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Abstract

In the 1980s, Helffer and Sjostrand examined in a series of articles
the concentration of the ground state of a Schrédinger operator in the
semi-classical limit. In a similar spirit, and using the asymptotics for
the Szeg6 kernel, we show a theorem about the localization properties
of the ground state of a Toeplitz operator, when the minimal set of
the symbol is a finite set of non-degenerate critical points. Under the
same condition on the symbol, for any integer K we describe the first
K eigenvalues of the operator.
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1 Introduction

1.1 Motivations

In classical mechanics, the minimum of the energy, when it exists, is a
critical value, and any point in phase space achieving this minimum corre-
sponds to a stationary trajectory. In quantum mechanics, the situation is
quite different. A quantum state cannot be arbitrarily localized in phase
space and occupies at least some small space, because of the uncertainty
principle. Nevertheless, due to the correspondence principle, one expects
the quantum states of minimal energy to concentrate, in some way, near
the minimal set of the Hamiltonian, when the effective Planck constant is
very small.

In a series of articles [10, 11, 12, 13, 14], Helffer and Sjostrand considered
the Schrodinger operator P(h) = —h?A + V, acting on R", where V is a
smooth function. Under reasonable assumptions on V, the infimum of the
spectrum of P(h) is a simple eigenvalue. Helffer and Sjostrand then studied
the concentration properties of a sequence of associated unit eigenvectors,
named a ground state, in the semi-classical limit h — 0. It is well known
that the ground state is O(h™) outside any fixed neighbourhood of {z €
R™ V(z) = min(V)}. If there is only one such z, then the ground state



concentrates only on x. But if there are several minima, it is not clear a
priori whether the ground state is evenly distributed on them or not.

In the first articles [10, 11, 12], the potential V is supposed to reach
its minimum only on a finite set of non-degenerate critical points, named
“wells”. It is proven that only some of the wells are selected by the ground
state, that is, the sequence of eigenvectors is O(h*°) outside any fixed neigh-
bourhood of this subset of wells. The selected wells are the most flat, in a
sense that we will make clear later on. Sharper estimates lead to a control,
outside of the wells, of the form exp(—Ch ™), where C is expressed in terms
of the Agmon distance to the selected wells. Moreover, when the potential
V has two symmetric wells, the ground state “tunnels” between these wells,
so that there exists another eigenvalue which is exponentially close to the
minimal one.

In the two last papers [13, 14], the potential V' is supposed to reach its
minimal value on a submanifold of R™. Again, it is easy to prove that the
ground state concentrates on this submanifold. From this fact, a formal
calculus leads to the study of a Schrodinger operator, on the submanifold,
with an effective potential that depends on the 2-jet behaviour of V near
the submanifold. The authors treated the case of an effective potential
with one non-degenerate minimum, which they call the miniwell condition.
In this case, the ground state concentrates only at the miniwell. On the
contrary, when the minimal submanifold corresponds to a symmetry of V,
the ground state is spread out on the submanifold.

This is an instance of what is called quantum selection: not all points in
phase space where the classical energy is minimal are equivalent in quantum
mechanics. When there is a finite set of minimal points, only some of them
are selected by the ground state. When the minimal set is a submanifold,
the ground state may select only one point. In the physics literature, these
effects are believed to appear in other settings than Schrodinger operators;
the miniwell condition was used in [7] (without mathematical justification)
to study quantum selection effects for spin systems, when the classical phase
space is a product of 2-spheres. However, the arguments used by Helffer
and Sjostrand depend strongly on the fact that they deal with Schrodinger
operators, when the phase space is T*R"™. Thus, it is mathematically not
clear to which extent the quantum selection can be generalised to a quan-
tization of compact phase spaces.

We propose to study the Kéhler quantization, which associate to a sym-
bol on a phase space a Toeplitz operator. In the particular case of the coor-
dinate functions on S? = CP!, the Toeplitz operators are the spin operators
[3], so that our approach contains the physical case of spin systems. In this



article we prove that quantum selection occurs in the case of wells, with
O(h*) remainder, extending some of the results of [10, 11, 12]. The case
of miniwells is treated in our next paper. Exponential estimates, and the
study of tunnelling, will be the object of a separate investigation; stronger
conditions on the energy, such as analyticity, will probably be required.

1.2 Kaihler quantization

When a compact symplectic manifold is endowed with a Ké&hler structure,
there is a natural way to define a quantization scheme, which is compatible
with abstract geometric quantization [15, 20].

Definition 1.1. A Ké&hler manifold is a complex manifold M where the
tangent space at each point is endowed with a hermitian form whose imag-
inary part is a closed 2-form on M.

In particular, a Kéhler manifold has both a symplectic and a Rieman-
nian structure, which are respectively the imaginary part and the real part
of the hermitian form.

The Kéahler manifolds of interest are those that satisfy the prequantiza-
tion condition: the symplectic form w has an integer Chern class [15]. This
condition is equivalent [15, 22] to the existence of a hermitian holomorphic
complex line bundle (L, h) = M, whose curvature is exactly w. The hermi-
tian structure on L and the Liouville volume form on M allow us to define
L?(M, L), the space of square-integrable sections of L, with quadratic form

(s,8") = /M (3(m), s’ (m))pdw™(m).

For every integer N, the tensor power L&V inherits a hermitian struc-
ture and we can also consider L?(M, L®V), defined the same way.

We are in presence of what is called in algebraic geometry an ample line
bundle [9].

Definition 1.2. For every integer N, we denote by H (M, L) the closed
subspace of L?(M, L®N) consisting of holomorphic L? sections of L%,

The orthogonal projector of L2(M, L®N) onto Hy (M, L) is denoted by
SN.

We will not exactly work with the spaces Hy (M, L) in the body of
the article, but with equivalent spaces which we call Hardy spaces, see
subsection 2.1. Note that the spaces Hy (M, L) are finite-dimensional if M
is compact.



From now on, M will always denote a compact Kéahler manifold of di-
mension n, whose symplectic form will be denoted by w. We will suppose
that w satisfies the integer cohomology class condition. Moreover L will
denote a hermitian holomorphic complex line bundle over M, with curva-
ture w. The projection from L to M will be denoted by 7, when there is
no confusion with the numerical constant.

Definition 1.3 (Toeplitz quantization). Let f € C°°(M) be a smooth
function on M. We define the Toeplitz operator associated to f as

TN(f):HN(M,L) —> HN(M,L)
u — Sn(fu).

When the symbol f is real-valued, for fixed N, the operator T (f) is
obviously self-adjoint and acts on a finite-dimensional space. Thus, there
is no theoretical difficulty lying in the study of the spectrum of Toeplitz
operators. The spectrum is the set of the eigenvalues, each of which has a
finite multiplicity. We will call the “lowest eigenvalue” the minimum of the
spectrum of a Toeplitz operator.

