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THE SMOOTH WHITNEY FIBERING CONJECTURE
AND
OPEN BOOKS IN WHITNEY AND BEKKA STRATIFICATIONS

C. MUROLO, A. du PLESSIS, D.J.A. TROTMAN

Using continuous controlled liftings of vector fields, we first prove for Bekka’s (c¢)- and hence
Whitney (b)-regular stratifications X’ that near every point of a stratum X with depths(X) =1
there exists a local C%! foliation. Then we construct a local open book structure near each point
of X and use this result to prove the general smooth version of the Whitney fibering conjecture
near every point of an arbitrary stratum X of X'. As a consequence we improve the Thom-Mather
regularity of the local trivialization maps of a proper stratified submersion f : X — M into a
manifold.

1. Introduction. In his famous paper of 1965 [Wh]| H. Whitney proposed a local
fibering property around points of a complex analytic variety. More precisely he conjectured
that every complex analytic variety V' admits a stratification such that a neighbourhood U
of each point is fibered by copies of the intersection of U with the stratum M containing the
point. He asked also that the fibers be holomorphic manifolds and that their tangent spaces
vary continuously as nearby points approach X (see section 2 for a precise formulation).

Note that if one does not require the continuity of tangent spaces to the fibers then
the Thom-Mather isotopy theorem [Th], [Ma]; o suffices to prove a smooth version of
Whitney’s conjecture.

In 1989 R. Hardt and D. Sullivan gave a proof of a similar conclusion for holomorphic
varieties but again without the essential continuity of the tangent spaces to the fibers [HS].

From 1993 the first author studied the possibility of obtaining the analogous property
in the case of smooth real stratified spaces in his thesis under the direction of the third
author who conjectured this property be true for Whitney (b)-regular stratifications.

The solution of the smooth version of the Whitney conjecture was necessary to use the
notion of semidifferentiability introduced in [Mu]; and [MT], with the aim of obtaining
the preservation of regularity of a substratified space of a stratification after a deforma-
tion by stratified isotopy [MPT]; o, useful in showing the conjectured representation of
homology by Whitney stratified cycles [Go]; 2 (an open problem since 1981) and also in
approaching the unsolved conjecture of Thom on the existence of Whitney triangulations
and cellulations of Whitney stratified sets (two final chapters of the thesis remained in a
manuscript form [MT]56). It improves moreover the Thom-Mather isotopy theorem by
ensuring a horizontally-C' regularity ([MT]s.4, §5 Theorems 10 and 11).

The first and third authors began a collaboration on this research with A. du Plessis,
whose book of 1995 [PW] with C. T. C. Wall introduced the notion of E-tame retractions,
as retractions whose fibers are foliations having an analogous regularity property. More
precisely, with the aim of proving that multi-transversality with respect to a given partition
in submanifolds of a jet space is a sufficient condition for strong C°-stability du Plessis and
Wall introduced and studied various regularity conditions for retractions r : M — N
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between two smooth manifolds : the Tame, Very tame and Extremely tame retractions.
These last, the E-tame retractions, were characterized by the fact that the foliations defined
by their fibres are of class C%!. This property in a stratified context for a local “horizontal”
retraction 7’ : 77;(1 (Ugy) — 7r;(1 (m9) is equivalent to a real C'%! version of the conclusion
of the Whitney fibering conjecture ([MT]4 §4.3). Concrete situations where these tame
retractions exist were studied by du Plessis and Wall [PW], and Feragen [Fe] who found
particular cases where retractions can be glued.

In 2007, P. Berger, in his Ph.D. thesis supervised by J.-C. Yoccoz, with the aim
of generalizing some fundamental results of Hirsch-Pugh-Shub on dynamical systems in
higher dimensions, needed the smooth version of the Whitney fibering conjecture to study
the persistence of stratifications of normally expanded laminations [Ber].

In 2014, A. Parusinski and L. Paunescu [PP] constructed for a given germ of complex
or real analytic set a stratification satisfying a strong trivialization (called arc-wise analytic)
property along each stratum and then proved the Whitney fibering conjecture in the real
and complex, local analytic and global algebraic cases.

In this paper we prove a result which implies a smooth version of Whitney’s conjecture.
This is that any Bekka (c)-regular stratification satisfies a smooth version of the Whitney
properties.

Recall that (c)-regularity is strictly weaker than Whitney’s (b)-regularity [Be], and
that every complex analytic variety admits a (b)-regular stratification (hence (c)-regular)
[Wh]. More generally every subanalytic set admits a (b)-regular stratification [Hi|, [DW],
[Ha], [LSW], as does every definable subset in an o-minimal structure [VM], [Loi],
[NTT]. Thus the smooth version of Whitney’s property holds for these classes of sets.

The contents of the paper are as follows.

In section 2, we present the Whitney fibering conjecture as stated in the original paper
of H. Whitney [Wh].

In section 3, we review the most important classes of regular stratifications: the ab-
stract stratified sets of Thom and Mather [Th], [Ma]; o, Whitney (b)-regular stratifications
[Wh], and the (c)-regular stratifications of Karim Bekka [Be], and we briefly recall the
relations between them and the first isotopy theorem which holds for them.

In section 4, we introduce the notion of nice foliation on a stratification by two strata
X < Y in R" and prove a theorem for gluing these foliations whose methods will be
frequently used in the proof of our first main Theorem 3.

In section 5, we first recall in §5.1 some important properties of the stratified topo-
logical triviality map obtained by using continuous canonical lifted frame fields [MT]z 3 4.
In §5.2 we recall some useful properties of the frame fields tangent to the horizontal leaves
of this trivialization map. Then in §5.3 we prove a two strata version of our main result,
Theorem 3 (and Theorem 4) proving that the smooth version of the Whitney fibering
conjecture holds for every stratum X with depthy(X) =1 of a (¢)-regular stratification.

In section 6 under the same hypotheses as Theorems 3 and 4 we construct a local
open book structure for Bekka (c)-regular (Theorem 5) and Whitney (b)-regular (Theorem
6) stratifications for every stratum X with depthy(X) = 1. These results will play an
important role in the proof of our main theorem in section 7.

In section 7 we prove our main theorems. First we use the notion of conical chart
(Definition 10) and the local open book structure of section 6 to prove the conclusions of
the smooth Whitney fibering conjecture for any stratum X of a (c)-regular stratification
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X = (A,%) having arbitrary depth (Theorem 7). Then we use Theorem 7 to extend
Theorems 5 and 6 of section 6 to a stratum of arbitrary depth (Theorem 8).

In section 8 we apply Theorem 7 to the results of [MT]; 3.4, where we introduced the
notions of horizontally-C! stratified controlled morphism f : X — &’ (Definition 11) to
prove that the flows of the continuous lifted vector fields to a stratum X have a horizontally-
C! regularity, stronger than C%-regularity, but weaker than C''-regularity (Corollaries 5 and
6) and we deduce a horizontally-C? version of Thom’s 15! Isotopy Theorem for a stratified
proper submersion f : X — M into a manifold (Theorems 8 and 9). Then using the finer
notion of F-semidifferentiability (Definition 12), we improve these results by stating an F-
semidifferentiable version of Thom’s Isotopy Theorem which extends the horizontally-C*!
convergence of the topological trivialisation of f to all points of the strata Y’ such that
X <Y’ <Y (Theorem 10).

We thank Dennis Sullivan for drawing our attention to Whitney’s original fibering
conjecture and to his own work with Bob Hardt on this conjecture [HS]. We thank also
Edmond Fedida, Etienne Ghys, Pierre Molino, David Spring and the late Bill Thurston for
useful discussions.

2. The Whitney fibering conjecture.

In his famous article Local Properties of Analytic Varieties [Wh], after introducing
the well-known (a) and (b)-regularity conditions and showing that “Fvery (real or com-
plex) analytic variety V' admits a (b)-regular stratification”, H. Whitney gave the following
definition:

Definition 1. A stratification ¥ of an analytic variety V will be considered “good”
if each point py € V' admits a neighbourhood Uy in V having a foliation H,, = {F'(¢)}4
obtained in the following way. Let M be the stratum of 3 containing pg, My := M NUy and
No := (T, M)+ NUy (where L means the orthogonal complement in the ambient space).

Then Uy is homeomorphic to My x Ny through a map ¢ : My x Ny — Uy, ¢ = ¢(p, q)
satisfying the following properties:

i) ¢ is analytic in p € My and continuous in ¢ € No;

i) Hp, = {F(q)}4 is exactly the foliation {M, := ¢(Mo % {q})}4en, induced by ¢;

i41) every restriction @z, xq : Mo X {q} — F(q) to a leaf of H,p, is a biholomorphism;

iv) both restrictions G| Mox{q0) = W1, and @jpo1xN, = tdnN, are the identity.

Hpo ={F(9)} e,
= {My:=6(Mo x {ah)}sew, =~ No:= (T, M)* Nl

F(q) = (Mo x {q})

M

Figure 1
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Whitney’s definition of 1965 was a precursor of the idea that suitable regular stratifi-
cations have the property of local topological triviality, an idea completely clarified in the
years 1969-70 by the famous Thom-Mather first isotopy theorem [Mal; o [Th].

Whitney called such a map ¢ a semianalytic fibration (for ¥) near py and remarked
that an analytic variety V' does not have (in general) a stratification admitting near each
point an analytic fibration. He gave the celebrated counterexemple (the four lines family)

Vi={(2,y,2) € C* |zy(y —z)(y — (3+1t)x) =0}
and stated the following conjecture:

Whitney fibering conjecture. “Fvery analytic variety V' has a stratification ad-
mitting in each point pg € V' a semianalytic fibration”.

Whitney comments furthermore that “ . . a stratification satisfying the conjecture
(possibly with further conditions on ¢) would probably be sufficient for all needs”.

Remark 1. Whitney also states in a commentary that every stratification ¥ of V
with such a semianalytic fibration near a point pg is automatically (a)-regular at all points
of the neighbourhood UyN M of pg in M, because the properties of ¢ imply the convergence
of the tangent planes to the leaves of the foliation H,, = {F(¢) }qeny,:

(Lyp) : lim T, F(z) = T,M .

Z—Dp

So, for Whitney, (a)-regularity is a consequence of the existence of such a semi-analytic
fibration. In fact he wrote that in a local analysis in which Mj is identified with the
(21,...,2z4)-plane (d = dim M), for each stratum M; > My, “any fiber F(q), with ¢ € M;
sufficiently near to po is near F(pg) = My .... and F(q) is expressed by holomorphic
functions x; = fi(z1,...,24), i =1,...,n —d. These functions are small throughout My;
hence their partial derivatives are small in a smaller neighbourhood of pq.

Since F(q) € M, if ¢ € M;, this clearly implies the condition (a)”.

However, this argument is not valid in general as A. du Plessis explained in a conference
in 2005 at the CIRM.

Definition 2. Because the limit condition (L) : lim,_,, T, F(z) = T,M will be very
important for us we have redefined it in a more general C'-real context as the (a)-reqularity
of a local horizontal foliation [Mu];, [MT]4 and (by abuse of language) we will refer to it
as the C! version of the Whitney fibering conjecture : in this paper we do not seek any (re)-
stratification but our aim is to prove the conclusions of the original conjecture of Whitney
for each point z of every stratum X of a fixed arbitrary Bekka (c)-regular stratification X
with C! strata.

Let us mention some work on the fibering conjecture.

Whitney proved ([Wh], §12) that the conjecture holds for every analytic hypersurface
V of C" for all points in (n — 2)-strata after restratification of V.

Later, in 1983, Hardt [Ha] indicated a possible solution of the problem in the real
analytic case and in 1988, Hardt and Sullivan [HS] treated the problem for complex alge-
braic varieties. The conclusion obtained by Hardt and Sullivan [HS] is weaker than that
proposed by Whitney, in particular they did not obtain the condition ;in}) T.F(z)=T,M,

i.e. the (a)-regularity of the foliation H,,.
Very recently, in 2015, A. Parusinski and L. Paunescu [PP], using a slightly stronger
version of Zariski equisingularity constructed for a given germ of complex or real analytic
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set, a stratification satisfying a strong (real arc-analytic with respect to all variables and
analytic with respect to the parameter space) trivialization property along each stratum
(the authors call such trivializations arc-wise analytic). Then using a generalization of
Whitney Interpolation they prove the Whitney fibering conjecture in the real and complex,
local analytic and global algebraic cases.

We conclude this section by recalling the following globalization problem ([Wh] §9):

Problem. “May one fibre a complete neighbourhood of any stratum ¢”
That is :
Can one find a global stratified foliation of a complete neighbourhood of any stratum ¢

We will not deal with this problem, but we just remark that without restratifying the
smaller stratum it cannot have a solution in general. In fact, as P. Berger wrote to us
(see his Ph.D. Thesis p. 60 or [Ber] p. 38) by considering the stratification of two strata
M = 8% x{(0,0)} < S? x (R* = {(0,0)}) of 5% x R?, a global foliation of a neighbourhood
of 52 x {(0,0)} in S% x (R* — {(0,0)}) cannot exist, because otherwise, starting from an
arbitrary non-zero vector tangent to S? one could define by holonomy a continuous non-zero
vector field on the whole of S? which cannot exist.

3. Bekka (c)-regular stratified spaces.

We recall that a stratification of a topological space A is a locally finite partition X of
A into C* connected manifolds (called the strata of X) satisfying the frontier condition : if
X and Y are disjoint strata such that X intersects the closure of Y, then X is contained
in the closure of Y. We write then X <Y and 9Y =Y —Y sothat Y =Y U (|_|X<yX)
and 0Y = Ux<y X (U = disjoint union).

The pair X = (A,Y) is called a stratified space with support A and stratification .
The union of the strata of dimension < k is called the k-skeleton, denoted by Ay, inducing
a stratified space Xy, = (A, ¥)4,)-

A stratified map f : X — X’ between stratified spaces X = (A4,%) and X’ = (B,Y’) is
a continuous map f : A — B which sends each stratum X of X into a unique stratum X’
of X', such that the restriction fx : X — X' is smooth. We call such a map [ a stratified
homeomorphism if f is a global homeomorphism and each fx is a diffeomorphism.

A stratified vector field on X is a family ( = {(x }xex of vector fields, such that (x
is a smooth vector field on the stratum X.

Extra conditions may be imposed on the stratification ¥, such as to be an abstract
stratified set in the sense of Thom-Mather [GWPL], [Ma]; 2, [Ve] or, when A is a subset
of a C'!' manifold, to satisfy conditions (a) or (b) of Whitney [Ma); 2, [Wh], or (c) of K.
Bekka [Be].

Definition 3. (Thom and Mather) Let X = (A, X) be a stratified space.
A family F = {(7x,px,Tx)}xex is called a system of control data) for X if for each
stratum X we have that:

1) T'x is a neighbourhood of X in A (called a tubular neighbourhood of X);

2) mx : Tx — X is a continuous retraction of T'x onto X (called projection on X);

3) px : Tx — [0,00] is a continuous function such that X = p3*(0) (called the
distance function from X)

and, furthermore, for every pair of adjacent strata X < Y, by considering the restriction
maps Txy = Tx|Txy and pxy = px|1yy On the subset Txy = Tx NY, we have that :

5) the map (7xy,pxy) : Txy — X x [0,00[ is a smooth submersion (it follows
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in particular that dim X < dimY');
6) for every stratum Z of X such that Z >Y > X and for every z € Ty N Tx z
the following control conditions are satisfied :
i) txyTyz(2) = mxz(2) (called the 7-control condition),
it) pxymy z(2) = pxz(z) (called the p-control condition).

In what follows we will pose T'x (¢) = ,0;(1 ([0,€)),¥e > 0, and without loss of generality
will assume Tx = T'x (1) [Ma]; 2, [GWPL].

If A is Hausdorff, locally compact and admits a countable basis for its topology, the
pair (X, F) is called an abstract stratified set. Since one usually works with a unique system
of control data of X, in what follows we will omit F.

If X is an abstract stratified set, then A is metrizable and the tubular neighbourhoods
{T'x } xex may (and will always) be chosen such that: “T'xy # 0 if and only if X <Y, or
X >Y or X =Y (see [Ma];, page 41 and following).

Let f : X — X’ be a stratified map between two abstract stratified sets and fix
two systems of control data F = {(Tx,7x,px)}xex and F' = {(Tx/,7x/, px')} xrex
respectively of X' and X’. The map f is called controlled (with respect to F and F') if
when X <Y there exists € > 0 such that for all y € T'xy (€) = T'x (¢) NY the following two
control conditions hold :

mxy fy (y) = fxmxy (y) (the m-control condition for f)
pxy fy () = pxvy (y) (the p-control condition for f).

Similarly, a stratified vector field ¢ = {(x }xex is controlled (with respect to F) if the
following two control conditions hold:

Txy«(Cy(y)) = (x(mxy (y)) (the 7-control condition for ()

pxy«(Cy(y)) =0 (the p-control condition for ().

The notion of system of control data of X, introduced by Mather in [Ma]; , is the
fundamental tool allowing one to obtain good extensions of vector fields.

