,3ky)) is large
enough, one has

(4.61) P, (Vo < cunPy (v € [2kz,3kL))) < 7.



26 K. S. ALEXANDER AND Q. BERGER

Using that P, (v, € [2kz,3kz)) is of order ¢*(kp)k;® we get that D < ciniP,(1 €
[2kp, 3kr)) for some ¢15(n), and we obtain

P,(G°|Lev) < PV(}{S <0, L] : ve— ey € [2ks,3k)}| < wDy, ’ Le 1/)
< Pl,<]1/ﬂ 0,L/2]] < ny|L € 1/) +P,,<|uﬂ [0, L/2)| > ny; Vi, < kDy|L € y)

K

< ci6m + c16P, (VnL < C_,nLPV(Vl € [2kg, 3’%)))
n

< 2ci67) .

In the third inequality, we used Lemma A.1 (Lemma A.2 in [23], that we recall in the
Appendix since we use it several times) to remove the conditioning at the expense of the
constant ci¢. In the last inequality, we used (4.61), taking x sufficiently small.

e Case of o =1, E,[11] = 400. First, we claim that with our choice of kz, we have
P, (Q, is capped) bope, Indeed, summing over possible locations of a last visit to Q; gives
that for 1 < j <~y and ¢ < (j — 1)kp,

kp—1
PV<Q]~ is visited ‘ 1€ l/) > Z P,(jk, —m—i€v)P,(v1 >m)
m=0
> inf P, (¢ “(k
it P, (¢ € v)m*(kr)

T;L*(k’L)

(4.62) ~ D

~1 as L — oo,

where we used if;ol P(v; > m) = m*(kr) in the second inequality, and (1.16) in the last

line. Note that the lower bound in (4.62) is uniform in the specified ¢, j. Therefore, applying
(4.62) three times, we obtain uniformly in j < v,

(4.63) P, (Q, is capped) > P, (Q;_1, Q;, Q;41 are visited) Logeq

Recall Dy, ~ 7, and denote Wy, := [{j < v1/2; Q; is not capped}|, so that E,[W,] = o(vz),
by (4.63). Taking x = 1/4, thanks to Markov’s inequality we then have for large L

(4.64) Pl,(gC | L € y) <P, (WL > %’yL | L € V) < 6P, (WL > %’yL) —0 as L — oo,

where in the second inequality, we used Lemma A.1 to remove the conditioning at the expense
of the constant cyg.

Step 5. We now have the ingredients to control how the conditioning by Ay (v) shifts
E, Y] =v.Ps(Sp1 > rpBy, ), when v € G.
We wish to choose v, kr, so that, for L sufficiently large,
~ 1 1
(4.65) yrer < g/{DL < §|C(V)\ forall v € G.

The second inequality is just the definition of G. When o* > 1, 7, and Dy are of the
same order, so the first inequality follows from £;, — 0. So consider the case o* < 1,
where Dy, ~ 4% by (ii) after (4.57). Here the first inequality in (4.65) follows if we have

l1—a*

vt K Ezl. Since €, \, 0 and L/ky, is slowly varying, we have By, > L so €, < €f, so a
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sufficient condition is 7} * < e;'. But our only restriction so far is from (ii) after (4.57),

that v, — oo slowly enough, so we may choose 7, to satisfy this sufficient condition also.
Thanks to (4.41), (4.55) and (4.65), we have for v € G and large L
Eor YL | AL(v)]

YL

= Por(SL;>riby, | AL(v))

Jj=1

<2IC(W)| (r) """ PP,(SLa > v By) + (vp — [C(w))(1 + 261)Po(Sp1 > 7 Bi,)
< [ = 1C@)|+ 2100 ()™= + 29,2 | Po(S1a > 1By,
(466) < ["}/L — %KJDL} PU(SLJ > TLBkL>-

Step 6. We now define

Jr = {U : Z 1{SL,]->7~L By, } < [7L - i“DL} PO’(SL,I > T bBL)}

J<vL

(4.67) —{v, ~B[vi) < -5D,P, (S, > 1 Bi,) b
4

Let us compare P(J;) and P(J§|AL(v)) for v € G. Since a* > 1/2, v, D;? is of order
L=2"=DAL 5 () s0 we can choose 7y, to satisfy v, D;*r¢ — 0, which is compatible with our
previous requirement on 7y, involving (4.54). Using (4.39) and Chebyshev’s inequality we
then get that

16, oo 168 =
D ~ — D =0 as L — oo
k?D3P,(Sp1 > rpby,) 2 P TL as 00

On the other hand, by (4.41), conditionally on A(v) with v € G, the variables 1(g, .~ryp, 3,1 <
J < 71, are (jointly) stochastically dominated by a collection of independent Bernoulli vari-
ables with parameter (1 + 2€.)P,(SL1 > rpBy, ). Hence, Var(Y.|AL(v)) < 2y, P,(Sp1 >

r. Bk, ) and as in (4.68) we obtain

(4.68) P(J;) <

R (o0}
(4.69) P, (J7 | Ar(v)) < P(YL — B [Vi|AL(v)] = 7 DrPo(S11 > 1 bkL)> 200,
We have thus proved (4.19) and (4.34), and hence also (4.20). O

Remark 4.4. If n — P(n € 7) is non-increasing, then we have that ¢, = 0 for all k, and we
can replace (4.41) with

PU’T (SLJ > Ty BkL | AL(V), {SL,g,g 7é j}) < PU(SL,J' > Ty BkL) .

The term 7€, does not appear in the computation in (4.66), and we can drop the condition
(4.65). We can therefore choose v, = L,k = 1 in all cases, not just when E,[11] < oo.
Then for a* < 1, we have Dy, of order L ¢*(L)™!, and the condition v;,D;* — 0 in Step
6 becomes
LML) > 1

We therefore need a* > 1/2, or a* = 1/2 and ¢*(L) k2o, going slightly beyond the
condition o* > 1/2. In Appendix A.2, we show that ©*(n) ~ c@(b,)~1~/@py(b,), with
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wo(k) = o(k)~if a € (0,1), and @¢(k) = p(k)/P, (11 > k)* if @ = 0, cf. (1.16). We have
that lim,,_,.. ¢*(n) = 0 if and only if limg_, G(k) /%0y (k) = +oo.

Proof of Lemma 4.3. The proof of Lemma 4.2 is for a single interval [0, L], and we now adapt

it to the whole system: we take the same definition for J,. Then, recalling g7 from (4.14),
we have similarly to (4.32)

(470) EU |:gIZI:| = Z Tt Z HK*(dlk - flkfl)P(ka - dlk S V)

diy <fiy dipy < fiy, =nL k=1
diy,fiy €8sy dip €Bipy
m
x E, [EUJ ( H(n + 1{06%612}) ‘ A(”)) ‘g(dik7fik)1§k§m] )
k=1

where, setting vz, = v N B;,

(dig fi, )1 <hsm = {u V1I<k<m, min(l/&k) d;, , max(vg ) = fisve, =0 if i ¢ I}.