The Toeplitz quantization has many similarities with the Weyl quanti-
zation. One can indeed find a star product on the space of formal series
C>°(M)[[v]] that coincides with the composition of Toeplitz operators, that
is, such that Ty (f x g(N~ 1)) = T (f)Tn(g) + O(N~°°) [18]. In fact, it is
known since at least [4] that there is a correspondence between the sym-
bolic calculus of Toeplitz operators and that of Weyl quantization. Thus,
a possible approach to the spectral study of Toeplitz operators would be
a formal conjugation, either to a pseudo-differential operator whose spec-
trum is known by previous work [10], or to the Toeplitz quantization of a
completely integrable system, in the spirit of [21, 17]. This last approach
via Birkhoff normal forms could possibly give an asymptotic expansion for
eigenvalues in a larger window than the one we consider in this article.
However, each of these approaches require a priori results on the concen-
tration of eigenvectors. As our future work will focus on the case when the
minimal set of the symbol is a submanifold, where a priori concentration is
not known, it is unclear whether these approaches are sufficient. For this
reason, and the sake of simplicity, we have chosen a more direct approach.

We slightly extend the definition of Toeplitz operators in order to deal
with the Kéhler manifold M = C", which is not compact. This does not
affect the definitions of H (M, L) and Sy, except that the space Hy(C", L)
has infinite dimension in this case. If f € C°(C"), one can define the
Toeplitz operator Tf\eflat( f) as an unbounded operator, and it is an essentially



self-adjoint operator when the symbol is a positive quadratic form (see
section 3.3).

1.3 Main results

In this article, we adapt the results from [10] to the setting of Toeplitz
quantization. In particular, we are only interested in the following situation:

Definition 1.4. A function h € C*°(M) is said to satisfy the wells condi-
tion under the two following conditions:

e min(h) = 0;
e Every critical point at which h vanishes is non-degenerate.

Observe that, by definition, Morse functions satisfy the wells condition,
as does the square modulus of a generic holomorphic section of L®N for N
large. Note that a function that satisfies the wells condition has a finite
cancellation set.

In subsection 2.2, we consider convenient local maps of “normal co-
ordinates” around any point P € M, which preserve infinitesimally the
Kéhler structure. If a non-negative function A vanishes with positive Hes-
sian at P € M, the 2-jet of h at P reads in these coordinates as a positive
quadratic form ¢(P) on C™. The first eigenvalue u of the Toeplitz opera-
tor T]{,lat(q(P)) (which we call model quadratic operator) does not, in fact,
depend on the choice of coordinates. We define this value to be u(P).

Remark 1.5. The value of u(P) is related to the first eigenvalue of the
Weyl quantization of ¢, when C" is identified with T*R™. This value is
explicit in terms of the Jordan form of Jg, where

0 Id
7= <—Id 0)’

but we will not make use of an explicit expression.
We need the following definition to state our main theorems:

Definition 1.6. Let Z be a subset of M, and let
Vs(N) = {m € M, dist(m, Z) > N_°}.

A sequence (un)nen, with uy € Hy(M, L) for every N, is said to
concentrate on Z when, for every § €10, %[, one has

lun vz vyl L2(ar,Levy = O(N ™).
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Note that concentration, in the sense of the definition above, implies
microsupporting in the sense of Charles [4], that is, a O(N~°) estimate
outside any fixed neighbourhood of the considered set.

Theorem A. Let h be a smooth function on M that satisfies the wells
condition of definition 1.4. For every N € N, let Ay be the first eigenvalue
of the operator Tn(h), and un an associated normalized eigenfunction.
Then the sequence (un)nen concentrates on the vanishing points of h
on which p is minimal.
If there is only one such point Py, then there is a real sequence (ay)r>0
with ag = p(Py) such that, for each K, one has

K
Av=N"1Y NFa,+O(NF72).
k=0

Moreover, if there is only one such point, then An is simple, and there
exists C' > 0 such that Ay is the only eigenvalue of Tx in the interval
[0, N"! (u(FRo) + C)].

Theorem B. Let h be a smooth function on M that satisfies the wells
condition. Let C' > 0. Then there is a bounded number of eigenvalues
(counted with multiplicity) of Ty (h) in the interval [0, CN~1).

More precisely, let K and (ag)o<kp<k be such that

{aor, k<K= J Sp(T/"(a(P))) n[0,C]
PeM
h(P)=0
with multiplicity.
Then one can find ¢ > 0 and a list of real numbers (by)o<k<rk Ssuch that,
for each k, one of the eigenvalues of Tv(h) lies in the interval

[N“lay + N3, — eN72, Ny, + N73/2b, + ¢N72].

Moreover, there are at most K eigenvalues of Ty (h) in [0,CN~1) and each
of them belongs to one of the intervals above.

For generic symbols, the eigenvalues in [0,CN~Y) admit an expansion
in integer powers of N~

The case of “miniwells”, a transposition of [13], will be treated in fu-
ture work. Under analyticity conditions, we also hope to state results on
exponential decay in the forbidden region and on tunnelling, like in [12].



1.4 Outline

We review in section 2 the definitions and semiclassical properties of the
Szegd kernel. Using well-known results about the semiclassical expansion
[19, 4, 6], we derive a useful lemma of universality.

In Section 3, we remind the reader of the symbolic properties of Toeplitz
operators [18]. The state of the art is such that one can compose Toeplitz
operators with classical symbols. We then show a new result on localiza-
tion: low-energy eigenvalues concentrate (in some sense which we will make
precise) where the symbol is minimal. Finally, we study in detail a par-
ticular case of Toeplitz operators, when the base manifold is C" and the
symbol is a positive quadratic form.

Section 4 is devoted to the proof of Theorem A. We build an approxi-
mate eigenfunction of the Toeplitz operator and prove that the correspond-
ing eigenvalue is the lowest one. The most important part is proposition
4.2 for which we use the same method than in [10]. For this, we consider
the hessian of h at a cancellation point, as read in local coordinates; this
is a function ¢ on C". Then we compare the Toeplitz operator T (h) with
the Toeplitz operator T]{,lat(q), which we call model quadratic operator.

In section 5, we modify the arguments used in section 4 to describe, un-
der the same hypotheses on the symbol, the spectrum of a Toeplitz operator
in the interval [0, CN~!) where C' > 0 is arbitrary (Theorem B).

2 The Szeg6 projector

2.1 Geometric context

We are mainly interested in this article with square-integrable holomorphic
sections of Kéhler manifolds, that is, the sequence of spaces Hy (M, L) =
L2 (M, L®N). Each Hy(M, L) is a closed subspace of L?(M,L®YN). To
make their study easier, the following construction reformulates the spaces
Hn as subspaces of the same L? space, following the idea of “Grauert
tubes” (as presented in [9], chapter VI, section 6).

