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SPECTRAL ASYMPTOTICS FOR THE SCHRODINGER
OPERATOR ON THE LINE WITH SPREADING AND
OSCILLATING POTENTIALS

V. DUCHENE AND N. RAYMOND

ABSTRACT. This study is devoted to the asymptotic spectral analysis of multiscale
Schrédinger operators with oscillating and decaying electric potentials. Different
regimes, related to scaling considerations, are distinguished. By means of a normal
form filtrating the oscillations, a reduction to a non-oscillating effective Hamilton-
ian is performed.

1. THE PROBLEM

1.1. Context and motivation. In this work, we study the asymptotic behavior
(as € — 0) of the low-lying spectrum of the following multiscale Schrédinger operator
on the line:

(1.1) L.g=¢"D?+gq (x, E) ,
€

where ¢(x,y) is localised in the first variable, and 1-periodic and zero-mean in the
second variable. In other words, we are interested in the non-zero solutions of the
following eigenvalue equation:

(1'2) ‘6675906,5()() = Aﬁ,ﬂgpaﬁ(x) s Pe,8 € L2(R> :

In addition to its intrinsic mathematical interest, the spectral investigation of (1.1)
can be motivated by two reasons:

- this is a toy problem for the propagation of waves in a material with high contrast
microstructure (see for instance [1]),

- it can also be related to the famous Anderson localization phenomenon (see for
instance [I1]). In the present context, we will see a discrete spectral structure
emerging from the strong oscillations of the electric potential. Here, in some sense,
the oscillations play the role of randomness.

Of course, in the case of the trivial potential ¢ = 0, the spectrum is purely essential,
and no eigenfunction with finite energy is allowed. Adding a sufficiently localized po-
tential ¢ (x, ¥) does not perturb the essential spectrum [21], so that spee(Lc 5) = RY.
However, as we shall see, the presence of the highly oscillatory potential generates
negative eigenvalues. Our aim is to describe the asymptotic behavior of these eigen-
values through non-oscillatory, effective operators of the form:

L :=€¢"D; +V(x) on L*(R),

where V' is given in terms of ¢ and does not depend on €, and v = () € R.

The eigenvalue asymptotics may be very different, depending on the value of the
parameter 3, as one can see by looking at the following two cases which have been
treated in the literature.
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i. The case = 0 corresponds to the classical case of homogenization. Although
standard homogenization arguments yield an effective potential

Verr () =/ q(x,y)dy =0,
Sl

a more precise study [4], 9] shows that the low-lying spectrum is driven by a non-
trivial effective potential Vig(x) = €2V (x) < 0. Consistently, there exists a nega-

tive eigenvalue, A¢o ~ —64%1( fR V)Q. This eigenvalue is unique for e sufficiently

small, and the corresponding eigenfunction behaves like . g ~ exp(—+/—Acol*|)-

ii. The case § = 2 has been studied in [§], and corresponds to a semiclassical
scaling. In particular, Dimassi shows that the number of negative eigenvalues
grows as € — 0 and satisfies a Weyl type asymptotics. Although the method
therein relies on the use of an effective Hamiltonian, it is not clear how to relate
this effective Hamiltonian to an effective potential, even in our one-dimensional
setting.

1.2. Results. Here we aim at studying the case g € (0,2) in a unified manner. We
g

find it convenient to first rescale our problem: let a = 75 €= €' =82 and (abusing

notations) ¢. o = . 5(€*2x), A.o(x) = A 5. Then the eigenproblem (1.2)) reads

(1.3)  Leaealx) = (DI +q(e%,1/2)) pea(®) = Aapealz), ¢en € L*(R).
From now on, we shall only focus on the eigenproblem (|1.3) rather than (1.2)).

1.2.1. An effective Hamiltonian to describe the low-lying spectrum. Let us describe
how the effective potential may be extracted from the knowledge of ¢q. Consistently
with homogenization techniques, we introduce the auxiliary cell operator

My, = 5_2D§ +q(X,y) on L*SY),

where X € R is a fixed parameter. For ¢ sufficiently small, we can (and will) prove
that there exists a unique negative eigenvalue, p.(X) ~ e2V(X) where
e—

(1.9 Ve = - [ 0.0,
S
and Wy(X,-) is the unique zero-mean solution to
D2Wo(X,y) = —q(X,y).

We then show that €2V (e*) acts as an effective potential, in the sense that the
asymptotic behavior of the low-lying spectrum of our original operator, L. ,, may
be described through the one of the non-oscillatory effective operator:

(1.5) L =Dl +£V(e"z) on L*(R).

In the whole paper, we work under the following assumption.

Assumption 1.1. ¢ € W4°(R; L=(S')), ()V' € L*®(R) and V(X ) — 0 as | X| — oo.
Notation 1.2. Thereafter, we denote

allye.co @ sty = lefg}gz}||3é<q\\m(mu :
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Notation 1.3. Denote \,., be the n'' (necessarily simple) eigenvalue of L.,
counted increasingly, and \,., = 0 afterwards. Define similarly A\  through

n,e,q
; eff
the eigenvalues of L.

We can now state one of our main results.

Theorem 1.4. Assume a > —1. There exist ¢9,C > 0, depending only on «,

||qHW4m(RX§1) and H<->V’||LOO, such that for all e € (0,e9) and for alln € N, one has

|)\n,6,o¢ . /\eff | < Ogmln{4,2+20<} )

n,e,x

Remark 1.5. The benefit of the estimate of Theorem is that the asymptotic
behavior of AT | for V' sufficiently localized, depending on the value of «, is well
understood. There are three different regimes at stake:

a > 1 The low-lying spectrum of is dictated by a semiclassical limit. There
is a growing number of simple negative eigenvalues accumulating below the
edge of the essential spectrum, as ¢ — 0;

a < 1 The low-lying spectrum of is dictated by a weak coupling limit. Since
the effective potential has negative mass, there exists for ¢ sufficiently small
a unique negative eigenvalue, at a distance O(e72%) of the origin;

a =1 In this regime, the effective problem is self-similar, and there exists a (non-
zero) finite number of eigenvalues below the essential spectrum.

Notice oo = 0 (respectively a = +00) corresponds to § = 0 and (respectively 5 = 2),

already described, and the eigenvalue asymptotics are, of course, consistent.