In fact, we have [Ma]; 2, [GWPL] :

Proposition 1. If X is an abstract stratified set with C? strata, every vector field Cx
defined on a stratum X of X admits a stratified (m, p)-controlled lifting (r, = {{y }y>x
defined on a tubular neighbourhood Tx of X .

Moreover, if (x admits a global flow {¢¢ : X — X },er, then such a lifting {1y, admits
again a global flow {¢ry+ : Tx — Tx}ier, and every ¢y @ Tx — Tx is a stratified,
continuous and (m, p)-controlled homeomorphism. 0

Definition 4. (K. Bekka 1991). A stratified space (A,3) in R"™ is called (c)-regular
if, for every stratum X € ¥, there exists an open neighbourhood Ux of X in R" and a C*!
function px : Ux — [0,00], such that p%'(0) = X, and such that its stratified restriction
to the star of X :

px @ Star(X)NUx — [0,00] is a Thom map,
where Star(X) = Uyexn , y>xY and the stratification on Star(X) N Ux is induced by X.
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The (c)-regularity of Bekka states exactly that for every pair of adjacent strata X <Y,
the tangent spaces at y € Y to the level hypersurfaces py' (¢) (where € = px (y)) have limits
which contain 7, X when y — z € X.

Remark 2. A Bekka (c)-regular stratified space X = (A,¥) admits a system of
control data {(7x, px,Tx)}xex in which for each stratum X € ¥, Tx = Ux N A, and 7y,
px are restrictions of C* maps defined on Ux [Be]. Thus (c)-regular stratifications admit
a structure of abstract stratified set and so Proposition 1 holds for them.

We underline moreover that in this case, for each vector field (x on a stratum X of A,
the stratified (m, p)-controlled lifting (7, = {(y }y>x defined on a tubular neighbourhood
T’x of X may be chosen continuous [Be], [P1], [MT]s 3, [Sh];  ; this gives a more regular
lifted flow {(Z)TX N TX — TX}tER)'

We recall now the most important properties of lifting of vector fields on such regular
stratifications and the most useful relations between them :

i) the condition “to be a Thom-Mather abstract stratified set” implies the existence
of controlled lifting of vector fields [Mal]; o;

i1) Bekka’s (c)-regularity is characterized by the existence of (7, p)-controlled and con-
tinuous lifting of vector fields [Be], [P1], [MT]s,s, [Sh]; 2, and implies the property “to be
a Thom-Mather abstract stratified set” [Ma]y 2. Moreover (c)-regular stratifications admit
systems of control data whose maps {(mx,px) : Tx — X X [0,00[ } x are C' [Be]. Bekka’s
(c)-regular stratifications have been used notably in [Si] to prove a Poincaré-Hopf index
theorem for radial stratified vector fields and in [Nad] to study Morse theory and tilting
sheaves on Schubert stratifications.

Finally we recall the following important facts :

a) (b)-regularity implies (c¢)-regularity [Be], [Tr]; ;

b) every abstract stratified set admits a (b)-regular embedding [Na], [Te], and even
[No] a subanalytic (w)-regular and hence (b)-regular [Kuo], [Ve] embedding in some R”;

c) abstract stratified sets admit triangulations, smooth in the sense of Goresky [Go];

d) the first isotopy theorem of Thom-Mather holds for all the kinds of stratification
considered above, using the (claimed) properties of stratified lifting of vector fields.

The first isotopy theorem of Thom-Mather applied to a projection map wx : Tx — X
on the stratum X can be stated as follows :

Theorem 1. Let X = (A,X) be an abstract stratified closed subset in R"™ with C?-
strata, X a stratum of X and o € X and Uy, a domain of a chart near xo of X.

For every frame field (vi(z),...,v(x)) of Uy, (I = dim X ) having a global flow, the
(7, p)-controlled liftings (vi(2),...,v(2)) on nx (Us,) have global flows (¢y,...,¢;) and

the map B ' ) .
H =H,, : Uy xmy (o) — Ty (Ugy)

(tla"'7tl7'z0) — ¢l(tl7-")¢1(tla20)"')
is a stratified homeomorphism, a diffeomorphism on each stratum of Uy, x 75" (zg). O

4. Gluing nice foliations by generating frame fields.

The proof of a smooth version of the Whitney fibering conjecture for (c¢)-regular strat-
ifications having two strata X < Y that we will give in section 5 (Theorem 3) needs a
careful analysis of the properties of the local foliations H, induced by a topological trivi-
alization H obtained using continuous (7, p)-controlled lifting of vector fields [MT], from
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X to Y. It is moreover strongly based on a careful gluing of foliations locally defined on
neighbourhoods of each y € Y in which the tangent planes to the foliations are very close
to the canonical distribution Dx.

So, with the aim of reproducing the essential properties and situations of the local
foliations H,, in this section we introduce the notion of nice I-dimensional foliation of a
k-submanifold Y of R™ with X = R’ x {0~} < Y and we prove Theorem 2 allowing us
to glue together nice foliations using adapted partitions of unity.

Although the statements of this section are not directly used in the proof of Theorem
4, the methods of the proof used in the gluing in Theorem 3, Corollary 1 and Remark 3
contain all the basic ingredients that allow us to prove the smooth version of the Whitney
fibering conjecture for (c)-regular stratifications. Thus we include this short section.

Definition 5 (Nice Foliation). Let X < Y be a (c¢)-regular stratification in R" with
X =R ' x {0™} (m =n —1), with px : Tx(1) — [0,1[ a distance function from X such
that lim, ., Typxs (pxy (%)) 2 To X and 7x = p : R x R™ — R' x {0™} the canonical
projection.

Let F = {M,}o be an [-dimensional foliation of T'xy (¢) for an € > 0 .

We say that F = {M,}, is a nice [-foliation of Txy (€) if each leaf of F is contained
in a unique level hypersurface py}-(¢) of Y and the restriction of p, par, : My — p(M,),
to each leaf M, of F is a C'-diffeomorphism on X = R' x {0™}.

In this case, for every z € M,, if x = p(z), M, is transverse to the affine space
p~i(z) ={x} x R™ and p~(z) N M, = {z}.

Denoting M, := M, the leaf of F containing z, the foliation F can be reparametrised
by F:={M.}.cp1(a) for every z € X = R' x {0™}.

Moreover for every i = 1,...,1 the standard constant vector field F;(z) = E; of X lifts
to a unique vector field w;(z) tangent to M, which is w;(2) = p L (E:) NT. M, = qur, +2(E;)
where ¢y, : X — M, denotes the inverse map of pyy, .

If D is a distribution of I-planes tangent to Y and transverse to ker py, (thus each
DPysy : D(y) — X is an isomorphism) for every § > 0 we say that F is d-close to D if

|| wi(y) —vi(y) || < o VyeTxy(e) and Vi=1,...,1

where (v1,...,v;) denote the canonical liftings of the (E1,..., E;) on D.

We will apply this notion to the canonical distribution Dx which is continuous on X.

0.[ % Rm ]Rk — ]RE w ™

F={M:}:ep-1(x)

M

T

I
IIII
I|
1
1
|
"y
Il
N
2
=
&

QMJ Pu,
E;
Uk I . X Z'R-’. w (™
p (=) '
Figure 2



THE SMOOTH WHITNEY FIBERING CONJECTURE

Definition 6. Let F = {M.}.c,-1(;) be a nice I-foliation of T'xy (e).

We will say that a frame field (wy,...,w;) of Txy(€) generates F if :

i) (w1, ..., w;) is tangent to F, hence Vy € M, T,M, = [(w1(y), ..., wi(y)] ;
i1) Pt vy (wi(y)) = E;, for every y € Txy(e) and i = 1,...,1;

iii) all Lie brackets [w;, w;] =0, for every i # j=1,...,1.

In particular the liftings (w;(2) := qar, 2 (Ei)),_, , generate F.

i=1,.
If (wnq,...,w;) generates a nice foliation F, it defines an integrable [-distribution

D(y) = [w1(y),...,wi(y)] of Txy(€) tangent to F and whose integral [-manifolds are ex-
actly the leaves of F.

If 41, ..., denote respectively the flows of wy,...,w;, and H the map defined by
H:Rlxp_l(x)_)TXY(e) 9 H(tla"'atlazo):wl(tla"wwl(tlazo))“')7

then the leaves of F are the images M, = H(R' x {z}), one has F = {H(Rl x{z})}

z€p~1(x)
and moreover w;(y) = H,,(E;) for every i =1,..., 1.

Theorem 2. Let F1 and F» be two nice l-foliations of Txy (€) generated respectively
by frame fields (wi,...,w}) and (w}, ..., w?) such that w} = w? and let a < b € R.
Then F1 and Fs can be glued in a nice l-foliation F := F1V Fa of Txy (€) such that :

Fi on U = Txy(e)N (] —oo,a[xR™™)
FiVF, = and
Fo on Uy = Txy(f) N (] b, +00[an—1) .

Moreover, if F1 and Fo are both §-close to a distribution D then F is §-close to D too.

Proof. We will define F through a generating frame field (w1, ...,w;) which we will

construct by a decreasing induction. We start by defining the vector field w; := w} = wlz.

For i = [ — 1 take a partition of unity {a,3 : R — [0,1]} subordinate to the open
covering { | —00,b][, |a,+o0] } of R and extend it to a partition of unity of T'xy (¢), Pi—1 =
{a1-1(y), Bi—1(y)} subordinate to the open covering {Uy, Uz} of Txy (€) which is constant
along the trajectories of w; = w} = w}? (we call it adapted to {U1,Us}).

Then defining the vector field :

wi—1(y) = a1 @wi () + Boa(y)wi s (y)
one finds :
Py (W1 () = €t WPy ey (wly (1) + Bor )Py =y (i, () = €1 (9) - B + B (v) - By = By
px¥ 1y (W1 (9)) = Qa (Wpxy gy (w1 (1) + B )Py (W, (1) = €12 (9) -0+ B (4) -0 = 0.
Moreover, the Lie bracket [w;_1,w;] satisfies :
s ) ()] = lomrwl ) ow)] + B ), wly)]
= (@) - wia )+ e @)l @) ww)]) +
+ (Borm@@) wia )+ Gl @) w)]) =0

9
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where aj_1 .y (wi(y)) = Bi—14y(wi(y)) = 0 because oy_1 and f§;_; are constant along the

trajectories of w; and [wi ;(y),wi(y)] = [w? {(y),wi(y)] = 0 because (wi,...,w;) and
(w?,...,w}) are generating frame fields respectively of F; and F» with w] = w? = w;.

It is convenient to explain explicitly the next inductive step.

For i = [ —2 we consider a partition of unity P;_o = {a;—2(y), Bi—2(y)} subordinate to
{U1, Uz} which is constant this time along each trajectory of w; and along each trajectory
of w;_1 (so constant along the whole of each integral surface generated by the 2-frame
(w;—1,w;)). Then define

wi—2(y) = a2 (Y)w_o(y) + Bi—2(y)wi 5y ).

As above we find that

[wi—2(y), wi(y)] = [wi-2(y), wi-1(y)] = 0.

For an arbitrary ¢ < [—1, after having constructed the vector fields wy, . . ., w; whose Lie
brackets are zero, then the inductive (i — 1)-step can be obtained by considering a partition
of unity Pi—1 = {a;—1(y), Bi—1(y)} of R* subordinate to {Uy,Us} which is constant along

the trajectories of all vector fields wy,...,w;, so constant along each integral manifold
generated by (w;,...,w;—1,w;), and defining
_ 1 2
Wi—1 = aj—w;_q + Bicawi_g .

In this way the frame field (wy, ..., w;) obtained at the end of the induction will satisfy
(wi,w;] =0 , Vi j=1,...,1
and :
Py sy (Wi (y)) = ()P sy (Wi () + Bi )Py wy (w7 (y)) = iy) - Ei + Bi(y) - Bs = E;
pxvy(Wi(y)) = @i(y)pxysy(wi (1) + Bi(y) pxy sy (Wi (y)) = cu-1(y) - 0+ fr1(y) - 0=0.

Thus (w1, ..., w;) generates a nice foliation F.

If moreover F; and F5 are both d-close to an [-distribution D of Y then, with the

canonical liftings (vy,...,v;) of (E1,..., E;) on D (see Definition 5), one has :
lwi () —vi()l| <6 and  |lwi(y) —vi(y)l| <4, Vi=1,...,1
hence for every i = 1,...,[ one also finds :

[|wi(y)—vi()|| = @i@)llwi ()=o)l + Bi)llwi 1 —vi)| < (i(y)+Bi(y))-6 = 1:6 = 4
so that the foliation F := F; V Fy generated by (w1, ...,w;) is d-close to D too. O

With essentially the same proof as in Theorem 2 one has :

Corollary 1. Let h; : R* — R* be the linear diffeomorphism which permutes x1 with
x; and fizes all other coordinates and consider the open covering of Txvy (€) defined by :

Ui = Txy(e)Nhi(] — 00,a[xR™™ ) and Ul := Txy(e) Nhi(]b, +00[xR"™1).

10
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Ifi €{2,...,1—1} and F} and F;} are nice foliations of Txy (€) then Theorem 2 holds
again replacing Uy and Uy by Ui and U} so as to glue together Fi and F;. O

Remark 3 On the contrary, for ¢ = [, Theorem 2 cannot be used directly to glue
together two nice foliations F| and F of U! and U}, because if wj = w?, then a partition

of unity subordinate to {U{, UL} cannot be taken constant along the trajectories of w} = w?.

The techniques of Theorem 2 and Corollary 1 will be used in various steps of our proof
of the smooth version of the Whitney fibering conjecture (Theorem 3) while the difficulty
explained in Remark 3 above will appear in step 3 of the proof.

5. The smooth version of the Whitney fibering conjecture.

In this section we prove our main result (Theorem 3), which gives a positive answer to
a smooth version of the Whitney fibering conjecture on X for a stratification X = (A4, %)
in which depthys(X) = 1 and which is Bekka (c)-regular [Be] on X.

Theorem 3. Let X = (A,X) a smooth stratified Bekka (c)-regular subset of R".

Then for every stratum X of depths(X) =1 and for every xo € X and every stratum
Y > X there exists a neighbourhood W of xo in X UY and a foliation H = {M,}, of W

whose leaves Mé are smooth manifolds of dimension | = dim X diffeomorphic to X "W
and such that :

lim T,M, = T,M, = T,X, for every x € XNW.
y—a
Remark 4. In Theorem 3 we study a (c)-regular stratification with smooth (C'*°)
strata and obtain a foliation which is C° off X. If the stratification has C strata there is
a C! diffeomorphism making all strata C>° [Tr], so we can apply the C°° result and then
by pullback obtain a foliation with C* leaves.

Before proving Theorem 3 in §5.1 we describe local regularity of the stratified topo-
logical triviality map H,, and some of its important properties when H,, is obtained by
integrating continuous canonical lifted frame fields [MT]3 34. This brings us in §5.2 to a
finer analysis of some new properties of the frame fields tangent to the horizontal leaves
H, defined by this topological trivialization.

We will use below statements and notations introduced in section 3.

5.1. Local topological triviality obtained from continuous lifted frame fields.

Let X be a (c)-regular stratification in a Euclidian space R*, X a stratum of X of
dimension [, zop € X and U,, = R’ a neighbourhood of z in X as in Theorem 1.

In a local analysis we can suppose zo = 0 € R U,, = R' x {0} and 7x : Tx —
R’ x {0™} is the canonical projection such that the topological trivialization “with origin
xo = 0”7 of the projection mx can be written as

H =H,, : Rxn(z) — 7 (Uy,) C R”

(tr,..sti,20) +— ¢u(ty, ..., ¢1(t1,20)-..)

where Vi < [, ¢; is the flow of the lifted vector field v;(y), and thanks to (c)-regularity
([Be] [P]]), we can choose each v;(y) to be the continuous lifting of the standard vector
fields F; of X = R’ x {0™}, in a canonical distribution Dx = {DX(:U)}yeﬁ;{l(Uwo) induced

from X on the strata Y > X [MT]z2 3 4. We also will identify Txy (¢) with Y.

11
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Remark 5. Although the canonical distribution Dy, its spanning canonical lifted
vector fields vy, ..., v; and their flows ¢1, ..., ¢; do not depend on the “starting point” xg,
in contrast the trivialization H,,, defined by a fixed and a priori non-commuting order of
composition of the flows ¢1,..., ¢;, depends strongly on the induced nice foliations from
a “starting point” xy. In fact the non-commutativity of the flows ¢1,..., ¢; is the crucial
point of our problem : if Dx is involutive, then the (a)-regularity of a local horizontal
foliation H,, holds ([MT]4 and [Mu]; Chap. II §5) so H,, satisfies the conclusions of the
smooth version of the Whitney fibering conjecture (see section 2).

In particular if z = (71,...,7) and 2z € 75 () is the image z = H,, (71, ..,71, 20)
with z9 € W;(%/ (xo) then :

Yy = Hx(t17"'7tl7z> - ¢l<tl7...,¢1(t1,2)--) - ¢l(tl7"'7¢1(t17 <¢Z<Tl7"'7¢1(T17Z0)")")
is a priori different from the image (obtained by commuting the flows ¢;) :
Gt + 7,01t +71,20)) = Hyo(ts + 715l 4705 20) -

Let Y > X.