Let L* denote the dual bundle of L, with h* the dual metric. Define

D = {(m,v) € L*, h*(v) < 1}
X =0D = {(m,v) € L*, h*(v) = 1}.
Let us consider the Hardy space on X, defined as follows.

Definition 2.1. If Y is the boundary of an open set U in a complex
manifold, we call Hardy space on'Y and denote by H(Y") the closed subspace



of L?(Y') consisting of functions which are boundary values of holomorphic
functions inside U. The orthogonal projector from L2(Y) onto H(Y) is
denoted by S, the Szegd projector.

In the paper, X plays the role of Y. The space H(X) can be further
decomposed, because X admits an S! action rg : (m,v) = (m,e®v). Thus,
for N € N, we can say that an element f of H is N-equivariant when,
for each z € X and 6 € S!, the identity f(rgx) = €V?f(x) holds. The
space of N-equivariant functions is denoted by Hy(X); then H(X) is the
orthogonal sum of the different spaces Hy(X) for N > 1. We will call Sy
the orthogonal projection on Hy(X).

The main point is that Hy(X) and Hy (M, L) are isometric, the isom-
etry being as follows: to any section s € Hy(M,L), we can associate
§ € L?(X) with the formula §(m,v) = (v®V s(m)). The function § has
the same norm as s. It belongs to H(X), and it is the trace of the func-
tion on D defined with the same formula. Moreover, § is N-equivariant.
Reciprocally, each function in Hx(X) may be expressed this way.

As a helpful illustration (see [8] or [16] for a full review), we consider the
usual n-dimensional complex space C", with the natural Kéhler structure.
Strictly speaking, this is not an example as C™ is not compact, but the
previous definitions can be extended.

Because C" is contractile, the bundle L is isomorphic to C**1, but the
hermitian structure h is not the trivial one, whose curvature is zero. Indeed,
one can show that h(m,v) = e~I™*|v[2. Here, the spaces Hy(C™, L) are
called the Bargmann spaces and will be denoted by By. They can be
expressed as

By =~ {f holomorphic in C", e*%\'\Qf(,) € L2(C™)}.

The projector on By has a Schwartz kernel. Indeed, one Hilbert basis

Nvl/2,v
of By is the family (e, ),czn with e, (z) = Nniz. Hence the kernel

W"\/ﬁ

may be expressed as:

n

N
My (2,y) = —-exp(=N/2lef* = N/2Jy|* + Nz - 3). (1)

The space By is isometric to By by a dilatation of factor N'/2. More-
over, there is a unitary transformation between By and L?(R"), called the
Bargmann transform. The transformation By : L?(R") +— By reads:

Bif(z) = /exp[—(1/2z cz241/20 2 —2v2z - 2)|f(z)d.
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From Bj, one can deduce an isometry from By to L*(R"™) by composing
the scaling isometry and the Bargmann transform.

One noteworthy subspace of Bj is the dense subset of functions f € By
such that fP € By for any polynomial P. That space is denoted by D.
Any element of the previously given Hilbert basis belongs to D and the
Bargmann transform is a bijection from S(R™) to D; the preimage of e, is
the function z — C’,,:c”e"””'Q/Q, where C), is a normalizing factor.

2.2 Semiclassical asymptotics

Semi-classical expansions of Sy are derived in [23, 19, 16, 4, 2|, in different
settings. In [23, 19], the Fourier Integral Operator approach is used to prove
an asymptotic expansion of Sy in a neighbourhood of size N/2 of a point.
In [4, 16, 2], one derives asymptotic expansions of Sy in a neighbourhood
of fixed size of a point.

The off-diagonal of the Szeg6 kernel is rapidly decreasing as N — 4o00:

Proposition 2.2 ([6], prop 4.1). For every k € N and € > 0, there exists
C > 0 such that, for every N € N, for every x,y € X, if

dist(m(z), 7(y)) > e,

then
|Sn (2, y)] <CNF.

The analysis of the Szegd kernel near the diagonal requires a convenient
choice of coordinates, that we will use throughout this paper.

Let Py € M. The real tangent space T'p M carries a euclidian structure
and an almost complex structure coming from the Kéhler structure on M.
We then can (non-uniquely) identify C™ with Tp, M.

Definition 2.3. Let U be a neighbourhood of 0 in C"” and V' be a neigh-
bourhood of Py in M.

A smooth diffeomorphism p : U x S! — 771(V) is said to be a normal
map or map of normal coordinates under the following conditions:

o V(z,v) €U x SL, VO € R, p(z,ve") = ryp(2,v);
o Identifying C" with Tp,M as previously, one has:
V(z,v) € U x S, w(p(z,v)) = exp(2).

The following theorem states that, as N — 400, in normal coordinates,
the Szegd kernel has an asymptotical expansion whose first term is the flat
kernel of equation (1):

10



Proposition 2.4 ([6], theorem 4.18). Let Py € X and p a normal map on
X such that p(0,0) = Py. For z,w € C™ small enough and N € N, let

S (z,w) = e NS\ (p(2,0), p(w, ),

which does not depend on 0 and ¢.

There exist C > 0, C' >0, m € N, € > 0 and a sequence of polynomials
(bj)j>1, with b; of same parity as j, such that, for any N € N,K > 0 and
|z, Jw| <€, one has:

<

SR (z,w) — i (2, w) (1 3N (VR mu))

J=1

Can(K%»l)/Q (1+’\/NZ’+’\/ﬁw‘)mefc/\/ﬁ|27W|+O(N*OO) (2)

Hence, the typical range of interaction of Sy is of size N~Y/2. In par-
ticular, we are able to refine the proposition 2.2:

Corollary 2.5. For every k € N and 6 > 0, there exists C > 0 such that,
for every N € N, for every z,y € X with dist(n(z),n(y)) > N~°, one has:

|Sn(z,y)| < N,

In particular, if u € L*(X) is O(N*°) outside the pull-back of a ball
of size N9, then Sn(u) is O(N~>°) outside the pull-back of a ball of size
2N°.

Remark 2.6. The proposition 2.4 gives asymptotics for the kernel of Sy,
read in local coordinates. However, the normal maps of definition 2.3 do
not preserve the volume form, except infinitesimally on the fiber over Fj.