1.2.2. About the approximation of the eigenfunctions. Theorem [1.4] shows that the
asymptotic behavior of A, . , follows the one of )\ffs,a provided that the spectral gap is
asymptotically smaller than e™n{#¥2@3+e} - Thig generically occurs for a € (1,3). In
that case, the effective potential also allows to describe asymptotically the behavior
of the corresponding eigenfunctions as we shall see in the following propositions.

Proposition 1.6 (Semiclassical regime). Assume « € (1,3). We also assume that
X — V(X) has a unique minimum at X = 0 and that it is non-degenerate. Let
N € N. Then there exists €y > 0, such that if € € (0,e0), then L., has at least N
negative eigenvalues, Mz < -+ < ANca, Satisfying

V// (O)
2

Up to changing its sign, the corresponding n™ L*-normalized eigenfunction, ¥, ¢ o,
satisfies

/\n,s,a = 52‘/(0) + gl+a(2n — 1) + O(gmin{4,2a}) )

fF —a
quzjn,a,oa - SOZ,,S,OC }L2(]R) = 0(53 ) s
where o is the n'" L2 -normalized eigenfunction of the effective operator ([1.5)).

n,€,Q

Moreover, we have the approximation

1+« 1+«

ngeff (x) —e* Hy(e 2z x

n,€,0

=0("7),
where H, is the n-th rescaled Hermite function satisfying

V”(O)
2

M2y

V(0
—H! + #;ﬁHn =(2n—1) H,.

If it exists, any other negative eigenvalue satisfies 5\5@ > &2V (0)+eT(2N) %V”(O).
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Proposition 1.7 (Weak coupling regime). Let o € (%, 1) and assume that V is not
almost everywhere zero and satisfies (1 + |- )V € L'(R). Then there exists £g > 0
such that for any € € (0,eq), L. has one negative eigenvalue, . o, satisfying

1 2 .
/\E,Oc — _154—204 (/ V) + O(Emln{2+2a,6—4a}) ’
R
with L*-normalized corresponding eigenfunction satisfying
[ea(@) = G0 (0)]| o = O,

where ¢ is the unique L*-normalized eigenfunction of the effective operator (1.5)).

€,a
Moreover, we have the approximation

off é\2—04 % 62—04
PralT) — VI exp (|z] V)
2 Jr 2 Jr

If it exists, any other negative eigenvalue satisfies 5\5704 =0(e

= 0(8%(1’a)) :
L2(R)

2+2a) )

Proposition 1.8 (Critical regime). Let o = 1 and assume that V is not almost
everywhere zero and satisfies (14 |- )V € LYR). Forn =1,...,N, denote A,y
the n'™ negative eigenvalue of D2 + V', and ¢, v its corresponding L*-normalized
eigenfunction. Then there exists €9 > 0 such that for any € € (0,&9), Lo has at
least N negative eigenvalue, A, ., satisfying

)\n,s - 52/\71,\/ + 0(54) ;
with L*-normalized corresponding eigenfunction satisfying
[¥ne(2) = 2 pny (€2)|| 1ogmy = OE?).
If it exists, any other negative eigenvalue satisfies Ae = O(eh).

1.2.3. Numerical illustration. In Figures [2 B and [4] below, we plot eigenfunctions
of L., in the three different regimes, and compare them with the approximations

involved in our results, i.e. the eigenfunction of the effective operator, £ = and
. . . . app 1ta 1ta \ . . .
its asymptotic approximation —namely @2PP :=¢c"1 H,(e 2 -) in the semiclassical

E27oc

1 —x . . .
regime, and %P := (5= [L [V[)2 exp (] - ]% Jz V) in the weak coupling regime).
The numerical scheme used for computing the eigenfunctions is described in Ap-
pendix [A] We defined the oscillatory potential by

(X, y) = 4cos(2my) x exp(—X?/8),
(see Figure[l), so that

Uy (X,y) = —% cos(2my) x exp(—X?/8), V(X) = —% exp(—X?/4).

The value of the parameters are ¢ = 1/5, and a = 2 (semiclassical regime), v = 1/2
(weak coupling regime) and aw = 1 (critical regime).

A striking observation on these numerical experiments is that, as suggested in
Propositions [I.6] and [I.8, the main source of imprecision arises when approxi-
mating the eigenfunction of the effective problem, ¢*" with its semiclassical or weak
coupling asymptotics, ©?PP. Notice however that, in our results, the estimates be-
tween the exact and effective eigenfunctions is still much less precise than the eigen-
value approximation, due to the smallness of the spectral gap. As a matter of fact,
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(a) Semiclassical regime, « =2, and e =1/5  (b) Weak coupling regime, « =1/2, and e = 1/5

FIGURE 1. Large and small-scale behavior of the oscillatory potential, ¢(¢%:,-/¢).

0.155—

T T T
- exact
~ — — —effective
= — — approximate

0.15

0.05-

0.145

-0.051 0.14F

—01}F

L L L L L L L L L 0.135 L L L L L L L L L
-250 -200 -150 -100 -50 0 50 100 150 200 250 0 1 2 3 4 5 6 7 8 9 10
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function, ¢, ,, and its approximation, ¢7;

FIGURE 2. Semiclassical regime, a = 2.

the crudeness of the former estimates hides a finer structure for the eigenfunctions,
suggested by our proof: we show that

Yea(r) & 6:(1) X L, (/ (2 dx) , de(2) = L4 ey (e"n, 2 /e).

Notice the above shows three different scales, as the scaling involved in goeff is dif-
ferent form the ones involved by ¢., unless a = 1. In particular, oscillations are
localized on a smaller region than the one defined by the eigenfunction in the weak
coupling regime, in contrast with the semiclassical regime. Although the precision
of our results is insufficient to demonstrate this three-scale structure, the latter is
fully supported by our numerical simulations. Indeed, had we plotted

Pela(®) = (14 *Wo(ew, 2/e)) x &, (),

in Figures [2] Bland [4] then its graph would have been superimposed with the one of
the exact eigenfunction.