Now, for any 1 < k < m such that f;, —d;, <eL or VB, ¢ G, we bound 1y, s} by 1.
ik
We get the bound

(471) 0+ You, espy <0+ Vg —ay <ery + gy —di >ery s, ¢61 + Lo, et livs, ecy-

By expanding the product over k € {1,...,m}, we obtain

m

E, |:EU7T<H(77 + 1{05 GJE}) | A(v > ‘S (dig, fip )1<k<m
k=1
< Z n‘Kl‘ H 1{f’ik_dik§5L}
K1,K9,K3,K, disjoint keKo

jl 1 Ki={1,...m}

(4.72)

[ | | RITRES Yo eg}Em< IT 1, et s, gy ‘ A(V)) )5(dik,fik>1gkgm]-
keKs keKy

The argument in Step 6 of the proof of Lemma 4.2, using domination of the variables
(1s;,,>r.B,, ) in some B;, by independent Bernoullis, remains valid if we also condition on
any information about the other B;,i # ix. This means we can ignore the dependencies
between different ¢, € Z, and if L is sufficiently large we get that, since vg, € G for all
ke K,

(473) Eo',7'|: H 1{08% ech,}l{VBik Gg} ‘ A(Ij) S (77/2)|K4| )

keKy

where the bound comes from (4.69).
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Then, by independence of the vp, N [d;,, fi,] conditionally on Eq, . )1<,<,.» We get that
EV[ H l{fik_dik>6L}1{VBik ¢G} ‘ g(dikyfik)lgkgm]
keKs
(4.74)
= H 1{fikfdik>aL}Pu<V ¢G|lw=0;fi, —di, ev;vn(fi, —di, L] = @) < (77/2)|K3|,
keKs
where we used (4.59) in the last inequality.
Therefore, plugging (4.73)-(4.74) in (4.72), we get that
E, [EU,T ( H(n + 1{03% GJE}) ‘ A(”)) ‘S(dik7fik)1gk§m]
S Z 77|K1|(77/2)|K3|(77/2)‘K4‘ H 1{fik*d¢k§5L} = H(2n + 1{fik*d¢k§5L}) .
K1,K2,K3,K4 disjoint keKo k=1
U? L KG={1,...m}
U

5. PROOF OF THEOREM 2.2: EXAMPLES WITH UNEQUAL CRITICAL POINTS

5.1. Adaptation of the change of measure. Our proof for & > 1/2 made use of an
event Jr, see Lemma 4.2; here we will define an event I; which will play the same role.
For this it needs to satisfy the following lemma. Recall that Ap(v) = {(o,7) : 0, €
7 for all k such that v € [0, L]}, and ¢, from (4.12), is given by (1 + a*/2)( =1+ o*/4.

Lemma 5.1. There exist events I, determined by {0,041,...,0.} as follows. For anyn > 0,
e > 0, there exists some Lg such that, if L > Ly,

(5.1) P, (1) < nt/0-9.

Moreover, for 0 < a <b< L, withb—a > cL

(5.2) E, 1410y 27, 40] <nPL(b—acv).

Proof. From (4.32) applied to I, for (5.1) and (5.2) it suffices to have that, as L — oo
(5.3) P,(I;) — 0, EV[PM(IE |AW)) [vo=a;bev;vn (b L] =0 —0.

Let us introduce or recall some notations

n,=v;—vi_1, K'(n)=P (V1 = n) ©*(n)n~ 1) m*(n) = E, [y An,
L ifo<ar <1,

(5.4) _ o* (L)~
= L/ “L)  ifar>1.

Here ¢y, represents the typical order of |v N[0, L]|.

The event I will be given in terms of an expectation over trajectories v, so to avoid
ambiguous notation e.g. in (5.3), we define ' to be a renewal with the same distribution as
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v. We can then define, for k > 0 to be specified,

(5.5) I; = U {0 :logE,, [W(a, V', [a, b)) Lpe

0<a<b<L
b—a>el

/} > Kqr} -

Then the first half of (5.3) is immediate from a union bound and Markov’s inequality:

(56)  P,(In)< Y e BB, [W(o,V, [a,0)les]a € V] < L — 0

0<a<b<L
b—a>el

as L — oo, where we used that E,[W (o, v/, [a,b])] =
For the second bound in (5.3), let

P.(o,, —0, , €T)

. = Uy(o) =1
(5.7) Ui =U;(o) = log P, (0, €7)

Observe that for any fixed v with a,b € v,

(5.8)  E, [W(o,V,[a,b])lpes

a € V/] > PV/(V’ Nla,b] =vNla, bHa € V') W(o,v,[a,b])
[vN[a,b]| |vN[a,b]|

(5.9) = exp Z log K*(n;) | exp Ui
Hence, for any v with a,b € v

) < rar
AL(y)) .

P.(o,€71) P.(o,€71)
E, | .
|:PU’T(O'n €T) © P, (0, €7)

P, .(I; | AL(v)) < PU,T(log (Eu [W(o,V, [a,b])Lpe

AL(”))

1b]| ‘Vﬂ[(l,b”

[vNla
PU,T( U; < kqr, — Z log K*(n;)

i=1 i=1

(5.10)

IA

Now, we denote

(5.11)  £(n) = By, {log % 0 T} _

Note that E, [U;]A(v)] = &(vi — vi1) = &(n;), and that £(n) > 0 thanks to Jensen’s
inequality.
We denote

M :=E,| => K*(n)

n>1

and the entropy of K*

1
H* := E,[—log K*(11)] ZK* logK*().
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Now, for fixed a,b such that b —a > L, let us fix » to be specified and define the event G
of v to be good (on [a,b]) by

(i) — M og K*(ng) < 2H* |v N [a, 0]l
(5.12) veG it Gy Yen) > LM, v na, bl
(i) v fabl] > .

The following lemmas are proven in Section 5.3; the first shows that good v’s are typical.

Lemma 5.2. Suppose a* > 0. For any €,n > 0, there exists some kg > 0 such that for any
0 <k < kg, and any a,b with b —a > <L,
limsup sup P, (v ¢ G‘VO =a;bev;vn(b L] =0)<n.
L—oo 0<a<b<L
b—a>elL
Lemma 5.3. Suppose a,a > 0 with o + a < 1. For any v, the U;’s are independent given
Ap(v), and we have E, . [U; | AL(v)] = &(n;). Moreover, there exists a constant ci7 such
that, for all i > 1,
P, (o, €7) P (o, €7)
E,.[U?| A =E, |- —™ 2T
’ [ 3 L(V>] {PJJ(UW €T) P, (0, €T)

}Scn foralli>1.

For any v € G, thanks to (5.10),
[vNla,b]|
(5.13) P,.(I¢ | Ap(v)) < PU,T( > Ui<3H*|vNla,b)| ’ AL(V)).
i=1
In Lemma 5.6 we will show that there are distributions of 7,0 for which H* < M,/12. For
such distributions we have from (5.13), Chebychev’s inequality, and Lemma 5.3 that for any
veg,

vNla,b

( Z < 3H*|vN]a,b]| ‘ AL(V))
[vN[a,b]| M
< Pm( D Ui—E)) < == \m [, b]| ‘ AL(y))
i=1
16017 16C17H*

- M? b = M? '

¢lvNa, bl Zrar
Combining (5.14) with Lemma 5.2, we obtain that provided that H* < M¢/12, for all
n > 0,e > 0 there exist K > 0 and Ly such that, for any L > L and any a,b withb—a > ¢L,

16C17H*
E, [Pm I | A(v —a:b N (b, L <
( ‘ ) ‘ VO CL e V v ( ] @ MEQK/qL

Since q;, — 400 as L — oo and 7 is arbitrary, this proves the second half of (5.3), completing
the proof of Lemma 5.1. 0

(5.14)

We need an analog of Lemma 4.3, to deal with all blocks simultaneously. Let gz be similar
to gr in (4.14) but with the event Jy, replaced by .
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Lemma 5.4. Suppose the distributions of 7,0 satisfy H* < M¢/12, and let ¢ < 1, n > 0,
e > 0 be fized. Then there exists Ly > 0 such that, if L > Lg, then Py(J) < 709 and
for every T C {1,...,m} we have

(5.15)
E, [?]IZI] < Z T Z H K*(dlk - fik—l)(Qn + 1{fik*dik<€L})PV(fik - dlk S V)'
diy <fi; diyy <fiyy=nL k=1
diy,fiq €Biq dipy, €Biy,

Proof. As in Lemma 4.3, the key is the analog of (4.73). To that end, conditionally on A(v),
the Y; are independent, so by (5.13) and (5.14), if vz, € G for all k € K then
(5.16)

|Vm[d2k7flk]|
« K
o ([T ten, e 1 400) < T[Per (3 0 <38 wnla fill | 4u0)) <ol
kek keK j=1
where v, — 0 as L — oo. The rest of the proof is similar to Lemma 4.3. 0

Given Lemma 5.4, the proof of Theorem 2.2 proceeds exactly as in Section 4. So the only
remaining step is to show there are distributions satisfying H* < M,/12.