If dVol is the volume form on X and dLeb is the Lebesgue form on C”,
one has, for any normal map p:

p*(dLeb® df) = hdVol,

for some function h on M with h(Py) = 1. Hence, replacing Sﬁo in equation
(2) by the corresponding half-form corresponds to multiplying the other
terms by \/h(z)h(w). On the one hand, for some m’, one has:

K
I (2, w)™ <1+2Nj/2bj(\/ﬁz,\/ﬁw)) (1 - h(z)h(w))‘

=1

< C(|z] + |w])™ e~z Nlewl

m/+K+1-2n ,
< NP (K+1)/2 (|\/NZ|+|\/NU1|) HRHEE O VN |z—w|

11



On the other hand, there holds:

an(K+1)/2 (1+|mz|+|\/ﬁw|)mefc‘/\/ﬁ|27w|

1- h(z)h(w)‘

< NP2 (14 |V 4+ [VRw]) 4 K+ 1= 2n)eC VNI,

Hence, the effects of the volume form can be absorbed in the error terms
of equation (2), and the proposition 2.4 also holds when Sy is replaced by
the corresponding half-form.

2.3 Universality

In the previously given local expansions of the Szeg6 kernel (2), the domi-
nant term is the projector on the Bargmann spaces of equation (1). Thus
the Bargmann spaces appear to be a universal model for Hardy spaces,
at least locally. To make this intuition more precise, we derive a useful
proposition.

We can pull-back by a normal map the projector Iy on the Bargmann
spaces by the following formula:

o Tl (p(2,0), pla, 8)) = N O~y (2, ).
By convention, p*Ily is zero outside 7~ 1(V)2.

Proposition 2.7 (Universality). Let € > 0. There exists 6 € (0,1/2), a
constant C > 0 and an integer Ny such that, for any N > Ny, for any
function uw € L*(X) such that the support of u is contained in the fibres
over a ball on M of radius N=°, one has:

ITu — Snullr2cxy < CN Y2 |ul 12 x)-

Here I}y, denotes the pull-back of Ilx by a normal map centred on a point
in the support of u.

Proof. Equation (2), for K = 0, can be formulated as:
e N SN (p(2,0), p(w, 9)) = i (z,w)" + R(z,w) + O(N~>),

with
IR(z,w)| < ON"Y2(1 + |VNz| + |[VNw|)me ¢ VNIz—ul,
Let 0 € (0,1/2) and u a function contained in the pull-back of a ball of
size N9,

12



Let v = Syu — ITjyu. Because of Corollary 2.5, v is O(N~>°) outside
p(B(0,4N~9) x S). Hence, it is sufficient to consider the behaviour of the
kernel Sy — IT% on p(B(0,4N7°%) x S') x p(B(0,4N?%) x S1).

Let S% @ (2,0,w,¢) — e N9 Sn(p(2,0), p(w, $)) denote the kernel
Sy as read in local coordinates. For |z| and |w| small enough, one has:

(Sy —In)(z,w) = N"R(z,w) + O(N~°).

It remains to estimate the norm of the operator with kernel N" R, using a
standard result of operator theory:

Lemma 2.8 (Schur test). Let k € C*°(V x V') be a smooth function of two
variables in an open subset V of R®. Let K be the associated unbounded
operator on L*(V).

Let

K] oo 1 := max <Sllp |k(z, ')”Ll(\/)asuP ”k('7y)”L1(V)> .
zeV yev

If |kl poc 1 is finite, then K is a bounded operator. Moreover

| K L2(vymr2vy < [lKll Lo

Thus, we want to estimate the quantity:

sup / N 121 + |V Nz| 4+ |V Nuw|)me ¢zl
|w|<4N—3

|2|<4N -9

After a change of variables and up to a multiplicative constant, it remains
to estimate:

N*1/2 sup / (1 + ’Z‘ + ’u‘)m e’CW,
2| <4N1/2-8 J [u|<4N1/2=8

This quantity is O(N (mfl)%*m‘s). Thus, for any € > 0, there exists § such
that the above quantity is O(N~2+).

By the Schur test, the L? norm of a symmetric kernel operator is con-
trolled by the L>°L! norm of the kernel. When restricted on B(0,4N ’5)2,
the kernel of S —IIy has a L>® L' norm of order N~¢, from which we can
conclude. O

13



3 Toeplitz operators

3.1 Calculus of Toeplitz operators

Let us reformulate the definition 1.3 as acting on Hy(X).

Definition 3.1. If f € C*(M) is a smooth function, one defines the
Toeplitz operator with symbol f as the sequence of operators Tn(f) =
Snf(N7Y) from Hy(X) to itself.

Alternative conventions exist for the quantization (associating an op-
erator to a symbol), though they define the same class of operators. The
convention of definition 3.1 is sometimes called contravariant [4]. The rea-
son for this choice is that we rely crucially on the positivity condition: if f
is real and nonnegative, then T (f) is nonnegative.

The composition of two Toeplitz operators is a formal series of Toeplitz
operators. The theorem 2.2 of [18] states for instance that there exists a
formal star-product on C*°(M)[[v]], written as f *g = Z;‘:OS vIC;i(f,9),
that coincides with the Toeplitz operator composition: as N — 400, one
has, for every integer K, that

K
Tn(f)In(g) — > NTn(Ci(f,g)) = O(N ).
j=0

The functions C; are bilinear differential operators of degree less than 27,

and CO(fag) = fg

3.2 A general localization result

Using the C*-algebra structure of Toeplitz operators, one can prove a fairly
general localization result:

Proposition 3.2. Let h be a smooth nonnegative function on M. Let
Z ={h = 0}, and suppose that h vanishes exactly at order 2 on Z, that is,
there exists C > 0 such that h > C dist(-, Z)?.

Let t > 0, and define

Vi = {(m,v) € X,dist(m, Z) < t}.
For every k € N, there exists C > 0 such that, for every N € N, for
every t > 0, and for every uw € Hy such that Ty (h)u = \u for some X € R,
one has

max(\, N71) g
t2 ’

[ulx\v 2 < C (

14



Proof. By a trivial induction, the k-th star power of a symbol f is of the
form

f*k:fk_FNilCl,k(fa""f)+N72CQ,k(f"",f)+"'>

where C; i, is a k-multilinear differential operator of order at most 2i.

We want to study C;(h,--- ,h) for i < k. The function h is smooth
and nonnegative, hence v/h is a Lipschitz function. In other terms, there
exists C' such that, for every (z,£) € TM with ||£|| < 1, one has O¢h(x) <

Cv/h(z).
In local coordinates, the function C; x(h,--- , h) is a sum of terms of the
form a@"*h0"2h...0" h, where Z?Zl |vj| = 2i and a is smooth.

o If v; =0, then 0"7h = h.
o If [vj| = 1, then [0 h| < CV/h.
o If |vj| > 2, then |[0"7h| < C.
Hence |a0"*hd"2h . ..0"*h| < Ch¥~% from which we can conclude :
Ci (R, -+ h)| < CRF

This means that, for every k > 0, the function h** is of the form:

k-1
WE=hF N Ve + v R (),
=1

where ¢ is bounded independently on p and where, for each i and k there
exists C' such that |f; x| < ChF~%.

Using this, we can prove by induction on k that there exists C} such
that, for every N and for every eigenvector u of T (h) with eigenvalue A,
one has

[(u, Wfu)| < O max(X, N7H)FJul®.

