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GLOBAL SOLUTIONS FOR A HYPERBOLIC-PARABOLIC
SYSTEM OF CHEMOTAXIS

RAFAEL GRANERO-BELINCHON

ABSTRACT. We study a hyperbolic-parabolic model of chemotaxis in
dimensions one and two. In particular, we prove the global existence of
classical solutions in certain dissipation regimes.
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1. INTRODUCTION
In this note we study the following system of partial differential equations
(1) dyu = —A%u+V - (uq), for z € T, t >0,
(2) g = Vf(u), for z € T, t >0,

where u is a non-negative scalar function, ¢ is a vector in R?, T¢ denotes
the domain [, 7]? with periodic boundary conditions, d = 1,2 is the di-
mension, f(u) = u?/2, 0 < a < 2 and (—A)*? = A® is the fractional
Laplacian.

This system was proposed by Othmers & Stevens [21] based on biological
considerations as a model of tumor angiogenesis. In particular, in the pre-
vious system, u is the density of vascular endothelial cells and g = V log(v)
where v is the concentration of the signal protein known as vascular en-
dothelial growth factor (VEGF) (see Bellomo, Li, & Maini [I] for more
details on tumor modelling). Similar hyperbolic-dissipative systems arise
also in the study of compressible viscous fluids or magnetohydrodynamics
(see S. Kawashima [3] and the references therein).
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2 R. GRANERO-BELINCHON

Equation (1) appears as a singular limit of the following Keller-Segel
model of aggregation of the slime mold Dictyostelium discoideum [9] (see

also Patlak [20])

(3)

Ou = —Au — xV - (uVG(v)),
0w = vAv + (f(u) + A,

when G(v) = log(v) and the diffusion of the chemical is negligible, i.e.
v — 0.

Similar equations arising in different context are the Majda-Biello model
of Rossby waves [18] or the magnetohydrodynamic-Burgers system proposed
by Fleischer & Diamond [3].

Most of the results for (1) corresponds to the case where d = 1. Then,
when the diffusion is local i.e. & =2, (1) has been studied by many different
research groups. In particular, Fan & Zhao [2], Li & Zhao [13], Mei, Peng &
Wang [19], Li, Pan & Zhao [12], Jun, Jixiong, Huijiang & Changjiang [7] Li
& Wang [16] and Zhang & Zhu [25] studied the system (1) when o = 2 and
f(u) = u under different boundary conditions (see also the works by Jin, Li
& Wang [0], Li, Li & Wang [11], Wang & Hillen [22] and Wang, Xiang &
Yu [23]). The case with general f(u) was studied by Zhang, Tan & Sun [20]
and Li & Wang [17].

Equation (1) in several dimensions has been studied by Li, Li & Zhao [11],
Hau [5] and Li, Pan & Zhao [15]. There, among other results, the global
existence for small initial data in H®, s > 2 is proved.

To the best of our knowledge, the only result when the diffusion is non-
local, i.e. 0 < a < 2, 1is [1]. In that paper we obtained appropriate lower
bounds for the fractional Fisher information and, among other results, we
proved the global existence of weak solution for f(u) =u"/r and 1 <r < 2.

In this note, we address the existence of classical solutions in the case
0 < a < 2. This is a challenging issue due to the hyperbolic character of
the equation for ¢. In particular, u verifies a transport equation where the
velocity ¢ is one derivative more singular than u (so V-(ugq) is two derivatives
less regular than u).

2. STATEMENT OF THE RESULTS

For the sake of clarity, let us state some notation: we define the mean as

@) = gt [, 9@

Also, from this point onwards, we write H* for the L?—based Sobolev space
of order s endowed with the norm

2

lullZs = NlullZs + lullf lull e = 1A%l 2.

For 3 > 0, we consider the following energies Eg and dissipations Dg,

(4) Ep(t) = llullfys + lallfs, D) = lulfysrar-

Recall that the lower order norms verify the following energy balance [/]
1

() 5 ()2 + la)l3) + /0 u(s)lla2ds = 5 (luoliz2 + laollZ2) -
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2.1. On the scaling invariance. Notice that the equations (1)-(2) verify
the following scaling symmetry: for every A > 0
un(z,t) = A tu Az, A%), g, t) = AL (\a, AY).
This scaling serves as a zoom in towards the small scales. We also know
that
2 2

[z + llg@)]z2
is the strongest (known) quantity verifying a global-in-time bound. Then,
in the one dimensional case, the L? norms of u and ¢ are invariant under
the scaling of the equations when a = 1.5. That makes o = 1.5 the crit-
ical exponent for the global estimates known. Equivalently, if we define

the rescaled (according to the scaling of the strongest conserved quantity
||U(75)||%2 + ||q(t)||%2) functions

uy (@, 1) = 75U (v2,7°1),  gy(w,t) =1"0q (ya, ).
we have that u, and ¢, solve

Oy = —A%uy + 77150, (uyqy),

O0rqy = 70‘71'5%81%,.