Remark 5.5. Our argument can be tightened to show that if
(5.17) H* < M.

then the critical points are distinct. The condition (5.17) is however not necessary (there
are distributions of o, 7 for which H* > M, with a* > 1/2), so we include the factor of 12
to reduce technicalities.

5.2. Distributions of 7 and ¢ with H* < M/12. Recall {(n) from (5.11). As noted
above, the proof of Theorem 2.2 is complete when we show the following.

Lemma 5.6. Given any o, > 0 with a + a < 1, and any slowly varying functions ¢, p,
there exist distributions for T, 0 verifying

P (ry=n) "% p(n)n= U Po(on =n) "X G(n)n” Y,

for which

1 — 1
1 K*(n)l —
(5.18) Z Jog ——— < — Z = o Me.
The idea is that we can make the entropy H* small mainly by making K*(1) close to 1.
This means we need

(5.19) P, (01 €7)> ) P, (0, 7).
n=2
A lower bound for M, is K*(1)£(1), so also £(1) should not be too small.
We choose the inter-arrival distribution for 7 and o (satisfying (1.5)) in the following way.
Let p and p be two recurrent renewals with inter-arrival distributions f,(n) := P,(p1 =
n) = p(n)n~1 9 and f5(n) = Pz(p = n) = (n)n~*%. For some (large) integer ao, and
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setting Ag = €% with 6 > 0 to be specified (chosen so Ay is also an integer), we define the
inter-arrival distributions of 7 and o

(5.20) {PU("F%)Z% o {Pm:l):a,

P,(0y = 2a0 +m) = L f5 P.(n=A4+m)= %fp(m) for m > 1.
To prove Lemma 5.6 we will need the following lemma, which we prove later in this section.

Lemma 5.7. Let o, > 0 with o+ & < 1. For o,7 as in (5.20), we can choose ay and 0
large enough so that

(5.21) 1270 <P, (0peT) <327,
(5.22) P, . (0, € T for somen >2) <27 P, (0, € 7),
(5.23) P, (0, €7) <n 0412 for qll n > exp(2°0/2).

Proof of Lemma 5.6. First we use (5.21) and (5.22) to show that K*(1) is close to 1. Define
=[{n>2: 0, € 7}|. From (5.21) and (5.22), assuming aq > 2,

P, (0, € T for some n > 1) < (1+ 2_“°+2)PUT(01 er) <

l\D|’—‘

Hence provided ay is large, using (5.21),

S Py (00 € 7) = Bor[M] = Py (M > 1)+ Y P, (M > £)

k>2

< P,.,(0, € T for some n > 2) + Z(l + 270 P (o) € 7)F

k>2
<2702 P (0 €7)+2(1+272P, (07 € T)?
(5.24) <270 Pp (0, €7).
Therefore
P, € 1
(5.25) K1) = Dol 71 €7)

Yons1 Porlon €71) 7 14 237 ’
To show that H* is small, we divide it into three parts:

exp(2%0/2)

7T Z K*(n)log 1(n)+ > K*(n)log K*l(n).

n= n>exp(290/2)

(5:26) H* = K*(1)log —

By (5.25), the first term is smaller than 237%. For the middle term, denote

exp(290/2)

- ZPU,T(On € 7—)’ 2= Z PU’T(UTL < T>

n>1 n=2
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so that the first sum in (5.26) is

ex a /2
P2 PUT UnET)l ¥
0
- & P, (0, €7)
exp(200/2) ~
s s e p (5 e ) 3
< —log—+ — - 1
— E* Og 2* + 2* ; 2* Og PU,T(O'n c 7_)

Here in the second inequality we used that the sum is maximized when all the terms are
equal, by Jensen’s inequality. For the last inequality we used (5.24) to get S < 23-a0%* and
took ag large enough.

For the last sum in (5.26), we use (5.23) in Lemma 5.7, together with the fact that
1> %" > 27271 (see (5.21) and (5.24)), to bound that sum by

1 1
- ap+1 —(14a*/2)
DB 2. Parlonem) lOgPaT(an €T) = 2 (+ar/2n ogn
n>exp(290/2) ’ n>exp(290/2)
1+ a*/2 —a*/2

< 2a0+1 2(10/2 2(10/2

- @*/2 exp ( )

S 2—&0/2 ,

where we took ag large enough in the last line.
Combining these bounds, we have for ag large

(527) H* < 23—% + 24—(10/2 + 2—(10/2 < 25—(10/2’
which can be made arbitrarily small by choosing a, large.

In view of (5.27), we are left with showing that M, is uniformly bounded away from 0.
Thanks to (5.25), we have
1 P.(oy€7) P.(o;€7)
1) = -E, .
) 2 [Paﬁ((ﬁ €T) it P, (01 € T)]
From (5.20) we have that P.(o; € 7) = 27% if 07 = ay. Hence, we get thanks to (5.21) that
P.(oy €71) - 4
PJ7T<O'1 € 7') -

M = E,[§(n)] >

DN | —

ifO'lz(lg.

Since zlogx > —1/e for all z > 0 we have that

P.(0,€7) . Poer) >{§1ogg i 01 = ap,

5.28
( ) P, (01 €7) P, .(oreT) ~ 1

—e” otherwise.

It follows that £(1) > 1(5log3 —e™) > 0, so that by (5.27),

1 1 4 4
— M, > log = — > 9°7w0/2 > [+
Ve glgleg—e) 2 =4

provided that aq is large. This completes the proof of Lemma 5.6. 0
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Proof of Lemma 5.7. From the definition (5.20) we have
=27% if o9 = ay,
(5.29) P.(oy €7)¢ <272 if gy € [2a9, Ag),
<1 if o7 > Ap.
Therefore, we already have the lower bound
P, (01 €7)>P,(0) =a)27% = %2*%.
For the upper bound, we use that

1 ~ ~ —a —2a,
PU(Ul > Ao) = §Pa(p > AD — 2&0) S ClggO(Ao)AO S 2 2 O,

where we recall that Ay = €%, and took 6 > (2log2)/a and aq large enough. Hence, we get
PU77—(0'1 € 7') S 2_a0P0(0'1 = CL()) + 2—2(101:)0(0.1 € [2(10,A0]) + Pa(gl > Ao)
(5.30) < 27007l 2720 < 3970

for aqy large enough.
We also have the lower bound

(5.31) P, (01 €7) > 2 P, (o) = ap) = 27 (@),
and (5.21) is proven.

Proof of (5.22). In view of (5.31), we need to show that if qg is large enough
(5.32) P, (0, € T for some n > 2) < 2172%

For that purpose, we reformulate the definition (5.20) in a more tractable way. Let
£1,&, ... and &1,&, ... be ii.d. sequences of variables taking values 0,1 with probability

1/2 each, and let
k k
My=> &, M=> &
i=1 i=1

Then, according to the definition (5.20), we can write
law law -~ ~
(5.33) Tk (:)AoMk+k—Mk+pMk, og (faw) (k + My)ao + pgz -

Since o + a < 1, we can fix v € (0, 1) small, satisfying

(1—7)(1—52(1+37))>1 and a(l —7)(1+3v)

<1.
« l—a—vy

(5.34)  a(l+3y) <1,

We now decompose
(5.35) P, (an € 7 for some n > 2)
<P, (In>2;0,e7N[1,A)]) + Py (FE>1; 7, € 0N (Ag,00)).
In view of (5.20), the first term is bounded by
(5.36) P, (1 N [2a9, Ag] # 0) < 272,
We fix k > 2(1 — a)/v,k > 1 and decompose the second term on the right in (5.35) as
(5.37) P, (3k < af; 1 € 0N (Ag,00)) + P, (Fk > af; 7 € 0N (Ag,0)) .
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We begin with the first term in (5.37). We have

ag
(5.38) P, (3k <af; 7 € 0N (Ag,00)) < ZPM(Ti € 0N (A4y,0)) < af sup P,(j € o).
i=1 J=40
To bound this, we write
(5 39)
Jjea)< Y Polov=j+ Y Po(Mc<§)+ D Polon=j M=)
E<jal+y) E>ja+y) E>5a+)