Indeed, this is clearly true for k = 1, because (u, hu) = A||ul|?.
Let us suppose that, for all j < k—1, there holds (uy, hfuy) = O(N 7).
Because uy is an eigenvector for T (h), it is an eigenvector for its powers,

hence
Tn(R*)u = Ty (h)Fu + O(N~°) = M + O(N ™).

Replacing h** by its expansion and using the fact that h > 0, we find:

k—1
(u, h*u) < CNF Nl + 30 N~ u, f; ju).
=1

15



Now recall |f; x| < Ci,khk*i, and the induction hypothesis:
(u, ¥ ) < Cymax(\, N71)F||u)?
for every ¢ > 0. Hence
k—1 A '
(u, hFu) < O(NTF) + 3" € C;N " max(A, N1 ||u|%,
i=1
hence there exists Cy such that (u, hFu) < Cp max(\, N71)F||u|?
Now we can conclude: for every k, there exists C' such that, for every

t > 0 one has
Vz ¢V, hF > otk

Finally, for every k there exists C such that, for every N € N, ¢t > 0
and u an eigenvector of T (h) with eigenvalue A, there holds

max(A, N_1)>k ‘

ummmmsc< ;

O

This proposition leads to the following definition, which we will use
extensively in what follows:

Definition 3.3. Let A be a closed set of M, and uy be a sequence of
normalized elements of L?(X).
We say that uy concentrates on A if for each 6 €]0,1/2[, with

Vv = {(m,v) € X,dist(m, A) < N*‘;},

one has
lunx\vy 2 = O(N™).

In this article, we will mainly specialize the proposition 3.2 to the case

A=ON"YHandt=N"7°for0<d<1/2:

Corollary 3.4. Let u = (uny)nen be a sequence of unit eigenvectors of
Twn(h), with sequence of eigenvalues Ay = O(N~1Y). Then u concentrates
on the zero set of h.

We can reformulate the proposition 3.2 in these terms: if h is a positive
smooth function on M, then any sequence of normalized eigenvectors of
T (h) whose eigenvalues are O(N 1) concentrates on the zero set of h.

Remark 3.5. An independent work by Charles and Polterovich, that ap-
pears partially in [5], focuses on the case of a regular value of a real symbol,
with similar results.
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3.3 Quadratic symbols on the Bargmann spaces

Toeplitz operators can also be defined in the Bargmann spaces setting, but
one should be careful about the domain of such operators.

This section is devoted to a full survey of the quadratic case, which is
very useful as a model case for the general setting. Let ¢ be a positive
quadratic form on C". Let

Ay = {f € By, e M2 J4() £() € LA}

Then Ay is a dense subspace which contains D. It is the domain of the
positive quadratic form ¢y : (u,v) — [ quv, and Ay is closed for the norm
llullay = llullr2 + tn(u, u). Moreover, the injection

(AN, [ llay) = (B, [ - 22)

is compact. Using the usual results of spectral theory, the asssociated
operator T]{,lat is positive and has compact resolvent. The spectrum of
T](,lat thus consists of a sequence of nonnegative eigenvalues, whose only
accumulation point is 4-o0.

We now recall that the normalized scaling on C” by a factor N1/2 sends
By into B. This conjugation sends T]{,lat to NflTlﬂat.

Proposition 3.6. The first eigenvalue un of T]{,lat s stmple.

Proof. As q is positive a.e, the quadratic form ¢, is strictly convex, hence
the first eigenvalue is simple. O

Proposition 3.7. Let T*R™ be identified with C". Let Opw (q) denote the
Weyl quantization of Qn, as a symbol in T*R™, and recall that By is the
N-th Bargmann transform. Then BNT]J\C,MBK,1 = Opw(q) + N~ ttr(q).

In particular, the first eigenvalue of T }\;lat 1s positive.

Proof. Let j,k be two indices in [|1,n|].

If g : 2 zjz = (xj + iy;)(zx + iyg), then tr(q) = 0, so the two
operators should coincide. 77 is the operator of multiplication by z;zy.
This operator is conjugated via B; to the operator (z; + i0;)(xy + i0y) =
xjxy — 00 + ix;0y + 1051 Moreover, the Weyl quantization of ¢ is the
operator

i
Opw(q) = xjxy — 0;0k + 5(8kxj + ;0 + 0j1 + xkaj).
These two operators coincide whether 7 = k or not.
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If g : 2 = %z = (z; — 1y;) (2 — iyg), then again tr(¢) = 0. Moreover,
T](,lat is the operator of holomorphic differentiation 9,,0,,. This operator
is conjugated via B; to the operator (x; — i0;)(z) — i0y) = xjz), — 0;0 —
ix;0) — 10jx),. Moreover, the Weyl quantization of ¢ is

)
Opw(q) = Z;Tp — 8j(9k — §(akxj + xj(?k + 8j£6k + Cﬂkaj)-

Again the two operators coincide. ‘

If ¢ : z = 2z, = (x; + iy;)(xr — iyx), then tr(g) = 26;. In that case,
T]J\cflat = 0,,%;. This operator is conjugated to (zj — i0k)(x; + i0;). The
Weyl quantization of ¢ is

7
Opw (q) = zjzi, + 00k + 5(—(9/@]- — 20 + 0jx, + 1,05).

The two operators coincide when k # j, and when k = j the difference is
2.

From the conjugation, it is clear that the first eigenvalue of T](,lat is
positive, because the Weyl quantization of ¢ is nonnegative and tr(q) > 0.
O

Because T]{,lat is conjugated to N~!T7, one has uny = N~'uq, and for
some C' > 0,
dist(su, Sp(T{™) \ {pn}) = CN .

The first eigenvalue p1 of 171 depends on ¢, but is invariant under an
unitary change of variables on C"”. From now on we will use the notation
1(q) to denote ;.

Remark 3.8. The computation of 1(q) is non-trivial. As explained in [1],
the first eigenvalue of Op!¥ (q) can be obtained the following way: let M &
S$T(R) denote the symmetric matrix associated with ¢ in the canonical
coordinates. Let J be the matrix of the symplectic structure:

0 —Id
7= <Id 0 )

Let A denote a Jordan form of JM. The diagonal of A is purely imaginary,
and the blocks of A appear by pairs of blocks of the same size, one with
diagonal value ¢, and one with diagonal value —i\. Then p is the sum of
the imaginary parts of the elements on the diagonal of A whose imaginary
part is positive.
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4 The first eigenvalue

4.1 Statement of the main result

If at a point Py € M a non-negative function h vanishes with positive
Hessian, one can build a convenient local map from a neighbourhood of Fy
to a neighbourhood of 0 in C™. Thus the 2-jet of h at Py maps to a positive
quadratic form g on C", up to a U(n) change of variables. Hence, the map
associating to Py the first eigenvalue p of the model quadratic operator
T Jf,lat(q) is well-defined. From now on, we will also call p this map.