6 V. DUCHENE AND N. RAYMOND

T T
N exact
0.175F . — — —effective

— - — approximate

0141 0.165

012 0.16
0.1 0.155
0.08 015
0.06 - 0.145
0.041- 0141

0.02 0135

0 L L L L L 0.13
-250 -200 -150 -100 -50 0 50 100 150 200 250 0

(a) Normalized eigenfunction, . o (b) Close-up and comparison with effective eigen-

function, <p6ff and its approximation, @2?5

€,

FIGURE 3. Weak coupling regime, v = 1/2.
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(a) First normalized eigenfunction, ¢ ¢ (b) Close-up and comparison with effective eigen-
function, ¢§. = ey v (e1/21)

FiGURE 4. Critical regime, o = 1.

1.3. Related results and analogies in the literature. Let us now briefly discuss
the relation of our results with the existing literature.

1.3.1. Homogenization. The problem of describing the large scale behavior of partial
differential equations with periodically oscillating coefficients on a small scale is
often tackled by the so-called homogenization process. Our approach is closely
related, as can be seen in particular from the use of an auxiliary “cell” problem for
describing the effective behavior. Notice however that our problem involves three
scales whereas standard works based on homogenization techniques typically involve
only two scales, as in the case « = 0 or aw = 1. This transpires for instance in [2, 3] [1]
where, in order to deal with large potentials, the authors introduce a factorization
principle which is similar to our normal form transformation (see below), although
without the change of variable. We would also like to mention the recent works
[18, [6, 19], where similar multiscale problem as ours are studied.
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1.3.2. Born-Oppenheimer reduction. The derivation of the effective operator ngg

from the initial operator L., is reminiscent of the famous Born-Oppenheimer ap-
proximation. This method of dimensional reduction, that is a quantum averaging
strategy, was initially introduced in [5] (see also [15] in relation with molecular
physics) and has been developed in many different contexts (see for instance the
review [13]), and in particular to derive spectral asymptotic results (see [16] 20]).
Let us explain the analogy. Consider the two-dimensional operator

D2 4+ D2 +q(e%x1, e as),

acting on L*(R x S') with ¢ satisfying the same assumptions as above. This operator
is formally obtained by introducing a fictitious variable x5 and duplicating the second
derivative. Using the rescaling y = e 'z, we are reduced to the unitarily equivalent
operator:
D2 +¢e D2+ q(e"x1,y) .

This operator is in the Born-Oppenheimer form: it is partially semiclassical with
respect to the variable ; and M oy, . = 5_2D§ +q(e*x1,y) can be interpreted as an
operator-valued potential. It can be proved in a rather general framework (see for

instance [I7] in the context of pseudo-differential operators) that, generically, the
low-lying spectrum is well described by the one of the reduced operator

Dil + pe(e%xy) .

Though the context is different, this general strategy will serve as a rough guideline
for our study. However, note that we will have to overcome the fact that the variables
x1 and x5 are not independent.

1.4. Strategy and outline. Let us describe the key elements of the proof of our
results. The main idea is a normal form transformation. We show that the con-
tributions of the oscillatory potential ¢(e®z,x/e) may be factorized thanks to a
two-scale function ®.(e%z,x /), where ®. is constructed as a quasimode for the
two-dimensional operator

5_2D§ +q(X,y) — 2e*710x 0, — 2 0% .

The first step of the construction of ®. consists in studying the groundstate of
the cell operator Mx . := e >D} + q(X,y), where X is now a parameter, and the
effective potential arises as the leading order of the lowest eigenvalue, p.. The
construction and asymptotic behavior of ®. are detailed in Section 2] The normal
form of the operator is made explicit and compared with the effective operator, ng&,
in Section 2.2

In Section [3, we apply the normal form transformation so as to compare the
Rayleigh quotients associated with L., and the ones associated with £§f; Theo-
rem quickly follows from the min-max principle. We then deduce the asymptotic
behavior of the eigenvalues in the three aforementioned regimes.

In Section [ we use again the normal form of our operator to construct quasi-
modes. We detail in Section (respectively Section and Section the semi-
classical regime, a > 1 (respectively weak coupling regime, @ < 1 and critical
regime, « = 1). The spectral theorem, together with the previously obtained results
on the eigenvalues, allows to deduce the asymptotic behavior of the corresponding
eigenfunctions, as stated above.
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2. THE AUXILIARY CELL PROBLEMS

2.1. The cell eigenproblem. In this section, we study the spectrum of the follow-
ing Schrodinger operator (for fixed X € R and € > 0)

My, = 5_2D§ +q(X,y) on S.

Since ¢(X, ) is bounded from below and S! is bounded, the resolvent of My . is
compact and its spectrum is purely discrete, and we denote its eigenvalues

pea (X) < pep(X) <oy

counted with multiplicity. What is more, u.1(X) is simple and the corresponding
eigenvalue does not vanish. For simplicity, we shall denote p.(X) := pe1(X) and ¥,
the positive normalized corresponding eigenvalue:

(2'1) MX,E\IIE(Xv y) = Ns(X)\IIE(Xv y)v H\Il€(X7 y>HL2(Sl) -

We shall describe the asymptotic behavior of p., ¥, in the limit ¢ — 0, through the
following auxiliary functions.

Lemma 2.1. For any X € R, there exist unique Wy, ¥y € L®(R; L3(SY)) satisfying

1, U.(X,y)>0.

1
22) DXy =-a(Xy), Wo(X.)e ). [ w(X.y)dy=0,
0
(2.3)
1
Dsqjl :V(X) _Q(X7>\I/0(X7)7 \I[1<X7) < L2(Sl>7 / \IJI(X7y) dyzo
0
Moreover, one has
sup || Po(X5 )| aeny < Olllallpeasny) SRV ) eny < Ol e ) -
In particular,
sup [V(X)| < C(l|al| pergy)»  VX) = —/ 10,0 (X, y)*dy .
XeR st

Proof. The equations (2.2 and (2.3) are uniquely solvable if the right-hand sides are
zero-mean. This follows from the definition of ¢ and from

/g1 V(X) = q(X,y)Vo(X,y)dy

== [ 103X ) Pa+ [ (DX )oYy = 0.
We consider the equation and we immediately get
||D§‘1’0HL2(81> = HqHLoo(RxSI)
and
HDy\PO“iz(sl) < HqHLDO(]Rxsl)H\DOHL?(Sl) < %HqHLw(mgl)HDy\DO“m(sl)’

where we used Wirtinger’s inequality (or the min-max principle since the mean value
of Wy is zero, and the second lowest eigenvalue of D? on L*(S') is 47%) for the last
inequality. The completion of the proof is now straightforward. O

We are now in position to describe the asymptotic behavior of p., ¥, in (2.1)).
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Lemma 2.2. There exist M,cy > 0, depending only on Hq”Loo( such that for

alle € (0,e9) and X € R,

RxS1)’

e (X) — 52V(X)| < Me*  and fe2(X) > A?e™2 — HQHLOO(RxSI) .