For the first sum in (A.12), we use the representation (5.33) to write

Z P, (o =7) Z ZP —j—(k+m)a0)PU(Mk:m).

k<ja+y) kgja(l-!-"/) m=1

Now, observe that for j > Ay we have 2j¢0+% gy < j/2 assuming aq is large, so that in the
above sum, j — (k + m)ag > j/2. Hence, thanks to Lemma A.2 applied to p, there is a
constant cj9 such that

Z Po‘ Uk —] Z chgmso 1+a)PO’(Mk = m)

k<ja(+) k;gja<1+v) m=1

j&(1+v)

< @(i) i Y 5
k=1

(5.40) < 19 (g) g

The second sum in (5.39) is easily controlled: there exists a constant coy such that for all
k>1,P. (M, <k/4) < e »F Therefore, for any j > Ay with ag large enough, we have

(5.41) S P (M <k/a)< Y ek <t
E>ja(l+y) E>jal+)

For the last sum in (5.39), from (5.33) and Lemma A.3 (applied to p), there is a constant
Co1 such that

Y P, <ak — i M, > k:/4>

k>ja(+y)

(5.42) < Y Po(a<i) < Y exp(—en B2079) < e

k>580+) k>5&(+)

where the last inequality holds for any j > Ay with A large. Combining (5.39)—(5.42) we
obtain that there exist constant cyg, co3 > 0 such that, for any 7 > A,

(5.43) P,(j €0) <cyp 6(]’)]"(1‘&(”27)) < o3 ~(1-a(1+37))

Now, recalling that Ay = €’ provided that we take 6 > 2(1 — a(1 + 37))~! and then aq
large, it follows from (5.38) and (5.43) that

(5.44) P, (3k < aff; i € 0N (Ag,0)) < oz af Aa(ka(Hg’Y)) < e,
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We now consider the second term in (5.37). We bound
(5.45) P, (3k > af; 7 € 0N (Ag,00)) < (1) + (1) + (I11),
where we set

(I):=P;, (Mk < 7 for some k > aS) .

[N

(II):=P, (Mk > %,pMk < K0/ for some k > aS) ,
(I1I):=P,, <7‘k € o, M, > %,pMk > 1=/ for some k > ag) )
Similarly to (5.44),
(5.46) (1)< Po(My < kf4) <Y emoh <20
k>ag k>ag

where the last inequality holds if ag is large enough, since x > 1.
For (II), from Lemma A.3 (applied to p), there exists a constant cop such that, provided
ap is large,

(5.47) Z P, (pm < 4m) (- 7)/C“) < Z exp (—022m2<1za>) <e 20
m>af /4 m>af /4

where the last inequality is valid provided that ag is large enough, since x > 2(1 — a) /7.
As for (III), using the representation (5.33), we obtain that

(5.48) (II1) < Y " Por(n € 0,7 > max{k /% EA}) .
k>ag
Thanks to (5.43), there is a constant ce3 such that
(5.49) sup P,(j € 0) < co3 min { (kAg) (170 (= (-aQrsy)/al

j>max{k(1=7)/a kA /4}

Using (5.34), we therefore have that

Ag/(l—a—w)
(I11) < cy3 Z (kAp)~(1-80+3M) 4 ¢, Z f— (1= (1=a(1+37))/a
k:ag kZAg/(lfa*"/)

< oy AS(ZEH3) a0+ 1ma=) | (o [1=(1=)(1-5(1+39)/ala/(1=a=)

< 2c24A81+[a(1+37)(1—7)/(1—a—«,)]

(5.50) < e 20
where the last inequality comes if we choose 6 > 2(% —1) - (recall Ay = €%%), and
then take aq large enough. Hence (5.46), (5.47), and (5.50) yield

(5.51) P, (3k >af; 7 € 0 N (Ag,00)) < 3e 2.
Collecting the estimates (5.36), (5.44) and (5.51), we end up with
P, (0, € 7 for some n > 2) < 27200 4 ge=200

provided that ag is large enough, so we have proved (5.32).



38 K. S. ALEXANDER AND Q. BERGER

Proof of (5.23). It now remains to prove (5.23). We take n > exp(2%°/2), and write
(5.52) P, .(0,e7)<P, (an < n(l_w/a) +P,, (O'n eET, 0, > n(l_w)/a) )
The first term in (5.52) is bounded easily: we use Lemma A.3 (applied to p) to get a constant
co5 such that
P, (O‘n < n(l_”/a) < PU(Mn <n/4) +Py(pra < n(1=7)/a)
(5.53) < exp ( — Cop n) + exp ( — Co5 n7/2(1_a)) < exp ( — n7/2),

where the last inequality is valid provided that n is large (ensured by having aq large) and
o0 is from (5.41).
To bound the second term in (5.52), we write

+o0
(559 Por(oner,on>nT) = 3 Po(oy=1) Y Prlr = 1),

7’>n(1_’Y)/a
Then, we control P, (7, = r) according to whether k > /(1= or not.
If k > r*/0=7) then k is large provided aq is large, so we have similarly to (5.53)
P (7 =7) < Pr(rp <K% <exp (— K777,
so that if n is large enough,

S Puou=r) Y Pim=n< Y exp ()

r>n(1_'Y)/a k>7.a/(1—'y) 'r>n(1_'Y)/a

< exp ( _ na’Y(l—’Y)/Q) )

To handle k < r*/0=7 and r > n(="/@ we write
AT =1) ZP P.(Aom+k—m+ p,, =7).

Since n > exp(2%0/2), we have Aoro‘/ ~7) < r/2, provided that a/(1 —7) < 1, cf. (5.34), and
that ag is large enough (0 being fixed). In the end, we get that for such k,r, and for m < k,
we have Agm +k —m < Agk < r/2, so that by Lemma A.2 applied to p, there is a constant
co6 such that

k

k
Ao =7) E P (M, = m)cygmr~ 1277 = ¢y B pm (o),
m=0

We thus obtain
Z P,(o, =71) Z P.(r,=71)<cp Z P, (0, = r)r~(1Fte=1p2e/0=1)
7">n<1*7)/a k;s'r'a/u*"f) r>n(1*'Y)/5‘
- r>n(1_7)/a

(555) < ¢96 n—(l+a*)+’y(2+o¢)/& ]

In the end, if v is chosen small enough so that v(2 + «)/a < a*/4 (and (5.34) holds), then
(5.54) yields

(556) Po‘,‘r (Un € T,0n > n(lf'y)/&) S eXp ( — nory(lffy)/Q) —+ 026n7(1+3a*/4).
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Together with (5.53) and (5.52), this proves (5.23) provided that a is large enough. This
completes the proof of Lemma 5.7.
U

5.3. Proof of Lemmas 5.2 and 5.3.

Proof of Lemma 5.3. For b, from (2.8), 0,,/b,, converges to a stable distribution (see [8]), so
that thanks to (1.16), there exists a constant co9 such that

(5.57) P, (0, €7)>P,(0, € [bn,20,]) I[Einb }PT(m €T) > cy b;(l_o‘)go(bn)_l
me|by,2bn,

Hence, using (1.16) again, there exists ¢z such that P.(m € 7) < ¢30P, (0, € 7) for any
m > $b,. This gives that
P.(o, €7) 5 P.(o, €7)
1 log
{on=30} P, (0, € T) P, (0, €7)
and we now turn to the case g, < %bn.
For k > 1 and m = 27%b,,, by Lemma A.3,

(5.58) E, |1

] < ezo(log eso)?,

(5.59) P, (Un € (m/2,mD <P, (O'n < 2_kbn) < exp ( — 31 2ka/2(1—a)> .
On the other hand, thanks to (1.16) there exists a constant ¢z such that for all m > 1,
(5.60) max P.(j €7) < esym U ¥p(m) L.
je(m/2,m]