Theorem A. Let h be a smooth function on M that satisfies the wells
condition of definition 1.4. For every N € N, let Ay be the first eigenvalue
of the operator Tn(h), and un an associated normalized eigenfunction.
Then the sequence (un)nen concentrates on the vanishing points of h
on which p is minimal.
If there is only one such point Py, then there is a real sequence (ax)k>0
with ag = p(Py) such that, for each K, one has

K
Av=N""1Y NFa,+ONF2).
k=0
Moreover, if there is only one such point, then Ay is simple, and there

exists C' > 0 such that Ay is the only eigenvalue of Tx in the interval
[0, N"! (u(Ro) + C)].

The method of proof is the following: for each vanishing point Py, we
construct a sequence of functions which concentrates on Py, which is almost
an eigenstate, and whose associated eigenvalue is equivalent to N ~!u(Pp).
We then show a positivity estimate for eigenfunctions concentrating on a
single well. The uniqueness and the spectral gap property follow from a
similar argument. At every step, we compare Tx(h) with the operator on
By whose symbol is the Hessian of h at the point of interest.

4.2 Existence

We let h denote a smooth function satisfying the wells condition. For every
cancellation point of h, one can find a candidate for the ground state of
Tn(h). Instead of finding exact eigenfunctions, we search for approximate
eigenfunctions. This is motivated by the following lemma:

Lemma 4.1. Let T be a self-adjoint operator on a Hilbert space H, \ € R,
and u € D(T) with norm 1.
Then dist(X, Sp(H)) < || T(u) — Aul|.
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Let Py € M be a point where h vanishes. Let p be a local map of normal
coordinates in a neighbourhood of 71(Fy). Recall from equation (2) that,
for every N € N and every z,w € C" such that (z/v/N,0,wv'N,0) belongs
to the domain of p, one has

s oy 4) o (G %)

K
= II; (2, w) (1 + > N2z, w))> + R(z,w, N) + O(N~>). (3)
k=1

Here the b;’s are polynomials of the same parity as j, and
r(z,w, N)| < ON"=EHD/2e=Clemwl(q 4 m 4 jp™),

The functions that we will consider are supported on the pull-back of
contractible open set of M, so we drop the fibre variable 6 and ¢.
The main proposition is

Proposition 4.2. There ezists a sequence (uj)j>o0 of Schwartz functions
in C", with (ug,ux) = 09, and a sequence (Aj)j>0 of real numbers, with
Ao = p(Py) and \j = 0 for j odd, such that, for each K and N, if u™ (N) €
L*(X) and XX (N) € R are defined as:

K
uF(N)(p(2,0)) = NN Y7 NTIPu;(VN2),
j=0

u(N) is supported in the image of p,

K
AE(N) = NS TNTI2),
5=0
there holds, as N — +oo,
|SyhSNul (N) = AE(N)uE (V)| = O(N~EF+3/2),

Remark 4.3. The functions u* (V) do not lie inside Hy (X)), because they
are identically zero on an open set. Nevertheless, the operator SyhSy on
L?(X) decomposes orthogonally into the desired operator on Hy, and 0 on
its orthogonal. Hence a nonzero eigenvalue of SyhSy must correspond to
an eigenvalue of Ty (h) with same eigenspace. The same holds for almost
eigenvalues.

Considering AX as a polynomial in N~
seem surprising. However, in the proof, we construct A as a polynomial
in N~Y2 as we do for . The fact that it is a polynomial in N~ is due
to parity properties.

1/2 whose odd terms vanish may
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Proof. Let us try to solve the successive orders of
(SyhSy — ME(N)uf(N) = 0.

We write the Taylor expansion of h around Py as

K
x) —i—ZTj(x) + E(x
=3

Because of equation (3), the kernel of SyhSy, read in the map p, is:

o (o(5). ( 7))

=N~ 1N" <q +ZN k2 (y )+NE(y/x/N)>

14 (2,v) (1—1—2]\7 Ib(z, v, )) —i—R(z,w,N)]

X [Hl(y, <1+ZN 'y y,w,N)>+R(y,z7N) dy

=1

+O(N).

The dominant order is simply

swe N' (2, )q(y)h (y, w)dy.

It is the kernel of the Toeplitz operator ) = Tlf lat(q) on B; associated
to the quadratic symbol ¢, which we studied in subsection 3.3. Its resolvant
is compact, the first eigenvalue p(Fp) is simple, and if ug is an associated
eigenvector, the operator @ — u(FPp) has a continuous inverse on u& which
sends D into itself. Moreover ug is an even function.

This determines uy and Ao = p(Py). Here ug € D, so we can trun-
cate the function z, 6 eiNGN"uo(Nl/Qz) to a function supported on the
domain of p, with only O(N~°°) error. The push-forward by p of this
truncation, extended by zero outside the image of p, is denoted by u°(N).

The error is thus:

/ 1SxhSNu(N)= N~ Mgul (V)2 < CN~2 / Az, g, w, N)2|uo(w) 2dydw
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where

A(Zay7w7N) = N‘E(y/\/ﬁ)nl(z7y)nl(yaw)‘

() (1R (2. )/ (9 0) + Ry, . NI 22 9) + R 2y, V) R(g, w, N) ).

Here, F is a Taylor remainder of order 3 on a compact set, so
INE(y/VN)| < Cly|N~V2,
Moreover, recall that
|[R(z,y, N)| < CN7V2e o1 4 2™ 4 [y|™).
Hence
|A(z,y,w, N)| < CN~2e=Clz=vl=Cly=wl() 2™ 4 |y|™ + |w|™).

Because ug € D, there holds:
N3 / |SyhSnug — N~ Aguol?

< C [[[ el P P fug () Pdydzda
+ O(N™™)
<C (/ ]u\QmeCl'“du)Q/\w\Qm\uo(w)\de +O(N—)
<C.
From there we deduce that ug is an approximate eigenvector:
SnhSyug — N~ Agug = O(N73/2).

This proves the proposition for K = 0.

We construct by induction on K the following terms of the expansion.

For j € N, we let J; : By — L2(6_|'|2Leb), unbounded and symmetric,
whose kernel is

Jj(x’z) = /Hl(x’y)ﬂl(yaz) ( Z bk(x’y)TQ-H(Z)bm(yaz)) dy.

k+l4+m=j

The dense subspace D is included in the domain of J;, moreover J;(D) C D.
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Let K € N, and suppose we found functions (u)r<x € D, orthogonal
to ug, and of the same parity as k, and real numbers A\ that vanish when
k is odd, and such that, for each k& < K, there holds:

k-1
(Q— Aouk—ZJuk i+ Auo + Y AUk (4)
Jj=1 7=1

Let us find ug 41, orthogonal to ug, and Mg 1 so that equation (4) also
holds for k = K + 1: take the scalar product with ug. As @ is symmetric,
the left hand side vanishes, so A1 is determined. Moreover if K + 1 is
odd, this equation boils down to Ag1 = 0.