Moreover,

_ \[yapp 6

sup|[Ze — V| o) < Me?,

where ) A

1 Uo(X Uy (X

\I]pr(X,y> - _ZE 0( 7y)—z€ 1( 7y)
Hl +e \:[[0<Xa y) +e \III(X7 y)HLZ(Sl)

and Vo, Wy and V' are defined in Lemma |2. 1.
Proof. Let us first remark that one has Mx . > 6_2D§ — ||q||Loo(RX§1), so that the

min-max principle ensures

(2.4) pep > 4wl = HqHLoo(RxSI) :

We now compute

] H—V\Ifo +q¥y — €2V\IJ1HL2(81)
H (Mx. — V(X)) \IIEPPHLZ(SU = ||1 +2Wo(X,y) + ' 0i(X,y

< O(lall

M2y

RXSl))’

where the last inequality follows from Lemma and the choice of ¢ € (0,¢)
sufficiently small. By the spectral theorem, we infer that for any € > 0, there exists
n. € N* such that

| He e (X) — €2V<X)| < 540(HqHLOO(IRXSl))'

By (2.4), we can restrict € € (0,¢¢) in order to ensure that n. = 1, i.e. pe, (X) =

pre(X).
As a consequence, one has

(2.5) H(MX,E — pe(X)) (‘Dgpp — (w2, \1’6>L2(Sl)qja)

Moreover, since W2PP — (W2PP W _) 2(q1) W, is orthogonal to V., the function associated
with the first eigenvalue of Mx. — p.(X), the min-max principle and Cauchy-
Schwarz inequality ensure

(M€,2(X) - ,U/E(X))”\Ijzpp - <\I,2pp’ \Ij€>L2(§1)lIIEHi2(SI)
< Ol ey % 1925 = B, e .-

< ' Oflall

HL2(81) RxSl))'

and therefore

(2:6) 12 = (W2, W) raon We | agny < £°Clal] o sy

By the normalization and triangular inequality and since ¥, and W2PP are positive
for e sufficiently small, we deduce

1= (U2PP, 0e) 2| < €°C(|4]] popnsry)-

Plugging this estimate into (2.6) and ({2.5)) yields, respectively,

WP = Vel o 0 < e°Clla] e

St RXSl))
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and
[(Mixe = pe(X0)) (U2 = W) || 1) < " O] o ey

The desired estimate now follows from straightforward computations. OJ

Lemma 2.3. For all { > 1, there exist My, depending only on ¢ and ||q||W[’oo(Rxsl
such that under the hypothesis of Lemma one has

sup |0 e (X, )| gy + suplul? (X)] < M.
XeR XeR

)7

Proof. The proof may be done by induction. Let us start with ¢ = 1.
By formally differentiating the eigenvalue equation ({2.1)), we find

2.7)  (e72D2 4 q(X,y) — pe(X)) OxWe(X,y) = (uL(X) — Oxq(X, 1)) Ve(X, ).

By the Fredholm alternative, the Feynman-Hellmann formula holds:
H(X) = | Oxa(X,y)|[ V(X y)["dy,
s

where we used the L? normalization of .. Using the approximation on ¥, given in
Lemma [2.2) and since [, xq(X,y)dy = 0, we deduce

supue(X)] < C[lal] e sn) 10X s sy -

By using that [5, (OxW.)W. = 14| 0. HL2 ) = 0, the min-max principle yields

(pe2(X) = pe(X)) ||<9X‘1’6Hiz(sl) < /S1 (Ox W) (1L(X) — Oxq(X, 1)) Pe(X, y)

< C(HQHLOO(]RXSl))Ha)(qHLOO(RXSl)HaX\IIEHLQ(Sl) ‘
By Lemma 2.2} one has
(2.8) fre2(X) — pe(X) > ce72,
so that
HaX\I] HL2 < &%0( HqHLOO(RXSl))Han”LOO(RXSl)'

The similar control of ||D GX\I/ || 12(s1) immediately follows from (2.7), and the es-
timates of the statement, for / = 1, are proved. The above calculations are made
rigorous by replacing X —derivatives with the well-defined difference quotient, and
taking the limit.

Let us assume now assume that the conclusion holds for k£ € {1,...,¢}. When
differentiating equation (2.1)) £ 4+ 1 times with respect to X, one has by the Leibniz
formula

(672D + a(X,y) — pe(X)) O 0e(X, y)

_ (+1 _
= pP(X) +Z( ) (X)) = 0 Fq(X,y)) 05 U(X,y) .

As above, by considering the Fredholm condition and the induction assumption, we
find that

wgﬁﬂ (X)| <e C’ (M, H(]HWe+1oo(RxSI))‘
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and consequently
0+1
H(MX& — k(X ))8 ve HL?(Sl) C (M,
Now, differentiating the identity
<\I]aa W&)LQ(Sl) =1,

HQHWHI °°(R><Sl))'

we find
RS
2V, 00 oy = — > ( i ><a§(we,a§(+1—k\1}g>wgl)

k=1
so that, by the induction assumption and Cauchy-Schwarz inequality, we have

(e, O 2| < 26* M7
It follows that
||(MX,5 - :LLE(X)) (8?-1\115 - <\Ijsa a§(+1\IIE>L2(S1)\IJ€> HLZ(SI) < C(M€a ||Q||We+1,oo(RX§1)) :
As above, by the min-max principle and (2.8)), we deduce
05_2||8€(+1¢X,5 - <\I/s, 8§(+1\P5>L2(Sl)\1/eHLz(S1) < C(M€7 Hq||WZ+1,oo(RX§1)) )
and the result follows. O

2.2. The normal form. In this section, we introduce the normal form which is the
key ingredient of our strategy.

2.2.1. The function ¢.. The main element of the normal form is a function of the
form

(2.9) Oe(x) = O (%, /€)
which we construct so as to satisfy
(210) (ﬁa,a¢6) (l’) ~e—0 M€<€ax)¢€(l‘) :

Notice that
(Emgbg) () = (/\/lX,E — 25”‘18X8y — 52"83() O (%, x/e) .
Thus we define @, as
(2.11) O (X,y) = V(X y) + 70X, y)
where W, has been defined in , and U, is defined by
(2.12) (Mxe—pe) ¥ = 2050, V. + 05U, — (2050, U+ OZ V., U.) 12(51) P .