Combining with (5.57), we get for m = 27%b,,:
(5.61)

P.(jeT) e L —a)_P(bn) -

T < (1-a) 1170 () = (s OF(1—0) n) < 92(1-a)
jelmp2m Py(op €7) = 51 Plm) b p(ba) = cas P(27%by)

where the last inequality is valid for all k£ provided that n is large enough, since ¢ is slowly
varying.
Now (5.59) and (5.61) give that

N Prer) o P(jeT)
E P,(o, = 1
- (o0 = 7) P, (0, €7) © P, (0, €7)
]<§bn

(562) S Zexp (_631 2’6&/2(17&)) 22]’6‘(170{) (10g 22]@‘(170&))2 < +OO7

which completes the proof. U
Proof of Lemma 5.2. Tt is enough to show that, for £(n) from (5.11) and n > 0,

[vN[0,n]|

1 1
563) lmP, | — log——— >9E,(1 ‘ — 0
(5.63) nboo lv N[0, n]] Zz:; °8 K (v; —vi—1) — < ©8 K*(V1)> nev
[vN[0,n]| 1
(564) nh—>Holo P,/ m Z g(Vz — 1/1'71) < §Ey(f<l/1>> ‘ necv| = O,

=1
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and, for k small enough,

(5.65) limsup sup P, <|V N[0,n]| < % qr

L—oo L>n>el

n€y>§77.

We first prove (5.63)-(5.64). We can apply Lemma A.1 to remove the conditioning by
n € v, at the cost of a constant c;g. This and the weak law of large numbers give

. lvN[0,n/2]| 1 1
650 P\ G L gy 2 % () | e
1 v [0,n/2]] 1 n—00
<ol | il L e 2 () | O

=1

A symmetric result with [0, n/2] replaced with [rn/2, n] holds, which in turns give (5.63). The
same proof gives (5.64).

For (5.65), we apply again Lemma A.1 to get rid of the conditioning, using that n > ¢L:

P,,(\z/ﬂ [0,n]| < %qﬂn € 1/) < P,,<|1/ﬂ [0,eL/2]] < %qﬂn € u)
< Py (Jv N [0,2L/2) < 7~ az )
£
(567) = CIGPV (VHqL/H* > §L>

If a* € (0,1), then q;, = L% ¢*(L)~!, and Lemma A.2 gives that there exist x and a constant
c34 such that for L large,

€ KqL ot cue™ kM
P, (szL/H* > §L> S ey (L) 9(L) = —p— < e
If a* > 1, then as in (2.8) and the discussion following, for h,, satistying h,/m*(h,) ~ n we
have v, /h, — 1 in probability, and for § > 0,

hsq, 5 5L 5L
m(hsy) T mr(L) © me(OL)’

so hsq, ~ OL. Hence the last probability in (5.67) approaches 0 as L — oo, whenever
k/H* <¢e/2.
In all cases, then, (5.65) follows from (5.67). O

6. VARIATIONS OF THE MODEL: PROOFS OF PROPOSITION 2.3 AND PROPOSITION 2.4

We start with the proof of Proposition 2.4, since we adapt it for the proof of Proposi-
tion 2.3, in which we need to control additionally |7|s, .



PINNING OF A RENEWAL ON A QUENCHED RENEWAL 41

6.1. Proof of Proposition 2.4(i). We fix 8 > ., and find a lower bound on Zj{,ﬁ =
E, [exp(8|T N o|y)] by restricting 7 to follow a particular strategy.

As in Section 3, we divide the system into blocks B; := {0, 0¢4-1)r41 — OG-1)L, - - -, Oir, —
oL}, with L to be specified. For by from (2.8), there exists vy > 0 such that P,(oy >
voby) < 1/4 for N large. Define the event of being good by

1 1
(6.1) G = {(01, ce0L) Zlog 275> 5.7:(@ and o < vobL} :
Since 3 > (., there exists Ly such that, for L > L
1 3
(6.2) P, (L log Z7 , > ]—“(ﬁ)) -
so that
1
(6.3) P,(GL) > 3

We now set Z =Z(0) = {i : B; € Gp} = {i1,i2,...}, the set of indices of the good blocks,
and set i9g = 0. There can be at most vgb; T-renewals per block, so restricting trajectories
to visit only blocks with index in Z, we get that for all m € N

(6.4) Zins > [ [Pr(m = 01y — 01y p)e” DH2,
k=1
with the convention that P, (m = 0) means 1. Then, letting m — oo, we get
1 1
(6.5) lim inf N log Z3 5 > oobr 5}—(5)[1 + MEU[log P (r=04-1n1)] Po—as.

Let us estimate the last term. Thanks to (1.5), we have that
logP, (11 = 03,—1)1) > —(2+ )1, 513 log o, — 1y,
provided L is large. Then, Lemma 3.2 applies: for L large, since P,(G) > 1/2 we have that

2 1 4
B, (10 logog 1)) < —— (log L +1 <2 oL
(14513 log o, —1yL)] =1 (Og + log J(GL)) = o8

Hence for some Lg, for L > LO,

1 /1 42+ )
il e 0> (= _ et
(6.6) hNHLIOIéf N log Z3; 4 e (QF(ﬂ)L =1 log L) .

Hence, provided that L is large enough, we have that F(B) > 0 for any 8 > 3., meaning
Be > Be.

6.2. Proof of Proposition 2.4(ii). Observe that the annealed systems for the original and
elastic polymers have the same critical point, by Remark 1.2. Therefore 2™ < 3,. When
a=0,a > 1, it then follows from Theorem 2.1 that 8, < f3,, so equality holds.

Hence it remains to prove 3. < B, assuming a > 0, by showing that pinning in the elastic
polymer (length-7y system) implies pinning in the original polymer (length-oy system.)

In the recurrent case, 5. = 0 so there is nothing to prove. So we assume transience, which
here implies «, & € (0,1). Let vy = N/« and 719 xy = {71,...,7n}. Define

XN,J' = XN7J<U) = ET ( Blotimo.m ‘GJ ]‘{UJETO N]}) ,
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and recall
Z]‘{,WB =E. [exp(ﬂh N a|TN)}
(67) = ZXN,j(U)PT (T[O,N} N {O'j+1,0'j+2, .. } = (b ‘ o; € T[O,N})-
j=1

Let F(f) = liminfy o + log Z§ 4 (which is a tail random variable of {o; — 0;_1,i > 1}, so
is nonrandom, up to a null set) and assume that F(3) > 0. We define the truncated sums

= ZXN,j(U)PT <7'[0,N] N{0j+1.0j42,...} =0 | 0 € 7'[0,N]>,

O’T [
(6~8) Nﬁo) ZXNJ

Then it is not hard to show that P,-a.s., for large N,
Z% 5 — Z35 ) < NP1y > o) < 1,

SO
_ 1 B B
(6.9) F(B) = hNHLiO%f N log ZX/’?;(UN 2 < hm mf N log ZN (”N b,
Below, we show the following

Lemma 6.1. For every B > ., there exists some N large enough, so that

. 1 o, T(mv
hmrnJQf - log ZmN(ﬁ ON) > —N}"(ﬁ)

It is essential here that the truncation in the partition function be at mwvy, not at the
much larger value v,,y, as we want the allowed length of trajectories to grow essentially only
linearly in m. But we need to know that with this length restriction, the log of the partition
function is still of order mN.

With this lemma in hand, we easily have that

m(vy+1)
UT(mv BloNT|o o,free
mNBON < Z [ lonT| Ji| < mUNvaN,,B‘

Then thanks to Remark 1.2 (and because = log(muy) — 0), we have

F(B) = lim log Z7ree

m—00 TMUN muN,B
> lim inf log Z7 T mon) > N F(B)
~ mo+oo MUy mN,B,0 12vy ’

which gives that F(3) > 0 for any 8 > f3, that is 8, < .. This concludes the proof of
Proposition 2.4(i).
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Proof of Lemma 6.1. Let U = (U;);>1 be an i.i.d. sequence of variables independent of o, and
let (G,)n>1 be the o-field generated by {0y, Uy, ..., 0, U,}. We will define below a stopping
time 77 = Ti(o,U) for the filtration (G,),>1 satisfying 77 < vy, and denote QNJ(O—) =
P (T) = j | o). The stopping time property means that QN,J- (0) depends only on oy, ..., 0;j.
Write o) for the shifted sequence (o — 0;,Uy), k > j. We then define iteratively the
stopping times (J;);>1 by
Ji = Jl(O'(Ji_l)).