We now are able to find ug ;1 because we can inverse  — Ag on the
orthogonal set of ug. Finally, ux 1 is of the same parity as K + 1.

It remains to show that to this sequence of functions u corresponds an
approximate eigenvector of SyhSy.

Let K > 0, fixed in what follows. For each N € N, we can build a
function u® () on X, supported in the image of p and such that, for =
in the image of p, one has u® (N)(p(z,0)) = NN K | N~Fuy(vVNz).
Note that u/*(N) concentrates on Py.

Let

K
AE(N) = N1 N RN

We evaluate (Sy My Sy — MS(N))uf(N) =: f&(N). Consider an open set
V1, containing Py, and compactly included in the image of p. One has

1R (N)[| poe 1) = O(N ™)

because uf (N) concentrates on Pp.
To compute fX(N) in V4, we use the equation (3) at order K. A change
of variables leads to:

N LN (N) (p(/ VN, 0))

K

=> N~

k=0

k

[Q Ao)uy(x Z juk—j(x) — Aguo (@ Z)\uk] ]

wlk‘

2K X K
+ Z N2 [ Z ) up—j (T )]
j=k—K

k=K+1

K
k+y+l _k
+ Z N—™ Ej nug(z)+ Z N },NW(@“‘ZN 2 Exrug ().
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By construction, the right-hand term of the first line vanishes. The
second line O(N~—(K+1)/2),

There are three error terms in the last line. Ej; v is the operator with
kernel:

Ejin(a,2) = [ The, )T (g, b (o, y)bi .2 BV 2y)dy.
By dominated convergence, for each function u € D, one has
1Bjn ()2 = O(N D),

In particular it is true of the functions uy.
E’  is the operator with kernel:

E‘;’,N(xa Z) = /Hl(x’ y)b](x’ ?J)h(Nil/Qy)RK(y, 2 N)dy
+ [ Ty 2005 (g ) R .y, MRV 2)dy,
For w € D, there holds, for m large enough:
/]E}Nu(x)de
2
= 2/ ’// Iy (2, )Ty (y, 2)bj (2, ) (N " 2y)ric (y, 2, N)u(z)dydz| dw
< ON-(E+D / / / e~2C"e=1=2C"ly=21(1 4 || + |y| + |2])™ u(z)[2dadyd=

S ONTED /// eI o™ o ™ + |2 u(z) P dudvd 2

< ON— K+,

EX; is the operator with kernel

Ki(an2) = [ ity NN 2y (g, 2, N)dy.
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For u € By, there holds, for m large enough:

N2EFD / |EX (2, 2)u(z) Pda

2

< N0 [ iy, MR 2y iy, 2 Nyu()dydz| do

< C/// e—C/Im—y|—C/|y—z|(1 tlz—y[™+y— 2"+ |Z|m)|u(2)|2dxdydz

< C/// e*C/|v|*C/|w‘(1 + ™ + o)™ + |w|m)|u(2)|2dvdwdz
<C.

This concludes the proof. O

From this proposition we conclude that, for every well P, there exists an
eigenvalue of T (h) which has an asymptotical expansion in inverse powers
of N, the dominant term being N ~!u(P). In particular, the first eigenvalue
of Ty (h) is O(N~1).

4.3 Positivity

The following proposition implies that the first eigenfunctions only concen-
trate on the wells that are minimal:

Proposition 4.4. Let (vy)nen a sequence of normalized functions in L*(X).
Suppose v localizes on a point Py, on which h cancels. Then for each ¢ > 0
there exists No and C such that, if N > Ny,

<UN7 hUN> > N_l,u(PO) _ CN_3/2+5_

Proof. Let § < 1/2 be close to 1/2. Let (z,6) denote normal coordinates
around P, and p the associated map. Then the sequence (wy)n>0 =
(p*vN)N>o is such that w2 po,n-sy) = O(N ™). Then

IMNwn | p2o2n-5)) = O(N ™)
[SNwN L2 Bo,2n-0y) = O(N™™)

as well.
Using the Proposition 2.7, for § close enough to %, if IT; is a push-

forward of Iy by p, one has ||(Sy — IT})vn || < CN—2%¢. Hence, if Sy is
a pull-back of Sy by p, one has ||(Sy — Iy)wn|| < CN-3e,
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If ¢ is the Hessian of h at P read in the chosen coordinates, the spectrum
of the model quadratic operator IInyq¢lly is known: one has

(wn, T glly, wy) > N7 p(Po)[Mywy .

Moreover, on B(0,2N %) the following holds : CN=2 > h > ¢ — CN~°,
Now, if ¢ is close enough to %, one has:
(wN, S}kvhS}kaN>

~CN™

+ <wN, S}kvq(S}kV — HN)U)N> — CN735

_ CN7257min(5,%7e)

> (wn, SygSywn)

= (wn, Syqllywy)
> <wN7S}quHN?UN>
= (wn, InglIywy) + (wn, (Sy — Uy )glInwn) — O N-25-min(5,}—¢)
> (wy, Myqllywy) — CN~2-min(5-¢)

1_
’

> N_lﬂ(PO) - CN—Zé—min((S 5 e).

This concludes the proof. O

Remark 4.5. In the proof, we used not fully the fact that v localizes on
Py, but only the fact that, for some ¢ determined by the geometry of M,
one has

o1 Iz = O(N==),

()¢ B(Po,N~3+9

Thus, this proposition could be used in a more general context.

4.4 Uniqueness and spectral gap

Proposition 4.6. Suppose h satisfies the wells condition, and that there is
only one well with minimal p. Then the approximate eigenvalue of propo-
sition 4.2 associated to this well corresponds to the first eigenvalue Ay of
Tn(h). This eigenvalue is simple; moreover there exists C' > 0 such that,
for N large enough

dist(An, Sp(Tw (h)) \ An) > CN~ L

Proof. The proposition is equivalent to the following claim: let ug ()
denote the approximate eigenvector of order K associated to the well with
minimal p. Let Fy be the orthogonal complement of ug(N) in Hy(X),
and Py be the orthogonal projection from Hy(X) to Fiy Then the operator
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Tﬁ[(h) : Fny — Fy, defined as Tﬁ[(h) = PyTn(h), is bounded from below
by Ay + CN -1,

Let vy be a sequence of normalized eigenvectors of Té , and puy the
sequence of associated eigenvalues. One has T (h)vy = puyvy+Cnug (N).
Because ug is a sequence of normalized functions and Sy is bounded, the
sequence C'y is bounded.