The stratified homeomorphism H (a C'*°-diffeomorphism on each stratum) induces a
“horizontal” foliation of dimension [

Mo, = {MZO — H(R' x {ZO})}

Z0 Gﬂ';(i, (zo)

of the submanifold 753 (Us,) of Y.

For every y € Y let us denote by M, the leaf of H,, containing y, so that M, = M,,
when y = H(t1,...,t;,y0) and yo € T3 (20).

We will see in Proposition 3, that writing Vi = 1,...,1, wi(y) := Higy,...1,,90)(Es),
the frame field (wy,...,w;) is the unique (m, p)-controlled lifting on the foliation H,, (not
necessarily continuous) of the frame field (E1,..., E;) of X generating H,, (see [MT]4,
[Mu]; Chap. II, §5).

Now H being smooth on Y, the w1, ..., w; are smooth too on Y, but these vector fields

are not necessarily continuous on X, i.e. we do not know whether lim, ., w;(y) = E; for
re X!

This means that by using the canonical continuous liftings vq,...,v; on Dxy, the
foliation H,, induced by the topological trivialization of Thom-Mather, does not in general
give a positive answer to the smooth version of the Whitney fibering conjecture (du Plessis
and Trotman gave an explicit counterexample in 1994).

5.2. Some useful properties of the w; and of their flows.

We explain below a property of the vector fields v; (and w;) and of their flows ¢; (and
1;), important in the proof of the smooth Whitney fibering conjecture.

The vector fields wq, ..., w; satisfy obviously :
w;(z0) = H*(O,...,O,zo)(Ei) = v;(20), Vzo € W)_(%,(aco) and Vi=1,...,L

That is for every i < I, w; coincides on the fiber w33 (7o) with the continuous lifting
v; [MT]4 which satisfies lim,_,ex vi(y) = E;, for every i = 1,...,1 (but again this does
not imply that lim,_., w;(y) = E; for x € X !).

12
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Now if y = H(t1,...,t,%0), M, = H(R' x {yo}) is a leaf of the foliation H,, and

TyMy = H*(tly--qtl,yo)(Rl X {O}) = [wl(y)') s 7wl(y)} .

On the other hand Hy being C*, for each z € myy (2) we have that :

(L) ylLH;O T M, = T, M,, = [wi(z0),...,wi(20)] = [v1(20),...,vi(20)].
Lemma 1. For every yo € Txy (20), denoting Qo(0) =] — 6,d[, the family

{H(Q0(5) x Jy,) | 6€)0,1[, Jy, a neighbourhood of yo in Ty (20) }
is a fundamental system of neighbourhoods of yo in Y.
Proof. Exercise. 0

From (L,,) for every € > 0, there is a relatively compact open neighbourhood V, of
2o in 7y (Us,) such that

(1) - llwi(y) —vi(y)|] <e Vi=1,...,l and VyeV,.
By Lemma 1, we can take V,, = H,,(Qo(0s,) X Js,) so that
Iny = prrigom (Vo) = @0 + Qo(dz) =] -0z, + 5[

is a relatively compact open neighbourhood of zg = 0 in U := [~1,1]" x {0} which is a
cube of R' x {0™} centered in z.
Definition 7. We will refer to the property (1) by saying that :

The foliation My, = {Hz,(Qo(62) X {2'})}2rer., on Vz, is e-close to the canonical
distribution Dx = {Dxy (y) }yev-

H'-Eﬁl :_{H'-Bn {Qﬂ(ﬁzo) X {za})}Z’CJzU

U
M,, = HR' x {z})

2o v1(y) /

. f
[ | R

%o E, x X =R'x0m

Figure 3

To analyse the difference between v;(y) and w;(y) = Hiyt,,... 4,,40)(&:) We introduce
the following notations.
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Notations. With every y = H(t1,...,t;,y0) € Y we associate the chainyg - - - y; - - -y =
y defined starting from yo on the leaf M, = H(yo x Rl) of the foliation H, as follows :

(yo = H(0,y0)
v = H(t1,07 yo) = ¢1(t1, vo)
Yo = H(t1,t2,0'72,y0) = ¢a(ta, ¢1(t1,90))

Yi = H(th R 7tivol_iay0) = ¢z(tla v 7¢1(tlay0) c )

\yr = H(ty, ..., t,y0) = ity .., diltiy -, 01(t1,0) -+ 2)

so that :

y1 = o1(t1, %), 2 = da(ta,v1)s - ¥i = bi(ti,yiz1), . w ="t yi—1) =y .

In the proposition below, V7 € R, we let ¢ : Y — Y be the diffeomorphism of Y
defined by ¢7 (y) = di(7,y).

Proposition 2. For every y = H(t1,...,t;,y0) €Y,
t -
wi(y>:qﬁl*ylflO...O(bi-:ll*yi(vi(yi)) ) Vi=1,....,0—1.

Proof. Asy = H(t1,...,t;,y0) it follows that :

0
wz(y) = H*(tl ..... tl,yo)(Ei) = ?H(le-"aTlvyO)
TZ (Tl,...,Tl)Z(tl,...,tl)
0
= or Ou(Tis - s GilTis s P1(T1,90) - - )
Ti (11,-m)=(t1,...,t1)
a t; t; .
= 5 0 +- 0 G 0 9T (yin1)
ot _— l i+1 i \Jt

t 0
= ¢;l*y,,1 © -0 ¢i-:11*yi <5’7’z ¢¢(Ti,yz’—1)>

Tz‘:ti
= d);l*yl—l 0 -+ 0 ¢§:rll*yi (vi((ﬁi(ti,yi,l)))
t;

= (z)ll‘ll*y,,l 00 ¢z’++11*yi (’Uz(yz)) =

For every y € Y and leaf My, denote mxy ~!(zo) = S° C S* C --- C St = M, the
chain of “coordinate subspaces” S of Y containing all points of the type y = v; :

Si = H(RZ X Ol_i X 7TXY_1(.’L'0)) =

— {y:H(tl,...,ti,Olii,yo) } Yo Gﬂxyfl(l‘o) , tl,...,tiER}.

Then every S’ is a submanifold of dimension i + (k — ) of Y, where k = dimY
(k — 1 =dimmyxy !(z0)), and one has :

14
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,1, the vector field w;(y) coincides with the lifting

wi(y) =vi(y) , Vyes".
, 1, the flow 1; of w; coincides with the flow ¢; of v; on S* xR

Corollary 2. For everyt =1
v;(y) in the canonical distribution Dxy (y) on all points of the submanifold S*
t1,yo) coincides with the corresponding y; then neces-

In particular Vi =1,
Proof. If a point y = H (4,
sarily t;41 =--- =t =0and alsoy=y, =y—1 =+ =y;.
For every j = ¢+ 1,...,l, since t; = 0 the flows satisfy gb;j = qb? = 1y and
qb;{kyj = lysy, =17, Y and so by the previous proposition one finds
t;
w;i(y) = d’l S 0 ¢i++11*yi(vi(yi)> = vi(yi) = wily). U
—w;(y) @ it
1. This is a

Corollary 2 allows us to better estimate the difference u;(y) = v;(y)
[ and maximal when ¢ =

increases for i decreasing, being zero for ¢
consequence of the nature of the definition of the trivialization H
,¢1(t1,90) - - -)

H(th cee 7tl7y0) - Qsl(tla .. 7¢z(tl) cee
because of which any vector w;(y) whose index 4 is more to the left of the formula relating
w;(y;) to vi(y;) occurs in the ” perturbation ” of the extra differential d)fﬁl o compared
with the previous pair w;4+1(¥i+1), Vi+1(Yit1)

Y and S° = 753 (20), the vector fields wi (y),...,w;(y) satisfy :
St =Y

Thus since S! =
on

wi(y) = vi(y)
wi(y) =vily) on S = H(R x07" x mxy " (z))
wi(y) = vi(y) on S' = HR'x 0! x 73y (20)) -
This explains why the order of the index ¢ = 1 [ that we have chosen to define the
topological trivialization H is significant!
wa(y) = vy y)

V1 y)
uny y)

wo(Y1) = va yi_%

Figure 4
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The vector fields {w;(y)}i=1,...; are characterised by the following property :

Proposition 3. Every vector field w;(y) is the unique (m, p)-controlled lifting of the
standard vector field E; of X tangent to the leaves of the foliation H, .

Proof. See [MT]4, §5.1 Lemma 3. 0

5.3. Proof of the smooth version of the Whitney fibering conjecture for (c)-regular
stratifications of depth 1.

Let X = (A, X) be a (¢)-regular stratification, X an [-stratum of X and zg € X.

Since by hypothesis depths,(X) = 1, a small neighbourhood of zy in A meets only
finitely many strata {Y;* > X}’_, [Ma] which are of dimension dim Y} = k; >[4+ 1 >
dim X, and the closure of these strata intersect (near X) only X. Therefore it will be
sufficient to prove Theorem 3 for only one stratum Y. So we prove:

Theorem 4. Suppose that X UY is a smooth stratified Bekka (c)-regular closed subset
of R" having only two smooth strata X < Y. Then X UY satisfies the smooth version
of the Whitney fibering conjecture. l.e. for every xg € X there exists a neighbourhood W
of xo in X UY and a foliation H = {M,}, of W whose leaves M, are smooth manifolds
diffeomorphic to X N W and such that :

lim T,M, = T,M, = T,X, for every xe XNW.
y—z
Proof. Let | = dim X, k = dimY and let z9 be a point of X and U := U,, an open
neighbourhood of zg in X diffeomorphic to R'.
When | = 1, (¢)-regularity implying the existence of controlled continuous lifting of
vector fields on X, is enough to ensure the existence of the foliation [Be].
So we may assume [ > 2.

When k = [+ 1, the level hypersurfaces of pxy intersect Y in leaves of an appropriate
foliation, again by (c)-regularity [MT],. Thus we will assume k > 1+ 2 > 4.

The problem being local, we can suppose that zo = 0", X = R' x {0m} (m=n-1),
Y =Txy = W%%/(U) where the projection mxy : Txy = Tx NY — X is the restriction
priyy : Txy — X of the first projection onto R' x {0} = X ; in particular 7x3 () C
{0'} x R™ C R™.

Recall the standard basis {E;}._; of R" x {0™} and the topological trivialization “of
origin zg” of the projection wxy:

H =H,, : R xnyi(rg) — Y =Txy CR"

(tr,.-sti,20) +— ¢u(ty, ..., ¢1(t1,20) ...

where Vi < [, ¢; is the flow of the vector field v; which is the continuous lifting of F; in a
canonical distribution Dx = {Dxy (y)}yey induced from X on Y [MT]; 3.

As X UY is (c¢)-regular, there exists € > 0 such that the map (7xy, pxy) : Txvy(€) —
R! x [0, oo is a proper submersion and, making possibly a change of scale, we may suppose
¢ = 1. Then if we consider the compact neighbourhood U = [—1,1]! x {0}™ of z¢ = 0F in
X, its preimage W := 7[')_(1([7) via the projection mx : Tx (1) — X is a compact subset of
Tx(1)=XUY.

From now on we will consider always points of X lying in U and points of ¥ lying in
Ty (U) so we identify X with U and Y = Txy with 7y (U).
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We apply the arguments described in sections 5.1 and 5.2 for xg and for yy € W)_(i,(xg)

to each point € U and each z € Txy (). Every x € U will be thus “the origin” of a
new topological trivialization H, obtained using the same continuous lifted vector fields
v1,...,v; by composing their flows in the same order, but taking z as origin. This will
define for every x € U a foliation

M, = {MZ = H(R' < {z})}

ZEW;;(%)

and a (m,p)-controlled frame field (wf{,...,w]) generating the foliation H,, such that

VzeU and Vz € myy(z):

(L) : lim T, M} = yh_% TyM? = [wi(z),...,w](2)] = [vi(2),...,v(z)] = Dxy(2),

y—z

with Dxy (y) which tends continuously to [Ey, ..., E] = R' x {0m} = T, X, as y — xz, by
(¢)-regularity.

From now on we will suppose that dim X = [ = 2. Later in the proof we will treat the
general case.

With such a hypothesis X = R? x {0™} and by the results of section 5.1 and 5.2
we have the (7, p)-controlled continuous lifted frame field (vi,v2) on Dxy, a frame field

(wi®, w5°) tangent to the foliation H,, and for each = € U a frame field (w®, w?) tangent
to the foliation H, such that :

1) forevery x € X ' w3’ =vy =wj ;

2) for every y = H,,(t1,t2,y0), with yo € 7T)_(§/<$0), by setting y1 = ¢1(t1,yo) we have:
wi®(y) = 92, (v1(y1)),
and similarly for every z = H,(t1,t2,20), With 29 € T3 (2), by setting 21 = ¢1(t1, 20) we
have :

wi(z) = ¢, (vi(a1)).

3) by (L) applied to each z € 77;{;(1:), for every z € W and for every € > 0, there is
a relatively compact open neighbourhood V, of z in W such that

[[wi (y) —vi(y)l| <e for every y € V..
By Lemma 1, we can choose every V, to be of the type
V., =H,(Qo(d,) x J.) where z=mnxy(z)=(m1,72),
(see Lemma 1 in §5.2 for the definitions of Qy(d,) and .J,) where :
I = prregom(Va) = @+ Qo(8:) = (n,7) + ] =6, +0.[°
is a relatively compact open neighbourhood of x in U= [~1,1]%? x {0} and a square of
R? x {0™} centered in 2 with edges of size 20, depending on z, and where .J, is a relatively

compact open neighbourhood of z in 71')_(%/ ().
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In this way, the foliation (called again) H, = {Hy(Qo(d.) x {2'})} on V, will be

e-close to the canonical distribution Dx = {Dxy (y)}yev-

z'ed,

Ho = {Ha(Qo(8:) x {#D} ..., =
- b
5
e
& wi(y)
. =2 |[wiy) —n)l <e
Y 4
ul /'/
_ [
M =HR x{z}) V. = Ho(Qo(6:) x J.) [
= Zn
= . =
2q T El X :RE w% (™
Figure 5
For every n € N* let
Fy o= (mxy,pxy)” ({zo} x [#3.2]) = 7y (20) Npxy ([02])

and let A,, be the compact cylindrical set of w3y ([~1,1]?) :

An = (mxy, pxy) (L1 % [25.24]) = 7y (51, 10%) N oy ([29.2))
so that :
A, = Hyy (1,112 x E,) and Fo =7y (o) NA,.

We now make more precise the geometric properties that we require of the neighbour-
hoods I, of x = mxy(z) in U and the neighbourhoods J, of z in 77;(%/ ().

Consider for every n € N* and every z € A, C Y, the topological trivialization
H, : R x 133 (x) — Y, with 2 = nxy(2).
Fix € := €, = = with the previous property 3), |[w{(y) — vi(y)|| < L for z € A,,.

Since the set
Sp = { Vo= Ho@Qu(6:) x J.) | 2€ A, 5. €01}

is an open covering of A,, and A, is compact, there exists a finite subset of points of A,,,
P, = {z1,..., 72, } such that the open finite subcovering

C, = { V., = Hy (Qo(6z,) % J2;) } zj € P, }, where z; = Txy (%)),

covers A,,.

Recall that since every local trivialization H,; is m-controlled, 7xy (Wi’ (y)) = E;.
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Moreover, since H,, is p-controlled, pxy (Wi’ (y)) = 0, so that the vector fields
w;” (y) have only components (apart from the E;) along the tangent space to a link of the

ﬁber W;c%/(’ﬂxy(y)) .

L(y) = (mxv,pxy) ((mxy @), pxy(®))) = 7xy(mxy(®)) N pxy (pxy ()

which is a compact (k — 3)-submanifold of 753 (Txy (¥))-

We will prove that this finite open covering C,, of A,, by nicely foliated %—CIOSG to Dx,
open sets {V., }j<q, , can be used to define a more convenient foliation defined on the whole
annulus A,,, which is again %—close to Dxy.

Let nY be the Lebesgue number of the open covering C,, = { Vo, | 7=1,...,qn}, s0
that every subset of A,, of diameter < ¥ is contained in at least one of the sets V.,, for
some j=1,...,qn.

Similarly, H being m-controlled, the family {I.; := z; + Qo(-,)};<q, is an open
covering of [—1,1]%, so if we denote by 7. its Lebesgue number, then every subset of
[—1,1]* of diameter < ;. is contained in at least one of the cubes I., = z; + Qo(=,).

Moreover, for every x; = (t{,t%,) € [—1,1]?, since we have a restriction homeomor-
phism H| : (7%} (v0),20) — (7xy (2;),2;), every open set J., of the fiber myy (z;) de-
termines via H~! an open set Jgj = ¢1(—t1, po(—t), J.,)) of the fiber wy} (20), such
that H({z;} x Jgj) = J.;. In this way we obtain an open covering { Jgj Yi<g, of B, =
Ty (T0) N A, whose Lebesgue number will be denoted by 72.