For any fixed j; < -+ < j,, with |j; — ji—1| < vn (representing possible values of the J;),
we can decompose a product of X variables as follows:

H XN,jz‘*jifl (U(jiil)) = Z E [eﬁ\UﬁT[o,mNH H 1{722.:03'1-}] :
i=1 =1

0=Ag<l1<-<lp
[€i—£;—1|<N Vi<m

Hence, summing over all such j; < --- < j,,, we get the bound

m
o (ji—1) o, T (mon) m 70, T(muy)
E HXNJZ'_.%—1<0- ‘ ) < ZmN,B,O <N ZmN,,B,O :
0=jo<j1<+<jm<muyn i=1 0=Lo<l1 <<l
l7i—Jdi—1|<vn [€i—£;—1|<N Vi<m

which can be rewritten

o, T(mv -m e ~ . m XN i 0(ji—1)
Zyngo =N > v (e exp (D log =2 ! ))
=1

o (Ji-1)
0=jo<j1 < <jm i=1 Noji—jiy (0Ui=1))
|Ji—di—1|<vn

" Xy (o)
(610) — N_mEJ [exp (Z log AN7JZ Jz—l(a )) ’ O':| )
= Qngi-g (oY)

Here in a mild abuse of notation we write E;[- | o] for the expectation over U, and we will
write E, ; for the expectation over (o, U). Since J; is a stopping time, the summands on the
right side of (6.10) are i.i.d. functions of (o, U). By (6.10) and Jensen’s inequality, we have

_ e Xy gy (ai=1)
o',T muv ]\/v,JZ Ji—
(6.11) lomeNE@ON) > —mlogN—i—ZEJ[log - L 0 ’ 0]
i=1 iji_Ji—l(O- ¢ 1)
Since Xy j,(0) > P, (1 = 0,) and J; < vy, we have for some ¢;

X
(6.12) log QLl(Z) > logP. (1 =0y,) > —cs6log oy,
N,y

and hence, writing x_ for the negative part of x and using (3.25),

o Xy, (0)
(l 8 () ) )

It then follows from (6.10) that

(6.13) E,,

)

< 3B, [log 0y ] < e37vn < o00.

L. X
610 tmin log ZZ5) > B [log S0

m—oo 1M

—log N, P,;—as.
N, \O
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We will show that there is a choice of N,.J;, and Q. , (¢) satisfying

Xn., (o) 1 - -
(6.15) Eo,y | log m] > SF(BN,  logN < SF(B)N.

The lemma will then follow from (6.14) and (6.15).
Fix K to be specified and define

From (6.9), we then have
(6.16) P,(Ry =vy) =P, (Z;;”jg(gN D < | NFG >/2> 5 0as N = oo,
We define the marking probabilities

QNJ = QN,j(U) =1—exp <—XN’]. e—Nf(ﬁ)ﬂ) :

which only depends on oy, ..., 0}, and
) [Hi (1= Qua) X Quy it 1< j < Ry(o),
Qnj(0) = { TN (L = Q) if j = Ru,
0 if 7 > Ry,

so that » 7Y, Qnj(c) = 1. Then set
Jl = mln{j Z 1: Uj S QN,j} VAN RN.
We may view this as follows: for each j < Ry we mark o; with probability @)y ;, indepen-

dently, and we mark og, with probability 1; o, is the first o; to be marked. As a result
we have P;(J;1 = j | 0) = Qn (o), and J; < vy. Note that this weights J; toward values
j for which Xy ; is large, which, heuristically, occurs when o; follows a favorable stretch of
the disorder o.
We now consider (6.15), and write
Rny—1

; A X
(6.17) EJ[log - ] Z QNJlog 0 L+ Qn.ry log NFw
QNJ QN1 N.Ry

For the sum in (6.17), using 1 — e™* < z we get Xy, > eNFB2Qy ;> NFO2Qy . for
all 7 < Ry, and therefore
Ry—1 ]

Z QN]IOgQ - > 2PJ(J1 < Ry | o) F(B)N.
N,Jy

For the last term in (6.17), from (6.12) we have
log Xn gy > logP(11 = ory) > —cslog oy,

and therefore

. Xyn .
QN ry log — > —c36 QN .ry lOg oy, -

N,Rn
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Combining these bounds and averaging over o, we get from (6.17) that

X 1 _
(6.18) E(,,J[log AN’JI] > EPU,J(JI < Ry) F(B)N — 36 Eo g [Ps(J1 = Ry | 0) log o,y | -
N,J1

For the first term on the right side of (6.18), when Ry (o) < vy we have from the definition
of RN that

RN _ RN
(6.19) Py(i <Ry |o)=1—[J(1 = Qni) =1—exp ( — e TONEN " Xng) 21— X
k=1 j=1

We therefore get using (6.16) that

(620) PJ7J(J1 < RN) > PU(RN < UN)(l — G_K) >

Y

GV )

provided that K and then N are chosen large enough.
For the last term in (6.18), we have from (6.19) and (6.13) that

(6.21) EG—7J|:1{RN<UN}PJ<J1 = Ry | 0)log O'UN] < e_KEg[log Ouy] < csse K loguy.

In addition, it is routine that there exists a constant csg such that

2
<1ogan) ] < cy9 foralln > 2.

Hence using (6.16) and the Cauchy-Schwarz inequality

Eo [1{ry—u) 10800y ] < (logun)P,(Ry = vx)/2E,

2
log oy,
( log vy ) ]

Combining (6.21) and (6.22) we get that if we take K and then N is large enough,

(6.22) =o(logvy) as N — oo.

1 -
(623) C36EO-7J [PJ(J]_ = RN | U) 10g UUN] < 2C?)()'C38€_K logUN < E‘F(B)N

Plugging (6.20) and (6.23) into (6.18), we finally get (6.15).
0

6.3. Proof of Proposition 2.3. As noted in Section 2.2, we only need prove that BC < B,
so let us fix 8 > B, and show that F(8) > 0. We write ZJ"V’;(H) for E,[e®I"7lon 1], for an
event H. (Note this partition function may involve trajectories not tied down, that is, with
on ¢ 7.) A first observation is that for fixed ¢ > 1,

(6.24) 108 2810 > Z35(tn < oy)  min - Po(r, = k).

dngkSO'N+q

By (1.7), if we fix g large enough and then take N large, the minimum here is achieved by
k> on/2, s0 by (A.3), it is at least 1qP, (11 = onyg) > O';[(f;_a). Using (3.25) we therefore
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get for large N
E, log ZAj'\,+q76 > E, log ZK,”J/;(TN <on)— (24 a)E[logonim]
2(2+ )

(6.25) > E, log Z3/,(tn < o) — ~

log N .
Since ZX]”{;(TN <oyn)> Aj{,’ﬂ, (6.25) proves that

1. 4 1
F(B) = lim 8 2%y = lim —E, log Z3(tv <on) P, —as,

N—o0
and we therefore work with ZX,”J;(TN < oy) instead of Zj‘v 5

We continue notations from Section 6.1: we take vy such that P, (o, > vob,) < 1/4, use
Gy, from (6.1), take L > Lg large so that (6.3) holds, and consider the set of good blocks
Z ={i: B; € Gr}. The idea of the proof is similar to that of Proposition 2.4, but in
addition, we need to control the size of 7, on good blocks.

Case 1: E,[o)] = +oo. Here b, = 1h(n)n'/, see (2.9). We need the following technical
lemma, whose proof is postponed to Section 6.4.