Assume = O(N~1). In this slightly different setting, we can repeat
the proof of the proposition 3.2 using the fact that ug(N) is itself an
eigenfunction of T (h). There holds:

k
Tn(*F)oy = phon + Oy Z /L?V)\];V_ju]v.
j=1

Hence vy concentrates on the vanishing points of h.

If Py, P1, ..., P;are the vanishing points of h, one can decompose vy =
vo,N + Ui N + ... +vg N + O(N~™), where each sequence v; y concentrates
on P;. The proposition 4.4 gives estimates for v; i if 7 # 0. Namely, if C is
such that NAy + C < u(F;) for all i and for N large enough, then

(vi Ny SNhSNViN) > (An + CN7Y|vi 3.

Recall that ux (N) has an asymptotic expansion whose first term ug is
the pull-backed ground state of the operator on the Bargmann space with
quadratic symbol. This operator has a spectral gap of order N~!. Moreover
(vo,n,up) = o(1), then for C strictly smaller than the spectral gap of the
quadratic operator, one has for IV large

(vo,n, SNhSNvo,N) > (An + CN ™Y lug w3

The functions v; x are orthogonal to each other with disjoint support,
so that (v; n, SNhSnvjn) = O(N™) whenever i # j, and |un|3 =
> [vjnl3 + O(N~>). Thus the two inequalities allow us to conclude.
O

4.5 End of the proof

It remains to show that, in the case where only one well Py has minimal
i, then the ground state is O(N~°) in a fixed neighbourhood of the other
wells.

Let K an integer. We have constructed in subsection 4.2 a sequence
(Uk(N))nen which vanishes outside a fixed neighbourhood of Py, and
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which is a sequence of approximate unit eigenvectors of Tn(h), with ap-
proximate eigenvalue A (V). One has

Ak (N) = N~ u(Ry) + O(N~3/2),
and
dist(Ax (N), Sp(T (h)) = O(NK).

Moreover we proved in subsection 4.4 that there can be only one eigenvalue
of Ty (h) in [0, N~ (u(Py) + C)] for some C, and that this eigenvalue is
simple. Hence, denoting A (NN) this sequence of eigenvalues, one has

Aoo(N) = min Sp(Tn (h)),
and
oo (N) = Ag (N)| = O(N~F).

Let Uso(N) denote a sequence of unit eigenvectors associated to Ao (N),
and decompose Uk (N) = ¢(N)Usx(N) + wg (N), where wi (N) L Uso(N).
Then

(Tn(h) = Asc(N))wic (N) = O(N™H).

The operator T (h) — As (V) is invertible on Uy (N)* and its inverse has
a norm bounded by N, so wx(N) = O(N~5+1) Because both Uy and
U are normalized, one has ¢(N) — 1.

Finally, if V' is a neighbourhood of another well, then Ug (V) is zero on
V', so that

|Use(N) |2y = 0k (N) |2y = O(NTFH).

This concludes the proof.

5 Eigenvalues in a scaled window

5.1 Statement of the result

The last section is devoted to the proof of the following theorem :

Theorem B. Let h be a smooth function on M that satisfies the wells
condition. Let C' > 0. Then there is a bounded number of eigenvalues
(counted with multiplicity) of Ty (h) in the interval [0, CN~1).

More precisely, let K and (ay)o<kp<k be such that

{aow, k< K} = |J Sp(T{"(a(P) N[0,
h(P)=0
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with multiplicity.
Then one can find ¢ > 0 and a list of real numbers (by)o<k<k such that,
for each k, one of the eigenvalues of Tv(h) lies in the interval

[N“Yap + N2, — eN72, N~lay, + N=3/2b, + ¢N 7.

Moreover, there are at most K eigenvalues of Ty (h) in [0,CN~1) and each
of them belongs to one of the intervals above.

For generic symbols, the eigenvalues in [0,CN~) admit an expansion
in integer powers of N~

5.2 Approximate eigenvectors

In the proof of the proposition 4.2, the first guess for an approximate eigen-
vector of Ty (h) was the first eigenvector of the model quadratic operator
at one of the wells.

If, instead of the first eigenvector, we start from any eigenvector of the
model, we can proceed the same way; however the recursion stops after one
step, in general.

Proposition 5.1. Let P € M on which h cancels, and Q be a model
quadratic operator in some normal coordinates around P. Let A be an
etgenvalue of Q.

Then one can find a suitable orthonormal basis of the eigenspace E)
so that, from each base vector, one can build a sequence of approrimate
eigenvectors of T (h), modulo O(N~2).

Moreover, if dim Ey = 1, then from a unit eigenvector of ), one can
build a sequence of approzimate eigenvectors of Tn(h), modulo O(N~).

Proof. Recall from proposition 4.2 that one can find an approximate
eigenvector at any order, starting from the ground state ugy of Q).

Let us replace ug by an arbitrary eigenfunction of 2, which still belongs
to D. Let X\ be the associated eigenvalue. When A is a simple eigenvalue,
one can solve equation (4) at any order. Observe that ug is either even or
odd, so that only negative integer powers of N remain in the expansion of
the eigenvalue.

If Q@ — X is not invertible on u&, the equation (4) can still be solved for
k = 1. Consider an orthonormal basis (vi,...,vr) of the eigenspace E).
Suppose ug = v;. The equation (4) reads :

(Q — )\)ul = Jiug + AMug.

Taking the scalar product with wy yields A\; = —(vy, Jiv1). But we also
need to check that 0 = (v;, Jiv1) for | # 1. This is done by choosing an
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orthogonal basis in which Jj is diagonal. One can then find u; in E)% The
proof of the error estimate is the same. O

5.3 Uniqueness properties

Now we prove that each eigenspace of Tn(h), with eigenvalue less than
CN™!, is spanned by eigenfunctions that we have constructed in the pre-
vious proposition.

Proposition 5.2. Let C > 0. Consider the set E of approximate eigen-
vectors that we can construct with the proposition 5.1, starting from eigen-
vectors of model quadratic operators with eigenvalue less than C'. Then, for
all € > 0, the operator Tx(h), corestricted on E*, is bounded from below
by (C —e)N~L.

Proof. We simply mimic the proof of the uniqueness proposition in the
last section.

Let vn be a sequence of eigenvalues of Tn(h). Then vy is O(N~°)
outside any fixed neighbourhood of {h = 0}. Decomposing vy = > v; v +
O(N~°), where v; y is supported in a small ball around P;, the pull-
back of v; y is approximatively orthogonal (with O(N~'/2) error) to all
eigenfunctions of the local quadratic operator whose eigenvalues are less
than C'. One then has

(vin, I gidTivi n) = (C — €/2)N " oy n ||,
from which one can deduce

<Uz‘,N7SNhSNUz‘7N> Z (C — e)N_leLNHQ.
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