We let

. 1
nn:mln{ngvn}zania 5}
Now as each trivialization H, is defined ([Ma]; 2, [MT]4) by the formula

Hy(t1,....t;,y0) = ¢ty -, 0itis .. d1(t1,y) .. .) Y€ W)}l(fﬂ)

where the maps {¢; },<; are the smooth flows of the smooth canonical lifting vector fields
{viti<i on Y, each H, is smooth on Y and in particular locally Lipschitz on Y. Hence
for every j < gy, the trivialization H 4, restricted to the compact set A, is a globally
Lipschitz map on A,, with some constant C; (at least with respect to the geodesic arc-length
metric) and hence with constant C' = max{2,C4,...,Cy, }.

By (c¢)-regularity (7x,px) : Tx (1) — X x [0, 1] is a proper submersion, hence the set:
F, = mx'(x0)NA, isa compact (k— 2)-submanifold with boundary

and we can choose a triangulation T, = T, (z) of F,, which induces a covering by open
cells of F,, :

Ru(xo) = {N(J) ‘ oeT,(xy), dimo=Fk—2 }
where N (o) denotes the open cellular neighbourhood of each simplex o € T,, [ST].

For s, € N* such that § := i < np, define ¥ = {—s,,...,—1,0,1,...,s, — 1} and
consider the closed coverings { Q;(8) := Q; = [id, (i + 1)(5}}1,GE of [—1,1] for which :

11 = U @) =

1€EX
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= [=$p0,—(sp, —1)0] U ... U [=0,0] U [0,0] U ... U [($n — 1)3, s,0] .

Q4 ERLevEet) G Gg 1
_5pE=] i3 53 518 i3 =1
Figure 6

This covering induces the closed (paving) covering of cubes of [—1,1]? :

{ Q(il,i2)(5) = Qh (5) X QiQ (5)}(1'1,1'2)622 so that : [_17 1}2 = U Q(il,iQ)((s)

(i1,i2)€X?

that we order following the lexicographic order of 2.

n
. s . ,
L]
L .
_ ~ _ _ Sp-15p-1
1 1 1 1 | 1 1 | 1 | 1 | :
1 1 1 1 | 1 1 | 1 | 1 | 1
- - - [
O‘Uig O‘lig Sp-1iy
- I:J-Dl - -
Qo] S0 | Y10 i0 Sp-10
Qoq
Figure 7

Let us denote by T (z() the r-th barycentric subdivision of the triangulation 7}, (xg)
of F,, = myxy (7o) N A, and consider for each closed simplex o € T} () its open simplicial
neighbourhood N (o) in T} ().

Because

gii}(l) diam Q(;, i,)(0) =0 and  lim diamN(c) =0

r—00

and H is a Lipschitz map on the compact set A,,, we have :

lim diam Hyy (Q,.i,)(0) X N(o - 0.
(8,m)—(0,400) (Q( ) )() ( ))

There exists then 6 > 0 small enough and » € N big enough such that for each
o € Ty(zo) (dimo = m), the diameter of H (Q;, i,)(6) x N(o)) is smaller than § < 1,
so that it is contained in an open set V., = H,,(Qo(d-,) x J.,) of the covering Cy,.
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Moreover, we can ensure that each diam Q(;, ;,)(8) < 1, so that each Q(;, 4,)(6) C I,
and each diam N (o) < n? so that N(o) C Jgj for some j.

Hence the foliations H,, = {MZ7 := H,,(Qo(d:,) x {z}) }zerj’ which are L-close to
the canonical distribution Dxy, fill the open sets V., = H,,(Qo(d-,) x J.;) containing the
sets H (Q(i, 1)(0) x N(0)).

On the other hand, A,, is obviously covered by the images :

ao= 1 U e x U Vo)

(il,i2)622 O’GT,;(JJ())

- U U #(Quin(®) x N@)).

(il,ig)GEQ (J'ET,:;(zo)
We will show how the foliations H,, can be glued together to obtain a convenient
foliation of the whole of A,, which is again %—close to the distribution Dxy .
This proof will take several steps.

Step 1 : For every (i1,iz) € X2, there exists a (m, p)-controlled frame field generating
a foliation H;, iy), %—close to Dxy, of an open neighbourhood of :

77)_(%’ (Q(il,i2)) NA, = H (Q(i17i2) X U N(J)) ) where Q(i17i2) = Q(i17i2)(5)'
O’ET;:(.%())
Fix (i1,12) € ¥? and recall that P, := {z1,...,2,,} is the finite set of points z; whose

neighbourhoods V; cover A, and are foliated by the foliations H,, (with x; = mx(2;))
which are %—close to Dx. Let us write

Pn(il,iQ) = {Zj S Pn ’ do € T;(mo) : H(Q(ihlé) X N(O’)) - sz }

and remark that :
W;(%/(Q(’Llﬂg)) mATL - H( Q(Zl,’tg) X Fn)

U H< Q(i17i2) x N(U)) - U sz.

O'ET:L‘(J)()) Zjepn(il,iz)

N

Now p = (i16, i20) € Q(;,,i,) is the first vertex (with the lexicographic order) and we

have a restriction homeomorphism
Hy : (mxy(20), w0) = (mxy(p),p) + H(yo) = H(ird, i20, yo)
and hence the triangulation 77 (o) of F}, = w3 (29)NA,, induces naturally a triangulation
Th(p) = H({p} x Tyj(z0)) of Fu(p) =mxy(p) N A
and an open cellular covering of F),(p) given by
Rn(p) = {Np(a) := H({p} x N(0)) ‘ oceT)(xg), dmo=Fk—2 } .
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Let P = {a, : Ny(0) — [0,1] | 0 € T;5(p)} be a smooth partition of unity subordinate
to the covering R, (p).

Because each leaf M:’ of the foliation H,, = {M:’ }zes., meets the fiber F,(p) =

W):-%/(p) in a unique point
{zf} = M:jﬂﬂ';(;(p) = H;, (p—2j,2) with z¢€ J,,,

for every y = Hg,(t1,t2,2) € Vo, = H;,(Qo(dz,) x J.;), the point zf is the “horizontal
projection” of z and y on 73 (p) via the restriction Hy : Ty (27) — Tx3 (p), and lies in
a unique open simplex 0° € T’ (p) and allows us to define an “adapted” partition of unity,
P subordinate to the covering {sz}zjepn(ihm by extending it constant along each leaf of

H.,. That is we define : P = 1@ : Vo, = [0,1]}2,ep, (i1,i) as follows :

a; : V., —[0,1] by  a;(y) = a(2)) where y € 0% € T} (p) .

Now we use this partition of unity to glue together all the (m, p)-controlled frame fields
{(w}?,w3?)}; of the foliations H,, to define on the open set

U Vo, 2 U H(Q(il,i2) X N(U)) 2 Tr)_(%/(Q(il:'Q)) N Ap

2j € Py (i1,i2) o€T7(z0)

the new frame field :

Wity = Y ) w’ly)  and Wy =y

Zj epn(il,ig)

Then the Lie bracket :

(Wi W= Y al v -
JEP, (i1,i2)

S (Gl el @) + a0 ed]) = S 0+0)=0

JEP, (i1,i2) JEP, (i1,%2)

where each @j.,(v2(y)) = 0 because the @&; are constant along the trajectories of vy and
each [w]”,v2](y) = [w]?,wy’](y) = 0 because (w]’,wy’) is a generating frame field of the
foliation H,, .

On the other hand, each (w]”,w5’) being 7 xy-controlled, we have :

ey (M2 W) = mey (D280 1) = D265 (0’ (1) = 1(Fr) = Fy

and similarly each (w]’,w;’) being px-controlled, we have :

pxey (W2 () = pcey (D2 850w” 1) = D265 oy (wi (v) = D 65(4)0 =0,

J J
Thus the frame field (Wl(il’ig), Wz(il’ig)) = (Wl(il’ig), v9) is (m, p)-controlled too.
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This means, in particular, that the partition of unity modifies only the components of
Wl(“’”)(y) along the tangent space to the link L(y) of the mxy-fibre containing y.

Finally, each H,; being %—close to Dxy one finds :

W) (y) — o ()] = || Zaj y)—n) || <

< Y i@ -uw < Yaw-(;) =1(;) = =

J

Hence the (m, p)-controlled frame field (Wl(il’iz),Wéil’iz)) = (Wl(il’iQ),vg) generates a
new foliation H;, ;,y on an open set containing 71')_(%/ (Q(ilﬂ-g)) N A, on which it is %—close
to the canonical distribution Dxvy .

We will denote by H(;, ;,) : R? x 77;(; (p) — Y the induced topological trivialization
obtained by composing the flows of such frame fields. Then H;, ;,) also generates H;, ,)-

Step 2 : For each fized is, there exists a foliation H;
neighbourhood of :

ins 0 L_close to Dxy on an open

U W;(%/(Q(il,h)) NAn, = WXY([ 1,1] x QQ) Ap .

11EX

[']-: 1] x @.12 .

Figure 8

Fix an i € ¥ and, for every i1 € X, consider the foliation H(;, ;,) obtained in step 1
with generating frame field (Wl(il’h), Wz(il’h)) = (Wl(il’h),vg) .

We will show how the foliations H g ;,) and Hq ;,) glue together to give a new foliation
H©0,1),i2) = H(0,iz) V H(1,i,) of an open neighbourhood of

(733 (Quuin) Uy (Quuin) ) N An = b ([0,20) x Qi) N A,
Let a be a smooth decreasing function :
a : [0,20] — [0,1] such that «aft) =
0 if te[24,29].

Then o can be extended to a map defined on a neighbourhood of w3 ([0, 26]x Q;, ) NA,,
which is constant on the trajectories of vo. That is for every y = H g ;,)(t1,t2, yo) we define:

a : 7TXY([O 25] X Q12) ﬁA - [0 1] ) d(y) = d(H(07i2)(t17t27y0)) = a<t1)‘
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We consider the vector field
0,1),i ~ 0,i - 1,i
WO () = a(y) - W () + (1-aly) - Wi ()

where the verifications that the Lie bracket [Wl((o’l)’iz), v2](y) = 0 and that Wl((o’l)’i2)

is a (m, p)-controlled vector field 1-close to Dx are similar to and simpler than those seen

n
in step 1.

Continuing in this way, after a finite number of steps we obtain a vector field sz (y)
defined on a neighbourhood of 7y ([—1,1] x Q;,) N Ap,.

Remark 6. In the construction of the final vector field sz (y) of step 2, for example
when we glue Wl((o’l)’zz) (y) to W1(2’Z2)(y), the new partition of unity will act only for values

of t; € [26, 28] so as to give a vector field W1((0,1,2),i2) (y) defined on 73 ([0,36] x Q;,) N A,
and satisfying :

(01.2) ) W1((0,1)7i2)(y) for t; €0, %5]
W]_ sdys)s (y) — g
Wl( Jz)(?/) for ¢ €[26,30].

Hence this second gluing is in a set disjoint from the set in which we did the first
gluing and this ensures that \|W1((0’1’2)’22)(y) —vi(y)|| < L.
This argument holding for all successive gluing one obtains a final vector field :

Wiz(y) = Wm0 ) satisfying Wi (y) — v (y)]] < O

SHE

Therefore, the final commuting frame field (W2, v5) generates the foliation claimed in
step 2 :
Hig = H(—Sn,iz) V ...V H(gﬂé) vV ... V H(sn—l,iz)

which is L-close to Dx on an open neighbourhood of Ty ([=1,1] X Qi,) N Ay,

We will denote by H;, the induced topological trivialization obtained by composing
the flows of this frame field (W{?,v2) and generating H,.

Step 3 : There exists a foliation F,, and its (m, p)-controlled frame field (W1, v2) which
18 %-close to Dxy on an open neighbourhood of :

mxy (FL1P) N4, = [ 7o ((F11] x Qi) NA,.
i2€X

Let us fix i5 € {0,1}. We will show below how the foliations Hy and H; and their
generating frame fields (W7, v5) and (W1, v2) glue together to obtain a convenient foliation
‘Ho V H1 of an open neighbourhood of

Ty ([F11] % Qo) Unxy ([F1, 1] x Q1) N A, = myy ([-1,1] x [0,28]) N A, .

Let a be the smooth decreasing function of step 2. This time we cannot extend «
to be constant along the to-trajectories (because the gluing must be done along the to-
trajectories), so we extend it to be constant on the t;-trajectories.
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Hence we define a map on a neighbourhood of 7y ([—1,1] x [0,26]) N A,, by setting
for every y = Hi(t1,t2,90) :

B¢ b (F1,1) x 0,26]) N A, — [0,1] . B(y) = B (1, ta, o)) = alta).

We define the vector field Wi by :

Wi(y)

Bly) - WP (y) + (1—B(y)) - Wi(y)

for which the verification that it is (7, p)-controlled is similar and simpler in than step 1.
It is easy to see that W7 is again %—close to vp

Wi(y) =il < B) - WP () =il + (1= 8®)) - Wi (y) —vi(y) |

< B+ (-8 =

n

However unfortunately this time the Lie bracket
(Wi, v(y) = [B-WP+ (1=8)- W, v](y)

= (Beylw2(0)- WP (W) + By) - VL, 02)()) = (B (02()- WP () + Bly)- WL, 02)(w))
= Buy(w2(y)) - W(y) + 0 = Buy(v2(y)) - Wi(y) + 0
= Buy(va(y)) - (WP (y) = Wi (y))

is not zero in general.

But W being (m, p)-controlled, and %—close to lifting v; on Dxy we can use the flow

of W1 and the flows ¢5 of vs to define the desired new foliation HgVH; on a neighbourhood
of w3 ([—1,1] x [0,25]) N A, as follows.
We define :

K - ([—1,1]x[0,25})ﬂFn(x0) — b (-1,1] x [0, 20))

(t1,t2,90) —  ¢a(ta, ¥1(t1,%0)) -

where ¢ is the flow of vo and it is easy to verify that the foliation

HoV Hy = {K([—1, 1] x [0,20] x {yo}) }

yOan(IO)

has a generating frame field (W, vy) where

Wiy) = WD) = Koo (B1) = 05, (W1(1).
Recalling that Wi(y) := 8(y) - W(y) + (1 — B(y)) - Wi (y), W, satisfies :

() [IWily) — @)l = |62, Wi(m)) —v1(y)]]

05, (B) - WP(w) + (1= B) - Wim)) ()

25



C. MUROLO, A. du PLESSIS, D.J.A. TROTMAN

IN

5(y)'H¢§iyl (Wlo(yl))_vl(y)H + (1—5@))'“(1’31@,1 (Wll(yl))_vl(y)H
< By) - |[WP ) —u)|| + (1=8w) - ||Wi(y) — v

and by the inequalities obtained at the end of Remark 6 in step 2 for Wli2 (y) for every
iy = —8n,...,5n_1 applied to WP (y) and Wi (y) we find

-8~ = -

n n’

< By) -

S

This proves that the vector field Wi (y) = Wl(o’l) is again Z-close to Dx.
At the second gluing, we define a vector field :

Wi (y) = K (B = 6k, (WD ().

*(t1,t2,90) 2xy1

which satifies :

W2 () — 0y ()] < exactly as in (*) of Step 3,

S|

with a formal repetition of the inequalities (*) in which we replace Wl(m)(y) = Wi(y) by
W1(0’1’2) (y) etc . . . and at the end, this time, using that :

—~ 1 1
WP @) —na)ll < — and Wi —u@) < .

3

Continuing in this way, after 2s,, — 1 steps we define a vector field

ul(y) == Wl(_s" """ =1} on a neighbourhood of ey (1,1 x [-1,1]) N 4,
such that the frame field (u}',vy) is (7, p)-controlled and generates the desired foliation
Fn - H—s”\/---\/HO\/Hl\/---\/Hsn—l

which, with the same arguments as in Remark 6, where this time we glue the foliations H;

along the is-direction instead of the ¢1-direction, one checks to be %—close to the canonical
distribution Dxy .

Step 4 : There exists a global foliation on a meighbourhood W)}%/([—l,l]z) of xg in
X UY and this proves Theorem 4 forl = 2.

In the previous step we constructed for every n € N, a foliation F,, and its generating
(m, p)-controlled frame field (uf',vs) which is 1-close to Dx on an open neighbourhood of
the solid annulus 7[';(%/([—1, 1] x [=1,1]) N A,,.

We prove now that all foliations of the sequence {F, }neN* glue together to give a

final foliation H defined on the whole of W)_(%/([—l, 1]?) = W =Y satisfying the smooth
version of the Whitney fibering conjecture.