Larger values of o form the subcritical regime where the diffusion dom-
inates the drift in small scales. Smaller values of « form the supercritical
regime where the drift might be dominant at small scales.

Similarly, the two dimensional case has critical exponent o = 2.

Remark 1. Notice that the equations (1)-(2) where f(u) = u have a differ-
ent scaling symmetry but the same critical exponent o = 1.5. In this case,
the scaling symmetry is given by

un(z,t) = A2 2u (A, %),  qa(z,t) = A2 g Az, A%),

while the conserved quantity is ||u(t)||r + ||q(t)]|32 /2. Thus, if we define the
rescaled (according to the scaling of the conserved quantity) functions

uy (2, 1) = qu (v, 7°t),  gy(a,t) =4"7q (v, 7).
we have that uy and q, solve
Oruy = —A%uy + 7a71'561(u7q7),
atqu _ 7a71.58xu7‘

A global existence result when « is the range 1.5 < o < 2 for the problem
where f(u) = u is left for future research.

2.2. Results in the one-dimensional case d = 1. One of our main results
is

Theorem 1. Fiz T an arbitrary parameter and let (ug, qo) € H?(T)x H?(T)
be the initial data such that 0 < wuy and (qo) = 0. Assume that a > 1.5.
Then there exist a unique global solution (u(t),q(t)) to problem (1) verifying

u € L®(0,T; H*(T)) N L*(0,T; H***/>(T)),q € L>®(0, T; H*(T)).
Furthermore, the solution is uniformly bounded in

(u,q) € C([0,00), H(T)) x C([0, 00), H'(T)).
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In the case where the strength of the diffusion, «, is even weaker, we have
the following global existence result for small data:

Theorem 2. Fiz T an arbitrary parameter and let (ug, qo) € H?(T)x H?(T)
be the initial data such that 0 < ug and (qo) = 0. There exists C,, such that
if .b>a>1 and

[40l%a2 + 190102 < Ca
then there exist a unique global solution (u(t),q(t)) to problem (1) verifying
w e L>®(0,T; HX(T)) N L*(0,T; H***/*(T)),q € L>(0,T; H*(T)).
Furthermore, the solution verifies
a2 + a1 ez < luolFar + N0l Fas-

Corollary 1. Fiz T an arbitrary parameter and let (ug, qo) € H?(T)x H?(T)
be the initial data such that 0 < ug and (qo) = 0. Assume that 1 > a > 0.5
and

ol + ol < 5
where Cg is defined in (7). Then there exist a unique global solution (u(t),q(t))
to problem (1) verifying

w e L>®(0,T; HX(T)) N L?(0,T; H**/%(T)),q € L>(0,T; H*(T)).
Furthermore, the solution verifies

a7 + la@ 1 < lluollzp + laoll7-

2.3. Results in the two-dimensional case d = 2. In two dimensions the
global existence read

Theorem 3. Fiz T an arbitrary parameter and let (ug,qo) € H?(T?) x
H?(T?) be the initial data such that 0 < wg, {(go) = 0 and curlgy = 0.
Assume that o = 2. Then there exist a unique global solution (u(t),q(t)) to
problem (1) wverifying

w € L™(0,T; H*(T?)) N L*(0, T; H*(T?)),q € L>(0,T; H*(T?)).
Furthermore, the solution is uniformly bounded in
(u,9) € C([0,00), H'(T?)) x C([0, 00), H'(T?)).

Corollary 2. Fiz T an arbitrary parameter and let (ug,qo) € H?(T?) x
H?(T?) be the initial data such that 0 < wg, {(go) = 0 and curlgy = 0.
Assume that 2 > o > 1 and

luollZ + llaoll 7 <€

where C is a universal constant. Then there exist a unique global solution
(u(t),q(t)) to problem (1) verifying

u e L®(0,T; H*(T?)) N L(0,T; H***/*(T%)),q € L®(0,T; H*(T?)).
Furthermore, the solution verifies

lu(® 7 + 1V - a@IZ> < Tuolzp + 1V - ol
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Remark 2. In the case where the domain is the one-dimensional torus, T,
local existence of solution for (1)-(2) was proved in [1] for a more general
class of kinetic function f(u). The local existence of solution for (1)-(2) the
domain is the two-dimensional torus T with d = 2 follows from the local
existence result in [1] with minor modifications. Consequently, we will focus
on obtaining global-in-time a priori estimates.