Note here that the correction W, is added so that the remainder in (2.10) is suffi-
ciently small. This is crucial to get our eigenvalues and eigenfunctions asymptotic
results.

Lemma 2.4. Assume o > —1. There exists €y, depending only on a and HqHW‘hOO(RXSl)’
such that for any € € (0,e0), one has

H¢8HW2°°(R < O( HqHW4oo RxSl)) 7

Hd)s 1HL°° <620 Hq||W4oo RXSl)) S 1/2,
and |
[(Cee = e Do ey < €™ Clpace o))
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Proof. We first remark that W, is well-defined by (2.12) since the right-hand side,
which we denote r. in the following, satisfies

re € L*(S") and  (r.,¥.)r2@ =0.
What is more, the min-max principle and (2.8)) gives, for any fixed X € R,

Cg*2”¢’€”i2(sl) < (“672(X)_“€(X))”\ijE”;(sl) < [(re, We)paen| < H‘ijf‘?HL%Sl)HTEHL?(Sl)'
By Lemma [2.3] we deduce

)S(H%H‘I] HL2 1) S € ;up”TEHL?(Sl <&t Cf ||q||W2oo Rx81)>

Plugging this estimate in , one immediately finds

;‘é%||®8”1{2(§1) <e O(HQHWQaOO(RXSl))'

Differentiating ([2.12]) with respect to X and proceeding as above eventually yields

D (19 ey + 105 Bell ooy + 195 P rany) < =* Cllllpnmnn)

Together with Lemmata[2.1] 2.2 and one deduces the first and second estimates
of the statement.
Let us now study the component

Pe ‘= <28ng\1/5 + Ea+18§(\115, “D5>L2(Sl)qja-
By Lemmata [2.2] and one has

SUP\<5Q+18§‘I’E> ‘I’e>L2(81)‘ < €3+QC(HqHW2’°°(R><Sl))
XeR

sup|(0x 9, Ve, We — 1) z2e)| < €' C([|dl 1y )

X€ER
and (Ox0, V., 1) 21y = 0, so that

min{3+a«,4
SUP | yzery < €™ Oy e o))
There now only remains to compute
(Lo — pe(e%2)) 9o (2) = (Mx . — 25“’18;(8 — e20% — pe(X)) ®.(e%2, z/e)
= ( “lp, — 2%l 8)(8 U, — P 18X ) (e%z,x/e)

and the second estimate of the statement follows. O

2.2.2. The normal form. We may now introduce the normal form of our operator,
L. ., thanks to the following transformation.

Lemma 2.5. Let « > —1 and € € (0,¢¢) as in Lemma |2.4. The application

Tipm o, o) = bl (/WJ’ M)

defines a continuous isomorphism from HF(R) into H*(R) for k=0,1,2, and one
has

HT((p) o (‘DHLQ(R) < €2C(HqHW4’°°(R><Sl))HSOHLQ(R) ’
HT(@)HHIC(R) + ||T_1(90)||Hk(R) S C(Hquw&w(msl))HM‘H’C(R)



SPECTRAL ASYMPTOTICS FOR THE SCHRODINGER OPERATOR 13

The normal form is obtained by considering T-'L.,T. More precisely, we will
make use of the following identity.

Lemma 2.6. Let « > —1 and ¢ € (0,¢) as in Lemma [2.4 Let ¢ € H*(R) and
Y(z) =T (p)(x). Then

(Leath)(@) = 6.7 (2) (DF + VIE (@) (%)
where we denote & = [|¢.|*(a')da’, and V4 = ¢3L. o ¢..

Proof. Since V! ¢! € L*(R), and T defines a continuous isomorphism from

H?*(R) into H 2(R) the following identities are well-defined in L?(R). One has
(Leat)(@) = (D7 + Q(€ax,f€/€)) (x)

= ¢ (2) (D2+Q6 x x/ﬁ )¢a(w) )(D2<P) (%)
= ¢.°(2) (D} + Vi () p(7) |
which concludes the proof. 0

It is now natural to compare the normal form of our operator with the effective
operator, E;f; := D2+&?V(e%x). Indeed, by construction of ¢., one has the following
approximation.

Lemma 2.7. Let « > —1 and ¢ € (0,e0) as in Lemma[2.J, One has

Hvred 62‘/ (é‘ag% HLOO(R 6rnin{4,2+2cz} 7

Clllallwse sy 1Vl
where we recall the notation & = [ || 2 (2)da’.

Proof. By Lemma , one has for € € (0,2¢) with g sufficiently small,

1
[ 6- — 1HL°°(R) = €2C(HqHW4a°°(RxSl)) =
and
(L2 = pe(e2) ¢6||Loo (Rxs1) = gnintrazal o HqHW‘lw(RxSl))’

where p. is defined in . By Lemmata u - and - we find

!,ug(s x ¢2‘(x) — 2V (e* :L’)} < e'C( Hq”W&w(RXgl)).
Collecting the above information yields

Hvred _ 2y <€a$)HL°°(R) < 5min{4’2+2a}c(HqHW‘l@O(RXSl))'

/z e ARG
0o loc(@) -

By the Taylor formula, one has, for x # 0,

Now, we remark that

|7 — x| = ez

HqHW‘*»OO(RXSl))

I —x

V(e*s) — V(%) = /0 ro(x, t) e (a, )V (e%ro(x,t)) dt

X

where ~
re(z,t) =1+ i

T



14 V. DUCHENE AND N. RAYMOND

We deduce that
HV(gaj;) o V(Eax)HLw(R) < C(HqHW‘l,w(RxSl))||<'>V/||Loo€2’
and the desired estimate follows by triangular inequality. 0J

Remark 2.8. The change of variable T := f0x|¢€|_2(x’)dx’ is used to eliminate the
derivative of order 1 in Lemmal[2.6. It turns out that this change of variable is crucial
for the construction of quasimodes (see Section , but not so much for the estimate

of the eigenvalues (Sectz'on Theorem , where the simple factorization by ¢.
would suffice.