Fix n > 1 and consider the two foliations :

Fn  with generating frame (ul,v2) L _close to Dx on A, C p)_(ly([n%rg, 1
and
Fns1 with generating frame (u’f“, v2) n%rl-close to Dx on A,y C P)_(ly ([ﬁrg, %_H})
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Let a; be a smooth increasing function,

0 if telgs, sl

a:[n%rg,%]e[O,l] such that ay(t) =
1 if te[ir, 1.

n+l’ n

By using the function a; we will glue together the foliations F,, and F,,+; along their
intersection A, N A,41 C pyy ([n%rz, n%rl]) without changing them in pyy ([%-‘r?)’ %—&-2] U

[ w))-

Consider the vector field w?** : A, U A,,1 — R" defined by :
Wit (y) = () -ut(y) + 1 —=7(Y)-ui™(y)  where 4(y) = a10pxy(y)

which coincides with v (y) for y € p)_(ly([n%rl, 1.
We have :

Wit val(y) = (Y (02(0)) - ui ) + ) - [, v)())

~ (e (2)) - w3 ) + () - 5 va(®) =0 -0 =0

where ., (v2(y)) = 0 because (t) is constant along all the trajectories of vy and each
[u}, vo)(y) = [ul™, va](y) = 0 because (u},vz) and (uf*! wvy) are two generating frame
fields respectively of the foliations F,, and Fp11.

Hence, the frame field (w?“, vy) defines a new foliation F,, V F,,+1 on A, U A,,;1 for

which it is easy to verify that (w} ™, vy) is (m, p)-controlled and coincides with F,, on the

upper part A, N p)_(ly([n%rl, 1) of A, .

Moreover F,, V Fpy1 is %-close to Dxy in A, UAp41 :

i () =@l < (@) - [lef' (@) — vl + @ =7@) - i+ (y) = vi(y) |

1 1
< =

‘n4+1 — n’

< v(y)-% + (1 =)

Using this way of gluing together inductively the foliations of the sequence {F, },>1
starting from H; := F; V F2 we define an “increasing” sequence of foliations {H,, }n>1 :

H, = <((]—“1\/}“2)v. . .\/fn> VFpny1 of the annular region A;U...UA,4+1 C p)_(ly([n%s, 1])

where H,, coincides with H,,_; on p}ly([% , 1]) and is nil—close to Dx on A,,.

In this way the restrictions H), := H (%, 1)) define an increasing sequence of

nlpxy
foliations with each H/, which is nil—close to Dx on A,.

By considering on the whole of W = 733 ([~1,1]% N px3-(J0,1]) the foliation union
H' = US2H!, and using that, by (c)-regularity [MT]s, lim, .,cx Pxy(y) = T, X for
every x € X, we conclude that :

lim T,H = lim Dxy(y) = T,X.

y—zxeX y—zreX
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Step 5 : The general case with dim X =1 > 2.

The proof of Theorem 4 in the general case with dim X = [ > 2 can be obtained
directly by a formal repetition of the steps 1 to 4 of the proof of the case dim X = 2 where
the paving by squares { Qir,i0)(0) = Qs X Qg }(i11i2)€22 of [~1, 1)? is replaced by a paving
by l-cubes {Q;(8) :== Qi, X ... x Q;, }iexy of [-1,1]" using a multi-index i = (i1, ...,4;) and
all essential ideas and techniques are adapted to a bigger dimension.

However this would be long and formally heavy so we give a shorter inductive proof.

Theorem 4 was proved for dim X =1 = 2.

Let dim X = [ > 2 and suppose Theorem 3 is true for all X’ such that dim X' =1—1.

Let Y > X. In a local analysis we suppose as usual X = R! x {01}, 2o = 0" € X.

For every t € [—1,1], let X; = R x {t} x {0"~1} and Y; := ﬁ;(%/(Xt), then X; <V,
is a (c¢)-regular stratification with control data (7x,,px,) : Xt UY; — X; x [0, 1] which is
the restriction of the control data (rx,px): XUY — X x [0,1] of X UY.

The stratification X;UY; satisfying the inductive hypothesis we assume for it all results
obtained in the previous steps 1,...,4, starting from a topological trivialisation Hj, of
origin 0y := (0'~1,¢) and a canonical distribution Dx,y, (y) = [v1(v), . .., v1_1(y)] generated
by the first [ — 1 coordinates of the frame field, which is a continuous controlled canonical
lifting (v1(y),...,v(y)) of the standard frame field (E4,..., E;), and which generates the
canonical distribution Dxy (y) = [v1(y),...,v(y)] of X.

By inductive hypothesis every pair of strata X; < Y; admits an (a)-regular (I — 1)-
foliation H; = {M,, := Hy (R x {yo, D} ~1(g,) of Y; obtained from a trivialisation

Yo, €T 5
H, R x ﬁ;(tl{Ot} —Y; where Yo, € w;(tl(Ot) .

Moreover following our proof in step 4, by induction every foliation H; is %—close to
Dx,y, in the annulus A, 4+ := A1 NY;.

Let y;—1,+ denote an arbitrary point of Y;.

For every ¢ € [—1,1] the frame field (u}(y),...,u!_;(y)) defined by

uf(yl_lyt) = Ht*(tl,-..,tzfl,yot)(Ei) for every i=1,...,01—1

is, by Proposition 3, §5.2, the unique commuting (7x,, px, )-controlled frame field tangent
to ‘Hy, generating T, , ,/’H; and is %—close to Dx,yv, (and Dxy) in the annulus A, + and
continuous on X; (step 4).

Moreover one can write ([Mu];, Chap 2, §5.2 Prop. 1) :

Ht : Rl_l X W;(:{Ot} — W;:(Xt) = th
(tla--~,tl—17y0t) — Yi—-1t = wffl(tlflw"?qbi(tlayOt)"‘)
where (%, ..., 9}f ;) are the commuting flows of the frame field (u},...,u} ;).
Each map H; extends in a natural way along the direction of the vector field v; using
its flow ¢; by setting
Ht : R' x wy {0} — T (X)=Y
(tr,o s tintiyo,) = g o= Gt (tiey, - ¥ (t, 90,)) - - 2)
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and for every point yo, € Tr)_(tl (0¢) one has
HiGy ot 0m0) (Bi) = Hewiryot 1o (Bi) = wi(yi-14) Vi=1,...,1-1.

Let H! = {M,, := HY(R' x {yo. D}y, exz1(0,) be the foliation defined by H'. Then
t t ST x t
the frame field (w?, ..., w}) defined by

wi(y) = H*(tl, tl,yot)(Ei), Vi=1,...,0—1.

is the unique commuting (7x, px )-controlled frame field tangent to H’, generating T, H"
(Proposition 3, §5.2) and lifting (1, ..., E;) on the leaves of H' and it coincides with the
frame field (ul, ...,ul_y,u) on every point y—1 ¢ = He(t1,...,ti—1,v0,) € V2

For every i,j = 1,...,1—1, since [uf,u}] =0, the flows ¢, ¥}, of uf, ulcommute for

all times a,b € R, and so using the relation ¢, j b = w; yUL, before differentiating (see
[Mu];) for every t € [-1,1] and y = H'(t1,...,t;,y0,) € Y we obtain the equalities :

ia’

wi(y) = vi(y)

wi(y) = Hi(tlpu,tl,yot)(Ei) = Prt;ay o (Ui_1(y1—1)) with the notation in §5.2 for y;_;.

By continuity of each H! ) on X X W;(tlyt (0¢), and since

#(t1,ert—1,0,90,
Hiy 0,00 (B = wily) = ui(y)

for every € > 0 there exists an open neighbourhood W; of Y; = ﬁ;(tlyt (X:) such that

wa( ) —ul H <€, ie. T,H'is eclose to Dx for every y € Wy,

and moreover

U W 2 U TrXth - Tr)_(tlyt( U Xt) 2 Tr)_(tlYtq_l’”l) =Y.
te[—1,1] te[—1,1]

Then the family S"*! := {V; := W, N Any1tee[—1,1] is an open covering of the compact
subset A, 41 = Upe[—1,1)An+1,¢ of Y and hence there ex1sts a finite subfamily {V;, }; covering

Apis.
In a similar way as in the first part of the proof (before step 1), for € = L there

exists 0 > 0 and s,, € N* with § := Q such that we can obtain every Vi, of the form

V., D H([—l, 11 % Qy x it (otj)) N Angs

where Q; := [j0, (j+1)d] for every j € J,, :={—5p,...,0,...,8—1} and Ujey, Q; = [—1,1].

Following exactly the same construction as in step 3, the foliations H7 := HIV with

j € J,, induced by each H' on Vi, glue together in a unique foliation
Frtli= H v VH'V HOVHY VoL v
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of an open set

U Vi, 2 U H([—l,l]lil x ( U Q) ><7T)_(t1j (Otj)> NApt1 =

Jedn Jedn Jedn

- H([—l,l]l ><7T;{1(Otj)) NApsy = 75 ((1,1]) N Apys .

Moreover as in Remark 6, since each H/ = HT{/t is %—close to Dxy on Vi, the global
3
foliation F™*+1 of Apt1 is %—close to Dxy too on the open set Uje s, V4.
We obtain thus for every n € N* a foliation F™*! which is %-close to Dxy .

At this point with formally the same proof as in step 4 one obtains an “increasing”
sequence {K,, },>1 of foliations

Ky = (((flvﬂ)v...vf”)v;r"“ of the set A U ... U Apss C pib (25, 1])

1
n—1

with /C,, coinciding with /C,,_; on px3-([2, 1]) and -close to Dx on A,.

In this way the restrictions K, := K

1
n—1

o< (2, 1) define an increasing sequence of
XY \ln

-close to Dx on A,,.

foliations with each ],

Finally, by taking on the whole of W = w51 ([—1,1]' N px3-(]0,1]) the foliation union
K'= U2 K, by (c)-regularity [MT]s, the canonical distribution is continuous on X and
we conclude that :

lim T, = lim Dxy(y) = T,X. O
y—xeX y—xeX
yeY yey

Corollary 3. With the hypotheses of Theorem 4, the open l-foliated neighbourhood
W of 75" (Usy) N Tx (1) may be chosen of type w5 (U") N Tx (1), where U’ is the maximal
domain of a chart near xo of X as a submanifold of R™.

Proof. Let U’ be a maximal domain of a chart ¢ : U’ — R' x {0¥} near z( € X.

By the Thom-Mather Isotopy Theorem there exists a topological trivialisation of X
near xo :

H=H, : mxy{ze}) x U = a3y ({mo}) xRN — 7. (U)

having its values on the whole of w33 (U").

Let us consider Theorem 4 proved for such a maximally defined map H = H,,.

In Theorem 4 we proved that starting from the compact set [—1, 1] x {0¥} C R x {0*},
there exists a bounded neighbourhood W of 0" in R™ containing the relatively compact set
U=rnyxy([~1,1) x {0¥}) N Tx (1), and there exists a foliation U of U which is (a)-regular
on all points of [—1,1]" x {0*}, i.e. satisfying :

lim T, U = T, X for every 2 € [—1,1]' x {0}.

Yy—x

Following the proof of Theorem 4 it is clear that the compact cube [—1,1]! x {0¥} can
be replaced by the bigger cube U,, := [—n,n]' x {0*}. The same proof holds allowing us to

30



THE SMOOTH WHITNEY FIBERING CONJECTURE

find an [-foliation U,, of an open bounded neighbourhood W/ of the relatively compact set
U, := Ty ([=n, 1] x {0F}) N Tx (1) which is (a)-regular on all points of U,.

At this point the proof follows using Zorn’s Lemma to give the existence of a maximal
element of the set of all (a)-regular [-foliations each of whose domains contains a set of
the sequance 7y ([—n,n]' x {0F}) N T (1) with respect to an appropriate partial order
relation.

However, we give a constructive proof as follows.

We prove by induction that the sequence of these (a)-regular foliations {U,, },, may be
modified to a new sequence of (a)-regular foliations {,}, in which each foliation

defined on U, 41 is an extension of un|i7 .
n—1

Let U/, be a foliation on U, = ' ([=n,n]t x {0¥}) N Tx (1) extending the restriction
of U, to Un_y and (a)-regular on all points of U,.

Via a sequence of two gluings, using the same techniques as in the proofs of Step 2
and Step 3 in Theorem 4, we glue U,, and the restriction U, 1|v,,,,-v,_, and define a new
[-foliation :

coincides with ¢'(n) on U.,_, ;

U, ,, which : coincides with U,+1 on U,i11 — U, ;
is (a)-regular on Upii.
We have then an increasing sequence of (a)-regular foliations : U’ B whose union
n n—1

is defined on the set

Ufjnfl = W};(U [—TL, n]l X {Ok}) ﬂTxy(l) = W};(Rl X {Ok}) ﬂTxy(l)

n

and which is (a)-regular on all points of :

Do U1 = [JI=n,n]' x {0"} = R x{0¥} = U'. O

n

6. Local regular open book structures.

In this section, we prove Theorem 5 and Theorem 6 in which we construct a local
open book structure for Bekka (c)-regular and Whitney (b)-regular stratifications for every
stratum X with depths(X) = 1.

These partial results (since depths(X) = 1) will play an important role in the proof of
our main Theorem 7 of section 7 and will be extended to the general case of an arbitraty
depths.(X) as corollaries of Theorem 7.

Definition 8. Let X = (A, X) be a smooth (a)- or (¢)- or (b)-regular stratification in
R", X € ¥ and z¢ € X.

One says that X' admits a local open book structure at (or near) zq if there exists a
system of control data F = {(7x, px,Tx)}xex, a neighbourhood Uy, of z¢ in X and € > 0
such that the stratified space (75" (Usz,) — Us,) N Tx (€) has a stratified foliation

Wao = {Wy, | 90 € (mx" (20) — {wmo}) N Sx ()}, Yo € Wy,
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such that for every stratum Y > X and yg € Y,

i) Wy, is a C*°-submanifold of T'xy (€) containing yq ;

ii) Uy, € Wy, (frontier condition) ;

iti) the restriction (7xv, pxv)jw,, : Wyy — Us, x |0, €[ is a C>°-diffeomorphism.

If these conditions hold, each stratification W, LU, is called a local page at xg in Y .

The local open book structure W, is called (a)- or (c)- or (b)-regular respectively if
moreover :

iv) every pair of strata U, < Wy, is (a)- or (c)- or (b)-regular.

If such conditions are satisfied we also say that W is a local (a)- or (c)- or (b)-regular
open book structure over U (omitting xg).

In 1976 [Go]; Goresky introduced the following very useful notion :

Definition 9. Let X = (A4, Y) be an abstract stratified set, a family of maps

S Tx(1) - X
{TX x (1) %SX(E)}XEZ,ee]O,l[j

is said to be a family of lines for X (with respect to a given system of control data)
{(TX, TX, P X)} if for every pair of strata X < Y, the following properties hold :

Tx OTS =TX ;
’

!
€ € € .
TxOorx =Tx

)
)
)
4) mxory, =7x ;
)
)

)

<
[0}
<

>
|

=Py ;
pPX OTYy = PX ;

In order to obtain his important theorem of triangulation of abstract stratified sets,
[Go]; Goresky proved that every abstract stratified set X admits a family of lines.

Since (c)-regular [Be] and a fortiori (b)-regular [Ma] stratifications admit structures
of abstract stratified sets a family of lines exists for them.

We can now prove the following :

Theorem 5. Let X = (A,X) be a closed smooth Bekka (c)-reqular stratified subset of
R™. Then for every stratum X of depths,(X) = 1, each pair of strata X <Y admits a local
(c)-regular open book structure near every xo € X.

Proof. Since the pair of strata X < Y is (¢)-regular, by Theorem 3 there exists a
neighbourhood U, in X (which in a local analysis we identify with R' x {0} C R"), and
a local (a)-regular foliation H,, = {M,, = H(R' x {yo})}yoeﬂ_l (ag) COTTESPOnding to a

XY

stratified local topological trivialization :
H: R'xnay(zg) — 5 (R x {0}) CR"
(tla-"7tlay0) — Y= ¢l(tl7"'7¢1(t17y0)-")

where {(rxy,pxy) : Txy — X x]0,1[} is the C°°-submersion of a system of control data.

As X UY is (¢)-regular it is an abstract stratified set [Be] and hence it admits a family
of lines {r§ : Tx(1) — X — SX(G)}ee]O,l[ [Go]s.
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For every yq in the link L(zg,¢) := Sx(e) N7y () we consider the C>=-arc

Yyo - ]Oa 6[ - W%%’(xo) ) Yyo (3) = T%(yo)

which is a C°°-diffeomorphism on its image and we define the foliation

Ly, = {L = 0, }
0 vo = V5o (10, €]) Yo L(z0.6)
by 1-dimensional arcs of the fiber 7wy (7o) N Txy (€) parametrized in the link L (o, €).

Since v, (s) € Sx(s) = px' (s) and px'(0) = X, one has lim,_¢ 7y, (s) = 0.
Hence each line L,, satisfies : {zg} C Ly,.

For every yo € L(zo, €), setting Wy, := H(R' x L,,) the family

Wy, = {Wyo }yoeL(wo,e)

defines a foliation satisfying the local open book properties near xg.
In fact, since H is a homeomorphism it is easy to see that U,, C W,, for every yp.

Since H is a diffeomorphism on strata, every leaf W, = H (R' x Ly,) is a C>-
submanifold of T'xy (€) of dimension (I + 1).

Moreover (mxy,pxy) : Txy — X x]0,1[ being a C*°-submersion, its restriction to
each leaf (mxv, pxv)jw,, : Wy, = X x ]0, €[ is a C°°-diffeomorphism.