2.4. Discussion. Due to the hyperbolic character of the equation for ¢,
prior available global existence results of classical solution for equation (1)
impose several assumptions. Namely,

e either d =1 and oo = 2 [26, 17],
e or d =2,3, « = 2 and the initial data verifies some smallness condi-
tion on strong Sobolev spaces H®, s > 2 [24, 27].

Our results removed some of the previous conditions. On the one hand,
we prove global existence for arbitrary data in the cases d =1 and o > 1.5
and d = 2 and @ = 2. On the other hand, in the cases where we have to
impose size restrictions on the initial data, the Sobolev spaces are bigger
than H? (thus, the norm is weaker). Finally, let us emphasize that our
results can be adapted to the case where the spatial domain is R

A question that remains open is the trend to equilibrium. From (5) is
clear that the solution (u(t),¢(t)) tends to the homogeneous state, namely
((uo),0). However, the rate of this convergence is not clear.

3. PROOF OF THEOREM 1

Step 1; H' estimate: Testing the first equation in (1) against A2u,
integrating by parts and using the equation for ¢, we obtain

Ld, 9 2 / 2
——ul|%, + axu oy = — 61. uq amudﬂ:
53 + 100y, = = [ ouua)
1
= _/3xq(8$u)2dx—/3xqu8§udx
2 Jr T
1
= —/qu(awu)zdx—/qu((?t@xq—(axu)Q)dx,
2 J)r T
SO i
1 2 2 2 3 2
337l + lalB) + el = 5 [ Oa(@ru)da,
Denoting

I= §/amq((9xu)2dx,
2 Jr

and using Sobolev embedding and interpolation, we have that

3 3
(6) I< 5||(1HH1||33:UII%4 < §CSIIQHH1H<9:EUII§;OAQ5,

where Cy is the constant appearing in the embedding
(7) Hg||L4 < CSHQHHOA%-
Using the interpolation

H1+Cv/2 C H1.25 C HO{/Q,
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and Poincaré inequality (if o > 1.5) we conclude
I < cllall g A%l 2 [ull sz,

Using (4), we have that

d
EEl +Dq < C||U\|§'{a/zE1-

Using Gronwall’s inequality and the estimate (5), we have that

sup Ey(t) < C([luollm, llgoll #1),
0<t<o0o

T
/ Dy(s)ds < C(lluol s laoll 1, T), ¥0 < T < .
0

Step 2; H? estimate: Now we prove that the solutions satisfying the
previous bounds for F; and D; also satisfy the corresponding estimate in
H?. We test the equation for v against A*u. We have that

1d
3l + il = = [ a§<uq>a§;’udm

/8 / 24(0,02q — 50, ud>u)dx
SO
1d 2 2
2dt(HUII FllallFe) + lull?erae = amq dx+5 02q0udyudz.
We define

)
= —/(9xq(8§u)2dﬂ:, Jy = 5/8§q8§uamudx.
2 Jr T
Then, we have that
T < ¢l Ol |02ull7z < cllO2allz2 ullF e lull 5 2o

so, using Young’s inequality,

2
J1 < |0y QHLzHUHHHa/g + 7 HUHHHM
Similarly, using Poincaré inequality and a > 0.5,
Jo < cl|Opul 4| 03ull LallOZall 2 < ellull grvase [l fravarz 105al 2,
and
2 2 112
Jo < cllullfiiaz0zali + 7 HUHHM/Q
Finally,

d
S E2(8) + Da(t) < cllullFr s (B2(t) +1)

and we conclude using Gronwall’s inequality.



4. PROOF OF THEOREM 2

Step 1; H*/? estimate: Testing the first equation in (1) against A%,
we obtain

1d, 9 9 /
——|ul|%ase + |ul|%. = [ Ox(ug)A%udz
ol + ol = [ 0200
= —/Ao‘(uq)(?mudx
T
= —/(Aa(uq) —ul%q) amudx—/Aaqu&,;udx,
T T
SO

1d .
57 Ul + lalars) + Il < - /T[A ulgdyuda.
We define
K= —/[Aa7u]q8$udx_
T

Using the classical Kenig-Ponce-Vega commutator estimate [10] and Sobolev
embedding, we have that

1A%, wlgllze < e (I0aulpzse 1A gl asze + Al 12 gl 1o )

(8) < (llul oot 1A all - e+l il 5 ) -

Thus, taking e such that

14 € ) 4o — 4
— = 1.€. =
1+2 ‘T3 94

Equation (8) reads

(9) 8% wlglze < e (Il e lall 3+ ol llal )

Using (9) and Poincaré inequality, we have that
K < cllullllall ;5

Then, we have that

d
aE% —|—D% <c E%D%

Thus, due to the smallness restriction on the initial data, we obtain
t
E% (t) + 5/0 D%(S)ds < E% (O)

for 0 < § small enough.
Step 2; H!' estimate: Our starting point is (6). Then we use the
interpolation

1913025 < cllgllzzllgll gos,
to obtain
D,
I < cllgllgllull g llull s < cExDg + =+

Collecting all the estimates, we have that

d
EEl + Dy < cE1Dg,
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and we conclude using Gronwall’s inequality. The H? estimates follows as
in the proof of Theorem 1.