3. ASYMPTOTIC ANALYSIS OF THE EIGENVALUES

3.1. Comparison of eigenvalues. In this section, we prove Theorem recalled
below.

Theorem 3.1. Assume a« > —1. There exist €g,C > 0, depending only on «,

and H()V’” such that for all e € (0,e9) and for alln € N, one has

||qHW4v°°(]R><§1) Lo

‘)\n,s N )\eff

n,e,o

| < Cgmin{4,2+2a}

Proof. The result is based on the min-max principle; thus we introduce the quadratic
forms associated with our operators, respectively

Quall)i= [ 10/P(@) + ale" s,/ (a)da
and
Q) = [ 10@) + Vil a)da
Let f € H'(R). Then ¢.f € H'(R), and one has

Qunléef) = [ (0o +16LIT +20.0001) () + o(e", /) 0.
= / 0@ P @) + 11 @) (6P (@) = (0:61) () + (@, 2/2)lo. (@) ) da
= [1oP @ P @) + 2 @)0x(o) (=08 o) + a(e",/2)0.(a) da
= [10:2@) (7 Ple) + e P G0)) do ().
with

= [P @6-(0) (oo~ melc))ola)da

Now, we apply the near-identity change of variable

T :/ |¢>g|72(m')daz' — x=0(1),
0
and deduce

Qe.al®:f) /I(be ) (17 (6(2)) + pe(*0(@)) | f17(0(2))) Az +71(f) -
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Finally, denoting ¢ (Z) = f(6(z)), one has
Q.a(o-1) / W) + 102/ (0@ e 0@ + ()

that is to say
Qa a( (¢)) Q:fg(¢) + Tl(f) + 7“2(1/}) )

with
0= [16F@) (610 (00) - 2V ()
By Lemma [2.4] one has

ra(£)] < 2SO (g ) oy

By the estimates in the proof of Lemma [2.7] one has

21 < 0 allyom sy 1OV
By the min-max principle, and using Lemma [2.5, we deduce that
Mo S XS+ CEHINTL | + Cemintizeaed
and
)\eff S )\ma,a + 052|)\n,5,o¢| + Cemin{4,2+2a}’

with C' = C(Hq”W‘LOO(RxSl)’ Since by Lemma , one has
VXeR, 0<-V(X)< C(Hq”W‘lvm(RxSl))’
< 52C(||qHW4yoo(RX§1)), and Theorem [3.1| follows. O

-

we deduce 0 < —\eff

n,e,xo

3.2. Application. In this section, we obtain the asymptotic behavior of the low-
lying spectrum of the operator L. ,. We showed in Theorem [3.1]that the eigenvalues
can be compared with the ones of the effective operator,

L = D2+ &V (cx),
where we recall that
V) == [ 100X )Py,
Sl
with
1
DA(X.p) = ~a(X.0), Vo(X.) € XY, [ WalXp) dy—0.
0

As previously mentioned, the asymptotic behavior of the low-lying spectrum of Eeff
strongly depends on the Value of a, and we detail below the different regimes corre-

sponding to different values of a.

Proposition 3.2 (Semiclassical regime). Let o € (1,3) and N € N. Assume that
X — V(X) has a unique non-degenerate minimum at X = 0. Then there exists
g0 > 0, such that if ¢ € (0,g9), then L., has at least N negative eigenvalues,
Mea <" < ANga, satisfying

V//(O)

Mea = 2V(0) +e't¥(2n —1) 5

+ O(Emin{4,2a}) )

If it exists, any other negative eigenvalue satisfies 5\5@ > &2V (0)+eT(2N) %V”(O).
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eff

¢ is an eigenvalue of the effective operator, £

Proof. By a rescaling argument, A D

if and only if 72\

', is an eigenvalue of

L3 =Dl 4V

Thus (see classical references [23| [7, [12] for instance), as h = ¢! — 0, one has

X = v(o) + (2n - ey |0 4 ooy

The result now follows from Theorem [3.1] since the restriction o € (1,3) ensures
that 1 + a < min{4,2 + 2«, 2a} = min{4, 2a}. O

Proposition 3.3 (Weak coupling regime). Let o € (1/2,1), and assume that V is
not almost everywhere zero and such that (1+|-|)V € L'. Then there exists ey > 0
such that for any € € (0,e0), L. has a negative eigenvalue, A o, satisfying

1 ? .
/\E,Oc — _154—204 (/R V) + O(gmln{2+2a,6—4a}) )

If it exists, any other negative eigenvalue satisfies 5\5,(1 = O(g?t?).

eff
£,

eff
£,

if and only if e 2%\ is an eigenvalue of

Proof. By a rescaling argument, A& is an eigenvalue of the effective operator, £

£33 = D2+ 21V

Since a < 1, (1+]-))V € L', and V < 0 by (1.4), the results of [22, [14] apply. Thus

for e sufficiently small, ngg has a unique negative eigenvalue, )\gf;, and

] 2
e\ = —154_4"‘ (/ V) + O(e57%).
R

The result now follows from Theorem [3.1] since the restriction a € (1/3,1) ensures
that 4 — 2o < min{4, 2 + 2,6 — 4a} = min{2 + 2«, 6 — 4a}. O

Proposition 3.4 (Critical regime). Let o = 1, and assume that V is not almost
everywhere zero and such that (1+ |- |)V € L'. Denote

AL <A< <Ay <0
the negative eigenvalues of
LT :=D24V.
Then for € sufficiently small, L., has N negative eigenvalues, \, ., satisfying
e =2\, + O(eh).
If it exists, any other negative eigenvalue . satisfies Ao = O(et).