Finally, for every z = (t1,...,t) € Uy, = R’ we have that, for every y € Wy, there
exists s €]0, [ such that y = H((t1,...,t;,7y,(s)) and so that

Wyo = H(Rl X Lyo) 2 H(Rl X'Yyo(s)) = M”Yyo(s)

and hence by (a)-regularity of the foliation H,, one finds :

lim TyWyO :_> lim TvayO(s) 2 TxX
y—>x

Yy—x

which proves (a)-regularity of the pair of strata U, < Wy, at every z € Uy,.
Finally by considering the distance function py, w, , the restriction of pxy, each level
hypersurface satisfies :

pEjOWyO (6) = pxy(€)NWy, = My,

and hence (c)-regularity of U,, < W, follows by (a)-regularity of the foliation H,, =
{M}y - . . -
?}1_12 PUo Wy, () 2 z}1_1(2071@/]\41/ =T X
For a (b)-regular stratification, with the aim of proving a corresponding (b)-regular
open book structure near xg € X, we cannot use an arbitrary Goresky family of lines
because these lines are not necessarily (b)-regular over zy. Fortunately this result holds if
the lines are the integral curves of the gradient of the distance function px.

In [MT];5 we construct a family of lines {rfx} xex, eelo,1] » With this desirable property;
however for the simpler case depthy,(X) = 1, in which only two strata X <Y and one map
(rx,px) occur we do not need all compatibility conditions of the family of lines.
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In Theorem 6 below we will not use the result obtained in [MT]s.

Theorem 6. Let X = (A,Y) be a closed smooth Whitney (b)-regular stratified subset
of R"™. For every stratum X of depthy(X) = 1, each pair of strata X <Y admits a local
(b)-regular open book structure near every xg € X.

Proof. The pair of strata X < Y being (b)-regular, it is (c¢)-regular too [Be], [Tr],
hence by Theorem 3 there exists a neighbourhood U,, in X, which in a local analysis we
identify with R' x {0} C R", and there exists a local (a)-regular foliation H,, = {M,, =
H(R' x {yO})}yoew)}; (z0) obtained from the stratified local topological trivialization :

H: R x7y3'(zo) — % (R x {0}) CR"

(t1,-- - tyo) — y=a¢i(ty,. .., 01(t1,%0) - .)

where {(rxy,pxy) : Txy — X x]0,1[} is the C°°-submersion of a system of control data.

Let us consider the distance function pxy : Txy(€) — X and on T'xy (¢€), the vector
field v(y) := Vpxy (y) and the integral flow ¢ : R x T'xy (€) — T'xy (€) of v.

Since pxy : Txy(e) — X is a submersion, Vpxy(y) # 0 Yy € Txy (e).
For every y in the link 753 (z) N Ty (€) we consider the C>-arc

Yy - ] — 00,0 — ﬂ-)_{%/(x)v 7y(3):¢(5>y)

which is a C°°-diffeomorphism on its image.
For every x € X we define the foliation

L, = {L = — 00,0 }

vo := Yo (] = 00,0]) oL (.c)

of the fiber 33 () NTxy (€) by arcs parametrized in the link L(x, €) := w53 (20) N Sxy (€).
We write L, := Ly, if y =7,,(s) is in the same trajectory v, (] — 00, 0]) as yo.

Moreover, for every s €] — 00, 0], by 7, (s) € Sx(s) = px'(s) and p3'(0) = X, one has

lims_,_ o 7y (s) = « and hence each line L, satisfies : {x} C L, with z = mxy (y).

For every y € Txy (€), setting W, := H(R' x L,) the family

W, = {w, = HR® x L,)}

y€Txy (€)

defines a foliation for which in the same way as for the (c¢)-regular case one proves that it
satisfies the local (a)-regular open book properties near zg.

Recall now [Tr|; the following two useful characterizations of (b)-regularity at z €
X <Y for two strata X <Y of a stratification in R" :

i) X <Y is (b)-regular at x € X if and only it is (a)- and (b™)-regular with respect to
each C'*°-projection mx : Tx — X.
ii) X <Y (b)-regular at € X implies [Ma]; » that in local coordinates there exist

control data (mx, px) where 7 is the canonical projection 7 (ty,...,t,) = (t1,...,t,0" 1)
and p the standard distance from R' x 0", p(t1,....t,) = >0, t2.

By i) it remains to prove that U, < Wy, is (b™)-regular at each point = € Uy, .
Let us fix z € X. To simply notations we identify Txy (¢) and Y.
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By definition of (b™)-regularity at z € X, we must prove that for every sequence
{yn}n € Wy, such that lim,, y, = x and both limits below exist in the appropriate Grass-
mann manifolds, i.e.

limT, W,, = o € G:"'  and  limy,7x(yn) = L € G,, then o D L.
n n

The Grassmann manifold Giim Y being compact, taking a subsequence if necessary we
can suppose that lim, T, Y = 7 € GL.

By hypothesis X <Y is (b)-regular and hence (b™)-regular at x € X so that 7 O L.

Moreover by 4i) we can assume that 7x = 7 : R" — R! x 0" and px is the standard
distance p(t1,...,tn) = > i, 1 17, so that Vpx(y) = 2(y — 7x(y)) and they generate the
same vector space [Vpx(y)] = [y — mx(v)]-

For every n € N, let u,, be the unit vector u,, := % where z, = mx (yn)-

For every vector subspace V' C R", let py : R" — V be the orthogonal projection on
V and let us consider the “distance” function defined by ([Ve], [Mu]; §4.2) :

(u,V) = infyey |[|lu—v]|| = u—pyv(u)|]| forevery u e R"
and
(U, V) = supuep,|u|j=1 |lu—pv(u)ll for every subspace U C R".

Then by (b™)-regularity of X <Y it follows that :

T 2L = limfu, Clim7,Y = Ilim §(ju,],7,,Y) = 0.

Since pxy is the restriction px|y of px to Y, every vector Vpxy (yn) is the orthogonal
projection pr, v (Vpx(yn)) on T,, Y of the vector Vpx (y,) and we have :

Ty, Ly, = [Voxy(n)l = pr,,v(Vox(yn)) = pr,, v ([yn — 2n]) = p1,,, v ([Un])
by which, w, being a unit vector of [u,], one finds that :
5([un]’ TynLyn) = 5([“?@]’ pTy,LY([unD) = H Un, _pTy,LY(Un) || = 5([un]7 Tyny)‘
On the other hand L,, € W, , CY,s0 T, L, <T, W, CT, Y, and hence :

0 < lim 6([un], Ty, Wy,) < lim 6([un], Ty, Ly,) = lUm 6([u,], Ty, Y) = 0.

Yn—T Yn—T Yn—X

We deduce that lim,, ., 6([u,], T, W,,) = 0 and this implies :

L = lim y,nx(y,) = lim [u,] C lim T, W,, = o
Yn—T

Yn—X Yn —X
which proves that U,, = R x 0"~ < W), is (b™)-regular at z, for every x € U,,. O

7. Proof of the smooth Whitney fibering conjecture in the general case.

In this section we give our main results. First we use the local open book structure of
section 6 to prove the conclusions of the smooth Whitney fibering conjecture for a stratum
X of a (¢)-regular stratification X = (A, X) having arbitrary depth (Theorem 7) and then
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we use Theorem 7 to extend Theorems 5 and 6 of section 6 to a stratum of arbitrary depth
(Theorem 8).

The definition below will be useful in the proof of Theorem 7. A similar notion (X-
chart) was introduced in [Fer].

Definition 10. Let X = (A4,X) be an abstract stratified set with a fixed system of
control data 7 = {(Tx,7x, px)}xes.

Let X! < Y* be two adjacent strata of X, U the domain of a chart ¢ : U C X — R,
and (ug,...,u;) the frame field defined by u; := ¢, 1 (E;) and R’i = RF1%]0, 4+-00[.

We call conical chart of Y over U a chart ¢ : mx3 (U)NTxy (e) — RY of Y such that:
1) pomxy =po @ where p: R* — R! is the canonical projection ;

2) V¢ €]0, €] the restriction $or : 753 (U)NSxy (€') — R¥ ! of ¢ is a chart of Sxy (¢');
8) ¢ extends to the stratified homeomorphism ¢ U@ : UUY — R x {0F~ 1} URE ;

Example 1. Let H be the topological trivialization of the projection mxy : Txy — X:

H =H,, : Uxnaxy(ro) 2R x 133 (r0) — Ty (U) CR”

(t1,. -5t %) — Oty ..., d1(t1,40)..)

where Vi < [, ¢; is the flow of the vector field v; which is the (m, p)-controlled lifting of w;.
If

h:V C Sxy(e) — R¥ "1 isachart of the link  Lxy (20, €) := mx3 (20) N Sxy (€)
and we consider the families of smooth arcs as in §6 :
{7y 110,1] = 7%y (xo)}yoev whose images are the lines  {L,, := 7,,(]0, 1])}yo€V

then the union V’ = U, cv Ly, is the domain of a conical chart of w53 (7o) and the disjoint
union of wings

U =HUxV") := UyevHU x Ly,)
is the domain of a conical chart ¢ of Y over U defined by :

¢ U :=HUxV — U x )0, e[ x RFI—1

y=H(tr,.. . t,yor)  —  ¢y) = (mxy (¥), pxv (), h(yo))
(where yo 1 := 7y, (t)) which satisfies :
G (01()) = (v (0300 P2y (01(0): P (03030 ) = (w2, 0,017) = (ag(2), 0 1). D

Remark 7. With the same notations as in Example 1 one has :

i) If (1, . . ., i) denotes the coordinate frame field induced by ¢ : U’ — Ux]0, e[xR* 771
then for every y = H(t1,...,t;,y0,t) € U' we have :

Gy (ui(x), 057 = wi(y) foreveryi=1,...,1
Qz(y) = 85*_7} (El+1) = (Vyo)/(t) for i=101+1
G (Bi) = Yiuy(hiy, (Eg)) forevery i =1+1,...,k;
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i) ifA:={h;:V;, — ]Rkil*l}ie[ is an atlas of Lxy (xg,€), then
U;Vi = Lxy(z9,6) = U V/ = ﬂ)}%,(xo) = YU = Wi%,(U) NTxy(e€),
and hence
A:={p;:U —U; x]0,e[ x RF""1 ) is an atlas of 73 (U) N Txy (e).

iii) If the foliation H,, is (a)-regular over U, the stratified homeomorphism ¢ U ¢ :
UUU C XUY — R x 0F '} URE is horizontally-C* over U for the stratification U < U’
(see [MT]4 or Section 8 for this definition). [

The theorem below says that any Bekka (c)-regular stratification satisfies the condi-
tions required by the smooth version of the Whitney fibering conjecture (see Corollary 4
below).

Theorem 7. Let X = (A, X)) be a smooth stratified Bekka (c)-reqular subset of R, X
a stratum of X, xg € X and U a domain of a chart near xo of X.

There ezists a stratified foliation F,, = {FZ}zEﬂ'}l(mo) of the neighbourhood W =n3* (U)
of xg in A whose leaves F, are smooth l-manifolds diffeomorphic to X "W, such that for
every stratum X; > X, X; "W is a union of leaves and F, satisfies:

(1) : zlirgg T.F, = T, F,, C T,,Xj, for every x; € X;NW,

ZEA

and in particular for X; = X one has :

(2) : lim T, F, = T, F, = T, X, for every xe XNW.

zEA

Proof. We prove the theorem by induction on s = depths X.
In Theorems 4 and 3 we proved the statement when s = depthy X = 1 ; this provides
the start of the induction.

Let X be an [-stratum of X having depthy X = s > 2.

A tubular neighbourhood Tx of X is naturally stratified by strata X ]Z > X (with
dimX]zj = ¢ and j € J;) and if Tx is sufficiently small every two strata of the same
dimension X;, X;, have disjoint tubular neighbourhoods [Ma]; 5. Then by interpreting all
strata of the same dimension i as a unique (non connected) i-stratum of T'x we can suppose
that Tx admits at most a unique stratum X* > X of each dimension i > [ = dimX.

Hence it is sufficient to prove the theorem in the case where Tx has a unique chain of
strata adjacent to X :

X=Xo< X1 << Xs_1 <X, with s> 2.

Let U := U,, € X be a maximal domain of a chart ¢ : U — R! of X near zo € X and
set Y =X, 1,7 :=X,, k=dimY.

The stratification X’ = (A’,¥’) obtained by removing from ¥ all strata of dimension
strictly bigger than dim X_; is obviously again (c¢)-regular with system of control data the
family of restrictions {(7x|a/, px|a’)} xex, it has Y as biggest stratum and depthsy X =
s — 1 so by inductive hypothesis the theorem holds for X’ and there exists a stratified

37



C. MUROLO, A. du PLESSIS, D.J.A. TROTMAN

foliation F/, := {F}

9 S (o) Of the neighbourhood W' = 7 (U) N A" of x in A/
X| A’

satisfying the limit properties (1) and (2) for every j =0,...,s — 1.
We denote by T% := T'x N A’, the tubular neighbourhood and by S%(€) := Sx () N A’
the e-sphere of X in A’ induced by the control data {(7x|a/, px|a’)}xes .

Let (u1,...,u;) be the frame field u; := ¢, !(E;) induced by the chart ¢ and H the
topological trivialization of the projection 7x : Tx (1) — X,

H : Uxnay(z) =R x5 (z0) — Ty (U) CR"

(tl,...,tl,ZO) — d)l(tla"-ad)l(tl)ZO)“)

where (asin §5.1) Vi = 1,...,1, ¢; is the stratified flow of the stratified vector field v; which
is the continuous controlled lifting in the stratified space 75! (U) = Ux/>x mx %/ (U) of the
coordinate vector field u; defined on U C X.

According to [MT]; (where the proof is given for the three strata case) for each
vector field w on X a stratified continuous controlled vector field w on T'x (1) is obtained
inductively by the following steps:

i) one lifts u to a continuous (7xz, pxz)-controlled vector field u*% on Txz(1) in 4 ;
ii) one lifts by induction u to a continuous (7, p)-controlled vector field u* A" on the

stratified space T% (1) in which depthsy X = s — 1 and having ¥ as maximum stratum ;

iii) one lifts the restriction u*XY := ufgp‘;y(l) to a continuous (my z, py z)-controlled

vector field u¥'Z on Ty z(€) N Txz(1) in A where
(1) Tyale) = {z € Txz() | lluyz(:) — uxy @)l < d(y, X) } with y=myz(2)

(d := usual distance of R") and making a change of factor we rename it by Ty z(1) ;

iv) one glues uXZ and u¥# by a partition of unity subordinate to the open covering

O = {01 ,02} of Tx (1) where :

0O; = sz(l)—Tyz(l/Q) and Oy = sz(l)ﬂTyz(l).

O1= Txz(1) - Tyz(L/2)

= Txé{l}l HT}'Z(].]

Figure 9

This gives a stratified vector field w on T'x (1), a lifting of the vector field v on X,
which is continuous and controlled with respect to all strata of T'x (1).

We first apply this construction to obtain continuous controlled lifted vector fields
(v1,...,v;) defining the trivialization H above and to obtain the induced I-foliation (not
necessarily (a)-regular) :

on = {MJO}yEﬂ';(l(LEQ) = {M;O}yéw;{l(xo)ﬂA/ |_| {Mjo}zéﬂ;lz(zo)'
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Then we apply Theorems 3 and 4 to these two sub-foliations of H,, to construct two
(a)-regular [-foliations, whose leaves (with a slight abuse of notation) we denote again by
Mye and MZ° :

Hao,z = {Mfo}z@;lz(xo) of w5, (U)
Hepr = M3 yertioon of 75U N4

and whose generating frames fields will be denoted by

( XZ XZ)

/ /
wy . wj (w4 XA

and wy W

Let now Hyz be the topological trivialization of origin zg of the projection wxz :
Txz(1) — X obtained by lifting all vector fields wuj,...,u; of X to the (wxz,pxz)-
controlled continuous lifting on the leaves of H,, 7 :

Hy = z0,Z - UX?T;clz(.CUO) = Rl XW;(lZ(:UU) — sz(l) CR"

(t17"-)tlaZ0) L le(tla"')wl(chO)'-')

where Vi < [, 1; is the flow of the vector field w:*# whose foliation H,, 7 satisfies the
Whitney fibering conjecture for X < Z on U (by Theorem 4).

Remark that the ! vector field w;*Z, lift on T'x z(1) of the I*" coordinate vector field
u; of U, remains un-modified during the construction in Theorem 4 because of its special
position in the composition of the flows defining of Hz. Hence :

(%) 2 : witZ(2) = v % (2) = v (2) for every ze€Txz(1).
We can write the leaves of the (a)-regular foliation H,, 7 contained in Sxz(1) as :

HIO,sz(l) = {MﬂCO = HZ UX{Z()})} with sz((L'(),l) = W)_(lz(xo)ﬂSXz(l).

z0€Lx z(x0,1)

Similarly, by considering the stratum X € ¥/, and the corresponding trivialization map
H : of the projection 7x 4 : Tx(1) N A" — X, we can write the leaves of the (a)-regular
foliation Hy, 4/ contained in S% (1) := Sx (1) N A’ as :

HIo,SS((l) = {M;OO = HA/(Ux{yo})} with  Lxa/(xo,1) := ﬂ)_(l(xo)ﬂS}((l).