Lemma 6.2. Assume (1.5) and (1.7) with a@ # 0. If E[oy] = +o0, then, uniformly for
x>1/10

1
lim —E,[14,,5d,n) 108 P (7, < 04,)] = 0.

n—oo 1

We consider m blocks of length L, so N = mL, and define the events
E,={o:|IN[1, %m]| > im}, Ey:={0:0mr — 0rmrss > d-mL},

satisfying P,(E;) — 1 asm — oo, by (6.3). Using that log an’iﬁ(TmL < opr) > 1og P (1 <
OmL), We get

(6.26)

EO’ [log Zg{{,ﬁ<TmL S O'mL)} 2 Ecr [1E10E2 IOg an{ﬁ(TmL S O-mL)} + Ea[log PT<T7TLL S UmL)] .

According to Lemma 6.2, and because of (1.7), we have

1
lim —LEU[log P (Tmr < omp)] =0,

m—oo M,
so we consider the first term on the right in (6.26).

On the event Fy N Es, as in the proof of Proposition 2.4 we restrict to 7 visiting only
good blocks B;, including visits to the endpoints o(;_1)r,0:r. Since (by definition of G,)
on each good block B; there are at most vgb; T-renewals, up to 7,, such 7 visit at least
U := |m/(vobr)]| good blocks. We also choose L large so that £,, < £m: on the event B,
it ensures that i, < 7m/8.

We denote ky < mL the index such that 7, = 0y, r: since Tpp — Tk, < Tz, We have on
E, restricting to 7 visiting the first ¢, good blocks,

log Z3 (v < o)

L

1
> Zlog Pr(ﬁ = O(i—1)L — Uz‘k,lL) + {0 §f(ﬁ)L + log PT(TmL S UigmL)-
k=1
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On the event £y N Ey we have 0,1 — 03, 1 > Omr — Ormrys = dr-mL, so we then get

E, [1EmE2 log ZE,JCB(TN < UN)}
L,

> Z E, [log P.(n = O(ipy—1)L — Uz‘HL)]
k=1

1 E
* §€m]:(/8)LPa(E1 N 2) + EO’ [1E2 1Og PT(TmL S OmL — O-igmL)]
(6.27)

1
> b, (Z]:(B)L + E,logP. (1 = U(il—l)L)) + E, [1{0mL/82d7mL} log P (Tmr < O-mL/S)} ;

where we used that for L large enough, P,(F; N Ey) > 1/2. Therefore dividing by mL and
letting m — oo gives

1
_EO' [log PT(T]. = O—(ilfl)L)] s

(6.28) LF(B) > b

- 4?)0bL
where we used Lemma 6.2 to get that

F(B)L +

) 1
lim —LEU [l{gmL/gszmL} IOg PT(TmL < O-mL/S)} = 0.

m—oo M,

Then we finish as in the proof of Proposition 2.4: there exists some Lg such that, for L > L,
one has as in (6.6)
42+ )

o 1 /1
(6.:29) LF(B) 2 - (JLF0) —— -

and then taking L sufficiently large shows F(3) > 0.
Case 2. We now deal with the case when p, := E,[01] < 400 and E,[r1] < E,[04]. Here
b, = pon, see (2.8). Let us fix m € N large, and consider a system consisting in m blocks of

length L. Decomposing according to whether the first block is good or not we have, recalling
Gy, from (6.1),

log L) ,

Ea [lOg Z:—:{{,ﬁ(TmL < UmL)] > Ecr [1{81€GL}1{0'WL—0'L2(177’TLL} IOg Zg—Zi,ﬁ(TmL < UmL)]
(6.30) + E,[logP, (Tir < omr)]-

Recalling the indicator 1(,, ¢,y in the definition of Z7 g, if 7, = o, for some ko, then the
relation 7,1, — Tk, < Tz guarantees that

(631) Zg{{/,g(TmL S UmL) Z Zz,ﬁ X PT(TmL S OmL — O'L).

Provided m exceeds some mg we have d,m/(m—1) < E[r] < p,, and therefore for sufficiently
large L we have P, (0(m-1)r > d;mL) > 1/2. Since B; is independent of all other blocks and
P,(GL) > 1/2, it then follows from (6.31) that for o € Gy,

(632) Eo’ [1{B1€GL}1{amL—aL2d7—mL} 10{-’; ZZ’{{,Q(TmL < O-mL)}
1

1
> 5}_(5)[1 + §E0[1{a(m_1)Lqu—mL} log P (Tir, < 0(m-1)1)] -

It remains only to control Eg[l{g(m_l)deTmL} log P (Timr, < 0(m-1)z)]- To that end we have
the following lemma which we prove in Section 6.4.
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Lemma 6.3. If E[r1] < E[o1] < +o0, then, for any € > 0, for sufficiently large m we have

1
lim _Ea[l{a >dr-mL} log PT(TTTLL < O(m—l)L)] > —€
00 L (m—1)L =0T ?
(6.33) b=

1
and  lim —E,[logP (T < o)) > —¢.
L—oo L,

We choose ¢ = %}"(5), and fix m; > mq such that one can apply Lemma 6.3. Then, we
take L large enough such that %Ea[l{a(ml,l)deTmL} 10g P (T, < Ogmi-1y1)] = —55F(B)
and also $E,0g P (T, < 0y1)] = —55F(8). Combining this with (6.30) and (6.32), we
obtain for sufficiently large L

. 1
(6.34) E,[log Zm’{L’B(TmlL < Opyr)] > T

To conclude the proof of Proposition 2.3, we use that (log Z]‘{,ﬂ) Nen 1s an ergodic super-

F(B)L.

additive sequence, so that F(8) > supyey +E,[log Zj{,ﬂ]. In view of (6.25), we therefore
have that, if L is large enough, for ¢ as specified after (6.24),

- 3(2 + «) log(my L)
6.35 > —— K, [log 277, (tmir < omir)] — = .
(6.35) F(8) = miL +q [log mizp(Tmt < 0 i2) a miL+q
Then we can use (6.34) to obtain, by taking L large enough,
. 1 1 1
6.36 F(B)> —— —=F(B)L > F(B)>0.
(6.36) ()2 i 36 F O 2 o F(0)

6.4. Proof of Lemmas 6.2-6.3.

Proof of Lemma 6.2. We have the following crude bound: there exists a constant ¢4y > 0
such that, for every k > d,n,

(637) PT(Tn S ]{3) Z PT(IHSI?S);{TZ — Ti—l} S k/n) = <1 — PT(Tl > %)) Z 6*040P-r(71>%)n,

where the last inequality follows from the fact that P, (71 > %) is bounded away from 1, for
all £k > dn.
Since E,[o1] = 400, we may choose a sequence «,, with «,/n — 400, and uniformly in

n—oo

x>1/10, Py(opm < ay,) — 0. We get

1
0 2 _Eo [l{azn>d7n} log PT(Tn S an)]
n >

1 1
2 _PU(an > Oén) log PT(Tn S O‘n) + _PU(U:ML S an) 108; PT(Tl = dT)n
n n
(6.38) > —cy P(r > an/n) + Py(ow, < ) log P (1 = d)),
where we used (6.37) in the second inequality. Letting n — oo, we see that the limit is 0
thanks to our choice of «,,. ]

Proof of Lemma 6.3. From the standard large deviation principle for i.i.d. sums, we can
define the rate function

_ 1
(6.39) Jo(t) := J(r — t) = lim —ﬁlog P, (7, < pn —tn),
n—oo

with X := p, — 7, and J, is defined after (3.1). We define J, analogously.
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It is standard that, since E[X] = 0, we have J.(¢) = o(t) as t \, 0. Therefore for fixed
e > 0, for large m we have J,(2u,/m) < e/m. We also have, using that u, < p,, that for
any m > 2

P, (o(m,l)L <(m— 2)[447) —0 as L — oo.