Proof. By a rescaling argument, A" is an eigenvalue of the effective operator, if and
only if e 72X\ is an eigenvalue of L. The result then follows from Theorem . OJ
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4. DESCRIPTION OF THE EIGENFUNCTIONS

This section is dedicated to the description of the eigenfunctions associated with
the low-lying spectrum of our operator L. ,, as described in Theorem . The main
tool is the transformation defined in Lemma which, as seen in Lemma allows
to transform the oscillatory problem into a normal form, the latter being described
at first order by the effective operator (see Lemma , L, = D24 *V (™).

Consequently, the eigenmodes of the oscillatory operator define quasimodes of the
effective operator. When the precision of the constructed quasimode is smaller than
the spectral gap, one obtains an asymptotic description of the eigenfunctions. In
the following sections, we carry out this strategy in the different regimes so as to

prove Propositions [I.6] [I.7] and [1.§]

4.1. Semiclassical regime « > 1; proof of Proposition [1.6 We shall make use

of the following properties on the eigenfunctions of E:ffl in the semiclassical limit.

This proposition is a consequence of the harmonic approximation (see the classical
references [23, [7, 12]).

Proposition 4.1. Let a > 1 and assume that X — V(X) has a unique non-

degenerate minimum at X = 0. Then there ezists C,eq > 0 such that if € € (0,¢ep),

eff eff

then there exists N§T < -+ < \S_  eigenvalues and % ... oS corresponding

eigenfunctions of L = D2 + &2V (e%z). Moreover, ¢ is uniquely determined by

Ke n,E,0

lfallim =1 [ Sa (e a0

and one has

V(0
(4.1) )\Z‘cfa — (52V(0) + et (2n - 1) 2( )) <O xe™,
and
Pl (1) =€ T (Ho(e 57 2) + 1672 7))
with
a—1
(4.2) [7nel oy S C x e 7

Proof. Let us only sketch the main steps of the proof. Using the rescaling £ = ¢*x
and denoting h = £*7! the effective semiclassical parameter, the study reduces to
the spectral analysis of

Ly, =h*D;+V(z).
Since X — V/(X) has a unique non-degenerate minimum at X = 0 that is not at-
tained at infinity (as V(X) — 0 as | X| — o0), the standard harmonic approximation
shows that, for all n > 1, there exist C,, > 0 and h,, > 0 such that for all » € (0, h,,),
the n'® eigenvalue of £, denoted \,(h), satisfies

(4.3) Au(h) =V (0) — (2n — 1)h V%(O) < C,h?,

and the constants C,,, h,, depend only on n and HVHW&M ®

We deduce (4.1)).

) (and thus on HqHW&m(RXgl)).
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From the estimate (4.3)), it is possible to deduce an approximation of the corre-
sponding eigenfunctions by observing that

Njw

< Cph2.
L2(R)

H (Lh —V(0) = (2n — 1)h VT((D) hiH,(h2)

Since the n'" eigenspace is one-dimensional (and the spectral gap of order h), we get
that the n*® normalized eigenfunction is at a distance, in L?-norm, at most C’nh%
of the normalized quasimode h_iHn(h_%-). In other words, if 7 is the difference
between the quasimode and the normalized eigenfunction, we have ||fh|| L2(R) < Chs.

After rescaling, we deduce (4.2)). O

We can now prove Proposition . Let 1, . o be the normalized eigenfunction as-
sociated with A, ., eigenvalue of L. o, as defined by Proposition[3.2} By Lemmal2.6]
it follows that ¢, . := T (¢, .q) satisfies

(D2 + VI (@) fneal®) = Ancad2 () Pneal@).
By Lemma [2.7], Theorem [3.1] and Lemma [2.4] and since 4 < 2 + 2a, one deduces

H ﬁeff — )\,efga gon,a,aHLQ(R) < €4C(HQHW4,00(RX51)’ H<'>V/HL°°(R))||SOW‘E’O‘

The spectral gap is of order e**! and thus, for a € (1, 3), the spectral theorem yields

||90n,e,a (pszs «a HL2(R) < ggiaCHgonﬁchHL?(R)

Proposition now follows from Lemma and Proposition [4.1}

4.2. Weak coupling regime « < 1; proof of Proposition We shall make
use of the following properties on the eigenfunctions of Eeffl in the weak coupling
limit.

Proposition 4.2. Let a < 1, and assume that X — V(X)) is not almost everywhere
zero and satisfies the integrability condition (1+ |-|)V € L*(R). Then there exists

C.,eo > 0 such that if € € (0,g), LN, = D2 + &2V (e*x) has a unique eigenvalue

eff
e,

denoted )\eff < 0. The corresponding ezgenfunctzon Y 1s uniquely determined by

[ HL?(R L, /90?1( )dz >0,

and one has

2
(4.4) AT 4 154’26” </ V) < C x gfte
) 4 R
and
eff 5270& 2 6270‘ 22—«
Peal@) = = V] exp (|z| 5 V) +7ea(e’ )

R R

with
11—«

(4.5) HTWHLQ(R) < C x ezl
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eff
foNeY

Proof. By rescaling, (AT, o) is an eigenmode of the operator £

(e72NT, 2 (e7+)) is an eigenmode of

L33 = D; 40V

if and only if

The existence and uniqueness for €20-®) sufficiently small of a negative eigenvalue
(since V' is real-valued, has negative mass and satisfies the integrability condition)
as well as its asymptotic behavior as €21=%) — 0, yielding , is a classical result
of Simon [22] and Klaus [I4]. As far as we know, the corresponding eigenfunction
asymptotic has been first described in [24], but their result is restricted to smooth,
compactly supported potentials. A less precise estimate was given in [10, Theo-
rem 3.1}, namely

« 82(1—04)
sup 2 (=) — K exp (Jol =5 [ V)| =01,
R| 2 R

S

with renormalization constant K € R. We prove below a variant of this estimate,
which allows to control the L2-norm.
Define z = &2~ %x, A =: —17206% and ¢ =: e!7*/2p(c?*z), so that
(D; +6%)p(z) = =07V (0 z)p(2),
where § = £272% is a small parameter. Applying the Fourier transform, we find
(4.6) (@r] - [P+0M)3 = -V (5) =3,
where the Fourier transform of a function f is defined by the formula