YoELx 47 (%0,1)
We will prove now that the foliations H,, z and H,, as can be glued together into a
final foliation satisfying the statement of the Theorem.
Let HY = HA’
of HA/ and HIO,A/.
To glue together H,, z and Hy, a» we first need to extend H,,y into a foliation
Hazy, v,z of an open set Ty z(1) N T'x z(1) using the open book structure Theorem 7 ; we
need this in order to obtain the property :

Txy o and Hao v 1= Hayy ar7yy (1) be the natural restrictions to Ty (1)

lim T, Hy, v,z = TpX for every xz € U.

zZ— X
€Ty 7z (1)
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By Theorem 5, by considering the stratifications X”, in which depthsy X = s — 1, there
exists an (a)-regular open book structure of U < 73" (U) N A’ over U :

Wyo = {Wyo = Hy(U X Lyo)} with ny(l'o,l) = W)_(l(xo)ﬂSxy(l)

yoE€Lxy (z0,1)

where each L, := 7,,(]0, 1]) is a C*-arc contained in the fiber 5, (o) and is parametrized
by the link Lxy (zq,1) of 2 in 7y (o).

Such a property also holds for all other strata X; such that X < X; <Y so that there
exists an (a)-regular open book structure of U < 75! (U) N A’ over U :

Wy, = {Wy, = Ha(U x Ly,)} with Ly ar (w0, 1) := 75" (20) N Sk (1).

Yo€Lx ar(x0,1)
As explained in Example 1, for every chart
h @V C Lxy(zg,1) — R¥'"'  of the link  Lyy (x0,1) := 75 (x0) N Sxy (1)

the disjoint union of lines V' = U, cv Ly, is the domain of a conical chart of 73 (20)
(over {x}) by which we obtain a conical chart ¢ of 7y} (U) C Y over U defined on
U’ = Hy (U x V'):

¢ : U :=Hy(UxV') — Ux]0,1[xRF1 where Hy = Huy
defines a sub-foliation of H,, ar

Hao v = {M;oo,t = Hy (U x{yo:}) }yoeny(z0,1),te}o,1] with Yot = Yy (£)

satisfying the properties of the Remark 7. In particular :

a) the first [ components of the coordinate k-frame field (q1, ..., qx) induced by @ on
U’ give exactly the frame field (wf(Y, . ,leY) lifted to the (a)-regular foliation H,, v,
where these last are the natural restrictions :

wi = wp )y and Heoy = HzO,Aqy.

Thus we can write :

(1, qx) = (wf(y,...,leY,...,w,i(Y).

b)If A= {h;: V; = RF""1}ics is an atlas of L(zg,1), A := {p; : U/ — R¥ }cr is an
atlas of 7y (U) and making the same construction with two different charts (h;, V;), (h;, V;)

of the link Lxy (z9,1) := w3 (20) N Sxy (1) one obtains open sets (V/,U!) and vV}, U;)
such that

U/NU, = Hy(U x V) N Hy(U x V}) = Hy (U x (V/ N V}))

and for every yo: € V/ NV}, $; and @; define the same leaf My° = Hy (U X {yo,¢})-
Therefore the [-foliations Hzo,U{ and 'HwO’UJ{ coincide in the intersections where they

; ; iy Z iy Z
are generated by the same frame field : (wzlyz, ey w;yz) = (w{ s, Wi ) and can

be extended in a foliation union M, v/ U HzO,U]/_ = HzO’UluUJ{.
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One has then the foliation union on the whole of 733 (U) :

Hzo,w;;(m = U Hao v -
icl
c) Properties a) and b) above also hold for every stratum X; such that X < X; <Y.
Fix po =y 1 € Ty (T0) C U’ = RE.

By Theorem 4 and the (c¢)-regularity of the pair of strata ¥ < Z, and using the
coordinate frame field (wiXY,...,wY) induced by ¢ on U’, with py as origin, we define a
topological trivialization of the projection wy z : Ty z(1) — Y :

Hyz : U xwyy(po) = RP xayy(po) — myy(U')

and a k-foliation of the image 7y, (U’) induced by Hyz defined by :

Hpo vz = {NE 1= Hyz(U' x {z})}

ZOGW;lz(po)

such that :

lim (w}/Z(z),...,wZZ(z)) = (wf(Y(y),...,kaY(y)> for every ye U’

Z—>y

which is hence (a)-regular over U’ < Z :

lim T.N* = T,N)> = T,Y, for every y e U’
z€Z
and whose first I-frame fields (w} Z,...,w}?) are the continuous (my z, py z)-controlled

lifting on the foliation H,, v,z (of 7y (U’)) of the frame fields (w", ... wXY) (of 753 (U))
lifting of the frame field (uq,...u;) (of U).
In particular we also have :

(*)yz - wlYZ(z) = y(z) = leZ(z), for every  z € Tyz(1).

Moreover since

U' = Hy(UxV') = || HyUx{p) = || M2,

Yo,t €V’ Yo,t €V’
it follows that each k-leaf of H,, v,z generated by the frame field (wi?,... 7w1}€/2) :
NP = Hyz (U x {=}) = || Hyz(Mg2, x {z0))
Yo,t EV’

is foliated by the family of I-leaves generated by the frame field (w}Z,...,w) %) :

Haovr,z 1= {F;"’O‘)'t = Hygz (M;O‘{t X {zo})}

Yo, €V, 20€7y 3 (Po)
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Hence, by lim, ., w} #(z) = u;(z) for every i <1 [MT]z, we have for every = € U :

lim T.Heeuz = lim  [wy?(2),...,w) 7 (2)] = [u1(2),...,w(2)] =T, X.
2€Ty 7 (1) 2€Ty 7 (1)

Remark 8. Making the same construction starting with two different charts (h;, V;), (h;, V;),
one obtains open domains of conical charts U; and U of Y such that :

1) the two [-foliations H,, .z and H,, 7 coincide in the intersection ;
Wi Mo

2) ) if the frame fields of V; and V; coincide in the intersection V; N V; then the
k-foliations of leaves NLO, Hyo,ur,z and on,U;, 7 coincide in the intersection. a

Z

Fan

2 -

? Hz(UX{zU})

F“Lo'. :HYZ'{‘H'{;\]D! X {Eﬂ}]
§ Tz (1) AN TN
: AT NG W ()

.................
.............

Lﬂrﬁ:] = Hy (Ux{p})

X

Figure 10

We define a new frame field (wy, ..., w;) of 75" (U) by gluing together the frame fields:

(wf(z,...,wlxz) and (wfz,...,wlyz).

XZ

To simplify the notations we will denote Vi =1,...,01: w*? =w} and w

YZ _ .2
i = Wy

Note that each [-leaf M7° of H,, 7 meets the fiber 7T)_(1 () in the unique point zy and
each l-leaf F£)"' of My, ur,z contained in a k-leaf NP0 of H,, v,z meets the fiber 7' (20)
in the unique point zg.

We define (wy,...,w;) by decreasing induction oni=12>... > 1.
For i = [, define w; = w}' ? = wi*Z (the same vector field).

Let i = [ — 1, and consider the open covering of 73! (z0) = 7y (r0) U mxy(20),
O := {01,053} defined by :

01 = 73 (z0) N (TXZ(l)—TYZ(1/2)>, 0, = 73 (x0) N (TXZ(1)mTYZ(1)),
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and let P,_1 := {«a, 8} be a partition of unity subordinate to the open covering O.

The open covering O and the partition of unity P,_; on the fiber 73" (x¢) induce an
open covering O’ := {0}, 04} of 75" (U) where

0/1 = Hz(UX Ol) = |—|z0€Ol Hz(UX {20}) = |—|20€Ol Mfoo
0/2 = Hyz(U/ XOQ) = |—|z0602 HYZ(M;()O,t X {Zo}) = |—|z0602 Fgoo,t

and a partition of unity P;—1 = {ay_1, -1} of 7r)}1(U) subordinate to @' is obtained
extending {a, #} in a constant way along each trajectory of w; and which is thus adapted
to {0}, 04} in the sense of the proof of Theorem 2 of §4.

Let w;_1 be the vector field defined by :
wi-1(2) = a-1(2)wi 1 (2) + B(2)wiy(2).
With formally the same calculation as in the proof of Theorem 2 of §4 we find :
Txe(wi-1(2)) = ar-1(Y)Txee (Wi 1(2)) + Bio1(D)TxyayTy 2oz (Wi (2))
=a_1(2) ~u—1(2) + ﬁl—l(z)ﬂ'XY*y(wl)i}lf(z))
=ap-1(2) - u-1(2) + Bi-1(2) - w—1(x) =1 w1 (2) = w—1(x)

and
pxxz(wi—1(2)) = a1—1(2)pxwe (W1 (2)) + Bi=1(2) px ez (w1 (2))

=a;-1(2) -0+ F—1(2) - 0= 0.

Moreover, the Lie bracket [w;_1,w;] satisfies :

w1 () wn(®)] = loa-awly () ()] + [Biorw, (), wy)
= (@) vl )+ ()l ) ww)]) +

# (Bors@) vt )+ @i ), w)]) =0

where a1« (Wi (y)) = Bi—1+y(wi(y)) = 0 since a;_1 and [§;_; are constant along the trajec-
tories of w; and [w} ;(y), w;(y)] = [w?_(y), w;(y)] = 0 since (wi,...,w}) and (w?,..., w})
are generating frame fields respectively of H,, 7z and Hy, v,z with w} = wf = w.

At this point the definition by induction of w; for ¢ < [ — 1 is obtained exactly in the
same formal way as in Theorem 2 of §4 and this completes the inductive step.

Therefore we obtain a final frame field (w1, ..., w;) on W := 7' (U) :
w;(2) = ai(2)w] (2) + Bi(2)w} () for every i =1,...,1
by gluing the I-frame fields (wi,...,w}) generating H,, z together to the I-frame fields

(wi,...,w?) generating H,, v,z such that :

(wi,...,w}) = (wZ, ..., wi?) on Txz(1)—Tyz(1)

(wi,...,w;) =
(w?,...,w?) = (w{Z,...,w'?) on Txz(1)NTyz(1/2) .

43



C. MUROLO, A. du PLESSIS, D.J.A. TROTMAN

The frame field (wy,...,w;) satisfies the following :

i) (w1,...,w;) is a (m, p)-controlled extension of (uq,...,u;) of X ;
i1) (wy,...,w;) is a continuous extension of (uy,...,u;) of X.

Proof of i). To prove the m-control condition, by induction it is enough to see it for
the strata Z > X :

FXZ*(’wz'(Z)) = Q(Z)WXZ*(le(Z)) + ﬂ(Z)WXY*TrYZ*(w?(Z))

a(z)w; (txz(2)) + B(z)nxy . wi (Ty z(2))
= a(z)w; (1x z(2)) + B(z)w] (rxy (7y 2(2)))

= [a(2) + B8(2)] - ui(mxz(2)) = ui(mx2(2))-

Similarly, to prove the p-control condition we show that :

pxz(wi(2)) = -1 (2) Pz (i (2)) + Bro1(2)pxcas (W] (2))

=a;-1(2)- 04+ F—1(2)-0=0. U
Proof of ii). Let X; be a stratum, X < X; <Y and z; € WNTxx, (1) C X;.

For every i = 1,...,1 and for every z € W, writing y = ys—1 = myz(2) and y; :
nx,z(2) for every j = 0,...s there are essentially two cases :

Case 1) : j >0, i.e. X; > X.

In this case in a sufficiently small neighbourhood of z; € X; in A, w;(z) = w}?(z)
and so, for z in the neighbourhood Ty z(€) renamed Ty z(1) (see (x) for its definition), by
construction and induction, we have :

(xx) : lim wi(z) = lim w!%(z) = wi? (x;).
Z*).Tj Z*h’.tj
Case 2) : j=0,te : X;j=Xo=X and z; =x.
In this case we can write :

. . . /
Thus w; is a continuous extension of wX4 at each x; € Xj.

wi(2) —w¥ (@) = alz)(w}(z) —w¥ (@) + (=) (=) — Wi ()

= a(z)(w}?(2) —w (@) + B(2) (w7 (z) - w ()
where as in (%) we have :

Zhg; B(2) - (wf?(2) - wXA (z)) =0 since f(z) € [0,1]

and where, wXZ(z) being the continuous lifting on T z(1) of u;(z) = wl-XA,‘X(x) we have:

lim a(2) - (wi(z) = 0" (2)) = lim a(z) (w]}?(2) —ui(2) ) = 0.

zZ—T

Thus w; is a continuous extension of u; at each x € X.
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We deduce the continuity of each w; on every stratum X; of Tx (1) = L5_; Txx;, (1) :

lim w;(z) = w-XA/(:cj). O

z—T 1

z€EA

By i) it follows easily that the foliation F,, generated by the frame field (wq,...,w;):

Fuy = {FF0} defined by  FY° := [wi(z),...,wi(z)]

zEW)_(l(xo)
satisfies for every stratum X; : X < X; < Z and for every z; e U' =W N X :

lim T.F2 = lim [wi(2),...,w(2)] = [wi?(z;),..., 0" (2))] € Tn X;
J J

z€A z€EA

and in particular for every x e U =W N X :

lim TLFY° = lim [wi(2),...,w(2)] = [wi(2),...,w(z)] =T X .

z€EA z€EA

We conclude then that the foliation F,, generated by the frame field (wq,...,w;)
satisfies all properties in the statement of the Theorem. a

Corollary 4. Fvery analytic variety or subanalytic set or definable set in an o-minimal
structure satisfies the smooth version of the Whitney fibering conjecture.

Prof. Since analytic varieties, subanalytic set, and definable sets admit Whitney strati-
fications ([Ve], [Hi] and [Loi], [NTT]) and Whitney regularity implies (c)-regularity [Be]
[Tr]; then the proof follows by Theorem 7. [

We generalize now Theorems 5 and 6 of section 6 to a stratum X of arbitrary depth.

Theorem 8. Let X = (A, Y) be a Bekka (c)- (resp. Whitney (b) )-regular stratification.
Let X be a stratum of X, xg € X and U a domain of a chart near xo of X.
Then X admits a (c)- (resp. (b)-) regular open book structure Wy, = {W., }., eL(x0,¢)

on W = 7T;(1(U) over U such that for every stratum Y > X, Y NW is a union of wings,
and Wy, satisfies :

(3) : lim T.,W, = T,W, C T,Y. for every yeYNW.

pEpy
z€EA

Proof. Let X' = (A’,%) be the stratification induced by X on A’ := w3 (z¢) NTx (1):

W)_(l(lio) = |_| W)_(;(ﬁo)

X<Y
By (c¢)-regularity, as in Theorems 5 and 6, X’ admits a natural stratified foliaton of

lines
Lo, = {Lzl =2, (10, 1[)}

ZleL(xo,l)

satisfying {zg} C L., where we suppose as usual (after a change of scale) e = 1.
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By (c)-regularity and Theorem 7 there exists a trivialization of W := 7' (U) ,

H . UXW)_(I(IEQ)ERIXF;(l(xo) — W:w)}l(U),

(tl,...,tl,ZO) | z = ¢l(tl7---;¢1(t1720)---)

whose induced “horizontal” foliation

Haoy = {F, = HU x {2}} is globally (a)-regular over U.

zew);l(xo)

Hence, as in Theorems 5 and 6, we define the global family of wings over U :

Wwo = {Wzl = H(UXLzl) }zléL(IOJ)

such that each wing W, satisfies :
W., = H{U x L.,) 2 H(U x{.,(s)}) = Fy_(s)-

Then the proofs follow as in Theorems 5 and 6 since, by the global (a)-regularity of
the foliation Hj,, this time we can write :

lim T,W,, 2 lim TLF, () 2 TuX.

z€EA zZEA

This proves (a)-regularity at every & € U of the strata U < W, and this for every
wing W,, C W = Ux<y7yxy (U) and so

on = {Wzl }ZOGL(I()vl)

is a foliation by wings satisfying the (a)- and (c¢)-regular open book properties over U.
If X is (b)-regular, (b7 )-regularity of U < W, follows exactly as in Theorem 6.

To show that the foliation of wings W,,, satisfies the limit property (3), we have to
specify more carefully the stratified foliation of lines

Ly, = {Lzl =7, (10, 1[)}

z1 EL(IQ,I)

By (¢)-regularity, using the theorem of continuous lifting of vector fields [MT]y we
can obtain the continuity on 7' (U) — U = Ux<ymyy (U) of the stratified vector field

721 (t) - {7,;1 XY(t)}YZX- Hence :
(*) : lim T'ZLZ1 = TyLy1 with Y1 = 7TYZ(21) cvY.

z—Yy

Let us fix a stratum Y such that X < Y and remark that, with the same notation as
Theorem 7, for every stratum Z > Y the neighbourhood Ty 7(1/2) is foliated by the family

of k-leaves
Hpov,z = {Nfoo = Hyz(U’ x {Zo})}

ZOGW;lz(Po)

which is (a)-regular over U’ = w5 (U) : i.e. satisfies the limit property (1) of Theorem 7.
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Moreover each leaf NP9 of H,, y,7 is the continuous lifting of U’ and is generated by
the frame field (w} Z kYZ ) where (Remark 7) for every

2= 7, (1) € myz(U)NTyz(1/2) = 7x5(U) NTyz(1/2)
we have :

wii()] = [, (t)] = T.L., with 21 € S:= Sxz(1)NTyz(1/2).