5. PROOF OF COROLLARY 1

Using o > 0.5 and the estimate (6), we have that
3 3
I< §CSHQHH1HUH§J1+M2 < 505\/ ErDs.
Thus,

1d 3
——F Dy < = F1D;.
57 1+ D1 205\/ 1D1

Thus, due to the smallness restriction on the initial data, we obtain
t
El(t) + 6/ Dl(S)dS < E; (0)
0

for 0 < 9 small enough. Equipped with this estimates, we can repeat the
argument as in Step 2 in Theorem 1.

6. PROOF OF THEOREM 3

Recall that the condition
curlgg =0

propagates in time, 7.e.
1 t
curlg(t) = curlgy + 3 / curl Vu?ds = 0.
0

Using Plancherel Theorem, we have that

IVall7. = C > 1€l

£ez?
=C > (G+8)d+d).
£ez?
Due to the irrotationality
§Hqg=0.

Then, we compute

IV gl =C > 16-d&)P

£ez?

= O (@a1(6) + £202(6))?

cez?

=C ) (&61(9) + (£242(8)” + 26161 (£)&242(8)

gez?
=C ) (&61(9)* + (£202(8)” + (£241(8)* + (£162(9)*.
ez’
So, the vector field ¢ satisfies
Vel <[V -qllz2-

As a consequence of (9;q;) = 0 and (gg) = 0, every coordinate of ¢ satisfy

{gi(t)) = 0,



and the Poincaré-type inequality
(10) lallze < ellV - qllLe.
8

Notice that in two dimensions we also have the energy balance (5). We
test equation (1) against A%u and use the equation for q. We obtain

1d
337 (Il + 1V - al) = =l = [ Vu-gudo+ [ [90P9 - g
Using Holder inequality, Sobolev embedding and interpolation, we have that
d
= (Il + 1V - al2) + 2l < e (lullguslallee lul gz + el 19 - allz2)
< clull %3 lall 2 llal 5 lul 2
+ cllul g1 l1ull 1V - gl 2

Using the Hodge decomposition estimate together with the irrotationality
of ¢ and (10), we have that

(11) lallm < clliglle + 1V - qllr2) < [V -ql 2.
Due to (5), we obtain that

1911200 (0,00,22) F 1ull72 9,00, 111y < Clluollz2, llgollz2)
S0,
d 2 2 2 2 2
D (s + 19 - al2) + s < llul, 19 - gl
Using Gronwall’s inequality and the integrability of Hu||fq1 (see (5)), we
obtain
By < C(lJuollgs llgoll 1),

T
/ Di(s)ds < C(Juoll, lgoll i, T), ¥0 < T < ox.
0

To obtain the H? estimates, we test against A*u. Then, using the previous
H' uniform bound and

lallie < cllallzzllallme < cllgllz2llAg] Lz,
we have that
(12) L) Au)2s + ful?, = _/ VAUV (Va - g)da
2 dt 3 Td

- / uVAu-V(V-q)dr — Vu-VAuV - qdx.
Td Td

Due to the irrotationality of ¢ and the identity
VV - q— Aq = curl (curlg),

we have

O Aq = 0,V (V - q) = V|Vul? + uVAu + Vulu.
Applying Sobolev embedding and interpolation, we obtain that (12) can be
estimated as

d
= (18ulZ2 + 1AglZ2) + [ullfs < el AgllZe,
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so,

d
—FEy+ Dy <cE
dt 2+ 2 N CL9,

and we conclude using Gronwall’s inequality.

7. PROOF OF COROLLARY 2

We test the equation (1) against A2u. We obtain that
1d
2 dt (Hu”él + [V - Q||%2> = _HUHEH% +/11'2 V(Vu-q)Vudx—}—/T2 |Vu|2v-qu.

After a short computation, using Holder estimates, Sobolev embedding and
interpolation, we obtain that

1d
o= (Il + 19 al22) + ulrg < ellullyuslal
Using (11) and a > 0, we obtain
1d
5o (Nl +19 - all32) + Dy < eDiIV - gl

We conclude the result with the previous ideas.
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