Hence, observing that (m — 2)u, > d,m provided that m has been fixed large enough, we
can get

EO’ [1{J<m_1)L2d7mL} log PT<TmL S O-(m—l)L)]

> log PT (TmL < (m - 2>L:U’T) + Pa (U(m—l)L < (m - Q)LMT) X mlL 1Og PT(TI = dT) :

Hence we obtain, using (6.39)

| _ 2,
(6.40) lim inf ZEU[l{U(m—l)LZmL} log P (Tir, < 0(m-1)1)] = —m J-( a

n—oo m

) > —¢

?

which gives the first line in (6.33).
Similarly, decomposing according to whether o,,;, < (m —2)Lu, or not, we have the lower
bound
EO’ [108; PT (TmL S UmL)}
> 1Og PT (TmL < (m - Q)LMT) + PO’ (UmL < (m - Q)LMT) x mL 10g PT(TI = d’?’) )

which in turn also gives that liminf,_, . %Ea[log P (Tmr < 0mp)] > —¢. O

APPENDIX A. TECHNICAL RESULTS ON RENEWAL PROCESSES
A.1. Some estimates on renewal processes. First of all, we state a result that we use

throughout the paper, which is Lemma A.2 in [23] (that was slightly generalized in [2] to
cover the case a = 0).

Lemma A.l. Assume that P(r; = k) = o(k)k=F%) for some a > 0 and some slowly
varying function p(-). Then, there ezists a constant Cy > 0 such that, for all sufficiently
large n, for any non-negative function f,(7) depending only on 7 N{0,...,n}, we have

E[fu(7) | 2n € 7] < CoE[fn(7)].

In the rest of this section, we consider a renewal 7 satisfying (1.5) with € (0,1). Similar
results exist for & = 0 (see [3]) and for a > 1 (see Appendix A in [5]), but we do not need
them here.

As noted in Section 2.4, for a,, as in (2.9), 7,,/a, converges to an a-stable distribution with
some density h, which is bounded and satisfies

(A.1) h(z) ~ Cra~ 1 asz — 00, h(x) < Cor™ 1 forallz>0.

Further, by the local limit theorem for such convergence, see [24, §50|, and the fact that
ai ~ keo(ay), for any given 0 < § < K < oo we have as k — oo

1 m o,  — « - o
(A.2) Pr(7e =m) ~ —h (i) < Chagm™ 1) < 205km= 1+ p(m)

uniformly over m € [fay, Kay).
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Moreover, Doney [17, Thm. A] gives that, uniformly in m > a,
(A.3) P.(o=m)=(1401)kP.(ry =m) ask — 0.

Together with (A.2) and Lemma A.3 below, which deals with the case m < ay, we thereby
obtain the following uniform bound.

Lemma A.2. Assume o € (0,1). There exists a constant cuo > 0 such that, for k large
enough and all m >k,

P (1, =m) < cun kP (1 =m),
and
P (1, >m) <cpkP.(ri >m).

For the lower tail we have the following.

Lemma A.3. Assume o € (0,1). There exist a constant cu3 such that, for all e < 1/2 and
n>1

(A.4) P.(r, <e€a,) <exp (—043 67%ﬁ> :
In particular, for any v € (0,1), for alln > 1,
P, (1, < n=7/%) < exp (—044 nﬁ> :

Note that this lemma implies that the density h also satisfies
(A.5) h(z) < exp < — C45 xiﬁ> :
for some constant cy5 > 0 and sufficiently small x.
Proof of Lemma A.3. Let A(t) = logE, [e'™], so that for all ¢ > 0,
(A.6) P (7, <eay,) <exp(eant + A(—t)n).
By (1.5) and standard properties of the Laplace transform, there is a constant ¢, such that
(A.7) A(=t) ~ —cat®p (1) ast\,0.

t

We have A(—t) < —d,t for all t € (0, +00), and A(—t) ~ —d,t as t — +oo, for d, from (1.6).
In the rest of the proof, we assume ea,, > d,n, since otherwise the probability is 0.
We can approximately optimize (A.6) by taking ¢ = t,, = t,,(¢) given by
A(—t, —2¢a,
(A.8) (=tn) _ Z2¢an

tn n

Such a solution exists since t*A(—t) — —oc as t — 0, t 'A(—t) — —d, as t — oo, and
2¢a, /n > 2d.. We therefore end up with

(A.9) P.(1, < e€a,) <exp(—eayt,),

so we need a lower bound on a,t,.
Let cy5 be given by ¢z A(—cy5) = —2d,; then t,, € (0, cys), since ea, > d,yn. Letting cyg
large enough so that ¢(x) > 0 for all x > ¢y6/cy45, we then have that ¢(cye/t,) > 0. Let
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A= (1—-a/4)/(1—a). By (2.8), since a, — oo and ea,, > d,n, there exists ng such that for
n 2 No,

Al dealp(ay) > > 2. and oolts > | -
(A.10) €, plan) 2 == 22, and SIS 2 < ) |

Qp

which together show that e*a,, > d,. Therefore there exists ¢,7 such that

which with (A.7), (A.8), and the first inequality in (A.10) shows that for some ¢y,

l—a
e et > () ().

We emphasize that the constants ¢; and ny do not depend on €. It follows that ea,, > cag [tn,
or equivalently ea,t, > cye~ AV, which with (A.9) completes the proof for n > ny.
We finish by observing that for ¢ = max,,<,, a,, for all n < ny and € < 1/2 we have

PT(Tn S Ean) S PT(Tl S Q> < 17

and P (7, <ea,) =0if € < 1/q. Therefore after reducing c,3 if necessary, (A.4) also holds
for n < ng. O

A.2. Proof of Lemma 4.1. Since a +a < 1, we have 0 < o < 1 and 0 < a < 1. From
(1.16),

asin(ra) -1 if o € (0.1
(A11)  Po(ker) "2 go(k) k-0, with go(z) = { % p(z)™ o e(0,1),
P(r1>z)? ifa=0.

We now fix 0 < § < K < oo and § > 0, and split P, (0, € 7) into three sums:

P, (0, €7) =) Po(o,=kP-(keT)
k=n

< P,(o, € (e79 V00, e 700, P.(k e
= .Z (on € (e e0bal) o (ker)
0<j<log(6bn)
(A.12) + Y Pylo.=kP.(keT) + Pu(o, > Kb,) max Pr(k € 7).
0by, <k< Kby,

Let us first focus on the second sum, which gives the main contribution (and is also a
lower bound). Using (A.2) and (A.11), it is asymptotic to
(A.13)

~(1-a) Lo (BN (R s IR R
b S n () (5 L) b0 [ ) d

0bn <k<Kbn
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If 6 is sufficiently small (depending on §), then ¢(e?/6) > (e /0)~/?(1=%)  and thanks to
Lemma A.3 and (A.11), the first sum on the right in (A.12) can be bounded by

N = ob,\ " /b, s
(A.14) ¢50 Z exp (—651 <§) ( >> y (G_J) %o (6_3> < 5b- 0=y (by,) .
0<j<log(8by,)
If K is sufficiently large (depending on 0), then thanks to (A.11), the third sum on the
right in (A.12) is bounded by
es2 (Kba) ™" g0 (bn) < 86,1 g0 (bn).

By (A.1), the integral in (A.13) remains bounded as K — oo (using that o+ a < 1), and
it also remains bounded as § — 0 thanks to (A.5). Because 0 is arbitrary and the second
sum (A.13) is also a lower bound for P, (o, € 7), it follows that

“+00
(A.15) P, (0, €1) "7 (/ 2= p(z) d:v) x b= (by).

0

We therefore conclude, thanks to (2.7), that
1 .
K*(n) = — P, (0, € 7) = o*(n)n~(1+")
(1) = g Per(o €7) = £ (ol
for a* = (1 — o — @)/ and for some slowly varying ¢*, given asymptotically via (A.15):
n—oo ~ — — o . 1 Foo — —
*(n) "~ ¢ b,) =/ %0 (b)) with ¢ :—/ 2~ n(2) dz.
¢*(n) 53 () ©o(bn) 53 E,.[[rnol] J, ()
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