By property (%) above, for every z; € Tyz(1/2) and y1 = myz(z1), the line L., is
exactly the continuous(®) lifting on Ty z(1/2) of the line L,,, and hence at the level of the
wings :

(#%): 21 € L(w0,1)NTyz(1/2) = W,, is the continuous? lifting of W, .

On the other hand for every zg € S one has :

Nfé’ = HYZ(U' x {z0}) = |_| HYZ(Mylot X {ZO}>

vi€Llxy (zg,1)
t€]o,1]

= U vz (Giepa By (U x {nad) x (o))

y1€Lxy (x0,1)

= |_| HYZ<HY U X (Ugejoa{yn, t})) X {20})
(

y1€Lxy (x0,1)

= |_| HYZ Hy U x Ly1 {Zo})

y1€Lxy (o,1)

= |_| Hyz(Wyl X {Zo}) = |_| Wzl .

y1€Lxy (z0,1) zlesz(acg,%)

Here the last equality holds by the property (**) above and since

Po = U Eny(xo,l/Q) = W)_(%/(:Eo)ﬁSXy(l/Q),

1
2

using the (7, p)-control conditions implies :
20 € W;lz(po) C 7T;1Z (W;(%/(CU(D NSxy (1/2)) = W;{lz(xo)ﬂSXz(l/2) = sz(ibg, 1/2) .

In conclusion for every zp € S C Ty z(1/2) each NL° C Tyz(1/2) is foliated by the
sub-family of wings {W>, }.ocrx (w0,1/2) and so for every y € Y N W one has :

g T, = D %), ulE )

z€A zETYZ(l/Q)

= [wi ™ (2),.. ., wii(2)] = LW, € T,Y. O

(D) One could say “horizontally-C'* ” after proving Theorem 10 and Corollary 7 of section 8.
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Corollary 5. Every analytic variety or subanalytic set or definable set in an o-minimal
structure admits a stratification X in which for every stratum X and every U domain of a
chart of X there exists a local (b)-regular open book structure over U.

Proof. Since analytic varieties, subanalytic sets and respectively definable sets admit
Whitney stratifications ([Ve], [Hi], respectively [VM], [Loi], [NTT]) the proof follows
by Theorems 7 and 8. O

8. Horizontally-C' and F-semidifferentiable Thom’s 15! Isotopy Theorem.

In this section X = (A, X) will be a (c¢)-regular stratification of a closed subset A in a
manifold M, X an [-stratum of X, zg € X,

H UCEOXW;(l(J;O)—)W;(l(UIO)v H(tlv"'7tlay0):¢l(tl>"'7¢1(t17y0>")

the topological trivialization of the projection 7wy : Tx(1) — X over a neighbourhood

Uz, € X of X defined by composition of flows ¢1,...,¢; of continuous lifted controlled

vector fields vy, ..., vy, and H = {My = {H(Usz, X {y0})},0ent (zy) the (a)-regular foliation
X

defined on W := 7' (U,,) by H which exists by Theorem 7.

In this section we describe some results, concerning the regularity of the flows of the
continuous lifted vector fields to H, consequences of Theorem 7 and which are signifiant
because they imply an improvement (stronger than C°-regularity), of the regularity of the
trivialization H which we prove lies between C°- and C!-regularity.

Recall that by the Whitney counterexample, “the four lines family”, the flows ¢;
cannot be made in general C'*. We obtain, finally, a horizontally-C* version of Thom’s 15t
Isotopy Theorem for a stratified proper submersion f : X — M into a manifold.

These results were initially announced under the hypothesis of the existence of an
(a)-regular foliation without proof in [MT]; 3, then proved in [MT]4. By Theorem 7 they
apply to all strata X of a (c¢)-regular stratification. The proofs are contained in [MT]4.

8.1. Horizontally-C* stratified morphisms and Thom’s 1t Isotopy Theorem.

In [MT]; 3,4 we introduce the notions of canonical distributions Dy associated to each
l-stratum X of X C M and of horizontally-C! stratified controlled maps f : X — X”.

A canonical distribution Dx := {Dxy }y>x is a continuous [-subbundle of T'M, char-
acterized by the property that for each vector field £ x defined on X there exists a canonical
stratified continuous (mx, px )-controlled extension to Dx of £x [MT]z 3.

Definition 11. Let f : X — X’ be a stratified morphism between two regular
stratifications X = (A,%¥) and X’ = (A’,¥’) in smooth manifolds M and (resp.) N, X an
[-stratum of X and x € X. For each stratum X of X let X’ be the stratum of X’ containing
f(X).

We say that f is horizontally-C' at x € X if there exists a canonical I-distribution
Dx = {Dxvy}y>x such that for each stratum Y > X (so Y’ > X'), the restriction
Jy«|pxy : Pxy — TY' extends continuously the differential fx. : TX — T'X'.

That is for every sequence {(¥n,vn)}n C Uyey{y} X Dxv(y) :

lim (yp,v,) = (z,v) e TX = lm fy.y, (0n) = fx«a(v) .

n—oo

This makes sense because by the frontier condition, X C'Y C M, and (a)-regularity
implies that TX CTY and TX’' CTY’ in TM and (resp.) T'N.
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Remark 9. If the projections of a system of control data of a stratification (A,X) are
C?! then every controlled map f : (A,X) — M into a manifold M is horizontally-C*. O

Continuous controlled lifting of vector fields plays an important role in studying
horizontally-C? regularity. In fact, if a vector field £x is lifted to a stratified continuous
(7, p)-controlled vector field £ = {&y }y>x on a neighborhood T'x of X in A, then assuming
the existence of an integrable canonical distribution Dx the lifted flow ¢ = Uy>x¢y on
Tx is a horizontally-C! extension of ¢x ([MT]4, Theorem 4).

An arbitrary canonical distribution Dx is not integrable in general. However, for a
stratum X of a (c¢)-regular stratification X', by Theorem 7 we can consider as canonical
distribution Dx = T'H the distribution tangent to a local (a)-regular foliation and we find:

Corollary 6. Let Dx = T'H be the canonical distribution tangent to an (a)-regular
foliation near xo € U C X, x a smooth vector field on X and & = {&y }y>x its continuous
controlled lifting tangent to H = { My }yew .

Then the flow ¢ = {¢y : Y — Y}y>x (to a fized t € R) of £ is horizontally-C* on U.

Proof. Theorem 4 of [MT],. U
With the same hypothesis and notations as in the beginning of section 5 we have:

Corollary 7. The following properties hold and are equivalent conditions :

1) There exists a horizontal foliation H = {My}ycw which is (a)-regular on a neigh-
bourhood Uy, of xo € X.

2) The topological trivialization homeomorphism of the projection mx : Tx — X,

H UﬁOXW;(l(xO)—)W;(l(Umo)v H(tlv"'7tlay0):¢l(tl>"'7¢1(t17y0)")

is horizontally-C* on Uy, .
3) Hm  Hogyooong0)(Ei) = By, VeelU, =R, Vi=1,...,1;

(t1,.-st1,y0) =2
4) The controlled liftings w1, ..., w; tangent to the foliation H = {My}yew of the
standard vector fields E,...,E; are continuous on U, and have horizontally-Ct flows

'Lﬂ,’ = {¢fY Y — Y}YEX on Uxo-
5) The controlled lifting § tangent to H = {M, },ew of every vector field x on X is
continuous over Uy, and has a horizontally-C' flow 1 = {¢p%, 1Y — Y}ysx on Uy,.

Proof. The equivalence of the properties 1), ...5) is proved in Theorem 8 in [MT],.

Since by hypothesis X = (A, X) is a (¢)-regular stratification and X € ¥ a stratum of
X such an (a)-regular foliation H exists by Theorem 7.

Hence the property 1) holds and properties 2), ...5) hold too. a

The remark below is elementary :

Remark 10. The foliation H is (a)-reqular on Uy, if and only if the stratified hori-
zontal projection '

7 W;(I(Uio) - W);l (Il‘o) ) 7-[-,(‘]\41/0) = Yo

satisfies the (ay) condition of Thom on Uy,. U
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Definition 12. Let f = {fy}y : X — X’ be a stratified morphism X € ¥, z( € X.
We say that f is 7’-controlled (with respect to the foliations H = {My},ew of A and
resp. H' = {M,},ew of A')if f sends each leaf of H into a unique leaf of H'. Le. :

fr(My,) € M, for every M, € H (where y' = fy (y)).

Of course, since M, =’ Sy (T (1)) this happens if and only if f satisfies the “hori-
zontal control condition” :

fr (v (Txy (1)) € oy (T (v () VY >X and VyeYy.

Corollary 6 also holds for such general morphisms :

Theorem 9. Let f: X — X' be a stratified morphism between two (c)-reqular spaces
X et X', Let H={My}yew and H' = {My },cw be two stratified (a)-regular foliatz'ons
of the neighbourhoods W = ny'(Uy,) of zo € X in A and (resp.) W' = 7y} (U ) of
xy = f(xo) € X" in A'.

If H and H' are (a)-regular on U, and Uﬂ/% and if f: X — X' sends each leaf of H
into a unique leaf of H', then f is horizontally-C* on U,, .

Proof. Theorem 9 in [MT],.

Theorem 9 above allows us to prove that every (c)-regular stratification admits a
horizontally-C* topological trivialization near z¢ in X.
We deduce a general version of the Horizontally-C' Thom’s 15¢ Isotopy Theorem.

Theorem 10 (Horizontally-C' Thom’s 1°¢ Isotopy Theorem).

Let X = (A, X) be a (c)-reqular stratification, X € ¥ a stmtum of X and H =
{M,}yew an (a)-regular foliation on Uy, of a neighbourhood W = 73" (Uy,) of zo in A
which exists by Theorem 7.

Let f: (A, X) — M be a stratified proper submersion into a smooth m-manifold M.

For every mg € M, and for every domain of a chart Uy,, = R™ of M near mq, the
stratified homeomorphism of the topological trivialisation of f

H : Umg X f_ (m0> —>f ( mo), H(tl, m,ao) (Z)m( ms - - .(Z)l(tl,ao))..)

is horizontally-C* on Uy, x [f_l(mo) N Uwo], and its inverse stratified homeomorphism:

G+ 7 Ung) = Ui x f7Hm0) , Gla) = (£(@), d1(—t1, - om(~tmea) )

is horizontally-C* on f=1(U,,,) N Uy, .-

Above f(a) := (t1,...,tm) and for alli=1,...,m, ¢1,...,bm are theﬂows of the
continuous controlled lifted vector fields vi, ..., v, such that f.(v;) = E;, on f~Y(Up,) of
the standard vector fields E1,. .., Ey, € R™ = Uy,

Proof. Theorem 10 in [MT],. O

Corollary 8. The topological trivialization K of the projection mx : Tx(1) — X
corresponding to the continuous, controlled, integrable frame field (w1, ...,w;) constructed
in Theorem 7, is horizontally-C* on each stratum of U x (|—|X§Y W;(%/(l'g)) and its in-
verse stratified homeomorphism K~1 is horizontally-C' on each stratum W)_(%/(U) of the
stratification W = 133 (U) = Ux<ymxy (U).
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Proof. Tt follows by Theorem 10 applied to the projection 7x : T'x (1) — X. O

8.2. F-semidifferentiable stratified morphisms and Thom’s 15¢ Isotopy Theorem.

In this section we generalize the horizontally-C! regularity of section 8.1 through the
notion of F-semidiferentiability, a finer regularity condition for stratified morphisms.

We saw in §8.1 that the (a)-regularity over a neighbourhood U,, of zy in X, of a
foliation H = {M,},ew of W = 7' (Uy,) implies the horizontally-C'* regularity over U,
of the stratified flows of continuous lifting of vector fields and of the topological trivialization
maps. In a similar way we see here that the (a)-regularity of H on the whole of W implies,
for these stratified morphisms, an analoguous and more complete regularity :

Zlif;, fZ*z|TzMZ = fY*y|TyMy .
The notion of F-semidifférentiability below refines horizontally-C* regularity.

Definition 13. Let F = {F,}, be an (a)-regular stratified C':* [-foliation of an open
set U of A, Y a stratum of X and y € Y.

We say a morphism f = {fz}zex : X — X' is F-semidifférentiable at y iff for every
(y,v) € TY and sequence {(zn,v,)} C T, F, with Z,, the stratum containing z,, we have :

hrl;n(znavn) = (y,v) = hrrlann*zn('Un) = fY*y('U)-

That is the differentials of fjp, must converge to the differential of f|p, .
In an obvious way one defines the F-semidifférentiability on a stratum X (or on X NU)
and on X (or on U).

Remark 11. Let f : X — X’ be a stratified morphism, X al-stratum of X, | = dim F.
Then f: X — X' is F-semidifférentiable at x € X iff f is horizontally-C' at x (with
respect to the canonical distribution D = D(z) =T, F. U

The analogues of the results of section 8.1 hold again for F-semidifférentiability.

As in Corollary 7 we have :

Corollary 9. Let X = (A, X) be a (c¢)-reqular stratification X € ¥ a stratum of X,
x9 € X and Uy, a neighbourhood of xo in X.

The following properties hold and are equivalent conditions :

1) There exists a horizontal foliation H = {My},cw which is (a)-reqular on a neigh-
bourhood W = w5 (Uy,) of xo in A.

2) The topological trivialization homeomorphism of the projection mx : Tx — X,

H UCEOX’]T)_{l(wO)_)’]T)_(l(UIO)v H(t17"'atl7y0):¢l(tl7"'>¢1(t17y0)“)

is F-semidifferentiable on W.
3) Hm  Hagy,oo00)(Bi) = wily), VyeYCW=R, Vi=1,...,1;

(t1,.st1,20) =y
4) The controlled liftings wi,...,w; tangent to the foliation H = {My},ew of the
standard vector fields E1, ..., E; are continuous on W and have F-semidifferentiable flows
'L/}i = {¢fy Y — Y}YZX on W.

5) The controlled lifting § tangent to H = {My}yew of every vector field {x on X is
continuous on W and has an F-semidifferentiable flow v = {t, 1Y — Y}y>x on W.
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Proof. Similar to the proof of Corollary 7. O

As in Theorem 8 we have :

Theorem 11. Let f : X — X' be a stratified morphism between two (c)-reqular spaces
X et X' Let H = {My}yew and H = {My}yew: be two stratified (a)-reqular foliatz'ons
of the neighbourhoods W = ny!'(Uy,) of z0 € X in A and (resp.) W' = 7y} (U ) of

xh = f(xo) € X' in A'.

If H and H' are (a)-regular on W and W' and if f : X — X’ sends each leaf of H
into a unique leaf of H' then f is H-semidifferentiable on W.

Proof. Theorem 10 in [MT],.

As in Theorem 9 one also has :

Theorem 12. (H-semidifferentiable Thom’s 15! Isotopy Theorem).

Let X = (A,X) be a (c)-regular stratification, X € ¥ a stratum of X, z¢g € X, Uy,
a domaine of a chart near zo in X and H = {My}yew an (a)-regular foliation of the
neighbourhood W = 7 ( Usz,) of xo in A which exists by Theorem 7.

Let f: (A, X) — M be a stratified proper submersion into a smooth m-manifold M.

For every mg € M, and for every domain of a chart U,,, = R™ of M near my, the
stratified homeomorphism of topological trivialisation of f

H : Uy, ><f_ (mg) — f~ ( Uno), H(ti,...,tm,a0) = ¢m(tm,...¢1(t1,00))..)

is H-semidifferentiable on Uy, X [f~1(mo)NUy, |, and its inverse stratified homeomorphism:

G+ 7 Ung) = Uy % S m0) + Gla) = (£(@) d1(—t1, - ol ~tmea) . )

is H-semidifferentiable on f=1(U,,) N Uy, -

Above f(a) := (t1,...,tm) and for alli=1,...,m, ¢1,...,bm are the ﬂows of the
continuous controlled lifted vector fields v1, ..., vy, such that f.(v;) = E;, on f~Y(Up,) of
the standard vector fields Fy, ..., E, € R™ =U,,.

Proof. Theorem 10 in [MT],. O
As in corollary 8 we have :

Corollary 10. The topological trivialization K of the projection wx : Tx (1) — X
corresponding to the continuous, controlled, integrable frame field (w1, ..., w;) constructed
wn Theorem 7,

K: Ux( i) — =@ = [«

is F-semidifferentiable, F = {U x {z}}zeﬂ)—(l(m), at each point of U X (|—|X§Y 77;(;(1:0))

and its inverse stratified homeomorphism K1 is F,, -semidifferentiable at each point of
the stratification W = 7 (U) = Ux<ymxy (U).

Proof. An immediate consequence of Theorem 12. O
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