~

VEeR, f(§ = / e 2 f(z)dx .
R
Then, we decompose the solution of (4.6]) in terms of small and large frequencies

? = Gaman + Prarge = X(| - [ <) x P x(|-|>67) x &,

with x(5) the characteristic function of the set S, and r > 0 is a parameter, to be
determined. With these notations, (4.6 implies that

~ X(-1>6T)5 -~ -
(4'7) Plarge = 47_(2‘ ] |2 102 V((S) * (Spsmall + @large) )
- X(I-1<6™) 5 -~ -
(4.8) Pomall = 42| - |2 4 62 V(0°) % (Pamall + Prarge) -
One easily checks that the operator
Fo X >0 n
T:f— 47T2‘.|2+92V(5)*f

is bounded as an operator from L!(R) to L'(R). Moreover, one has

Ml > s e
17 ise < o2 | 170 * Plimier < TN ) e

It follows that, provided r > 0 and § is chosen sufficiently small, (4.7) defines
uniquely @iarge, and we get the following rough microlocalization estimate:

(4.9) Halarge”Ll(]R) < 5TC(H‘7HLOO(R))H@maHHLI(R) :
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Now, by (4.8]), we get

(4.10) (47° - +6”)Paman = X (|| < 67)V(0 )/x(!n\ < 07" )Psman(n)dn +Ri+Rir
R

where
RBii=x(1- | 5V 0) % Pger Rar 1= x(|-| <3V (0) = V(0)) % Baman
We estimate below the two remainders. By Young’s inequality, one gets
(I-1<d™)

_ X > = ~
||(1+||) 1RIHL2(]R) = HTHHH(R HV *QplargeHLw = C(”VHLOO(]R))HgolargeHLl(]R)

and thus, with ([£.9),

1+ 1 D7 Rl oy < 5 CUV o ) | Boman ] 1 sy -
and by Cauchy-Schwarz inequality,
(4.11) ”(1 +1- |>71RI”L2(R) < 6TC<}|‘7HL°°(R))H<1 +1- D@mallHL%R) :
By the Taylor formula and the fact that (1 +|-|)V € L'(R), we can write
I+ 1D Rl

2
< 577" . ~ -
= /R§ % ( R, V(0€ — om) — V(O>|80Sma11(77)dn> d¢

. ~ 52|¢ — n)? . .
< Ve 1L+ 1 D Boman| |2 /R (1+§|§)(1n+| Ay XEL < 07)x(nf < 67

From elementary considerations to estimate the last integral, we deduce that
(412) H(1+ ’ ’ 1RIIHL2 <51_§C HV/HLOO(R))||(1+ ‘ ’ ’)@SmallHLQ(R)

Combining (4.11)) and ([4.12), we are led to take r = 2 and we get

I YR+ R 2y S S CUV s ) 10+ 1 DPoman| ey

Coming back to {D and using [10, Lemma 4.4], we find that there exists K > 0
such that

(4.13) H(1 1D (@mau _pxl-ls W))

47 1 03

<AVl
L2(R)

where we denote 0y = 5 ]V( )|
Let us notice that, by (4.7) and Young’s inequality for the convolution,

HsolargeHm(R) S (570 ||V||L°°(]R) H%ma“”Ll(R) + HSOI&Y%GHLI(R)

Then, we notice, from the definition of @y, Cauchy-Schwarz inequality and Plancherel’s
theorem, that

||@smallHL1(R) S 5_% 7
Thus by the above and , one obtains

[Brorel gy < 0" CUIV Il o)

o <05

Y
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It is now easy to deduce from (4.13]) that ¢, the solution to (4.6]), satisfies

1
K
42| - |2 + 63

~

Y- <55 =gl

L2(R)

Estimate (4.5) follows by using the inverse Fourier transform, while the value of
the constant, K, is determined by the normalization of ¢ . Proposition is
proved.

We prove Proposition as in the previous section. Let (A.q,%ncq) be the
eigenmode of L. , uniquely defined by Proposition By Lemma [2.6, Lemma [2.7]
Theorem [3.1{ and Lemma and since 2 + 2a < 4, pe o := T (e o) satisfies

10c2e = A eeall oy < & Clllallwaqmeny 1OVl )02l 2oy -

The spectral gap is of order ¢¥72* and thus, for a € (1/3,1),

||(105,a - @:TLHLQ(]R) < C€4a_2}|gpsvaHL2(R) ’

Proposition (1.7 now follows from Lemma [2.5| and Proposition {4.2|

4.3. Critical regime a = 1; proof of Proposition [1.8. The proof in the case
a =1 is that same as in the previous two sections. The eigenmodes of the effective
operator correspond to the ones of the operator D? + V after a straightforward
rescaling. Proposition |3.4] allows to compare the corresponding eigenfunction to the
ones of our original operator, L. o, as above. We leave the details to the reader.

APPENDIX A. NUMERICAL SCHEME

In this section, we present the numerical scheme used in Figures 2] [3]and ] Since
our potential, ¢, and the expected solutions decay exponentially at infinity, it is
convenient to truncate the infinite spatial domain to a periodic interval S*(—L, L),
and turn to Fourier spectral methods. However, because of the several scales of our
problem, it is too costly to approximate the solution to the eigenvalue problem

Leoten(x) = (D24 q(e%2,2/2)) Yeu(r) = Aathea(r), tea € L*(R).

with a complete set of Fourier modes:

Thus we restrict to a limited number of well-chosen Fourier modes. Motivated by
our results, we define

km 2wy nmw

K, = Z, |—-——|<—1}.

o= U ke -t
J€{7277170’172}

and seek
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In other words, defining the orthogonal projections

N kX
2 : err ’ — k.

't <€’Lk‘%~’ eik%‘>L2(_L7L)

ik
e, = f s 3 (0 flicnn g

o (e e e

we numerically solve

(Di + HK" (HNQ(5Q'7 /5))) '(Za,a = Xe,oﬂZe,a ) {Es,a = HKn'(Za,a )

as an eigenvalue problem for a matrix of size 5(2n + 1) x 5(2n + 1).
For Figures and |4 we set L =500, N =222, and n = 300.

1]
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